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POISSONIAN PAIR CORRELATION FOR an’

MAKSYM RADZIWILL AND ANDREI SHUBIN

ABSTRACT. We show that sequences of the form an? (mod 1) with o > 0 and

0<6< % = % + 0.0341... have Poissonian pair correlation. This improves

upon the previous result by Lutsko, Sourmelidis, and Technau, where this was
established for & > 0 and 0 < § < 3§ = £ +0.0081 ...

We reduce the problem of establishing Poissonian pair correlation to a counting
problem using a form of amplification and the Bombieri-Iwaniec double large sieve.
The counting problem is then resolved non-optimally by appealing to the bounds
of Robert-Sargos and (Fouvry-Iwaniec-)Cao-Zhai. The exponent 6 = % is the limit
of our approach.

1. INTRODUCTION
A real-valued sequence (z,,),>1 is equidistributed mod 1 if for any 0 < a < b < 1,

) 1
N1—1>I£oo N#{ngN Az} €la, b} =b—a
Equidistribution is one of the most basic properties of sequences that indicates their
pseudorandom behavior. Weyl [23] showed that equidistribution modulo 1 of a se-
quence x,, is equivalent to showing cancellation in exponential sums

Z e(kx,) = o(N),

n<N

for every fixed integer k # 0. Subsequently, Weyl established that an? is equidis-
tributed for all irrational o and d > 1 integer. Fejer and Csillag ([11, Corollary 2.1],
[5]) established the same property when d > 0 is not an integer and « is non-zero.

Equidistribution is a “large-scale” property: it only provides information about the
number of points inside intervals of size < 1. A finer question is to ask about “small-
scale” properties, that is distribution properties at the scale =< % The most common
statistic at this scale is the gap distribution describing the spacings N (yx+1—yx) where
y1 < Yo < ... <yy is an ordering of xy,...,zy € [0,1].

It is natural to expect that the sequence an’ with 6 € Z and « # 0 is distributed
like a random set of points modulo 1. This leads one to the following conjecture.
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Conjecture 1. Let a # 0 and 0 > 0 with 0 # % and 0 ¢ 7. Let yEN) <. < y](VN)

denote an ordering of the points an’ (mod 1) with n < N. Then,

1 b
lim N#{Z < N: N(yfivl) - ygN)) € (a, b)} — / e tdt.

N—oo

We then say that the gap distribution is Poissonian.

We exclude the case 6 = % because Elkies-McMullen [7] have shown that the gap
distribution is nmot Poissonian in this case. This is also the only case in which the
gap distribution is known to exist. A weaker statistic than the gap distribution is
the pair correlation. The belief that the sequence an’ behaves randomly leads to the
following conjecture for the pair correlation.

Conjecture 2. Let a # 0 and 6 > 0 with 0 # % and 0 & 7. Then, for any s > 0,

1
RQ([—S,S],OCHG,N) = #{1 <n#m<N : N|jan® — am?|| gs} — 25
as N — oo and where ||z|| denotes the distance of x from the nearest integer. When-
ever this holds we say that the sequence an’ has Poissonian Pair Correlation (PPO).

One can think of the pair correlation as a second moment of the gap distribution.
In particular if all higher m-correlations exist and are Poisson then Conjecture 1
would follow (see [12, Appendix A]).

We now briefly summarize the state of the art regarding Conjecture 2. There are
broadly two types of results: metric results that allow for averaging in « or 6, or
deterministic results valid for specific & and 0. As far as metric results go, PPC has
been shown for sequences of the form an? with integer d > 2 [9, 15, 18, 19] for almost
all a. Moreover, Heath-Brown provided an algorithm for constructing a dense set
of such a’s in [9]. The case d = 2 is of particular interest due to its connection to
quantum chaos (see [3, 17]). For sequences of the form an’ with non-integer fixed
0 > 0 PPC is known for almost all « following Aistleitner, El-Baz, and Munsch [1],
as well as Rudnick and Technau [20]. While in [22] Technau and Yesha show that
the sequence n? has PPC for almost all § > 7.

Deterministic results valid for specific # and « are harder to come by. For 6 = %,
El-Baz, Marklof, and Vinogradov [6] showed that the sequence (y/n),-0 admits PPC.
Finally, Lutsko, Sourmelidis, and Technau [14] recently verified PPC for all sequences
of the form an?, where a > 0 and 0 < 4 < 411_11 = %—1—0.()08 .... Going beyond % requires
non-trivial bounds for certain exponential sums. The goal of this work is to extend
the range of 6 by deploying heavy exponential sums machinery.

Theorem 1.1. The sequence an’ has a Poissonian pair correlation for all a@ > 0

and 0 < 0 < % = £ +0.03418.. ..
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FIGURE 1. The distribution of gaps and spacings for the sequence n'/3,
with a step size %, N = 107 for gaps, and N = 5000 for spacings.
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F1GURE 2. The distribution of gaps and spacings for the sequence
n'/2, with a step size &, N = 107 for gaps, and N = 5000, n # O
for spacings. Elkies and McMullen [7] demonstrated that the gap dis-
tribution in this case is not Poissonian, whereas El-Baz, Marklof, and
Vinogradov [6] showed that the pair correlation function is Poissonian.

1.1. Reduction to exponential sums and sketch of the proof. We define the
integral version of the pair correlation function in the standard way:

(1.1) Ro(f, {a}, V) ::%Z S (NG =+ ).

kEZ 1<i#j <N
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FIGURE 3. The distribution of gaps and spacings for the sequence n?/3,

with a step size %, N =107 for gaps, and N = 5000 for spacings.

The condition ||z; — z;]| < & is equivalent to N(x; —x;+ k) € [—s, 5] for some k € Z.
When N becomes large compared to s, there is only one such k. Then

Nl—lg—loo RQ([_S7 S]a {J:n}) N) = N1—1>I£Loo R2 (]]-[75,3]7 {l'n}, N) .

Smoothing 1, and expanding into Fourier series reduces the problem of PPC for
an’ to a problem about exponential sums. We state this below.

Proposition 1.1. Let o« > 0 and 6 > 0 be given. Suppose that for every even smooth
compactly supported function f, every e > 0,

iy > (R X elm)

0<|k| < N1te I<ysN

‘ 2

= f(0).

Then the sequence an® has Poissonian Pair Correlation (PPC).

Thus Conjecture 2 amounts to showing that certain exponential sums have square-
root cancellation on average.

Since the growth rate of the phase aky? is < aN'**¢ its first derivative is much
smaller than N. Therefore, a natural first step is to apply the Poisson summation
formula to each of the three sums over k, y;, and y, as it will shorten each of these
sums to length N This step is formalized in the following proposition.
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Proposition 1.2. Let o, 0, ¢ be real numbers such that a > 0, e > 0, 3¢ < 0 < 1—3¢,
and for K,Y1,Ys > 0 define the subset N(K,Y1,Ys) as follows:

N(K,Y,Ys) = {n:n= my 00— 070 where
K (2Y1) 7 <my < 200KY 7Y
Al K (2Y5) 7t <my < 200KYY ™Y
my < my}.
Then we have

12) o5 ¥ i) X elak)

k< N1+e 1<y<N

fm)+O<N‘Wﬂdﬂqﬂv+AFU“W“%Mng+¢ﬂN0,

2

where

(13)  S(N) :=$ oY, K0T max [S(K, K, Y3, Y))

K<K<2K

Y

K< NteYYa<N
dyadic dyadic

S(Kakamai/é) =

Z 1 > (2-6)/(2-20) o ({) 1/(29)_16 (ca/o1=1/9),

mimso .
neEN(K,Y1,Y2) L<t<L

I — C37] Kf/(ke)

i . 1
L= o gosa-o %:4amvwm<§_1»

10 ’ 1—0
1—60/1—6\1/020)-1 1 —0N\1/0-1
“a= \/038< C3 ) ’ 02__9< C3 ) ’
my mo
]_4 K = K, 3 )
(1.4) Lo e ( 20A9Y19_1 2a9Y20_1>
. - my ma
1.5 Ky = K )
(15) 2 mm(’awn@%Pamm@%J

The implied constant in the error term in (1.2) depends on f, o, 0 and €.

