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Abstract. This is the second paper in a series of papers addressing the
characteristic gluing problem for the Einstein vacuum equations. We solve
the codimension-10 characteristic gluing problem for characteristic data
which are close to the Minkowski data. We derive an infinite-dimensional
space of gauge-dependent charges and a 10-dimensional space of gauge-
invariant charges that are conserved by the linearized null constraint equa-
tions and act as obstructions to the gluing problem. The gauge-dependent
charges can be matched by applying angular and transversal gauge trans-
formations of the characteristic data. By making use of a special hierarchy
of radial weights of the null constraint equations, we construct the null
lapse function and the conformal geometry of the characteristic hypersur-
face, and we show that the aforementioned charges are in fact the only ob-
structions to the gluing problem. Modulo the gauge-invariant charges, the
resulting solution of the null constraint equations is C™ %2 for any speci-
fied integer m > 0 in the tangential directions and C? in the transversal
directions to the characteristic hypersurface. We also show that higher-
order (in all directions) gluing is possible along bifurcated characteristic
hypersurfaces (modulo the gauge-invariant charges).
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1. Introduction

The gluing problem in general relativity asks to connect two given spacetimes
across a gluing region. Technically speaking, one aims at solving the con-
straint equations with two prescribed initial data sets. The obstructions to
gluing provide insights into the intrinsic rigidity of the Einstein equations. In
their groundbreaking work, Corvino [24] and Corvino—Schoen [25] pioneered
the study of the Riemannian gluing problem (for spacelike initial data sets).
In particular, their gluing construction shed light on the importance of the
interplay between the rigidity and the flexibility of the geometric character of
the Einstein equations.

In [11], we initiated the study of the gluing problem for characteristic
initial data for the Einstein vacuum equations. The characteristic gluing prob-
lem exhibits various novel features. For example, gluing along characteristic
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hypersurfaces is based on solving the so-called null constraint equations which
are of transport character, whereas the previously studied gluing problem for
spacelike initial data requires to analyze the elliptic Riemannian constraint
equations. Moreover, in the characteristic gluing construction, the null lapse
function and the conformal geometry of the characteristic hypersurface can be
freely prescribed.

The present paper provides the full details on the gluing of characteris-
tic data which are close to the Minkowski data. Working close to Minkowski
spacetime is natural in the sense that by rescaling, it corresponds to gluing
near spacelike infinity in an asymptotically flat spacetime, see [11,12]. We
identify all obstructions to gluing (at the level of C?-gluing for the metric
components) and show that they are stemming from conservation laws of the
linearized null constraint equations. We show that these conservation laws de-
termine a 10-dimensional space of so-called gauge-invariant charges and an
infinite-dimensional space of so-called gauge-dependent charges. We prove that
the gauge-dependent charges can be matched by applying transversal pertur-
bations and gauge transformations to the characteristic data. In particular,
gauge transformations alone are not sufficient to match all gauge-dependent
charges. In [11,12], we geometrically interpret the remaining 10-dimensional
space of gauge-invariant charges by relating them to the ADM energy, linear
momentum, angular momentum and center-of-mass, and we use this identifi-
cation to glue asymptotically flat spacetimes to a member of the Kerr family.

This introduction is structured as follows: In Sect. 1.1, we introduce the
characteristic gluing problem and present our main results in non-technical
terms. In Sect. 1.2, we provide an overview of the literature for the gluing prob-
lem. In Sect. 1.3, we set up the null geometry framework and the characteristic
initial value problem for the Einstein vacuum equations, and in Sect. 1.6, we
present a more formal version of our main theorem. In Sects. 1.7 and 1.8, we
provide the main ideas of our methods, and in Sect. 1.9, we discuss character-
istic gluing along two null hypersurfaces bifurcating from an auxiliary sphere.

1.1. Introduction to the Characteristic Gluing Problem and Overview of Re-
sults

In this section, we introduce in a colloquial, non-technical way the character-
istic gluing problem and the main results of this paper.

Consider the null hypersurfaces (H1,H,;) and (H2,H,) emanating from
two spheres S7 and S, respectively, in two vacuum spacetimes M; and Mo
(Fig. 1).

A first formulation of the characteristic gluing problem asks if there exists a
characteristic hypersurface H that satisfies the null constraint equations whose
characteristic data agree on its past boundary with the data on H;, and on
its future boundary with the data on Hy? If not, what are the obstructions to
the existence of such a hypersurface? (Fig. 2).

Let us denote by x; and x5 the restriction of the metric components, the
Christoffel symbols and the Riemann curvature components of the spacetime
metrics of M; and My to the spheres S7 and Ss, respectively (with respect to
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FIGURE 1. The null hypersurfaces (H1,H;) and (Ha, H,) em-
anating from two spheres S; and S, in the vacuum spacetimes

Ml and M2

FiGURE 2. The red hypersurface glues the characteristic ini-
tial data for the two vacuum spacetimes My and My

FIiGURE 3. On each sphere S; and S5, we consider the re-
strictions 7 and x5 of the metric components, the Christoffel
symbols and the Riemann curvature components of the met-
rics of the ambient spacetimes M7 and Ms
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FIGURE 4. The characteristic gluing problem for sphere data
r1 and xo

local double null coordinate systems). We will refer to 1 and zo as the sphere
data on S7 and Sa, respectively (Fig. 3).

A reduction of the gluing problem can be formulated as follows: Given two
spheres S; and Sy equipped with sphere data z1 and s, respectively, construct
a solution to the null constraint equations along a null hypersurface H|; o)
whose boundary sections admit the sphere data z; and xo. Such characteristic
gluing of sphere data is at the level of C%-gluing for the metric components,
meaning that the all metric components and their derivatives up to order 2
are glued (Fig. 4).

The characteristic gluing problem as stated above cannot always be solved. To
start, one obvious obstruction is imposed by the monotonicity property of the
Raychaudhuri equation along null hypersurfaces. A more subtle obstruction is
imposed by the existence of an infinite-dimensional space of conservation laws
for the linearized null constraint equations at Minkowski spacetime.

To address this hindrance, we need to take into account the change of
sphere data under sphere perturbations and sphere diffeomorphisms. We define
sphere perturbations of the sphere data x5 on S; in the vacuum spacetime
M as follows. Consider the null hypersurface Hy in My through Sy that is
conjugate (that is, transversal) to the null hypersurface Ho which the gluing
hypersurface should attach to. Then, the sphere data 2, on a section S} of H,
is called a sphere perturbation of x5 on Sy (Fig. 5). Sphere diffeomorphisms of
sphere data are defined by pulling back the sphere data under a diffeomorphism
of the sphere.

We arrive at the following reformulation of the characteristic gluing problem
(Fig. 6).

Given sphere data x; and x5 on two spheres S; and S in vacuum spacetimes
M and M, respectively, construct:
(1) a sphere perturbation S5 of Sy with sphere data x}, (subject also to a
sphere diffeomorphism),
(2) asolution to the null constraint equations along a null hypersurface Hflﬂ]
whose boundary sections admit the sphere data z; and 4.
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FIGURE 5. Transversal perturbations of the sphere data o
on Sy in My

F1GURE 6. The characteristic gluing problem after taking into
account transversal gauge transformations of the sphere data

We can now present a first version of the main result of this paper.

Theorem (Codimension-10 perturbative characteristic gluing, version 1).
Consider sphere data 1 and xo on two spheres S1 and So which are suffi-
ciently close to the sphere data on the round spheres of radius 1 and 2 in
Minkowsk: spacetime, respectively. Then, modulo a 10-dimensional space of
charges, characteristic gluing in the above sense is possible. In other words,
there is a sphere perturbation Sy of the sphere Sy with sphere data xfy (subject
also to a sphere diffeomorphism) and a solution to the null constraint equations
along a null hypersurface H[1,2] (connecting the spheres S1 and S%) such that
its restriction to S1 admits precisely the sphere data x1, and its restriction to
S% admits the sphere data xfy, up to 10 explicitly defined charges at S}.

Remark. In the above theorem, it is equivalently possible to perturb the sphere
S1 instead of the sphere S5. Moreover, higher-order derivatives tangential to
the gluing hypersurface can be glued without further obstructions.
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FIGURE 7. There is an infinite-dimensional space of charges
defined on the sections of the characteristic hypersurface
HE1,2]' These charges are conserved by the linearized null con-
straint equations at Minkowski

It is important to underline that the 10 charges correspond to 10 constants
and not to 10 functions on the sphere S5. In fact, in this paper, we identify
an infinite-dimensional space of charges determined by the sphere data z|g of
the sections S of the null hypersurface Hh,z] and we show that it splits into
a 10-dimensional space of gauge-invariant charges and an infinite-dimensional
space of gauge-dependent charges (Fig. 7).

We show that the gauge-dependent charges transform linearly under
sphere perturbations along H, and sphere diffeomorphisms and can more-
over be matched by an appropriate choice thereof. On the other hand, the
gauge-invariant charges can in general not be adjusted by such sphere data
perturbations, as they change quadratically under perturbations, which is not
enough leeway to adjust them. Matching of the gauge-invariant charges is
achieved in [11,12].

Two remarks regarding the above theorem are in order:

(1) Sphere perturbations and sphere diffeomorphisms. We glue from S; to a
transversal perturbation S} of Sy, not to Ss itself, and the sphere data on
SY are also subject to a sphere diffeomorphism. Sphere diffeomorphisms
are gauge transformations intrinsic to the given sphere data. On the other
hand, sphere perturbations are extrinsic to the given sphere data but
they are intrinsic gauge transformations of the ambient spacetime; see,
for example, the linearized pure gauge solutions in [27].

(2) Transversal regularity. Higher-order derivatives of the sphere data which
are transversal to the gluing null hypersurface are not glued at S%. This
is due to the existence of additional higher-order conserved charges which
involve these transversal derivatives.

Our next theorem resolves both of these issues by gluing along two null hy-
persurfaces bifurcating from an auxiliary sphere Sy,,x. The advantage of such
an approach is that we can first glue S; to the auxiliary sphere S,y in the
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FIGURE 8. First illustration

“ingoing” direction and then glue S,ux to the sphere Sy in the “outgoing”
direction (Fig. 8).

Theorem (Codimension-10 bifurcate characteristic gluing, version 1). Let m >
0 be an integer. The problem of characteristic gluing along two null hypersur-
faces bifurcating from an auziliary sphere can be solved close to Minkowski
for m™-order derivatives in all directions (up to the 10-dimensional space of
gauge-invariant charges) without perturbing either of the spheres Sy and Ss.

1.2. Previous Gluing Constructions

1.2.1. Gluing Constructions in General Relativity. Gluing constructions in
general relativity are, up to now, mainly focused on the gluing of spacelike
initial data satisfying the elliptic constraint equations.

Gluing constructions based on the gluing of connected sums (see the
works [29,40] on codimension-3 surgery for manifolds of positive scalar curva-
ture) were studied by Chrusciel-Isenberg—Pollack [19,20], Chrusciel-Mazzeo
[21], Isenberg-Maxwell-Pollack [32], Isenberg-Mazzeo—Pollack [33,34].

On the other hand, in the groundbreaking work of Corvino [24] and
Corvino—Schoen [25], the geometric under-determinedness of the spacelike con-
straint equations is used to study the (codimension-1) gluing problem. In par-
ticular, they showed that asymptotically flat spacelike initial data can be glued
across a compact region to exactly Kerr spacelike initial data. Further construc-
tions and refinements based on this approach were proved by Chrusciel-Delay
[17,18], Chrusciel-Pollack [22], Cortier [23], Hintz [31]. Another milestone was
the work by Carlotto—Schoen [14] which showed that it is possible to glue
spacelike initial data—along a non-compact cone—to spacelike initial data for
Minkowski.

1.2.2. Characteristic Gluing for the Wave Equation. The characteristic gluing
problem was studied before by the first author [6] in the much simpler setting of
the linear homogeneous wave equation on general (but fixed) Lorentzian mani-
folds. Similarly to the present paper, [6] determined that the only obstructions
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to characteristic gluing are conservation laws along null hypersurfaces. More-
over, it was shown that a necessary and sufficient condition for the existence
of such conservation laws is that the kernel of an elliptic operator defined on
the null hypersurface [7] is non-trivial. Hence, for the linear wave equation, [6]
derived a geometric characterization of all obstructions to characteristic glu-
ing along a general null hypersurface. Specific examples of null hypersurfaces
which admit conservation laws for the wave equation are

(1) the standard cones in Minkowski spacetime,
(2) the null infinity of asymptotically flat spacetimes and
(3) the event horizon of extremal black holes.

The conserved charges in cases (2) and (3) above have important applications
in the study of the evolution of scalar perturbations on black hole spacetimes.
Specifically, the charges along null infinity (also known as the Newman—Penrose
constants) are related to the leading-order coefficients of the late-time asymp-
totics of solution to the wave equation on Schwarzschild [1,4] and Kerr [2]
spacetimes. Similar results were recently obtained for the Dirac equation on
Schwarzschild in [37]. On the other hand, the conservation laws on extremal
horizons are the source of the horizon instability of extremal black holes [8-10].
It is worth noting that even though the latter charges are defined on sections
of the extremal event horizon, they can be computed by far-away observers at
null infinity and hence serve as potential observational signatures of extremal
black holes [3,5,13].

1.3. Double Null Coordinates

In this section, we outline the geometric framework of this paper to provide a
first version of our main theorem in Sect. 1.6.

Let S be a spacelike 2-sphere in a spacetime (M, g), and let ug and vg
with vg > ug be two real numbers. Let u and v be two optical functions of
(M, g) such that S = {u = up,v = vy}, and for real numbers u; and vy, the
hypersurfaces

Hu, ={u=w}, H, ={v=uv},

are outgoing and ingoing null hypersurfaces, respectively. The union of these
null hypersurfaces forms a so-called double null foliation of (M,g) (Fig. 9).
On the sphere

Sug e = {u =up,v =10}, (1.1)

we define local angular coordinates (6',60?) and extend them everywhere by
propagating them first along the null generators of H,,, and then of H, for all
v, as in Fig. 10. The resulting coordinate system (u, v, 0, %) is called a double
null coordinate system (Fig. 10).

With respect to double null coordinates, it holds that

g = —4Q%dudv + ¢, (d0* — b dv) (d67 — bPdv) , (1.2)
where

e the scalar function 2 is the so-called null lapse,
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FIGURE 9. The double null foliation formed by the level sets
of the optical functions u and v

FIGURE 10. The construction of double null coordinates

® ¢ o5 is the induced Riemannian metric on the 2-spheres S, ,, of constant

(u,v),
o the S, ,-tangent vectorfield b is the so-called shift vector. By construction,
it holds that b vanishes on u = ug.

The induced metric ¢ can be expressed as
g = ¢2g/c7

where with respect to the coordinates (6, 6%),

P = vd g, =672, 7= (do)? +sin? 0 (d6*)2.

Define the null vectors

L:=0,+b, L:=08,, L:=Q 'L, L:=Q 'L,
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and let for A = 1,2, 04 := 0pa. Then for A, B = 1,2, the Ricci coefficients are
defined by

Xap =g(DaL,05), X,, =8MDaL,ds), Ca:=5gDaL, L),
n:=C+dlog, w:=Dylog, =D logQ,

[\]

w:
where D denotes the covariant derivative on (M, g), and define the null cur-
vature components by

1

QAB = R(8A7Ea63ai)’ ﬁA = §R(6Aai7 z; E)a
1 1 .
pP = ZR(LaLv La L)a g %AB = iR(aAaaBa L7L)7 (14)
1

gA :_5

where € 4p denotes the volume form on (Sy.,¢); see (2.8) and (2.10) for
details. We split x and x into tracefree and trace parts as follows

R(aAa /L7 za E)a Qpp = R(BA, /Lv an /L)7

X=X+ %trxgj, X=X+ %tr&j.
Moreover, for a S, ,-tangential tensor W, denote by
DW = £, W, DW = £, W, (15)
where £ denotes the projection of the Lie-derivative onto S, ,.

1.4. Null Structure Equations

A Lorentzian 4-manifold (M, g) is called a vacuum spacetime if it satisfies the
Einstein vacuum equations

Ric = 0, (1.6)

where Ric denotes the Ricci tensor of g. The Einstein Egs. (1.6) together with
the embedding equations for a double null foliation in a vacuum spacetime
stipulate that the metric components, Ricci coefficients and null curvature
components satisfy the so-called null structure equations. These equations are
of transport-elliptic character, and they are either tangential to the “outgoing”
or the “ingoing” null hypersurfaces. For example, they include the following
(see Sect. 2.2 for the full set of equations),

Dy= 200
D¢ =20y,
Q
Dirx + 3 (trx)* — wirx = —Q[R[g, (1.7)

Dn=Q(x-n—0),
1 . 1
difrx — gdtrerx-C— Ftx¢ = -5,

where (difX)a := Y Xac, and ¥ denotes the covariant derivative and ¢ the
exterior derivative on .Sy, ,.
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Moreover, the so-called null Bianchi equations hold for the null curvature
components. The null Bianchi equations for D3 and Dp are as follows.

Dﬂ+%Qtrxﬁfﬂiﬂfwﬂfﬂ(diﬁa*(ﬂ+2<)'a) =0
(1.8)
Dp + thrxp -Q (d;/vﬁ +(@2n+¢.8) — %(X’ a)) =0,

where dif3 := YV 484. We refer to Sect. 2.2 for the complete set of null structure
equations and null Bianchi equations.

1.5. The Characteristic Initial Value Problem and the Gluing Problem

It is well known that the Einstein Egs. (1.6) are hyperbolic and admit a well-
posed initial value formulation. In the context of this paper, in particular the
characteristic initial value problem where characteristic initial data are posed
on two transversely intersecting null hypersurfaces is relevant.

Characteristic initial data for the Finstein equations consist of a pair of
hypersurfaces H and H intersecting at a 2-dimensional surface S together with
the (free) specification of

(Q,¢4,) on HUH and (g,trx,trx,n) on S, (1.9)

such that ¢ is conformal to ¢ on S.

The local well-posedness for the characteristic initial value problem was
first obtained by Rendall [39]. Specifically, Rendall proved that for sufficiently
regular characteristic initial data there exists a unique solution to the Einstein
equations in a neighborhood of the surface S. Luk [35] subsequently extended
the above result to appropriate neighborhoods of the initial hypersurfaces H
and H.

In particular, by virtue of the null structure equations, characteristic
initial data determine on the sphere S = H N H the following tuple of S-
tangential tensors on S,

(Qv¢7.¢c’X:Xannaw7Q7a76ap7Uagagv
D¢, Dg ., Dx, Dx, D¢, Dn, Dw, Dw,

D, Dd ., Dx, DX, DS, Dy, D, Dw) | .

We note that the above tuple specifies all derivatives of the spacetime metric up

to order 2 on S. By the null structure equations, some quantities are redundant,
and we can reduce the above tuple to the following,

€T = (Qv(bagcagtrXa;(\? Qtrx,X,n,w,Dw,g,@,a,Q) |S'

We call this tuple of tensors C%-sphere data (see also Definition 2.4). Higher-
order sphere data, suitable for the solution of a higher regularity gluing prob-
lem, require inclusion of the higher-order tangential and transversal derivatives
(see also Sect. 2.10). It is essential for this paper that sphere data are affected
by gauge transformations (i.e., sphere perturbations and sphere diffeomor-
phisms).
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We are now in position to state the problem of characteristic gluing.
In the following, we suppress the indices u as we state the problem along a
fixed (abstract) 3-dimensional hypersurface Hy o) := [1,2] X S* connecting the
(abstract) 2-spheres S; and Ss.

Characteristic gluing problem. Given sphere data x1 and xo on two space-
like 2-spheres S1 and Ss, respectively, does there exist a family of sphere data
(7,)1<v<2 on the null hypersurface Hpy 9 = Ui<v<2S, solving the null con-
straint equations on H|y o) such that

) = x1 and x5 = 157

We underline that in the above problem, the sphere data x; and x5 are not
required to be induced from an actual vacuum spacetime, but can be seen as
abstract tensor tuples, see also Definition 2.4.

The degrees of freedom in the characteristic gluing problem are the free
prescription of

(Q,4,) along Hi1,2)-

Characteristic gluing in the above generality is not always feasible. Indeed, for
example, the monotonicity of try due to the Raychaudhuri Eq. (2.13) forms an
obstacle to characteristic gluing. In this paper, we analyze the characteristic
gluing problem close to Minkowski. In fact, by applying the implicit func-
tion theorem, we can reduce to a study of the linearized characteristic gluing
problem at Minkowski.

1.6. First Statement of Main Theorem

In the following, we state a first version of our main theorem. First, on a sphere
S equipped with a round metric ’Oy we define the projections of functions f on .S
onto the (normalized) spherical harmonics of mode [ = 0 and [ = 1 as follows,

fO .= /f . Y(Oo)dug{, Fam = /f . Y(l"”)d,u% for m = —-1,0,1.
5 5

Moreover, we define the projections of vectorfields X on S onto the electric
E(™) and magnetic H™) vector spherical harmonics of mode [ = 1 (defined
in Appendix D.2) as follows,

xX{m = /% (X, BO™)) dpug, X7 = / 5 (X, HO™ ) dpsg for m = ~1,0,1.
S S

Definition 1.1 (Charges). Let = be given sphere data on a sphere S. We addi-

tionally assume that S is equipped with a round metric ’Oy For m = —-1,0,1,
we define the charges
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= —*\ﬁ( (P—I—rdl/‘/ﬂ))

m. 1 4 (17n)

P = 3( (p+rdikB))

m 1 [8m (m)
L™ = oy 5 (r (drx + trx(n — 4 log 2)))
m 1 8w

G™ =1\ 3 (r® (dtrx + trx(n — dIOgQ))) ,

where r = r(x) denotes the area radius of the sphere S with sphere data 2, and
p and @ are calculated from the sphere data by the null structure equations
(more specifically, the Gauss and Gauss—Codazzi equations).

The following is the main result of this paper, see Theorem 3.1 for a precise
statement.

