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ABSTRACT. The subject of this manuscript is the investigation of (possibly unbounded)
weighted composition operators arising from the formal expression E(¢,@)f = - foy
over Mittag-Leffler spaces of entire functions. In this context, the functions ¢) and ¢ are
entire functions, and this manuscript presents basic operator theoretic properties such as
closability, invertibility, cyclicity, complex symmetry, boundedness, compactness, and the
essential norm.

Significantly, a characterization of ¢ and ¢ are obtained for bounded weighted compo-
sition operators over the Mittag-Leffler space of entire functions for parameter 0 < a < 2,
and many extant results in the Fock space are reproduced in the more general context of
Mittag-Leffler spaces.

1. INTRODUCTION

Let X be a Banach space of holomorphic functions on some domain . Consider the
formal expression of the following form

E(ﬂ%‘ﬁ)f:@bfo%

where 1, ¢ are holomorphic functions on G and ¢ : G — G. The mazimal weighted compo-
sition operator corresponding to 1) and ¢ over X is defined as follows

dom(Wy, o max) = {f € X: E(,p)f € X},and
Wy pmax] = E(@, o) f, Vf € dom(Wy e max)-

The domain, dom(Ww%maX), is called marimal and the operator Wy, , max is “maximal”
for the reason that it cannot be extended as an operator in X generated by the expression
E(¢, ). The domain of an unbounded operator is integral to the definition of the operator,
where an expression studied on different domains may generate operators with different
properties [19]. This dependence on the domain motivates the consideration of the formal
expression E(1), ) on subspaces of the maximal domain dom(Wy 4 max). The operator
Wy, is called an unbounded weighted composition operator if Wy, , < Wy, o max. In other
words, the domain dom (W, ) is a subspace of the maximal domain dom(Wy , max), and
the operator Wy ., is the restriction of the maximal operator Wy, o max on dom(Wy, ). A
weighted composition operator can be regarded as a generalization of the multiplication
operator Myf = 1 - f (cf. |28 122, 21]) and the composition operator C,f = f o ¢ (cf.
[3. 14} 16]).

The principle avenue of the investigation of weighted composition operators is in the inter-
action of operator-theoretic properties, such as boundedness or invertibility, and function-
theoretic properties of the symbols, ¢ and ¢, such as growth rates and zeros. Much of
the literature investigates weighted composition operators on Banach spaces of holomorphic
functions in the unit disc or the unit ball (cf. [13]). More recent studies have extended the
research to include such operators over Fock spaces of entire functions, which bears relevance
to the current study. Many operator-theoretic properties of Wy, , have been characterized

2010 Mathematics Subject Classification. 47 B38, 30 D15.
Key words and phrases. Mittag-Leffler space, weighted composition operator, invertibility, boundedness,
compactness.
1



2 PHAM VIET HAI AND JOEL A. ROSENFELD

completely, such as: boundedness, isometry, compactness, selfadjointness, normality, co-
hyponormality, complex symmetry, etc (cf. [12| [L1] [16]). The investigation of weighted
composition operators over the Mittag-Lefller spaces of entire functions has not been con-
sidered and is the subject of the current manuscript.

The Mittag-Leffler space of entire functions of order a > 0, denoted as M L?(C,a) (cf.
[24]), is the reproducing kernel Hilbert space (RKHS) associated with the kernel functions
given as

PNy
(1.1) Kow(2) =) ————, weC
= Iy +1)
where I' is the Gamma function, I'(a) = [;° 7* te™ " dr. The Aronszajn theorem (cf. [1])

affords the following representatlon of the Mittag-Leffler space of entire functions of order
a >0,

ML*(C,a) =14 f(2) =) f;27 € £(C): > | fi/°T(aj +1) < o0 p,

j=0 j=0

where £(C) is the collection of holomorphic functions over C. The space M L?(C, «) inherits
its name from Gosta Magnus Mittag-Leffler who introduced his eponymous function,

o
(1.2) Eo(u) _];T(aﬁrl) ueC.

Basic properties of the space M L?(C, ) are investigated in a series of manuscripts [23} 24].
Consequently, the kernel function may be rewritten as K ,(2) = Eq(zw). The Mittag-
LefHler function generalizes the exponential function through the replacement of the factorial
in the power series expansion of the exponential function by the Gamma function whereby
E1 (u) = el

The Mittag-Leffler function has been of growing interest for several decades due to its di-
rect involvement in the fractional calculus as well as problems of physics, biology, chemistry,
engineering and other applied sciences (cf. |5, 117, [10]). However, the study of Mittag-Leffler
RKHSs were initiated in [23] to facilitate numerical methods for the Caputo fractional de-
rivative by leveraging the eigenfunction relationship DYE,(At®) = AE,(At%), where D¢
is the Caputo fractional derivative (cf. [5]). In [23], it was shown that for RKHSs of
continuously differentiable functions that norm convergence implies convergence of Caputo
fractional derivatives, and a kernelized predictor-corrector method was introduced for initial
value problems of Caputo type.

It was proved in [24], that the norm for the space M L?(C,a) can be expressed as

1] = / F() 21232 F

Mittag-Leffler spaces give a one parameter generalization of the Fock space [24]. More
precisely, Fock space can be obtained from Mittag-Leffler space by setting a = 1. Moreover,
ML*(C,1) C ML*(C,a), Va € (0,1], and the containment is proper for o # 1 [24].

In this paper, we study the basic operator properties of weighted composition operators
on ML?*(C,«). This investigation includes the closability, invertibility, cyclicity, complex
symmetry, boundedness, compactness, and the essential norm. In Proposition we show
that every maximal weighted composition operator is closed on the Mittag-Leffler spaces.
We characterize those weighted composition operators on M L?(C, ) that are invertible in
the sense of unbounded operators (Theorems , bounded (Theorem , and compact
(Corollary and Theorem . In addition to these studies, we characterize all functions
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which are non-vanishing in M L?(C, «) (Proposition [5.3). In Section |§, we establish some
conditions for a complex symmetric operator to be cyclic on Mittag-Leffler spaces.

