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A B S T R A C T 

A few per cent of red giants are enriched in lithium with A ( Li ) > 1 . 5. Their evolutionary status has remained uncertain because 
these Li-rich giants can be placed both on the red giant branch (RGB) near the bump luminosity and in the red clump (RC) region. 
Ho we ver, thanks to asteroseismology, it has been found that most of them are actually RC stars. Starting at the bump luminosity, 
RGB progenitors of the RC stars experience extra mixing in the radiative zone separating the H-burning shell from the conv ectiv e 
envelope followed by a series of conv ectiv e He-shell flashes at the RGB tip, known as the He-core flash. The He-core flash was 
proposed to cause fast extra mixing in the stars at the RGB tip that is needed for the Cameron–Fowler mechanism to produce 
Li. We propose that the RGB stars are getting enriched in Li by the RGB extra mixing that is getting enhanced and begins to 

produce Li, instead of destroying it, when the stars are approaching the RGB tip. After a discussion of several mechanisms of the 
RGB extra mixing, including the joint operation of rotation-driven meridional circulation and turbulent diffusion, the azimuthal 
magnetorotational instability (AMRI), thermohaline conv ection, buoyanc y of magnetic flux tubes, and internal gravity waves, 
and based on results of (magneto-) hydrodynamics simulations and asteroseismology observations, we are inclined to conclude 
that it is the mechanism of the AMRI or magnetically enhanced thermohaline convection, that is most likely to support our 
hypothesis. 

K ey words: dif fusion – hydrodynamics – waves – stars: chemically peculiar – stars: evolution – stars: low-mass. 
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 INTRODUCTION  

he standard stellar evolution theory predicts that the surface Li 
bundance has to decrease in a star with a mass close to the solar one
hen it leaves the main sequence (MS) phase of H-core burning and
egins to ascend the red giant branch (RGB). This happens during 
he first dredge-up (FDU) episode, when the base of the deepening 
onv ectiv e env elope of the star on the lower RGB reaches the layers
n which temperature was high enough, abo v e 2.5 MK, to destroy Li
n the MS, and now Li remaining in the surface layers gets diluted
y this conv ectiv e mixing (Iben 1967 ). The FDU also reduces the
urface 12 C to 13 C isotopic and C to N elemental abundance ratios.
t the end of the FDU, when the base of the conv ectiv e env elope

tops deepening and begins retreating in front of the H-burning shell
dvancing in mass, it leaves behind a small discontinuity in the H
nd other abundance profiles at the mass coordinate of its deepest 
enetration. Later, when the H-burning shell crosses the discontinuity 
t has to adapt to the slightly different chemical composition forcing 
he star to make a small zigzag on the Hertzsprung–Russell diagram 
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o wards a lo wer luminosity and then to resume its RGB ascent (Fig.
 a). This temporarily slows down its evolution and can be observed
s a pile-up (a bump) of stars at the corresponding bump luminosity in
uminosity functions of populous globular clusters (Fusi Pecci et al. 
990 ). 
Observ ations sho w that abo v e the bump luminosity, on the upper

GB, low-mass stars e xperience non-conv ectiv e e xtra mixing in
heir radiative zones separating the H-burning shell from the base 
f the conv ectiv e env elope (e.g. Gilroy & Brown 1991 ; Gratton
t al. 2000 ; Smith & Martell 2003 ; Shetrone et al. 2019 ) that
urther reduces their surface Li abundances along with the 12 C/ 13 C
nd C/N ratios. Later, at the tip of the RGB, the temperature
n the He core becomes sufficiently high at some distance from
he centre to ignite the triple- α reaction under electron-degenerate 
onditions. This He-core flash consists of a series of conv ectiv e
e-shell burning events that gradually approach the centre, lift the 
e generac y and end up when He starts burning in a non-degenerate
onv ectiv e core. By this time, the star arrives at the red-clump
RC) region of the horizontal branch (HB). Finally, when He gets
xhausted in the core, the star leaves the HB and begins to climb the
symptotic giant branch (AGB) where it will experience intermittent 
- and He-shell burning, the latter occurring in the form of thermal
ulses. 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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M

Figure 1. The track (panel a) and Kippenhahn diagram (panel b) for the 
evolution of a star with the initial mass 1 . 2 M � and metallicity [Fe/H] = −0 . 3 
with model numbers (circles and vertical line segments of same shades) 
indicating its main phases, such as the MS (680), the end of the first dredge- 
up (1390), the bump luminosity on the RGB (2040), the first He-shell flash 
(12660), the He-core burning in the RC region of the HB (14540), and the 
beginning of the He thermal pulses on the AGB (16390). The grey-shaded 
regions in panel b are convective zones (envelope, cores, and shells). 
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1 We use the standard stellar spectroscopy notation [A/B] = 

log 10 [ N � (A) /N � (B)] − log 10 [ N �(A) /N �(B)], where N � and N � are 
number densities of elements A and B in a star and the Sun. 
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The outlined standard scenario of the evolution of a low-
ass star, which is illustrated by Fig. 1 , with observationally

onstrained mean rate and depth of extra mixing on the upper
GB (Denissenkov & VandenBerg 2003 ) leads to a conclusion

hat the surface Li abundances in low-mass RC stars have to
e significantly reduced compared to their initial MS values of
 ( Li ) = log 10 [ N ( Li ) /N (H)] + 12 = 3 . 3 for the solar composition

Asplund et al. 2009 ). This conclusion does not even take into account
he fact that the surface Li abundance in solar-type stars is observed
o decline already on the MS, e.g. by nearly two orders of magnitude
n the Sun (Carlos et al. 2019 ), as a result of another extra mixing of
s yet unknown nature operating below their conv ectiv e env elopes
Richard, Michaud & Richer 2005 ; Dumont et al. 2021 ). Therefore, it
as a surprise when Kumar et al. ( 2020 ) disco v ered that all RC stars

tudied by them had much higher Li abundances, by the factor of
0 on average, than those predicted by the standard stellar evolution
heory, and that the previously known population of a few per cent of
ed giants with A ( Li ) > 1 . 5, the so-called Li-rich giants , all belonged
o an extended tail of the Li abundance distribution in RC stars. That
urprising indication of Li enrichment, ubiquitous in all low-mass
tars, as claimed by Kumar et al. ( 2020 ), was challenged by Chanam ́e
t al. ( 2022 ), who showed that by allowing a realistic distribution of
tellar masses and its corresponding Li abundances at the end of the

S, the Li abundances of the bulk population of RC stars, those with
 ( Li ) < 1 . 5, are consistent with standard stellar models. Therefore,

ccording to Chanam ́e et al. ( 2022 ), the classical Li-rich giants
ith A ( Li ) > 1 . 5 continue to be a problem for the standard stellar
NRAS 535, 1243–1257 (2024) 
v olution theory, b ut there is no evidence, at least yet, that all the
i-normal RC stars with A ( Li ) < 1 . 5 have also been enriched in Li.
Until about a decade ago, at least some of the Li-rich giants

ere thought to be RGB stars at the bump luminosity, because their
uminosities and ef fecti ve temperatures did not allow to distinguish
hem from the RC stars. Their high Li abundances used to be
nterpreted either as a consequence of their swallowing a giant planet
r a brown dwarf with a preserved initial Li abundance (Siess &
ivio 1999 ) or as a result of enhanced RGB extra mixing with a

ate significantly exceeding the one required for the explanation of
he observational evidence of the operation of RGB extra mixing
n the majority of low-mass stars (Charbonnel & Balachandran
000 ; Denissenkov & Weiss 2000 ; Denissenkov & Herwig 2004 ;
enissenkov 2012 ). In the second case, Li is synthesized via the
echanism proposed by Cameron & Fowler ( 1971 ) in which 7 Be

roduced in the vicinity of the H-burning shell in the reaction
 He( α, γ ) 7 Be has to be quickly transported by convection or extra
ixing to colder layers where it will have enough time to capture

lectrons to make 7 Li, instead of being destroyed by proton captures.
he identification of most of the Li-rich giants with RC stars was
ade possible thanks to asteroseismology that demonstrated a clear

eparation of RGB and RC stars on the diagram displaying their
ravity-mode period spacing �� 1 versus large frequency separation
ν constructed using photometric data obtained with the space

elescope Kepler (Borucki et al. 2010 ; Bedding et al. 2011 ; Mosser
t al. 2014 ; Kumar et al. 2020 ; Deepak & Lambert 2021a ; Mallick,
ingh & Reddy 2023 ). Li abundances in these stars were determined
sing ground-based stellar spectroscopy data from the LAMOST and
ALAH surv e ys (Cui et al. 2012 ; De Silva et al. 2015 ). For re vie ws
f Li-rich giants, readers are referred to Martell et al. ( 2021 ) and
an & Shi ( 2022 ). 
Recently, Chanam ́e et al. ( 2022 ) have questioned the conclusion

hat most of the Li-rich giants are low-mass RC stars. Their doubt is
ased on the fact that the RC region can be occupied not only by low-
ass stars with M � 2 M �, that are indeed expected to undergo the
e-core flash preceded by extra mixing on the upper RGB, but also
y more massive stars with M � 2 M � that may only experience the
DU resulting in a moderate decrease of their surface Li abundances.
o we v er, this contro v ersy has soon been resolved by Mallick et al.

 2023 ) who show that whereas in their smaller sample of 109 RC
tars with M � 2 M � the observed Li abundances do agree with
redictions of the standard stellar evolution theory, the presence of
i-rich giants, including a few super Li-rich ones with A ( Li ) ≥ 3 . 3

hat were not explained by Chanam ́e et al. ( 2022 ), in their larger
ample of 668 RC stars with M � 2 M � indicates that Li is indeed
roduced in their progenitors somewhere between the end of RGB
xtra mixing and the RC phase. In this work, we put forward and
ubstantiate a hypothesis that Li may be produced in low-mass stars
y the same RGB extra mixing of unknown nature yet that begins to
anifest itself at the bump luminosity and initially destroys Li but

hat is getting enhanced and starting to produce Li when the stars are
pproaching the RGB tip. 

Most stellar evolution computations in this work, e.g. those results
f which are shown in Fig. 1 , have been done for a star with the initial
ass 1 . 2 M � and metallicity [Fe/H] = −0 . 3, 1 close to those of the
ajority of Li-rich RC stars studied by Deepak & Lambert ( 2021b ),

sing the MESA revision 7624 code (Paxton et al. 2011 , 2013 ) with
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he same input physics as described in section 2 of Denissenkov et al.
 2017 ), except that here we have included extra mixing on the upper
GB and used the parameter ηR = 0 . 36 in the Reimers formula for

he RGB mass-loss rate (Reimers 1975 ). 
Our paper is organized as follows. In Section 2 , we re vie w v arious

hysical mechanisms that were proposed to explain RGB extra 
ixing. Section 3 summarizes the previously proposed hypotheses of 

he Li enrichment of RC stars. In Section 4 , we identify the RGB extra
ixing mechanisms with diffusion coefficients that are expected to 

e rapidly increasing with the luminosity and select the azimuthal 
agnetorotational instability (AMRI; R ̈udiger et al. 2014 , 2015 ) as

he most promising one to support our hypothesis. Then, we present 
nd discuss results of our computations of the evolution of a low-
ass stellar model representing the Li-rich RC stars with RGB extra 
ixing getting enhanced when it approaches the RGB tip. Section 5 

oncludes the paper with a brief discussion of our hypothesis and its
upporting arguments. 