Theorem 1.2 (Codimension-10 perturbative characteristic gluing, version 1).
Let x1 and xo 2 be sphere data on two spheres S and Sy, close to sphere
data on the round spheres of radius 1 and 2 in Minkowski, respectively. For
a real number & > 0, let Hy = U_s<y<5Su,2 be an ingoing null hypersurface
passing through Sy 2, equipped with a family of sphere data (x,,.2)—s<u<s that is
close to the respective sphere data in Minkowski and solves the null constraint
equations. Then, there are

o a family of sphere data (z,)1<y<2 along a hypersurface Hflz] = Ur<p<295),
solving the null constraint equations,

e sphere data x5 on a sphere S, 5 stemming from a perturbation of Sp 2
in Hy (and subject to a sphere diffeomorphism),

such that on Sy we have the matching

Ty =, (1.10)
and on Sy we have matching of x5y and x4, up to the charges (E,P,L,G);
that is, if it holds that

(E,P.L,G)(5) = (E,P,L, G)(x5),

then it holds that

17/2 = To,2-
There is no additional obstruction to gluing higher-order tangential derivatives
along HELQ]'
Remarks on Theorem 1.2.

(1) The proof of Theorem 1.2 is based on the implicit function theorem and
a solution of the linearized characteristic gluing problem transversal to
the obstruction space consisting of (E,P,L, G), see Sect. 4.

(2) The gluing of Theorem 1.2 is at the level of C? for the metric compo-
nents, meaning that we consider the matching of metric components and
their derivatives up to order 2. The characteristic gluing of higher-order
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tangential derivatives is stated in more detail in Theorem 3.2. For higher-
order gluing of derivatives in all directions, see the bifurcate characteristic
gluing in Sect. 1.9.

1.7. Linearized Characteristic Gluing

By the implicit function theorem, the study of the characteristic gluing prob-
lem in vicinity of Minkowski can be reduced to the study of the linearized
characteristic gluing problem at Minkowski. In this section, we discuss the
linearized null constraint equations and null Bianchi equations at Minkowski,
and the corresponding linearized gluing problem.

1.7.1. Linearized Equations, Characteristic Gluing and Conserved Charges.
The linearized null constraint equations on 'H[Lg] = Uj<y<25, can be derived
by varying through a family of sphere data (x5)1<y<2 solving the null con-
straint equations around Minkowski. We formally denote its expansion in the
parameter ¢ as follows,

o 2 2
l’i = <15v777,v707Ua0705070707070a0)

v

2 (g Q)R (Q0), R0 &, Do, b, D, )

2
s + O(e?).

The resulting linearized null constraint equations and linearized null Bianchi
equations are equations for the linearized sphere data

(26,4 s (2620, %, (260, X,y &, Do, o, D, 1,1

For example, linearizing the null constraint Eqgs. (1.7) and null Bianchi Egs. (1.8)
yields (where we have that r = v and D = £, in Minkowski space, and denote

d;/V = d]/\/%),

5 <¢> _ (Qﬁrx)’ Dg. - %)?, D (Dgg,_ QQ) —0, (1.11)

T 2
and
2. r? : 4. : 7 =
D (%) + 5  (Qrx) — —Q ) = 2rd O — difx = 0. (1.12)
We also note the linearized null Bianchi equations
D (7‘36) —rdifa =0, D (r*p) — rdif 3 = 0. (1.13)

The linearized characteristic gluing problem can be stated as follows.

Linearized characteristic gluing problem. Given linearized sphere data &1 and
To on two spheres S1 and Sa, respectively, does there exist a null hypersurface
Hi1,2) = Ur<o<2Sy equipped with a family of linearized sphere data (i7,)1<v<2
solving the linearized constraint equations such that

3?/1 = jjl and al‘/2 = .i’Q?
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The degrees of freedom in the linearized characteristic gluing problem are given
by prescribing € and ¢ . on H[; 2. By the linearized first variation equation in
(1.11), that is,

. 2 .
Ddc: ﬁ)ﬁ

this is equivalent to the free prescription of ) and 5{ on Hy g, which is the
point of view we choose in this paper.

In the following, we analyze the obstacles to the linearized gluing problem.
Combining the linearized constraint Eqgs. (1.11) and (1.12), we get that

D (r27'7 + %z ((Qt'rx) - iﬂ» — djfy,

D (; ((erx) = iQ) i f) o (1.14)

Importantly, projecting the second equation onto the vector spherical harmon-
ics of mode [ = 1 (see Appendix D.2) and using that, in general, the mode
[ =1 of the divergence of a symmetric tracefree 2-tensor vanishes, we can read
off (1.14) that the quantities

Qo = (ﬁn + gd ((Qt'rx) - jjsz)) . ,

. (1.15)
r . 4. é
= — | (Qryx) — - -
0= 3 (@) - 20) + £
are conserved along H|; o) under the linearized null constraint equations. We
note that Qg corresponds to 6 numbers, while Q; accounts to one functional
degree on the sphere.
The charges Qg and Q; are examples of the larger set of conserved charges

Q; for 0<i <7,

identified in Sect.4.1 of this paper. These charges are of fundamental im-
portance for the characteristic gluing problem, as they form obstructions to
gluing. In particular, the linearizations of the charges E, P, L and G (see Def-
inition 1.1) form part of the set of conserved charges. In fact, Qq is directly
related to the linearizations of L and G, see (4.6).

We remark that we alternatively could have derived Qg from the lin-
earized null Bianchi Eq. (1.13) for DB by relating ﬁ to n via the linearized
Gauss—Codazzi equation. Similarly, the conservation law for the linearizations
of E and P can be derived by the linearized null Bianchi Eq. (1.13) for Dp by
means of the linearized Gauss and Gauss—Codazzi equations.

1.7.2. Linearized Perturbations of Sphere Data and Matching of Charges. In
context of the linearized characteristic gluing problem, we also analyze the
linearizations of sphere perturbations and sphere diffeomorphisms of sphere
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data. We remark that formally, the perturbation S} of Sy in the ingoing null
hypersurface Hy = U_s<y<55,2 is defined as the level set

{f(u) =0} CHy,

for a small perturbation function f defined on H,. We parametrize the sphere
diffeomorphisms by a pair ¢ = (g1, g2) of scalar functions.

The linearizations of the sphere data in the perturbation functions f and
q, evaluated at Minkowski and f = ¢ = 0, can be explicitly calculated by
the transformation formulas for sphere data (see Lemmas 2.22 and 2.23, and
Appendix A). For example, the linearization on Sy of 2, try, ¢ and n under
the transversal perturbation function f, evaluated at Minkowski and f = 0, is
given by

0= Jous. @i = 3 (£ 1) f o= 7=t (054 ).

Plugging the above into the charge expressions (1.15), we see that the charges
Qp and Q; on S5 of a linearized sphere perturbations are given by the following,

Qy=0, 9= %if — duf. (1.16)

The identity (1.16) reflects the following essential observation: The set of con-
served charges Q;, 0 <14 < 7, splits into two categories:

(1) Gauge-invariant charges. A 10-dimensional space of gauge-invariant
charges which are not changing under linearized sphere perturbations.
This space is spanned precisely by the linearizations of E, P, L and G.

(2) Gauge-dependent charges. An infinite-dimensional space of gauge-
dependent charges which can be adjusted in a surjective manner by a
carefully chosen linearized sphere perturbations and sphere diffeomor-
phisms. Of all charges Q;, 0 < i < 7 (see Sect.4.1), only E,P,L and G
do not fall into this category.

Therefore, in the linearized characteristic gluing problem, we can match all
charges at So—except for E, P, L and G—by adding a linearized sphere per-
turbation and a linearized sphere diffeomorphism at Ss.

In [11,12], we show that the charges E,P,L and G are related to the
ADM energy, linear momentum, angular momentum and center of mass of an
asymptotically flat spacetime.

1.7.3. Hierarchical Structure of Radial Weights in the Characteristic Glu-
ing Problem. In the previous section, we showed that matching of all gauge-
dependent charges is possible by adding a linearized sphere perturbation to
Sy. In this section, we explain how to prescribe, in addition to the matching
of the gauge-dependent charges, the linearized free data Q and X on Hi1,2)
such that on S5 we have matching of the full linearized sphere data up to the
10-dimensional space of gauge-invariant charges.

By integrating the linearized null constraint equations and using their
nilpotent character (see Sect.2.7), we can derive representation formulas for
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each linearized quantity. For example, integrating (1.11) and (1.14) from v’ = 1
to v' = v, we get the following representation formulas for ¢, ¢ . and 7,

H(v) — vh(1) — % ((Qt'rx)u) - 49(1)) :Q/de', r-weight for 2 :1,

1
gic(v) - jc(l) :2/ T%).?d'u/, r-weight for 5{ :7’%
1

13 . . v ° v . .
{”/27.7 + %d ((Qtrx) - %Q)] =dip (/ )?dv') ,  r-weight for y :1.
1
1

Importantly, the representation formulas display a special hierarchical struc-
ture of radial weights where the integrals on the right-hand sides over the freely
prescribed data Q and 5{ contain different r-weights. Thereby, the integrals are
linearly independent and it is possible, by prescribing the value of the weighted
integrals of Q and )Ag over the interval v = 1 to v = 2, to choose ) and )? on
H|1,2) such that the corresponding solution to the linearized null constraint
equations matches with the prescribed data on S; and Ss.

The existence of conservation laws is connected to the presence of similar
r-weights as follows: If the representation formulas for linearized quantities
include only integrals of  and )2 of the same r-weight, then a conserved
charge can be constructed from them.

Using the above principle, we can prescribe the free data along H; o) to
glue transversely to the space of charges. As we matched the gauge-dependent
charges by a linearized sphere perturbation in Sect.1.7.2, it follows that we
glued the linearized sphere data on S up to the 10-dimensional space of gauge-
invariant charges.

1.8. Solution of the Nonlinear Characteristic Gluing Problem

The proof of Theorem 1.2 is based on the implicit function theorem and our
analysis of the linearized characteristic gluing problem in Sect. 1.7.
The setup for the implicit function theorem is as follows. Consider

e sphere data x1 on a sphere Sy,

o a family of sphere data (z,2)—s<u<s on the ingoing null hypersurface
Hy = U_s<u<sSu,2,

o a family of sphere data (z])1<y<2 on the outgoing null hypersurface
Hi1,2) = Ur<u<aSu,

e a sphere perturbation function f and sphere diffeomorphism function gq.

Then, we define the mapping F as follows,
F (21, (Tu,2)—s<u<s, (23,)1<0<2, [ Q)
= (= 20, M () = M (Pra((@u2)-s2u26)) € () 1)

where

e C denotes the null constraint functions (as defined in Sect. 2.7)
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o M(x) denotes the projection of sphere data = on a space of codimension
10 which accounts for the charges E, P, L and G (see Definition 2.11 and

Lemma 2.12),
e P, denotes the application of sphere data perturbations corresponding
to f and gq.
By the definition of F, it holds that if
F(@1, (Tu2)-s<uss, (T,)1<0<2, f,0) = (0,0,0), (1.17)

then the family of sphere data (z),)1<,<2 solves the null constraint equations
on Hy o), agrees with x1 on S; and matches—up to E,P,L and G—with a
sphere perturbation and sphere diffeomorphism of x5 on Ss. This corresponds
to solving the characteristic gluing problem as outlined in Theorem 1.2. In the
following, we use the implicit function theorem to construct f, j and (x])1<y<2
for given 1 and (z,2)—s<u<s such that (1.17) holds.

The implicit function theorem implies that if the linearization of F in f, j
and (2},)1<y<2, evaluated at f = 0 and Minkowski reference data, is surjective,
then there exists a mapping G,

g : (1'17 (wu,2)76§u§5) — ((x;;)lgvg% fa q)a

well defined close to Minkowski values, such that G(z1,x2) solves the gluing
problem (1.17); that is, it holds that

F(x1, (Tu,2)-s<u<s G(21, (Tu,2) —5<u<s)) = (0,0,0).

By construction, the surjectivity of the linearization of F is equivalent to
the solvability of the linearized characteristic gluing problem for the inhomo-
geneous linearized null constraint equations. The latter can be shown by a
slight generalization of the analysis of the homogeneous linearized equations
in Sect.1.7. We remark that our derived estimates for solutions to the (in-
homogeneous) linearized null constraint equations follow a specific regularity
hierarchy which is also reflected in our definition of function spaces.

More generally, the above implicit function argument applies to the study
of the characteristic gluing problem near Schwarzschild of small mass M > 0.
This is essential for our study of characteristic gluing to Kerr in [11,12].

1.9. Codimension-10 Bifurcate Characteristic Gluing

In our solution to the characteristic gluing problem along H[; j, the gluing
of higher-order tangential derivatives is in fact without obstacles. However,
higher-order transversal derivatives cannot be glued in general as they are
related to higher-order conserved charges along Hj; 5 of the linearized null
constraint equations.

We show in this paper that it is possible to circumvent these conserva-
tion laws and glue derivatives of any direction and any order by gluing along
two null hypersurfaces Hi_1,0)1 and H_y 1,9 bifurcating from an auxiliary
spacelike sphere S_j 1, see Fig. 11.

Our result can be summarized as follows, see Theorem 3.3 for a precise state-
ment.
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FI1GURE 11. The null hypersurfaces ﬂ[fl,o],l and H_y 1,9 bi-
furcating from S_; ;

Theorem 1.3 (Codimension-10 bifurcate characteristic gluing, version 1). Let
m > 0 be an integer. Let x91 and x_1 o be sphere data on two spheres Sy 1 and
S_1,2 together with derivatives in all directions up to order m. If the prescribed
data on So,1 and S_1 2 are sufficiently close to the respective Minkowski data,
then there are families of sphere data

!
(Zh,1)—1<u<o on Hy_y g1 = U Su,0,

—1<u<0

!
(‘T—l,v)1§1}§2 onH_1 12 = U S_1.0,
1<v<2

solving the null constraint equations and matching to m'™-order at the bifurcate
auziliary sphere S_1 1, such that we have

o mth-order matching on Sp 1,
o m™_order matching up to the charges E,P,L and G on S_1,2.

The proof of Theorem 1.3 is based on the implicit function theorem and a
study of the linearized bifurcate characteristic gluing problem. It is important
to remark that in Theorem 1.3 we are not applying any sphere perturbations
to Sp,1 and S_1 2. The key insight is that the gauge-dependent charges along
H_1,[1,2) can be matched by adjusting the free data on Hi_101- and vice versa,
the gauge-dependent charges on H;_; ) ; can be matched by the free data on
H_1,[1,2)- Moreover, the spaces of gauge-invariant charges along H_; [ 2] and
H(_1,0,1 agree. We refer to Sect. 6 for a detailed discussion.

Theorem 1.3 is applied in [11,12] to glue spacelike initial data for the
Einstein equations to spacelike initial data for a Kerr black hole spacetime.

1.10. Overview of the Paper
The paper is structured as follows.
e In Sect.2, we introduce the notation and the geometric setup of this

paper.
e In Sect. 3, we precisely state the main results of this paper.
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e In Sect.4, we solve the linearized codimension-10 characteristic gluing
problem.

e In Sect. 5, we prove the codimension-10 perturbative characteristic gluing,
Theorem 1.2.

e In Sect.6, we prove the codimension-10 bifurcate characteristic gluing,
see Theorem 1.3.

e In Appendix A, we rigorously define and estimate nonlinear perturbations
of sphere data.

e In Appendix B, we derive and linearize null transport equations along H.

e In Appendix C, we study linearized null transport equations at
Schwarzschild of small mass M > 0.

e In Appendix D, we recall the theory of Hodge systems on 2-spheres and
tensor spherical harmonics and provide a spectral analysis of differential
operators studied in Sect. 4.

2. Notation, Definitions and Preliminaries

In this section, we introduce the notation, definitions and preliminaries of this
paper. We follow the notation of [15]. For two real numbers A and B, the
inequality A < B means that there is a universal constant C' > 0 such that
A < C B. Greek indices range over o = 0, 1,2, 3, lowercase Latin indices over
a =1,2,3 and uppercase Latin indices over A = 1,2.

2.1. Null Geometry

In this section, we recapitulate the well-known construction of local double
null coordinates in spacetimes, see, for example, Chapter 1 of [15].

Given a spacetime (M, g), let D denote the covariant derivative and R
the Riemann curvature tensor on (M, g). Let S C M be a spacelike 2-sphere,
and let L' on S be an outgoing future-pointing null vectorfield normal to S.
Given a scalar function Q on S, the so-called null lapse, let L' denote the
unique ingoing future-pointing null vectorfield normal to S such that

g(L',L)=-20" (2.1)

Extend L' and L’ from S as null geodesic vectorfields in (M, g), and denote
the resulting outgoing and ingoing null geodesic congruences by H and H,
respectively.

Given a null lapse 2 on H and H which extends the null lapse €2 on S,
define the vectorfields

L:=QL, L:=0L onH, L:=QL, L:=0L onH. (2.2)
Define on ‘H the scalar function v by
L(v)=1onH, vlg =1,
and define on H the scalar function u by

Lu)=1onH, ulg=0.
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Let So» C H and S, C H denote the level sets of v and u, respectively.
On each Sp,, define L’ as the unique ingoing future-pointing null vectorfield
normal to Sp, such that (2.1) holds. Similarly, on each S, 1, define L’ as
the unique outgoing future-pointing null vectorfield normal to 5,1 such that
(2.1) holds. Extend L’ from H and L’ from H, respectively, as null geodesic
vectorfields onto (M, g).

Subsequently, define © in (M, g) by (2.1) and define (L, L) and (L, L)
in M by (2.2). Furthermore, define v and u in M by
L(v) =0, L(u) =0,
with initial values given by the constructed v on ‘H and u on H, respectively.
Denote the level sets of v and v in M by H, and H,,, respectively, and let

Suw = Hu VM, ooy =Ha 0| U Mo |+ Hpss i)

v1 Sv<vg

= U Ho | NH,,

w1 <ulug

and let ¢ denote the induced Riemannian metric on S, , and Y the induced
covariant derivative.

We are now in position to define the so-called double null coordinates
(u,v,0%,6%) on M. First, define local coordinates (6', %) on each Sy, C H by
transporting local coordinates (01,6%) on S = Sy 1 along H according to

L(0') = L(#*) =0 on H,
and then define the local coordinates (6',6%) on M by transporting (6!, 0?)
according to
L(0Y) = L(#*) =0 on M,
with given initial values on H = Hj.
The following is shown in Chapter 1 of [15],

e The functions u and v are local optical functions on M; that is, they
satisfy the Eikonal equations

|Du|? =0, |Dv* =0,
and it holds that
L' = —2Du, L' = —2Dw.
e In double null coordinates (u, v, #',6?), the Lorentzian metric g takes the
form
g = —40%dudv + ¢ . (604 — b*dv) (d6F — bPdv), (2.3)

where the S, ,-tangential vectorfield b = b49, is called shift vector and
satisfies by construction

b =0 on Hp.
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e It holds that
L=0,+b L=0,. (2.4)
Introduce furthermore the following notation (following [15]).
e On a sphere (S0, ¢), denote by r the area radius defined by
drr? = areay (Sy.) .

e By the coordinates (6',6%) on S, ,, , we can equip each S,, , with the unit
round metric

5= (d0")” + sin? 0" (d6°)* (2.5)

and define v := (v—u)z% on S, , for v > u. By construction, %/ is invariant
under the flow of L on ‘H and under the flow of L on M. Denote the

volume forms of ¢ and 5 on S, by ﬁ and \/7, respectively.
o We decompose the metric ¢ on S, ,, into

j = ¢2.¢ca (26)

where ¢ is a scalar function and ¢ , is a Riemannian metric on S, , given
by

¢ = Ve doi=07"4¢.

NG

By definition, it holds that /¢, = \/g
e On each S, ,, define with respect to (61, 6?%)
— the standard (real) spherical harmonics YUm) for | > 0 and —1 <

m <,

— the vector spherical harmonics EUW™) and HI™) for [ > 1 and —1 <
m <,

— the tensor spherical harmonics ¢ and (™) for | > 2 and —I <
m <.

We refer to Appendix D for details and properties of spherical harmonics.
e For a general S, ,-tangent tensorfield W, introduce the notation

DW = 4LW, QW = 4LI/V, (27)

where £ denotes the projection of the Lie derivative on (M, g) onto the
tangent space of Sy .
e For S, ,-tangent vectorfields X and Y, define the Ricci coefficients by

X(X7 Y) = g(DXZ7 Y)a X(Xa Y) = g(DX /L7Y)7
((X) = J&(DxL, 1), ((X):= ;aDxLD)

1:=C(+d logQ, n:=—(+dlogQ,
w := Dlog$2, w = Dlog (2,

(2.8)
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where ¢ denotes the extrinsic derivative of S, ,. It holds that

(=—¢ n=—n+24dlogQ. (2.9)
e For S, ,-tangent vectorfields X and Y, define the null curvature compo-
nents by
~ - 1 PO
a(X,Y) =R(X,L,Y, L), B(X) = iR(X’L’ L, L),
1~ nm 1 .
pi= ZR(Lv L7 La L)? g %(X7Y) = iR(Xv Y7 La L)a (210)

1 P PN
B(X) := iR(X’ L, L L), a(X,Y):=R(X, L,Y, L),
where ¢ 45 denotes the volume form on (S, v, ¢).

2.2. Null Structure Equations and Null Bianchi Equations

By the null geometry setup in Sect. 2.1 and the Einstein equations, the metric
components (2.3), Ricci coefficients (2.8) and null curvature components (2.10)
satisfy the so-called null structure equations. Before stating them, we introduce
the following notation, following Chapter 1 of [15].

e For two S, ,-tangential 1-forms X and Y,
(X,Y) =4 (X,Y), ("X)a =¢apX",
(X®Y)ap := XaYp + XpYa — (X -Y)d 1, dFX := VX4,
(VRY)ap =YV aYs+VpYa— (AFY)d 15, cuflX :=¢*PV 4 X5,

where ¢ denotes the area 2-form of Sy, ,.
For two symmetric S, ,-tangential 2-tensors V' and W,

trV = ¢ PV, V=V — %trVg’, VAW = ¢ PV e,
e For a symmetric S, ,-tangential 2-tensor V' and a 1-form X,
(V-X)a:=VapXB.
e For a symmetric S, ,-tangential 2-tensor V/,
difVa ==V PVpa.
e For a symmetric S, ,-tangential tensor W, let DW and @W denote the

tracefree parts of DW and DW, respectively, with respect to ¢.

In this paper, we also use the operators By, >, T and IP; which are introduced
in Appendix D.