NOTATIONS

Throughout the paper, we denote by Z, R, C by the sets of integers, real numbers, complex
numbers, respectively. For a set A C R, the symbol A>s stands for the set {z € A: 2z > 6}.
We denote by C[z] the polynomial ring. For a set G, Span(G) denotes the linear span of
all elements in G and C1(G) denotes the closure of G. For two unbounded operators X,Y,
the notation X <Y means that X is the restriction of Y on the domain dom(X); namely

dom(X) Cdom(Y), Xz=Yz, Vze dom(X).
The product XY is defined as
dom(XY)={z€dom(Y):Yzedom(X)}, XYz=X(Yz),Vzedom(XY).
For an unbounded operator T', dom(7") denotes the domain of T,
dom(7T°) = m dom(7T™)
n>0
and O(T,z) ={T"x : n € Z>o}, where z € dom (7).

2. PRELIMINARIES

Definition 2.1. A RKHS, H, over a set G is a Hilbert space of functions from G to C such
that for each x € G, the evaluation functional f +— f(x) is bounded.

By the Riesz representation theorem, for every x € G there is a corresponding function
ky € H such that (f,k;) = f(z) for all f € H. The kernel function corresponding to H
over the set G is given by K(z,y) = (ky, kz).

This section presents some results established in [10] for Mittag-Leffler functions and
[24] for Mittag-Leffler spaces of entire functions, which are RKHSs over C. Lemma [2.2 and
Remark [2.3]are fundamental inequalities that characterize the growth of Mittag-Leffler func-
tions, and will be later utilized in characterizing bounded weighted composition operators
over Mittag-Leffler spaces.

Lemma 2.2 (|10, Corollary 3.8]). Let 0 < aw < 2. Then the following limit holds:

o 1
lim et |Eq(t)] = —.
t—o00,teR a
Remark 2.3. By Lemma there exist positive constants C7, Cy such that
Cret'’™ < |Bq(t)] < Coe'™’™, Wt > 0.
For a > 0 and z € C, we define the normalized kernel function as
Koé z
2.1 Koy = 0%
2 R T
where .
1l = (oo ) = Kono(2) = Eul(22) = 30 =22
a,z a,zy DNa,z a,z «a F(O[] T 1)

Jj=0
As the norm of the Mittag-Leffler spaces of entire functions can be expressed as an integral
over C with a radially symmetric weight, the monomials can be demonstrated to be mutually
orthogonal with respect to the Mittag-Leffler space’s inner product. Therefore the following
proposition holds.

Proposition 2.4 (|24]). Let o > 0. The following properties hold.
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(1) The set {e;}j>0, where
2J
T(aj+ 1)

is an orthonormal basis for M L*(C, a).
(2) [f(2)? < Ea(|zP)If11? for every f € ML*(C,a).

e;(z) =

Finally, the follow proposition specializes |4, Proposition 2.1] to the Mittag-Leffler space
of entire functions.

Proposition 2.5 (|4, Proposition 2.1]). Let a > 0. For each f € ML?(C,a), we have
lim (f,kq.) =0.

|z]—o00

3. SOME INITIAL PROPERTIES

This section demonstrates several technical details concerning weighted composition op-
erators over Mittag-Leffler spaces of entire functions.

3.1. Kernel ker(WWy, ). We are first interested in the kernel and image of an unbounded
weighted composition operator acting on Mittag-Leffler spaces. Proposition [3.1] applies
to RKHS of entire functions that have strictly positive definite kernels [20], of which the
Mittag-Leffler space is a special case.

Proposition 3.1. Let H be a RKHS of entire functions with a strictly positive definite
kernel function K(z,w), and let Wy , be a densely defined weighted composition operator
over H induced by two entire functions ¢ and . If ¢ #Z 0, then either ¢ is nonconstant
and

ker(Wy,,) = {0} and Cl[Im (W )] = H,
orp=¢o € C and
ker(Wllmo) = {K(v CZ)O)}L and Cl[IHl (Wi,g})] = K(v ¢O)C

Proof. Suppose that f € ker(Wy ), then for all z € C, 9(2)f(¢(2)) = 0. Let w € C be a
nonvanishing point for ¢ and let {w,,} € C be a sequence of points converging to w such
that ¥ (wp,) # 0 for all m. Hence, f(¢(wm)) = 0 for each m. Since wy, has a cluster point,
fop=0.

Either, ¢ is nonconstant and f = 0 or ¢ = ¢g € C. In the first case, this means that
ker(Wy ) = {0}. Hence,

H = Cl[Im (W}, )] ® ker(Wy,,) = Cl{Im (W}, ,)].

In the second case 1) € H, since if g € dom(Wy ) is such that g(¢(2)) = g(¢o) € C\ {0}
(the density of the domain guarantees such a g), then Wy, .9 = g(¢o) - 1 € H. Therefore,
Wy, maps to the one dimensional subspace spanned by 1. The kernel is given as

ker(Wy,) = {g € H : g(¢0) = 0} = {K (-, ¢0)} "
O

3.2. Reproducing kernel algebra. The lemma below shows kernel functions always be-
long to the domain dom[(W ,)"]. Moreover, the action (W} )" Kq,. can be written explic-
itly.

