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ABSTRACT: The unique architecture of bottlebrush polymers gives rise to
multiple molecular parameters consisting of the bottlebrush backbone length
(Nbb), side chain length (Nsc), and grafting density ( f). These macro-
molecules can thus be engineered to exhibit a wide range of desired
properties, enabling their use in applications ranging from soft elastomers to
self-assembled photonic crystals. However, understanding the physical
behavior throughout this wide design space is challenging due to the
significant computational cost of molecular models. In this work, we
designed a coarse-grained model based on the recently developed implicit
side-chain (ISC) framework to describe the conformation of bottlebrush
polymers in melts. Using single chain in mean-field (SCMF) simulations, we
used molecular observables such as the end−end distance Rbb

2 and radius
of gyration R g

2 to parametrize an ISC model with wormlike cylinder model
parameters; effective Kuhn length λ−1, cylinder length L and width D. We considered a wide range of bottlebrush architectures,
systematically varying the backbone and side-chain lengths (Nbb and Nsc, respectively) and the grafting density f. We observed that
the conformations of bottlebrush polymers follow Gaussian chain conformations at sufficiently long Nbb and are much more flexible
than the analogous chains in solution. These bottlebrush polymers exhibit modest stretching, which becomes much more
pronounced at high grafting densities ( f = 5) to accommodate the crowded side chains. Each architecture varying Nbb, Nsc, and f
could be mapped to a unique set of wormlike cylinder model parameters, so that they can be represented by an ISC model consisting
of NISC beads of size D with a bending parameter kθ related with effective Kuhn length λ−1. The effective pairwise interaction
potential for this ISC model was determined by using an iterative Boltzmann inversion (IBI) procedure to match the structural
features in the ESC model. The resulting interaction potential determined by IBI was consistent with the original architectures,
showing similar forms relative to the width D. However, we observed several trends, such as the emergence of a stronger repulsive
potential for longer side chains and higher grafting densities, which we attribute to the increased exclusion of neighboring
bottlebrushes due to the higher concentration of grafted side chains. The final ISC model results in a significant reduction of the
degrees of freedom needed to model the melt state, and we expect that our melt ISC model for bottlebrush polymers will enable
efficient large-scale simulation to relate macroscopic properties to molecular structure.

1. INTRODUCTION
Bottlebrush polymers have emerged as a useful molecular
architecture for material design. They are characterized by
densely grafted side-chains on a linear backbone,1,2 which leads
to a large molecular parameter space including length of
backbone (Nbb), length of side-chains (Nsc), and the number of
grafted side chains ( f). Side chains and backbones in
bottlebrush polymers can be also synthesized with different
monomers, introducing another dimension to the design space
on top of their architecture parameters.2−16 This leads to
several distinct designs of copolymers such as block
copolymers,2−14 core−shell,3,5−7,13,15 Janus,12,16 and random
copolymers.9,14 Their design space provides us the oppor-
tunities to explore their properties for a wide range of
applications such as photonic and photonic crystals,17−20

molecular pressure sensors,21−23 pH-responsive surfaces,24

adhesives,25−27 self-healing materials,23,28,29 and low-modulus
elastomers30−32 capable of strain hardening and sustaining
significant deformation. The utility of these applications arises
from several unique consequences of the densely grafted side
chains; crowding of the side chains leads to a stiffer molecular
contour and thus extended conformations.1,2,8,33 The stiffening
of the backbone also reduces molecular entanglements in
bottlebrush melts,33−35 and aligned ordering has been
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observed in the liquid state.36,37 Taking advantage of a large
design space and unique properties of bottlebrush polymers for
functional and self-assembled materials, however, requires a
detailed understanding of how molecular architectural
parameters (Nbb, Nsc, f) affect macroscopic behaviors.
Several different molecular models have been employed to

predict how these molecular parameters affect the behavior of
bottlebrush polymers in both the melt and solution
states.14,38−49 These efforts include particle-based approaches
such as Monte Carlo (MC),38,50 molecular dynamics
(MD),40,41,51−53 and Brownian dynamics (BD) simula-
tions.44,45,54,55 Alternatively, field-based models such as self-
consistent field theory,14,56 single-chain in mean-field (SCMF)
simulation,49 theoretically informed coarse-grain simulation,57

and polymer reference interaction site model theory42 have
also been employed to understand the conformational
attributes of bottlebrush polymers. Finally, scaling theories
are widely used to extend theoretical knowledge of chain
statistics to bottlebrush architectures, offering predictions of
scaling exponents.33,58−60 The primary focus of all these
studies revolves around key questions of how to predict
bottlebrush conformation and thermodynamics.61 Despite
significant progress in modeling bottlebrush polymers,
substantial computational limitations persist, particularly
concerning the time scale and length scale over which these
macromolecules can be simulated.45,61 Low-cost single-chain
or solution simulations are useful for understanding
fundamental properties,40,45,62,63 but they are limited in their
ability to predict macroscale bulk properties that involve the
interactions between bottlebrush chains.64 For multichain bulk
simulations, it is challenging to account for the large number of
degrees of freedom, because the side-chain behavior plays such
an important role in their overall properties33,46,65 and must be
taken into account. These limitations are apparent in particle-

based simulations; cost-effective field-based simulations are a
promising alternative but possess fundamental limitations in
capturing nonmean-field compositional fluctuations important
in these molecules.14,48,49

