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studies agree that the increase in effective chemical crosslinks is dominant, leading to increased material
stiffness and ultimately causing brittle failure of aged elastomers. The main novelty of this work relies on
directly connecting the evolution of the effective crosslink density to the mechanical properties which control
stress and failure response of thermo-chemically aged elastomers. We equip the Arruda-Boyce hyperelastic
constitutive equations to predict the stress—strain response until failure with phase-field to capture the induced
brittle failure via a strain-based criterion for fracture. Four material properties associated with the stress and
failure responses evolve to capture the detrimental effects of thermo-chemical aging. The evolution of the four
material properties is characterized by the change in the effective crosslink density, obtained based on chemical
characterization tests, for any given aging temperature and duration. The established constitutive framework is
first solved analytically for the case of uniaxial tension in a homogeneous bar to highlight the interconnection
between the four material properties. Then, the framework is numerically implemented within a finite element
(FE) context via a user-element subroutine (UEL) in the commercial FE software Abaqus. The framework is
validated versus a set of experimental results available in the literature. The comparison confirms that the
proposed constitutive framework can accurately predict the stress—strain and failure responses of thermo-
chemically aged elastomers. Further numerical examples are provided to demonstrate the effects of evolving
material properties on the response of specimens containing pre-existing cracks exploiting the capabilities of
the phase-field approach.

1. Introduction enough oxygen available and the aging process is not limited by diffu-
sion [8]. In this study, we focus on sufficiently thin samples for which

During the last few decades, elastomers have shown to be extremely oxygen is homogeneously distributed and adopt the term thermo-
advantageous in a number of structural applications across multiple

industries. During their service life, exposure to thermal loads in the
presence of oxygen (i.e., thermo-chemical or thermo-oxidative aging)
degenerates elastomers. Oxygen acts as a catalyst for the chemical
aging of elastomers and ultimately leads to a progressive alteration

chemical aging instead of thermo-oxidation to distinguish between the
two scenarios mentioned above.

When an elastomer is subject to thermo-chemical aging, the rela-
tive rate of chain scission and crosslinking is essentially what deter-

of their chemical composition and degradation of their structural ca- ~ mines whether the material becomes more ductile or more brittle [9].
pacity (e.g., [1-71). Therefore, it is imperative to investigate how The overall change in the effective crosslink density (i.e., density of
elastomers respond to thermo-chemical degradation to better meet elastically active or load-carrying chains) implicitly accounts for the
structural demands. resulting state of network configuration; that is, the resulting prod-

Oxygen can affect elastomer network through two main mecha- uct of chain reaction kinetics activated by thermo-chemical aging. In

nisms: (i) oxygen diffusion for samples that are sufficiently thick, or
(ii)) homogeneous distribution for samples with a thickness of approx-
imately 1 mm or smaller [1]. When test specimens are thin, there is

most elastomers (e.g., natural rubber (NR) or styrene butadiene rubber
(SBR)), while it is evident that some network chains inevitably undergo
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several episodes of scissioning, crosslinking reactions eventually domi-
nate, resulting in an increase in effective crosslink density, particularly
at longer aging times [3,9-11]. Increase in the effective crosslink
density induces stiffening and embrittlement in elastomers [12-14].

Several researchers have developed analytical and numerical meth-
ods to predict the responses of chemically aged polymers (e.g., [3,11,
15-27]). These works, however, did not consider failure of elastomers
due to thermo-chemical aging in their predictive efforts. To take frac-
ture into account, Dal and Kaliske [28] proposed a micro-mechanical
model based on a series of Langevin-type springs and a bond potential
representing the inter-atomic bond energy acting on the chain. The
authors used a micro-sphere description for scale transition and pre-
dicted the fracture in oxidized rubbers under biaxial loading. Volokh
[29,30] introduced the energy limiter concept to limit the stored en-
ergy in aged elastomers when subjected to mechanical loading and
therefore described the stress—strain and failure responses. Researchers
also proposed an approach based on the intrinsic defect concept to
predict the ultimate stresses and strains when thermo-oxidative aging
is involved [31-35]. Abdelaziz et al. [34], Kadri et al. [36] used the
stress limiter approach (and energy limiter approach) to predict the
aging effects on stresses and strains at fracture for rubbers based on
changes in molar mass (and concentration of elastically active chains
and swelling ratio). However, situations for which complex crack pat-
terns such as branching and coalescence might occur cannot be treated
using the above formulations. Furthermore, the works described above
lack a complete physics and chemistry-based description for the failure
criteria and remain phenomenological. A more appropriate fracture ap-
proach that considers the underlying physio-chemical network changes
due to thermo-chemical aging and can simulate complex brittle failure
is thus needed for accurate predictions.

The phase-field approach, which was first introduced in Francfort
and Marigo [37], has attracted increasingly more interest thanks to
its capability to simulate complex quasi-brittle material responses [38—
41]. More specifically, researchers utilized phase-field to simulate rate-
independent crack propagation in rubbery polymers at large strains
[42-46]. Kumar et al. [47,48] adopted the phase-field formulation to
describe the nucleation and propagation of fracture and healing in
elastomers under large quasi-static deformations. Integration of the
phase-field approach within multi-physics conditions has also been
investigated. Miehe et al. [49] proposed continuum phase-field models
for brittle fracture towards fully coupled thermo-mechanical and multi-
physics problems at large strains. Konica and Sain [50] employed
the theory of transient networks to simulate reaction induced chain-
scission and crosslinking and coupled it with phase-field to simulate
macroscale damage initiation and propagation in thermo-oxidatively
aged polymers under mechanical stress. However, in their work, Konica
and Sain [50] assumed linear functions for the change in the fracture
properties to interpolate between unaged and completely aged condi-
tions. These works did not establish a concrete physics-based mapping
between the fracture properties involved in the constitutive framework
and the physio-chemical changes manifested within the material during
thermo-oxidation.

Miehe and Schénzel [42] used a micromechanically-motivated ex-
pression for the critical energy release rate in terms of the density
of elastically active chains, the bond dissociation energy for a single
monomer in a chain, and the number of monomers per chain based
on the well-known [51] theory for unaged elastomers. However, such

development has still not been addressed for aged elastomers. In ad-

dition to the critical energy release rate, the phase-field formulation

takes as input another variable: an intrinsic length scale which acts
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Fig. 1. (a) The procedure used in the literature to develop constitutive equations,
and (b) the proposed procedure in this work to establish physics and chemistry-based
constitutive equations for thermo-chemical aging in elastomers. Available approaches
in the literature rely on mechanical tests on unaged and aged specimens to develop the
constitutive equations, whereas, in the proposed approach in this work, we establish the
constitutive equations based on mechanical tests on unaged and chemical and physical
characterization tests on aged specimens.

for the initiation of fracture can be utilized [52-54]. However, it is un-
clear how material strength is quantitatively mapped to the underlying
physio-chemical changes occurring within the elastomer when thermo-
chemical aging is involved. An alternative criterion for the initiation
of fracture that can be linked to the elastomer’s network morphology

(and thus can be monitored during aging) is the strain-based criterion
similar to the one proposed by Miehe and Schinzel [42]. However, such
development has still not been investigated.