We are now in position to state the null structure equations of a space-
time. We have the first variation equations,

D¢ =20y, D¢ =2y, (2.11)
which imply specifically that
Q Ot
D¢ = trX¢7 Do = 2.0 (2.12)

2 )
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the Raychaudhuri equations,

Q N Q N
Dtry + §(trx)2 — wtry = —Q\X@, Dtry + f(trX)Q —wtry = _Q|X‘5217

(2.13)
and
DX = QIXP*d +wX — Qo DX = Qx*f +wX — Qa,
Dn=Q(x-n—p), Dn=9Q(x-n+0),
Dw=Q*@200,n) — Inl* = p),  Dw=0*20m0) — I —p),  (214)
1
cufln = —5)?/\ X—o0, cufln = — cufln = — cufld,
Dn=-Q(x-n—B)+2dw, Dn=-Q(x-n+p5) +2dw.
Further, we have the Gauss equation,
1 1,
K+ —trxtry — (X, X) = —», (2.15)

4 2

where K denotes the Gauss curvature of S, ,, the Gauss-Codazzi equations

Lo 1 ~ 1
dif X — §¢itrx+x~47 Stx¢ = =4,

] R (2.16)
dif X — idtrx—z -+ étrxg =B,
and
PR 1
D(Qury) = 2Q% difn + 2Q%|n|* — Q*(1,X) — §Q2trxtrx +202%p, o17)
2.17
PR 1
D(Qtry) = 207 difn + 29%n> — Q*(X, X) — §Q2trxtrx +20%p,
as well as
S S DG D
D(Qx) = | (X, X)d + §UXX + YV &n +n®@n — §trxx ,
(2.18)

~ PPN 1 ~ ~ 1
D(OY) = 02 ((X,x)g + 5tr&x + Y &n+nen — 2trxx> .
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By Proposition 1.2 in [15], the following null Bianchi equations hold,

~ 1 ~
Qa—§ﬂtrxa+2ga+9(—y7®ﬁ (40 + Q)®B + 3xp + 3*X0)

Da ~ 0trya +2wa +Q (Y34 + (41~ )36 + 3% — 3°%0)
Dﬁ—l—thrxﬁ—QSZ~ﬁ—w6—Q(diﬁ/@—!—(ﬂ—!—QC)~ )

Qg+thrﬂ—QX-Q—Q§+Q(de+(n—2C)~

e
I
<o

1 = * * =
Qﬁ+§Qtrxﬂ—Qx~,@+@6—Q(dp+ do+3np+ 3 no+2x -

=

)
)

=

1
D@+§Qtrxé79x BHwB+Q(dp—"do+3np— 3o — 2% -

3 1

Dp + Qtrxp Q (dWﬁ +(2n+(,B) - 2 ) =
3 1

Dp+ 2Qtrxp+Q (dWﬁ+(2n ¢, B)+ 2 ) =
3 1

Do + §QtrXJ+Q (cuﬂﬁ-i— (2n+¢,"B) — 2X/\0‘) =

1
Do + %QU‘XJ +Q <cuﬂﬂ+ (2n—¢,"B) + 25{/\04) =0.
(2.19)

In addition to the above null structure equations, the following transport equa-
tion for Dw is derived in Appendix B.1,

DDw = —120%(n — d 1og Q, dw) + 2Q°w (1, —3n + 44 log Q) — p)

+ 403 x(n, d log ) + 03 (g, ™ — 3d log Q) + gQgtrxp + 03 dix 8
QS

+?(X Q).

(2.20)

Similar equations for higher derivatives can be derived by commuting the above
equations with D, D, V.

2.3. Null Geometry of Minkowski and Schwarzschild Spacetimes

In this section, we discuss the null geometry of the Minkowski spacetime and
the Schwarzschild family of spacetimes.

Minkowski spacetime. Minkowski spacetime, the trivial solution to the Einstein
vacuum Egs. (1.6), is given by

M =R g=m:=diag(-1,1,1,1).
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From the Cartesian coordinates (¢, 2!, 22, 23) on R'*3, the double null coordi-
nates (u,v,6%,6%) in Minkowski are defined by

1 1
(u,v,0",60%) = (2 (t—r), 3 (t+r) ,91,92) , (2.21)
where r := Z‘?:l(xi)Q, and with respect to which

m = —4dudv + (v — u)?3 , gd64do".

We note that the area radius of the sphere S, , is given by r = v — u.
In coordinates (2.21), the metric components, Ricci coefficients and null

curvature components are given on S, , by, with r = v — v and % as in (2.5),

=1, ¢=r%,

) )

r
77 = 0, ﬁ = 0, (2'22)

w=0, Dw=0,
a=0, 6=0,

) )

) 9

Il
o o o o

I 1€ o~ =)
1
o o o o
‘@
2 & jo [
Il

, p=0, o=0.

)

Schwarzschild family of spacetimes. For real numbers M € R, the family of
Schwarzschild metrics is given in Schwarzschild coordinates (¢, 7, 61, 62) by (see,
for example, [30])

2M oM\ !
g=— <1 - > dt* + <1 - > dr? 4+ r? (d6? + sin® 0d¢*) . (2.23)

r r
Setting M = 0 leads back to Minkowski spacetime, while M > 0 is interpreted
as a black hole solution with event horizon at {r = 2M}. The so-called exterior
region {r > 2M} is covered by Eddington-Finkelstein double null coordinates
(u,v,0',62) in which the metric takes the form

2M o
where the area radius 757 (u,v) is defined by (see, for example, (98) in [27])
v—u  rap(u,v) rar(u,v)
= 1 ———1]. 2.2
oM oM °g< oM (2.25)

The area radius function rps(u,v) is smooth in M away from M = 0, and
continuous in M at M = 0. The corresponding null lapse ), is determined
by (2.24) to be

2M
02, =1- P (2.26)

where we note the following standard identities,

QuM Qu M
0,0 = 4 0,0 = — 5 Oy = O3, durag =~y (227)
’I"M TM
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Using (2.26), (2.27) and that by (2.2) and (2.4),
L=, L=07',

we calculate that in Eddington—Finkelstein double null coordinates (u,v,6*,
6?), the metric components, Ricci coefficients and null curvature components
are given on .Sy, by

/ 2M o
QM = 1- ) g/ = r]2\/[7a
M

2Q 2Q
try = M7 try = — M7 X=0, X:O’
M ™M
=0, =0, ¢=0, ¢=0,
! 1 2 (2.28)
M 2M o M 2M 5
w= 5, Do=——-0y, w=-7, Dw=—-—5Q,
"M "M "M "M
a =0, =0, ﬁ:(]a a=0,
2M
P = T3 g = 07
"M

for v > w such that ra; = ry(u,v) > 2M.

2.4. Tensor Spaces and Calculus Estimate

In this section, we define the basic function spaces of this paper. We remark
that the 2-spheres and 3-dimensional hypersurfaces in this section are not
assumed to be lying in a vacuum spacetimes. The used double null notation
Suw and Hyg (v, 0,] 18 only employed to fix the correct Minkowski reference
background sphere data and the corresponding norms.

Definition 2.1 (Tensor spaces on Riemannian 2-spheres S, ). For two real

numbers v > u, let S, , be a 2-sphere equipped with a round unit metric %
For integers m > 0 and tensors 1" on S, ,, define

m 2
”TM%W%S%U::ZEE:HV7TML%SMU)
1=0

where the covariant derivative Y and the measure in L?(S,, ,) are with respect

to the round metric v = (v — u)Q%. Moreover, let
Hm(Su,v) =A{T: HTHHM(Su,U) < oo}

Definition 2.2 (Tensor spaces on null hypersurfaces). Let m > 0 and I > 0
be two integers. In the following, let D and D be defined as in (2.7) for null
hypersurfaces in Minkowski.
(1) For real numbers ug < v1 < wvg and S, ,-tangential tensors 7' on
Hum[vl»vz]’ define

)
; 2
1T Wzt g ) = / > P Tl s,, 20
¢

s 1<G<
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and let
Hlm(Huo,[usz]) *{F ”FHH 7 (g

(2) For real numbers u; < us < wg and S, .,-tangential tensors 7' on

)<OO}.

s[vy,v2]

ﬂ[ulxuz],vw define
; J
P = | 5 12T 4
w1 1<5<1
and let
HP Mgy aagoo) = F < 1l g, 0y < 000

The following standard calculus estimates are applied tacitly throughout this
paper. They follow, for example, from Corollaries 3.3 and 3.4, and Lemma 3.20
in [41], and the results of Chapter 13 in [42].

Lemma 2.3 (Calculus estimates). Let ug < vy < vy be real numbers. The fol-
lowing holds.

(1) Trace estimate. For any S, ,-tangent tensor T' on H,, we have

that for vi < v < vg,
1Tl zros

J[v1,v2]

) <CUU,U17112 ’ ”T”HO(H

Sug.v ug.[v1.,va])?
where the constant Cy, v, v, > 0 depends on ug,v1 and va.
(2) L*-estimate. For any Sy, .-tangent tensor T' on Hy, (v, v,], we have

that

17| oo (24 <Cugvr,vs 1Tl 2024

wg,[v1,v2]) — ug.lvg.va])?
where the constant Cy, v, ,0, > 0 depends on ug,v1 and vs.

(8) Product estimate. Let my,mo > 2 and ly,ly > 1 be integers, and further
let T'€ H™ (Hug,[v,,00) and T" € H}'* (Hug vy ,00)) be two Sy, -tangent
tensors. Then, it holds that for integers 0 < m < min(mq, ms) and 0 <
1 < min(ll, ls),
1T T\ e e, ortrrooa)) N NE2 (3 o)

+C T

) SC T g,

ug,lvi,va]

Houg . [vq v2]) ”T HH I (Hug,lvg,02])?

where the constant C' > 0 depends on m,my, mo,l,l; and ls.
2.5. Sphere Data, Null Data and Norms
In this section, we set up the essential definitions for the characteristic gluing

problem.

Definition 2.4 (C?-sphere data). For two real numbers v > u, C%-sphere data

x consist of a 2-sphere S equipped with a round metric %, see (2.5), and the
following tuple of tensors on S,

r = (Q,d,Uryx, X, Qrx, X,n,w, Dw,w, Dw, a, a),

where
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Q > 0 is a positive scalar function and ¢ is a Riemannian metric,
Qtry, Qtry, w, DR, w, Dw are scalar functions,

n is a vectorfield,

X, X, @ and « are symmetric ¢-tracefree 2-tensors.

Remarks on Definition 2.4.

(1) We call the above tuple of tensors “C?-sphere data” because by stipulat-
ing the null structure equations and null Bianchi equations of Sect. 2.2 on
S, sphere data x fully define all metric components and their derivatives
up to order 2 on S. Indeed, from sphere data we can calculate the Ricci
coeflicients and null curvature components

(ﬂaC7£) ) (67pa0—7ﬁ)7

as well as the derivatives
(Dn, Dy, D¢, Dx, Dx, Dw) , (Dn, Dy, D¢, Dx, Dx, Dw) ,
(DB, Dp, Do, D, Dax) , (D3, Do, Dp, Df3, Dex) .

We omit the explicit verification that sphere data together with the above
indeed determine all derivatives of the metric components up to order 2.

(2) By the specification of %, it follows that sphere data are coordinate-
dependent. More generally, the sphere data induced on a spacelike 2-
sphere in a spacetime are gauge-dependent; see also Sect. 2.8.

Notation. Let v > u be two real numbers. In this paper, we denote the ref-

erence Minkowski sphere data m, , on a sphere, correspondingly denoted by
Su,va by

o 2 2
mu,v = <17T2’Y7r70aT7O7070a070507070) )

where r = v — u, see (2.22). For real numbers M, we similarly denote the
reference Schwarzschild sphere data by

o 20 20 M 2MQ3, M 2MQ;
mu,v:(ﬂhfvrif’)/>7M707_ M7070>T>_ 3 M7_T7_ 3 NI7070)7
M 8% M "M "M (87

where ry; = rpr(u,v) is defined in (2.25) and Qp = (1 — %)1/2 in (2.26), see
(2.28).

Definition 2.5 (Norm for sphere data). Let v > u be two real numbers. Let
Zy,v be sphere data on a sphere denoted by S, ,,. Define
[Tuwllz(s,..) = 12l mecs,..) + 14l mo(s,..) + 12X g (s,.0) + X H0(S,..0)
+ 19X acs,.) F IXNE(50.0) + 101 E5 (S0 0)
+lwllass, ) + [1Dwllmo(s, ) + lellmacs,,,) + 12wl a2, ..

+ ledllascs,.,) + llallazs, ),
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where the norms are with respect to the round metric v = (v — u)Q% on Syy-
Let

X(Suw) = A{Tuw : |Tuwllrs, ) < o0} (2.29)
Remarks on Definition 2.5.

e Definition 2.5 reflects the regularity hierarchy of the null structure equa-
tions along the L-direction.

Definition 2.6 (Null data). We define the following.

(1) For real numbers ug < v1 < v, outgoing null data on the abstract man-

ifold Hayg oy 0e) = [v1,02] X S? i= Uy, <v<vySug.w (Where Sy, are 2-
spheres) are given by a tuple of S, ,-tangent tensors
Tr = (Q7 gv QtrX7 5(\3 Qtr&v X? W, Dwa W, &a Q, Q)? (230)

such that zy,,, = |s, , is sphere data on each Sy, v C Hug (v v,]-

(2) Forreal numbers uy < ug < g, ingoing null data on the abstract manifold
My us] oo = [u1, us] X S? 1= Uy, <u<u, Su.vy are given by a tuple of S, ,,-
tangent tensors

z = (Q,4,rx, X, Urx, X, n,w, Dw,w, Dw, a, @), (2.31)

such that @y, := 7ls, ,, is sphere data on each S, ., C My us) w0

Notation. The reference outgoing and ingoing null data of Minkowski are de-
noted by m and m, respectively; see (2.22). The reference outgoing and ingoing
null data of Schwarzschild of mass M are denoted by m™ and m™ | respectively;
see (2.28).

The following norm for null data respects the regularity hierarchy of the null
structure equations.

Definition 2.7 (Norm for null data). Let x be null data on H := Hy, v, v,]-
Define
%l 22y == 1 mg 2y + N9 | mrg 2y + 1262 19 (0) + 1IXN g (30)
+ 19X 2y + IXN E220) + 101 223 (20
+ lwllzg (1) + 1Dwll s (1) + Nl 2 ) + [1Dwl| 5224
+ el o (1) + llall a2 -
Let 2 be null data on H := ﬂ[umulL%. Define

zllx ) = I a2y + g1 as ) + 120X 8 (20) + 11X 125 (20)
+ 192tex || g2y + XM 220 + 100l 23 (20)
+ lwll g 30 + [1Dwl| 5oz + @l maae) + 1Dl 2 20)
+ el ge () + el 220
Moreover, let
X(H) = { el < ook, X(H) = {x : [zl v < o0}
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Remark 2.8. For given null data x on 'H = Hyg [v),0,), the null structure
Egs. (2.14), (2.15) and (2.16) determine the null curvature components
(B,p,0,B8). By standard calculus estimates on Sy,. (see, for example,
Lemma 2.3), it follows that for null data x close to Minkowski, that is,

H.’E - mH-X('H) < g,
for sufficiently small € > 0, they are bounded by
2M
1B zgeny +||p+ —5— + ol e + 1Bl a0 S 1z = m™ -

" g )

Analogously, for null data z on Hy,, 4,1, = H,
2M

181l 520y + || + e + ol gz + 18l azen S llz — o™ |lx ).
M 1 HS (1)

In the context of sphere perturbations, we work with ingoing null data of higher
regularity, see Sect.2.8 and specifically Proposition 2.21. The corresponding
norm for the higher regularity ingoing null data is denoted by X'+. Similarly to
X above, X1 respects the regularity hierarchy of the null structure equations.

Definition 2.9 (Higher regularity norm for ingoing null data). For ingoing null
data z on H := Hp,, ], define
zllx+ ) = 1R mi2a0) + 14 | m2220) + 192X 22 (20) + XN 22 (20)
+ 192trx | g0 20y + XN 20 (20) + 1l E121 (20
+ @l 22 ) + ”DWHHIQ @) + llwllmgo o) + 1Dl e
+llallmzao + llellngao
Further, let

XT(H) = {z: ||z||x+@m) < oo}.

2.6. Charges (E,P,L, G) and Matching Map 9t

In this section, we define the charges (E,P,L, G) which are of fundamental
importance for the characteristic gluing problem, see Theorem 3.1, and the
matching map 9t which is used to solve the characteristic gluing problem
transversally to the charges.

Definition 2.10 (Charges). Let z,,, be sphere data. For m = —1,0, 1, define

E = ——\ﬁ( (p+ rd]/vﬂ))(0

m 47 (17”)
P = 87r ~ (P (p+rdivp))
1 8 m
L™= 1 Eﬂ (r® (dtrx + trx(n — 4 log 2))) 4™,
Ggmi— L[5 (r® (dtry + trx(n — d log 2))) 5™,

167V 3
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where r = r(x,,,) denotes the area radius of (S, .,¢) and the spherical har-

monics projections are defined with respect to the unit round metric % on Sy v,
see Appendix D. Here, the null curvature components p and 3 are calculated
from wx,, by (2.15) and (2.16).

Remarks on Definition 2.10.

(1) The linearizations of (E, P, L, G) at Minkowski satisfy conservation laws
along H, see Sect. 4 and (4.6). In [11,12], we show that in asymptotically
flat spacetimes, these conservation laws are related to the conservation of
energy, linear momentum, angular momentum and the equation of motion
for the center of mass.

(2) It holds that on the sphere S, ,,

(E,P,L,G)(m") = (M,0,0,0).

(3) The charges (E,P,L,G) play a major role in the characteristic gluing
problem because in general they cannot be matched on Sy by our meth-
ods, see the statement of Theorem 3.1. This stems from the fact that at
the linear level, they satisfy conservation laws and are invariant under
the linearized sphere perturbations introduced in Sect. 2.8.

(4) For sphere data ., € X(Sy,), the charges are well defined. Indeed, first,
from (2.15) and (2.16), it is straightforward to show that for sufficiently
small real numbers € > 0 and M, and sphere data z,, , with

| T, — mM”X(Su.v) <e

we have that

+llollmas,..) + 118 E3(S,.0)

oM
1815 (50.0) + ||P+ 5~

Ty s, )
SCupltuw — 0 |lx(s, )

where the constant C,, , > 0 depends on u and v. Consequently, by Defini-
tion 2.10 together with standard estimates (see, for example, Lemma 2.3),
the charges are bounded by

|E — M|+ |P|+ |L| + |G| £ Cupw

a0 — M| x5, )

As remarked above, the charges (E,P,L, G) cannot be glued with our meth-
ods. To study the characteristic gluing problem modulo the charges, we intro-
duce the following matching map.

Definition 2.11 (Matching map 9). Let x,,, be sphere data on S, ,,. Define
M (Ty,0) ==
(26,4, 2t X, (@102, 2,022 0, Do, w2, D2, 05, O, ,0)

where ¢ and ¢ are defined by (2.6), and the superscript [> 2] denotes projec-
tion onto the (tensor) spherical harmonics of modes I > 2, see (D.3). Moreover,
in the above, Q5 and Qg are defined with r = v — u by
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where di# and /A are the divergence and Laplace—Beltrami operator with

respect to the standard unit round metric % on Sy,. We also call M, , :=
M(xy,) the matching data at Sy .

Remarks on Definition 2.11.

(1) In the proof of our main theorem, we show that we are able to glue the
matching data on Sy .

(2) The linearizations of Q5 and Qg at Minkowski equal the gauge-dependent
charges Qs and Qg of the linearized null constraint equations at
Minkowski, see (4.5) and Lemma 4.16 in Sect. 4.3.4.

The following lemma shows that the range of the matching map 90 is the
complement to the charges (E,P,L, G).

Lemma 2.12 (Matching map and charges). Let z,,, and zi,, be sphere data
on Sy, such that for a real number € > 0,

[2uw = mllxes,,,) + 120, — mlaes,.,) <e (2.32)
and satisfying
M (2,0) = M), ,). (2.39)
For € > 0 sufficiently small, the following holds: If, in addition to (2.33),
(E,P,L,G) (24, = (E,P,L,G) (z,,,), (2.34)
then
Ty = Ty e (2.35)

Proof of Lemma 2.12. First, by Definition 2.10 we rewrite the matching of L
and G in (2.34) as

(X () + X (@) (1(T00) — f log Qw0)))

(2.36)
= (dtrx(al,,) + tex(@l,,) (n(2, ) — d log (!, ).
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By (2.33) for try, Q and 522, we can rewrite (2.36) as

) (1) = (e, )
) (77(9%,@) _ 77(90:“,))[1]> [

=]
Il
—~
—+
5
=
~—
8
e~
<

Il
—
-+
=
=
H\

(@) =1, )"

(
<trx(z2,v) - 2) (1(@u.0) = (), mm) '

)

x4 (el - 2) x) "

where we denoted X = (n(zy,,) — n(z] v))[ll. We can rewrite (2.37) as

u7

X=-3 <<trx(x;w) - i) X> . (2.38)

Note that by (2.32),

(2.37)

+
SIN 7N 3D

2

trX(l';,v) - ;

<e

~ ?

HG(Su,v)

so that (for fixed r > 0) from (2.38) we get that
|X]| < el X]. (2.39)

The inequality (2.39) implies for £ > 0 sufficiently small that X = 0, which
means, by definition of X above, that

(@)t = (e, ). (2.40)

By (2.33) for nl=2 this implies that n(z,.,) = n(x, ,) at Su.,. By (2.33) and
the Gauss-Codazzi equation (2.16), this further implies that 3(z.,,) = B(}, )
at Sy v.

Second, by (2.33), the Gauss equation (2.15) and the above, the matching
of E and P in (2.34) can be written as

(<1]
(F) + (o )rx () = 5 (R) 5o

(2.41)

1

[<1]
1 ~ ~
= (Kleha) + Jratel i) - R 2l )
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By (2.33) for ¢, X, X, trx and trK[ZQ], we can rewrite (2.41) as
<1
0= (trx(x;’v) (trx(muﬂ,) — tr&(as;’v)))[_ ]
<1 [<1]
trx(a), ) (trx () = trx(@),,) ")

(trx (@)= = trx(ar, ,)'=1)

2
-
' 2 (<1] =1
; ((trxm,v) - ) (trx(u0) — trx(a,.,)) )
2
B

o\ <1
Y + ((trx(x;’v) — r) Y) ;

where we denoted Y = (try(wu0)ISY — trx(a, ,)51). We can rewrite (2.42)

Y =—3 ((trx(x;w) - i) y) = (2.43)

Using that by (2.32),

I
/N

(2.42)

3

Se
H6(Sy.0)

the relation (2.43) implies (for r > 0 fixed) that
Y] <elY]. (2.44)

For £ > 0 sufficiently small, (2.44) implies that ¥ = 0, which means, by the
above definition of Y, that

trx(acw})[gl] = tr&(x;’v)[gl]. (2.45)

From (2.45) and (2.33), we deduce that trx(z.,.) = trx(z), ,) at Su.o-

Third, it remains to show (2.35) for w and Dw. For w2 and Dw!=? this
follows from (2.33), see Definition 2.11. Moreover, (2.33) implies (2.35) for the
quantities

trX(xu,'u) - ;

<1 1

5 1 °
— o= Z (Ot — difnlt
Qs :=w!=H + 4( rx) . i

[e]

1 o [<1] 1 <
- msld 4 (o= 20) - L s

o o [<1]
0n = (D) - 5 - 3) (Feaery - S +2)0)

1 o o o 4 [<1] 9 o ]
— — Q — -0 — —=di
+ or (4&4& + 3) ( try . ) 3r2d1/(/77 ,

at Sy,,. Thus from (2.33) and the above, it follows that also wl=1 (Tuw) =
w= (a7, ) and Dw!<Y(z,,) = Dw!<U(), ) on S, ,. This finishes the proof
of Lemma 2.12. O
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The following lemma follows directly by Definition 2.11. Its proof is omitted.