A similar transform was used in [14]. An application of Proposition 1.2, combined
with a trivial upper bound for |S(K, K,Y;,Y3)| on the right side of (1.3) yields
Theorem 1.1 in the range ¢ < 6 < %— . Thus, going beyond % requires a non-trivial
bound for S(N). We note incidentally that such non-trivial bounds are not always
possible, for example, we have S(N) > 1fora =1 and § € {5,1,2,3,...}.
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To a first approximation,
S(N) ~ N—1/2-30/2 Z Z 6(51/97]1_1/0>
nEN ¢~ NO

where

N = {ml,mQ ~ N 070 m;@/(lfe)}'

For the purpose of the sketch we can also assume that elements of N are in “generic
position” and thus of size < N=#/0-0)_ Given n € N we let 77 := nN?/(=9) 5o that
for generic n € N we have |5j] < 1. Likewise for £ ~ N? we denote by (= ¢/N? so
that /] < 1. To bound S(N) we apply Holder’s inequality.

500 € 5) (5] 3 (o))

neN  ¢~N?O

We notice that the phase is of size X := N'*?. Using the double large sieve we have
the bounds,

IS )

neN  (~N?
_ _ 1\\1/2
X1/2-< Z 1(~1 1/~ 1/9‘<_>> )
< 771 772 X
m,m2eN
- - 1 1/2
( 3 1(’€1+...—€2k‘<i>> .
01,... lop~N°

In the best case scenario the probability of each event inside the indicator function
is 1/X. Taking care to exclude the diagonal, this gives in the best case scenario the

bound,

k N40 \1/2 N2kO 172
1/0,1-1/0 (140)/2 20 . k6
SIS e )| N (N ) (N )

If 0y is the optimal exponent that such an approach can yield, then we find 0y = %,
0; =64 = %, 05 = %, O = % followed by smaller exponents. Thus the most beneficial
choice of exponent is £ = 4. Unfortunately we are not able to directly resolve the

problem of counting eight-tuples of (£, ..., fg) all of size ~ NY such that,

100+ = <N
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Instead we perturb the problem a little and apply van der Corput differencing twice,
to get that,

Z‘ Z 6@1/97]1—1/9)’4 <

neN  ¢~NO
N40#N N46#N N39 -
-1/0
L. + Z Z v(h1, ha) Z <77 t(€>h1,h2)>
U€N0<|h1‘ < H, {~NP
O<|h2‘<H2
where

t(6, by, ha) = (04 by + ho) Y7 — (04 ho) ) — (€4 )Y? = 217,
We now apply the double large sieve, and this leads to the bound

SO k) D e(n e b b)) < X V2B By

neN 0<|h1| < Hy ¢~ NP
0<|h2| < H2

where X := N'"YH,H, and

a-1/6  ~-1/0, _ 1
By = Z 1<|771 /—772 /| Y)

n1,m2EN

N

and

By := Z Z (‘ t(l, hy, hy) — (6/,h’1,h'2)

0<|h1],|W}| < Hy 0,0/ ~N?
0<|h2l,|hy| < Ha

1
<x)
X

where as before £(£, hy, hy) denotes a suitably normalized version of t(¢, hy, h) so that
[t(¢, hy, hy)| < 1. We bound B; using a Taylor expansion and the bound of Robert-
Sargos [16], which gives an optimal bound for the number of tuples (my, ma, mg, my)
of size M such that

|m$ +mg —m§ —mg| <.
We then bound B, using results of Cao and Zhai [4]. Such bounds for “shifted
variables” go back to the work of Fouvry-Iwaniec [8] with subsequent improvements
by Liu [13] and Sargos-Wu [21]. Due to the complicated nature of the bound of
Cao-Zhai (see Lemma 4.4) we refrain from stating the exact bounds here. It suffices
to say that after inputting all these bounds we find an appropriate choice of H; and
H; that yields the following main technical proposition:

Proposition 1 3 Let a,e, N and S(N) be as in Proposition 1.2, and let 6 be such
that 3¢ < 6 < 117 — be. Then we have

S(N) =o(1) when N — 400,

where the implied constant depends on «, 6 and €.
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Theorem 1.1 clearly follows from Propositions 1.1, 1.2 and 1.3. We prove Proposi-
tion 1.1 in Section 2. We then prove Proposition 1.2 in Section 3, and Proposition 1.3
in Section 4.

1.2. Notation. We use the standard notation for the real character e(z) := e*™®.

The relations f(z) < g(x) and f(x) = O(g(z)) mean |f(z)| < Cg(x) for a fixed
number C' > 0 and all large enough x. The symbols <. and O. mean that the
constant C' might depend on the parameter . The relation f(z) = o(g(z)) for
g(x) > 0 means f(x)/g(x) — 0 as © — +oo. The relation f(z) < g(x) means
f(z) < g(x) < f(z). Finally, the relation f(z) ~ g(x) means f(z)/g(x) — 1 as
r — +00.

For brevity, the limits in the sums over dyadic intervals, such as > K.Y1.YaR) L€
often not indicated.

1.3. Acknowledgments. The first author received support from NSF grant DMS-
1902063. The second author acknowledges the support provided by the Austrian
Science Fund FWF (14945-N). The second author also thanks Christoph Aistleitner,
Tim Browning, and members of their research groups for the helpful conversations
during his short visits.

2. REDUCTION TO EXPONENTIAL SUMS

We prove in this section Proposition 1.1. There is a sequence of C2°(R) functions
fand f7, such that f; <1i_q < f; for all j,

[ 5@ = 7 @)de o

when j — +o00, and f;-i(:v) < 7 for arbitrarily large A > 0. Then, for the proof of
Theorem 1.1, it is enough to show that for any f € C°(R), one has

Rg(f,{om@},]\/) —>/Rf(x)dx

when N — +o00. Applying Poisson summation to the sum over k € Z, we obtain
Ry(f.fan}, N) = — Z i) X eloktf — ).
1<yi#y2< N

Moving away the term k£ = 0, we find

R fon’) ¥) = LY L) S eaktsl - ) + F0) + o L2),

kEZ 1<yi#y2 < N
k20
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For convenience we add and subtract the diagonal term y; = ys:
Rg(f, {oma}, N) =

v ()] E claw)] -3 3 1(5)+i0+0(y)

1<y<N keZ 1<y<N
Note that the term k = 0 is absorbed by the error O(1/N). By Poisson summation,

SRR ORSICR

keZ 1<y< N

Thus,
(f {an®}, N2Zf< )‘ Z e(akye)‘z—f(0)+f(0)+0<%>.
keZ 1<y<N
k0
Since f fR x)dzx, the problem reduces to showing that
— (—)‘ e(aky )‘ = f(0) + o(1).
1<y< N

k;ﬁO

Without loss of generality, we can assume that f is even. Then the last formula is
equivalent to

%§f<%> ‘ 1<Z<Ne(0éky0)‘2 B f(O) * 0(1)'

Due to the fast decay of f (x), the summation over k can be restricted to k < N1*T¢
for arbitrary small € > 0. Thus for the proof of Theorem 1.1 it is enough to show
that

(2.1) % Z f<%) 3 e(akye)‘sz(O)—i-og(l)

23— 5e (say).

for any 0 < 7=

3. PROOF OF PROPOSITION 1.2

3.1. Poisson summation on y. We use the following form of the Poisson summa-
tion formula (see [10, Theorem 8.16)):

Lemma 3.1. Let f(z) be a real function on |a,b] such that
A< (@) <eh,  |fP@)|<cAb—a)t,  [fP(2)|<cAb—a)~?
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for some A >0 and c=1. Then

Z e(f(n)) = Z ;e(f(mm)—mxm—i-é) + R¢(a,b),

a<n<b a<m<f f”(Im)
where a = f'(a), B = f'(b), f'(vm) =m,
Ry(a,b) < A2 4 ?log(B —a +1).