In this work, we propose a physics and chemistry-based constitutive
framework to predict the stress—strain and failure responses of thermo-
chemically aged elastomers using the phase-field approach to fracture.
In contrast to available constitutive frameworks, which rely on me-
chanical tests for both calibration and validation of the constitutive
equations, we quantitatively connect our physical understanding and
chemical measurements to the mechanical response and behavior of
thermo-chemically aged elastomers. The general strategy commonly
followed in the literature focuses on calibrating several material prop-
erties based on the mechanical responses of aged samples. Doing so
usually introduces fitting variables that may or may not have any phys-
ical meaning. Instead, we establish a robust and efficient constitutive
framework that connects the change in the material properties to the
underlying physio-chemical changes and network alterations induced
by thermo-chemical aging. Therefore, we bypass the need to calibrate
the material properties and their evolution onto the aged mechanical
responses. Fig. 1 schematically compares the available approaches in
the literature versus our proposed framework in this work.

In particular, we first modify the energy stored in the bulk and
the surface energy dissipated through fracture based on the changes
in the network morphology of elastomers. We also use a strain-based
criterion for crack nucleation. A natural byproduct of the strain-based
criterion is the establishment of a direct relationship between the

length scale, the strain at fracture, the material stiffness, and the

critical energy release rate. The interconnection between the length

scale and the other constitutive material properties makes it pos-

as a regularization parameter dictating the width of a smeared crack.

Discussion of the physical interpretation of the length scale in the

context of pristine materials has been subject to debate. A few works

have treated the length scale as a material property related to the
strength of the material and argued that for the simple case of single-

deformation states such as uniaxial tension, a strength-based criterion

sible to examine its evolution during thermo-chemical aging as an
intrinsic material property. We establish evolution functions for mate-
rial properties which depend solely on chemically-measured quantities
(i.e., the effective crosslink density measured using either the equi-
librium swelling test, Nuclear Magnetic Resonance (NMR), Dynamic
Flocculation Mode (DFM), Temperature Scanning Stress Relaxation
(TSSR) measurements, or any other suitable chemical characterization
technique). Consequently, the developed constitutive framework does
not require additional fitting constants that do not carry physical
meaning. The framework is validated versus available independent me-
chanical tests on thermo-chemically aged elastomers in the literature.
This work, therefore, constitutes a clear contribution to the missing
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Fig. 2. (a) Geometric description of solid body undergoing fracture propagation in the
initial (undeformed) and the current (deformed) configurations. (b) Substitution of a
sharp crack discontinuity surface in a solid body, with a crack band as distribution of
a continuous scalar phase-field, d, to describe the impact of fracture.

Source: Adapted from [55].

quantitative relationship between the macromolecular changes and the
mechanical and fracture responses induced by thermo-chemical aging
within elastomers.

This manuscript is organized as follows. Section 2 summarizes the
mathematical notations ascribed to kinematic quantities and presents
the geometric description of a solid body undergoing fracture prop-
agation. Section 3 describes the developed constitutive framework
incorporating the effects of thermo-chemical aging on the coupled
hyperelastic-phase-field response of elastomers. The solution of the
developed framework for the case of a homogeneous one-dimensional
(1-D) bar under uniform tension is explained in Section 4. Validation
versus experimental data from the literature is presented in Section 5.
Then, in Section 6, we discuss our results and present a few parametric
studies on a single-edge notch sample aged for varying aging times.
Finally, Section 7 concludes with some important remarks and ideas
for subsequent future investigations.

2. Preliminaries

Tensorial notation is used in this work. Bold letters indicate a vector
or a tensor. The inner product is represented by “.” and for any two
tensors, A-B, the summation is over the components of the right tensor
(e.g., the inner product of two second-order tensors is A - B = tr(A”B),
and for any two vectors, the product is a-b = a” b where the superscript
T indicates tensor or vector transpose). The time rate of change of
a quantity in the material configuration (i.e., Lagrangian configura-
tion) is known as a material derivative (D/Dr) and is indicated by a
superimposed dot, whereas the time rate of change of a quantity in
the spatial configuration (i.e., Eulerian configuration) is known as the
spatial derivative (d/dr) and is indicated by a prime sign. Additionally,
Div and div represent the material and spatial divergence operators,
respectively. Finally, Vx(.) = % and V,(.)=V() = % are the material
and spatial gradient operators, respectively.

The problem solved in this work is formulated as follows. Consider
an elastomeric body €, identified with the region of space it occupies
within a fixed reference configuration as shown in Fig. 2(a). X presents
the location of an arbitrary point in £,. I}, is the boundary region
of the body with the outward unit normal vector denoted by m. A
smooth one-to-one motion mapping can subsequently be defined as
x = y(X, 1) giving the position of the point at the current configuration
for a given time r € R, representing the temporal location (Fig. 2(a)).
The deformation gradient can then be determined as F = Vyy(X,1).
We also define the displacement field u(X,t) as the difference of the
position vector in the reference configuration from the position vector
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at the current configuration: u(X,t) = x — X. We assume that the solid
medium is subject to specific body forces (per unit mass) b. Essential
displacement boundary conditions, @, are prescribed on Ij,, whereas
natural boundary conditions are prescribed on Iy, such that I}, () Iy, =
@ and Iy, |JI,, = I, Additionally, we consider that the body £,
contains a sharp crack S, that is smeared over a localization band
B C £, in which the damage field (or phase-field) d(X,r) localizes
(Fig. 2(b)). The diffuse damage band has an external boundary 953
and unit outward normal mg. Correspondingly, essential phase-field
boundary conditions are prescribed on 9B, while natural phase-field
boundary conditions are prescribed on 9/3,. The damage field takes real
values between [0, 1] in accordance with classical continuum damage
mechanics principles where d(X, ) = 0 refers to an intact material with
no damage and d(X,t) = 1 refers to a complete fracture.

3. Constitutive framework coupling hyperelasticity and phase-
field for thermo-chemically aged elastomers

In this section, we present a detailed description of the proposed
constitutive framework governing the response of thermo-chemically
aged elastomers within the context of large deformation solid mechan-
ics coupled with phase-field. Section 3.1 summarizes the governing
differential equations for the problem (i.e., strong forms) and highlights
equations describing phase-field. Section 3.2 presents the proposed
approach to incorporate the changes in the macromolecular network
due to thermo-chemical aging into the constitutive framework.

As argued in the Section 1, the literature agrees that although chain
scission, crosslink breakage, and formation all happen simultaneously
during the thermo-chemical aging of elastomers, crosslink formation
eventually dominates, leading to an increase in the effective crosslink
density, which in turn, results in an increase in the modulus and
the hardening with embrittlement [9,12-14,56-58]. Therefore, in this
study, we propose to connect the evolution of associated material prop-
erties to the macromolecular network to the effective crosslink density.
We begin by summarizing the changes occurring in the material bulk
hyperelastic energy, which was developed and validated in a previous
work [25]. Then, we present our proposed approach to incorporate
the evolution of the macromolecular network in the description of the
critical energy release rate and the strain at fracture. The novelty of
the current work lies in the addition of phase-field to predict fracture
in thermo-chemically aged elastomers and how the material properties
associated with fracture change by the alteration in the macromolecular
network due to aging.