 MECHANISMS  FOR  THE  RGB  EXTRA  

IXING  

he radiative zones of low-mass stars, where the operation of extra 
ixing on the upper RGB is evidenced by the evolutionary declines 

f the surface Li abundance, the isotopic 12 C/ 13 C, and the elemental
/N abundance ratios in field, open, and globular cluster stars, are 
onv ectiv ely stable. Therefore, rising and sinking fluid elements in 
hese zones have to exchange heat by radiation diffusion with their 
urrounding stably stratified (with a positive entropy gradient) stellar 
ayers to be able to reduce the buoyancy force trying to keep them in
lace. This means that the corresponding rate of mixing, expressed 
s a diffusion coefficient D mix = f K , should be proportional to the
adiati ve dif fusi vity 

 = 

4 acT 3 

3 κC P ρ2 
, (1) 

here a is the radiation density constant, c is the speed of light in
acuum, T is the temperature, κ is the Rosseland mean opacity, C P 

s the specific heat at constant pressure, and ρ is the density. The
actor f , which should be smaller than one, depends on physical
arameters associated with a specific mixing mechanism. 

.1 Rotationally induced mixing 

weigart & Mengel ( 1979 ) and Smith & Tout ( 1992 ) considered
otationally induced meridional circulation as a mechanism for 
he RGB extra mixing. In fact, Sweigart & Mengel ( 1979 ) were
he first to conclude that RGB extra mixing could begin to reach
he H burning shell only after the latter had crossed and erased
he chemical composition discontinuity left behind by the base 
f the conv ectiv e env elope at the end of the FDU. After that,
bo v e the bump luminosity, the mean molecular weight gradient 
 μ = ( ∂ ln μ/ ∂ ln P ) would remain zero in the bulk of the radiative

one down to the vicinity of the H-burning shell where its increasing
ositi ve v alue serves as a barrier for all types of extra mixing, thereby
stablishing their maximum depth. 

Zahn ( 1992 ) conjectured that in rotating stellar radiative zones the
eridional circulation had to compete in transporting angular mo- 
entum with rotationally induced turbulent diffusion. He assumed 

hat the latter was much stronger in the horizontal than in vertical
irection and that, as a result, the radiative zones were in a state of
hellular rotation with the angular velocity 
 depending only on the 
adius r . In the radiative zone of an upper RGB star, this competition
s described by the follo wing dif ferential equation of the angular
omentum transport (AMT) in Eulerian coordinates: 

∂ 

∂ t 

(
ρr 2 


) = 

1 

5 r 2 
∂ 

∂ r 

[
ρr 4 
( U − 5 ̇r ) 

]

+ 

1 

r 2 

∂ 

∂ r 

(
ρr 4 νv 

∂ 


∂ r 

)
, (2) 

here ṙ = ( ∂ r/ ∂ t) M r 
is a rate with which a mass shell M r is

pproaching the H-burning shell, U is the radial component of the
eridional circulation velocity, and 

v = D v = η

(
r ∂ 


∂ r 

)2 

N 
2 

K (3) 

s the vertical component of both turbulent viscosity ( νv ) and turbu-
ent diffusion coefficient ( D v ) produced by the differential shellular
otation in a radiatve zone with ∇ μ = 0. In equation ( 3 ), η ∼ 0 . 01 –
.1 is a parameter, whose values in the indicated range were
onfirmed by hydrodynamics simulations (Prat & Ligni ̀eres 2013 , 
014 ; Prat et al. 2016 ; Garaud, Gagnier & Verhoeven 2017 ), and 

 
2 = N 

2 
T + N 

2 
μ = 

g 

H P 

δ( ∇ ad − ∇ rad ) + 

g 

H P 

ϕ∇ μ (4) 

s the square of the Brunt–V ̈ais ̈al ̈a (buoyanc y) frequenc y represented
s a sum of its thermal ( N 

2 
T ) and chemical composition ( N 

2 
μ) parts.

n the expressions for the last two terms, g is the local gravity,
 P is the pressure-scale height, ∇ ad and ∇ rad are the adiabatic and

adiative temperature gradients, logarithmic and with respect to 
ressure, while δ = −( ∂ ln ρ/ ∂ ln T ) P ,μ and ϕ = ( ∂ ln ρ/ ∂ ln μ) P ,T 

re determined by the equation of state. 
At the same time, Chaboyer & Zahn ( 1992 ) showed that the strong

orizontal turbulence had to reduce the efficiency of radial mixing by
eridional circulation making it possible to describe it as a diffusion,

ather than advection, process with the following coefficient: 

 eff = 

| rU | 2 
30 D h 

, (5) 

here the coefficient of horizontal turbulent diffusion D h was calcu- 
ated using the radial and horizontal components of the meridional 
irculation velocity, assuming that D h � D v and D h � | rU | . 

Denissenkov & Tout ( 2000 , hereafter DT00) solved equation 
 2 ) with the prescriptions for the meridional circulation velocity
nd turbulent diffusion from Zahn ( 1992 ) and their updates from
aeder & Meynet ( 1996 ) and Maeder & Zahn ( 1998 ) for the radiative

one of an upper RGB star and found that for reasonable surface
otational velocities of RGB stars the combined diffusion coeffi- 
ient D mix = D v + D eff , with the first term dominating, provided
 sufficiently fast rate for the RGB extra mixing. The magnitude
f the circulation velocity calculated by DT00, 2 × 10 −3 cm s −1 , 
as very close to its value estimated by Smith & Tout ( 1992 ),
 . 6 × 10 −3 cm s −1 , they needed to reproduce the evolutionary decline 
f the carbon abundance on the upper RGB in the globular cluster
92 measured by Carbon et al. ( 1982 ). Those results were obtained

y DT00 under the assumption that the conv ectiv e env elopes of RGB
tars rotated differentially keeping the specific angular momentum 

onserved through them. This assumption is supported by the results 
f 3D hydrodynamics simulations of turbulent convection in the 
onv ectiv e env elope of a low-mass RGB star reported by Brun &
alacios ( 2009 ) and by the models of the evolution of low-mass stars
ith rotation that explain the relatively fast rotational velocities of 
B stars in the globular cluster M13 (Sills & Pinsonneault 2000 ).
he assumption of solid-body rotation of their conv ectiv e env elopes
ould require unrealistically high surface rotational velocities for 
MNRAS 535, 1243–1257 (2024) 
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GB stars. This conclusion agrees with the simulations of rotation-
lly induced mixing by Charbonnel & Lagarde ( 2010 ) who used
quations similar to those of Zahn ( 1992 ) but assumed solid-body
otation in conv ectiv e env elopes and, as a result, found that their
otationally induced mixing on the upper RGB was too slow to
xplain the observational data. 

Palacios et al. ( 2006 ) questioned the results of DT00 on the
fficiency of rotationally induced mixing in low-mass stars on the
pper RGB. They solved the equation of the AMT by the meridional
irculation and turbulent diffusion in Lagrangian coordinates for
he entire evolution of a low-mass star from the MS to the upper
GB, taking into account magnetic breaking of its envelope rotation
n the MS and using different prescriptions for the coefficient of
urbulent diffusion. The angular velocity profiles in the radiative
ones of the RGB bump luminosity models M2 and M6 displayed
y Palacios et al. ( 2006 ) in their fig. 2 agree surprisingly well with
he corresponding profile from fig. 6 of DT00. Therefore, it is not
lear why the coefficient of vertical turbulent diffusion presented
n fig. 9 of Palacios et al. ( 2006 ) for the model M4, which is the
losest one to the model considered by DT00, is smaller by at least a
actor of 10 than its counterpart presented in fig. 5 b of DT00. In any
ase, new data on internal rotation of low-mass subgiant and lower
GB stars obtained by asteroseismology hav e rev ealed much flatter
ngular velocity profiles than those predicted by all 1D models that
nclude only rotationally induced transport of angular momentum. 

.2 Angular momentum transport and mixing dri v en by the 
zimuthal magnetorotational instability (AMRI) 

eck et al. ( 2012 ) detected rotational splittings of mixed modes
f solar-like oscillations in three lower RGB stars observed by the
epler space telescope. From an analysis of dipole modes they
gured out that the cores of those stars rotated at least 10 times faster

han their envelopes (for rotationally induced RGB extra mixing that
ifference had to be nearly two orders of magnitude larger, see fig. 6
f DT00), assuming that the former and latter each rotated as a solid
ody. That conclusion was soon confirmed by Mosser et al. ( 2012 )
ho measured rotational splittings for a much larger sample of low-
ass red giants. Deheuvels et al. ( 2014 ) added six low-mass subgiant

tars to the sample of lower RGB stars studied by Mosser et al. ( 2012 )
nd showed that their cores rotated by an order of magnitude faster
han the cores of the RGB stars. They interpreted that as a signature
f a more efficient than rotationally induced transport of angular
omentum occurring in the latter. Spada et al. ( 2016 ) modelled that

ransport as a diffusion process and demonstrated that the observed
volutionary changes of the radiative core and conv ectiv e env elope
ngular velocities 
core and 
env of the subgiant and RGB stars could
e reproduced simultaneously with the AMT diffusion coefficient 

 AMT = D 0 

(

core 


env 

)α

, (6) 

here D 0 ≈ 1 cm 
2 s −1 and α ≈ 3. They argued that such a power-

aw scaling with α ≈ 2 – 3 was consistent with the dependence of
 coefficient of turbulent viscosity on differential rotation obtained
n numerical simulations of the AMRI by R ̈udiger et al. ( 2015 ).
ccording to results reported by Spada et al. ( 2016 ), this AMT
egins to manifest itself approximately at the age when the H-burning
hell is just established, i.e. long before the RGB star has reached
he bump luminosity. An extrapolation of the α = 3 curve from
heir fig. 4 to a value of log g = 2 . 3 at the bump luminosity of
ur 1 . 2 M � model star leads to an estimate of D AMT ∼ 10 6 cm 

2 s −1 

hich is comparable to the value of D mix near the H-burning shell in
NRAS 535, 1243–1257 (2024) 
g. 5 d of DT00. According to R ̈udiger et al. ( 2014 ), D AMT /D mix ∝
 

Pm , where Pm is the magnetic Prandtl number representing a
atio of viscosity to magnetic dif fusi vity. Its v alue is between 0.01
nd 10 in the radiative zone of low-mass RGB stars (R ̈udiger et al.
015 ), therefore D mix ∼ D AMT for the AMRI turbulence, unless a
table thermal stratification or a ne gativ e radial μ gradient prevents
ixing. Moyano et al. ( 2023 ) and Dumont ( 2023 ) have recently

ound additional observational support for the AMRI as the possible
echanism of AMT in both low- and intermediate-mass stars on

if ferent e volutionary phases, starting at the subgiant branch (SGB)
nd including the HB. With their updated values of D 0 ≈ 50 cm 

2 s −1 ,
≈ 2 (Moyano et al. 2023 ) and D 0 = 7 . 5 × 10 2 cm 

2 s −1 , α ≈ 1 . 5
Dumont 2023 ) for the low-mass stars, the values of D AMT ≈ 5 ×
0 5 cm 

2 s −1 and D AMT ≈ 7 . 5 × 10 5 cm 
2 s −1 at the bump luminosity

till remain sufficiently large for the AMRI to be considered as a
ossible mechanism for the RGB extra mixing. 