Lemma 2.13 (Smoothness of M). Let v > u be two real numbers. The matching
map M is a smooth mapping from an open neighborhood of m in X (S, ) to
Zon(Suw), where (with all spaces over the sphere Sy )

Zon(Su.w) = H® x H® x H® x H® x H® x H* x H* x H®
x H% x HS x H* x H?> x H* x H? x H® x H?,
and we have the estimate
Hsm(xu,v) - Sm(m)HZgﬂ(Su,,u) S CupllTuw — m”X(Su,v)’

where the constant Cy, , > 0 depends on v and v.

2.7. Nilpotent Character of Null Structure Equations

It is well known that solutions to the null structure equations can be con-
structed from free data which is not subject to any constraint equations, see,
for example, [15] and [36]. This is due to the nilpotent character of the null
structure equations which reduces the problem to solving a hierarchy of null
transport equations which can be solved subsequently from the free data. We
proceed as follows.

e In Sect.2.7.1, we define the free data and derive the hierarchy of transport
equations, denoted by

C; =0 for 1<i< 10, (2.46)

where the maps (C;)1<i<10 are called constraint functions. The equations
(2.46) are called the null constraint equations.

e In Sect.2.7.2, we calculate the linearization of the constraint functions at
Schwarzschild of mass M.

2.7.1. Definition of Free Data and Derivation of Hierarchy. The following def-
inition of free data is the starting point for the construction of solutions to
the null structure equations. For explicitness, we define free data on the null
hypersurface Ho,[1,00)-

Definition 2.14 (Free data). On Hy [1 o) prescribe

e the conformal class conf(¢) of induced Riemannian metrics ¢ on Sp ,,
e a scalar function €2, called the null lapse.
On Sp,1 prescribe
e the induced Riemannian metric ¢ (compatible with the conformal class
on 50)1),
e the scalar functions try, try, w, Dw,
e an S i-tangential vectorfield 7,
e two ¢-tracefree Sy 1-tangential symmetric 2-tensors ¥ and a.
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Remark on Definition 2.14.

(1) The above definition is compatible with the initial data for the charac-
teristic initial value problem discussed in Sect. 1.5 where free data (1.9)
are prescribed on two transversely intersecting null hypersurfaces H and
H. Indeed, in that situation, the components try, w, Dw, X and « of the
free data on the intersection sphere Sy ; as defined in Definition 2.14 are
determined from the free data (1.9) along H through the null constraint
equations along H.

Before constructing a solution to the null structure equations with the above
free data, we introduce the following objects.

(1) Given the conformal class conf(¢) on Sp ., let ¢ . be the unique represen-
tative such that

\/det ¢ (v, 60%,6%) = 1/ det ¥(6,6?).

(2) Let ¢ denote the induced metric on Sy, of the solution of the null con-
straint equations to be constructed. Define ¢ > 0 to be the conformal
factor such that

4=, (2.47)
that is,
det

3

¢ =

1]

det%
(3) It is straightforward to verify that the shear e, defined by
e:= IR,
is conformally invariant in the sense that e does not change under the
conformal transformation ¢ — f2¢ for a scalar function f along Ho,1,00]-

Hence, as ¢ is conformally related to ¢ , e can be explicitly calculated
from ¢ . on Ho 1,00)-

c)

We are now in position to construct a solution to the null structure equations
from the free data. In the following, we derive a hierarchy of null transport
equations, called the constraint functions C; for 1 < ¢ < 10, which can be
solved based on the free data.

Equation for ¢. By combining (2.12) and (2.13), that is,
Qtrxo
2

Q
D¢ = » Dtrx + 3 (trx)? — wirx = —Q|%P%,

and using (2.8), we get that ¢ satisfies the following linear transport equation,
1 —~
Ci == D?*¢p — wtryé + 592|X|2¢ =0.
We note that ¢ together with ¢ fully determines ¢ on each sphere.

Equation for x. By (2.11), x satisfies
D¢ —2Qx = 0.
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Splitting (2.11) into a trace and a tracefree part and using the decomposition
(2.47), we get the constraint equations

2
Cy = 2¢D(Z) + %tT¢CD¢C — QtI‘X(bQ =0,

C3 1= —2Q% + ¢ (Dy/c - ;(tfchffc)ﬂc) =0

Equation for 7. By combining (2.14) and (2.16), that is,
Dn=Q(x-n—p), -B=dkx - %dtrx +X-C— %trxa
and using that by (2.8),
n=-—n+2dlogQ, (=n—dlogQ,
we get that 7 satisfies the following transport equation,

~ 1 . 3
Cy := Dn+ Qtryn — Q (djﬁ/X — idtrx + Xd log Q + itrxd log Q> =0.

Equation for Qtry. By combining (2.8), (2.15) and (2.17), we get that

Cs := D(Qtry) + Qtry(Qry) + 2Q° it (n — 24 log Q)
—202|n — 24 log Q| + 20K
== O7

where K denotes the Gauss curvature of (Sp ., ¢).
Equation for X. By (2.8) and (2.18), it follows that X satisfies

~ ~ e 1 -
Co == D (QX) — (U, X)d — QQtrXQX

—Q? (W®(2¢l log Q2 —n) + (24 log © — n)®(24 log Q — 7)) — ;trx)?>
=0.

Equation for w. By (2.8), (2.14) and (2.15), it follows that

1 1, .
Cri= Do = 0 (44 g ) 3P+ K + Jorxry - 5(%.0)) 0.
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Equation for a. By (2.8), (2.15), (2.16) and (2.19), it follows that « satisfies
the following transport equation,

~ 1
Cs := Da — §Qtrxg + 2wa

+ QY& (dj/vy %yzt% ~X-(n—dlogQ) + %t@(n —d log Q))
+Q (9 logQ —5n) ®

(d;/v;? — %dtrz —X-(n—d1logQ) + %trz(n —d log Q)>

— 30X (K + itrxtr& — %()?, )?)) +3Q°X (cuﬂn + %)?/\ 5{)
=0.
Equation for Dw. By (2.8), (2.9), (2.15), (2.16) and (2.20), it follows that
Co := DDw + 12Q%(n — d log Q, dw) — 2Q%w - (17, —3n + 44 log Q)

3 1 1
— <2§22g — 59%1@) (K + Ztrxtr& — 5()?, X)) - 493X(777 d log Q)

Q3

Lo~ 1 N 1
—_Q3 (dWX_ §¢1trx—l~ (n—dlog ) + 5tr&(n—dlog§2),7n—3¢ logQ>

— Q3 diy (dwg - %;zltrx X (n—dlogQ) + %trx(n —d log Q))
=0.

Equation for «. By (2.14), « satisfies
Cip := Qa + DX — QIx|*¢d —wx = 0.
Once we have solved the above ten null constraint equations for the quantities
(¢, Qry, X, Qtrx, X, n,w, Dw, o, ),

the remaining Ricci coefficients, null curvature components and their deriva-
tives can be computed on each sphere using the (sphere-tangential, elliptic
equations among the) null structure equations and the null Bianchi equations;
this is exactly similar to the situation with sphere data, see Remark (2) after
Definition 2.4. In particular, we see that one of the central points of character-
istic gluing is to control solutions to the null constraint equations by suitably
prescribing characteristic seeds such that their restrictions to S and S; admit
sphere data that agree with given, prescribed sphere data on S; and S5 as
much as possible.

The following lemma shows that the constraint functions are a smooth
mapping. Its proof is straightforward and omitted.



3122 S. Aretakis et al. Ann. Henri Poincaré

Lemma 2.15 (Smoothness of constraint functions). Consider null data on
Ho,[1,2)

T = (Qa g ) QtI‘X, ?7 Qtr&a X? n,w, Dwa@; @a OZ7Q).
The constraints map C,
C:a— (Ci(z))1<i<0,

is a smooth mapping from an open neighborhood of m in X (Hg19) to Zc,
where

. 76 6 6 5 4 5 4 2 2 6
Ze=H3 x H x Hy x H} x Hy x Hy x Hy x Hy x Hy x HY,
where each space is over Ho 1,2 Moreover, we have the estimates

[(Ci(2))1<i<rollze < |2 — M|l x (2010

2.7.2. Linearized Constraint Functions at Minkowski. In this section, we lin-
earize the constraint functions (C;(z))1<i<10 at Minkowski, that is, at z = m.
The linearization procedure is adapted from [27]: We expand the sphere data
T = (Q7 g7 QtI‘X, 5(\7 QtI’X, X7 n,w, Dw7 W, @; aag)
2 2
= <1a7‘2%7 7a0a _707()’0’0)0707070)
r r

te. (Q¢ (Qfry), 3, (erx),g,ﬁ,w,pw,g,@,a,g) +O(e?),

and differentiate in € at € = 0. Here, we recall that the Minkowski value for r is
given by » = v—wu. The proof of the next lemma follows by explicit calculation.

Lemma 2.16 (Linearization of constraint functions at Minkowski). Let

(Ci)1<i<10 denote the linearization of the constraint functions (C;)1<i<10 at
Minkowski. Then, it holds that

T

C =D?%$— 20 = D(D —29), Co =12 (21:) <¢> — (Qt'rx)> ,

. S .1 4 1o . 1. .
C3 =r’Dg , — 2%, Ca=—5D (r?n) — —dQ — — dvX + S A (Qtrx),
r T T 2
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and moreover,

o

. 1 2 . 2 o /. ) . 4 .
G5 = D (Qtrx)) — 2 (Qery) + i (n - ZdQ) +2K + 50,
. e . 1/.\
CG—TD< >—27?2(77—2¢19)—TX,
2

1 . .
Cr=Dw—K — —(Qtrx) ;(Qtrx) - T—QQ,

= |- /'\

¢=rD (%) -2 (Qd‘%viz - 5@y - 1i).
Co = D (Das) — > (K + 5 () - —(Qtrx) + Q)

i (i d - (@m0 - 1),
Cio = &+ DY.
Remark 2.17. In addition to the above, we have by (2.6) and (2.8) that
§=2r67+ 1%, ©=DQ, &= DO, ij = —i+ 24 (2.48)
Moreover, by (242) in [27] the linearization of the Gauss curvature K is given
by
K= —d;/vdy‘vj — —(4& +2)¢. (2.49)

Moreover, using that the area radius r is defined by

1
2 2
p—_ d o
" 47 / ¢ 'LLV’
Su,v

and that for Minkowski sphere data, ¢ = r, we have that 7121 = 0 and
70 = ¢, (2.50)

2.8. Perturbations of Sphere Data

In this section, we introduce the perturbation mapping Py 4 of sphere data. It
is constructed from subsequent application of first transversal perturbations of
the sphere and then angular perturbations by sphere diffeomorphisms.

Remark 2.18. At the linear level (see Lemmas 2.22 and 2.23), the perturba-
tion mapping Py, corresponds directly to specific linear gauge solutions in
[27]. However, the regularity control of Py, at the nonlinear level loses reg-
ularity compared to the linear level and thus needs separate discussion, see
Proposition 2.21 and its proof in Appendix A.

(1) Introduction of transversal perturbations. In the following, we introduce
transversal perturbations. In words, the idea is as follows. Given a spacelike
2-sphere S in a vacuum spacetime (M, g) and a scalar function f on S, we
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perturb S along the ingoing null direction by an amount f. The resulting
sphere is denoted by S and its sphere data by x.

In the following, we sketch the formal definition of transversal perturba-
tions; we refer to Appendix A for full details. Let (4, 7, 8%, 82) be a local double
null coordinate system around S such that

g = —4Q%dadv + ¢ ., (d6° — b€ do)(dP — bP dv),
and
S = 510’2 = {’l] = O,fj = 2}.

Denote by Zg o the sphere data on Sy o with respect to (i, 9,6',62).
We define new coordinates (u, 6, 6%) on H, = {0 = 2} as follows. For a
given smooth scalar function f(u, 6, 6%), define (u,6,6%) on H, by

i =u+ f(u,0,0%), 6' =0, 6% = 6> (2.51)

For f sufficiently small, (u,#',0?) indeed forms a local coordinate system on
‘H,. Define the sphere S’ C H, by

S = {u=0}={a=f(0,0",0%),0 =2},
where we used (2.51). Let (u,v,0',6%) be the local double null coordinate
system on M such that v = @ on M and (u, 61, 0%) agree with the constructed
(u,0%,6%) on H,. Let zo2 be the sphere data of Spo = S’ with respect to
(u,v,0%,6%). An explicit calculation of zg 5 is provided in Appendix A.

The sphere data zp2 depend not only on f and Zp» but also on the
ingoing null data Z of (M,g) on H, (with respect to (@,,0',62)). At this
point, we denote the perturbation mapping P ,—¢ by

Zo,2 ‘= ’Pf,q:o(i).

Remark 2.19. In Appendix A, it is shown that the sphere data zp 2 on Sy
depend on f only via the four scalar functions

((0,6%,6%),0,f(0,6",6),0; f(0,6",6%),8; f(0,6",6%)) .
In the rest of the paper, we abuse notation and denote this tuple of scalar
functions simply by

£ = (£(0),0,£(0),02£(0),93 £(0)). (2.52)

(2) Introduction of angular perturbations. In the following, we introduce an-
gular perturbations. The setup is a generalization of the linearized pure gauge
solutions in Sect. 6 of [27].

Let v > u be two real numbers. Consider a 2-sphere S, , with sphere
data 2, ,, see Definition 2.4. For a given pair

q= <QIaQQ) S HS(Su,v) X HS(S’M,U)) (253)
on Sy, we define the vectorfield j on S, . by

ji=—r"Di(q1,q2), (2.54)
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where 7 := v — u and the operator 7 (see Definition D.1) is with respect to

the round unit metric % on S, . There exists an g > 0 such that for |¢| < o,
the flow of 7, denoted by

‘I)t(Q) : Su,v - Suﬂ” (255)

is well defined until time ¢ for all |t| < ¢ and a diffeomorphism of S, , into
itself. Clearly, for g1, go sufficiently small in H8(S,, ), ®:(g) is well defined and
a diffeomorphism up to and including ¢ = 1; see also Appendix A.

For sufficiently small ¢ = (q1,¢2) € H®(Syus) x H®(Sy,») we define the
new sphere data

Tuw = Po,g(Tuw)
to be the pullback of the sphere data &, , under the diffeomorphism ®4(q).
Notation. Analogously to (2.52), in the rest of this paper we continue to abuse

notation by referring to the pair of scalar functions (¢1,¢2) as perturbation
function gq.

For given perturbation functions f and ¢ as in (2.52) and (2.53), respectively,
the perturbation mapping Py, is defined as

Pt (L) :=Po,q (Pro(Z)). (2.56)
We introduce the following norms for the perturbation functions f and gq.

Definition 2.20 (Norms for perturbation functions). We introduce the follow-
ing.
(1) For a perturbation function f on §? as in (2.52) given by
define

1£llvs = 11 F Ol ars(s2) + 10uf O)l| s g2y + 102 F(0) | re(s2) + 105 £ (0) [l 252y,

where the norms are with respect to the round unit metric 7. Let Yy :=

{f [ flly, < oo}
(2) For a perturbation function ¢ as in (2.53) on S? given by

q:=(q1,42),
define
lally, = llarllas(s2) + gzl ms(s2),
where the norms are with respect to the round unit metric % Let Y, :=
{g: llglly, <oo}.

The following proposition is proved in Appendix A. We note that the regularity
analysis of Py, is different than the analysis of its linearizations Py and P,
introduced below, see Remark 2.18.
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Proposition 2.21 (Smoothness of P ). Let § > 0 be a real number. The map-
ping
P X+(ﬂ[7575],2) x Vg x Vg = X(So2),
(iv fa q) = To2 = ,Pf,q(i)v

is well defined and smooth in an open neighborhood of (Z, f,q) = (m,0,0) and
satisfies the estimate

1Pra(@ — Zoollaeson S 1Ly, + lally, + 12— mllye g,

where we denoted I 5 = I|s, ,-

In the following, we state the linearizations P; and P, of P;,, at Minkowski

and f = ¢ = 0. For a proof, we refer to Lemmas C.1 and C.2 in Appendix C

where, more generally, the linearizations at Schwarzschild of mass M > 0

(denoted by P}w and Péw , respectively) are calculated. The linearizations are,

by construction, closely related to the linearized pure gauge solutions of [27].
First, we have the following.

Lemma 2.22 (Linearization Py of Py,). Let P; denote the linearization of
Prqin fat f=0,q=0, and Minkowski. For a given linearized perturbation
function f,

Ji= (£0.60,6%),0,7(0,0%,6%), 92f(0,0",6%), 827(0,0",6%)),

the non-trivial components of 75f (f) are given by
0=30.(f).  =-1 i = (au (r»
. ¢ . 92
_|_

and

. 1, . 5 (1 :
2=0.(30.f). =22 (30.(F)).
where we tacitly evaluated at u = 0.

Second, we have the following lemma. Using that clearly the flow (2.55) satisfies
®(gj) = ®.(j), it is a corollary of Lemma 6.1.3 in [27], where we note that
the proof in [27] at Schwarzschild (see also Lemma C.2 in Appendix C) also
goes through at Minkowski, and our notation connects to [27] as follows,

§= i, VS 20

Vdetd  Ta
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Lemma 2.23 (Linearization P, of Ps.,). Let P, denote the linearization of Py,
ingat f =0, ¢ =0, and Minkowski. The non-trivial components of P,(q) are
given by, with ¢ = (q1,42),

A ok [ o
¢ = §¢ a1, 4 . =2P3P1(41, d2).
From Lemmas 2.22 and 2.23, we directly conclude the following.

Lemma 2.24 (Boundedness of linearized perturbations of sphere data). For
real numbers M > 0 sufficiently small, it holds that the linearizations P}VI and

PM gre bounded,

J
1P (Flso2) S 1y 1P (@)llxso.2) S lldll, -

2.9. Implicit Function Theorem

The proof of the main result of this paper is based on the standard implicit
function theorem. In the following, we recall its statement and provide further
estimates which are applied in Sect. 5.2.

In the following, for Hilbert spaces X and Z and integers r > 0, let
C"(X; Z) denote the space of r-times continuously differentiable maps from
X to Z. Denote the standard norm of this space by || - [|cr(x;z)-

The standard implicit function theorem is as follows, see, for example,
Theorem 2.5.7 in [38].

Theorem 2.25 (Implicit function theorem). Let X,Y and Z be Hilbert spaces.
Let U C X and V C Y be open subsets, and let F : U XV — Z be a C"-
mapping for some integer r > 1. Assume that for some xo € U and yy € V,
the linearization

Dm]:|($07y0) X -7

s an isomorphism. Then, there exist open neighborhoods Vo C V' of yo and
Wo C Z of F(xo,yo) as well as a unique C"-mapping G : Vo x Wy — U such
that for (y,z) € Vo x W,

F(G(y,2),y) = 2.
We further state the following standard calculus estimate.

Lemma 2.26 (Calculus estimate). Let X, Y and Z be Hilbert spaces. Let U C X
and V. C Y be open subsets around xo € X and yo € Y, respectively. Let
F:U XV — Z be a C"-mapping for an integer v > 1. Then,

17 (@, y) = F(zo,90)llz < 1z = 2ollx + ly = wolly

where the constant depends on F.
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Proof of Lemma 2.26. By the fundamental theorem of calculus,

F(z,y) = F(x0,y0) = (F(x,y) — F(x0,y)) — (F(z0,%0) — F(70,Y))

1
= /Dwfl(zw(kt)zo,y) (x —xo)dt
0

1
+ /D’y]:‘(a:o,yt+(17t)yo) (y - yO) dt.
0

Taking the norm of the above shows that
IF (2, y) = F(zo,90)l| 2z SIDeFllcowxviz e — ol x
+ 1Dy Flleowxviz)ly — yolly
Sllz = zollx +lly = wolly-
This finishes the proof of Lemma 2.26. O

2.10. Notation for Characteristic Gluing of Higher-Order Derivatives

As remarked in the introduction, our main characteristic gluing result, Theo-
rem 3.1, can be generalized to glue higher-order derivatives, see Theorems 3.2
and 3.3 in Sect. 3. In this section, we introduce the necessary notation to pre-
cisely state these results.

First, we define higher-order sphere data (for C™*2-gluing of metric com-
ponents) as generalization of Definition 2.4.

Definition 2.27 (Higher-order sphere data). Let m > 1 be an integer, and let
Ty be C?-sphere data on a 2-sphere Su,w- We define

e higher-order L-derivatives sphere data of order m > 1 to be the pair
(-Tu,vy Di,:}”n),
where Dﬁ;{]‘ is the following tuple of tensors,

Di’f)ﬂ = (ﬁa, ...,D"a, D?w, ... ,Derlw) , (2.57)

where ﬁj a, 1 <5 <m,are g-tracefree symmetric 2-tensors on S, , and
Diw, 2 < j<m+ 1, are scalar functions on Suw-
e higher-order L-derivatives sphere data of order m > 1 to be the pair

('Tuﬂu DL’m)a

u,v
where DL;™ is a tuple of tensors,
:

DHL:’Um = (m’ s ;@mgv ng7 s an+1£) ’ (258)

~j . .
where D a, 1 < j < m, are ¢-tracefree symmetric 2-tensors on S, , and
D'w, 2 <j <m+1, are scalar functions on Sy, ,.
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e higher-order sphere data of order m > 1 to be the triplet
(zu,mDLm DL’m)a

u,v T u,v

where D" and DE™ are tuples as in (2.57) and (2.58).