3.1. Governing differential equations
The set of governing partial differential equations to be solved in the

initial configuration for a solid medium with evolving damage within
the phase-field context are [42,59]

Div(P)+b=0in 2, and Pm =t on Iy, (€D
a/
Ge (29 o) aca) +a! =0inBC, and
s . c“X (d)WO(C) - = =90
21.G
~——~Vyxd-m=0ondB, (2)

Ca

where P = ZF% = wy)Py is the damaged first Piola—Kirchhoff
stress tensor written in terms of w,, a degradation function, and P,
its undamaged counterpart, yc 4 is the damaged strain energy density
function equal to w4 = O@)Wo e, where W, IS the undamaged strain
energy density function, C = FTF is the right Cauchy-Green strain
tensor, t is the applied traction boundary, « is the crack geometric
function, G, and [, are the critical energy release rate and the length
scale, respectively, and ¢, = 4 /01 \/%d p. Note that the Cauchy stress
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tensor can be calculated as T = J~'PFT where J is the determinant
of F.

Various versions of the phase-field approach exist in the literature
_depending on the choice of w, and «. The more common version
corresponds to the case for which oy, = (1-d)? and a4, = d? [60-63].
In this version, damage begins to evolve at the onset of load application.
An alternative version corresponds to the case for which o, = (1- d)?
but ayy = d [59,64]. This version of phase-field allows the material
to develop elastically up to a certain critical strain level upon which
fracture initiates.

Unaged elastomers (e.g., NR, SBR, etc.) show a purely nonlinear
elastic response up until rupture. This means that damage is not al-
lowed to commence until the material has reached a critical energy
state wherein enough load-bearing chains have been broken causing
nucleation of fracture. Moreover, under severe chemical aging sce-
narios which cause embrittlement, aged elastomers show an almost
linear elastic response (under quasi-static loading at moderate strain
rates) until they reach the critical level where they cannot sustain any
more loads and fracture nucleates due to bond breakage. Therefore,
we use the phase-field approach with a linear crack geometric function
G.e., Ay = d). It must be noted that fracture can nucleate in a number
of ways inside elastomers. As demonstrated through many experimental
results, macroscopic crack nucleation can result from either one or all of
the following fashions: (i) nucleation in bulk, (ii) nucleation from large
pre-existing cracks, or (iii) nucleation from the boundary and small
pre-existing cracks [47,48]. Fracture nucleation from large pre-existing
cracks is well-captured by the phase-field approach (with « = d?);
however, because such phase-field lacks the important consideration
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where y ) and N ) are rubber modulus, and the number of Kuhn
monomers per chain of the elastomer at the current state of aging

I
—© s the relative

t,, respectively (given in Eq. (4). Achaing, =
macro-stretch written as a function of the first invariant of the right
Cauchy-Green strain tensor Il( o = tr(C). L(-) = coth(:) — % is the
Langevin function whose inverse £~! is given by several approxima-
tions in the literature and is equal to £7!(x) = x% according to the
Pade approximation for some x € R. yj is the rubber shear modulus,
N, is the number of Kuhn monomers per chain. P " and p( are the
crosslink densities of the unaged material (at aging time 7, = =0) and the
aged material (at some later aging time r,), respectively. R is the nat-
ural gas constant. O is the absolute temperature. Note that Eq. (3) can
also be thought of as being a function of the effective crosslink density
p(’ , since pq ) and N, are both implicit functions of p; . Moreover,
in Eq (4), the term (p(, - p0 ") gives the change in the effective crosslink
density between the primary network configuration and the newly
formed network configuration corresponding to some aging time ¢,.

Also, since the hyperelastic strain energy density function, Eq. (3), is

a modification of the AB model, automatically a near-incompressible
configuration is assumed in developing Eq. (3).

Eq. (4); was developed and validated in [25] based on the fact
that thermo-chemical aging causes the number of monomers per chain
to decrease due to the formation of crosslinks between newly formed
short-chains, which in turn induces more stiffness. On the other hand,
the conservation of mass principle in polymers requires that the product

of effective crosslink density and the number of Kuhn monomers per

of material strength, it fails to describe crack nucleation in the bulk

chain of the elastomer remain constant, motivating the derivation of

of smooth elastomers [47,48]. This limitation restricts the use of the
phase-field approach to fracture problems dealing with uncut samples
or samples with no pre-existing cracks. To overcome the restriction, in
this work, we employ a strain-based criterion for fracture that allows

us to conveniently describe crack nucleation in smooth elastomers [42].
The strain-based criterion is motivated by the physical understanding
that, like all materials, elastomers are never perfect and contain inher-
ent microscopic defects; thus, when a smooth elastomer is stretched
monotonically, fracture nucleates at a given critical value of the applied

stretch from one or more of these pre-existing defects.

3.2. Constitutive equations for thermo-chemically aged elastomers

This section presents the conjectured forms of the quantities re-
quired to solve the system of Egs. (1) and (2) for a particular aging
state. These quantities are the strain energy density function, the
critical energy release rate, and the strain at fracture. We connect
the macromolecular network alterations to the macroscopic properties
through appropriate evolution functions for the material parameters
involved in the constitutive framework.

3.2.1. Bulk hyperelastic energy

The modified Arruda-Boyce (AB) constitutive equations [65] to
incorporate the effect of thermo-chemical aging is used in this work to
describe the elastomer hyperelastic energy. The form of the strain en-
ergy density function taking into account the effect of thermo-chemical
aging can be written as a function of the right Cauchy-Green strain
tensor and the current state of aging, ¢,, as follows [25]

£_1 ( lchain(c) )

lchain j'(:hain YV N
(C) - (C) (q)
wag (C.1,) = HiNa, |: \/N_E 1( N +1n Achainc)
(t) () sinh(£~! ( ))
VN
3
where
per
0
Ky, = o+ (0, —pG ) RO and N, =N, o “

(g)

Eq. (4),.

It must be noted that the AB constitutive equation was selected be-
cause an attractive feature of the AB description (besides being micro-
mechanically motivated) is that it only requires two physics-based
material properties, i.e., the network chain density (or equivalently the
rubber shear modulus), and the number of Kuhn monomers to simulate
elastomer behavior under various deformation states (i.e., uniaxial,
shear, and biaxial) [65]. Therefore, the critical point is that since the AB
model was proven to simulate the elastomers’ behavior under uniaxial,
shear, and biaxial deformation states, and the current modification for
aging is micromechanically motivated, as long as the thermo-chemical
aging occurs in a homogeneous manner, the developed constitutive
equation in this work can capture the response of elastomers under any
general deformation conditions in amorphous elastomers.