We have recently devised a coarse-graining method to
overcome these limitations in modeling bottlebrush polymers
in dilute and semidilute solutions.44,45,54,66,67 Our approach
was to first introduce an explicit side-chain (ESC) model. The
ESC model is a fine-grained representation of the bottlebrush
polymers that includes the grafted side chains and has been
parametrized against experimental data on single-chain proper-
ties.47,66 We subsequently demonstrated that these models can
be systematically transformed into an implicit side-chain (ISC)
representation, which utilizes a wormlike cylinder (WLCy)
model to describe the molecular conformation with only four
parameters: a Kuhn length (λ−1), a contour length (L), a
thickness (D), and an excluded volume parameter
(B).37,44,45,68,69 With this parametrization, the side-chain
degrees of freedom can be coarse-grained; individual
bottlebrush chains can be modeled with a simple linear
bead−spring chain, where stiffness and bead size are functions
of side-chain length and grafting density.44,45 We demonstrated
the efficacy of this model in describing a variety of observables,
including the equilibrium size of a single chain, radius of
gyration, intrinsic viscosity, hydrodynamic radius, and
molecular elasticity under moderate stretching forces or
flow.43,45,55 We further expanded this model to a multichain
system and demonstrated the emergence of self-assembled
structures in diblock bottlebrush copolymers.44,54,70 Brush−
brush interactions were accounted for using a combination of
scaling theory and simulations of a segmental potential of
mean force (PMF).44,54,70 Recently, the ISC framework has
been modified to account for semidilute concentrations using
the scaling theory that defines how much the pervaded volume

Figure 1. Schematic showing the workflow of building ISC model in melts. (a) The fine-grained ESC model is simulated using SCMF simulations.
(b) The dimensions of these chains are systematically parametrized by fitting Rbb

2 and Rg
2 to the WLCy model to obtain the fit parameters L,

λ−1, and D. (c) This allows us to represent bottlebrush polymers in the melt state as wormlike cylinders, which can then be represented using the
ISC model; (d) this model is composed of NISC = (2L − D)/D tangent beads with a diameter D (pink spheres), connected at a distance of D/2 to
exhibit a cylinder-like shape, and a bending potential with a bending constant kθ that is related to the Kuhn length λ−1. (e) A pairwise interaction
potential up(r) is determined using an IBI method, which improves the pair potential up(r) to match g(r) from the ISC model system to the
corresponding target gtarget(r) from the ESC model system.
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of bottlebrush polymers overlaps by concentration.67 This ISC
model successfully reproduced the concentration-driven
structure in printed bottlebrush assemblies.67 Despite the
success of this coarse-graining scheme, it has been exclusively
used to study bottlebrush polymers in the solution state.44,67,70

When solvent interactions are absent and the bottlebrush
polymers enter the melt state, their conformations are now
significantly more flexible.33,46,65,71,72 The effect of architecture
is now driven by conformational correlations where the total
volume of the branches exceeds the pervaded volume expected
for random coils.33,46,65,71−74 This makes it a challenge to
describe how architecture affects molecular conformation, as
compared to the solution state that is mainly driven by the
excluded volume interactions from crowded side
chains.33,45,64,65,75 The prior ISC model estimates the
conformation in concentrated solution relative to the dilute
condition using the scaling theory,67 which is unable to predict
the true architecture-driven conformation in melts. It is
therefore important to develop a new framework for finding
an analogous ISC model that can accurately model
conformations and structures in the melt state.
In this study, we adopted our workflow for building an ISC

model from our previous work,45 but instead applied it to melt
systems. The workflow is summarized in Figure 1. We first use
an ESC model in different architectures, defined by Nbb, Nsc,
and f, that captures all of the side-chain degrees of freedom.
SCMF simulation39 is used to efficiently model bottlebrush
polymers with this ESC representation in the melt state. This is
a significant departure from our prior model, which used
particle-based models that are computationally unable to
model dense melts of long bottlebrush polymers. Next, the
resulting conformations at equilibrium were analyzed by two
observable quantities − end−end distance Rbb

2 and radius of
gyration R g

2 − to show that bottlebrush polymers can be
modeled as a WLCy with the characteristic parameters of λ−1,
L, and D that inform an ISC model. Finally, we used an
iterative Boltzmann inversion (IBI) approach76 to determine
an effective pairwise potential so that the structure of this ISC
model reproduces the structure of the ESC model. This is
again a significant departure from our prior efforts, which used
theoretically or simulation-determined pairwise potentials of
mean force. IBI has the advantage that it also accounts for the
higher-order correlations between dense bottlebrush chains.

2. BOTTLEBRUSH MODEL AND SIMULATION
METHODS

Our workflow in Figure 1 consists of two types of simulations: (1)
SCMF simulations of bottlebrush melts in the ESC representation,
which are used to obtain conformational information for the WLCy
model, and (2) BD simulations of bottlebrush polymers in the ISC
representation, which, upon determination of an effective pair
potential from the IBI procedure, are used to model melts at large
length scales. In this section, we describe each of these simulation
methods in detail.
2.1. Single-Chain in Mean Field (SCMF) Simulation of the

ESC Model. The ESC model of bottlebrush polymers has Nbb
backbone coarse-grained beads and Nsc side-chain beads, where f
side chains are grafted per backbone bead. To study this model, we
use the SCMF formalism, which is a field-based method that is
discussed in detail in the literature;39,77 we consider straightforward
modifications of this method and only provide a brief outline of our
approach. Our implementation of this approach considers coarse-
grained beads on polymers i at monomer positions s at locations ri(s).
Chains are modeled as Gaussian chains connected by a harmonic

bonding potential, and nonbonded interactions are included as a
function of local densities ϕA(r) and ϕB(r) at spatial positions r,39

where incompatible pair interactions are controlled by Flory−Huggins
parameter χ and compressibility parameter κ.39 The total Hamiltonian

is
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Here, b is a bond length, Re is a reference length scale associated
with a reference chain backbone length Nbb, via the relationship