Remarks on Definition 2.27.

e By the null structure equations, higher-order L-derivatives sphere data
determine higher-order L-derivatives of the metric components, Ricci co-
efficients and null curvature components on the sphere. In other words,
by straightforward commutation applied to the null structure equations,
higher L-derivatives of metric components, Ricci coefficients and null cur-
vature components can be rewritten as higher L-derivatives of @ and 2
plus angular derivatives of lower-order L-derivatives. The same holds for
higher-order L-derivative sphere data. In this sense, higher-order sphere
data as defined in Definition 2.27 are appropriate for the higher-order
characteristic gluing problem (at the level of C™%2 for metric compo-
nents).

e For integers m > 0, D™a and D™ 1w are at the same level of derivatives
of the metric components, as « is a null curvature component, while w is
a Ricci coefficient.

Consider outgoing null data x on Hg 1) (see Definition 2.6). By applying
D-derivatives, the null data x determine the following tuple,

(m, DL’m) on Ho,[1,2],

where D™ is as in (2.58). Similarly, ingoing null data z on Hi_s6),2 (see
Definition 2.6) determine the tuple

(, QL’m) on ﬂ[ﬂs,é]zv

where D™ denotes the tuple of derivatives on the right-hand side of (2.58).
In the following, we define higher-order null data on Ho (1 2] and H{_ 5 o-

Definition 2.28 (Higher-order null data). Let m > 1 be an integer. We define

e higher-order outgoing null data of order m to be the triple
(%DL,m,’DLm) on HO’[LQ]

such that for each So., C Ho 1,2 (z, DB DL™), , is higher-order
sphere data of order m.
e higher-order ingoing null data of order m to be the triple

(z, D*™, DL™) on Hi 562

such that for each S, C Hi_s5.5),2> (£72L7m,2L)m)u’2 is higher-order

sphere data of order m. Here, DE™ denotes the tuple of tensors on the
right-hand side of (2.57).



3130 S. Aretakis et al. Ann. Henri Poincaré

In addition to the constraints equations

Ci(z) =0 for 1 <7 <10,

for z on Hy 1,2) and their direct implications for DL™ the Einstein equa-
tions (1.6) also imply null transport equations for DL™ along Ho,[1,2); see,
for example, the null transport equation (2.20) for Dw along Hy,[1 o). We call
these null transport equations the higher-order null constraint equations and
formally denote them by

C (a, D5, DE™) = 0 on Ho o).

Similarly, we denote the higher-order null constraint equations on ﬂ[_ 5,6),2 by

C ("E,QL’m,QL’m) =0 on ﬂ[—576],2'

The higher-order null constraint equations are relevant for higher-order con-
servation laws which act as obstructions to higher-order characteristic gluing,
see also Theorem 3.3.

Remark 2.29 (Higher-order sphere data perturbations). In the context of
higher-order sphere data, the sphere data perturbations Py, can be straight-
forward generalized to smooth mappings of higher-order incoming null data
(z, QL’m,QL’m) on H(_s 5,0 to higher-order L-derivatives sphere data (0,2,

D{i 5") on Sp2. It is worthwhile to note that linearly at Minkowski, DL>™ is

invariant under sphere variations, that is, for all f and ¢,
Do (Ps(F) +Pyl@)) = 0.

Indeed, this follows by the direct relation between our Py and P, and Lemmas
6.1.2 and 6.1.3 in [27] (as in the proof of Lemma 2.22), where in the latter it
is shown that

a=0, w=0,

which implies that all higher D-derivatives vanish on S 2.

3. Statement of Main Results

The following is the main theorem of this paper.

Theorem 3.1 (Codimension-10 perturbative characteristic gluing, version 2).
Let § > 0 be a real number. Consider sphere data xo1 on So,1, and sphere data
To,2 Oon 5'072 contained in ingoing null data T on E[—575]72 satisfying the null
constraint equations. Assume that for some real number € > 0,

lzo1 — mM”X(SO,l) + |1z - mMH;ﬁ(ﬁFMm) <e. (3.1)

There exist universal real numbers My > 0 and €9 > 0 such that for all real
numbers 0 < M < My and 0 < € < g¢ sufficiently small, there are

e a solution x to the null constraint equations on Ho 1 2],
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o sphere data xp 2 on a sphere Syo C ﬂ[—&éﬁ stemming from a perturba-

tion of 5‘072; that is, there are perturbation functions f and q such that

To,2 = Py q(Z),
such that on Sy,1 we have matching of sphere data,
lse, = To,1, (3.2)
and on Sp 2 we have matching up to the charges (E,P,L, G); that is, if
(E,P,L,G) (|s,,) = (E,P,L,G) (z0,2), (3.3)
then it holds that
T|s,, = T0,2- (34)

Moreover, the following bounds hold,

HJ? - mMHX('Ho,[LQ]) + ||$0,2 - @072 |X(So,2) S/ g,

1flly, +llally, <&

where we denoted I 5 = I|s,,. Furthermore, we have the perturbation esti-
mate

(3.5)

|(E,P,L,G) (z02) — (E,P,L,G) (Zy,)| S eM + &%, (3.6)
and the transport estimate
|(E,P,L,G) (z|s,,) — (E,P,L,G) (2ls,,)| SeM +&. (3.7)

Remarks on Theorem 3.1.

(1) The matching on Sy 2 can be described more precisely as follows. The
solution z constructed in Theorem 3.1 is such that on S 2,

m (xlsoz) = M(z0,2), (3.8)

where 91 denotes the matching map introduced in Definition 2.11.
Lemma 2.12 implies then that if in addition to (3.8) we have the matching
of charges (3.3), then we have the sphere data matching (3.4).

(2) A straightforward inspection of the proof of Theorem 3.1 shows that the
angular regularity of the characteristic gluing can be increased without
change to the proof.

(3) Theorem 3.1 can be equivalently stated with ingoing null data on ﬂ[—é,é},O
and sphere data on Sy 2. This alternative formulation of Theorem 3.1 is
used in [11,12].

(4) The constructed solution x € X(Ho,[1,9) is sufficiently regular for the
application of local existence results for the characteristic initial value
problem; see [11,12] for further discussion. The gluing of Theorem 3.1 is
at the level of C2-gluing for metric components.

(5) The construction of the solution « in Theorem 3.1 is based on the implicit
function theorem and solving the linearized characteristic gluing problem
at Minkowski in Sect. 4. The perturbation and transport estimates (3.6)
and (3.7) for the charges (E,P,L, G) require further an analysis of the
linearized sphere perturbations, angular perturbations and null transport
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equations for (E,P,L,G) at Schwarzschild of mass M > 0 provided in
Appendix C.

In addition to the gluing of higher-order angular derivatives, the proof of
Theorem 3.1 accommodates also the characteristic gluing of higher-order L-
derivatives in a straightforward way. The precise statement is as follows; for
ease of presentation, we state it with smooth sphere data.

Theorem 3.2 (Codimension-10 perturbative characteristic gluing of higher-
order L-derivatives).. Let § > 0 be a real number and let m > 1 be an in-
teger. Consider smooth higher-order L-derivatives sphere data (35071,Dé’1m)
~Lm ~L, ,
on Sp1 and smooth higher-order ingoing null data (Z,D m72*m) solving
the higher-order null constraint equations on H;_s s 5. For (xo,l,D(i’lm) and
Lm =L, . . . .
(z,D m,Q*m) sufficiently close to the their respective reference values in a
Schwarzschild spacetime of sufficiently small mass M > 0, there are
e a smooth solution (x,DL"’”) to the null constraint equations on Ho [1 2],
o smooth higher-order L-derivatives sphere data (9,2, Dé’zm) stemming from

a perturbation of 50,2 mn ﬂ[ﬂw]’z; that is, there are perturbation functions
f and q such that

~L,m =~ Lm
(xO,vaL)m) = Pf,q <i7D 72 ) )

such that on Sy,1 we have the matching

(:L’, DL7m)|So,1 = (xO,lv Dé?lm)v (3'9)
and on Sp o we have matching up to the charges (E,P,L, G); that is, if

(E’ P, L, G) ($|So,2) = (E’ P,L, G) (xO,Q) )

then it holds that

(2, D™y, = (20,2, Dg's")- (3.10)
Moreover, we have charge estimates analogous to Theorem 3.1.

Remarks on Theorem 3.2.

(1) The proof of Theorem 3.2 is a direct generalization of the proof of Theo-
rem 3.1. We indicate the necessary generalizations in Sect. 5.5 and Sect. 4.
(2) The matching on Sp 2 in Theorem 3.2 is more precisely given by

m (x‘so,z) = M(x0,2), DL’m|So,2 = Dé:’gm~ (3.11)
In particular, as mentioned before, the gluing of

pEm .— (lA)oz, . ,lA)moz, D?w, ..., Dm+1w)

)

is without obstacles.

(3) To deduce from (3.11) the gluing of higher-order L-derivatives of metric
components, Ricci coefficients and null curvature components, the full
matching (3.10) is needed to apply the higher-order null structure equa-
tions on Sy .
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Theorem 3.2 shows that DX can be characteristically glued without obstruc-
tion, while DL is subject to higher-order conservation laws along Ho,[1,2]-
In the following theorem, we show that by gluing along two null hypersurfaces
bifurcating from an auziliary sphere, namely along H(_1 )1 and Hy 1 g), it is
possible to glue higher-order L- and L-derivatives.

Theorem 3.3 (Codimension-10 bifurcate characteristic gluing, version 2). Let
m > 0 be an integer. Consider smooth higher-order sphere data

Lm Lm L,m Lm
(0,1, Do1" Do) on S and (x-1,2, D775, D) on S_y 2.

For (:coyl,Dé’lm,D(fim) and (x,lﬁg,Df’lz,D_Litg) sufficiently close to the their
respective reference values in a Schwarzschild spacetime of sufficiently small
mass M > 0, there are
e a smooth solution (LQL””,QL’"’) to the higher-order null constraint
equations on Hy_y o 1, satisfying higher-order sphere data matching on

50,17

(z,D>™ DL™)

= (xO,laD(iinlvD(%im)v

So,1

e a smooth solution (x,DL™ DL™) to the higher-order null constraint
equations on H_y [y o], matching with (x,D) on S_11,

(@, QL,m’QL,m)‘ _ (:C,DL’m,’DL’m)
S_11 S_11
such that (z,D"™ DL™) matches (x,1’27D£’£127D7L£) up to the charges
(E,P,L,G) on S_12; that is, if it holds that

(E,P,L,G) (x\g_m) =(E,P,L,G)(z_12),
then

(a:,DL’m,DL’m)’ = (x_1727D£’17727D_Li?;).

S_1,2
Moreover, we have charge estimates analogous to (3.7) in Theorem 3.1 for

|(E,P,L,G)(z|s_, ,) — (E,P,L,G — 2P) (0,1)] -

Remarks on Theorem 3.3.

(1) Theorem 3.3 shows that for bifurcate characteristic gluing, the obstruc-
tion space consists entirely of the 10-dimensional space (E,P,L, G).

(2) The proof of Theorem 3.3 is based on the methods of Theorems 3.1
and 3.2, and given in Sect. 6.

(3) In [11,12], Theorem 3.3 is applied to glue spacelike initial data to a Kerr
black hole spacetime.

(4) It is possible to generalize the above to an oo-order bifurcate character-
istic gluing result as stated in the next theorem. We omit details and
postpone the proof to future work.
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Theorem. For integers m > 1, there are higher-order norms X™(S1) on Si,
X™(S2) on Sz, and X™(HUH) on HUH, and there is a real number mg > 1
such that the following holds. Given smooth co-order sphere data x3° on S1 and
x5° on S, being sufficiently close to Minkowski reference data in X™°(Sy) on
S1 and X™0(S3) on Sa, respectively, there exists a smooth solution x*° along
HUH to co-order bifurcate characteristic gluing such that for each m > 1,

12°° = mlxmmur) S 1277 — mlam sy + 1227 — | xm(sy)-

The above results concern codimension-10 characteristic gluing. However, by
adding to the sphere data on S_; > a sphere data perturbation W which adjusts
the charges (E,P,L,G) (this implies that W is not coming from a sphere
perturbation or sphere diffeomorphism), it is straightforward to extend the
above results to full characteristic gluing of (higher-order) sphere data. The
sphere data perturbation W can be chosen to be supported on an arbitrary
angular region K on S_ 2. An explicit such W with advantageous properties is
used in the gluing problems studied in [11]. The following result is an extension
of Theorem 3.3; a variant can also be stated for characteristic gluing along one
null hypersurface of Theorem 3.1.

Proposition 3.4 (Bifurcate characteristic gluing with localized sphere data per-
turbation W). Let m > 0 be an integer. Let K C S_12 be an angular region.
Consider smooth higher-order sphere data

Lm L.m L.m L.m
(0,1, Dy Doi) on Soa and (z-1,2, D775, DZ5) on S_i.

For (xo,l,D(ﬁ’lm,D(ﬁm) and (x_Lg,Df’fg,D_%fg) sufficiently close to the their
respective reference values in a Schwarzschild spacetime of sufficiently small
mass M > 0, there are

e a smooth solution (LQL””,QL””) to the higher-order null constraint

equations on Hy_y o 1, satisfying higher-order sphere data matching on
So,1,

(z, D", DE™)| = (201, Dg1" D™,

0,1

e a smooth solution (x,DL™ DL™) to the higher-order null constraint
equations on H_q [y o], matching with (z,D) on S_1 1,

(£72L,m,2L,m)’ _ (l,L,’DL,WL’DL,m) ,
S_ 1,1 S_11
e a smooth higher-order sphere data perturbation (W,0,0), compactly sup-
ported in K,
such that

(x7DL7m7,DL’m)‘S,1)2 = ($—1,27D£’17TLQ’D_L{TQL) + (VV, 070)7

Moreover, we have appropriate bounds for W on S_i o, (z,DL™ DL™) on
H_11,2, and (z, DLm DL™) op H_ 1,2

The proof of Proposition 3.4 is a slight generalization of the proof of Theo-
rem 3.3 based on the additional localized sphere perturbation W, see Sect. 6.4.
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4. Linearized Characteristic Gluing at Minkowski

The following is the main result of this section. It shows that the linearized
characteristic gluing problem at Minkowski is solvable up to a 10-dimensional
space and forms the basis for the proof of Theorem 3.1 in Sect. 5.

Theorem 4.1 (Codimension-10 linearized characteristic gluing at Minkowski).
Given

e linearized sphere data .'{’071 S X(Soyl) at So 1,
o linearized matching data Mo 2 € Zon(So,2) at So 2,
e linearized source terms (¢;)1<i<i0 € Z¢ on Ho 2],

there exist

o linearized null data & € X(Ho [1,9]) on Ho1,9,

o linearized perturbation functions f and ¢ at Sp o

such that
Foa, £,4) = (xo,h‘jﬁo,g, (éi)lgigw) ) (4.1)
where FO denotes the linearization of F (z, f,q) in
(ro,1,Z, 2, f,q) = (m,m,m,0,0).
In other words, (4.1) states that
Ci(#) = ¢ on Mo for 1 <i<10, (4.2)
il = o1, M (ols,. = BY(@) ~ PP (£)) = Moz, (4.3)

where we remark that M is a linear map and we thus write M instead of M.
Moreover, the following estimate holds,

7t ) + 15l + Nl + (28 (F)] 1+ [P0 s,
S %oall(s0s) + 190,21l 2o (50.2) + 1 E)1<i<0]l 2 - (4.4)

We proceed as follows.

(1) In Sect.4.1, we define the charges Q; for 0 < i < 7 which satisfy con-
servation laws along H by the linearized null constraint equations at
Minkowski.

(2) In Sect. 4.2, we analyze how the charges Q; split into gauge-invariant and
gauge-dependent charges.

(3) In Sect.4.3, we analyze the system (4.2). We integrate the transport
equations (4.2) to get representation formulas for metric coefficients, Ricci
coefficients and null curvature components.

(4) In Sect. 4.4, we prove Theorem 4.1 by solving the linearized characteristic
gluing problem.
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Remark 4.2. While in the nonlinear setting we interpreted 2 and ¢ _ as free
conformal data, see Definition 2.14, in the linearized setting we choose 2 and
X as degrees of freedom. Indeed, by the linearized equation (see Lemma 2.16)

; 2. 1.
Dgc:ﬁx+ﬁc3

the two approaches are equivalent at the linear level. Consequently, in our
approach to the linearized gluing problem, the gluing of the following quantities
is trivial,

(., D0, %. DX)
Remark 4.3 (Linearized characteristic gluing of higher-order L-derivatives I).

Let m > 1 be an integer. In the following, we also show that if one additionally
prescribes the tuple

pLm .— (f)a, ...,D™a&, D%, ... 7Dm+1w)
on Sp1 and Sp 2, denoted by 7.35’ 7" and @5 5", respectively, then we can con-
struct & such that it satisfies, in addition to (4.3),
DL (i)]s,,, = Do DX ()]s, = Dos"-
In this setting, the right-hand side of (4.4) is replaced by
112 (50.0) + 1972 ]| Z0n (50,2 + 1 (€)1<i<10] 2c
+ 37 (ID s,y + 1D s, ) )

0<i<m

+ ) (D@l mo(ses) + D@l mocs,.0)) -
0<i<m+1

4.1. Conserved Charges Q; for the Linearized Equations

The following charges Q;, 0 < ¢ < 7, play an essential role in the character-
istic gluing problem. In Sect. 4.3, we prove that the linearized null constraint
equations at Minkowski (4.2) (see also Lemma 2.16) imply conservation laws
for the following charges, see Lemmas 4.8, 4.11 and 4.16.

3 . .
Qo = 21l 4 %d ((Qtrx)m B ;‘ij) 7
. 4. b
Q= g ((Qtrx) - TQ> + 27
. o 3 . .
0, = TQ(QtTX) — %dw (7"277 + %d ((QU“X) - ﬁQ))

) 4. .
— 72 ((Qtrx) - Q) + 213K,
r

Q3 :=

3 [1=)-

()i (- 4)
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-~y (0 - 20)
Q1= 5 o (g - 1 54000 + DI @0)) |

Qs i=wlst 4 — e o= 4 —d;/ona

. 1 0 °
Qg := Do!<! — @(& ~3)QF + Tde/VQo,

. 3 2 1 oo ° 2 12 2
Qr = DaP + 5O+ S divdik O - —of

+ oo (i1 54 (009 - 49))” - 3 dkdivd. s ws)

where 1) denotes the electric part of a tracefree symmetric 2-tensor, see Ap-
pendix D.

Remarks on the charges Q;, 0 <i <7, in (4.5).

(1) By explicit calculation (see (C.4) and (C.5)), the linearizations (E, P, L, G)
of (E,P,L,G) at Minkowski are related to the above charges for m =

—1,0,1 by
81 . 1 0 8m . 1 _am)
S T— oo, - pmo g
" a %ﬂ o (4.6)
T o m 167 m ’
- LTYL — 2(Q0)g_} )’ . G'Hl _ (QO)(El ).
3 3

(2) The Q5 and Qg in (4.5) are equal to the linearizations at Minkowski of Qs
and Qg defined in context of the matching map 9, see Definition 2.11.

4.2. Gauge Dependence of the Conserved Charges Q);

In this section, we show that the charges Q;, 0 < i < 7, of Sect. 4.1 split into
gauge-invariant and gauge-dependent charges. The following is the main result
of this section.

Proposition 4.4. The following holds.

(1) Gauge-invariant charges. For any linearized perturbation function f
and perturbation vectorfield j on Sa, it holds that

Q (Ps(f)+Pu(@)) = 0,
OV (Pr(f) +Puld) = 0;

that is, the 10-dimensional space of charges Qg and Q[le] 1s invariant
under linearized perturbations Py and P; of sphere data.
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(2) Gauge-dependent charges. Let (Q1)o, (92)o, (95)o, (Qs)o and (Q7)o
be scalar functions on Se such that

()51 =0, (%) =0, ()5 =0, (@)= ()", (47
and let (Q3)o and (Q4)o be symmetric tracefree 2-tensors on Sa such that
(Qa)o = ((Qa)o)y (4.8)

where 1 denotes the electric part of a symmetric tracefree 2-tensor. As-
sume that

1(Q1)oll e (sy) + 11(Q2)oll a5,y + [1(Q3)oll rr4(s2) + 1(Qa)oll 2 (s,) <00,
10Q5)oll za(s5) + [1(Q6)oll 2 (52) + 1(Q7)oll 72 (5,) <00-

Then, there exist a linearized perturbation function f and linearized per-
turbation vectorfield j at Ss such that

Qi (Bs(f) +Puld) = (Qi)o for1 <i<T, (4.9)
and satisfying

1 £lly, + ldlly, + 1P (F)llxss) + 1Pa(@)llxecss)
SI(Q1)ollms sy + 11(Q2)0ll z4(sy) + 1(23)oll 1 (52) + [1(Qa)oll 2 (s,)
+11(Q5)oll ras5) + 1(Qe6)oll 7r2(5,) + [1(Q7)oll m2(5,)-
(4.10)

The rest of this section is concerned with the proof of Proposition 4.4. First, for
linearized transversal perturbations, see Lemma 2.22, the charges on Sy (where
r =2, as we work in the linearized setting at Minkowski) are calculated to be

Qo =0, leéif—mﬂ
0: = -2 (4 +2)f, 0=t (20.F) - J73d (1),
Qi = DIP}(E2f,0), Qs = 53R,
04 = %ag;ﬂsu’ 0, = %agfm _gfl2),
where we used the formula for K in (2.49).

Second, for linearized angular perturbations, see Lemma 2.23, the charges
on Sy are calculated to be, with ¢ = (q1, ¢2),

Q =0, @zéi%
Q=0 Q—- (zpzdiv n 1) (P3P, ).
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Summing up the above two yields

Qo =0, (4.11a)
leéif'—auﬂ%giql, (4.11D)
Q) = —242 (42 +2)f, (4.11c)
01 =i (20.7) - 373 (&) - (Piaib +1) P3Pin ), (1110)
Q, = DP9 f,0), (4.11e)
Q5 = %agf[éll, (4.11f)
Qs = %63f[s1]7 (4.11g)
Qr = %6315[2] —3fB (4.11h)

The right-hand side of (4.11c) has vanishing projection on the modes I = 0
and [ = 1, and hence, (4.11a) and (4.11c) imply (1) of Proposition 4.4.

In the following, we prove (2) of Proposition 4.4 by determining
f,@uf,agf,aﬁf and ¢; and ¢o from (4.11b)-(4.11h) such that (4.9) is satis-
fied.