3.2.2. Critical energy release rate

This section focuses on the development of the critical energy
release rate G, for thermo-chemically aged elastomer. Treatment of
G, as an intrinsic material property in rubbers dates back to the
work of Lake and Thomas [51]. Lake and Thomas [51] calculated the
critical energy release rate in terms of the molecular structure of the
elastomer. Their calculation was based on the statistical mechanics

framework governing rubber elasticity. The theory is based on the

dissociation energy of the bonds in the backbone of a monomer unit
in a perfectly uniform network, U. A perfect network is defined as a
network where all chains contain the same number of monomer units
Ny, and have the same displacement length as the mean end-to-end
distance corresponding to a real network. In such a network, the critical
energy release rate can be obtained by multiplying the energy required
to rupture a chain, NyU, by the number of chains crossing a unit area,

%Fno, such that

—1 5)

GC=%Fn0N0U, where 7=

where 7 is the mean end-to-end distance of an ideal chain containing
N, monomer units each of length /. The presented mean end-to-end
distance can be calculated from the theory of rubber elasticity assuming
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Gaussian statistics for the probability density per unit volume of a
randomly jointed chain [51]. Substituting 7 into Eq. (5), yields

2
3z
which is the final form of a micromechanically motivated Griffith-type
criterion for an unaged elastomer.

To account for thermo-chemical aging effects, we first note that the
expression of G, derived herein is written as a function of the number
of monomer units. In the AB description, this parameter corresponds
to the number of Kuhn monomers, which was derived earlier as a
function of the effective crosslink density (i.e., Eq. (4),). Additionally,
the number of chains per unit volume can also be conveniently written
as a function of the effective crosslink density using the expression
n(p(c{a)) = pft’a)N ", where NV, is Avogadro’s number. We eventually
arrive at an expression of critical energy release rate for different aging
conditions, G.(7,), written entirely in terms of the effective crosslink
density pf;), the dissociation energy of a single bond U, and the length
of a monomer unit /, that is

2 3
G.(t,) = \/gpf;)NAl(N(,u)) U )

The expression derived above for G, represents as an evolution function
for the critical energy release rate given in terms of the effective
crosslink density achieved at a certain aging state during thermo-
chemical aging.

Note that in the evolution function of G., the value of the dissocia-
tion energy of the bonds in the backbone of a monomer, U, is a known
value. It can be taken as the average dissociation energy of all bonds in
the backbone of the monomer in a similar fashion to that followed in
the work of Song et al. [66]. For a single monomer, U can be obtained
by dividing the average molar dissociation energy (which is given in
unis of (energy/moles)) by Avogadro’s number. This leaves the length
of a monomer unit, /, to be the only unknown physical parameter in
the expression of G,. The length of a monomer unit, /, is considered to
be constant for all aging times and is therefore determined based on
the G, corresponding to the unaged state.

3
G, = ngl Ny U (6)

3.3. Strain-based criterion for fracture of thermo-chemically aged elas-
tomers

In this work, we employ a strain-based criterion for fracture nu-
cleation in smooth specimens (i.e., specimens containing no large pre-
cracks). The version of the phase-field approach adopted in this work
(which was presented in Section 3.1) allows for an elastic regime up
to the onset of crack nucleation. Such a formulation is attractive as it
provides the ability to construct criteria with thresholds for fracture
initiation and nucleation. Particularly, it allows us to construct an
energetic criterion with a threshold based on the limiting strain, i.e., the
strain at fracture.

We propose to express the evolution of the engineering strain at
fracture in terms of the effective crosslink density (or equivalently the
number of Kuhn monomers since the two quantities are related through
Eq. (4),). Motivated by the findings of Bueche and Halpin [67],Smith
[68] who showed that the stretch at fracture can be explicitly formu-
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The assumption that the strain at fracture can be linked to the number

of Kuhn monomers stems from the understanding that as rubber chains

become smaller and more rigid, there is more potential for them to

break and therefore the strain at fracture is expected to decrease. Note

lated as a function of the inverse square root of the crosslink density, we
propose to modify the derived expression for stretch and write that the
- . L L 2
strain at fracture at a given aging time 1, is given by ¢, == ol ﬂ(,lr )
a <

where C is a constant of proportionality. Since ¢, g0y TOUUSE be equal to
€, (the strain at fracture corresponding to the unaged state), we find
that the constant C is given by C = &, (p¢")*/?. Thus, we finally reach
the following expression for the evolution of the strain at fracture

NEANLNG .
Epyy = I e =x, €5, (8

that Eq. (8) is self-contained and does not include any fitting variables.
We shall see an example of the predicted strain at fracture versus
experimental data in Section 5.1.

The procedure followed to validate the proposed framework and
obtain the material properties involved in this work is illustrated in
Fig. 3.

A summary of the simplifying assumptions is listed here. The
crosslinking mechanism is the dominant phenomenon in the thermo-
chemical aging of elastomers and the energy dissipation, and the effects
of dangling chains are neglected. The chains forming the elastomer
are all perfectly uniform, meaning they all contain the same number
of monomer units and have the same displacement length as the
mean for a real network. The elastomer is saturated with oxygen, and
the energy due to chemical diffusion can be neglected. The chemical
reactions associated with oxidation occur homogeneously inside the
thin samples. Temperature does not change locally upon the applica-
tion of mechanical loading or is negligible. The material is assumed
incompressible and isotropic. The aging process does not depend on
the strain. It must be noted that most of these assumptions are common
among all the constitutive equations, which were developed to simulate
thermo-chemical aging in elastomers in the literature (e.g., [3,20,691).
Moreover, the developed constitutive framework in this work can
be incorporated into the more complicated diffusion-reaction-based
constitutive equations to be fully coupled with the diffusion equations.
For example, the strain energy density function presented herein, which
is implicitly a function of the extent of reactions, can be used instead
of the assumed mechanical Helmholtz free energy in the diffusion and
reaction-driven work of [22]. In such cases, where we solve a set of
partial differential equations to calculate the effective crosslink density
as a function of oxygen and time, the established framework herein can
automatically be used to simulate cases of partial oxygen saturation and
heterogeneous and diffusion-limited thermo-chemical aging.

We reiterate that contrary to the existing works, we do not fit the
constitutive framework onto the aged experimental stress—strain curves.
Instead, the relevant material properties evolve in terms of the effective
crosslink density during thermo-chemical aging. The effective crosslink
density can be obtained based on a suitable chemical characterization
test (e.g., equilibrium swelling test, NMR, DFM, TSSR, etc.) for any
desired aging time and temperature. As such, the evolution functions
do not contain any extra fitting parameters that lack physical meaning;
rather, they are simply expressed in terms of the inputs which are:
evolving effective crosslink density for a given aging temperature and
time, and the material properties of the unaged configuration. To
further clarify this procedure, Section 4 derives the analytical solution
of the developed framework for the case of a 1-D bar and presents the
steps to be taken to predict the aged material responses.

4. Homogeneous case of bar under uniform tension

This section presents the analytical derivation of the proposed
framework for a 1-D bar. The present derivation serves to highlight the
various steps involved in arriving at the complete stress-strain response
of an aged sample from the onset of load application to complete
fracture.

Let us consider a homogeneous bar involving a near-incompressible
and isotropic hyperelastic solid. It is assumed the bar has been thermo-
chemically aged for varying periods of time and subsequently loaded
under uniaxial tension. In this case, the deformation gradient is ex-
pressed as a function of the applied uniaxial stretch A as follows

A 0 0
1
Fo=[" 7 ° ©
1
0 0 7}
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Fig. 3. Procedural flowchart for the identification of the material properties and the prediction and validation of the constitutive framework. The material properties associated
with unaged mechanical hyperelastic and fracture response are taken from a tensile test. The evolution of a crosslink density after different thermo-chemical aging times is acquired
from chemical characterization tests. The mechanical properties are then modified and used to predict the mechanical response of thermo-chemically aged elastomer.