.3 Thermohaline mixing 

hile doing 3D hydrodynamics simulations of convection triggered
y the He-core flash in a 1 M � star at the RGB tip, Dearborn,
attanzio & Eggleton ( 2006 ) noticed some fluid motion outside the
-burning shell. In their follow-up paper, Eggleton, Dearborn &
attanzio ( 2006 ) found that a local inversion of the mean molecular
eight profile μ( r) at the outer part of the H-burning shell produced
y the reaction 3 He( 3 He,2p) 4 He was driving that fluid motion,
ut they mistakenly attributed the cause of it to the Rayleigh–
aylor instability. Charbonnel & Zahn ( 2007 ) correctly interpreted

hat motion as thermohaline, or salt-fingering, convection driven
y a double-dif fusi ve instability. It develops when diffusion of a
estabilizing ingredient (salt in the ocean, nuclei contributing to the
ifference in μ in the star) is less efficient than diffusion of heat that
educes the stabilizing effect of a difference in temperature between
ising (and sinking) salt fingers and their surroundings. Ho we ver,
or a model of thermohaline convection to be able to reproduce the
bserved evolutionary declines of the 12 C/ 13 C and C/N ratios in upper
GB stars, its salt fingers should have an aspect ratio of their radial

ength to diameter a � 7. For the ideal gas equation of state, a simple
inear analysis leads to the following expression for the thermohaline
if fusion coef ficient: 

 th = C th 
∇ μ

∇ rad − ∇ ad 
K, (7) 

here C th = 2 π2 a 2 (Denissenkov 2010 ) or C th = (8 / 3) π2 α2 (Ulrich
972 ; Charbonnel & Zahn 2007 ), with α also representing the salt-
nger aspect ratio. The MESA stellar evolution code that we have
sed in this work uses the parametrization C th = (3 / 2) αth referring
o it as the ‘Kippenhahn’ option moti v ated by the work of Kip-
enhahn, Ruschenplatt & Thomas ( 1980 ). The same observationally
onstrained value of D th is obtained with C th ≈ 1000 (for a ≈ 7 or
≈ 6), and αth ≈ 667. 
When using the MESA ‘Kippenhahn’ prescription for thermohaline
ixing with αth ≈ 667 in our 1 . 2 M � model star, we have obtained a

oo steep decline of the surface [C/N] ratio on the upper RGB, with its
otal decrease produced by the FDU followed by RGB extra mixing
etween the bump luminosity and the RGB tip � [C / N] ≈ −0 . 8 (dot–
ashed red line in Fig. 2 ). This contradicts to a moderate change of
0 . 3 � � [C / N] � −0 . 2 in these mixing events observed in low-
ass RGB stars with metallicities in the range of −0 . 4 ≤ [Fe / H] ≤
0 . 2 (fig. 3 and table 2 in Shetrone et al. 2019 ). We have found

hat this discrepancy is caused by the MESA revision 7624 code
 v erestimating the depth of thermohaline mixing because it uses
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Figure 2. The evolutionary changes (the surface gravity g decreases with 
time) of the surface [C/N] elemental abundance ratio in our 1 . 2 M � model 
star with [Fe / H] = −0 . 3 between the MS and the RGB tip produced by 
the FDU only (the nomix followed by the nomix PreFlash line) and by 
the RGB extra mixing modelled as thermohaline convection using the 
MESA ‘Kippenhahn’ option with the efficiency parameter αth = 667 (the 
KipTH667 PreFlash curve), as the same thermohaline convection but with 
the mixing depth fixed at r mix = 0 . 055 R � (the KipTH667 rmix055 PreFlash 
line), and with the dif fusion coef ficient D mix = f ( L bump )( L/L bump ) 4 / 3 K 

for f ( L bump ) = 0 . 0025 (the DK0025 rmix055 line), f ( L bump ) = 0 . 005 (the 
DK005 rmix055 line), and f ( L bump ) = 0 . 010 (the DK010 rmix055 line), 
and r mix = 0 . 055 R �. For comparison, we also show a model with the fixed 
D mix = 0 . 02 K and r mix = 0 . 055 R � (the DK020const rmix055 line). The 
last five lines overlap in this figure, but they can all be seen separately in 
Figs 4 and 8 . Open circles are the observational data from Shetrone et al. 
( 2019 ) for field low-mass stars with −0 . 35 < [Fe / H] < −0 . 25. We had to 
shift our predicted [C/N] ratios assuming that their initial value is + 0 . 3. 

Figure 3. The stellar evolution code of MESA revision 7624 used in this 
work o v erestimates the depth of thermohaline mixing placing it at r mix ≈
0 . 045 R � (the left vertical dotted line) because it uses for this the mean 
molecular weight based only on the H abundance. This results in too low 

[C/N] elemental abundance ratios predicted for the metallicity [Fe/H] = −0 . 3 
(Fig. 2 ) compared to those observed in upper RGB stars with metallicities 
in the range −0 . 4 ≤ [Fe / H] ≤ −0 . 2 (Shetrone et al. 2019 ). Therefore, we 
fix the RGB extra mixing depth at r mix ≈ 0 . 055 R � (the right vertical dotted 
line) for all our models in this work. 

o  

b  

Figure 4. Same as in Fig. 2 , but for the surface carbon isotopic ratio. Filled 
circles with errorbars are APOGEE data for open-cluster RGB stars with 
initial masses lower than 2 M �, log 10 g < 2, and metallicities in the range 
−0 . 36 � [Fe / H] � 0 . 28 from McCormick et al. ( 2023 ). 
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nly the H abundance to calculate ∇ μ in equation ( 7 ). As illustrated
y the left and right vertical dotted lines in Fig. 3 , the radius in the
icinity of the H-burning shell, below the local inversion of μ( r),
t which the now increasing with depth μ approaches its value in
he bulk of the radiative zone, outside the H-burning shell, changes
rom r mix ≈ 0 . 045 R � to r mix ≈ 0 . 055 R � when μ is calculated using
bundances of all available isotopes. Therefore, in this work we fix
he depth of RGB extra mixing in all our models at r mix ≈ 0 . 055 R �,
ssuming that gas at r < r mix with a higher μ than in the bulk of
he radiative envelope cannot rise up. A relatively small variation of
C/N] on the upper RGB obtained with the ‘Kippenhahn’ prescription 
sing this reduced mixing depth is shown as a dot–dashed grey line
n Fig. 2 . 

We note that a relatively good quantitative agreement between the 
ariation of the [C/N] ratio with the gravity seen in the APOGEE
ata sampled by Shetrone et al. ( 2019 ) for the Milky Way field stars
ith metallicities −0 . 35 < [Fe / H] < −0 . 25 (green circles in Fig. 2 )

nd the decline of [C/N] predicted by our 1 . 2 M � model star with
Fe / H] = −0 . 3 for the FDU (the solid blue curve) followed by its
nsignificant (because of the relatively high metallicity) additional 
ecrease on the upper RGB modelled using different prescriptions 
or the standard and enhanced extra mixing can be achieved only if we 
ssume that the initial value of [C/N] is + 0 . 3, or with the individually
djusted initial abundances of [C / Fe] = + 0 . 15 and [N / Fe] = −0 . 15
all curv es, e xcept the solid blue, dashed orange, and dot–dashed red
nes, in Fig. 2 ). 
In lower metallicity or in C-enhanced low-mass stars, the depth 

f the RGB thermohaline mixing has a different value, a smaller
 mix for a lower [Fe/H] and a larger r mix for a C-enhanced mixture,
ut in all cases it remains in a range between r mix ≈ 0 . 045 R � and
 mix ≈ 0 . 06 R � (Denissenkov & Pinsonneault 2008 ; Denissenkov,
insonneault & MacGregor 2009 ; Denissenkov 2010 ). We have 
hecked that the same algorithm for the calculation of ∇ μ is
mplemented in MESA at least up to the revision 15140, while the most
ecent MESA revisions employ a different algorithm. Note that the 
roblem with MESA o v erestimating the depth of RGB extra mixing
ould also be revealed by comparing the observed and predicted 
arbon isotopic ratios (Fig. 4 ). 

Besides the technical difficulty in estimating a correct depth of the
GB thermohaline mixing, for which some observational constraints 

till need to be used, a bigger problem is that it needs a too large salt-
nger aspect ratio of a � 7 to reproduce the observational data. In the
MNRAS 535, 1243–1257 (2024) 
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ery low viscosity environment of stellar radiative zones, the rising
nd sinking salt fingers are subject to the shear instability at their
eparating boundaries that should destroy their radially elongated
tructure. Such ‘self-destruction’ of salt fingers was first predicted
y Kippenhahn et al. ( 1980 ) based on a simple analytical model
nd then it was demonstrated in 2D and 3D numerical simulations
y Denissenkov ( 2010 ) and Denissenkov & Merryfield ( 2011 ),
esults of which were independently confirmed by Traxler, Garaud &
tellmach ( 2011 ). In those simulations, it was shown that the effective
alt-finger aspect ratio is ∼ 0 . 5, which means that the efficiency of
he RGB thermohaline mixing is ∼ 200 times lower than what is
equired to explain the observations. Therefore, at present we cannot
onsider thermohaline convection as a suitable model of RGB extra
ixing. 

.4 Magnetically assisted mixing 

.4.1 Magnetic-buoyancy mixing 

ne of such magnetic mixing mechanisms was proposed by Busso
t al. ( 2007 ) and developed by Nucci & Busso ( 2014 ). It assumes
hat the radiative zones of upper RGB stars are filled with thin donut-
haped magnetized flux tubes that are rising thanks to a difference in
he densities inside and outside them caused by a magnetic pressure
ontribution that makes them buoyant. Ho we ver, the main drawback
f those w orks w as their omission to consider the relatively lengthy
rocess of radiative heat exchange between the rising flux tubes and
heir surroundings that was needed to maintain the difference in the
ensities. As a result of that omission, the radial velocity of the flux
ubes was o v erestimated by Busso et al. ( 2007 ) by sev eral orders of

agnitude (Denissenkov et al. 2009 ). Indeed, for the initial values of
he radius a 0 of the smaller circle of the donut-shaped flux tube and
ts radial velocity v 0 presented in table 2 of Busso et al. ( 2007 ) for the
wo RGB cases, and for the radiative diffusivity K ∼ 10 8 cm 