=R b N( 1)e
2 2

bb . N represents the total number of beads used in
a single bottlebrush chain (including both the backbone and side
chain), and ρ0 is the system monomer density. In this paper, we only
consider a homopolymer melt system, and thus the choice of χ is zero
while κ was chosen to be a sufficiently large value of 1.5625 so that κN
= 50.39 The polymer density fields ϕA(r) and ϕB(r) are obtained from
the bead positions in the discretized space following a “particle-to-
mesh (PM)” method (Figure 2a).39 This discretization consists of the
nsites number of grid points separated by a distance ΔL, which

Figure 2. (a) Schematics of the PM method of SCMF simulation for
an ESC model. Yellow spheres represent backbone beads, pink
spheres represent side-chain beads, and black lines are simplified
trajectories of beads. Positions of the beads are discretized by ΔL, and
local density at site p, ϕ(p), is calculated by eq 2, which calculates
normalized number density of neighboring ESC beads around site p
given by the weight functionW(x) as shown in the lower left. (b) Five
representative ESC chains are illustrated in the simulation box of the
bottlebrush melt system in the ESC model. All other ESC beads are
set to be transparent. Periodic boundary is set to all box directions.
(c) Schematic of an ISC chain for BD simulation. Each chain consists
of total NISC = (2L − D)/D beads connected by bond length D/2,
while each beads has diameter D. Bending potential is applied to three
connected beads in the schematic with the bending constant κθ =
λ−1kBT/D. (d) Five representative ISC chains are illustrated in the
simulation box of the bottlebrush melt system in the ISC mode. All
other ISC beads are set to be transparent. Periodic boundary is set to
all box directions.
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determines the microscopic cutoff of the interaction range. The local
density at the position r is stored in a neighboring grid point p by

= r rp W p( ) 1/ ( ( ))
i

i
nor

(2)

where ρnor is the ideal average density at grid point p and W(r)
represents the density weight at a grid point located a distance r from
a bead.39 For simplicity, W(r) follows a first-order scheme39 (see
Figure 2a).

Traditional implementations of the SCMF method characterize the
system with the chain length scale Re and invariant degree of
polymerization = R N/o e

3 ; however, we want bottlebrush
polymers with different Nbb and Nsc to all be modeled with consistent
levels of coarse-graining.39,77 We thus fix the length scale as b, ΔL as
ΔL = 0.65b, and run all simulations with respect to a constant
reference backbone length =N 20bb with the corresponding
reference distance Re. Upon choosing a length scale b = 0.74 nm
and molar mass per bead 200 g/mol (representing roughly two
monomers), we can calculate a bead density ρ0 = 1.207b−3 that is
consistent with a real density of approximately 1 g/mL.78 We can then
determine the invariant degree of polymerization by either
calculating =R b N 1e bb (Figure S1) or determining Re from
simulation (Figure S2). This quantity will provide insight into
whether a given chain architecture and length is in the mean-field
limit (which occurs for ).39,48 We plot the values of
corresponding to various architectural features (i.e., Nbb, Nsc, and f) in
the Supporting Information (Figures S1 and S2). Both values of Re
that we consider show quantitative differences, but similar trends;
simulation-based Re values tend to be much larger due to branch-
driven backbone stiffening, but even in this case (1 10),
indicating that we are far from the mean-field limit.

Configurations of the ESC bulk model are sampled using MC, and
the energy difference between trial position and current position, ΔE,
used for the Metropolis criterion is based on the Hamiltonian
consisting of bonded and nonbonded interactions as shown in eq 9.
To efficiently find equilibrium configurations, in the first 105 time
steps, the bond interaction is first equilibrated by only considering the
harmonic bond term in ΔE, after which the remaining contribution is
included in ΔE for the rest of the runtime. The total runtime is 5 ×
106 steps to sample the equilibrium conformations, and data was
collected by averaging the samples over the final 103 steps. To avoid
artificial oscillations in the density distribution,39 the local densities
are obtained by randomly shifting the grid.
2.2. Brownian Dynamics (BD) Simulation of the ISC Model.

BD simulations of the ISC model are used for bottlebrush
homopolymer melts. The ISC beads follow a potential given by

= + +U U U Utotal b nb (3)

Here, Ub is a bond potential, Uθ is a bending potential, and Unb is a
nonbonded potential. The bond potential used in our ISC model of
bottlebrush homopolymer melts is in the form of a rigid Hookean
spring between connected beads on n chains, chosen to maintain the
contour length of the bottlebrush in the ISC model. In our previous
work, we considered a tangent bead model with L/D beads kept at a
distance D where they are immediately adjacent.44,45,54,70 However,
for our melt model, we find that this does not adequately reproduce a
wormlike cylinder shape, and the accessible volume between beads
negatively affects our IBI scheme. Instead, we consider NISC = (2L −
D)/D beads that include both the set of tangent beads of diameter D,
as well as intermediate beads connected at a distance D/2 (see
schematic in Figure 2c,d). The bond energy is thus:

= | |+r rU D
2 2j

n

i

N

i j i jb
s

1

, 1,

2ISC i
k
jjj y

{
zzz

(4)

Here, ri,j is the position of bead i on chain j, and κs = 200kBT/D2 is
set to a relatively large value so that the bond is stiff and maintains a

nearly constant distance D/2 between connected beads. Similarly, the
bending potential for three connected beads on n chains is given as

= + +U
2

(1 cos( ))
j

n

i

N

i i i

2

, 1, 2

ISC

(5)

which reflects the stiffness of the ISC chain with the bending constant
κθ = λ−1kBT/D that includes Kuhn length λ−1.44,54 The bond angle for
three connected beads with the distance D/2 along the backbone is

=+ +
·

| |·| |
+ + +

+ + +
cos

r r r r

r r r ri i i, 1, 2
1 ( ) ( )i j i j i j i j

i j i j i j i j

, 1, 1, 2,

, 1, 1, 2,

i
k
jjj y

{
zzz. The nonbonded interaction

is determined by an effective pairwise potential whose form will be
described in Section 4. The total pairwise nonbonded interaction
between any two beads i and j is the sum of all pairwise interactions.