Lemma 3.2. For every o >0, n € Z>1 and z € C, Kq,» € dom[(W;; ,)"], and

Wi o) " Kaz = 0(2)1(0(2)) - ¥(en-1(2)) Ko (2)>
where oy = po--- 0 denotes the £-th iteration of the function .
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Proof. Let z € C and a > 0. For every f € dom(Wy ), we have

<Ww,gof7 Ka,z) = Wl/),gof(z) = ¢(Z) <fa Koz,cp(z)) = <f7 w(z)Ka,cp(z)>7
which provides the conclusion for n = 1. Now suppose that the conclusion holds for n = k.
By induction, we have K, . € dom[(W )"] and

(WQZ,LP)HKO&,Z = w(z)”‘/’@(z)) o 'T/f@n—l(z))Ka,%(z)-
It follows from K, o, (») € dom(Wj ), that
(Wi ) Kae = Wi, (S0 (a1 Kagn())
Y(2)Y(0(2)) - Plon1(NDW] , (Kapn(2)
= Y()P(p(2)) - Y(en(2) Kappi(2)-

The following quantities play an important role in the present manuscript:
2/a__ |2/
Ma,z(¢a 80) = |¢(z),2€\s0(2)| 1 ) Ma(wa (P) = Sug Ma,z(wa 90)'
zE€
The following lemma will be used in characterizing the boundedness of a weighted compo-

sition operator acting on Mittag-Leffler spaces in Theorem

Lemma 3.3. Let 2 > a > 0. If ky () € dom(Wy, ) for some z € C, then

1/2 ~4—1/2
HW’LZJ,kaa,gp(z)H > Cl/ CQ / Ma,Z(¢790)1/2a
where Cy, Cy are the positive constants mentioned in Remark 2.5,

Proof. By Proposition ),
HWw,sok

a,p(z

I

v

2 _
‘Ww,wka,gp(z) (Z)} Ea(’z‘z) !

= [9(2)]° Ballo(2)]) Ea(|2*) !
2 C1C§1Ma,z(¢,<ﬂ)-

a,p(2)

g

The following result is similar to the idea of |16, Proposition 2.1], but for a completeness
of exposition we give a proof.

Proposition 3.4. Let 0 < a < 2. Let ¥ and ¢ be entire functions on C such that ¢ # 0.
If there exists a positive constant C' such that

(3.1) M,.(¢,p) <C, VzeC,
then the function ¢ takes the form ¢(z) = Az + B, where A and B are complex constants,
with |A| < 1.
Proof. Since 1) # 0, there is an integer x € Z>¢ and an entire function ¢ with ¢(0) # 0 such
that 1(z) = 2"((z). Taking logarithms on both sides of (3.1]), we obtain

() — |1/ 1 2110g |2] + 2log [C(2)] < log C, ¥z € C,
the convention that log 0 = —oo is employed. Through the change of variables z = re? and

then integrating with respect to 6 on [—7, 7] the following is obtained

s

[ ; do 1 de
ogC >[It 2 e s antogr+2 [[log|ctre®)|

—T

[
(3.2) > / |lp(re®)|?/« or 2% 4 2k logr + 21og [€(0)],
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where the last inequality uses Jensen’s inequality for harmonic functions.
If 0 < a < 1, then by Jensen’s inequality (see |18, Theorem 1.7.3]), we can further
estimate

1/a

(3.3) log C' > / l(ret?)|? % — /% 4 2k logr + 21og |¢(0)] .

Now consider the power expansion
= E p;zt, zeC,
Jj=0

where ¢g, ¢1, -+ are complex constants. Then

[ df .
J1eten? 5= S lgr,

j=0
and hence the inequality (3.3)) is rewritten as
1/
logC > Z](pj\Zrzj — 2% 4 2k 1og r + 21og [€(0)] .

J=0

Since this inequality holds for all » > 0, we must have |p1| < 1, and ¢; = 0 for all j > 2.
This implies that ¢(z) = Az + B, where |A] < 1.

Ifl<a<?2 thenl < % < 2, and a lower bound on can be realized via the
Hausdorff-Young inequality (cf. [15) Theorem IV.2.1]) as

1.2
q «
log(C) > Z ;]2 — 2% £ 2k 1ogr + 21og [€(0)],
Jj=0
where g = % Since this inequality holds for all » > 0, the conclusion follows as with the
case of 0 < a < 1. O

3.3. The operator ,. For f(z) = . fyz", we define Q,,f(z) = 3. fpz¥ acting on
£>0 k>m

ML?(C,a). This operator enjoys the following properties. -

Proposition 3.5. Let o > 0, then ||Qpy|| =1 for allm € Z>q, and

EIEIETTND pin e - om+1

for allm € Zso, 2 € C, and f € ML*(C, ).

Proof. Since ej(z) = ﬁ is an orthonormal basis for M L?(C, a), it follows immedi-
aj

ately that Q,, is the projection onto {eg, ey, e, ...,e,_1}*+. Thus, [|Q,] = 1, and Q,, is
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selfadjoint and idempotent. Moreover, let f € M L?(C, «), then

Q. f(2)] = {Qmf, Ka,z>|
= |<f7 QmKa,z>|
< 12 Kozl

= I (a2, QKo 2)
= 1@, Ko 2)

=l QmKa,Z(z)

The last equality follows as

T AT ,ZDTLZ?’L

QK =0, ) — = s
aw(?) nz:o I'(an+1) T; I'(an+1)

for w € C. O

4. DENSE DOMAIN & CLOSED GRAPH

The following result may be well-known, but a proof is included here for the completeness
of our exposition.

Proposition 4.1. Let v : G — C and ¢ : G — G, and suppose that H is a RKHS. Given
the domain

(4.1) dom(Wy,o.maz) == {f € H:9(:) - f(e() € H},

the maximal weighted composition operator, Wy, o maz © dom(Wy o maz) — H, given as
Wy omaaf = 10() - f(g(+)) is closed.