2 s −1 at
he RGB mixing depth estimated from Fig. 6 or taken from table 1 of
enissenkov ( 2010 ), we find that their corresponding ratios (P ́eclet
umbers) of the thermal diffusion time ∼ a 2 0 /K to the advection time
a 0 /v 0 per unit length of the larger circle of the flux tube are equal

o 2184 and 930. This means that the flux tubes with the parameters
dopted by Busso et al. ( 2007 ) rise too fast to be able to exchange heat
ith their surroundings, which contradicts the assumption made by
usso et al. ( 2007 ) that there is no difference in the temperature inside
nd outside the tubes. Another drawback was that neither of those
orks discussed how the magnetized flux tubes could be formed

n the vicinity of the H-burning shell. Denissenkov et al. ( 2009 )
uggested that such flux tubes were products of the undular buoyancy
nstability (Fan 2001 , and references therein), and that the azimuthal
agnetic field of ∼ 100 kG needed for its development was generated

y a strong differential rotation acting on and winding up a relatively
eak ( ∼ 10 G) poloidal field. Denissenkov et al. ( 2009 ) also took

nto account heat exchange by radiative diffusion between rising
ux tubes and their surroundings and showed that it slowed down

he magnetic-buoyancy mixing by nearly five orders of magnitude
ompared to the estimates of Busso et al. ( 2007 ). At the same time,
hey found that a reduced mean molecular weight inside flux tubes
ormed in the region of its local inversion produced by the reaction
 He( 3 He,2p) 4 He compensated a substantial part of the ne gativ e effect
f slow heat e xchange. Howev er, giv en that the magnetic-buoyancy
odel needs a rather strong differential rotation to be present in

he radiative zone, similar to that discussed in Section 2.1 , which is
ot supported by the recent asteroseismology data, we are forced to
ismiss it as a plausible mechanism for RGB extra mixing. 
NRAS 535, 1243–1257 (2024) 
.4.2 Thermohaline mixing in the presence of a radial magnetic 
eld 

arrington & Garaud ( 2019 ) invoked a radial magnetic field of the
agnitude B r ∼ 100 G in their 3D direct numerical simulations of

hermohaline convection and showed that it could stabilize the growth
f salt fingers driven by the primary double-diffusive instability
gainst their destruction by the secondary shear instability in the
adiative zone of an upper RGB star. That would increase the
fficiency of RGB thermohaline mixing by two orders of magni-
ude in agreement with the observ ations. Ho we ver, more recently,
raser, Reifenstein & Garaud ( 2024 ) have shown that the model of
arrington & Garaud ( 2019 ) does not accurately estimate the rate of

hermohaline mixing for the values of model parameters appropriate
or the radiative zone of an upper RGB star. To resolve this issue,
he y hav e e xtended that model by including viscosity and magnetic
esistivity, as well as temperature and composition fluctuations, in
heir calculations of the growth of the parasitic shear instability. The
xtended model has recovered the results of Harrington & Garaud
 2019 ) for the RGB star parameters and their used radial magnetic
elds 100 G and 1000 G (see left panel in fig. 7 of Fraser et al. 2024 ). It

s interesting and surprising that even much stronger radial magnetic
elds, with magnitudes of the order of 100 kG, have recently been
easured in the vicinity of the H-burning shell in 11 Kepler low-mass
GB stars using asteroseismology methods (Deheuvels et al. 2023 ).
i et al. ( 2023a ) have detected similarly strong radial magnetic fields

n another sample of 13 Kepler RGB stars with estimated masses
etween ∼ 1 and ∼ 1 . 5 M �. They have also found that neither the
ore rotation 
core / 2 π ∼ 1000 nHz nor the ratio 
core /
env ∼ 10 –
00 in these stars are different from those measured in other red
iants. 
Our observationally constrained constant diffusion coefficient for

he standard RGB extra mixing has a value of D mix ≈ 0 . 02 K (dot–
ashed orange curves in Figs 2 and 4 ). According to Fraser et al.
 2024 ), the salt-fingering convection can attain this mixing rate with
 r ∼ 100 – 1000 G, and its magnetically enhanced thermohaline
if fusion coef ficient is proportional to B 

2 
r . If this is true and can

e extrapolated to much stronger radial magnetic fields, then we can
ssume that in those 11 + 13 Kepler red giants with B r ∼ 100 kG
he thermohaline diffusion coefficient may approach its maximum
ossible value of D mix ∼ K . The dot–dashed black curve in Fig. 5
hows that such enhanced RGB extra mixing could also lead to a
ubstantial enrichment of RC stars in Li, provided it started at the
ump luminosity and the radial magnetic field of this strength was
aintained in the radiative zone during the entire RGB evolution.
hat would be an alternative to the AMRI as the essential element
f our hypothesis (Section 4 ), in which the observed spread of Li
bundances in RC stars could be explained by a range of radial
agnetic field magnitudes in RGB stars. Of course, we still have to

nderstand the origin of these magnetic fields in radiative zones of
GB stars (see e.g. section 4.4 in Li et al. 2023a ). 

.5 Mixing by internal gravity waves 

nternal gravity waves (IGWs) or g modes of stellar oscillations
re stochastically excited by turbulent fluid motion at a conv ectiv e-
one boundary and some of them can propagate through an adjacent
adiative zone (Press 1981 ). Following the work of Garcia Lopez &
pruit ( 1991 ), Denissenkov & Tout ( 2003 ) proposed that IGWs
ould produce partial mixing of an He- and C-rich radiative zone
elow the conv ectiv e env elope in low-mass AGB stars. It could
ently inject protons into that zone, where the reactions 12 C(p, γ ) 13 N
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Figure 5. Li abundances for a subsample of RC stars with masses 0 . 77 M � ≤
M ≤ 1 . 96 M � and metallicities [Fe/H] ≈ 0 from Deepak & Lambert ( 2021a ) 
(open circles) are compared with Li abundances predicted by our 1 . 2 M �
model star with [Fe / H] = −0 . 3. The KipTH667 rmix055 PreFlash curve 
represents one of the same observationally constrained cases of the standard 
RGB extra mixing, while the DK005 rmix055 curve corresponds to one of 
the same cases of enhanced extra mixing, as in Figs 2 and 4 . Two additional 
cases of enhanced RGB extra mixing were modelled, one with D mix = 0 . 9 K 

and r mix = 0 . 055 R � (the DK9 rmix055 atBump curve), and the other with 
D mix = 0 . 99 K and r mix placed inside the H-burning shell where the H mass 
fraction drops to X = 0 . 5 (the DK99 XH05 atTip curve). In the first case, 
mixing starts at the bump luminosity and is described in Section 2.4.2 , and 
in the second case it occurs during the He-core flash and lasts as long as the 
He luminosity of the first conv ectiv e He shell exceeds 10 4 L �, as described 
in Section 3.1 . 
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Figure 6. A snapshot of the internal structure of our 1 . 2 M � model star, 
immediately abo v e the bump luminosity, that includes an outer part of its He 
electron-degenerate core (where the mean molecular weight μ has reached 
its maximum value and stopped changing) and an inner part of its conv ectiv e 
env elope (abo v e the v ertical dashed red line representing the conv ectiv e 
boundary). The radial profiles of the stellar structure parameters rele v ant to 
the different mechanisms of RGB extra mixing discussed in text are plotted, 
including the buoynac y frequenc y N and the radiative diffusivity K . In the 
radiati ve zone, the dif fusion coef fient D mix is calculated using the MESA 

‘Kippenhahn’ option with the efficiency parameter αth = 667 (the dashed 
blue curve at r < r cb ) but with the mixing depth fixed at r mix = 0 . 055 R �, as 
guided by Fig. 3 . 

Figure 7. Similar to Fig. 6 , but for the RGB-tip model with the first 
conv ectiv e He-shell zone developing and with IGW mixing in the radiative 
zone modelled similar to Schwab ( 2020 ), as explained in caption to Fig. 8 . 
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nd 13 N(e + ν) 13 C would then form a sufficiently wide 13 C pocket
ecessary for the main slow ( s ) neutron-capture process to occur
here under radiative conditions between He-shell thermal pulses 
Straniero et al. 1995 ). 

For a g mode with the angular frequenc y ω and de gree l,
he horizontal wavenumber is k h = 

√ 

l( l + 1) /r , while the vertical 
avenumber k v can be determined from the well-known dispersion 

elation for IGWs 

ω 
2 

N 
2 

= cos 2 θ = 

k 2 h 

k 2 h + k 2 v 

, (8) 

here N is the Brunt–V ̈ais ̈al ̈a (buoyanc y) frequenc y from equation
 4 ), and θ is the angle between the vertical (radial) direction and a
lane of constant phase, the latter being parallel to directions of both
ave’s fluid oscillation and group velocity. IGWs can propagate 
nly in a region where ω < N and ω < S l , where S l = k h c s =
 

l( l + 1) c s /r is the Lamb frequency for a p mode (sound wave) with
he angular degree l. For our 1 . 2 M � model star, the radial profiles
f N and S 1 are plotted in Figs 6 and 7 for the evolutionary stages
mmediately abo v e the bump luminosity and at the beginning of the
e-core flash, respectiv ely. F or progressiv e and standing IGWs with
 � N , their transverse nature and equation ( 8 ) lead to the following

elation between their vertical and horizontal velocity components: 

u v 

u h 
= 

k h 

k v 
≈ ω 

N 

� 1 . (9) 

ence, fluid in such waves oscillates in nearly horizontal directions, 
hus producing a horizontal velocity shear. Like in the case of
ifferential shellular rotation that we discussed in Section 2.1 , in 
he presence of a strong radiative heat diffusion this shear may drive
mall-scale turbulent mixing in the radial direction. Using equation 
 3 ), its diffusion coefficient can be estimated as 

 IGW = η
( k v u h ) 2 

N 
2 

K ≈ η
( ∇ × u ) 2 

N 
2 

K. (10) 

The second mechanism by which IGWs may produce some mixing 
as discussed in detail by Schatzman ( 1996 ), who considered it as a

esult of a random walk of tracer particles being pushed by an ensem-
le of g-mode oscillations with different wavelengths, frequencies, 
nd amplitudes. In the ideal case of adiabatic oscillations, the root-
ean square displacements of the tracer particles are all equal to zero, 

ut in the presence of heat exchange between oscillating g modes and
heir surroundings by radiative diffusion this is not necessarily true. 
MNRAS 535, 1243–1257 (2024) 
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M

Figure 8. Similar to Fig. 2 , but for the surface Li abundance and with 
the surface gravity replaced by the luminosity that increases with time. 
Additionally, the Schwab line represents the results of our attempt to repeat the 
IGW mixing calculations of Schwab ( 2020 ). We used his diffusion coefficient 
D mix = 10 14 cm 

2 s −1 in the radiative zone of our 1 . 2 M � model star where 
the H mass fraction was X > 0 . 5 and kept it constant while the luminosity 
of the first conv ectiv e He-shell flash remained abo v e 10 4 L � during the He- 
core flash at the RGB tip. Our predicted Li abundances are compared with 
those measured by Deepak & Lambert ( 2021a ) in RC stars that have masses 
between 0 . 77 and 1 . 96 M � and metallicities close to [Fe/H] = 0. 
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n analytical prescription for the diffusion coefficient associated
ith this mechanism of IGW mixing was developed and implemented

o interpret the Li and Be depletions in the Sun and other low-mass
S stars of different ages by Montalb ́an ( 1994 ) and Montalb ́an &

chatzman ( 2000 ), and it was also used to model the formation
f the 13 C pocket in low-mass AGB stars by Denissenkov & Tout
 2003 ). The weakest part of such analytical prescriptions, including
he one based on equation ( 10 ), is that their estimated final diffusion
oefficients strongly depend on power (or velocity) spectra of IGWs
enerated at the conv ectiv e-zone boundary and on their attenuation
n the adjacent radiative zone through which they propagate. 

Until recently, only simple semi-empirical and analytical ap-
roaches have been employed to model IGW spectra and attenuation.
his work has moti v ated us to perform the first 3D hydrodynamics
imulations of turbulent convection and IGWs in a 4 π sphere
ncompassing the lower part of the conv ectiv e env elope and a
ubstantial part of the radiative zone of our 1 . 2 M � upper RGB
odel star. Results of these simulations with nominal heating and

ealistic opacities for the RGB-tip model are presented elsewhere
Blouin et al. 2023 ), while here we summarize only the most
mportant of them that are rele v ant for this work. First, the mean
orticity of fluid motion in radiative layers at about one pressure
cale height below the conv ectiv e env elope scales with the total
uminosity as |∇ × u | ∝ L 

1 / 4 , rather than obeying our anticipated
caling law |∇ × u | ∝ L 

2 / 3 (see Section 4.1 ). Second, when the
orticities measured in the radiative zone of the RGB-tip model from
ts highest-resolution 3D hydrodynamics simulation are substituted
n equation ( 10 ) with a probably upper-limit estimate of η = 0 . 1, the
esulting values of D IGW are at least one order of magnitude smaller
nd they decrease with a depth in the radiative zone much faster
han what is needed to reproduce the observational data. Third, a
if fusion coef ficient in the radiati ve zone measured directly using the
racer fluid Gaussians has even smaller values. Therefore, at present
t seems highly unlikely that the RGB extra mixing is produced by
GWs. One caveat of our hydrodynamics simulations is that they only
NRAS 535, 1243–1257 (2024) 
nclude a small portion of the conv ectiv e env elope, and simulations
ith a larger portion of the conv ectiv e env elope yield higher IGW
elocities. 