The left Cauchy—Green strain tensor can be written as

20 0
CH=FWFu=|0 5 0 (10)
1
0 0 2
whose first invariant is given by I 1, =€) = 24

Eq. (3) can be written in polynomial form using the first five terms
of the inverse Langevin function as

1 . )
wap(C.1,) = ﬂ(xa)zcim (IIC -3 (€8]
i=1 )
where the constants ¢; in Eq. (11) are equal to ¢; = ; ¢ = 210, =
11 _ 19 519
T050° %4 = 70057 €5 = T3750° and Ha,) and Ny, are given by Eq. (4).

In the case of uniaxial tension, Eq. (11) can be expressed as a

function of the applied stretch as
5
Was(hty) = ult, )Z

s (L' =3 12)

N(t )2/
Therefore, the first Piola—Kirchhoff stress in uniaxial tension P can be
computed as
oy 4p(4,1,))

dA
For the case of homogeneous damage state, Ad =
uniform in the bar) and Eq. (2), becomes

P(A,t,) = 13)

0 (i.e. damage is

’
<)
lCcﬂ
Note that for the version of the phase-field employed in this work, the
first derivatives of the degradation and the crack geometric functions

with respect to the phase-field variable are given by w( 5 =2d- 1) and

co:d)u/AB(/l, t,)+ =0 (14)

«, = 1, respectively, while c, is given by ¢, =4 /0 \/W,)d f=z

Eq. (14) is the balance equation for the phase-field variable govern—
ing the evolution of the damage field inside the bar. The phase-field
variable d can be solved either analytically or numerically provided
that all necessary inputs are known. These inputs are: the effective
crosslink density pfr for a given aging time and temperature, the
critical energy release rate G corresponding to said crosslink den-
sity, and the length scale /.. The length scale depends on the material
stiffness and its fracture resistance, thus also implicitly on the effective
crosslink density, as shown through Eq. (14).

To see how the length scale can be determined for a given aging
time ¢,, let us simplify Eq. (14) by substituting (), @, and ¢, terms.

We obtain

Geay)
Van(n,, ta) = g =0 (15)
where 4, = is the stretch at failure given by 4, = €p,,, T 1. Note

that the value d = 0 was substituted for the phase field varlable since
fracture will nucleate when d ceases to be identically 0. Thus, for a
particular value of the effective crosslink density, y, B4y, >1a) and
GC(,) can be determined using Egs. (12) and (7), respectlvely, and
Eq. (15) can be solved for the only unknown parameter /..

5. Validation of the developed constitutive framework

In this Section, we validate the proposed framework versus the
experimental work reported by Rezig et al. [35] for the cases in which
aging was performed at 90 °C and 100 °C. Rezig et al. [35] conducted a
series of experimental studies on the thermo-chemical aging effects in
filled SBR. The authors determined the crosslink densities and stress—
strain responses corresponding to unaged and aged SBR under a series
of temperatures for various aging times ranging from O to 60 days.

First, the material properties associated with the unaged configu-
ration were obtained by fitting the unaged version of the constitutive
framework to the stress responses of the unaged SBR reported in [35].
By fitting to the stress-strain curve, y,, N, and ¢,, were calibrated. G,
for the unaged material was selected equal to 24 N/mm which is typical
for filled SBR elastomers [70]. The average dissociation energy of all
bonds in the backbone of the monomer, U, was calculated in a similar
fashion to the work of Song et al. [66] and a value of 5.74x 107" J was
used. At this stage, Eq. (2)a (or equivalently for the case of uniaxial
tension Eq. (15)) can be solved for the only left unknown parameter
I.. These four material properties associated with unaged SBR are
presented in Table 1 and are the only fitting we conduct in this work.

Once the unaged material properties were obtained, their evolu-
tion according to the proposed evolution functions (i.e., Eqs. (4), (7),
and (8)) can be acquired for any aging time based on the reported
effective crosslink density. For example, let us consider the case in
which the material was thermally aged for 7, = 45 days under 100 °C.
Substituting the crosslink density associated with ¢, = 45 in Eq. (7) to
obtain G, ) and in Eq. (12) to obtain py¥ ,5(4s.1,), we can solve for /,
inEq. (15) with 4, = €5, +1 for the case of a tensile test. The procedure
can be extended to the remalmng aging times and the /, corresponding
to each aging state can be calculated in a similar fashlon. Tables 2 and 3
present the values for all the material properties evolving due to aging
obtained for the various aging times considered under 90 °C and 100 °C,
respectively.
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Material properties of unaged SBR obtained by fitting to the mechanical response and crosslink density of

pristine material reported in [35].
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Fig. 4. Comparison between the evolution of the strain at failure for SBR as measured experimentally in [35] and the prediction using Eq. (8) when the material was aged at:
(a) 90°C; and (b) 100 °C. Evolution of the computed length scale /, and the critical energy release rate G, as a function of the effective crosslink density (obtained using Eq. (7))

when the material was aged at: (¢) 90°C; and (d) 100°C.

As examples, the evolution of strain at fracture, length scale, and
critical energy release rate are plotted in Fig. 4. Figs. 4(a) and 4(b)
present the predicted strain at fracture (obtained based on Eq. (8))
and experimental strain at fracture values as a function of the effective
crosslink density for the two aging temperatures of 90°C and 100 °C,
respectively. It is evident that a perfect match between experiment and
prediction based on Eq. (8) is obtained. The perfect observed match
confirms the form of the evolution function proposed in Eq. (8). More-
over, the accuracy associated with strain at fracture prediction allows
accurate determination of the length scale evolution. Further validation
example of the prediction of strain at fracture versus experimental work
of Hamed and Zhao [10] is presented in Appendix C.

The resulting G, and consequently /. values are plotted as a function
of the effective crosslink density in Figs. 4(c) and 4(d) for the two aging
temperatures. Interestingly, /. is found to evolve linearly with respect

to the effective crosslink density for both aging temperatures, whereas
G,, on the other hand, decreases with increasing effective crosslink

density as is expected for both aging temperatures. The linear increase
for I, suggests that the length scale, similarly to the effective crosslink
density, possibly evolves in a sigmoidal manner with respect to aging
time. It must be noted that the length scale parameter changes as a
function of aging time, and therefore, the fracture process zone varies in
thermo-chemically aged elastomers depending on the aging condition
(i.e., time and temperature) that the material has been subjected to. It
is observed previously that the rate of increase of crosslink density as a
function of aging is slow at the start, then it increases by aging, before it
decreases again as the available radicals for crosslinking are consumed

at longer aging times [71]. This finding is crucial as it sheds light on the
evolution of an important parameter in the phase-field characterization
of damage in thermo-chemically aged elastomers.

Having obtained all the material properties, Egs. (1) and (2) can be
solved for the damage and stress fields for the problem in hand. The full
stress-strain response — including failure — of thermo-chemically aged
elastomers can then be predicted. The predictions are reported in the
following subsections.

5.1. Homogeneous solution

This section presents the analytical solution corresponding to the
case of an isotropic, near-incompressible elastomeric bar which was
thermo-chemically aged and subsequently loaded under uniform ten-
sion. The aged material properties presented in Tables 2 and 3 are used
to plot the engineering stress-strain response corresponding to each
particular aging time at each aging temperature.