When Y] and Y5 are much different in size we estimate their contribution using
van der Corput’s theorem (see [10, Theorem 8.20]):

Lemma 3.2. Let b —a>1, f(x) be a real function on [a,b], and v =2 such that
A< fW(x) <cA, where A >0 and c=1. Then

S e(f(n) < AS(b— ) + A (b — a)' 2

where k = (2¥ — 2)~' and the implied constant is absolute.

Let us split the sum over y< N in (2.1) to dyadic intervals (Y,2Y], so that
Y < N/2. Then, applying Lemma 3.1 with f(y) = —aky?, substituting m — —m,
and taking the conjugation, we get

> e(aky’) = Tu(Y) + Ri(Y),

Y <y<2Y
where
oY) = Z &(ﬁ)(2_9)/(2_29)6(03161/(1_9)771_6/(1_0) _ é))
afk(2Y)0-1 < m<afky?-1 \/E m
1 (2—6)/(2—20) 1/(1-0) (1
¢y = —F——=(ab , c3 = (ab (——1),
"= Jara= 5= (2 6
Y179/2

(3.1) Ry(Y) < T + max(l,log(ky9—1))'

Similarly, split the sum over k£ < N'*¢ in (2.1) to dyadic intervals (K, 2K]:

SN SIS DRCIERT NS

K K<k<2K

2

2

N2 <S1,1(K) + S12(K) + Sa.1(K) + SM(K))’

where the sums S 1, 512, 52,1, S2.2 correspond respectively to T (Y1) Ty (Ya), Tk (Y1) Ri(Y2),
Ry (Y1) Ty (Yz), Ri(Y1)Ri(Y2).
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We start by estimating the contribution from Sy 5. Applying trivially f (k/N) < 1
and (3.1), we find

~rk 1-6/2 2 9
So0(K) = fl—= Ri(Y1)Ri(Ys) < K(log N)? + (log K)7 ).
)= 3 I(§) 2 mOR () + esi)’)
Hence,
(3.2) % Z Syo(K) < N%(log N)* + N~'*(log N)?,
K

which is negligible.

The sums S 2 and Sy are similar, so we only consider S o:
Sa(K)= > f(—)ZTleRkYz
K <k<2K Y1,Y2

Applying Cauchy inequality to the sum over K <k < 2K, we obtain
L(2— 9)/(19)>1/2

5u)< Y (5 17(E) Prmonpt

Y1,Ys K <k<2K

< Z ‘ Z <C_4> (279)/(2*20)6 <03k1/(1_0)m_9/(1_9) _ 1)
m 8

K<k<2K  agk(2v7)0~! <m<afky??

2>1/2

Hence,

(33) Slg << Z ( Z ’Rk kl/(l—e))1/2‘U172(K)‘1/2’

Y1,Ys K <k<2K

where
2\ (2-0)/(2-20)
Upo(K) = Z Z ( 1 > e<03k1/(1—9)n(m1,m2)),
K <k<2K mi1,m2€ mims
[afk(2Y1)0 1 afkY? 1)
where n(my,me) = ml_e/(1 o _ m;‘g/(l_g). Changing the order of summation we
obtain
c? \(2-0)/(2-20) '
Upa(K) = < 4 ) ( 1/(1-6) )
12(K) Z . Z el csk n(mi, ma) ),
mi1,mo€ K<k<2K

[@0K(2Y1)?~1 200K Y1)

where Z/ denotes the sum with the additional restrictions

my, my € [afk(2Y1)", afkY?71.
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Next, substitute
my = 1m, Mo :=m + 7.

Without loss of generality, let us assume that m; <msy, which implies that r > 0.
Next, we can split the sum U, 5 into its diagonal (r = 0) and non-diagonal (r > 0)

terms. Furthermore, we can split the non-diagonal sum into dyadic intervals r €
(R,2R], where R satisfies R <(2 — 2" 1)afKY{™'. We get

(3.4) Uya(K) = Dyo(K)+

)0 SENEED SIS ey R DR (V)

R R<r<2R m: m,m+re K <k<2K
[00K(2Y1)?~1 200K Y1)

where 7 = n(m,m + 1) = m=1=0 — (m + r)=0/0=0) ~ pm~1/0=9) Note that the
sum over k can be empty, in which case the necessary bound follows immediately.

Remark 3.1. From now on, we assume that aHKYf_l >10. In this case, the sum
over m contains more than one term. Otherwise, we trivially have Uy 2(K) < K,
which, by (3.3), implies

Y721_6/2 2 1/(1—-6 1/2 1/2 1/(2—26 1-60/2
Y1,Ys K

Y>> K1/ (1-6)
which contributes to the right hand side of (1.2) no more than

2

— Z Kl/(2729)N179/2 lOgN < N71/279/2 lOg N,

K<<N1—9

which is negligible.

For the diagonal term D; »(K'), we have

(2-0)/(1-6)
(85)  Dia(K)< Y S (ﬁ) < K0/0-0y,.

m
K <k<2K me
[00K(2Y1)? 1 200K Y1)

Next, we treat the non-diagonal part of U; ». We apply the first part of Lemma 3.2
to the inner sum over k (assuming it is non-empty) in (3.4) with A = RY; K2 and
v =2. We get

Z/ e(cgkl/(lf‘g)n) <
K <k<2K
~1/2

K(RY&K*Q)I/Q —+ (RiflK72) _ (RY1)1/2 + K(Ry*l>71/2
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Thus, combining this bound with (3.4) and (3.5), we find
Uro(K) < K00y, +
Z (RKYfH(Kylefl)f(zfe)/(lfe) [(R}/l)l/QJrK(RYl)A/QD <
R

K—e/(l_e)yl+K1/2—0/(1—0)Y139/2_|_K_1/2—9/(1—9)Y19/2 <
[(79/(17«9)3/1 +K1/2*9/(1*9)Y139/2,

Hence, from (3.3),

S12(K) < Z ( Z max( 10g(/§Y9 1))2 Yk: )kl/l 9)>1/2.

Y1,Ya K <k<2K
(K—e/(l_e)yl + K1/2—o/(1_9)Y139/2)1/2 &
Z (K1/2 log N + Y21—0/2) ((KYl)lﬂ 4 (Kyvlg)g,/;l).

Yi,Y2
Here we used the inequality max(1, (log kYY™")?) <(log N)?. Finally,
S1.2(K) < N'2log N((KN)'2 4 (KN)1).

and so

(3.6) = 251 N logN(Nz O/2+</2 4 NT/A+0/4+32/4)

which is o(1) if ¢ < 8 < 1—3e. The contribution from Sy ;(K) is estimated similarly.