 PREVIOUS  HYPOTHESES  PROPOSED  TO  

XPLAIN  THE  LITHIUM  ENRICHMENT  OF  RC  

TARS  

n Fig. 8 , we compare the evolution of the surface Li abundance
n our 1 . 2 M � model star between the bump luminosity and the
GB tip or its arri v al at the RC region predicted using different
rescriptions for extra mixing on the upper RGB and during the He-
ore flash with the Li abundances in RC stars having masses in the
ange 0 . 77 ≤ M/M � ≤ 1 . 96 and metallicities close to [Fe/H] = 0
aken from Deepak & Lambert ( 2021a ). The dashed orange and dot–
ashed grey lines in this figure show that neither the evolution with
o extra mixing nor the one with thermohaline mixing on the upper
GB can reproduce the observed Li enrichment of RC stars. In this

ection, we briefly discuss previous hypotheses that were put forward
o explain this discrepancy, while our o wn alternati ve explanation of
t will be presented in the next section. 

.1 Lithium enrichment by IGW mixing triggered by the 
e-core flash 

chwab ( 2020 ) put forward the hypothesis that the Li enrichment
f RC stars could be a result of IGW mixing that occurred in their
recursors when they experienced the He-core flash at the RGB tip.
hose IGWs could be excited by the first and strongest He-shell flash
t its top conv ectiv e boundary. Howev er, for the IGW mixing to be
ble to produce, via the Cameron–Fowler mechanism, sufficiently
igh Li abundances with A ( Li ) � 1 . 5, as observed in many RC stars
e.g. Deepak & Lambert 2021b ), during this relatively short event
t has to be very fast. We have repeated the calculations of Schwab
 2020 ) for our 1 . 2 M � RGB-tip model using his assumed values of
GW mixing rate and depth, namely, with the diffusion coefficient
 mix = 10 14 cm 

2 s −1 being kept constant in the radiative zone abo v e
he radius r mix ( X = 0 . 5), where the H mass fraction has dropped to
 = 0 . 5, while the luminosity of the He-burning shell is exceeding

0 4 L �. This extra-mixing set-up and its corresponding evolution of
he surface Li abundance are shown in Figs 7 , 8 , and 9 (the solid
rown line). 
In order to understand if this hypothesis is plausible, we first note

hat its required IGW diffusion coefficient is significantly larger than
he radiati ve dif fusi vity K in the entire radiati ve zone at r > r mix ( X =
 . 5) (compare the dashed blue and solid black curves in Fig. 7 ). This
eans that the IGW mixing should proceed on a dynamical, rather

han on a thermal time-scale and, like convection, it should then
ominate in the radial heat transport o v er the radiative diffusion,
hich would change the thermal structure of the radiative zone,
aking it closer to adiabatic. As a result, the evolution of the star

uring the He-core flash could change in a way that may have never
een observed. Such drastic changes were discussed by Denissenkov
 2012 ) for low-mass RGB stars at the bump luminosity in which Li
as assumed to be produced by extra mixing with D mix � K . 
Second, for IGW mixing to operate on a dynamical time-scale,

he waves should become non-linear and break. This could only
appen if the Richardson number associated with the IGW horizontal
elocity shear Ri ≈ N 

2 / |∇ × u | 2 would drop below its critical
alue Ri crit = 0 . 25 (Press 1981 ). We can use the results of the
D hydrodynamics simulation of IGW mixing in our RGB-tip
odel, some of which are summarized at the end of Section 2.5 ,
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Figure 9. Similar to Fig. 8 , but with the surface Li abundance plotted as a 
function of the gravity g. RGB and RC stars with −0 . 5 < [Fe / H] < −0 . 1 
and 1 M � < M < 1 . 4 M � from Mallick et al. ( 2023 ) are added to this plot 
for comparison. 
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o demonstrate that this is unlikely to happen. Indeed, from fig. 19
f Blouin et al. ( 2023 ) we read a value of D ∼ 10 8 cm 

2 s −1 for the
GW dif fusion coef ficient estimated using the tracer fluid Gaussians
t r = 450 Mm. It is lower by a factor of 10 than a value of the
if fusion coef ficient provided by equation ( 10 ) and the measured
orticities at the same radius. This difference vanishes if we reduce 
he value of the parameter η in equation ( 10 ) by the same factor, which
s still a reasonable choice. Now, if the scaling law |∇ × u | ∝ L 

1 / 4 

btained for the bump luminosity model with IGWs generated by the 
n velope con vection can be applied to IGWs generated by the He-
hell convection in the RGB-tip model then from equation ( 10 ) for
he ratio ∼ 10 6 of the maximum luminosity of the first He-shell flash
o the luminosity of our star at the RGB tip we obtain an estimate
f D IGW ∝ L 

1 / 2 ∼ 10 3 D ∼ 10 11 cm 
2 s −1 � D mix ∼ 10 14 cm 

2 s −1 .
rom the same equation we can also estimate values of the IGW
ichardson number Ri ∼ η( K/D IGW ). For K ≈ 3 . 2 × 10 12 cm 

2 s −1 

t r = 450 Mm taken from our RGB-tip model (Fig. 7 ) and D IGW ∼
0 14 cm 

2 s −1 , we obtain Ri ≈ 3 . 2 and Ri ≈ 0 . 32 for η = 0 . 1 and
= 0 . 01, respectively. The second Richardson number is actually 

lose to the critical value of Ri crit = 0 . 25, but it was obtained for
he He-shell luminosity at its maximum value of ∼ 10 9 L �, while the
GW mixing model proposed by Schwab ( 2020 ) assumed that the
alue of D mix ∼ 10 14 cm 

2 s −1 was maintained all the time while the
e-shell luminosity exceeded the much lo wer v alue of 10 4 L �, so the

GW mixing with this high diffusion coefficient had to start operating 
ith Ri ≈ 95 � Ri crit . We find this highly unlikely, therefore we
oubt that such fast IGW mixing is actually acti v ated during the
e-core flash. 
Furthermore, we have a doubt that the diffusion coefficient for 

GW mixing can ever exceed the radiative dif fusi vity K , e ven if
reaking of IGWs produces turbulence. Indeed, because this happens 
n the radiative zone, we would expect that the resulting turbulence 
hould be strongly stratified at a low Prandtl number, in which case
t is predicted that D mix < K (Ligni ̀eres 2020 ; Skoutnev 2023 ).
esides, with D IGW � K the IGW mixing should transport heat 

aster than radiation, thus transforming the radiative zone into an 
diabatic one, which would make the propagation of IGWs in it
mpossible. Ho we v er, we hav e found that the value of D mix = 0 . 99 K 

s not high enough to produce a significant amount of Li in the
ame set-up that Schwab ( 2020 ) used to model IGW mixing with
 IGW � K (the orange curve in Fig. 5 ). 

.2 Lithium enrichment by rotation-induced mixing in binaries 
idally locked on the RGB 

enissenk ov, Chabo yer & Li ( 2006 ) proposed that tidal interaction
f an RGB star with its close binary companion leading to a spin-up
f that star via synchronization of its rotational and orbital periods
ould enhance rotationally induced mixing in its radiative zone and, 
s a result, enrich its conv ectiv e env elope in Li via the Cameron–
 owler mechanism. Case y et al. ( 2019 ) elaborated on that idea to
rgue that the Li-rich RC stars had been tidally spun-up on the
GB, then their internal rotation was further accelerated during their 
ontraction between the RGB tip and the RC phase with the total
ngular momentum conserved, and Li was produced by enhanced 
otational mixing. Their conclusion is based on the facts that most
f the Li-rich giants are RC stars and that the Li enrichment caused
y enhanced extra mixing on the RGB cannot last longer than a
ew million years (Denissenkov & Herwig 2004 ). Ho we v er, the y
eem to still admit the possibility that in the upper RGB stars not
pun-up by tidal synchronization the mechanism for extra mixing is 
hermohaline convection. Besides, their hypothesis does not explain 
hy most, if not all, of the RC stars have higher Li abundances than

he ones predicted by the stellar evolution theory with RGB extra
ixing. 

 OUR  HYPOTHESIS  FOR  THE  MECHANISM  

F  RGB  EXTRA  MIXING  AND  LI  
NRICHMENT  OF  RC  STARS  

f Casey et al. ( 2019 ) were right we would have to invoke at least
hree different angular-momentum and chemical-element transport 

echanisms in a same low-mass star, namely, something like the 
MRI (Section 2.2 ), thermohaline, and rotationally induced mixing, 

o e xplain, respectiv ely, their post-MS moderate core-env elope dif-
erential rotation, RGB extra mixing, and its enhanced Li-producing 
ode. Here, applying the principle of Occam’s razor, we discuss a

ossibility that a same physical mechanism is responsible for both 
he coupled evolutionary changes of the core and envelope rotation in
ow-mass subgiant and early-RGB stars, as measured by asteroseis- 
ology, and the evolutionary declines of the 12 C/ 13 C and C/N ratios

n upper RGB stars, as revealed by stellar spectroscopy. Furthermore, 
e speculate that the same RGB extra mixing mechanism that begins

o manifest itself at the bump luminosity and initially leads to a
urther depletion of the surface Li abundance in upper RGB stars
ets enhanced and begins to produce Li in all these stars when they
pproach the RGB tip. 

Initially, we focused only on the upper RGB extra mixing and
onsidered the following two candidates for its mechanism: mix- 
ng by small-scale turbulence driven by horizontal velocity shear 
roduced by IGWs, as described in Section 2.5 , and the joint
peration of rotation-driven meridional circulation and turbulent 
iffusion, as described by DT00. We hav e e xcluded thermohaline
onvection from our consideration because it results in a strong 
epletion of the surface Li abundance in upper RGB stars (the dot–
ashed gre y curv e in Fig. 8 ), ev en when its diffusion coefficient
s artificially magnified by a large factor of ∼ 200 not supported
y hydrodynamics simulations (Denissenk ov 2010 ; Denissenk ov & 

erryfield 2011 ; Traxler et al. 2011 ), and because it is not clear
ow it can be enhanced and produce Li near the RGB tip to support
he main idea of this work. Diffusion coefficients corresponding to 
MNRAS 535, 1243–1257 (2024) 
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hese mechanisms, including thermohaline convection, can all be
epresented as D mix = f K , where f = f ( L bce ) for mixing by IGWs
enerated by the envelope convection, f = f ( 
bce , ( ∂ 
/ ∂ r) rad ) for
otation-driven mixing, and f = f ( X bce ( 3 He ) , ( ∂ X( 3 He ) / ∂ r) rad ) for
hermohaline convection, where the parameters ( . . . ) bce and ( . . . ) rad 

efer to the base of the conv ectiv e env elope and to the radiative zone,
nd L bce = L . 