Proof. Suppose that {f,}72; € dom(Wy ymaz) such that f,, — f € H and Wy f, —
g € H. The goal of this proof is to establish that f € dom(Wy ,maz) and Wiy o maezf =
g. Since, norm convergence implies pointwise convergence in a RKHS, it can be seen
that ¥ (x) fn(e(®)) = Wy pmazfa(z) = g(x) for all z € G, but also for each z € G,

Y(z) fnle(x)) = () f(p(z)). Hence, g(x) = ¢(x) f(e(x)) for all z. Since g € H, it follows
that f € dom(Wy o mae) by the definition given in (4.1). O

We say that a linear operator T is bounded on a Banach space W if the domain dom(T") =
W and there exists a constant C' for which ||Tz|| < C||z| for all z € W. Proposition
contains the following corollary.

Corollary 4.2. A mazimal weighted composition operator is bounded on ML*(C, ) if and
only if its domain is the whole space.

The result below offers an alternate description of the maximal weighted composition
operators.

Proposition 4.3. Let L be the linear operator given by

dom(L) = Span({K,. : 2 € C}), LK. =9(2)Kap)

Then Wy, o max = L*. Moreover, the operator Wy, , max is densely defined if and only if the
operator L is closable.
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Proof. Let f = Z;Ll AjKo,z; € dom(L). For every g € ML?(C,a), we have

(Lf,g) Z)‘ﬂ/) zj)g Z)\E¢SO 9(zj).

By the Riesz lemma, g € dom(L*) if and only if there exists A > 0 such that
[(Lf,g)| < Allfll, Vfedom(L),
or equivalently,
1D E@. @)z < A% Nz, (20).
j=1 =1

In view of [27], the latter is equivalent to the fact that E(v,¢)g € ML?*(C,«). This gives
dom(L*) = dom(Wy , max). Moreover,

<Lfa g> = <fa E(¢7 QD)Q> = <fv Ww,gp,maxg>a \V/f € dom(L),Vg € dom(WdJ,Lp,max)a
which implies Wy, o max = L*. The conclusion follows from [25, Proposition 1.8(i)]. O

4.1. Product of two operators. The following proposition is a necessary condition for
an unbounded weighted composition operator to be invertible.

Proposition 4.4. Let a > 0, and let Wy, , be a densely defined, unbounded weighted com-
position operator, induced by the symbols 1 and . If there exists a bounded, linear operator
S on ML?(C,«) such that

(4.2) Wy oS =1,

then the following holds:
(1) The function v is non-vanishing.
(2) The function ¢ takes the form p(z) = Az + B with A # 0.
(3) The operator W¢ s max is bounded on M L*(C, ), where

1

4.3 ((z) = . d(z)=(z—B)AL
(4.3 ) = =g o9 =GB

(4) The identity S = W¢ ¢ max holds.
Proof. (1) By (4.2)) and |25, Propositions 1.6(iv)-1.7], we have

S Wy 2 (WyoS) =1,
and by Lemma [3.2] it follows that
w(Z)S*KaW(Z) = S*WQZMKQ,Z = Ka’z, Vz € C.

Hence, conclusion (1) is established. Moreover,
(4.4) S* Koy = (¥(2)) ' Ka,z, V2 € C.

(2) By |26, Exercise 14, Chapter 3|, it is enough to show that the function ¢ is injective.
Indeed, if there exist z1, 22 such that p(z1) = p(22), then S*K, = S*K, and so,

by ’ a,p(21)
((21)) " Koz (1) = (¥(22)) " Kz (u), Yu € C.

In particular, with u = 0, we get 1(z1) = 1(22) # 0. Substitute back into the above identity
to get Koz, = Kq 2, OF equivalently

w7z wzy)
Vu € C.
Z Daj+1) Z F(aj+1)’ b
Differentiating the above equahty with respect to the variable v and evaluating it at the
point u = 0, we obtain z; = 2o as desired.

p(22)
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(3) The identity in (4.4) may be expressed as
S*Koz,u = C(U)Ka7¢(u), Vu € C.

By Proposition we have We ¢ max = 5™ = S, where the last equality uses the fact that
the operator S is bounded. U

The following is an observation related to the product of two unbounded weighted com-
position operators and its proof is left to the reader.

Lemma 4.5. For entire functions 11,2, o1, p2, the product Wy, o, Wy, o, is the weighted
composition operator given by

Wdll,@l Ww2,s02f = E(fﬂ?)fa Vfe dom(thw W¢2,s02)’
where £ =1 - (Y2 0 ¢1), N = w2 0 1, and the domain is given as

dom(Wl/,hw szmz) ={fe dom(ng,m) : W onf € dom(Wprl)}.

5. INVERTIBILITY

Recall that an unbounded linear operator T is called invertible if there exists a bounded
linear operator S such that T'S = I and ST =< I. In this section, we characterize unbounded
weighted composition operators which are invertible. It turns out that the hypothesis of
Proposition provides a sufficient condition for a maximal weighted composition operator
to be invertible.

The first result is devoted to characterizing maximal weighted composition operators
which are invertible on ML?(C, c).

Theorem 5.1. Let a > 0, and let Wy, , max be a densely defined mazximal weighted compo-
sition operator induced by the symbols ¢ and @ with v Z 0. The following assertions are
equivalent.
(1) The operator Wy, o max s invertible.
(2) There exists a bounded, linear operator S such that identity holds, that is
Wiy omaxS = 1.
(3) The symbols satisfy the following conditions:
(a) The function v is non-vanishing.
(b) The function ¢ takes the form ¢(z) = Az + B with A # 0.
(c) The operator W g max is bounded on ML?*(C, ), where the symbols ¢ and ¢
are expressed as in (4.3)).

. . -1 _
Furthermore, in this case, Wi o max = We gmax-

Proof. 1t is clear that (1)=>(2), while the implication (2)==(3) holds by Proposition [4.4]
Hence, the implication (3)==(1) remains to be verified. Since the operator W¢ g max is
bounded, by Lemma [4.5] it can be seen that

sz,<p,maXW§,¢,max = I’ W<7¢7mawa7‘p7max j I’
which yields (1). O
The next result shows that an invertible weighted composition operator must be maximal.