= | |
>

r rU u ( )
k l

n

i j

N

i k j lnb
,

P , ,

ISC

(6)

The length units for D and r are given as the bond length of the
ESC bead b. We use a standard BD scheme that evolves the position
of total Ntot ISC beads based on the assigned potentials via the
Langevin equation:

+ = +R R xt t t U t t t( ) ( ) ( ) 2 (7)

where R is the column vector of 3Ntot positions, U(t) is total
interaction potential described as Utotal, δt is the time step, and x is a
column vector of length 3Ntot containing random numbers from a
normal distribution and reflects the displacement due to Brownian
motion. The time step is normalized by the ISC bead diffusion time τ
= ζ(b/2)2/kBT, where ζ = 6πηSb/2 is the bead friction coefficient in a
medium of viscosity ηS. The BD simulation is run for >105τ for
equilibration, and data is collected from the final 103 time steps.

3. PARAMETERIZATION OF IMPLICIT SIDE-CHAIN
(ISC) MODEL

We simulated both comb to bottlebrush polymers using the
ESC model, considering parameters spanning a large range of
backbone lengths Nbb = 10−110, side-chain lengths Nsc = 2, 4,
8, 14, 20, and grafting densities f = 1, 2, 5. We first analyzed the
crowding parameter Φ defined by Dobrynin et al.,33 ,46 to
classify the architecture space based on the extent of the
overlap between neighboring brushes.33,46 This parameter is
calculated by a ratio of the volume occupied by monomers of a
test macromolecule to its pervaded volume, and branched
polymers can be distinguished as being in either comb (Φ < 1)
or bottlebrush (Φ > 1) regimes.33 We found that the crowding
parameter Φ ranges from 0.32 to 10.29 in our architecture
space (Tables 1−3); strictly taking Φ = 1 as the criterion for

distinguishing these two regimes, the samples at Nsc = 2, 4, 8 at
f = 1 and Nsc = 2, 4 at f = 2 reside in comb regime while other
architectures are all within the bottlebrush regime. We
summarize these results using a diagram of the regimes in
Figure S3. Notably, a higher is found for architectures
with a lower crowding parameter (Figures S1 and S2). This is
expected as the comb regime systems allow neighboring

Table 1. Fit Parameters at f = 1

Nsc mL λ−1 [b] D [b] L (Nbb = 100) [b] Φ = V/Vm

2 0.73 3.33 4.5 72.27 0.32
4 0.62 5.26 5.9 61.38 0.51
8 0.54 8.00 8.2 53.46 0.92
14 0.49 13.33 10.8 48.51 1.55
20 0.49 18.18 12.9 48.51 2.31
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macromolecules to interpenetrate due to a weak crowding
effect,33,79 implying that individual chains do not as strongly
exclude other chains compared to systems with a high
crowding parameter. However, we note that the criteria of
comb and bottlebrushes are not a strict boundary and expect
situations where Φ ≈ 1 to represent intermediate cases.33,46

We used the SCMF simulations to obtain the end−end
distance Rbb

2 of the backbone and the radius of gyration
R g

2 . The values for Rbb
2 and R g

2 are plotted as a function
of Nbb in Figures 3 and 4, respectively, for several side-chain
lengths Nsc and grafting densities f. The conformations of
bottlebrushes in the melt are much less extended (
R b10bb

2 3 2 for Nbb = 100, Nsc = 20 and f = 5 for example)
than their counterparts in dilute solution (with R b10bb

2 4 2

),45 due to the enhanced flexibility of the chains in the absence
of solvent and thus strong excluded volume repulsions between
side chains.33,45,46,71−74 This is evident in the scaling exponents
2v ≈ 1 in both Rbb

2 and R g
2 at higher Nbb, demonstrating

that the chains exhibit limiting behavior consistent with a
Gaussian coil conformation.45,80 This is a consequence of our
new coarse-graining scheme, which explicitly uses molecular
models suitable for polymer melts. However, our SCMF model
prediction shows a general trend where longer and more
densely grafted side chains induce more stretched conforma-
tions along the backbone, leading to increased chain

dimensions with increasing Nsc.
33,46,65 At low values of Nbb,

this effect on Rbb
2 becomes relatively small, not stretching

the backbone much for all f due to the star-like
conformation.45,81 Conversely, for R g

2 (Figure 4), this results

in a plateau in R g
2 as the side-chain length becomes the

major contributor of the conformation, again due to the star-
like architecture.45,65,81 This upturn is less apparent at higher
grafting density (i.e., f = 5, Figure 4c), which is capable of
stretching even for relatively short backbone contours.
Following protocols for ISC parametrization established in

our previous work, we fit the simulation data using expressions
for a Kratky−Porod (KP) chain82,83 and WLCy model, which
are indicated as dashed lines in Figures 3 and 4.45 The end−
end distance of the unperturbed KP chain is given by82

=R L 1
2

(1 e )L
bb

2
0 2

2

(8)

The radius of gyration of WLCy chain is given by83

= + +R L
L L

D
6

1
4

1
4

1
8

(1 e )
8

L
g

2
0 2 3 4 2

2
2

(9)

In both these expressions, L is the cylinder length, λ−1 is
effective Kuhn length of the bottlebrush, and D is the width of
the cylinder. Unlike the dilute solution situation, we did not
consider the B parameter due to the screening of excluded
volume interactions in a melt system.45 Therefore, we can
adopt these unperturbed expressions of eqs 8 and 9 to fit the
conformation of the ESC bottlebrush in the melt. In the fitting
of Rbb

2 , a constant of proportionality mL = L (Nbb − 1) was
used instead of L as the fitting parameter along with λ−1, such
that each set of parameters corresponds to the entire series of
data at various Nbb for a given f and Nsc. Then, as the
parameters mL and λ−1 are obtained from the Rbb