It remains only to evaluate the contribution from Sy ;(K):
SuE) =Y Y f(—)Tk Yi)Tu(Ys) = Dy (K) + i (K),
Y1,Ys K <k<2K

where D; 1 (K) is the diagonal term (Y; = Y5, my = my),
Dl 1(K) -
1 0)/(1-0) —(2-6)/(1-0)
Y S i) e S oo,
Y K<k<2K afk(2Y)0~1 <m<abkYo-1
By [2, Theorem 3.2], the inner sum is

(agk,yeq)l*(?f@)/(l*@) . (29_1a9kye—1)1*(2*9)/(1*0)
1-(2-0)/(1-0)

+ O((KY)~B=0/a-0)),
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Simplifying the coefficients and using >, Y = N + O(1), we obtain

sa00-% 5 (v ro(S ¥ gy on-a),

Y K<k<2K Y K<k<2K
k
Ba(K) =N > f(5)+O(K) +O0(log N) + Evi(K).
K <k<2K

Finally,

25 i(5) vo(k) ro( M) 4 B mm-
V)0 3) o) -

roy+ oWy L 2 EOSLHE

To complete the proof of Proposition 1.2, we need to show that the sum Wlth FEi1(K)
is bounded by S(N) given in (1.3).

3.2. Poisson summation on k. We have

-3 T IE 2 @ERTT

Y1,Ys K <k<2K mi1#meo
abk(2Y;)0" <mi<abkyf !

e (cgkl/(l"g)n(ml, m2)> )

We first remove the factor f(k/N) by partial summation:

Lemma 3.3. Let {ay} and {by} be sequences of complex numbers, and ¢ > 1 be a
constant. If T > 0 is such that |by — bxy1| < T/k, then
>

E akbk‘ < ( max |bg| + O(T)) max
A<k<cA A< A<cA _
A<k<B ST A<k<A

for any positive integers A and B satisfying A < B < cA.
Now we apply Lemma 3.3 to Ey1(K) with b, = f(k/N) and
Cy 2( k2 )(2—9)/(2—29) ( 1/(1-6) )
ag Z (ﬂ) mims e\ ¢s n(ma, ms)

mi7#msa
abk(2Y;)?" <m;<abky? !
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Since clearly | f(k/N) — f((k+1)/N)| < 1/N, we can choose T =< 1. Thus,

E11 <<Z max ‘ Z Cik(279)/(179)71

K<K<2K -
Y1,Ys K <k<K

1 (2-0)/(2-20)
R G e e |
mime

mi1#£me
abk(2Y;)? 1 <my<abkyf !

Next, we remove the factor c2k?=9/1=9=1 from the sum over k by the second appli-
cation of Lemma 3.3 with

1 \@-0/e-20 ,
_ /(1-0)
Ak = Z (m1m2> €(C3k n(ml,mz)),

mi#ma
abk(2Y;)?" <my<abkyf !

be = 2k30/0-6-1 T — o (2-0)/(1-6)-1

with some constant ¢ > 0. Note that

b — b | < %k@—@)/(l—@)—l

Thus,
B (K) < K29/ ‘
1’1< ) < ZK???QK Z~
Y1,Y> K <k<K
1 (2—6)/(2—26) B
S () et ).
mime

mi1#£me
abk(2Y;)?~ 1 <my<abkyf !

Changing the order of summation, we obtain

(3.8) Epg(K) < KEO/0-0713 " max
V1Yo K<K<L2K

1\ (2-0)/(2-20) B
Y G > e o)) |

mlyﬁmg Kl <k<K2
afK (2Y;)01 <m;<200K Y !

where K and K» were defined in (1.4) and (1.5).
Due to the symmetry between m; and ms, we can add the restriction m; < mso
to the corresponding sums in (3.8). Then, applying Lemma 3.1 to the sum over k
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in (3.8), we get

1 (2-0)/(2-20)
(3.9) E1,1(K)<<K(2_9)/(1_6)_IZ max ’ Z ) :

K<K<2K mi1Mms

Y1,Y2 neN(K,Y1,Yz)

i (é)l/(?@)_le<c2€1/0n11/9 n 1)
VI 8

where L, L, ¢, ¢, were defined in Proposition 1.2. The factor e(1/8) does not affect
the absolute value of the inner double sum and, thus, can be omitted. We complete
the proof by combining together the estimates (3.2), (3.6), (3.7) and (3.9).

Y

L<e<

4. PROOF OF PROPOSITION 1.3

4.1. Van der Corput differencing. Let us denote the sum over n € N(K,Y1,Y3)
in (3.9) by S’(K,f(,Yl,Yg), as in Proposition 1.2. Set the notation my =: m, m; =:
m —r. We then consider the sum over r. It has < K'Y/ terms with the restrictions
r < KYJ)™' on the one side and (when Y; > 2Y5) r > K'Yy ~" on the other side. We
split it to the dyadic intervals (R, 2R] as follows:

|5’(K7}?7Y'17Yv2)‘: Z }W(K,R,H,%,R)

REKY)™!
dyadic

Y

where

W(K,K,Y,,Ys,R) ==
1 (2—6)/(2-20) N 1/(20)—1 -
Z ((m — r)m) z : \C/lﬁ (5) 6(6251/9771 1/0)

nENR(K,Y1,Y2) L<i<L
with
Nr(K,Y1,Ys) = {n:n= ml_e/(l_e) - m2—6/(1—9)’ where
K (2Y)) 7 <my < 200KY 7Y
Al K (2Y5) 7t <my < 200K YY1
my < mg, mg —my € [R, QR)}.

Applying Cauchy inequality, we obtain

. ) 1 (2-60)/(1-6) /1 1/6—1
wukvnf<( 3 (m=m) G)))
UENR(K7Y17Y2) 77

Z ‘ Z El/(ze)_le(02€1/9nl_1/9)‘2)

neENR(K,Y1,Y2) L<i<L
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For the number of terms in Nz(K, Y, Ys) we clearly have

KY!TIKYP™! if Yy > 2Yy;
RKY; ™, if Y5/2 <Y) <2Ys.

In fact, #Ng(K,Y1,Y2) = 0 when Y] is much larger than Y3, and, at the same time,
R is small compared to KYY~!. Note also that #NR(K,Y1,Ys) = 0 when Y, <Y /4
by the definition. Next, recall that

(4.2) L = nK%0-6)
For n € NR(K,Y1,Y5) one has n < Z, where
YIK=9/0=0  if ) > 2Y5;
(4.3) Z =Z(K,Y1,Ys, R) :=
RY, K700 i ¥, ¥y < 2Y5.

Then, applying partial summation to the sum over ¢ (with a, = e(cyl!/n'=1/9),
by = (/CO=1 T = [V/29) we find

[W(K.K,Y1,Ys,R)|" <

1 (2-6)/(1-0) s 1\ 1/60-1
Nl K Y2) (i) ()"
(#NalK Y2 Yo KY/ Ky Z

(ZK9/<1—9))1/9—2< 3 ’ 3 6(0261/9771—1/9)’2):

neEN(K,Y1,Y2) L<UI<Ly
n=Z

NG KOz (ST |3 et )],

T]GN(K,Yl,YQ) L <<y
n=<ZzZ

Then
(4.4) |S(K, K. Y1,Y2)| <

1/2 .
(Kfs/(lfe)(leZ)Qfe)l/Q Z (#N’R([;Yhyé)) U(K,K,Yl,Yg,R)l/Q,

R<KY)™?
dyadic

where

(4.5) U(K, f(’YhYZ?R) — Z ‘ Z 6(0261/6771_1/9)‘2_

neENR(K,Y1,Y2) L<U<Ly

To estimate U (K, K, Y}, Ys, R), we first apply the van der Corput inequality (see [10,
Lemma 8.17)):
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Lemma 4.1. For any complex numbers z, we have

() () T s

a<n<b |h|<H a<n,n+h<b

2

where H 1s any positive integer.