Theorem 5.2. Let o > 0, and let Wy, , be a densely defined unbounded weighted composition
operator induced by the symbols 1 and ¢ with ¥ Z 0. The following assertions are equivalent.

(1) The operator Wy, is invertible.
(2) The identity Wiy, o max = Wy, holds, and
(a) The function v is non-vanishing.
(b) The function ¢ takes the form ¢(z) = Az + B with A # 0.
(c) The operator W¢ ¢ max s bounded on M L*(C, ), where the symbols ¢, ¢ are of

forms (4.3).
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Proof. 1t is clear that (2)==-(1). We prove (1)==-(2) as follows. Suppose that the operator
Wy, is invertible. Hence by Proposition the conclusions 2(a)-2(c) hold, and

Wy oWegmax =1, WegmaxWypp = 1.
By Theorem it follows that

Wy maxWegmax =1, We g maxWy pmax = 1.

Thus,
Ww7907max = W%Z),LPWC7¢7maXW¢,<P»maX j Ww:@’
which gives Wy, o max = Wy - ]

An invertible weighted composition operator Wy, ., gives rise to a symbol 1) which is non-
vanishing over C in M L?(C, a). Thus, it is necessary to discover the structure of ¢ in our
framework.

Proposition 5.3. Let 0 < a < 2 and let h € E(C). The following assertions are equivalent.
(1) e € ML2(C, ).
(2) The function h must be a polynomial with degree at most [2/a], and the leading
coefficient of h has modulus less than 1/2 if 2/a € Z.

In this case, the inclusion e"C[z] C ML?*(C,«) holds.

Proof. The implication (2)==-(1) was proved in [24, Proposition 4.4]. The rest task is to
show that (1)=-(2). Recall that C; and C5 denote positive constants mentioned in Remark

By Proposition it follows that

0= lim <eh,ka,z>: lim

|2]—o00 |2|—o0 || Ko,z

eh(2) . eh(2)
el oo Eal|22)1/2
By the definition of a limit, for z with sufficiently large modulus we have

eReh(z) < C;1/2Ea(‘z|2)1/2 < 6%|z

‘2/04

Then the order p of e’ is
log[max.|—; Re h(z)]

p = limsup
d—00 log 0
log[2—1 52/a
< limsup M
6—00 log 4
2
< =
o
By |2, Corollary 4.5.11], the function h must be a polynomial with degree at most [2/a].
Consider the case when 2/a € Z. In this case, we will demonstrate, via a proof by
contradiction, that the leading coefficient of h has modulus less than 1/2. Indeed, assume
that

h(z) = Zhjzj, z € C,
§=0

where K = 2/a and hg,--- ,h, are complex constants with |h,| > 1/2. Since h, =
|| e8(he)  without loss of generality, we may assume that h, € R with h, > 1/2. For
t € R, we have

(" ko) = Kol (e, Kag ) = | Kol ! ") = Eq(#2)71/ 2250t

Hence,

- K—lyj ) 1ysk
‘<eh,ka,t>’ > 021/2€Zj:0taRehj+(hﬁ,§)t.
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Since h,, > 1/2, the right-hand side cannot tend to 0 as ¢ — +o00, but this is impossible by
Proposition [2.5]

Here the inclusion e"C[z] ¢ M L?*(C, a) will be demonstrated for the case when 2/a € Z,
and the remaining case is left to the reader. As proved above, the function h takes the

following form h(z) = Y hjz?, where k = 2/a, and |h,| < 1/2. Let g € C[z] and € be a
=0

1/1
0 — | =—|hs|]-
<€<2<2 | )

There exists R > 0 such that for every |z| > R we have

positive number such that

k—1
l9(2)] < e 1> "yl | <elzlr,
=0

and then

h@)| = g(2)| R < |g(2)| M < elhel+29)2" g1 > R,

‘9(2)6

[ o

Thus,

’ |2]F 277" dz

C
h 2 2 r
< / + / ‘g(z)e @17 |z 2e7 12" dz
z|<R |z|>R
< / ‘g(z)eh(z) 2 |Z|nf2ef\z|“ dz + / ’Z|57267[172(|hn|+2e)]-\z|” dz
|z|I<R |z|>R
< 0.

6. CycLicity & COMPLEX SYMMETRY

A closed densely defined linear operator T is called (i) cyclic if there exists an element
x € dom(7T) such that Span O(T,x) is dense; (ii) C-self adjoint (or simply: complex
symmetric) if there exists a conjugation C (i.e. an anti-linear isometric involution) such
that T' = CT*C. The theory of complex symmetric operators has developed over the last
decade since being initiated by Garcia and Putinar in |8, [9]. Due to potential applications,
complex symmetric operators are of great importance in quantum mechanics (cf. [7]). In
this section, we establish some conditions for a complex symmetric operator to be cyclic on
Mittag-Lefller spaces.

Theorem 6.1. Let o > 0, and let Wy, , be a densely defined unbounded weighted composition
operator induced by two entire functions ¥ Z 0 and ¢ % const. Suppose that there exists
an involutive mapping S : ML?(C,a) — ML?*(C,«), such that

(6.1) dom(W; ,) € dom(Wy ,S)
and
(6.2) Wy oSFI < Wi, fll: Vf € dom(Wy ).

The following conclusions hold.
(1) The function v is non-vanishing.
(2) The function ¢ takes the form ¢(z) = Az+ B, where A and B are complex constants,
with A # 0.
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(3) If |A| <1, then W, is cyclic.

Proof. (1) Assume to the contrary that ¢(z9) = 0 for some zp € C. Then there is a
neighbourhood V of zp such that ¢(z ) ;é 0 for every z € V' \ {20}. Lemma [3.2| shows that
Ko € dom(W5 ) and W) K, ., = ¥ (20) K, w(z0) = 0.