2 fitting, D
remained the only parameter to fit R g

2 . Importantly, D is
obtained by fitting results in the low-Nbb limit, where D plays a
dominant role on bottlebrush dimensions.45,65,81 The fit results
are denoted as dashed lines in Figures 3 and 4, and the
corresponding parameters are tabulated in Tables 1−23 and
plotted in Figure 5 in comparison with our prior results for
dilute solution.45

Table 2. Fit Parameters at f = 2

Nsc mL λ−1 [b] D [b] L (Nbb = 100) [b] Φ = V/Vm

2 0.68 5.00 5.0 66.84 0.54
4 0.61 8.33 6.5 60.39 0.94
8 0.60 12.50 8.8 59.40 1.81
14 0.60 17.51 11.8 59.40 3.12
20 0.60 26.32 13.8 59.40 4.37

Table 3. Fit Parameters at f = 5

Nsc mL λ−1 [b] D [b] L (Nbb = 100) [b] Φ = V/Vm

2 1.20 4.76 5.4 118.8 1.17
4 1.20 7.14 7.2 118.8 2.16
8 1.20 10.53 10.0 118.8 4.23
14 1.20 16.67 13.0 118.8 7.31
20 1.20 22.22 15.6 118.8 10.29

Figure 3. End-to-end distance Rbb
2 versus bottlebrush backbone length Nbb at (a) f = 1, (b) f = 2 and (c) f = 5 for several side-chain lengths Nsc.

Markers denote the SCMF data, and dashed lines denote the fitting data using the unperturbed KP expression for in eq 8, assuming a constant
proportionality between the contour length and backbone degree of polymerization, L = mL(Nbb − 1), for each value of Nsc. Fit parameters mL and
λ−1 are summarized in Tables 1−3. For all cases, the end-to-end distance increases with increasing side-chain length; however, this effect is small for
short backbone lengths Nbb due to star-like conformations.45,81
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The curves of Rbb
2 and R g

2 versus Nbb fit well to the

unperturbed expressions of Rbb
2 and R g

2 with a single set
of fitting parameters mL, λ−1, and D. We confirmed that there is
good agreement between the geometric value D and the side

chain radius of gyration R g,sc
2 1/2

(Table S1), and all increase
by Nsc with the scaling exponent of 1/2 as reported by
Rubinstein and Dobrynin.33,46 However, we observed slight
deviations in R g

2 at high Nbb, which we attribute to the
neglect of quantitative perturbations from short-ranged
interactions in the fit curve (eq 9) that is related to the local
packing correlations of the thick bottlebrush chains in the melt
state.82,83 This is also apparent when we look at the ratio of
R R/bb

2
g

2 , which is meaningfully reduced from the factor of
6 expected for an ideal chain (Table S1).84 Nevertheless,
representing the melt bottlebrush conformation as an
“effective” ideal chain is still possible, as the perturbation due
to the nonlinear architecture does not affect the scaling
exponent associated with the Gaussian chain conforma-
tion.33,46 The set of parameters can now be used as the
parameters for an ISC model that can be used for large-scale

simulations, with the primary approximation being that the
number of ISC beads NISC in a chain is set to NISC = (2L −
D)/D, which is the nearest integer number L/D with the
intermediate beads to maintain the WLCy shape. Example ISC
model fit parameters for Nbb = 100 are shown in Table S2.
The approach taken in this paper represents a unique

opportunity to compare and contrast the melt versus dilute
solution conformations of bottlebrush polymers in the context
of related molecular models. Our fit parameters demonstrate
that melt bottlebrushes are highly flexible, such that the Kuhn
length λ−1 spans from ∼100b to ∼101b (i.e., within several
backbone monomers) compared to the dilute case where λ−1

spans from ∼101b to ∼104b in a similar architectural space,45

which we attribute to the screening of excluded volume
interactions in the melt state33,46,65,72 (Figure 5b). We note
that the length units of the ESC model for polymer melts are
not quite the same as in the corresponding model for dilute
solutions, with the former being chosen as b = 0.74 for melts
and b = 0.67 for solutions. This difference is quantitatively
modest, but we also note that these represent different physical
models as well, with the SCMF representation assuming a
Gaussian monomer, while the (semi)dilute model uses hard

Figure 4. Radius of gyration Rg
2 versus bottlebrush backbone length Nbb at (a) f = 1, (b) f = 2 and (c) f = 5 for several side-chain lengths Nsc.

Markers denote the SCMF data, and dashed lines denote the fitting data using unperturbed WLCy expression for Rg
2 in eq 9, using the values of

mL and λ−1 determined from the Rbb
2 data in Figure 3. The remaining fit parameter is the bottlebrush width D, which is summarized in Tables

1−3. For all cases, the radius of gyration increases when the side chains get longer and more densely grafted, and this effect is largest for short
backbone lengths Nbb because Nsc is the major contributor to the size Rg

2 in the star-like conformations.