Applying this lemma to the sum over ¢ in (4.5) with H = H; = L™ for some
0 < k1 < 1, which will be chosen later, we obtain

U(K, K1, Y2, R)| <

S () T (o) X efer ),

nENR(K,Y1,Y2) |h1|<H1 1 L<t<Li—hy

where
t(0, hy) i= (€4 hy)Y0 — 19,
Then

UK, K, Y1,Ys, R)| <

Z < Z ‘ Z <62171_1/0t(€, h1)> D <

UENR(K,Yl,YQ) D<|h1‘<H1 L<4<Ly—
L? L 11
i -1/0
#NR(K,K,E)H + T, Z Z ’ Z 6(0277 t(e, h1)>‘.
nENR(K,Y1,Y2) 0<|hi|<Hi L<{<Li—h1
Applying Cauchy inequality again, we find
~ L? L
UK B Yo, B S #Ne(E )+ (> 3

H; H;
neENR(K,Y1,Y2) 0<|h1|<H1

(> X z (02771_1/075(&/11))

WGNR K,Y1, Yg) 0<|h1|<H1 L<l<Li—

2)1/2
Next, we apply Lemma 4.1 for the second time with H = H, = L"* for some
0 < kg < 1, which will be chosen later:

2

- L
|U(K,K,Y1,Ys, R)| < #NR(K,Yl,Yz)H + F1(#/\/R<K Y1, Ya)H)

S 3 (1+$)~

NENR(K,Y1,Y2) 0< |hi|<H

Z v(hs) Z e(czn1_1/9t(€, hy, hg)))l/z,

0<|h2‘<H2 L<é<Li—hi—ho

/2.
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where y(hs) := 1 — |hy|/Ho,
t(l, hy ha) i= ((0+ ha + hi)Y? — (04 ho)?) — (€ + hy)Y0 — £117).

Hence,

UK, K, Y1, Y2, R)| <

L? L L2\ 1/2
#NR(K, Vi, Vo) g+ 57 (BNalK Y, Ya) i) (HNR(K Y, YQ)HTQ) +
L 12 L \1/?
E(#NR(K7Y1,Y2)H1) (E) :

(‘ Z v(h2) Z e(cy?l_l/et(f, ha, h2)>

n,h1,h2 L<{t<Li—hi—hso
nENR(K,Y1,Y2)
0<|hi|<H;

)1/2

We rewrite the last inequality as

(4.6) |U(K,K,Y1,Ys, R)| < Ai(R) + As(R)+

1/2
A3(R)<‘ Z V(h2) Z €<02771_1/6t(f7 ha, hz)) D ;
n,h1,ho L<é<Li—hi—hg
UENR(K,Yl,YQ)
0<|hi‘<Hi
where
L? L?
Al(R) = #NR(K7Y'171/2)F7 AQ(R) = #NR(K7YY17YVQ)W7
1 2
A (R) — L3/2(#NR(K7}/DYV2))1/2
3 : (H1H2)1/2

Substituting the bound from (4.6) into (4.4), we get
|S(K, K, Y, ))| <

(=0 ey e 3 (AR T TN 2 ey

Z v(h2) Z e(cznlfl/et(& hy, hz))

n,h1,he L<b<li—hi—ho
neENR(K,Y1,Y2)
0<|hi|<H;

[Aa(R) |2+ As (R (

")
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Then we have

S(K K., Y2) < 3 (By(R) + By(R)+

1/4
Bg(R)(‘ Z ’Y(hg) z : 6<02n1_1/9t(£7 h17h2)> ) )7
n,h1,h2 L<{<Li—hi—hs
nENR(K,Y1,Y2)
0<|hi|<H;
where
31 o HNA(K, Y, Yy) L2\ 1/2
4.7 BR::<K3/(19)yy29 [ ) |
( ) 1( ) ( 1 2) ZHI
. —3/(1-0 o o HNA(K, Y1, Ys)L?\1/2
(4.8) Ba(R) := (K /0-0) (v1v3) e > |
31— o HNE(K, Y1, Yy)LP/2\ 1/2
4.9 BR::<K3/(1 0) vy, 2-0 TNk )
49 (8) (NYe) Z(H,Hy)'/2

Upon inserting it into (1.3), we obtain

(4.10) S(N) <<$ > KCOE0 max Z(Bl(R>+BQ(R)+

K,Y1,Ys K<K<2K
1/4
Bg(R)(’ Z v (h2) Z e(cml_l/et(E, hl,h2)>‘> ) —:
n,h1,h2 L<t<Li—hi—hs
nENR(K,Y1,Y2)
0<|hi|<H;

SBl(N> + SBz(N) + SB3<N)7

where the meaning of the notation Sp,(N) is clear.

Let us first estimate Sg,(N) and Sg, (V).
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Case 1. Yy/2<Y; <2Y,. Combining (4.1), (4.2), (4.3), and (4.7), we get

% Z K (2-0)/0-0)- ZBl

K,Y1,Y2

Y2/2<Y1 <2Y2

1
3 E K(Z_G)/(l_e)_1K_3/(2(1_6))(Y1Y2)1—9/2.

K7Y17Y2
Y2/2<Y1 <2Y>
RKY!'RY,K~! 1 _ iy
E 2 _ § Kl’ul/QY’ll 9/2}/21/24'9/2 1/2,

<
_ 1/2 K1/2 2
(RGIEO) MR )™,
2 X111 x 2

1

ZR3/2 K1/2 o s Z K3/2Y11—9/2Y2—1+26’—m9/2 < N-V/2+36/2-r10/2+43¢/2
R K,\Y1,Y2
Y2/2<Y1 <2Ys
Similarly,
1

_ (2-0)/(1-0)—1
LY x S i) <

K)Y1,Ys R

Y2/2<Y1 <2Ys

LY R0 -0,y 1012,

N2
K7Y17Y2
Y2/2 <Y1 <2Y,

Z RKYG_IRYQK’1 < i Z o /Ay 1=0/2y 1 /2 Ra [446/2
- 1 2
(RY,E-1/0-0)2(Ry, K -1)™/* N 4=
Y2/2§Y1 <2Y5
Z K3/2Y1 0/2Y 1420 —rk6/4 < N—1/2430/2—r2/4+3¢/2

K,Y1,Y2
Y2/2 <Y €<2Ys

Case 2. Y] > 2Y,. We have

ZK2010 ZBl

R3/27.‘£2/4 -

K Y1,Ys
Y1>2Ys2
1 KQ(Y Y- )9_1Y9
- K(2—0)/(1—(9)—1 K—3/(2(1—9)) Y. Y, )1—0/2 1142 1
N2 K%:}@ ; ( 1 2) }/IQ/QK_G/(Q(I_Q))YYQG/Q
Y1 >2Y,

log N

Z K3/2Y197n19/2Y29/2 « N~1/2+30/2-r10/2+3¢/2 log N.