By assumptlons . &, we have SKa 20 € dom(Wy ) and Wy ,SK, ., = 0. Conse-

quently, taking into account the structure of the operator Wy, ., it follows that
Y(2)SKaz(¢(2) = Wy oSKa 0 (2) =0, VzeC,

which implies that SK, . 0 = 0on V\{zp}. Since ¢ is a non-constant function, SK, ., = 0,
K, 2 =0 (because S is involutive). This is a contradiction.
(2) By |26, Exercise 14, Chapter 3|, it is enough to show that the function ¢ is injective.
Suppose that ¢(z1) = ¢(22), for some 21, 2o € C. Since K, ,, and K, ., both belong to
the domain dom(Wy ), so do their linear combinations. Lemma (1) gives

Wi o (V(22) Kayzy — ¥(21) Kazy) = 9(21)10(22) K 1) — (21)1(22) Ko (z9) = O

This implies, again by assumption (6.2), that Wy, ,S(¢(22)Ka, 2, — ¢ (21)Ka,z,) = 0. Which
means that S(¢(z2)Ka,., —¥(21)Ka,z,) € ker(Wy, ). Hence, by Proposition it must be
a zero function. Since the operator S is involutive, we get

(¢(Z2)Koz,z1 - ¢(Z1)Ka,22)(u) =0, VueC,

which gives z1 = z2o.
(3) Let d # B(1 — A)~! and
S := Cl[Span{(W} )" Koa: n€Zxo}].

Assume to the contrary that there exists an element g 1 S. Hence, Lemma gives

0 = (9,(Wy )" Kaa) = ¢(d)(e(d)) - (pn-1(d)) (9, Kapn(a))
= P(d)Y(e(d) - (pn-1(d))g(en(d)),
which implies, by the first part, that g(¢,(d)) = 0 for all n € Z>¢. Inductive arguments show
that ¢, (d) = A"d + (1 — A")B(1 — A)~!, which implies, as |4| < 1, that nan;og(@n(d)) =
B(1 — A)~!. Thus, g = 0 by the identity theorem, and so we have S = M L?(C, a). O
Remark 6.2. Note that the class of operators satisfying the conditions — is quite

diverse. In particular, it contains many well-known operators, such as selfadjoint operators,
normal operators, C-self adjoint operators, and cohyponormal operators, etc.

Corollary 6.3. Let o > 0, and let Wy, , be a cohyponormal weighted composition operator
induced by two entire functions ¥ # 0 and ¢ # const. If |¢'(0)] < 1, then Wy, Wy, are

cyclic operators on M L*(C, a).
Corollary 6.4. Let o > 0, and let Wy, , be a C-self adjoint weighted composition operator,
induced by two entire functions ¥ # 0 and ¢ # const. Then the following conclusions hold:
(1) The function v is non-vanishing.
(2) The function ¢ takes the form ¢(z) = Az + B, where A, B are complex constants,
with A # 0.
(3) If |A| <1, then Wy o, W[ , are cyclic operators on ML?(C,a).

Proof. By the definition of a complex symmetric operator, there exists a conjugation C such
that
dom(WIZW) = dom(Wy ,C), Wy Cf = CWJWf, Vf € dom(Wy ),

which implies, as C is isometric, that

dom(WQZW) = dom(Wy, ,C), |[[Wy Cf|l = HleﬁDfH ,Vfe dom(WIZW).
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Hence, we can use Theorem to demonstrate that the operator W;Z o 18 cyclic, where
¢(z) = Az + B with |A]| < 1, and the linear span of the following elements

(WIZ#’)” a,ds Vn € ZZO

is dense in ML?(C,«). Here, d # B(1 — A)~!. We prove by induction on n € Zsq, that
CK,,q € dom[(Wy ,)"] and

(W) "CR o = C(W; )" Ko

The proofs for n = 0 and n = 1 are left to the reader. Now we suppose that the conclusion
holds for n = k, and we will demonstrate it for n = x + 1. By Lemma [3.2] we have
Ko,q € dom[(Wy )"],

(qu,cp)ﬁ a,d = ¢(d)¢(90(d)) e w((Pn—l(d))Ka,gpﬁ(d)a

and hence
CWy o) Kaa=1(d)(p(d) - P(pr-1(d))CKa g, (a)-
By the inductive assumption with n = , we get CK, 4 € dom[(Wy, ,)"] and

(Wy ) CRaa =C(Wy o) Kaa = Y(d)p(p(d)) -+ ¥(pr-1(d))CE o g, (a)-
Again by Lemma M Ko p.(d) € dom(W{Z’@), which implies, due to the complex symmetry
of Wy, that CKa,apH(d) € dOm(Wq/)7<p) and

Wy oChapn(@) = Wi o Kap(a)
Thus, we conclude that CK, 4 € dom[(Wy )" ™| and
(Wwvw)KHCKa,d = Wwwc(szm)HKavd

= (d)Y(p(d)) - (pr-1(d)) Wy, CKo (1)
= Y(d)p(e(d)) - - (r-1(d))CWy o Ko, (a)
= P(d)(p(d)) -+ P(pu—1(d)Y(Pr(d)CK o p, 1 (a)

= C(W; )" Ko,
where the fourth and fifth equalities use Lemma These show that the set
Cl[Span{(Wy ,)"CKqyq: Vn € Z>o}]
is dense in M L?(C, ). In other words, the operator Wy, is cyclic. U

7. BOUNDEDNESS

In this section, we give characterizations for the boundedness of Wy, : ML?(C,a) —
ML*(C,a), where 0 < a < 2. Our results involve the estimate for the operator norm

Wy el

Theorem 7.1. Let0 < a< 2, andlet o : C — C and ¢ : C — C be two functions such that
© 15 nonconstant and 1 is not identically zero. Then the following assertions are equivalent.