Figure 5. Comparison of fit parameters to analogous dilute solution parameters from our prior work.45 Circle markers connected by solid lines
represent the fit parameters for melts, while triangle markes connected by dashed lines represent the fit parameters from dilute solution. (a) The
proportionality between the contour length and backbone degree of polymerization, mL, is highly reduced in melts when compared with dilute
solution quantities, while also showing increasingly stretched conformations with increasing grafting density. (b) The Kuhn length λ−1 is smaller in
melts than dilute solution, which scaling exponent is ≈1/2 that is consistent with predictions by Rubinstein and Dobrynin.33,46 Dashed gray lines
denote the relevant scaling exponents. (c) The bottlebrush width D is smaller in melts than in dilute solution and exhibits a scaling exponent of 1/2
following Gaussian chain statistics.33,46,84 The data from dilute solution are adapted with permission from ref.45. Copyright 2019 American
Chemical Society.
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particles. This will prevent a quantitative comparison at
monomer-level length scales, but we are focusing on larger
chain length scales and assume that the two models are
different by a proportionality factor of order unity.
Significant differences between the solution and melt

bottlebrush conformations are also apparent when comparing
the scaling relationships observed and/or predicted in the
literature.33,46,79,85−87 For dilute solution, the bottlebrush
Kuhn length is expected to increase by N1

sc
2 for

sufficiently high grafting density85,86 or N D1
sc

3/5

when approaching the self-avoiding walk limit,79 while
Rubinstein and Dobrynin predicted D N1

sc
1/2 for a

bottlebrush melt.33,46 We found that the scaling exponent does
indeed exhibit a scaling of D N1

sc
1/233,46 consistent

with the scaling argument as shown in Figure 5b,c that the side
chains exhibit Gaussian conformations. The stiffening of the
bottlebrush polymer is thus present even in the absence of the
excluded volume interactions that drive the large Kuhn length
in dilute solutions.33,46 While we have studied only a few select
grafting densities f that limits the conclusions we can draw
about the relationship between λ−1 and f, λ−1 appears to be
similar between f = 5 versus f = 2, but both are indeed stiffer
than the lower-branch density f = 1 case. More dramatic trends
are observed with respect to Nsc, manifesting as a linear
relationship between the crowding parameter Φ and the
stiffness λ−1 at fixed f that is consistent with the scaling theory
for bottlebrush melts.33,46 Even though λ−1can be approxi-
mated with D,33,46,79 it appears to be slightly quantitatively
smaller than D D( 1 ) at smaller Nsc and f, but is slightly
larger than D ( D)1 for larger Nsc and f. This transition
happens at a crowding parameter Φ ≈ 1, which is where the
backbone stretching becomes dominant, leading to a stiff
conformation.
The backbone is also affected by architectural parameters

and in particular is sensitive to the grafting density as shown in
Figure 5a. For f = 1 and 2, the proportionality factor mL < 1
indicates that the backbone is less stretched than expected for
the equivalent wormlike cylinder around a linear chain. This
shrinkage becomes more pronounced as Nsc is increased. This
is consistent with our previous work45,55 and is attributed to
the extended random walk of the backbone within the overall
chain contour. This effect becomes sufficiently weak at large
Nsc that the fit is not sensitive to mL, which remains unchanged
over several values of Nsc in our fitting procedure. However,
there is a more noticeable effect of f, such that chains are
slightly more stretched for f = 2 versus f = 1, and f = 5 shows
significantly more stretching with mL > 1. This is a
characteristic attribute of bottlebrush melts that the enhanced
backbone flexibility competes with a stiffening effect due to
increased grafting density.72 This behavior has ramifications for
our coarse-graining scheme, because L and D do not follow the
same trend with respect to grafting density f; the nearest
integer of L/D exhibits a weaker increase with grafting density
compared to the dilute solution situation.45

4. PAIRWISE INTERACTION POTENTIAL OF ISC
MODEL

Fitting the ESC model to the WLCy model allows us to predict
single-chain conformational properties but does not account
for the pairwise interaction potential needed to capture the
structure of the bottlebrush polymers in the melt state. To our

knowledge, there is no analytical model for the pairwise
interaction potential of these ISC beads, due to the challenge
of accounting for the correlation hole of extended side
chains.22,46,64,75 Therefore, we decided to use IBI to determine
the effective pair potential up(r) between ISC beads.76 The IBI
method improves on a “guess” potential up,n(r) in each
iteration n by using the differences between the pair
distribution function gn(r) from this potential and the true
“target” pair distribution function gtarget(r) from a fine-grained
or atomistic model to determine a new potential up,n+1(r).

76

While this method only accounts for the radial pair correlations
g(r) between segments, it is known to accurately reproduce the
actual configurations of molecules in various polymer melt
systems.76,88−90 We adopted this method for our system and
summarized the detailed implementation as a flowchart in
Figure 6.

We start by calculating the target gtarget(r) directly from the
initial ESC chain configurations, based on a discretization
scheme that defines an “effective” ISC bead by dividing the
ESC backbone into NISC portions. The center of mass of each
of these backbone segments and corresponding side chains is
chosen as the coordinate for the effective ISC model and
contributes to the overall target gtarget(r). We consider all pairs
except the adjacent pairs in a chain (e.g., ith and i + 1th beads
in Figure 2c) that are not physically interacting with the same
pair potential.
Representative final target gtarget(r) functions for several

different architectures with Nbb = 100 are presented in Figure
7, with distances in units of the b, the bond distance of the
ESC bead. As expected, all gtarget(r) curves exhibit a significant
depletion at small r (i.e., gtarget(r) < 1), which is consistent with
a segmental correlation hole. This is an important feature of

Figure 6. Flowchart of IBI implementation for finding the effective
pairwise potential up(r) for ISC model. gtarget(r) is calculated directly
by coarse-graining the ESC chain configurations based on the
discretization scheme for the ISC model. BD simulations of the ISC
model are performed using an initial guess potential up,0(r) that is
obtained from the direct Boltzmann inverse of gtarget(r). The
difference between the resulting equilibrium correlations g0(r) and
target correlations gtarget(r) is used to modify the potential from up,0(r)
→ up,1(r), which is then used in a subsequent n = 1 iteration to
calculate an updated g1(r). Each iteration loop thus consists of BD
simulations using the nth potential up,n(r) to calculate gn(r); the
difference between gn(r) and gtarget(r) is used to calculate a new
potential up,n+1(r) and merit function f n

merit (eq 12) that indicates
convergence when f n

merit < 3 × 10−4.
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our use of the SCMF model; it indicates that neighboring
bottlebrush polymers do not fully overlap, due to the exclusion
imposed by the finite concentration of the side chains. A
significant amount of side-chain driven exclusion is consistent
with the conceptual scaling picture described by Dobrynin et
al. and indeed becomes notably less pronounced in the comb-
like limit of f = 1 and Nsc = 2 (Figure 7a) where Φ ≪ 1.33,46,64