K7Y17Y2
Y1>2Y>
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Similarly,

1
D S

K\Y1,Ys R
Y1>2Y>
1 K2(Y1Y,)0- 1YY
4 K(2-6)/(1-0)-1 F3/(201=0)) (y yr ) 1-6/2 1 <
N2 KYZY ; ( 1 2) }/19/2}—(70/(2(179))le529/4
Yi>9Ys
10}%{5\7 Z K3/2Y16/2Y26—m€/4 < N-1/2+30/2-r26/4+32/2 log N.
KY1,Ys
Y1>2Y>
Thus,
(411) SB1 (N) < N—1/2+39/2—n19/2+3£/2 IOg N,
(4.12) Sp,(N) <« N7U2430/2=m0/443/2 155

In the remainder of the paper, we will estimate Sg, (V).

4.2. Double large sieve. We handle the fivefold exponential sum over n, ¢, hy, ho
by combining the techniques of Bombieri-Iwaniec, Fourvy-Iwaniec-Cao-Zhai, and
Robert-Sargos.  Specifically, we use the double large sieve (as described in [16,
Lemma 8]) to reduce the sum to two spacing inequalities.

Lemma 4.2. Define

S=3"5" atkp()e(Xu(k)u(e)),

k<K{(LL
Bl - E 1, BQ - E 1,
1<kr,ke <K 1<l1,62<L
[u(k1)—u(kz)| < X1 [o(€1)—v(f2)| < X1

where |a(k)| <1, [b(£)| <1 are complex valued functions, |u(k)| <1, |[v(€)| <1 are real
valued functions. Then

S < X'?BIPBY2,

For convenience, we change the range of the summation over h; and hy in Sg,(N)
in (4.10) from |h,;| < H; to dyadic intervals h; < H;, where H; denotes the size of the



POISSONIAN PAIR CORRELATION FOR an’ 23

dyadic interval. There exist H1 H, and H2 H, such that

log N
Sp,(N) < N2 Z KE=0/0=0-1" max ZBg

K.Y1,Ys K<K<2K
P 1/4
(| X ) X (e uenm)|)
n,h1,h2 L <<Li—h1—hs
neENRr(K,Y1,Y2)
hi{=<H;

Next, we apply Lemma 4.2 to the inner sum over 7, hy, ho, £ in (4.10) with a =1,
b= ")/(hg), X = Z1_1/9L1/9_2H1H2,

B, = > 1, @::1—1,

n1,mENR(K,Y1,Y2)
In®—nQ|<ZOXx 1

B, = § 1 T =L"""2H H,.
L<Ll<Li—hi—hsy
h1XH1~,~h2~XH2
|t(€,h17h2)—t(f,h1,h2)| < TX1

Then, using (4.9), we find

1 N
(4.13) Sp,(N) Og Y KO0y ZB R)X*BIEBL «
Ky, K<K<2K
Z K (2—0)/(1-0)— max ZK73/(2(179))(Y1}/2)179/2.
KYl,YQ KSK<2K7R

3/4

(#NR(K7 }/h }/VQ)L)
Zl/2(H1H2)1/4

XUSBYBYS

We estimate B; and B, separately. First, we replace By by a larger quantity. We
drop the restriction r € [R,2R) and set
= ml—Q/(l 0) m2—9/(1—9)’ - mge/u—o) B mZG/(l_G),
where mq,m3 < K Yle_1 and mo,my <X K Y;_l. Applying the first-order Taylor
approximation to

1/0
<(m;9/(1—9) _ mze/(l—e))e + O(Z@X71)> ’

we get

m;@/(lfa) _ m;&/(lfa) _ m;@/(lfa) _ mze/(lfe) + O(ZX_l).
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Then
Bl < E 1 < E 1a
abK(2Y1)?~1 <my,m3<2a0KY{ ! 1< My, ma<dadKYS ™!
afK (2Yz)?1 <m2 m4<2a9KY" ! |mf —m& —mb+mf| <czx 1
|mffm§ m3 +m4 |<czZX1
where 3 := —60/(1 —0) and ¢ > 0 is the appropriate constant. To estimate this quan-

tity, we use a slight variation of Robert and Sargos’s inequality (see [16, Theorem 2]):

Lemma 4.3. Let M >2 be an integer, ay > a1 >0, 6 > 0 and a # 0,1 be real num-
bers, N'(M, ) be the number of quadruplets (my1, ma, m3, my) of integers, a; M <m; <
asM,i=1,...,4, satisfying the inequality

Im$ +m3 —ms —mg| <IM®.

Then
N(M, ) <. M* + s M*e,
Thus,
(414) B, (KY)2 4 (KYf )00 2X 1) (Kyf-)e

with some g; > 0.
We estimate By using the result of Cao and Zhai (see [4, Theorems 1 and 2]):

Lemma 4.4. Let M, Hy, Hy be integers > 10 such that Hy < Hy < M?*375, A > 0,
a # 0,1,2,3 be real, and let T := M~ 2H1H2 Furthermore, let F(M, Hl,HQ,A)
be the number of sextuplets (m,m, hy, hi, ho, hz) with M <m,m < 2M, hy, hy =< Hi,
and hs, hy =< Hs, satisfying

{t(m, hl, hQ) — t(?’h, ill, iLg)‘ < AT.
Then
F(M, Hy, Hy, A\M~* < MH Hy + A(MH,H,)> + M 2H?HS + H>H}/®.

Alternatively, if Hy is much smaller than Hy, namely one has H{M® < Hy < M2,
and HyHy < M3/?7¢ then one also has the inequality

F(M, Hy, Hy, A\M ™ < MHHy + A(MHH,)* + (MH{H)"* + M~>H{Hj+
(AMAHP HIYS L (AM*HE Hy) 2+ (HPHP)YS4-(AM? HE HYO) YA+ (M~ H? HS)Y/?,

We first assume that H; and H2 are separated at least by the factor of L. Pre-

cisely, we have either H, L' < Hy or HyLt < Hl, where ¢; will be chosen later.
The case H; ~ H, will be considered at the end of the paper. Applying the second
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part of Lemma 4.4 to By we obtain

By <., L* <LH1FI2+X‘1(Lf]lFlg)2+(Lﬁll7ﬁI§)l/4+L‘2ﬁff[§+(X‘1L4ﬁI115FI§7)1/8+

(X*1L4I:If’ﬁ2)1/2 + <g113[{[215)1/6 + (X*1L2ﬁ18ﬁ210)1/4 + (Lilﬁ[{)ﬁ[§)1/2> _

Here we make the same choice of ;.
Next, note that the expression X*/3B1/*B}/® is maximized when H; and Hj take
their maximum values, that is, when H; = H; and Hy = H,. Therefore,

N€+E1
SB3 (N) < N2 Z K(2—9)/(1—9)—1 max Z K—3/(2(1—9))(3/13/2>1—6'/2'
K,Y1,Ys K<K<2K 7
(#N(F 0, 15)L) s,

<Z1—1/9L1/0—2H1H2)

21/2(H1H2)1/4
1/8
((KYQGA)Q I ((K}/-Qefl)e/(lfe)ZXfl)(KY2971)4> _
<LH1H2 + X YWLH H,)*+ (LHTH)Y* + L72H H} + (X 'LAHPHIYS 4

1/8
(X_1L4H§H2)1/2 + (H113H215)1/6+ (X_1L2H18H210)1/4+ (L—IH{)HQG)I/2> )

Next, we consider two cases once again.
Case 1. Y5/2 <Y, <2Y5.