(1) The mazimal weighted composition operator Wiy, o max is bounded on ML?*(C, ).
(2) The domain dom(Wy o max) = ML*(C, ).
(3) The symbols are entire and satisfy My (1), p) < oo.
In this case, the function ¢ takes the form p(z) = Az+ B, where A, B are complex constants
with 0 < |A| < 1, and the operator norm satisfies

Wy o fll < Ma(t,0) 2| A7V Oy B *a™t + )2 - | f|l,  Vf € ML?(C, ),
when 0 < a <1, and

1

L —1/a 2 - 2
Wy o fll < Mo (¥, 0)2|A] Coma(3|B|)= + pency 171,

[e3
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when 1 < a < 2.

Proof. The equivalence (1)<=>(2) was discussed in Corollary Recall that C; and Cs
denote positive constants mentioned in Remark

To prove that (1)==(3), suppose that the weighted composition operator Wy , max :
ML*(C,a) - ML?*(C,a) is bounded.

Polynomials are contained in M L?(C;«), and since e* has order 1, it is contained in
ML?(C;a) for 0 < o < 2. It can then be seen that Wy ,1 = 1)(2), and ¥(z) € ML?*(C; a).
Also, Wy, 2 = 9(2)p(2) € ML?*(C; ), so ¢ is analytic everywhere except possibly where v
is zero. Moreover, ¢(z) has at worst poles of finite multiplicity. However, ¢?(?) has essential
singularities everywhere that ¢ has a pole. Since Wy ,e* = 9(2)e??) € ML?*(C;a) and
1 has zeros of finite multiplicity wherever e#(?) has an essential singularity, the function
2+ 1(2)e?*) would not be entire if ¢ had a singularity. Thus, ¢ is analytic throughout C

and is entire.
Let A := [[Wy, o max|. By Lemma [3.3] we have

M., .(¢, p) < A2C5C7Y, VzeC.

Taking the supremum with respect to z € C yields M, (v, ) < oco. Hence, by Proposition
the function ¢ takes the form ¢(z) = Az + B, where A and B are complex constants,
with |A| < 1. Thus, we have (1)==(3).

Conversely, to prove (3)==(2), suppose that M, (¢, p) < co. Let f € ML*(C, ), then
by Proposition [2.4] and Remark [2.3]

2|2/
(7.1) FEP < Ea(zP)IfI2 < G| £2, vzeC.
We have
[ 1w e Plal 2 2
AT
C
< Ma(th,0) / ()Pl 22l &2
QT
(7.2) A (b, ) / F)Plu— B3 2 L
QT

where in the last equality was obtained via a change of variables u = p(z) = Az + B.
For 0 < a <1, the integral on the right-hand side is written as

4 / Fw)Plu— B3 213 gy
u|<|B|  |u|>|B]|

<@ [P s [ s@PEDE e d

lu|<|B| |u|>|B|
2_ 2 9 e
<nCat BRI PeR? e du
|u|>|B]
< 725 (Co| B/ + a) - HfHQ,
where the second inequality uses . We conclude that

/ () f (o (=) 2Lz 226 2
QT

< Mo (4, )| A|72/022 27 (Co| B + ) - | £,
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which means that dom(Wy, , max) = ML*(C, a).
If 1 < a < 2, note that % < |u— B| < 2|u] for |u| > 2|B|. Hence, for 1 < a < 2,
lu — B|%*2 <3 1 |u|%72. Thus, the integral in (7.2]) may be bounded as

2
2

4 2
/'f(“)|2|u—3|2_26_uad”: / + / [f(w)2ju — Bls~2e % qu
C

u|<2B  |u|>2B

< sup <\f(u)\e_|“‘2¥> / |u—B|%_2du—|-

lu|<2B

2
s [ ISP

lu|<2B |u|>2B

a

2
2072

2_
<M Bisrcn |G [l BIE 2t
u|<2B

2 (e}
< I Buszcan (CamalaiB + 25 ).

2
2a72

where C5 is given in Remark Therefore,

2

/|¢(z)f(s0(z))|2|z|a—2€_|zg dz
c

aT

< Ma(t, 0)|A] 2/ (czm<3\B|>i - 23_2> 1P

[e3

for the case 1 < av < 2.
Thus, we have (3)=(2). U

Theorem 7.2. Let 0 < a < 2, and let ¢ = B be a constant function, and let 1 Z 0 be an
entire function. Then the following assertions are equivalent:

(1) The mazimal weighted composition operator Wiy 4 max is bounded on M L*(C, «).
(2) The domain dom(Wy. pmax) = ML?(C, ).
(3) The function 1 satisfies 1 € ML*(C, ).

In this case, the operator norm satisfies
Wy o fll < 1¢11B(|BP)2f]l, Vf e ML*C,a).

Proof. The equivalence (1)<=-(2) was discussed in Corollary Let ¢ = B, where B is a
complex constant.
For (1)<=>(3), suppose that Wy, ., is bounded. Then ¢ = Wy, ,(1) € ML?*(C, ).
Conversely, for (3)<=>(1), suppose ¥ € ML?(C,a). For every f € ML*(C,a), we have
E(,p)f =1 - f(B), and hence

IE@W, @) fI| = £ (B - [¥]] < [¥[|Ea(|BI*) [ f]| < oo.
The proof is complete. O

8. COMPACTNESS & ESSENTIAL NORM

Upon the resolution of the characterization of bounded weighted composition operators
over the Mittag-Leffler space, a remaining challenge is the study of the compactness and
essential norm of weighted composition operators.

In a general setting, for two Banach spaces X and V we denote by C(X,V) the set of
all compact operators from X into V. The essential norm of a bounded, linear operator
A : X =V, denoted as || A],, is defined as

|A|l, :=inf{||[A =T : T € C(X,V)}.
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It is easy to check that A is compact if and only if ||Al|, = 0.
As introduced in Preliminaries, M L?(C, ) is a Hilbert space. So, we can make use of
the following criterion for compactness (cf. [19]).