Here, we use the same MESA model of a low-mass star with
he initial mass 1 . 2 M � and metallicity [Fe/H] = −0 . 3 that was
ntroduced in Section 2.3 as a representative for the Li-rich RC
tars and whose evolution from the zero-age MS through to the
hermally pulsing AGB phase was shown in Fig. 1 . Like for the
ase of thermohaline convection, the mixing depth is fixed at the
adius r mix = 0 . 055 R � in our parametric models of RGB extra
ixing. The initial value of the factor f at the bump luminosity
 ( L bump ) is treated as a free parameter. Our goal is to find reasonable
hysically moti v ated scalings of f with the luminosity, e.g. a po wer-
aw form of f ( L ) = f ( L bump )( L/L bump ) p with p > 1, for IGW,
otationally induced, and AMRI (Section 2.2 ) mixing mechanisms
nd demonstrate that with these scalings they can produce the surface
i abundances in our models, by the time they will reach the RGB

ip, comparable to those measured in RC stars. We artificially limit
he value of f ≤ 1, so that extra mixing does not change thermal
tratification of the radiative zone. 

Obviously, thermohaline mixing does not satisfy the require-
ent of our hypothesis that its corresponding factor f should

ncrease with the luminosity on the upper RGB, so that Li is
roduced by the Cameron–Fowler mechanism when the factor f ,
nd therefore the RGB extra mixing dif fusion coef ficient D mix =
 K , increases in the star approaching the RGB tip. Instead,
 = f ( X bce ( 3 He ) , ( ∂ X( 3 He ) / ∂ r) rad ) decreases when a low-mass star
limbs the upper RGB following a decline of both X bce ( 3 He ) and
 ∂ X( 3 He ) / ∂ r) rad caused by the 3 He burning in the vicinity of the
-burning shell and RGB extra mixing. In Fig. 8 , its predicted Li-
estruction/production curve is compared with the one for the model
ith D mix = 0 . 02 K and the same value of r mix = 0 . 055 R �. Both
odels actually begin to produce some Li near the RGB tip simply

ecause the radiative diffusivity K is proportional to L , but the latter
odel ( DK02const rmix055 ) makes more Li because it has a

onstant value of f = 0 . 02, whereas f decreases with L in the
ormer model. 

.1 IGW mixing on the upper RGB enhanced by the increasing 
uminosity 

t the beginning of this work, before we had done the corresponding
ydrodynamics simulations, we thought that IGWs could provide a
echanism for both the RGB extra mixing and Li enrichment by its

nhanced efficiency at the RGB tip. Our line of reasoning was based
n the following data. Under certain assumptions, it can be antici-
ated that the horizontal and vertical components of IGW velocity,
nd therefore its vorticity in equation ( 10 ), are all proportional to L 

2 / 3 

e.g. section 5.2 in Herwig et al. 2023 ). Hence, the diffusion coeffi-
ient for IGW mixing driven by the IGW horizontal velocity shear
as expected to increase with the luminosity as D IGW = f ( L ) K ,
here f ( L ) ∝ L 

4 / 3 . Schwab ( 2020 ) needed a dif fusion coef ficient
 mix ∼ 10 14 cm 

2 s −1 for IGW mixing triggered by the first He-shell
ash at the RGB tip and then maintained at this high value for

uminosities between L He ∼ 10 4 L � and L He ∼ 10 9 L � to be able to
roduce Li in amounts comparable to those observed in RC stars.
f we take a middle value of the He-shell luminosity L He , mid ∼
0 6 L � and use the power-law D IGW ∝ L 

4 / 3 K then we obtain es-
NRAS 535, 1243–1257 (2024) 
imates of D IGW ( L tip ) ∼ 10 14 ( L tip /L He , mid ) 4 / 3 ≈ 2 . 5 × 10 10 cm 
2 s −1 

nd D IGW ( L bump ) ∼ 10 14 ( L bump /L He , mid ) 4 / 3 ≈ 2 . 5 × 10 8 cm 
2 s −1 at

he RGB tip and bump luminosities, log 10 ( L tip /L �) = 3 . 3 and
og 10 ( L bump /L �) = 1 . 8, respecti vely. These IGW dif fusion coef fi-
ients would be sufficiently large to explain the RGB extra mixing
Denissenkov & VandenBerg 2003 ). Moreover, extra mixing on the
pper RGB with the dif fusion coef ficient D mix = D IGW = f ( L ) K 

ould reproduce the evolutionary declines of [C/N] and 12 C/ 13 C
s well as the Li enrichment of RC stars for the fixed mix-
ng depth r mix = 0 . 055 R � and f ( L ) = f ( L bump )( L/L bump ) 4 / 3 with
 ( L bump ) = 0 . 0025, f ( L bump ) = 0 . 005, and f ( L bump ) = 0 . 010 (the
otted blue, solid black, and dashed blue curves in Figs 2 , 4 , and
 ). Note that on the Li abundance plot these three models arrive at
alues of A ( Li ) � 0 . 5 only when log 10 ( L/L �) � 2 . 75 where there
re almost no measurements of the Li abundance in field low-mass
tars (e.g. fig. 7 in Deepak & Lambert 2021b ) to verify or reject our
ypothesis. 

Ho we ver, our recent 3D hydrodynamics simulations of convection
nd IGWs in the 1 . 2 M � upper RGB star (Blouin et al. 2023 )
ave shown that even in its highest-luminosity RGB-tip model the
fficiency of IGW mixing is much lower than the observationally
onstrained rates of the RGB extra mixing and that the vorticity of
GW motion in the radiative zone is proportional to L 

1 / 4 (again,
f this scaling law obtained for the bump luminosity model can be
pplied to the RGB-tip model), rather than to L 

2 / 3 as we anticipated.
herefore, IGW mixing is probably the wrong mechanism for our
i-enrichment hypothesis to work. 

.2 Rotationally induced mixing on the upper RGB enhanced 
y the increasing mass-loss 

hen a rotating star does not lose any mass, and therefore angular
omentum, the competition between AMT by the rotationally

nduced meridional circulation and turbulent diffusion in its radiative
one, as described by equation ( 2 ), may reach a state of equilibrium
e.g. Denissenko v, Ivano va & Weiss 1999 ; Denissenkov & Tout
000 ). Zahn ( 1992 ) suggested that such equilibrium could be broken
y a magnetized stellar wind and its associated strong angular
omentum loss by the star, in which case the angular velocity

rofile 
( r) for the shellular rotation in the radiative zone would
ecome steeper and that would enhance the efficiency of rotational
ixing. For the case of moderate wind, Zahn ( 1992 ) obtained the

ollowing estimate of an effective diffusivity for rotational mixing in
he asymptotic regime: 

 eff = 

C h 

50 

r| U | 
α

= 

C h 

20 


s 


( r) 

k 2 

α

R 
2 

t J 

ρm 

ρ
, (11) 

here C h � 1 is a free parameter, α = d ln ( r 2 
) / d ln r , 
s =
( R) is the surface angular velocity, t J = k 2 MR 

2 
s / ( −d J /d t)
s the time-scale of the angular-momentum loss with k 2 =
2 / 3) 

∫ 
r 2 dM r / ( MR 

2 ) representing a dimensionless moment of
nertia of the star, and ρm = 3 M r / (4 πr 3 ) is the mean density of
 sphere of the radius r . Charbonnel ( 1995 ) used equation ( 11 ) in a
odel of RGB extra mixing that was able to successfully reproduce

he observed 12 C/ 13 C ratios in glob ular -cluster and field population-II
pper RGB stars simultaneously with an initial strong depletion of
heir surface Li abundances. 

Our hypothesis assumes that Li enrichment of RC stars occurs
n their progenitors when they approach the RGB tip where large
mounts of Li are produced via the Cameron–Fowler mechanism by
nhanced RGB e xtra mixing. F or IGW mixing such enhancement
ould be a direct consequence of the increasing luminosity but,
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ccording to the results of 3D hydrodynamics simulations of Blouin 
t al. ( 2023 ), this does not seem to be the case (Section 4.1 ).
lternatively, if it could still be possible to associate RGB extra 
ixing with rotationally induced meridional circulation and turbulent 

iffusion, as we discussed in Section 2.1 , then equation ( 11 ) would
rovide a mechanism for the RGB extra mixing to get enhanced near
he RGB tip. Indeed, this equation can be written in the following
orm: 

 eff = 

C h 

20 α


s 


( r) 

R 
2 

M 

ρm 

ρ

(
−dM 

dt 

)
, (12) 

here d M = d J / ( R 
2 
s ) is a mass lost with the angular momentum

J . There is a number of different prescriptions for the mass-
oss rate d M/d t by low-mass stars on the RGB. Six of them
re listed in table 1 of Catelan ( 2009 ) and presented in his fig.
 in the form of an integrated mass-loss along the RGB as a
unction of metallicity [Fe/H] for a fixed age of 12 Gyr (see
lso appendix in Catelan 2000 ). The widely used Reimers formula 
 M/d t = −4 × 10 −13 ηR ( L/g R ) M � yr −1 (Reimers 1975 ), where
he surface luminosity L , radius R, and gravity g are all expressed in
olar units, and ηR is a free parameter (we use the value of ηR = 0 . 36),
ives the minimum RGB-integrated mass-loss. For this prescrip- 
ion, our stellar evolution calculations predict the scaling relation 
 M/d t ∝ L 

5 / 3 ∝ L 
1 / 3 K , since K ∝ L , and therefore D eff ∝ L 

1 / 3 K .
o we ver, if we take the modified Reimers mass-loss rate from table
 of Catelan ( 2009 ), d M/d t ∝ ( L/g R ) + 1 . 4 , that gives the second-
argest RGB-integrated mass-loss, then from the result obtained for 
he standard Reimers rate we immediately find that it increases with 
he luminosity as d M/d t ∝ L 

7 / 3 ∝ L 
4 / 3 K , and D eff ∝ L 

4 / 3 K . This
s similar to our anticipated scaling relation for the IGW diffusion
oefficient that we discussed in the previous section, therefore the 
esults of our stellar evolution computations with the RGB extra 
ixing dif fusion coef ficient D mix = f ( L bump )( L/L bump ) 4 / 3 K that

re presented there, in particular the dotted blue, solid black, and 
ashed blue Li-destruction/production curves in Fig. 8 , can directly 
e applied here. 
Note that in the case of a magnetized stellar wind dJ can

ignificantly exceed ( R 
2 
s ) dM because its magnetic coupling with 

he stellar envelope can extend to distances r � R, then even the
tandard Reimers mass-loss rate may be accompanied by a suffi- 
iently strong loss of angular momentum to make Zahn’s rotationally 
nduced mixing in the asymptotic regime of moderate stellar wind 
ast enough to produce large amounts of Li at the RGB tip. 

.3 AMRI as a possible mechanism for the RGB extra mixing 
nd Li enrichment of RC stars 

n Section 2.2 , we suggested that the AMRI could ae the right
hysical mechanism not only for the AMT in low-mass stars but 
lso for mixing in their radiative zones on the upper RGB. The
ependence of its diffusion coefficient ( 6 ) on the ratio of the mean
ngular velocities of the radiative core 
core and convective envelope 
env indicates that the AMRI mixing could be significantly enhanced 

owards the RGB tip. Indeed, between the bump luminosity and the 
GB tip the radius of our 1 . 2 M � model star increases by an order of
agnitude on a time-scale of 45 Myr. If the characteristic time-scale 

f core-envelope rotational coupling (e.g. Denissenkov et al. 2010 ) is
onger than this then rotation of the expanding convective envelope 
ould slow down by a factor of 100, because of the conservation
f its angular momentum, and the AMRI diffusion coefficient might 
ncrease by a factor of 10 4 . That would be sufficient for the AMRI
ixing to produce large amounts of Li at the RGB tip, provided that
t could start to manifest itselfs as the RGB extra mixing at the bump
uminosity . Obviously , the efficiency of the AMRI mixing on the
pper RGB should depend not only on the 
core /
env ratio, but also
n the initial rotational velocity of the star as well as on its mass and
etallicity. 