(1) Definition of f on S. To solve (4.11c), define the scalar function f = f(0)
on Sy as solution to

*242 (42 +2)f = (Q2)o. (4.12)

with the additional condition that f [<1] = 0. In Fourier space, (4.12) is equiv-
alent for [ > 2, m=—I,...,l to

—2(=1(1 + 1)) (~I(L + 1) +2) f) = (Qa)0"™,

which yields

SIm) _ 1 (im)
= 2l(l+1)(—l(l+1)+2)(Q2)0 '

Hence, f is well defined and bounded by
1 llezs (s2) S 1(Q2)ollm4ss)- (4.13)

(2) Definition of 9, f, ¢; and ¢, on So. To solve (4.11b) and (4.11d), the scalar
functions d, f, ¢1 and ¢2 on Sy have to solve

—Ouf + %4241 =(9Q1)o — %Zﬁﬁ

Pid (20.F) ~ (Picib+1) (P31, ) = (Qaho + 573 (£7).
(4.14)
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First, while the second of (4.14) has no ! = 0 and [ = 1 mode (simply because
it is a 2-tensor equation), the I = 0 and [ = 1 mode of the first of (4.14) can
be solved by prescribing, for [ =0, 1,

1) A0 1o\l (1
G =0, duf = - ((Q1)o—24lf> = —(Q)o’,

where we used that f = f[22I. This implies that
10 f = 1165,y S 11(Q1)o0l mos,)- (4.15)

Second, considering the electric part of (4.14) in Fourier space, we get that for
1>2

. i)
(@~ D) gy ((Ql)o -1 f) ,

2
((uo+ 4730 (4 f))[lm] (4.16)

—20, '™ fim] _
2 0+ D/0+1)—1

The coefficient matrix on the left-hand side of (4.16) is

1 _@
_9 ,@7
with determinant
det = _u ;r D #0,

and matrix inverse

1 (l-‘rl) l(l+1) 1 -1
det { PR } [_l(lj—l) l(l—2i-1):|.

Therefore, the solution to (4.16) is given, for [ > 2, by

0" = (1@ 34.7) " <(Q3);:f%1d l(f ?)[1“’”
TN T

qim] 4 10 . (lm]
i =~ (o - 547)

, (@043 (4 f)) "

+ :
W+ i1,/ +1) -1
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from which we can derive with (4.13) the estimates

10w fE2 | o 52y SN(Qu)ollars(sa) + 1 F s (s + 110Q3)o0l #4(52)
SI(Q1)oll e s,y + 1(Q2)oll r4(s2) + 1(Q3)oll 2 (s,)>
)o

[>2 .
162 s 52y SIQ1)oll s sy + F 1l s sy + (@Yol acsns
SI(Q1)oll He(ss) + 11(Q2)oll ma(ss) + 11(23)oll m4(ss)-

Third, we consider the magnetic part of (4.14), that is,
- (Psaib +1) P3P30.40) = (@2
Going into Fourier space, (4.18) is equivalent to, for [ > 2,

1 1 Jim m
—5 150+ 1) = WVITF D)dy™ = ((Qa)o)y™

Hence, the solution g3 = q£22] is well defined and

[>2
165 ks ) S 11(Qa)ollmacss)-

3141

(4.17)

(4.18)

(4.19)

(3) Definition of 92 f on S,. To solve (4.11e), define the modes [ > 2 of 82 f by

(Qu)o = D55 (95 1, 0).

(4.20)

By (4.8), (4.20) is well defined and is in Fourier space given by, for [ > 2,

(02f) " = — (o)™
\/3l(l+1) = 13/I(1+1)
To solve (4.11f), define the modes I < 1 of 82 f by
1 ..

(QS)O = 563f[§1]7
which in Fourier modes equals, for [ <1,

02 fUm) = 2(Qs)§ ™.
From (4.21) and (4.22), we directly get that

o2

<
Hi(ss) 1(Q4)oll 2 (ss)-

(4) Definition of 93 f on Sy. To solve (4.11g) and (4.11h), define 93 f[=

(Qs)o = 5O3F1=1
and 82]5[2] by
(Qr)o = %agf[z] - 3/P,
and let 93 f23] = 0. By (4.7), 9 f is well defined and it holds that
105 112 (52) < 11(Q6)oll sy + 1(Q )0l mr2(sa) + 1f 12352 -

(4.21)

(4.22)

(4.23)

1] by

(4.24)
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To summarize the above, we constructed a linearized perturbation vectorfield
and function

q = ((jlvq2) and f = (faaufaagfaagf)
such that (4.9) is satisfied. Further, from (4.13), (4.15), (4.17), (4.23) and
(4.24), it follows that
1 £1ly + lldlly, SIQu)ollers sy + 11(Q2)oll e (s

+11(Q3)oll ma(s) + [1(Qa)oll rr2(s,)

+11(Qs)ollza(ss) + 1(Q6)oll 72(s52) + 1(Q7)0ll 52 (5,)-
The estimate (4.10) follows from the above by Lemma 2.24. This finishes the
proof of Proposition 4.4.
4.3. Representation Formulas and Estimates

In this section, we rewrite the linearized null constraint equations (4.2) into a
set of transport equations and integrate them to derive representation formulas
and estimates.

In Sect.4.3.1, we consider ¢ and ¢ .

In Sect. 4.3.2, we consider (Qtry) and 7).

In Sect. 4.3.3, we consider (Qtry) and X
In Sect. 4.3.4, we consider &, w and Dw.

Notation. In this section, we ease presentation by leaving away the trivial u
index on spheres and sphere data, denoting H = Hy 1,2, and writing v instead
of r on H.

4.3.1. Analysis of ¢> and j o The linearized null constraint equations for (i) and
¢, in (4.2), that is,

D (Dg{s - QQ) =&, D¢, — 2% = i,
are equivalent to

. . ; 2. 1,
DD¢ =2D0+¢1, D .= X+ —¢a. (4.25)
r r

By integration of (4.25), we directly get the following lemma.

Lemma 4.5 (Representation formulas and estimates for ¢ and g ). Consider
sphere data X1 on Sy and linearized conformal data SZ and Q0 on 'H. Integrating
the transport equations (4.25) and using Cy = &y (see Lemma 2.16) yield the
following representation formulas.

(1) It holds that
b= Q/de' + / / 1dv” dv’ + vg(1) + UT_l ((Qt.rx)(l) —40(1) + 62(1)) ,
11

' (4.26)
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which yields the estimate

1Dl gy SIEnll sy + 1@ ag ez + 1 (8)1<i<r0ll 2. -
(2) It holds that

d. —2/—/2xdv +/—c3dv +4.(1), (4.27)

which yields the estimate
19 cllmg ey SIEl2eqsy) + XM s ) + () 1<i<oll 2

4.3.2. Analysis of (Qt'rx) and 7). Recall that the linearized null constraint
equations for (Qtry) and 7 in (4.2) are given by

D ("5) _ (@i 1 (4.282)

2 272
2 . . ) o,
D) + g (@0 - 20) — 2 divi =t (aas)

In the following, we rewrite (4.28a) and (4.28b) to get useful bounds and
representation formulas for (Qtry) and 7.
On the one hand, using (4.25), (4.28a) can be rewritten as

) 4. )
D <r2 <(Qtrx) - Q) + é2> = —4Q + 2r¢y. (4.29)
r
Straightforward integration of (4.28b) and (4.29) yields the following lemma.

Lemma 4.6 (Bounds for (Qtry) and 7). Consider given sphere data X, on
S1 and given X and 2 on H. Integrating subsequently the transport equations

(4.29) for (Qtry) and (4.28b) for 1) yields

12x) | g 7y SIEllzes0) + 12 gy + (€D 1<i<10]l 2.5
Il g (1) SNXtllxe(sy) + 120 mg ey + [IX N Eg (3) + 1 (€i)1<i<0]l 2 -

On the other hand, using (4.25), (4.28b) and (4.29) can be rewritten as

3 . 4. . o - . . 1.
D <T‘277 + %ﬂ <(QtTX) - TQ> + ;¢C2> = dif X + s +rid g + §d c2,
(4.30a)

D <; ((Qt.rx) - iQ) + % + 217"62> = (5. (4.30b)

Integrating (4.30a), we get the following representation formula for 7).
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Lemma 4.7 (Representatlon formulas for 7). Consider given sphere data X,
on S1 and given X and Q0 on H. Integrating (4.30a) yields that
3 v
9. U . 4 . v
— Qtry) — - -
i+ (@) = 50) + o]

o IS . . 1 .
= dix /de’ +/ (v’2C4 + e + 2¢Zc2> dv
1 1

Recall from (4.5) that Qy and Q; are defined by
< Qtrx — Q) ¢
e

The next lemma follows directly from (4.30a) and (4.30b).

Qp = r2pll + 1 ;zl ((Qt-rx)[l] - fQ ) Q=

N =

Lemma 4.8 (Conservation laws I). It holds that

. . 1,.
(Q - dc[”) =2l 2 el 4 §¢1c[21]7

1. .
D (Ql -+ C2> = (1.
2r
The proof of the following lemma is omitted.

Lemma 4.9 (Properties of charges I). The following holds.
(1) Let &, be sphere data on a sphere S, C H. Then,
1901155, + 1Qallmecs,) S ldvllxs,)-

(2) For given sphere data X1 on Sy and source terms (¢;)1<i<10 on 'H, define
MWQy and M Q; as solution to the transport equations of Lemma 4.8 on
H with initial values given by Qp and Q1 calculated from X1. Then, it
holds that

1D Qoll g () + ||(1)Ql||H§(H)
S NQo(X1) s (sy) + 11Q1(X) [ zs(sy) + [1(€i)1<i<iollzc -

4.3.3. Analysis of Qt.rx and X The linearized null constraint equations (4.2)
for (Qt'rx) and X are given by

D (v2 (Qtr&)) — 20(Qtry) + 2dik (77 —2d Q) + 202K 4 4Q = v?¢5,

X\ 2 : 1. 1.
D2 _,*(~_2 Q)——Azf.
(’U) UDZ n d ’U2X UCG

The following lemma follows from (4.31) and Lemmas 4.5 and 4.6.

(4.31)
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Lemma 4.10 (Bounds for (Qt.rx) and X) Consider given sphere data X1 on S
and given )? and Q on H. Integrating the transport equations (4.31) for (Qt'rx)
and X yields

QX)) | 22y SHE 20y + 1m0y + IR 8 (20) + 11(E3)1<i< 10| 22
X 2y SIXlxe(sy) + 19 Hg () + H)?HHQ(H) + [I(¢)1<i<io0l zc -
Recall from (4.5) that Qs and Qg are defined as
: 2 o 3 : 4.
Q, = r?(Qtry) — —dit <T27'7 + %d ((Qtrx) - Q)>
=y T
) 4. )
—r? ((Qtrx) - rQ) +2r° K,

Q
Q3 :==
r

. « . 7" . 4 .
3 (7aaic+1) 473 (34 5 (@in0 - 202))
— P ((Qt'rx) -~ TQ) :
The following lemma shows that they are indeed subject to conservation laws.

Lemma 4.11 (Conservation laws II). The linearized null constraint equations
(4.2) imply the following transport equations for Qs and Qs,

D <Q2 - 1)62) — 028 — 2udiiris — 2000 + Dy
- %(4& +2)is + %d;/vd;%g,
D(Qu- 3-Pitin) = io - o (i +1) &
+ D3~ Diges + 5Py,

Proof of Lemma 4.11. First, by (2.49), (4.5), (4.30a), (4.30b) and (4.31), we
have that

DQs = v2&5 + 20(Sirx) — 24 (i — 24) — 22K — 40
—2D (%dg& <v27'7+ v—23¢l <(Qt'rx) - %Q)))
-D <1)2 <(Qt'rx) - %Q)) + 202K + 20D (MK)
= w2t + 20(Q6n) — 24 (1 - 249) — 42+ die (U% + ?d ((Qt'rx) - %Q))
- gdiv (dl’}mﬂ Ve + 070 e + lgzez -D (%dQ))

+ 52

+4Q — 2véy + Dég +vdeW < x+ > - 2v(4Z +2) ((Qt;x) 21112 . )
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=025 — 2vd(i)/vé4 - 21;(42 +1)é+D ((42 + 1)62) — %(4& +2)éa + %d(i;‘vd;(zég.
Second, by (4.5), (4.30a), (4.30b) and (4.31), we have that
1 1. 1/, ° 2. 1,
DQs = ;C(S + 77)2 ( - 25119) 2XT3 (?2@" + 1) (ij+ Uj%)
2
~Zp; (7’7 ¢ (@) - 20))
1 o
+5Ps (di/v>?+v2é4 +vPder + *déz -D (Bdéz))
v 2 2
. 4. 1 )
+ P34 ((Qtrx) - 79) - =Pid (—49 4 2ué — Dta)

1 1 1
— St oo (Padic +1) &+ Pres - Pitin 4 D (5 Piden ) 4 o Pidten
v 2v 2v
This finishes the proof of Lemma 4.11. O

The proof of the following lemma is omitted.

Lemma 4.12 (Properties of charges IT). The following holds.
(1) Let &, be sphere data on a sphere S, C H. Then,

1Q2llma(s,) + 193l a(s,) S 1Zollx(s.)-

(2) For given sphere data X1 on Sy and source terms (¢)1<i<10 on H, define
WQ,;, 2 <i <3, as solution to the transport equations of Lemma 4.11
on H with initial values given by Q; calculated from X1. Then, it holds
that

1D Qall 2y + 11V Qsllrarey S 11Q2(X1) a5
+ 1Q3(X1) [ o s,y + [1(€:)1<i<ioll zc -

4.3.4. Analysis of w, & and Dw. The linearized null constraint equations (4.2)
for w, & and Dw are

. 1 . 1 . 2 . .
Dy — K — —(Qtrx) + f(Qtrx) - —Q = (7,

. (4.32)

D () - 4?2 ( erx - *d(ﬂtrx) - 177) o

v

and

3
DDo — = (K 4+ — (Qtrx) - —(Qtrx) + Q
v ( 2v ) (4.33)

— o3 (i - - @i ) + o

Integrating (4.32) and (4.33) and applying Lemmas 4.5, 4.6 and 4.10 yield the
following lemma.
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Lemma 4.13 (Bounds for w, & and Dw). Consider given sphere data 31 on Sq
and given X and § on H. Integrating the transport equations (4.31) for (Qtryx)
and X yields

@l gy + &l 223y + 1 DD 2 (24
SIXllxcsyy + 1920 g0y + (XM Eg (1) + [[(€0)1<i<10]| 2 -

In Appendix B.2, it is proved that the linearized null constraint Eqs. (4.32)
and (4.33) can be rewritten as follows.

Lemma 4.14. The linearized null constraint Eqs. (4.2) imply the following trans-
port equations.

. 1 1 ° . . 4 . 1 ° .
D (&+ 3202+ g (i+ 34 (@00 - 1) ) - g (h + 90
1 9 ° -
= R + D
(4.34)

with source term

. 1. 1 ° °. 1 9. 1 ¢ ) 1 o,
hy == ¢7 + lts + EdeWCB - @d]ﬁlq - a@A +3)e1 — Tvgéﬁ C(247 )

and

«

D(2+ 2pyaie0u— pia0. - 2ppa (£ +2) 1)
=0 (27 (aieps + 1+ daik ) (+ 54 (@m0 - 20) )
+D (%m (dimp; +14 dd(f/V> died, — 53 (d?vi?; +1+ ﬂd%) d(f/vdéz)
_ ?%zp; (d;v%* 14 ¢zd§/v> A% + ha,
(4.36)

with source term

1.

2,0 Lo
he = ;cs + ;@;dVV (DQ3) — ﬁl%d (DQs)

_ %@;d (42 + 2) (DQ,) + v%]p; <d;/v7?§ 14 dd;/v) d?]/\/é3
= (diﬂp; 1 +¢zd;’<,) G (P 4 s dis).

and
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. 1 ° 1 ° ° 1o °
D(m—w(¢—3) Q2+2U2d;/vdWQ3+v2del/V%¢lQl>

- D (gt (daib 2+ d%@;) (n+ 34 ((Qt'rx> -29)))
+ D ((gpdivdaivdivd, + 51z (588 - g6 + qaivaiepie -1) o)

— ﬁd;ﬁ; <2 - diﬂ@é‘) di/")?*’ hpe,
(4.37)

with source term
hp = b+ g divdivis — = (4 — 3)és
o (mhE-gh 14 1d§/vd§v17>;d) 3
n i (~gaivaivmst + A d v h+)e
+ gl (~ gy + - 4dw;) divey
+ 2z (508 - o+ qaivains )

As consequence of Lemma 4.14, we get the following useful representation
formulas for w, & and Dw.

Lemma 4.15 (Representation formulas for w,& and Dw). Consider sphere
data X1 on Sy and X and ) on H. Integrating the transport equations of
Lemma 4.14 yields the following representation formulas for w,& and Dw.

(1) It holds that

(2) It holds that

i opie i (4 +2) @]

_ {%% (dib?; +1+ dd;v> (ﬁ+ A ((erX) - %Q)ﬂ

v

1

[ (ks 1+ gl ) i — 53 (deps o 14 gt ) i)
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= 75 (dﬁ}vvz + 1+¢d§v) dif ( / ;idv') + / hade',  (4.39)

(3) It holds that

v

{Dw - <4Z ) Os + 5y i Qs + o dfedi i Ql] 1

_ [Wd?/v (dd;b —2+ d?vDS) (77 + g (mw - Q))]l

n [Sigdibdd(f/vd%dc Y5 < AL~ G+ Jaivaivpig - 1) tQE

v v
1 o o o 1 B
1 1
(4.40)

In the transport equations of Lemma 4.14, we observe that the ).?—terms ap-
pearing on the right-hand sides of (4.34) and (4.36) have the same weight in v,
which indicates a conservation law involving w w22 and a. Moreover, the modes
[ < 1 of the right-hand side of (4. 34) and the modes [ < 2 of the right-hand
side of (4.37) do not contain © or y (see also (D.8) in Appendix D.3), which
also indicates conservation laws.

Recall that Qg4, Qs, Qg and Q7 are defined in (4.5) as

Ql/; * 1 ?;\ 1 1 . PV
Q= =2 4275 ( iR — i — S (Ur) + P (@,0))
P

1 o
Wl + 132 Q[<” 534k Q0.

1 o
Qg == DwIsY — F(él )Q2 <U 4 —d;/on,

Qs :

Q7 = Dol + —Q[Z] = L djdiv o - T—QQf]
r . 4. [2] 3 o o . [2]
+ gz (i 5 (@) - 1) ) - Ladivaiv,
From Lemma 4.14, we get the following conservation laws.

Lemma 4.16 (Conservation laws III). It holds that
1 . 2 w2 2 .. .y .-
DQy = —(ts)y + 5 | Padifis ) — —(P3ta)y, — (Padis), —2(Pad o),
P
and

1 ° .
D (95 ~ (At 3)c[2<1]> =",
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where hy, is defined in (4.35) and
1 o O 1 o .
D(0u+ g (584 - g& —1)d) =a5l,

D(0r- 55if!) = n.

where hpg, is defined in (4.38).

and

Proof of Lemma 4.16. By the linearized null constraint equations (4.2), we
have that (with r = v)

DOy =D (0;1” + 273 <id;/v (f) - ULS (v24) - #,ﬁ (v(2try)) - ¢tw> )
¥
= § ), + 33 (e~ e L)

+ 215 <—v12d?/</ (f) + v% (1127'7) + %d (U%erx)))

+ %dW( ¢ + %( —2¢m) 1252>w

»

2 . . : 0 = 2 :
_ 1732% (U2C4 + 4od Q + div X — %d(Qtrx))
P
1., 5. . o ) . .
—Pad <v 5 + 20(Qtry) — 2dip (77 — 2¢lQ) —20°K — 4Q)
v v
. . 1 : 1 : 2 . .
—2D5d (K + %(QUX) - %(Qtrx) + EQ + C7)¢
(4.41)

Summing up the terms on the right-hand side of (4.41) and using that by
(D.7) in Appendix D, for all S,-tangential vectorfields X,

(1 + AR + ;dd(i)/v> X =
it follows that
pQi =L, + 2 (zz;d‘?m)w =2 (i), — (D), — 2 (Midin),

The conservation laws for Qs, Qg and Q7 follow directly by projecting the
transport equations for w and Dw of Lemma 4.14 onto the modes [ < 1 and
I = 2. This finishes the proof of Lemma 4.16. 0

The proof of the following lemma is omitted.

Lemma 4.17 (Properties of charges III). The following holds.
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(1) Let &, be sphere data on a sphere S, C H. Then,
1Qallma(s,) + 1Qsllae(s,) + 1Qsllm2(s,) + 1Q7llEH2(5,) S F0llx(s,)-

(2) For given sphere data X on Si, define M Q;, 4 < i < 6, as solution to
the transport equation of Lemma 4.16 on 'H with initial values given by
Q; calculated from X1. Then, it holds that

1D Qull sy + 11V Qs s ey + 1V Qs llrrz 0 + 11 Q7 ll 20
SHQa(X1) [ ¢sy) + 1195 (X1) | sy + 1196 (X1) | m2(51)
+1Q7(X1) 250y + 1(€:)1<i<10]l 2¢ -

4.4. Solution of the Linearized Characteristic Gluing Problem

In this section, we prove Theorem 4.1; that is, we solve the linearized charac-
teristic gluing problem. Consider given

e source terms (¢;)1<i<10 € Zc,
e sphere data X, € X(51),
e matching data My € Zgn(Ss).

In the following, we use the charges, representation formulas and estimates
of Sects. 4.1, 4.2 and 4.3 to construct a solution & on H satisfying (4.2) with
matching conditions (4.3) and bounds (4.4). We proceed as follows.

e In Sect.4.4.1, we apply Proposition 4.4 to add linearized perturbations
of sphere data on S5 to match the gauge-dependent charges on Ss with
the gauge-dependent charges coming from Sj.

e In Sect.4.4.2, we derive conditions on the free conformal data € and )? on
‘H such that the constructed solution &, given through the representation
formulas in Sect. 4.3, satisfies (4.3).

e In Sect.4.4.3, we prove the estimate (4.4) for the constructed solution
and the linearized perturbation function and vectorfield.

4.4.1. Matching of Gauge-Dependent Charges. In this section, we apply Propo-
sition 4.4 to add linearized perturbations of sphere data to S to match the
gauge-dependent charges

(Ql, [222], Q3, 94, 9s, s, Q7) .