This correlation hole grows as the side-chain length Nsc gets
longer and correspondingly the bottlebrush width D gets
larger. The role of f is more subtle as demonstrated in Figure
S4, which plots gtarget(r) for different values of f at each Nsc.
These are the same plots of gtarget(r) in Figure 7a−c, but they
are plotted to show the modest increase in the range of r over
which depletion occurs with f. This is consistent with the
behavior of D, which similarly changes only weakly with f as
seen in Tables 1−23. The other notable feature of these pair
correlation functions is the emergence of a small overshoot in
gtarget(r) at r ∼ D as f is increased. This is especially prominent
in Figure 7c for f = 5 and Nsc = 2, where the bottlebrush most
approaches a hard flexible “cylinder”, where there is a defined
distance ≈D of packing and liquid-like correlations between
adjacent molecules.
Our IBI scheme seeks to determine up(r) based on BD

simulations of randomly placed ISC chains, with the goal of

reproducing gtarget(r) for the same density as the ESC model.
We used the bond and bending potentials discussed in
Section2.2, with the bending constant κθ based on the
tabulated λ−1 for the ISC model in Tables 1−3. The initial
guess for the pairwise potential up,0(r) was chosen as the
Boltzmann inversion of gtarget(r):

=u r k T g r( ) ln( ( ))p,0 B target (10)

This expression is only exact in the limit of highly dilute
systems, but it is sufficient to provide an initial guess to be
modified by IBI.76,88,91 For each iteration n, the initial structure
is determined from an nth guess potential up,n via a BD
simulation run for >105τ timesteps. The gn(r) is collected for
the final 1000τ and compared with gtarget(r) to determine a new
guess for the pairwise potential up,n+1 that will be used for the n
+ 1 iteration:

=+u r u r k T
g r

g r
( ) ( ) ln

( )

( )n n
n

p, 1 p, B
target

i

k
jjjjjjj

y

{
zzzzzzz (11)

Here, α is a scaling coefficient that is set to 0.005 to maintain
stability.88 This iterative scheme is carried out until there is a

Figure 7. Target distribution function gtarget(r) at (a) f = 1, (b) f = 2, and (c) f = 5 for different side chain lengths Nsc = 2, 8, 20 and Nbb = 100,
generated by averaging the final 100 MC steps of an SCMF simulation. All curves exhibit a significant depletion at small r (i.e., gtarget(r) < 1) as
neighboring bottlebrush polymers do not fully overlap due to a high local density of side chains near the backbone. This effect is less prominent in
the comblike limit of f = 1 and Nsc = 2. This correlation hole grows as the side-chain length Nsc gets longer and correspondingly the bottlebrush
width D gets larger. The emergence of a small overshoot in gtarget(r) at r ∼ D is observed as f is increased, indicating packing of adjacent bottle
bubbles as the conformation approaches the hard cylinder limit.

Figure 8. Optimized pair potential up(r) of ISC model, determined by the IBI procedure outlined in Figure 6 at (a) f = 1, (b) f = 2 and (c) f = 5 for
several different side-chain lengths Nsc = 2, 8, and 20. Relative to the bottlebrush width D, the soft pairwise repulsion between bottlebrush chain
segments generally appears shorter-ranged as the side-chain length Nsc increases due to the decreased radial packing of side chains from the
backbone for a given grafting density f. The primary exception to this is in (a) for the comb architecture f = 1 and Nsc = 2, which exhibits a
particulary weak repulsion (up(r → 0) ≈ 1.5kBT) that corresponds to the shallow correlation hole seen in Figure 7a. All bottlebrush architectures
also have an attractive portion around 0.5−0.7r/D, which arises due to the packing of molecules as also shown in Figure 7.
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convergence of gn(r) to gtarget(r), as evaluated by a merit
function for each iteration n, fmerit,n:

=
[ ]

[ ]
f

g r g r r

g r r

( ) ( ) d

( ) dn
n

merit,
target

2

target
2

(12)

when fmerit,n < 3 × 10−4, the system is determined to be
converged.88 Figure S5 shows how gn(r) evolves during
iteration to the final gtarget(r).
We plot the potentials up(r) obtained from IBI for different

architectures in Figure 8, as a function of r/D to normalize
against the underlying bottlebrush width, as determined by our
coarse-graining scheme. The features of the up(r) curves are
consistent over almost all architectures considered and in
particular exhibit a similar repulsive contribution for short
distances r. This feature is notably soft for most of the
architectures, when compared against conventional potential
forms like Lennard-Jones (LJ) or Weeks−Chandler−Andersen
(WCA), and for larger bottlebrushes (Nsc > 2 and f > 1), the
value of the pair potential only reaches up(r) ∼ 5kBT even at r
∼ 0. Relative to bottlebrush width D, this repulsion appears
shorter-ranged as the side-chain length Nsc increases. This can
be attributed to the decreased radial packing of side chains
further away from the backbone for a given grafting density f,
which leads to weaker repulsion at the side-chain ends for
larger Nsc, as long as the chain is sufficiently in the bottlebrush
regime. The notable exception to this trend is up(r) for Nsc = 2
and f = 1 (Figure 8a), which is in the comb regime and thus
exhibits a particularly weak repulsion (up(r → 0) ≈ 1.5kBT)
that corresponds to the shallow correlation hole in Figure 7a.
We also compared the effective pair potential up(r) at