From (4.1), (4.2), and (4.3) we have

H#NR(K,Y1,Ys) < RKYS™',  Z=<RY,K Y- [ = 7K%/0-9 < Ry, K,
X =77V g H) = K*Y,'R™'H, H,.
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Then

(4.15) SE)(N) := Sp,(N; Y2/2<Y1<2Y)) <

Nete 1-0/2+ -1/246/4 R
N2 Z Yy Yy ; (H1H2)1/4'

K7Y17Y2
Y2/2 <Y1 <2Y>

0—1\4 1/8
(KQYQ_lR_lHlHQ)US«KYZH)Q + Kﬂggsz%jHle) .
(RY,K~'H, H,)?
K2Y,; 'R-'H, Hy
(RY,K—YAHPHYN1/8  (RY,K—Y)*H3H,
( K2Y, *R-1H, H, ) * <K2Y21R—1H1H2
(RY>K™')?HYHy"

( K2Y, 'R-'H,H,

(R}gK*lHle + + (RY, K 'HTH)Y* + (RY, K1) 2 H} Hy+

1/2
)"+ ey

/8

1/4 1
) (YK HTHS) )

The most contribution to the sum over R comes from R maximal, namely R =
KYJ™L. Tt corresponds to Z < YK~/ X = KY; °H\H,, L <Yy, H, <Y’
H, < )/'2”29. Then, we get

ete 1/2+360/4
(1) N +e1 KY‘Q
SBs (N) < N2 Z (H, Ha)'/* '

K7Y17Y2
Y2/2<Y1 <2Y>

6—-1\4  1/8
(R
(Yy H,Hy)*
KY,°H H,
}/240H115H217 1/8 Y;LGH%HQ

<KY2‘9H1H2> <KY2‘9H1H2
(L

KY, °H H,

(v HiH + + (VY HTHS)' "+ Yy 2 H HY+

1/2 H13H15 1/6
+ (H"Hy") P+

1/4 1/8
)G E) )
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The maximum contribution to the sum over K,Y7,Y; comes from Y, (which is
= Y)) and K maximal, namely Y;,Y, < N, K < N'*¢. Thus,

—1/2+30/4

N40 1/8
(HyHy)/ > '

4.16) SW(N) « N3t N
( ) Bs ( ) < N1_9H1H2

(leHHlHQ) 1/8 (NQG +

(N?H, H,)*
<N9H1H2 + g+ (NOHUHS)Y + NTHEH, + (N7 H ) o
14142

1/8
(N5971H12)1/2 + (H113H215)1/6 + (N3971H17H§))1/4_|_ (N79H15H§)1/2> )

Case 2. Y1 > 2Y5.

From (4.1), (4.2), and (4.3) we have

HNR(KN,Ys) < KY/T'KY)™, Z =YK L=< ZK"070 = v/,
X =< KY;H H,.

Simplifying the right hand side in (4.13), we obtain

Sp(N) = Sp, (N Vi > 2Y3) <

1/4460/2~ -1/4+6/4
log N Z KYI/ /YQ/ /(KYGHH)I/SBUSBUS
N2 (HiHy)'/4 . b
%

where (log N)-factor comes from the sum over R.
Here we need to consider two more cases. First, we assume that the first term in
the bound (4.14) for B; is dominating:

Case 2.1. (KY'20—1)2+51 > ((K}/;’—l)e/(lfe)ZXfl)(KY'20—1)4+€1‘
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This condition can be rewritten as Y% > KY?(H,H,)~'. We have

(4.17) SEV(N) == Sp,(N; Y1 > 2Ys; Y30 > KYP(H Hy) ') <

Neter Z K}/11/4+0/2)/21/4+0/4 (KYieH H )1/8
N2 S (H\ Hj)'/4 1 1412
Y1 >2Ys
Y2 0> KY29(H Hy) "1
Y!H, H,)?
(0¥ ) (v R (GO Yy
1 14142
(LOHDIEIN Sy (I ) (oo
KY; H1H2 KY; H1H2
Y2 HSHI0 \1/4 1/8
(Rromm) + 0 )
1 14142

Recall that H1Hy = Yl(“ﬁmw with k1 + ks <2 — ;. The most contribution in the
last upper bound for Sg;)(N ) comes from K, Y], Y, maximal. We get

—1/24306/4

4.18 5(2.1) N N3E+€1 N1—0H H. 1/8N0/4'
( ) B3 ( ) < (H1H2)1/4 ( 1 2)
9 (N9H1H2)2 0 177 179\1/4 —26 174 74 50—1 ryl14 ry16\1/8
<N HHy o =g (NTHTHE) o N2 o (N )

1/8
(N59—1H12>1/2 + (H113H215)1/6 4 (N30—1H17H3)1/4+ (N—9H15H26)1/2> )

Case 2.9. (KY'20—1)2+51 < ((KY'20—1)9/(170)ZX71)(KY'20—1>4+€1‘
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Similarly, this condition can be rewritten as Y% <« KY?2(H,H,)™"'. Since the
second term in the bound for By (4.14) dominates in this case, we obtain:

(419) SEP(N) = Sny(N; Vi > 2 V0 < KYP(HHy) ™) <

Neter KY11/4+9/2Y21/4+9/4 vt S
N2 Z (H,H,)\/4 ( 1 1 2) )
K.Y1,Ys 1552
Y1>2Y>
Y2 < KY2(H1Hy)™?
(KY29_1)4 )1/8( 9 (YYH,H,)? 0 177 179\1/4 20 774 774
YPH Hy+ L2220 4 (YOHTHD)Y + Y2 HIH +
(KYI_QQYQQthb 1 41112 KY1_9H1H2 (Y H{H;) 1 1419
<Y140H115H217>1/8 ( V" H} H, >1/2+(H13H15)1/6+
KY;"H,H, KY;"H,H, P
( }/129H18H210 )1/4 + (Y_0H5H6)1/2) 1/8'
KY;"H,H, oo

The maximum contribution to this expression comes from K,Y; maximal and
Yo < 1. We get

—1/4450/8
(H1H2)1/4
N*QOHingl + <N5971H114H216)1/8 + (N5971H12)1/2 + (H113H215)1/6—|—

(4.20) SHP(N) < N3t (N9H1H2 + N¥~1H H, + (N’ H{H3)*+

B B 1/8
(N HTHR) Y+ (N HPHE)2)

Combining (4.16) and (4.18), we find

(4.21) SRUN) + SEV(N) <
N71/2+39/4 1/8 N4 1/8
N38+€1 N1—9H H / (NQG ) .