On the one hand, for given sphere data X; € X(S;) on S; and matching
condition on S;

j;‘SOJ = }':17

define M Q;, 0 < i <7 on H to be the solutions to the transport equations of
Lemmas 4.8, 4.11 and 4.16 with initial values 1 Q; on S; calculated from X;.
We underline that the charges (V) Q; on H depend only on X, and (¢)1<i<10
and are independent of the solution % to the linearized null constraint equations
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to be constructed on H. Lemmas 4.9, 4.12 and 4.17 imply that
1D Qoll s (sa) + IV Qullars (s + 11V Qallragsay + 1™ sl ez sy
+ 1V Qull sy + 1M Qsllmacss) + 1M Qsll sy + 111V Qrll s
S 1 Xllaesy) + (€ 1<i<aol 2. -

(4.42)

On the other hand, for given linearized matching data 9, € Zo(S3) at Sa,
My — (Q,@,gc, (Qtrx), %, () Z2 %, 7122 0, Do, @22, Dol22], 05, Qs,éuQ) :

define on Sy the charges
((2) Qla @ Q[sz] ’ @ Q?n @ Q47 @ Q5a @ QGy @ Q'?) .

By definition of 9t in Definition 2.11, all charges are well defined, and we have
the bounds

>2
19 Q1 |0 s,y + 1P Q5452 + 12 Qs s
+ 1@ Qullmrscsy) + 1P Qsllaracsy) + 1P Qellarz(sa) + 1| Qrll mr2(ss)
S 92| 2y, -
(4.43)
Applying Proposition 4.4 with
(Q1)o:= 11 — @9y, (Q2):= (1)Q[222] — (Q)Q[222], (Q3)0 := M Qg — ) Qg,
(Qa)o =My — P94, (Q5)0:= M5 — gy, (Q6)o := Mg — P Qg,

(Q7)o =P Qr — P9y,
(4.44)

it follows that there exist linearized perturbation functions f and ¢ at So such
that the gauge-dependent charges of

&[5, + Pr(f) + Pyld)
match with the gauge-dependent charges (1 Q;, that is, for i = 1,3,4,5,6, 7,

Qi (s +Pr(H) +Pul@) = D Qi+ Q (Pr() + Pul@)

_®g, 1 (0 (4.45)
=W,
and
QB (ils, + Pr() +Pol@)) = P QE + O (Py () + Pyfa)
) Q[222] + (92)o (4.46)

= (1)9[222].
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Moreover, by Proposition 4.4, (4.42), (4.43) and (4.44), we have the estimate
1y + ldlly, + 1Pr(H)llxecse) + 1P (@)l 2(s2)
S (Q1)ollHe(s5) + 11(Q2)0ll o s2) + 1(23)oll 4 (s5) + [1(Qa)oll 52 (s)
+ 1(Qs)oll ma(sz) + 1(Qe)ollm2(s,) + [1(Q7)oll mr2(s5)
S 1%l x(sy) + 19| 2gr(50) + 1(E)1<i<10] 2 -
(4.47)

This finishes our matching of the gauge-dependent charges on Ss.

4.4.2. Integral Conditions on Q and )2 In the previous section, we constructed
linearized perturbation functions f and ¢ such that the gauge-dependent charges
match on Sy, see (4.45) and (4.46). In this section, we use the matching of

gauge-dependent charges together with the representation formulas for (ﬁ, g o
n22 & and Dw and our freedom of prescribing Q) and y along H to construct
a solution & of the linearized null constraint equations (4.2) satisfying

j’llsl = }.tla
M (s, + Pr(f) + Pal@)) = Mz on o,
where we recall from Definition 2.11 that

. . . . . S . [ ]
mug:(Q¢mﬂmmwﬂmm %22, o, Do, 22,

(4.48)

[_2]7 Q57 9670.57@) )

and we recall that 901 is a linear map, and hence, we denote 9 also 9.

Specifically, the additional conditions derived below on Qand ¥ X are in-
dependent of the boundary values of { and ¥ on S; and S, which are already
determined by (4.48). In Sect. 4.4.3, we show that there exist Q) and ¥ satisfying
all derived conditions and derive estimates.

(1) Gluing of ¢. By the representation formula (4.26) for ¢, we have

' v . v v ' _q ' .

b= z/de’ + / / trdv”dv’ + vd(1) + UT ((Qtrx)(l) —40(1) + eg(l)) .
1 11

To match ¢ according to (4.48), prescribe 2 on H such that

’
v

2 2
Q/de’ = $(2) — 2¢(1) — % ((Qt'rx)(l) —40(1) + ¢a(1 //éldv”dv’.

(4.49)
In particular, it holds that
2
/de' Sz (sy) + 1902l 2o 52) + [1E1<i<10ll 2 - (4.50)

1 HS(S1)
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(2) Gluing of ¢ .- By the representation formula (4.27) for d .» we have that

v v

. 1., 1.
d.(v) = 2/ ﬁxdv +4.(1)+ /ﬁng’U .
1 1
To match jc according to (4.48), prescribe Y on H such that
2 2
1., 1, , 1. .,
ﬁxdv =3 4.2)—4¢.(1)— ﬁcgdv . (4.51)
1 1
In particular, it holds that
/ 1
UTQSC\dU/ ShXllacsy) + 192z, (s0) + (&) 1<i<iollze- (4.52)

1 H5(S1)
(3) Gluing of (erx). By the above gluing of €2, ¢ and the matching of

Q= % ((Qtrx) - 39) + ?7

v

N
at Sy in (4.45), it follows that (Qtr)()[_m is matched according to (4.48).

(4) Gluing of $[=?!. By the representation formula for 7 in Lemma 4.7, we have
that

[v 1+ d <(Qtr><) U,Q) + 2dt2 1

° . ) . 1.
= dix /)’(\dv’ +/ <v’2c4 + v der + 2¢lcQ> dv'.
1 1

By the above gluing of (Qtry) and €, to glue 722 according to (4.48) it suffices
to choose X such that

2

1

dic ([ o) = [+ 24 (1000 - 20) + 2]

, (4.53)

1
— / (’U/zé;; + ’U/2¢l €1+ 2d£2> dv’

1

By elliptic estimates for the operator di#, see Appendix D, we have that
2
/de’ SIE 1l (sy) + 192l 20 (50) + (E)1<i<10] 2 - (4.54)
1 H5(S1)
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N
(5) Gluing of (QtrX)[_z]. By the matching of
2704 20 2. v? : 4. 2 ' 4. 3L
Qa 1= v*(Qtrx) — ;dyﬁz (v n+ ?ﬁ <(Qtrx) - ;Q)) —v ((Qtrx) - ;Q) + 2v° K,
for modes [ > 2 in (4.46) and the relation (2.49), that is,
. 1 ° o . 1 o .
K= ﬁdVVdVW{c - 73(4& +2)9,
L. . . >
it follows with the above gluing of Q, ¢, ¢, (Qtry) and 5=? that (Qtrz)[j] is
glued at Sy according to (4.48).
(6) Gluing of X By the matching of
X1 0 . : 4. ) 4.
Qui=2 = 1 (maaib+1) do+ 73 (ir+ 34 (@i - 1) ) - opsa ((@ing - 200,
v 2 2 v v
at Sy in (4.45), together with the above gluing of Q,jc, (erx) and 7=2, it
follows that X is glued at Sy according to (4.48).

(7) Gluing of &. We have by the linearized null constraint Eqs. (4.2) that on
H

&+ DX = é1o. (4.55)

Hence, we glue & at Sy according to (4.48) by prescribing,
DX(1) = ¢10(1) — &(1), DX(2) = é10(2) — &(2). (4.56)

This implies that
||D>?(1)H1.L16(51) + ||D>?(?)\|H6(52) . ' (4.57)
S ol aesyy + ol aesy) + [1Xallxsy) + M2l 2o 55)-

(8) Gluing of w and Dw. By the relation w = DS, the gluing of & and Dw at
Sy according to (4.48) is satisfied if

w(1) = DQ(1), w(2) = DQ2),

. . (4.58)
Du(1) = D*Q(1), Dw(2) = D*Q(2).
In particular, we have the bound
IDQL) |55,y + 1D 15 (s) + 1 D2 QL) 15 (s, + 1 D2U2) a5 s (4.59)

SIZ sy + 192 20 -

(9) Gluing of ¢&. Using the representation formula (4.39) for &, to glue & at S
according to (4.48), we can pick Y such that
@ 2 . ° 1 2 ° 2
f— - *d‘ o * _ = * 2
S+ 2midives - 5P e - 23 (£ +2) @]
2

- s (w1 i) (i g (00— 10) )

1
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[ (aims 1+ i) e, — oL (s o1+ gaiv) e

1
A 2 . 2
= 5173 <d1/ﬁ71?§ +1+ ddW) dif U—/gfgdv’ + /hgdv’. (4.60)
1 1
By the elliptic estimate (D.6) in Appendix D for the operator
73 (s + 1+ daiv ) dis

it follows that the integral is well defined and

2
1. . . .
pwe3 Xdv' SIXillxsy) + 192l zg (s0) + 1(€)1<i<iollze (4.61)

1 HS(S1)
(10) Gluing of w!Z?. By the matching of
Qy, L1 11 : .-
Qy = — +2P5 | divX — -1 — 54 (Qrx) + P71 (@,0) |
v v v 2 »

in (4.45), the above gluing of &, Z, 722 and (Qtry), and the fact that the
operator

D3 (P71 (w,0)),,

has trivial kernel and is elliptic (see Appendix D), it follows that wlZ? s glued
at Sy according to (4.48).
(11) Gluing of D&%, On the one hand, by the representation formula for
Dw of Lemma 4.15, we have that
1 (e 1 o 1o o
Dw— — A —3) Qs+ dedWQg + 7deVVYPQ¢Z 9
6v 2v v 1
L (g — 21 awms) (4 2 (@iny — 20))]
4v? 2 )\ 3 T 1
e divaiig, + o (44 - Li + Lavaiomig 1) ]
802 e 98 \ 12 67 1 2 2|
2

2
1° S\ s |PS
1 1
(4.62)
On modes | > 3, the operator on the right-hand side of (4.62)

die (2 aies ) ai.

has trivial kernel and is elliptic, see Appendix D. Hence, projecting the above
representation formula onto modes | > 3, we can pick the Y-integral such
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that Dw=% is glued at Sy according to (4.48). Picking the projection of the
X-integral onto the mode I = 2 to vanish, we get the estimate
2

1. : . .
vjxdv' SIXlxsy) + 192l zg(50) + 1(€)1<i<i0llze- (4.63)
1 HG(Sl)

On the other hand, by the matching of Q;, 0%, Q5 and

. 3 2 1 ° ° 99 12 po
Q7 := Do + 5 O 4 S ajdi O - =0l
o (2] o o .2
3 v . 4 . 3 o o .
s oz (w4 50 (@i - 20) ) = Daivaivd,

in (4.46) and the above gluing of Q,jc, (erx),ﬁ[ZQ] it follows that Dw?! is
glued at Sy according to (4.48).

To summarize the above, we derived the integral conditions (4.49), (4.51),
(4.53), (4.56), (4.58), (4.60) and (4.62) on  and ¥ along H which, if satisfied,
imply the matching of matching data (4.48) on So, that is,

m (fc‘sz +Pf(f) +Pj(j)> = 9, on Ss,

with

[>2]

Maz) = (2 b g, (e, X, (rn) %122, 0, Do, w12, Dol 05, 06,6, &)

In the next section, we show that Q and )? satisfying these conditions can
be constructed in a regular fashion and prove estimates for the constructed
solution 2.

4.4.3. Construction of Solution and Estimates. In this section, we pick € and )?
subject to the conditions (4.48), (4.49), (4.51), (4.53), (4.56), (4.58), (4.60) and
(4.62) and subsequently prove the estimate (4.4) for the constructed solution
x.

Choice of )A( and  and estimates. The proof of the following technical lemma

follows from a straightforward orthogonality construction and is omitted.

Lemma 4.18 (Technical lemma). Consider scalar functions h;, 1 < i <7, on

the round unit sphere S1. Then, there exists a scalar function Q on H such
that

1, DQ(1) = hy, D?Q(1) = ha,

. . (4.64)
4, DQ(2) = h5a D2Q(2) = hﬁa

>

and
2

/ Qdv' = hy,

1
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and the following bound holds,

10 mgr0) S D Mhillrees,)- (4.65)

1<i<T

Further, consider tracefree symmetric 2-tensors W;, 1 < i < 8 on Sy. Then,

there exists a tracefree symmetric S, -tangent 2-tensor X on H such that

55(1) = W17 D)?(l) = W37
R R (4.66)
X(2) = W2, DX(2) = W,

and

2 2 2 2
1 . . 1 . 1 .
/?X\d'l}/ = W5, /X\dﬂl = WG, /fgk\dv/ = W7, /7/455611)/ = Wg.
v v v
1 1 1 1
and the following estimates hold,

||>?HH3(H) S Z [Will e s, )- (4.67)
1<i<8

Remark 4.19. (Linearized characteristic gluing of higher-order L-derivatives
1) Let m > 0 be an integer. By the linearized null constraint equations

DY = —é+ Cig, & = DS,
Lemma 4.18 extends in a straightforward way to the higher-order boundary
conditions given by (4.64), (4.66) and the additional
D'o(1) = Vi, D'o(2) = Vo, Dia(1) = Va,, D'é(2) = Vi, for 1 <i < m.

In this setting, the right-hand sides of (4.65) and (4.67) get the following
additional terms, respectively,

> (Ihillazocsyy + 1Vaill e sa) + [Vaill mogs,))
0<i<m

and Y ([Willmss,) + Vsl mogss) + [Vas

0<i<m

| 15(5)) -

Let  and 5{ be the quantities constructed in Lemma 4.18 subject to the gluing
conditions

o (4.49) for Q,

e (4.51), (4.53), (4.60) and (4.62) for X,
and the prescribed boundary values given by X1 on Sy, 9y on Sy and (4.56)
and (4.58).

By Lemma 4.18 together with the estimates (4.50), (4.52), (4.54), (4.57),

(4.59), (4.61) and (4.63), the constructed 2 and ¥ satisfy

12 520 + XN m5 20y SNl 2(50) + 192l 200 (5) + 1(E)1<i<10] 20 -
(4.68)
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Estimates for remaining quantities. In the following, we prove the next bound,
&l + 1 F s + lldllyy + 1Pr(llxcse) + 1Pa(@) ]2 sa)
S 1Xllxes) + 19l 2o, 50) + 1€ 1<i<0]l 2 -
First, by Lemmas 4.5, 4.6, 4.10 and 4.13 and (4.68), we have that

(4.69)

Il SNl + Q0 s o) + IR gy + 1 (8)1<i<10]| 20 -
Second, we have by (4.47) in Sect.4.4.1 that

111y + lldlly, + 1P (F)llxcsz) + 1Pa (@l (s

S x(sy) + 192l za(s) + 1(E)1<i<10]l 2.
This finishes the proof of (4.69) and hence of Theorem 4.1.

5. Proof of Main Theorem

In this section, we prove Theorem 3.1. We proceed as follows.

e In Sect.5.1, we set up the framework for the implicit function theorem.

e In Sect.5.2, we use the implicit function theorem and the solution to
the linearized characteristic gluing problem at Minkowski (see Sect.4) to
construct the solution = to the null constraint equations on Hy 1 o).

e In Sects. 5.3 and 5.4, we prove the additional charge estimates (3.6) and
(3.7), respectively. These estimates for (E, P, L, G) are based on the con-
struction in Sect.5.2 as well as the analysis of the linearizations of the
sphere perturbations, angular perturbations and null transport equations
for charges at Schwarzschild of mass M > 0 provided in Appendix C.

e In Sect. 5.5, we give an outline of the proof of Theorem 3.2, that is, the
characteristic gluing of higher-order L-derivatives.

5.1. Setup of Framework for the Proof

The proof of Theorem 3.1 is based on the application of the implicit function
theorem to the following mapping F.

Definition 5.1 (Definition of F). Let
x0,1 € X(S0,1) be sphere data,

e X*(ﬂ[_é_yé]’z) be ingoing null data on ﬂ[—é,é]ﬂ’
r € X(Ho,[1,2)) be null data on Ho |1 9],

f € Yy and ¢ € Y, be two perturbation functions,

where the spaces X'(So,1), X+ (H|_55.2), X (Ho,11,2)), Yy and Y, are introduced
in Definitions 2.5, 2.9, 2.7, 2.20, respectively. Define the mapping F by

F(zon,Z,z, f,]) = (‘r‘so,l — 0,1, M (95‘50,2) =M (Prq (Z)), (Ci(w)hgigm) )
(5.1)

where

e 91 is the matching map of Definition 2.11,
® (Ci)j<i<1o are the constraint functions defined in Sect. 2.7,
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o Py, is the perturbation of sphere data defined in Sect. 2.8.

From Definition 5.1, Lemma 2.15 and Proposition 2.21, we make the following
observations concerning F.

(1) For each real number M > 0,
FmM mM m 0,0)=(0,0,0), (5.2)

where m™ denotes the Schwarzschild sphere data.
(2) The mapping F is well defined and smooth as mapping between the
spaces

F:X(Soq) x X+(ﬂ[76’5],2) x X (Ho,n,2) X Vs % Vg
— X(50,1) X Zom(So,2) X Z¢
in an open neighborhood of
(x0.1,Z, 2, f,q) = (m,m, m,0,0).
Indeed, this follows from the explicit definition of F, see (5.1), together
with Proposition 2.21 and Lemma 2.15.

(3) For real numbers M > 0 sufficiently small, the linearization FM of Fin
(x.f,q) at

(z0,1,Z, 2, f,q) = (m™, m™ m", 0,0),
is a well-defined, bounded linear operator between the spaces
FM X (Ho,n,2) X Vs x Vg — X(S01) x Zan(S0,2) x Ze,
and explicitly given by

FM&, f.5) = (Cblso,ufm <¢|So,2 - 755\4@ - 75}\4 (f>) ’ (C.Z'M)1<z‘<10) ’
(5.3)

where the linearized constraint functions CZM , 1 <1 < 10, are given

in Sect.2.7 and the linearized perturbations ’P}VI and Péw are given in

Sect. 2.8.
Importantly, the linearization FO at Minkowski, given in (5.3), is in accordance
with the setup of the linearized characteristic gluing problem at Minkowski in
Sect. 4, so that Theorem 4.1 implies that the linearization F° is surjective.
This constitutes the central ingredient for the proof of Theorem 3.1.

As FY is a bounded linear mapping between Hilbert spaces, its kernel
ker(F°) is a closed subspace and the following splitting holds,

. LN L
X (Ho,p121) x Yy x Yy = ker(F0) & (Jer(F)) .
In the following, we consider only the restriction F of F to

_ ~ . €L
F i X(So1) x X (H_s5.2) X (ker(fo)) — X(So.1) X Zam(S0.2) X Ze.

—~0
In this setting, the linearization F 1is a bijection between Hilbert spaces.
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By the continuity in M > 0 of the family of linearizations
M . €L
F oo (ker(fo)> — X(SOJ) X ng(SOQ) X Zc,

and the classical functional analysis result that bijectivity is an open property
of bounded linear operators, we have the following corollary.

Corollary 5.2 (BlJect1v1ty of .7-" ). For real numbers M > 0 sufficiently small,

the linearization f is a bijection, and the solution (i, f q) of
F (z,f,q) = (xo,hfmo,z, (%)19‘310)
satisfies the following estimate,

oty 0+ 171 + s, + [PH@] o+ 22 ()]

S Xoallx(so) + 190,21l 2o (50.2) + [1(€)1<i<10]| 2 -

5.2. Construction of Solution to the Null Constraint Equations

In this section, we apply the implicit function theorem to F to construct
solutions = to the null constraint equations satisfying matching conditions.

With view on applying the implicit function theorem (see Theorem 2.25)
to F at Schwarzschild of small mass M > 0, we recall the following properties
from Sect. 5.1.

(1) For M > 0 sufficiently small, the mapping

_ - .o\ L
F i X(S01) x X (Hi_g5) % (ker(F)) " = X(So1) x Zm(So2) x Ze
is a well-defined and smooth mapping between Hilbert spaces in an open
neighborhood of
(x(),la@axafﬂ ) (mM mM mM O 0) (54)

where the size of the neighborhood is independent of M.
(2) By (5.2), it holds that

F(mM mM mM 0,0) = (0,0,0).

M _
(3) For M > 0 sufficiently small, the linearization F of F in (z, f, q) eval-
uated at (5.4) is a bijection.

By the above, for M > 0 sufficiently small, we can apply the implicit function
theorem to F at (5.4). We conclude that there are a universal radius rg > 0
and a smooth mapping

. L
M+ B (m, m™),r0) — (ker(£°))" € X(Ho20) x Vs x ¥,

where B ((mM mM), ro) denotes the open ball of radius rg > 0 centered at
(mM, m),

B ((m™, m™),r) C X(S0,1) x X (H(_542),
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such that for all (zo,1, ) € B ((m™, m*), 7o),
F (20,1,%,6M(20,1,2)) = (0,0,0). (5.5)
Defining for given (x1,Z) € B ((mM,mM),ro),
(z, f,q) = G (x0,1,2),
we have by (5.5) and the definition of F as restriction of the mapping F
introduced in (5.1) that
Ci(x) =0 on Hy 1,9 for 1 <i <10,

zlsy, = 20,1, M(x]s,,) = M (Pyq(T)). (5.6)

This proves (3.2). The matching (3.4) under the charge matching condition
(3.3) follows directly from Lemma 2.12.

We turn to the proof of (3.5). Applying Lemma 2.26 to the smooth map
GM | we get that

M
e = a0, 1) + 11y + llally, 5.7

S lwor — m(%”X(SO,l) + ||i[—5,5],2 - mMHQEJr(ﬂFMM)-

By (5.7) and Proposition 2.21, it further follows that for ¢ > 0 sufficiently
small,

1Pra(@) — Zosllcsom Slally, + 171w, + 12550 — M llae s,

Sllwor — mM||X(So,1) +|Z 5,52 — mMH;ﬁ(ﬂ[fw’zy

We underline that the radius ry > 0 and the constants in the above estimates
are universal for small M > 0. This follows from the smoothness of F and the
continuity in M > 0 of the Schwarzschild data (5.4); see also, for example,
Proposition 2.5.6 in [38]. This finishes the proof of the estimates (3.5).