Figs. 5(a) and 5(b) show the predictive capability of the developed
framework at 90°C and 100 °C, respectively. A very good match be-
tween the experimental results and the stress—strain curves calculated
using the present approach is achieved for both aging temperatures.
Fig. 5 validates the capability of the developed framework in predicting
the stress—strain response of thermo-chemically aged elastomers. The
sharp drop in stress characterizing post-failure response cannot be
captured in the homogeneous solution; therefore, in the next section,
the finite element (FE) solution and full validation are presented.
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Fig. 5. Predictions of the stress—strain response using the developed constitutive framework for the case of analytical derivations of a 1-D bar under uniaxial tension verified
against the experimental results for an SBR material aged at (a) 90°C, and (b) 100 °C. The proposed framework can capture the stress-strain response up to failure and failure of
the thermo-chemically aged SBR for different aging durations and temperatures. Experimental data are obtained from [35].
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Fig. 6. (a) Sample geometry used in the FE simulations. All dimensions are given
in mm unit. For the sake of minimizing the computational cost, only a quarter of
the geometry was used and symmetric boundary conditions were applied on the left
and bottom edges of the upper rightmost quarter; (b) contour plot for the phase-field
damage variable for an SBR material thermally aged for 45 days at 100 °C.

5.2. Finite element solution

This section discusses the FE solution of the response of a dumbbell-
shaped thermo-chemically aged sample axially loaded in tension by
a prescribed deformation u (Fig. 6(a)). We focus on two cases for
which the material was aged for 45 and 60 days under 100 °C. Details
of the FE implementation of the present constitutive framework are
attached in Appendix A. The FE simulations were performed on the
FE software Abaqus [72] via a user-element subroutine (UEL) within
a two-dimensional (2-D) context. In all simulations, the element size
was taken to be /,/4 and plane strain quadrilateral elements were
used. The system of governing differential equations was solved using
the staggered solution algorithm proposed by Miehe et al. [73]. To
minimize the computational cost associated with the FE simulation,
only a quarter of the geometry was used and symmetric boundary
conditions were applied on the left and bottom edges as shown in
Fig. 6(a). The material properties for the case ¢, = 45 and 60 days (see
Table 3) were used to run the simulations.

Moreover, Fig. 6(b) illustrates a sample contour plot for the phase-
field damage variable for 1, = 45 days aging case highlighting the
critical region which experiences extreme damage. Note that the width
of the diffuse damage band is governed by the value of /.. For this
case, /, was found to be 0.179 mm. This is approximately 0.24% of

the specimen dimension. As pointed out in [74], when the length scale
is considered as a material constant (which is the case for the present
study) and is small with respect to the dimensions of the sample, both
the peak load as well as the damage contour can be very well captured
using the phase-field approach adopted here. In this work, we have
shown that the obtained /. values for the varying aging times increases
linearly with respect to the effective crosslink density, and thus in a
sigmoidal manner with respect to aging time. It is thus expected that
the length scale would reach a plateau at some maximum aging time.
It remains to evaluate whether damage patterns would provide any
meaningful conclusions for cases where /., approaches such limit.

Figs. 7(a) and 7(b) demonstrate the comparison between the stress—
strain responses using the present framework (obtained both analyti-
cally and numerically on Abaqus) and the corresponding experimental
response for the cases of r, = 45 and 60 days, respectively. It can
be seen that the framework can predict the responses of both aging
times with very high accuracy. Particularly, the increased stiffness due
to thermo-chemical aging, the peak stress reached within the aged
material, and the strain at fracture linked to the change in the number
of monomer units per chain are all shown to match highly accurately
with the experimental response for both aging states. In fact, treating
the length scale as intrinsic material property and relating the changes
in the critical energy release rate and the strain at fracture to the
evolution of the effective crosslink density has proven to be vastly
efficient in capturing the full stress-strain response of the thermo-
chemically aged elastomers. The highly predictive capability of the
proposed constitutive framework makes the present effort especially
attractive as it combines our understanding of how thermo-chemical
aging affects the macromolecular structure of the network and the
adaptability of phase-field approach to simulate brittle fracture.

6. Discussion and parametric studies

In this section, we discuss the effects of aged material properties on
the response of specimens containing pre-existing cracks. In particular,
we investigate the case of a thermo-chemically aged single-edge notch
specimen loaded under uniaxial tension as shown in Fig. 8(a) (note that
the specimen size is 1x1 mm). We assume that the specimen underwent
the exact same aging procedure reported in the work of Rezig et al.
[35] under 100 °C and therefore the evolution of the effective crosslink
density yields the exact same material properties highlighted in Table 3.
We ran two simulations corresponding to two different aging states: 45
and 60 days.

Fig. 8(a) illustrates the load-displacement curves corresponding
to the two aging states. At first glance, the figure demonstrates that
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Fig. 8. (a) Load-displacement plots corresponding to single-edge notched SBR materials that have been thermo-chemically aged for two aging times (i.e., 45 and 60 days) at
100°C and subsequently loaded in tension by a prescribed displacement u (dimensions are given in mm unit), and (b) phase-field contours at the two points marked on the

load—displacement plot for the sample that was aged for 60 days.

the developed framework can accurately predict aging effects on the
response because (1) both the maximum load and the displacement at
failure decrease with an increase in aging time, and (2) the stiffness
increases with increasing aging time, as one would correctly expect.
In general, the observed behavior for the two aging times is expected.
Specifically, the decrease in maximum load and displacement at failure
is governed by the evolution of the critical energy release rate which
was shown to decrease with respect to aging time according to Eq. (7).
The decrease in the critical energy release rate is itself due primarily
to the fact that the number of Kuhn monomers decrease over aging
time. Therefore, the premature fracture of thermo-chemically aged
elastomers is directly linked to the decrease in the monomer density
per chain. This observation implies that in the aged elastomer, a newly
formed network containing shorter chains (albeit more rigid) compared
to the original unaged network is continuously formed. On the other
hand, the rise in stiffness is expected since the newly formed network
contains a denser and a more crosslinked chain coil. In other words,
while the chains in the aged elastomer are smaller and contribute to
premature failure, the increase in effective crosslink density affect the
stiffness and causes the material to undergo embrittlement.

Fig. 8(b) shows the evolution of the corresponding phase-field con-
tour at two points along the load-displacement curve as shown in
Fig. 8(a). The effect of the length scale as a material parameter is clearly
demonstrated through the width of the crack band as the latter grows
during the simulation. Though, due to the large value of the length
scale for the present case, the width of the smeared crack appears to
be rather large compared to the specimen’s dimensions.

Therefore, with the version of the phase-field employed in this work,
physical interpretation of the size of the crack band (or equivalently
the damage pattern) is to be approached with care when the length
scale is large with respect to the specimen’s dimensions. Again, this

observation has been pointed out in the work of Mandal et al. [74]
who confirmed that when the present phase-field version is employed,
damage patterns only provide meaningful insight when the length scale
is small with respect to the specimen’s dimensions. It should be noted
that the present case is merely illustrative and therefore the dimensions
of the sample (i.e., 1 x 1 mm) do not provide practical meaning other
than what we have intended it to be (a parametric case). Nonetheless,
the load-displacement curve presented in Fig. 8(a) correctly highlights
the sudden drop and brittle fracture response that is typically observed
for the single-edge notch example when loaded under uniaxial tension.