different grafting densities f for several side-chain lengths Nsc in
Figure S6, replotting the data in Figure 8 to facilitate
comparison. At Nsc = 2, the pair potential exhibits a stronger
repulsion as grafting density increases, which we attribute to
the increased packing of side chains in going from the weak
comb-regime potential at f = 1 to the bottlebrush regime at f =
5. However, this trend no longer holds for longer side chains,
Nsc = 8, 20. For both of these cases, up(r) shows the strongest
repulsion at f = 1. However, this is not a large effect; the up(r)
curves for f = 2 and f = 5 are only modestly weaker than that
for f = 1 and have similar strengths to each other. The general
expectation that higher values of f lead to stronger repulsions is
complicated by our normalization of r by D, which increases
meaningfully with f. These effects appear to roughly cancel out,
leading to a remarkably consistent pair potential up(r/D) for all
bottlebrushes in the high Nsc and f limits. While this does not
appear to represent a true “collapse” to a universal form of the
pair potential, at least near the parameters considered here, it
may be possible to estimate up(r/D) for other architectures.
The other feature that is common to almost all bottlebrush

architectures is an attractive portion of up(r/D) around r/D ≈
0.5−0.7. This portion is related to the overshoot in the gtarget(r)
discussed previously, and we attribute to the correlated packing
of bottlebrush molecules in the equilibrium, melt state.84,92

Similar features have been predicted or observed previously in
both bottlebrush melts46,93−95 and polyelectrolyte solu-
tions.96−99 A small feature in up(r) at r/D ≈ 1 is observed in
all pair potentials and is due to the correlation between beads
connected at the distance r ≈ D via a hard spring potential in
the ISC model. The resulting strong correlations do not appear
in the ESC model (i.e., gtarget(r)), because the SCMF

simulation does not enforce a specific distance between
coarse-grained beads. This feature is visually apparent, but its
magnitude is significantly smaller than kBT so we do not expect
it to be physically meaningful. Modest fluctuations above the
distance r/D = 1 are also seen, but the IBI procedure is known
to have low accuracy for long-ranged interactions and is not
expected to make a major contribution to the properties of
polymer melts84,92 or chain conformations.

5. DISCUSSION AND CONCLUSION
We proposed a scheme to determine a coarse-grained model of
bottlebrush polymers in melts, using an ISC representation
that was previously successful in understanding bottlebrush
polymers in solution.44,45,54,70 This coarse-grained representa-
tion was built on an ESC model for melt bottlebrush polymers
that used PM-SCMF simulations. This importantly allowed us
to consider nonmean-field structures, which are crucial to
accounting for the significant correlation holes expected in a
bottlebrush polymer (and implied by scaling approaches e.g.,
by Dobrynin et al33,46). Our system was set to a range of values
of , which was chosen to be low enough to span the comb-
to-bottlebrush transition and roughly correspond to the
overlap parameter Φ. This condition allowed us to characterize
the architecture-driven conformations of homopolymer bottle-
brush melts, including correlations that would otherwise be
smeared out in mean-field approximations. Previous efforts
using the SCMF model for bottlebrush polymers focused on
conditions close to the mean-field limit,49,100 which do not
recapitulate the side-chain driven exclusion of neighboring
bottlebrushes from the near-backbone regions.
The geometric components of this ISC model, namely, the

length scales, number of the coarse-grained beads NISC, and
their bending potentials κθ, were determined directly from the
ESC model. Chain dimensions from SCMF simulations, Rbb

2

and R g
2 , were used to fit the theoretical expressions of KP

chain and WLCy model, simplifying entire sets of bottlebrush
architectures at a variety of backbone lengths Nbb (but at given
Nsc and f) to a single set of fit parameters for the wormlike
cylinder model (mL, λ−1, D). We confirmed that the
conformation of bottlebrush polymers in melt exhibits random
walk scaling v = 1/2 at sufficiently long values of Nbb but with
varying widths D and Kuhn length λ−1. The fit parameters
showed that the limiting conformations of bottlebrush
polymers in the melt state are less stiff and stretched compared
to the dilute solution due to the high concentration of
polymers and screening of solvent-mediated excluded volume
interactions. However, we still found that backbone stretching
does occur, especially when there is a high density of grafted
side chains ( f = 5), and the Kuhn length λ−1 does increase with
Φ as predicted by the prior literature.33,46 Both properties are
correlated with localized crowding and steric constraints of the
side chains along the backbone.
Finally, bottlebrush−bottlebrush interactions were incorpo-

rated into the ISC model framework using the IBI method.
The gtarget(r) exhibits structural features characteristic of
bottlebrush polymers, in particular, soft interactions that
nevertheless exhibit significant steric exclusion of neighboring
chains near the bottlebrush backbone. The goal of this ISC
model is to expedite molecular models of bottlebrush structure
and assembly, similar to how the solution ISC model has
allowed for molecular predictions consistent with both
dynamic properties and self-assembled structure observed in
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experiments.44,67,70 These types of coarse-grained models will
be especially important in making predictions for bottlebrush
assembly in the melt state. While there has been some success
in using field theoretic14,16,101−103 or SCMF methods48,100 to
account for these types of systems, further coarse-graining such
as in this ISC framework will facilitate the modeling of large-
scale assembly of self-assembled bottlebrush polymers in a way
that (1) allows for the consideration of truly large bottlebrush
polymers, such as those commonly synthesized in experiments
that have O(103) backbone monomers,104−106 and (2) the
consideration of bottlebrush polymers with nonstandard
architectures,34,47,107,108 including variations of side chains
along the contour (i.e., shape-defined bottlebrush poly-
mers)47,52,107,108 and variations in grafting density.58,108,109

Future efforts to model similar systems will require
modifications to this method, however, to account for multiple
components with the effect of χ, and the variation of the
coarse-grained ISC parameters along the backbone.
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