.4 Angular momentum transport and depletion of the surface 
i abundance in MS low-mass stars 

he problem of AMT in low-mass stars after they have left the MS
nd the following RGB extra mixing resembles a similar problem 

f AMT and evolutionary decline of the surface Li abundance in
heir MS precursors. We have already mentioned in Introduction 
hat the Li abundance in the atmospheres of MS solar-type stars
s observed to be decreasing with their age by more than two
rders of magnitude (Sestito & Randich 2005 ; Carlos et al. 2019 ;
athsam, Mel ́endez & Carvalho Silva 2023 ). Besides having its

urface Li abundance reduced to a value of A ( Li ) = 1 . 1 from
he initial abundance of A ( Li ) = 3 . 3 (Asplund et al. 2009 ), the
un has a radiative core rotating uniformly, at least down to the
adius of ∼ 0 . 2 R �, as revealed by helioseismology (Couvidat et al.
003 ). Dumont et al. ( 2021 ) have shown that rotational mixing
nd AMT cannot reproduce the observed Li depletion in the Sun
imultaneously with the solid-body rotation of the solar core, without 
dding a constant viscosity νadd = 2 . 5 × 10 4 cm 

2 s −1 and a diffusion
oefficient whose value at the top of the radiative core has increased
rom D mix ∼ 10 2 cm 

2 s −1 to D mix ∼ 10 4 cm 
2 s −1 o v er the age of the

un and is exponentially decreasing with the depth, as prescribed by
quation (2) from Richard et al. ( 2005 ). These additional transport
oefficients are used to model turbulence of unknown origin with 
heir amplitudes considered as free parameters adjusted to reproduce 
bservations. More recently, Dumont ( 2023 ) has demonstrated that 
he same model that Dumont et al. ( 2021 ) used to simulate the
MT and Li depletion in MS solar-type stars can also reproduce
bservational changes of the core and envelope averaged angular 
elocities between the subgiant and red giant evolutionary phases 
n eight stars with metallicities −0 . 4 < [Fe / H] < −0 . 4 and masses
 . 1 M � < M < 1 . 5 M �, provided that the additional viscosity de-
ends on the differential rotation as prescribed by equation ( 6 ) with
he parameters D 0 = 7 . 5 × 10 2 cm 

2 s −1 and α = 1 . 5. Dumont ( 2023 )
as also confirmed the conclusion made earlier by Deheuvels et al.
 2020 ) that relatively low values of the ratio 
core /
env measured
n low-mass stars at the beginning of the SGB indicate that there
s a sharp decrease of the AMT efficiency, nearly by one order of
agnitude, at this evolutionary phase, after which AMT is well 

escribed by the AMRI-like viscosity law. 
Therefore, an additional AMT driving mechanism, different from 

ure rotational and AMRI, is required to explain rotation of low-
ass stars on the MS, which should become less efficient than AMRI

n the SGB. Such mechanisms could be the Taylor–Spruit dynamo 
Spruit 2002 ) or IGWs (Ringot 1998 ). Indeed, Eggenberger et al.
 2022 ) and Charbonnel & Talon ( 2005 ) showed that the AMT and
ixing dri ven, respecti vely, by the Taylor–Spruit dynamo and by

GWs could reproduce both rotation and surface Li abundance in the
un, while Cantiello et al. ( 2014 ) and Fuller et al. ( 2014 ) came to the
onclusions that neither the Tayler–Spruit dynamo nor IGWs could 
xplain the spin-down of core rotation in low-mass stars on the RGB.
o we v er, Denissenko v et al. ( 2008 ) demonstrated that asymmetric

ttenuation of prograde and retrograde IGWs should produce large- 
cale oscillations in the rotation profile of the solar core that are not
bserved, which w ould mak e IGWs an unlik ely mechanism of AMT
n solar-type stars. 
MNRAS 535, 1243–1257 (2024) 
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M

Figure 10. Circles are Li abundances and triangles are their upper limits 
from Magrini et al. ( 2021 ) for MS turn-off (open dim ones), SGB, and 
RGB (open bright ones) stars with −0 . 5 < [Fe / H] < −0 . 1 and 1 M � < M < 

1 . 4 M �, and crosses are the same RGB and RC stars from Mallick et al. 
( 2023 ) that are displayed in Fig. 9 . The MSmix2d3 PreBump curve shows Li 
abundances predicted by our 1 . 2 M � model with [Fe / H] = −0 . 3, in which 
we have included extra mixing on the MS with D mix = 2 × 10 3 cm 

2 s −1 

operating only down to the depth where T = 3 . 75 × 10 6 K to reproduce 
the observed depletion of the surface Li and Be abundances in MS low- 
mass stars, as explained in Section 4.4 . The MSmix2d3 f35 PreBump curve 
represents a model in which we have added mixing beyond the boundary 
of the H conv ectiv e core (o v ershooting) decaying exponentially with the 
distance from the core on the length-scale f ov = 0 . 035 pressure scale height. 
The nomix MStoPreFlash curve is the model without any extra mixing. The 
last three models are counterparts of their corresponding models from Fig. 9 , 
except that these include MS extra mixing. 
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To see if the depletion of Li in low-mass stars on the MS can
ffect our hypothesis of their enrichment in Li by enhanced extra
ixing on the upper RGB, we have simulated the first of these

rocesses in our 1 . 2 M � model star using a diffusion coefficient
 mix = 2 × 10 3 cm 

2 s −1 , which turns out to accidentally have a value
ntermediate between the minimum and maximum amplitudes of the
dditional mixing coefficient that Dumont et al. ( 2021 ) adjusted to
eproduce the decline of the Li abundance in MS solar-type stars,
nd we have assumed that it remains constant down to a depth
here the temperature reaches T mix = 3 . 75 × 10 6 K, below which

t vanishes. With these values of D mix and T mix , we were able to
eproduce the Li abundances reported by Magrini et al. ( 2021 ) for

ilky Way field MS turn-off, SGB, and RGB stars with metallicities
nd masses close to those used for our model (dotted black curve
n Fig. 10 ). The value of the parameter T mix was selected to also
esult in an evolutionary depletion of the surface Be abundance in
ur model resembling those presented in fig. 9 of Dumont ( 2023 )
or his 1 . 2 M � models. The solid orange curve in Fig. 10 displays
he evolution of the surface Li abundance in a model that also
ncludes boundary mixing (o v ershooting) at the H conv ectiv e core
ith a diffusion coefficient exponentially decreasing with a distance

rom the conv ectiv e boundary on the length-scale of f ov = 0 . 035
ressure-scale height, as in B ̈ocek Topcu et al. ( 2019 ). The purpose
f this model was to simulate the extension of the MS caused by
otation that is not included in our computations. Comparison of
he dotted black and solid orange curves with the solid blue curve
epresenting a standard model without extra mixing and comparison
f the first two curves with the observational data shows that by the
ime the low-mass stars arrive at the bump luminosity ( T eff ≈ 4700
NRAS 535, 1243–1257 (2024) 
) their surface Li abundance is decreased by one to two orders of
agnitude compared to what would be expected for the standard
 volution. Ho we ver, this does not affect the following enhancement
f the surface Li abundance in our model, as illustrated by the dot–
ashed grey, solid black, and dot–dashed orange curves in Fig. 10
hat represent counterparts of their corresponding models from Figs 8
nd 9 . 

 DISCUSSION  

he problem of AMT and extra mixing in low-mass stars should ide-
lly be discussed in the context of an accurate numerical solution of
 system of non-linear magnetohydrodynamics (MHD) equations for
 3D 4 π geometry with a structure of a low-mass star at its different
volutionary phases between the zero-age MS and HB used as a
ackground for its initial set-up. Unfortunately, such simulations
re not possible to do at present with a sufficiently high resolution
nd for a sufficiently long period of the star lifetime. Therefore,
hey are usually replaced by simulations in which complexity of
he problem is reduced by going from three to two dimensions,
hanging the spherical geometry to a box- or wedge-shaped one,
nd ignoring some ingredients of this multiphysics problem, e.g.
agnetic fields, rotation, sound waves, radiati ve dif fusion, etc. We

o believe that even such simplified simulations still provide useful
nformation about AMT and extra mixing in the star and their results
hould be taken into account when comparing model predictions with
bserv ational data. Ho we v er, it is not clear to what de gree we can
rust their results and conclusions. In this situation, we consider it is
cceptable to employ simple parametric semi-empirical models to see
hich better reproduces observational data and for which values of

ts parameters, and then choose a reduced MHD model with transport
roperties closest to those suggested by the parametric model. An
xample of this approach that we have utilized in this work is the
arametric prescription ( 7 ) for the thermohaline diffusion coefficient
erived from linearized Boussinesq equations (e.g. Denissenkov
010 ). In this parametric model, the mixing rate is proportinal to the
quare of a salt-finger length to diameter ratio a. Charbonnel & Zahn
 2007 ) have shown that the evolutionary changes of the Li, C, and N
lemental abundances and 12 C / 13 C isotopic ratio in upper RGB stars
an be reproduced by this model assuming that a ≈ 7. That prediction
oti v ated Denissenkov ( 2010 ), Denissenkov & Merryfield ( 2011 ),

nd Traxler et al. ( 2011 ) to perform 2D and 3D numerical simulations
f thermohaline convection in radiative zones of upper RGB stars.
hey all found a value of a ≈ 1, which cast doubt on thermohaline
onvection as the mechanism of RGB extra mixing. The fact that
GB extra mixing starts near the bump luminosity, where the local
inv ersion dev elops in the vicinity of the H-burning shell, does

ot pro v e yet that thermohaline conv ection driv en by the ne gativ e μ
radient is the right mechanism of RGB extra mixing because the
μ ≤ 0 profile in the radiative zone can facilitate operation of any

xtra mixing in it by reducing the stabilizing effect of the buoyancy
orce. Now, Fraser et al. ( 2024 ) have shown that a radial magnetic
eld of the magnitude 100–1000 G can stabilize the growth of salt
ngers in the radiative zone, in which case a value of a ≈ 7 can be
chieved there, and nearly at the same time asteroseismology has
etected radial magnetic fields of the order of 100 kG in 26 Kepler
ow-mass red giants. Therefore, we have made a conclusion that
uch magnetically assisted thermohaline convection deserves to be
onsidered as a possible mechanism of RGB extra mixing alternative
o the AMRI. 

In a real star, rotation, magnetic fields, growth of salt fingers
t ∇μ < 0, IGWs, conv ectiv e boundary mixing (o v ershooting) are
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xpected to interact with each other, which may affect AMT and extra
ixing produced by various MHD processes individually. However, 

n order to accurately estimate effects of these interactions and their 
agnitudes we would again need to find a solution of the system of
HD equations with all these ingredients plus appropriate boundary 

onditions, e.g. angular momentum loss via magnetized stellar wind, 
ncluded, which is not possible yet. In the absence of such solution we
an rely only on conclusions made using simplified hydrodynamics 
nd MHD models. 