To better assess the influence of length scale relative to the speci-
men’s dimensions, we opted to magnify the single-notch edge specimen
by a factor of 20, resulting in a size of 20 x 20mm, as presented in
Fig. 9a. We ran a simulation corresponding to the 60-day aged sample
and examined the evolution of the crack band. Fig. 9b and c present
the load—-displacement curve and corresponding contour evolution of
the phase-field variable at six points along the load-displacement plot,
clearly highlighting the appropriateness of the newly considered sample
size relative the value of the length scale at this particular aging time
(i.e., I, = 0.640 mm). The size of the damage band appears to be rather
small compared to the one previously calculated for the 1 x 1 mm
specimen considered in Fig. 8(a). Additionally, the new specimen size
preserves the key features in the load-displacement plot which were
previously observed for the smaller specimen size, namely, the presence
of a purely elastic range up until a critical strain energy level, followed
by a sharp drop in force once the crack has sufficiently progressed
and enough load bearing chains have been broken due to the highly
aged chain network morphology. Movies illustrating the evolution of
both the phase-field contours as well as the T22 Cauchy stress profile
have been appended as supplementary material to the manuscript.
It is therefore evident that by increasing the size of the specimen,
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Fig. 9. (a) The schematic representation of a single-edge notched specimen, applied boundary conditions, and prescribed displacement u (dimensions are given in mm unit), (b)
the load-displacement curve associated with the presented specimen for an SBR material that had been thermo-chemically aged for 60 days at 100 °C and subsequently loaded in
tension, and (c) the evolution of phase-field corresponding to points (I) to (VI) on the load-displacement curve (scale factor x1).

considerations related to the meaningfulness of the length scale — and
consequently, the size of the crack band - are appropriately addressed.

7. Conclusions

A physics and chemistry-based and thermodynamically consistent
constitutive framework to predict the failure responses of thermo-
chemically aged elastomers is developed. The constitutive framework
combines our understanding of how thermo-chemical aging affects the
macromolecular structure of the rubber network and the adaptability
of the phase-field approach to simulate brittle fracture. The effect of
thermally-driven crosslinking processes in modifying the bulk hypere-
lastic energy and the dissipated energy through fracture is considered.
Therefore, the framework provides a quantitative approach linking our
previously known understanding of macromolecular changes to the me-
chanical responses of thermo-chemically aged elastomers. Specifically,
we showed that the evolution of the AB hyperelastic strain energy
density function (which is characterized by two micromechanically-
motivated material properties: rubber modulus and the number of Kuhn
monomers), the critical energy release rate, the strain at fracture, and
the length scale can be predicted entirely in terms of a single physio-
chemical quantity: effective crosslink density. The framework uses the
results of a mechanical test on unaged SBR, and a chemical charac-
terization test on aged SBR under different aging conditions to predict
the mechanical responses of aged SBR. Therefore, the framework has
predictive capabilities and is independent of the mechanical tests on
aged elastomers.

In particular, first, the interconnection between relevant material
properties was discussed analytically for the case of 1-D uniaxial ten-
sion. Second, it was shown that the length scale variable characterizing

10

phase-field based damage can be treated as an intrinsic constitutive
material property and fracture nucleation in thermo-chemically aged
elastomers can be captured conveniently through a strain-based crite-
rion for crack initiation. The framework was subsequently implemented
numerically through a user-element subroutine (UEL) on the FE soft-
ware Abaqus to simulate more complicated geometries within a 2-D
context. The proposed framework was shown to predict the mechanical
responses of thermo-chemically aged elastomers independently of any
mechanical tests on the aged samples with very high accuracy. Such
development is unprecedented in the literature particularly as the
proposed framework is fairly simple and requires very few material
parameters whose evolution during thermo-chemical aging can be con-
nected directly to the evolving chain network characterized by the
effective crosslink density.

It is worth reiterating that in developing the proposed constitu-
tive framework, homogeneous oxidation through sample thickness was
assumed following [9]’s argument on the interconnection between
sample thickness and aging temperature. Additionally, it was also
assumed that the effective crosslink density implicitly accounts for
all underlying complex dissipation mechanisms (e.g., chain scission,
crosslinking, chain breakage, etc.) that happen at the nanoscale within
elastomer network due to aging. Further experimental data is needed
to verify if the crosslink formation remains dominant for higher aging
temperatures and longer aging duration, where elastomers may be
used in more extreme conditions in the future. It also remains to
examine the relevant modifications to the proposed framework for
cases where viscoelastic effects become significant. In addition, the
analysis detailed in this work was focused on situations for which quasi-
static loading at low strain rates is expected. Another possible window



A. Nagjmeddine and M. Shakiba

Table 2

International Journal of Mechanical Sciences xxx (xxxx) xxx

Material properties obtained using the developed framework for the various aging times considered in [35] for an SBR sample

thermally aged under 90 °C.

Aging time 1, Material properties

(days) Rubber modulus u Number of Kuhn Critical energy release length scale /,
(MPa) Eq. (4) monomers N Eq. (4) rate G, (N/mm) Eq. (7) (mm) Eq. (15)
14 0.944 68.1 21.5 0.112
21 1.06 58.7 19.9 0.143
28 1.16 52.3 18.8 0.17
60 1.50 48.6 16.2 0.261
Table 3

Material properties obtained using the developed framework for the various aging times considered in [35] for an SBR sample

thermally aged under 100 °C.

Aging time ¢, Material properties

(days) Rubber modulus Number of Kuhn Critical energy release length scale /,

yu (MPa) Eq. (4) monomers N Eq. rate G, (N/mm) Eq. (7) (mm) Eq. (15)
“@

14 1.21 50.7 18.5 0.179

21 1.45 40.7 16.6 0.244

28 1.64 35.3 15.5 0.293

35 1.84 31 14.5 0.345

45 2.06 27.4 13.6 0.402

60 2.95 18.5 11.2 0.640

for future development is to consider the diffusion of chemical species
such as oxygen inside the material and connect chemical gradients to
the spatial variation of the material properties. Moreover, revisiting
fracture nucleation in such highly aged materials when loaded under
complex deformation states, especially for cases where test specimens
are smooth (i.e., with no pre-existing cracks), is a topic of ongoing
work.
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Appendix A. Finite element discretization

In this section, the FE discretization of the coupled solid-mechanics
phase-field problem is described. We begin by establishing the weak-
forms associated with coupled displacement-damage problem. Then
the finite-element discretization and piecewise approximation corre-
sponding to the displacement and damage fields are established and
the resulting discrete equations are provided.