(H1H2)1/4 ( 1 2) + N-0H, H,

<N9H1H2 + ]\[39*1]’_]’1[{2 + <N9H17H§>1/4 + N*QHHiLHSL + (N5071H114H216)1/8_'_
1/8
(N5971H12>1/2 + (H113H215)1/6 + <N3971H17H29)1/4 + (N79H§H§)1/2) )

We can drop the term N%/(N'=?H, H,) in the second factor by assuming that
HyHy > N3~1. Choose g, < &. Then, from (4.10) and (4.21),

9
S(N) < Sp,(N) + Sp,(N) + N3~ S + ST2(N),

=1
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where S; correspond to nine terms in the bound in (4.21). We have
Sy = N~1/2+30/4+1/8+6/4 Gy = N1/2+50/4,
Then Sy, 5 = o(N7*) if § < 3 — 4e = 0.375 — 4. Similarly,
Sy — N 3/8+290/32 Hf/32 HS/?’Q, S, = N 3/8+50/8 Hf/g H§/8’
Sy = N—25/64+619/64H16/64H§/64’ Sy = N—7/16+190/16H2—1/87
S. — N,3/8+79/8H113/48H215/487 Sy = N’13/32+319/32Hf/?’ZH;/SZ,
Sy = N—3/8+139/16Hi3/16H§/16_

By combining the expressions with the bounds (4.11) and (4.12) for Sg,(N) and
Sp,(N), we obtain that S(N) = o(1) when

) 1 2 12 3 25 7
f < min ( ) , , ; ) )
3— K1 6—kKo 2943k +5ky D+ 3Kk1+ 3Ky 6146k 4+ 8ky 19 — 2kK9
18 13 6 > 5
42 + 7/431 + 9&27 31 + 3/€1 + 5%27 13 + 3I€1 + 4/12 ’
which is maximized at (k1, k2) = (53, 25 ). Therefore, we have 6 < 7% — 5¢, with the

largest term being S7. From (4.20) we find

S§32)(N) < N* <N—1/4+3c9/4—(n1+52)0/8+N—3/8+9—(H1+H2)9/8+
N1/4+210/32-k10/32420/32 | N=1/4+30/8+(k1+n2)0/4 | \—17/64+450/64-16%10/64

N 5/16+150/16-2516/16—4r20/16 | \r—1/4+50/8+r10/48+3r20/48

—9/32+42360/32—k10/32+K20/32 —1/4496/164+K10/16+2Kk20/16
N /82-r10/32+K20/32 | £\7—1/4+90/16+r16/ w)j

which is o(1) when

. 2 3 8 2 17
6’<m1n< , , , ) )
6-/%1-/%2 8—/{1—112 2]_—1'{1—’—/{2 3+2/€1+2/{2 45—]_61{1
) 12 9 4 > 5
’ ) 9 — OE.
15—2/%31—4%2 30+/€1+3/€2 23—l€1+l€2 9+/€1+2/€2

It covers the interval 6 € [0, ) when (k1, ko) = (33, 2 ). Note that with this choice

of (K1, k2) the condition Hy Hy > N3%~1 is also satisfied.

4.3. Case ﬁl ~ I:IQ. We assume that L‘alﬁl < H'g < Lalﬁl. We estimate Sp,(N)
using the first part of Lemma 4.4:

B, <., L* (Lﬁlﬁg XY LH H)? + L2 H2HS + gfﬁfs/S).
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We can similarly conclude that the expression X/ 8B,/°By/* is maximized when f;
and Hy are both maximal, which occurs when Hy; = H; and Hy = L** H;. Then

N€+E1
SB3(N) < N2 Z K(2_0)/(1_9)_1 max Z K_3/(2(1—9))(§/13/2>1—6'/2'
R

K1Yy K<K<2K
(#NR(K, Y, Y5)0) " (2 gy
Z1/2<H1H2)1/4 1
<(KY29’1)2 I ((K}/Qefl)9/(170)21/01—/2719[_]52) (KY29*1)4> 1/8.
(L2 + Zl_fﬁﬁﬁ: ot LT ') "

Case 1. Y3/2<Y; <2Y5.

Similarly to (4.15), we have

e+e1
(1) N 1-0/2+-1/240/4 R
RS D DR e R DY - ¥ S
K.Y1,Ys R 1552

Y2/2<Y1 <2Y>

(K}/ZG—I)4 )1/8
K3Yy?R-?H}

L TR
K2, 'R7H? © (RY,k-1)* '

(KZYQ_IR_IHIZ) 1/8 <(KY29_1)2 I

(RYQK_le n

Again, the most contribution to the sum over R comes from R maximal, so we get

NEter KY1/2+39/4
1) 2
SB3 (N) < N2 Z (H, Hy)'/ '

K,)Y1,Ys
Y2/2<Y1 <2Y>

(KY29‘1)4)1/8

KY; 02 1/8( KY? 1) 4
( 2 1) (KYy ™) KY2_9H12

(Y7 H?)? | HY H14/3) 1/8

0172
(Y2 H+ s + v + 0
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Next, we take maximum values of K, Y7, Y5, yielding

—1/2+30/4 N4 \1/8
(1) 3e+e 1-6 772\ 1/8 [ Ar26 _
0 172)2 8
- (N Hl) Hj 1473\ /8
(N B+ “Nmage T oy T ) '
Case 2. Y, > 2Y,.
We have
> log N KY Oy O N1/ /s s
S W) < T L gy (K BT

K,\)Y1,Ys
Y1>2Ys

Case 2.1. (KY'20—1)2+51 > ((K}/;—l)e/(lfe)ZXfl)(KY'20—1>4+€1‘

Note that now X =< KY;?H?LOE . Similarly to (4.17), we get

5(2.1)(]\[) < Nete Z KY11/4+0/2}/21/4+0/4‘
- N2 K,Y1,Y> (H1H2>1/4
Y1 >2Ys

Y2279>>KY129(H12)71NO(61)

(YYH?)?  H} n H14/3>1/8

—6 772\1/8 0—1\1/4 (0 172
(RO RV (VU HE + (i

Taking the maximal K, Y7, Y5, we obtain

—1/2430/4

(4.23) Sgs'l)(N) < Niete (Nl_er)l/gNe/‘l-

(H,H,)'/4
0 77212 8
0.2 (N'HY) Hy 1473\ /8
(N Hi+ N1-0H? v ) '
From (4.22) and (4.23), we find
—1/24-360/4 48 1/8
1) (2.1) 3ete 1-60 172\ 1/8 ( 7726

NH?)?  H3 18
oz W B )

( PNt o N



POISSONIAN PAIR CORRELATION FOR an’ 33

With our choice of (1, k2) we have N? > N*/(N'=YH2). Thus,

SO(N) + SEV() « Noera N TR
Bs Bs TRk
2
N2 ps 1/8
(NGH% + (]\ﬂ@[l{)2 + Nzle + H114/3) _ N (N—3/8+e+me/4—me/4+
1

N L/2+50/44k10/A—r20/4 | \=3/8+50/8+R10—r20/4 | N73/8+7«9/8+7/{10/127n29/4)

which is o(1) when

. 3 2 3 9
0<m1n< , , , >—56,
84+ 2K1 — 2Ky B4+ KL — Ko D+8k1 —2ky 214 14Kk1 — b6Kgy

which covers the range [0, i) when (k1 k2) = (33, %)

Cuase 2.9. (KY5971)2+21 < ((K§/2071)6/(1—6)ZX—1)(Ky*2971>4+61'

Similarly to (4.19), we find

N€+€1 KY1/4+9/2yl/4+9/4 1/8
5(2.2) N) < 1 2 KY70H2 .
() N2 K;Yz (HiHa)'4 (RY M)
Yi>2Ys

Y70 KR (H) N0

< (Kyy ') )1/8(Y9H2+ (YYH?)?  HY —|—H14/3>1/8
K}/1—20§/26H12 171 KY1—0H12 }/’120 1 :

The maximum contribution comes from K =< N'*¢ Y, < N, Y, < 1:

~1/4+50/8 KB 1/8
T (VU N )T <

N ( N L/A30/4—k20/4 | \3/8+0—k20/4

ng)(N) < N36+€1

N L/A430/8+3k10/4—r20/4 N—1/4+50/8+1£10/3—1420/4)7

which is o(1) when

0 < mi ( 1 3 2 6 ) .
min — OE
3—:‘4,2’ 8—25}2’ 3—|—6/€1—2/€27 15+8/€1—6/€2 ’

which covers the range [0, =) when (k1 k2) = (12, %)
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