F or e xample, Varghese et al. ( 2024 ) hav e studied the impact of
otation on mixing by IGWs generated by the H-core convection in 
 7 M � MS star of solar metallicity. They have solved the Navier–
tokes equations in the anelastic approximation in a 2D equatorial 
lice of the star similar to how it was done by Rogers et al. ( 2013 ).
fter that, they have estimated the dif fusion coef ficient for IGW
ixing with the method of tracer particles that was earlier developed 

nd used by Rogers & McEl w aine ( 2017 ). The main conclusion
ade by Varghese et al. ( 2024 ) is that the rate of IGW mixing

ecreases with increase in rotation. They attribute this effect to 
he impact rotation makes on convection that excites IGWs at its
oundary with the radiative zone, which reduces amplitudes of the 
 xcited wav es. This result indirectly confirms the finding of more
trong damping of gravitoinertial waves near their excitation region 
y Andr ́e, Mathis & Amard ( 2019 ). Ho we ver, we do not know how
redible the conclusion of Varghese et al. ( 2024 ) is, given that they
sed a model with a radiati ve dif fusi vity K increased by four orders
f magnitude compared to its actual value with a correspondingly 
ncreased heating in the H conv ectiv e core, the Prandtl number
r = ν/K = 80 by many orders of magnitude exceeding its values

n stellar radiative zones, and they did not discuss the physics
ehind their observed IGW mixing and scaling of ther estimated 
GW dif fusion coef ficient to realistic values of stellar parameters. 
t is possible that the surprisingly high efficiency of IGW mixing 
eported by them was caused by the assumed extremely high viscosity 
= 4 × 10 13 cm 

2 s −1 . 
Here is another example. One of the most elaborated methods for

omputations of 1D stellar evolution with rotationally induced AMT 

nd mixing is probably the one used by Dumont et al. ( 2021 ). Still,
hey need to assume that in low-mass MS stars there are additional
rocesses significantly contributing to AMT and chemical mixing 
nd, because their mechanisms are not known, Dumont et al. ( 2021 )
o not discuss how they may affect the operation of other transport
rocesses included in their model. 
In this work, we have discussed, in a more or less detailed way,

everal mechanisms of extra mixing in the radiative zones of low- 
ass stars on the upper RGB, abo v e the bump luminosity, including

he rotationally induced meridional circulation with turbulent diffu- 
ion and their enhanced mixing mode in the asymptotic regime of
oderate stellar wind, the AMRI, thermohaline convection and its 
agnetically assisted mode, buoyancy of magnetic flux tubes, the 
ayler–Spruit dynamo, and mixing by IGWs. We have suggested 

hat the AMRI may potentially explain not only the AMT between 
he rapidly rotating radiative cores and the slower rotating conv ectiv e
nvelopes in these stars during their evolution from the MS turn-off
hrough to the HB, as was previously revealed by asteroseismology 
e.g. Spada et al. 2016 ; Dumont 2023 ; Moyano et al. 2023 ), but also
he RGB extra mixing and probably even its enhanced mode near the
GB tip that may be responsible for the Li-enrichment of RC stars. 
It is interesting that approximately at the same time, in the 

utumn of 2021, when we had started to develop our idea of Li
roduction by the Cameron–Fowler mechanism with IGW mixing 
n low-mass stars on the upper RGB, assuming that its rate should
ncrease with the luminosity as D mix = f ( L bump )( L/L bump ) 4 / 3 K , Li
t al. ( 2023b ) had submitted a paper where they put forward a
imilar hypothesis. Ho we ver, instead of mixing by IGWs caused
y their produced horizontal velocity shear that has led us to the
bo v e scaling relation, they used the model of IGW mixing based
n the consideration of a random walk of tracer particles pushed
y an ensemble of IGWs and assisted by radiative heat diffusion
hat had been proposed and developed by Montalb ́an ( 1994 ) and

ontalb ́an & Schatzman ( 2000 ). Like in our case, it is not a surprise
hat for their IGW mixing they have found a diffusion coefficient
ncreasing with the luminosity along the upper RGB, since the 
adiati ve dif fusi vity and kinetic energy of IGWs are both increasing
ith L . Because, following Kumar et al. ( 2020 ), they adopted a
ery lo w ef ficiency of thermohaline convection with αth = 100,
hich corresponds to the finger aspect ratio a ≈ 1 supported by

he hydrodynamics simulations of Denissenkov ( 2010 ), Traxler et al.
 2011 ), and Denissenkov & Merryfield ( 2011 ), they had to adjust
arameters for their model of IGW mixing that would make it as
fficient as the RGB extra mixing. Therefore, in this respect their
odel is also similar to our parametric model of IGW mixing

or which we have used the observationally constrained values of 
he parameter f ( L bump ). Ho we ver, we had decided to postpone the
ompletion of our work until the results of our 3D hydrodynamics
imulations of convection and IGWs in our 1 . 2 M � upper RGB
odel star would be obtained and published (Blouin et al. 2023 ).
hese results have shown that even in the highest-luminosity RGB- 

ip model the rate of IGW mixing is much slower than what is
equired to identify it with the RGB extra mixing, therefore we have
ejected IGWs as the main mechanism of extra mixing in upper RGB
tars and Li-enrichment of RC stars. 

Our 1 . 2 M � model star spends only 14 per cent of its upper
GB lifetime (6 Myr out of 44 Myr) between the luminosities

og 10 ( L/L �) ≈ 2 . 75 and log 10 ( L/L �) = 3 . 3, where A ( Li ) in its
tmosphere becomes positive and continues to grow in our parametric 
odel of RGB extra mixing (Fig. 8 ). Values of A ( Li ) exceed 1.5, i.e.

he star becomes a Li-rich red giant, when compared with its post-
DU Li abundance for the evolution without extra mixing on the
S, only at log 10 ( L/L �) � 2 . 9 during the last 9 per cent of its upper
GB lifetime (4 Myr out of 44 Myr). These lifetimes are reduced to
 per cent and 4 per cent, respectively, if we compare them with the
GB evolutionary time between the end of the FDU and the RGB tip

100 Myr). The time our star has A ( Li ) > 1 . 5 on the upper RGB is
nly 7 per cent of its HB lifetime (56 Myr), which is not very different
rom 17 per cent of Li-rich objects among the ‘highly evolved AGB
r RGB stars’ in the sample of high-resolution spectroscopic Li-rich 
ed-giant targets studied by Yan et al. ( 2021 ). Note that it is difficult
o distinguish AGB and RGB stars by asteroseismology methods 
ecause they have a similar structure. This similarity also means that
f the IGW mixing were as efficient in upper RGB stars as the RGB
xtra mixing it would prevent the formation of the 13 C pockets for the
ain s process (Straniero et al. 1995 ) in their AGB descendants that

eeds much slower mixing to gently inject protons into the 4 He- and
2 C-rich layers (Denissenkov & Tout 2003 ). The 3D hydrodynamics 
imulations of IGW mixing in upper RGB stars have not ruled out
 possibility of such slow IGW mixing in AGB stars (Blouin et al.
023 ). 
Unfortunately, there is not yet a model or MHD simulations of

MRI applicable to the magnetic and thermodynamic conditions 
n the radiative zones of low-mass RGB stars. The simulations 
f AMRI by R ̈udiger et al. ( 2015 ) assumed a uniform density
istribution, therefore they neglected the stabilizing effect of the 
uoyancy produced by the stable thermal stratification in the radiative 
MNRAS 535, 1243–1257 (2024) 
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enhanced extra mixing on the upper RGB modelled using the diffusion 
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one of an upper RGB star. To compensate for this deficiency
f the simulations, we have assumed that the AMRI diffusion
oefficient is proportional to the radiative diffusivity K that re-
uces the stabilizing buoyancy force via the exchange of heat
etween rising fluid and its surroundings. By the same reason,
e have also assumed that the AMRI mixing, like the other
GB extra mixing mechanisms, may become active only in the
hemically uniform (with ∇μ ≈ 0) radiative zone abo v e the bump
uminosity. 

It is not clear yet how the empirically constrained equation D mix ∝
 
core /
env ) α , with α = 2 (Spada et al. 2016 ) or α = 1 . 5 (Dumont
023 ), for the AMRI diffusion coefficient is transformed into the
caling relation D mix ∝ ( L/L bump ) p used in our parametric model of
GB extra mixing. The value of p for the AMRI mechanism probably
epends on the ratio of the core-envelope rotational coupling time
o the evolutionary time on the RGB. Note that in MS low-mass
tars, in which the AMT appears to be more efficient than the
MT by the AMRI in their post-MS descendants (Dumont 2023 ),

he coupling time is ∼ 50 Myr (Denissenkov et al. 2010 ), so it is
omparable to the upper -RGB ev olutionary time-scale. Given that
 ∝ L on the upper RGB, the power may become as large as
 ≈ 4, when the RGB evolution significantly speeds up near the
GB tip, and the AMRI AMT may be not fast enough to decrease

he resulting differential rotation between the rapidly rotating core
nd the conv ectiv e env elope whose rotation is slo wed do wn by its
xpansion and conservation of angular momentum. On the other
and, the much slower evolution of the star at the beginning of its
scent of the upper RGB may give the AMRI enough time to reduce
he ratio ( 
core /
env ), which could result in p < 4. Therefore, in
his work we have used the parametric model only with the value of
 = 4 / 3, that we expected to be appropriate for the models of IGW
nd rotational mixing with the modified Reimers mass-loss rate, just
s a proof of concept. 

When we look for observational data that could be used to
ubstantiate or disappro v e our hypothesis of Li-enrichment of RC
tars based on the AMRI mechanism of RGB extra mixing, we find
he correlations of enhanced Li abundances in field and open-cluster
ed giants with their rotation (e.g. Drake et al. 2002 ; Ming-hao et al.
021 ; Tsantaki et al. 2023 ) to be a supporting evidence. On the
ther hand, the scarcity of Li-rich HB stars in both globular clusters
nd open clusters with low MS turn-off masses (Kirby et al. 2016 ;
anna et al. 2020 ; Magrini et al. 2021 ; Tsantaki et al. 2023 ) can be
onsidered as an argument against our hypothesis, especially given
hat our computations predict similar enrichments of upper RGB
tars in Li by enhanced extra mixing in stars with different initial
asses and metallicities (Fig. 11 ). Ho we ver, the last observational

act could be even more difficult to explain if the Li-enrichment of RC
tars were associated with the He-core flash in their RGB progenitors
ecause this is a universal physical process occurring in all low-mass
tars, whereas the AMRI mixing mechanism may depend on different
otational, mass-loss, and magnetic-field evolution histories of low-
ass stars which may be responsible for the observ ed div ersity of Li-

b undance distrib utions in HB stars in the field and in stellar clusters.
The other possible mechanism of enhanced RGB extra mixing

eading to the Li enrichment of RC stars may be thermohaline
onvection assisted by radial magnetic field (Fraser et al. 2024 ),
specially given that surprisingly strong radial magnetic fields with
 r ∼ 100 kG have recently been measured in radiative zones of

ow-mass red giants (Deheuvels et al. 2023 ; Li et al. 2023a ). In the
econd of the cited papers, it has also been reported that the core and
nv elope av eraged angular v elocities of these stars do not differ from
hose measured in other red giants, which can be an indication that
uch magnetically assisted mixing may be operating in all of them
NRAS 535, 1243–1257 (2024) 
ith different efficiencies proportional to B 
2 
r , as predicted by Fraser

t al. ( 2024 ). 
Finally, we cannot exclude a possibility that our hypothesized

if fusion coef ficient for RGB extra mixing increasing with the lumi-
osity towards the RGB tip may result from an intricate combination
f different mixing processes manifesting themselves with different
fficiencies at different evolutionary phases. 
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