11

A.1. Weak forms

In accordance with standard practice, by considering an arbitrary
vector field w, whose components vanish at the corresponding essential
boundary segments, the weak form corresponding to the displacement
field can be written as follows:

/ wu-BdV+/ Fu:PdV=/ w,-tdA  VYw, with w, =0 on I},
2 k2 To,

(16)
where we define F, = a;;(“, i.e., the partial derivative of the arbitrary

vector field w, with respect to the reference coordinates X.
Equivalently, by considering an arbitrary vector field wq whose

components vanish at the corresponding essential boundary segments,

the weak form corresponding to the damage field can be expressed as

Gca’(d) - 2G,l
Wy | —— + oy ]dV+/ F, - ——=VxddV
/!20 [ calc @O 2 Ca
Vwy with wyq =0on 0B, a7
where similarly F, = %, i.e., the partial derivative of the arbitrary

vector field wq with respect to the reference coordinates X.
A.2. Finite element discretization

The weak forms (16) and (17) are usually discretized using multi-
field finite elements. Without loss of generality, in what follows, we
consider the case of 2-D problems, with the assumption that the three-
dimensional (3D) formulation extends in a straightforward manner.
For such problems, the 2-D domain £, is discretized into subdomains
called elements and each element consists of nodes. For 2-D problems,
the standard and most commonly employed element shapes, i.e., the
three-node triangular element and the four-node quadrilateral element
are used. For the coupled displacement-phase-field problem in hand,
each element node has three nodal degrees of freedom: two for the
displacement field and one for the damage field.

The displacement field u(X) and damage field d(X) are approxi-
mated using the nodal displacement and damage vectors, u; and d;
through their corresponding shape functions, where i € [1,ndof,]
and j € [l,ndof,] wherein ndof, and ndof, denote the number of
degrees of freedom associated with the displacement and damage fields,


https://arc.vt.edu/

A. Nagjmeddine and M. Shakiba

@ °
- # Experiment
=# Prediction
4
(ol
3
g3
= A}
©
»
=2
g7 X
%] BN
1 * -
e
e = - = = - *
0 brilaabi. .
3 6 9 12

Effective crosslink density x107 (mol/mm3)

International Journal of Mechanical Sciences xxx (xxxx) xxx

® 4 - Exoon
—-# Experiment
M =# Prediction
e3
E 1
S 1
= 1
"2
c )
& '
N 1
D q .
¥\
T
0 e e
0 10 20 30 40 50 60

Effective crosslink density x107 (moI/mma)

Fig. 10. (a) Strain at failure predictions for two other distinct elastomers as a function of crosslink density. The elastomers have been studied in [10] wherein aging was performed
for several aging times at a temperature of 100°C: (a) a filled SBR material, and (b) a filled NR material.

respectively. The shape functions are established as functions of the
Lagrangian coordinates {X}. Moreover, the displacement field and
damage field are considered to be interpolated using the same shape
functions, i.e., N, X) = Ny (X) = Ni(X). As such, the displacement
and damage fields can be written as follows

nnode nnode

uX)= Y NeXmy =N,0  and  dX)= )’ Ny(X)dy = Ngd
k k

(18)

where nnode is the number of nodes in the element, N, = [Ny, ..., Ny,
N 0

.. Npnogel ~ Where  Ni(X) = [ ok N Ny =

[Ny oo s Nis oo s Nopmodels @ = [0, .00, U, ... Uppoge]. Where uy = {1},

and d = [dy, ..., dy. ... dyyeqe]” Where dy = {d;},. Similarly, we use the
same shape functions to approximate the arbitrary vector fields w, and
wy and write:

nnode nnode

Wy(X) = Y Ne(X)wy, = NyW, and wg(X) = ) Ni(X)wy = NgWg
k k
19

The resulting gradients of the displacement field (i.e., strain field)
and the gradient of the phase-field in the reference configuration can
be expressed as follows

nnode

VuX)= ) B,(X)u =B,0
k

nnode

and  Vd(X)= ) By(X)dy = Byd
k

(20)

where B, = [Bul’""Buk""’Bunnode] is the standard displacement—
strain matrix and By = [B4 e ,Bdk, ,Bdm de] is the damage-gradient

operator with

N
Ox, Ny 0 oy, Ny
Bu(0=| 0 ouN|  By00= |00 @D
Ox, Ny 0x Ny ?

With the above finite element discretization, the weak forms, i.e.,
Egs. (16) and (17), become

/ NTbdv — / BIPdV = - / NTtdA
Q¢ 2° To*

(22)
/ BIHAV + / NJQdV =0
Q¢ Q)¢

2G,

cle _
Tvxd and Q = oW+

G,
where H = —

!
a .
210 K@)

12

This system of coupled equations is solved iteratively using an
appropriate numerical procedure by the defining the following element-
level residuals for the displacement and phase-field

NFtydA

T T
RE:/QeNude—/QeBuPdV+/r )
0 0 Ou (23)

_ T T
R = —/ BIHdV —/ NjQdv
X ¢
and using the corresponding tangents

JR¢ oR¢

KE — __u Ke — __d

uu ou dd od

In this work, the staggered scheme of Miehe et al. [62,73] is used

and the following system is solved iteratively using a Newton Raphson
algorithm

(24

KS, O ||uf __|R 25
0 K(eid n d n+1 Rﬁ n

where the subscript n refers to the converged step and n+1 denotes the
next unknown step.

Note that the irreversibility condition d > 0 was enforced through
the approach proposed by Wu and Huang [75]. Specifically, a modi-
fication to the energy history calculation was introduced as H(x,?) =
max;epo, (P, Wo(x.s)) to represent the maximum value of the strain
energy density ever reached, where §, is a strain energy given by
3G, [76]. The term Q in Eq. (22) is therefore redefined as Q =

161,

CO/

wH+ Ef—[fcag o This approach suppresses the negative damage values
and ensures that the history variable approach is capable of obtaining
the correct homogeneous solution. Other numerical treatments could
be incorporated as well, such as the approach detailed in the work
of Molnar et al. [77], who used a Lagrange Multiplier to enforce a pos-
itive damage increment. This approach, however, is computationally
expensive, and as such, was not pursued.

Appendix B. Supplementary material

The materials properties for aging temperatures of 90 °C and
100 °C by plugging in the material properties presented in Table 1
into Egs. (4), (7), and (15) are presented in Table 2, and Table 3,
respectively.

Appendix C. Further validation examples

The developed framework in this paper was also validated versus
another set of experimental works conducted by Hamed and Zhao
[10]. Hamed and Zhao [10] reported the evolution of crosslink density
and tensile tests for filled and unfilled sulfur-vulcanized SBR and NR.
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The filled materials included 50 phr of N330 carbon black. The SBR
specimens contained an antioxidant, while the NR specimens contained
1 phr of dioctylated diphenylamine. The specimens were subjected
to air-oven aging at 100 °C for various aging times. All specimens
were prepared with an average thickness below the critical thickness
to ensure uniform oxidation (thicknesses varied between 0.15 and
0.2 mm). The specimens were subsequently tested in tensile mode
under a strain rate of approximately 0.017 s~!. The crosslink densities
for the unfilled materials were calculated using the classic Flory—-Rehner
equation, whereas, for the filled samples, the Kraus modification was
employed.

Fig. 10 illustrates the evolution of the strain at failure for 50 phr
carbon-black filled SBR and NR. As can be seen, we achieve remarkable
accuracy in terms of the strain at failure prediction, further demonstrat-
ing the robustness of the proposed constitutive framework.

Appendix D. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijmecsci.2023.108721.
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