Proposition 8.1. Let 0 < a < 2. A bounded, linear operator V is compact on M L*(C, «)
if and only if lim ||Vgm — Vgl — 0 whenever g,, — g weakly.
m—o0

The following result is a criterion for the weak convergence on the Mittag-Leffler space,
ML?(C,a), with a > 0.

Proposition 8.2. Let 0 < a < 2. A sequence (gm) converges weakly to 0 in ML*(C, «) if
and only if it is

(1) bounded in the norm of ML?*(C, a);
(2) uniformly convergent to 0 on compact subsets of C.

An immediate consequence of Proposition [8.2]is the following.

Corollary 8.3. Let 0 < a < 2, A € C\ {0}, B € C and (wy,) be a sequence in C with

IL |wi| = co. Then the sequence (grm), where gm = ko, Aw,+B, VM > 1, converges weakly
m—00

in ML?*(C,a) to 0.
We are now in a position to estimate ||Wy .||, .

Theorem 8.4. Let 0 < o < 2, and Wy, , be a bounded weighted composition operator on
ML?(C, ) induced by two entire functions ¢ # const and ¥ #Z 0 (that is p(z) = Az + B
with 0 < |A| <1). Then the essential norm satisfies the following estimate

1/2 ~—1/2 7. - 1
O 0y M limsup Mo 2 (9, )2 < W glle < [A]72Y imsup Mo . (v, ) /2,
where Cy and Cy are the positive constants mentioned in Remark[2.3.
Proof. First, we establish an estimate on the lower bound. Let (z,) be a sequence such that

|zn| — o0, and F be a compact operator on M L?*(C,a). By Corollary the sequence
(Ka,p(2n)) converges weakly to 0 as n — oo and hence, ||Fkqy ,(z,)|| — 0asn — oo. Therefore,

Wyo = FIl 2 limsup [[(Wy. — F)kap(l
> Hmsup([[Wy.oka g (o)l = [1FRa oz l)
> hfl_igp Wy okap(en
> 01205 limsup M., (v, 0)V2,

n—oo
where the last inequality uses Lemma |3.3
In order to estimate the upper bound, we need the following estimate
(8.1 [Wy ol < limin [ 1, o8]

where 2, is the operator defined in Section Note that since I — €),,, is compact on
ML*(C,a), sois Wy ,(I — Qup), and |[Wy (I — Q)| = 0. For any compact operator A
on ML?(C,a), we have

Wpe = Al < Wy o Qmll + Wy o (I — Qm) — Al

Taking the infimum over compact operators A and letting m — oo in the above inequality,
we obtain (8.1)).
Setting

F(’LL) = Ma,(ufB)A—l(wv 90)7 ueC.
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Then F(p(2)) = Ma.(1,9), and F(u) < My(1,¢). Fix R > 0 and take f € ML*(C, ).

By setting u = Az + B,

2_|A|_2/CY 21, p2/a—2 —|ul>/*
W o 112 = A [ Pl () Pl — B2

C
|A| 72/ 2 2/a—2_—|ul?/*
= + F(uw)|Qp f(uw)]*|u — B e du

u|<R |u|>R
=1 + I,
where R > |B|. Note that by Proposition
[ f(2)] < S(2) = |1l 3 2 T ek + )72,
k>m

Hence,

1 a
L < — A7 Ma (¢, 9)S(R)® / fu = BP/*2e M du,
™

lul<R
which implies that lim I; = 0. Meanwhile,
m—ro0

1 «@
I < J\AFQ/O‘ sup |F(u)] / ‘me(u)!2|u—B|2/°‘*Qe*|“|2/ du.

|lu|>R
|lu|>R

Since |u|/2 < |u — B| < 2|u for R sufficiently large, we have
2/a—2|,,12/a—2 <
- BPa-? < 2 |ul if0<a<l,
27 2/et2y 202 if ) < a <1,

and so there is a constant C with the property that

Bo< Csw Pl [ 0 f@PlPe e du

|u|>R
|u|>R
< Csup [F(u)|- [Qnf]?
|u|>R
< C|IfI? sup [F(u)].
|lu|>R
By (8.1), we have, for every R > 0,
”Ww,wHe < lgriglofHWwame
1/2
< 2| [SUP | F(u)]

|u|>R

= C'?||f| sup |F(u)]'/?.
|lu|>R

Letting R — oo in the above inequality, we get the desired conclusion.

0

Corollary 8.5. Let 0 < a < 2, and Wy, be a bounded weighted composition operator on
ML*(C,a) induced by two entire functions ¢ # const and ¢ % 0, where p(z) = Az +
B with 0 < |A| < 1. Then the weighted composition operator is compact if and only if

lim M, .(¢,¢) = 0.

|z| =00

When ¢ is a constant function, a bounded weighted composition operator Wy, , must

necessarily be compact.
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Theorem 8.6. Let 0 < a < 2, and Wy, a bounded weighted composition induced by an
entire function ¢ Z 0 and a constant function .

(1) The operator Wy, , : ML*(C, o) — M L?*(C, «t) is compact,

(2) the operator Wy, : ML*(C,a) = ML*(C, ) is bounded, and

(3) the function 1 satisfies ¢p € ML*(C,a).
In this case, |Wy .||, = 0.

Proof. Let ¢ = B, where B is a complex constant. Clearly, (1) = (2) by definition, while
(2) <= (3) by Theorem To prove that (3) = (1), we suppose that (3) holds. Let
(9m) C ML?(C,a) be a sequence converging weakly to 0 in M L?(C,«). By Proposition
m, it converges to 0 pointwise. Since ¢ € ML?(C, a), we have

Wy ogmll = [gm(B)| - l|¢]],
which tends to 0 as m — co. The proof is complete. O

9. DATA AVAILABILITY

Complex Analysis and Operator Theory requires a data availability statement in their
manuscripts. Data sharing not applicable to this article as no datasets were generated or
analysed during the current study.
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