5.3. Proof of the Charge Perturbation Estimate (3.6)

In this section, we prove (3.6); that is, for M > 0 and ¢ > 0 sufficiently small,
the following estimate holds,

|(E,P,L,G) (z02) — (E,P,L,G) (Zg,)| $eM + &2, (5.8)

where zg 2 := P;Ps(Z).
Consider first (5.8) for the charge E. For this section, we introduce the
map

E: XT(H_s559) x V5 x Vg —~H"(S0.2),
(@, f,q) =E(Z, f,q) == E(Py,q(2)) .

From the smoothness of the perturbation P, and definition of E in Defini-
tion 2.10, it follows that E in (5.9) is a smooth map in an open neighborhood
of

(5.9)

(@, f,q) = (m,0,0).
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By the fundamental theorem of calculus and (5.9),
E (202) —E (Zy,) = E(Z, f,q) — E(Z,0,0)

1
5.10
/E|(wfs,qs) f’ ) . ( )

where E denotes the linearization of (5.9) in (f,q).
We estimate the integrand on the right-hand side of (5.10) as follows. For
0 < s <1, we have that

El@sogs = (Bl@saes — Blwroo) + Blavog:  (5:11)

On the one hand, by the smoothness of the mapping E defined in (5.9), it
holds for all (f,q) that for e > 0 sufficiently small,

(Bl@ssas — Blwvon) G a)| se- (1fly, +ldly,).  (12)
On the other hand, using definition of E in Definition 2.10, the properties that

M

p(m)

and that, linearizing at Schwarzschild of mass M > 0, see Lemmas C.1 and C.2,

ML Bl (£3) = - S200E, (513)

Plm™,0,0) (fa]) =
it is straightforward to show that for all f and j,
[l 0.0y (£.0)| M- (1l + ldly, ) - (5.14)
Plugging (5.12) and (5.14) into (5.11), we get that for all f and ¢, and 0 <
s <1,
Bl s age (£0)| S L+ (IFly, + ldlly, )
and subsequently, by (5.10),
|E (20,2) — E (Zg,2)| S (M +¢)-e = Me+¢”.
This finishes the proof of (5.8) for E. The proofs for P,L and G are similar.
Indeed, the crucial estimate (5.14) similarly holds for P,L and G, so that the
same argument as above applies. This finishes the proof of (5.8).
5.4. Proof of the Charge Transport Estimate (3.7)

In this section, we prove (3.7); that is, for M > 0 and & > 0 sufficiently small,
the following estimate holds,

(B.P.L.G) (t]s,,) ~ (B.P.LG) (els,,)| SeM+ & (515)
First we prove the component E of (5.15),
|E (2]5,.) — E (z]s,,)| SeM + €2 (5.16)
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Indeed, let x be the constructed solution to the null constraint equations on
Ho,[1,2- By the fundamental theorem of calculus,

E(2) [, — B ()]s, = / DE()]s,,dv. (5.17)

In the following, we analyze DE(z)|s,, for 1 < v < 2. Using that for
Schwarzschild reference data m™, it holds that

E(m") =M, DE(m") =0 on Ho 9,
we can express the integrand DE(z) on the right-hand side of (5.17) by
DE(x) = DE(z) — DE(m™). (5.18)
We make two observations. First, the map
DE : X(Ho,1,9)) —Hi(Ho1,2):
x—DE (x),

is smooth in an open neighborhood of = m. Second, at the end of this section
(see Lemma 5.3) we show that by the implicit function theorem construction
of our solution x, there is a smooth family

(zs)o<s<1 € X(Ho,,2]) (5.19)

of solutions to the null constraint equations on Hg [; 5 such that

Ts=0 — mM and Tg=1 = T On H07[1,2]7 (520)

and satisfying the estimate

_mM < y <
o2 lles = m Pl S e sl oy S& (521)

where @, denotes the variation through the family (5.19). Hence, we can rewrite
(5.18) by the fundamental theorem of calculus as

1 p 1
DE(z) = DE(z) — DE(mM) = / -~ (DE(z,)) ds = /DE
0

75 Tg (jjs)dsa
0
(5.22)

where DE|,, denotes the linearization of DE(z) in z evaluated at x,.
By construction, see (5.20), s—¢ is a solution to the homogeneous lin-
earized null constraint equations at Schwarzschild, that is, for & = T5—o,

CM (i) = o0. (5.23)
In Appendix C, see (C.7) it is shown that for all solutions & to (5.23),

IDEl ot ()| 120 3,2) S M3, 11 ) (5.24)
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Using the estimate (5.24), we can estimate the integrand DE
right-hand side of (5.22) as follows. We write

2, (Z5) on the

s

DEl,, (i) = (DEl., = DElgs ) (i) + DBl (i)

::Iz

2211
The term Z; is estimated by the smoothness of DE and (5.21) as follows,
|Il‘ S,H-Ts - mM||X(Ho,[1,2]) ’ Hi.SHX(HO,[lJ])
<&t
The term Z, can be analyzed by decomposing
b= (@) 4 () (5.25)
LN L
where (i4)* € <ker CM) is defined as solution to
CM((d:)") = CM (i), Q((E:)7) = 0, X((E:)") = 0 on Hor,91, (5.26)
(‘jjS)L'So,l = 0.
and (i)' € kerCM is defined as
(i) " o= g — ()L
By bounds for the system (5.26) analogous to Theorem 4.1 and Corollary 5.2
(see Lemmas 4.5, 4.6, 4.10, 4.13) together with the estimate

ICM (@)l 2. = I(CM ~C

xs)(iS)”Zc

<lz. — mM g

Slles = m™ v (o o)~ 15l (k0.0 .29)
<e?,

where we used (5.21) and that C|,. (&) = 0 by definition of z, in (5.19), it
follows that

||("1’75)L||X(H01[1Y2]) S 62' (527)
This further implies that
||(j:S)THX(H0)[1,2]) = ||$5 - (‘j:S)L”X(HQy[Lg])
<e+e? (5.28)
<e.

By (5.24), (5.25), (5.27) and (5.28), and using that DE|,m is a bounded
operator, we have

Iy = DE|mM (($S)T) + DE|mM((5’.35)l)
SMH(‘%S)T”X(HO,[LQ]) + ||($S)L||X(Ho.[1.2])
<Me + &2

To summarize the above, we conclude that for 0 < s <1,

|DE

Ts (xs) ||H%(H01[112]) S M€ +€27
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which, plugged into (5.22), yields that
IDE@) | 18 (74,11 0 S Me + 2,

and, consequently, by plugging into (5.17), proves the charge estimate (5.16)
for E.

We claim that the charge estimates for P, L and G are proved similarly.
Indeed, in Appendix C, see (C.7), in addition to (5.24) it is shown that for
solutions & to

it holds that
[ DP|nr (£)[] 11 (110,11 o) + 1 PLlwnt (@) |5 (310, o) T PG s (D)1 113 (116, 11.01)

/S M||i||X(H0,[1,2])' ( )
5.29

Thus, the remaining charge estimates in (5.15) are proved by following the
same argument as above.
It remains to prove (5.19), that is, the existence of the smooth family

(%s)o<s<1 C X (Ho,1,97)

of solutions to the null constraint equations satisfying (5.20) and (5.21), that
is,

Ts=0 = m™ and Ts=1 = T On HO,[L?]’

and

sup [las — ™ o Sen sup el o0y S €
0<s<1 0<s<1 A

Indeed, using the smooth map GM constructed in Sect. 5.2, this follows directly
from the following lemma. We remark here that the linearization GM is by
construction bijective and uniformly bounded for M > 0 sufficiently small, see
Sect. 5.2.

Lemma 5.3 (Existence of smooth family of data). Let M > 0 and € > 0 be
sufficiently small. There are smooth families of
o sphere data (z9,1)s € X(So1) for 0 <s <1,
e ingoing null data T, € X+(ﬂ[—6,6],2) for 0 < s < 1, solving the null
constraint equations on Hi_s s o,
such that

((z0.1)sr2,) |s=0 = (m™, m")

and satisfying

» ((x0,1)s, Zy) |s=1 = (20,1, Z),

1(@0,1)s = m™ [ (560) + 1 (@0,1) s 2 (50.0) S6 (5.30)

M .
Iy = 0™ e, s+ Msllaes g, 0 S5

where (x(;yl)s and &4 denote the variations of (xo.1)s and x,, respectively.
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First, the smooth family of sphere data (x1)s can be defined by

(z0,1)s = (w01 —mM) -5 4 m. (5.31)

Remark 5.4. In (5.31), we abuse notation, as by Definition 2.4 the tensors
X, X, @ and « are required to be symmetric ¢-tracefree 2-tensors which is a
constraint and not compatible with the linear operation depicted in (5.31). In
(5.31), we interpret the prescription of Y, X, o and « in the sense that two
tensor components are freely prescribable (these are added on the right-hand
side of (5.31)), and the other two tensor components are fully determined by
the condition to be symmetric and tracefree with respect to ¢. Same goes for
the prescription of the symmetric tensor ¢. In this sense, the prescription of
sphere data is without constraint, and (5.31) is well defined.

Second, the family of ingoing null data Z, is given by constructing solutions to
the null constraint equations (as proved in Sect. 5.2 but at the higher level of
regularity X*) on ﬂ[_&é],z from sphere data (Z,2)s on 5‘072 givenfor 0 < s <1
by (see Remark 5.4)

(Fo,2)s == (Fl5e, —m™M) -5+ m, (5.32)
and free data Qg and conf(¢)s on ﬂ[—&é],? given for 0 < s <1 by

Qg = (Q— Q) - s+ Qar, conf(g)s := (conf(g) — conf(m™)) - s + conf(m?).
(5.33)

The estimate (5.30) follows by the general estimates proved for the construc-
tion of solutions to the null constraint equations (see Sect. 5.2) and the explicit
prescriptions (5.32) and (5.33). This finishes the proof of Lemma 5.3 and hence
of the charge estimate (3.7).

5.5. Outline of the Proof of Theorem 3.2

In this section, we indicate how the proof of Theorem 3.2, that is, the charac-
terizing gluing with higher-order L-derivatives, is based on the proof of Theo-
rem 3.1.

(1) The proof of Theorem 3.2 is, similarly as in Sects. 5.1 and 5.2, reduced to
studying the linearized characteristic gluing problem with higher-order
L-derivatives by the implicit function theorem.

(2) At the linear level at Minkowski, the sphere data perturbations 75f and
75q leave DX™ invariant; see Remark 2.29. Hence, the linearized gluing
of DL solely depends on the prescription of the free data € and X on
Ho,11,2-

(3) By the linearized null constraint equations in Sect. 4, DL can directly be
calculated from €2 and )’{ on Hy 1,2). In particular, there is no obstruction
to matching D™ on Sp,1 and Sy 2 by adjusting Q) and )? on Ho,[1,2], see
Remark 4.19. This shows that the linearized characteristic gluing problem
for higher-order L-derivatives is solvable.

This finishes our discussion of Theorem 3.2.
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6. Bifurcate Characteristic Gluing

In this section, we prove Theorem 3.3, that is, the codimension-10 characteris-
tic gluing of higher-order sphere data along two null hypersurfaces bifurcating
from an auxiliary sphere. Analogously to the perturbative characteristic gluing
of Theorem 3.1, the two main ingredients are

(1) solving the linearized characteristic gluing problem,
(2) applying the implicit function theorem.

As the application of the implicit function theorem is similar as in Sects. 5.1
and 5.2, we focus in this section on the new ideas necessary for (1). We proceed
as follows.

e In Sect.6.1, we discuss the linearized null constraint equations and the
conserved charges along H_; o, and H_y 1 9.

e In Sect. 6.2, we derive relations between charges on Hi_1,0)1 and H_q [1,9]-

e In Sect. 6.3, we state and prove the linearized characteristic gluing along
two transversely intersecting null hypersurfaces.

In Sect. 6.4, we prove Proposition 3.4.

6.1. Linearized Null Constraint Equations

In this section, we analyze the linearized null constraint equations at Minkowski
along H;_; g1 and H_1 1 2], and discuss the corresponding conserved charges.

Remark 6.1. In the following, we study the homogeneous linearized null con-
straint equations; that is, we follow the formalism of [27] and linearize through
a family of solutions to the Einstein equations. The analysis of the inhomo-
geneous linearized null constraint equations along H;_; o) ; with source terms
(¢;)1<i<10 (which is necessary for the application of the implicit function the-
orem) is then analogous to Sect.2.7.2.

Linearized null constraint equations along 7 _, [; o). In Sect. 2.7.2, we linearized
the null constraint equations along Hg [1,2], see Lemma C.3. Setting M = 0
in Lemma C.3 yields the linearized equations at Minkowski. This linearization
and the resulting linearized equations clearly apply analogously to the null
hypersurface H_1 1 o) considered in this section.

We recall that in Sect. 4.3 we identified charges

Q; for 0 <i <7, (6.1)
which satisfy conservation laws along H_ [; o,
DQ;=0for0<i<7,
We refer to (4.5) for the precise definitions of these charges.

Linearized null constraint equations in L-direction. Similar to Lemma C.3, by
linearization at Minkowski of the null constraint equations along H;_; g, we
get the following, see also [27]. The linearized first variation equation,
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D <¢) _ (try) Df, = %X (6.2)

r 2
the linearized Raychaudhuri equation,
D (7'2 ((Qtrx) + 4Q)> = —4Q, (6.3)
=y
as well as
o . 7'2 . 4 . .
D (%) = it - T (@) + 1) — 2rg
- = =y
. o . o o 2 o .
D (@) = 24t (—ir+202) — dieded, + > (4A + 2) 5 (64
- 27‘((2‘5.1“&) —4Q.

As in Sect. 4.3, we can derive null transport equations along H;_; o) ; from the
linearized null constraint Eqgs. (6.2), (6.3) and (6.4); the explicit proof of the
following lemma is omitted.

Lemma 6.2 (Null transport equations in L-direction). The linearized null con-
straint equations imply the following null transport equations,

D (; ((Qt'rx) + fg) - f) —0,
D (ﬁﬁ - ((m'rx) + fsz)) — —divg,
and
D <r2(szt'rx) + %div (ﬂgf gd <(m@ + %Q)) —2r3K — 12 <(m@ + %Q)) =0.

Remarks on Lemma 6.2.

(1) By Lemma 6.2, the charges 9, Q, and Q, defined on the sphere S, ,
with r =v —u >0 by

Q)= (7“27'7— ?ﬂ ((erx) + ffl))m,

g (i)

Q, == r3(Qtry) + %div (r27'7 - gd ((Qt'rx) + fQ))

. 4 . .
—r? ((Qtrx) + Q) - 2K,
= o
satisfy the following conservation laws along H_; g 1,

QQQ =0, le =0, 222 =0.
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(2) In analogy to the analysis in Sect.4.3.2, the null constraint Egs. (6.2),
(6.3), (6.4) and the null transport equations of Lemma 6.2 imply that the
quantities

. . 7"3 . 4 . [22]

¢7.¢C= (Tzﬁ - Ed ((QtI'X) + ’I‘Q>> (66)
can be glued without obstacles along H, ), by using the degrees of
freedom € and X on Hy_y g1

(3) As for the linearized null constraint equations on H_y 1 9], there are fur-
ther charges Q,, 4 < i < 7, and higher-order charges along H_ 0),1- How-
ever, for the purposes of this paper, the explicit expressions for 9Q,, 9,
and Q. are sufficient.
6.2. Preliminary Analysis of Charges

In this section, we derive relations between the charges

Qo, Q1, @2 and 20721722'
The following lemma is the main result of this section.
Lemma 6.3 (Charge identities). Consider linearized sphere data &, on a

sphere Sy. Let Q; and Q,, 0 <i < 2, denote the associated charges on S, .
Then, it holds that, with r = v — u,

1 10 o
Q1 50, Q, = 20+ Ldivdikd,
1o (. 1 Y 1o

and

and moreover,

(Qo)ir =~ (Qo) - (Qu)p = () + 5 Q. O =~ ) = ol
(6.7)
Remarks on Lemma 6.3.
(1) The significance of the first two identities of Lemma 6.3 is that by (6.6)
the terms on the right-hand side are freely glueable along Hi_y00,1-
(2) The relations (6.7) show that Q, and Q[le] fully determine Qy and Q[fl]
on Sy, and vice versa.

The rest of this section contains the proof of Lemma 6.3. In the following, we
use the definition of Q,,Q, and Q., see (6.5), as well as (2.48), (2.49) and
(4.5), that is,

o]

i =—n+24Q, K = id%d%dc - }3@& +2)¢,
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]

0= i+ (im0 - 20) )
. 4. i

Q= g ((Qtrx) - TQ) + %

Q, 1= r(Qtry) — %d?/v (rQﬁ + ;d ((Qﬁrx) - i9>)

and

) 4. .
—r? ((Qtrx) - Q) + 23K
r
Analysis of Q5. We have that

0+, = ~2ait (i + e (im0 - 202) )

S 3N s e+

i
(

i (‘G i) = S (@) - 29)
(

42 <r2(erx) —r (Qtrx) 47“9

= L <r277— %z < Qtry) + >)
i(%id%(r%ﬂ(( 1) i>)+2r3K>
(5 i 2o )

~ £Q, —ridibdig, +24 (42+ )

which can be rewritten as
- (Qg (4 +1)Q2>
B (R (- 0 (i 20 )+ v, - 132)
- 2 (- S (im0 + 20) ) - 244
(6.8)
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Projecting (6.8) onto the modes [ = 0 and [ = 1 proves the last two of (6.7)
o =-9). &

-9
Analysis of Q;. We have that

1

5 (i) -

A x))

+ Qi ( ((Qtrx) + Q) + 2r3f'<) —20+ %
21 Q, - w (r i) — 7¢z ((Qt'rx) + fﬂ))

- ( ) — 20+ f

= 21 dw (r i) — 7¢ <(m'rx) + fﬂ))

+Q, - 20+ Jdivdivg, - 44,

which proves the first equation of Lemma 6.3, that is

Ql - 21 - %2 _2Q + %d;«]d;ﬁfgc

(o]

S (70— ((@ing + 10) ) - 14

(6.9)
Moreover, plugging (6.9) into (6.8), we get

Qo+ (42 + 1)Q2>
1 .
<Q1 - 21 — §QQ + 29)

- 2 (rzf, gd ((Qt'rx) + fﬂ)) - 244,

which proves the second equation of Lemma 6.3, that is

¥~
o —

1 10
T 4 (Q2+22) - §4A (Ql _21)

_ A0 %df’w (7“27']— %ﬂ ((erx) + iQ)) - %4@
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Analysis of Qy. We have that

L, ] 4. (1] ,. T3 . [1]
Qo+ 9, = (r N+ Eﬁ <(Qtrx) — ;Q)) + <fr n— Eﬂ(ﬂtrz))

P4 (£ (@6 - L (@6rg) - 240) "
r2d (; <(Qtrx) - %Q) + % - <; <(Qtr&) + %ﬂ) - f) +20 — 2:5)[1]

Ll
’V‘Qd <Q1—Q1+QQ—2¢> .

r

On the one hand, this shows the first of (6.7), that is,

(QO)H == (QO)H :
On the other hand, together with (6.9) we get that

N
(Qo)p =— (QO)E +r2d <Q1 -9, + 20 — 2)

r
E

9 ]_ 1 o [1]
——(Q)p 4 (50 - 5, )

E

= (Q)p+ 542

where we used that <¢ldj/vQ0> = —2(Q,)r due to Q, = QB” and (D.1).
E
This proves the second of (6.7). This finishes the proof of Lemma 6.3.

6.3. Linearized Bifurcate Characteristic Gluing

In this section, we state and solve the linearized codimension-10 bifurcate
characteristic gluing problem.

Notation. To ease presentation, we do not explicitly state the corresponding
higher regularity norms and assume to work in a smooth setting. In the fol-
lowing, let > 0 be an integer.

Theorem 6.4 (Linearized bifurcate characteristic gluing). Consider on spheres
So,1 and S_1 2, respectively, the following smooth linearized higher-order sphere
data,
. 5L S L . 5L S L
(330,1, D07,1m7 D(fim) and (.%‘_172, D—717,7127 D:{g)
There exist
e q smooth solution (;mbL’m,T)L’m) to the higher-order null constraint
equations on H_1 |19
. [/7 . L’ ) i
e a smooth solution (&,D m,Q m) to the higher-order null constraint
equations on H;_q g 1,

e smooth higher-order sphere data (i,l,l,bf’ﬂ,b%ﬂ) on S_11,
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fully matching on S_1 1,

~L.m

. ANL.m -+ m . o~ Lm
(mvpL’ 7DL’ )|S_1,1:(172 ,D

s 1 = (@10, DHLDHT),
such that we have higher-order matching on So. 1,
(&, D" DLy, = (d01, D5y, D™,
and higher-order matching up to the charges Qg and Q[QS” on S_12, that is,
M (s, ,) = M@E12), D""[s ,, =D, (6.10)

where M denotes the matching map defined in Definition 2.11 applied to lin-
earized sphere data, and

(21 Q. Qs Qigmy ) (@ PP DE™)s )

= (21,98, Q5. Qigmy ) (212, D21, DHT) (6.11)

Remarks on Theorem 6.4.
(1) The matching (6.10) and (6.11) equals higher-order matching up to charges

Qp and Q[;l] in the following sense. Analogous to Lemma 2.12, if it holds
on S_1 2 in addition to (6.10) that

(20 &) (als_,.2) = (@0, @5V (i-12),
then we have that
i'|S_112 = jc—l,Q?
by which we can subsequently deduce from (6.10) and (6.11) the full
higher-order matching
(fta,DL)maDL7m)|Sf1,2 = (5371,2’1'75’17,712»1.7%17,721)-
In the following, we outline the proof of Theorem 6.4. We first make some
remarks.

e In accordance with the definition of free data, see Sect.2.7.1 and Re-
mark 4.2, our degrees of freedom in the linearized gluing problem are the
prescriptions of

2 and ) on Hi1 00,10 )? and O on H_ 11,2 (6.12)
e The gluing of
0, w, ¥, &, DY along H_1,1,2 (6.13)
and of
0,0, X, &, DE™ along H; 4 g1 (6.14)

follows without obstructions from the degrees of freedom (6.12). Indeed,
see the discussions concerning the linearized higher-order L-gluing along
H_11,2) in Remark 4.3, which also generalizes to higher-order L-gluing
along Hy_y g ;-
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e Given linearized higher-order sphere data (3'9071,1.)0? i ,T)fim) on So.1,
the conservation laws along H;_; ) ; determine the charges Q,, 0 <
i < i(m) on S_1. Similarly, given linearized higher-order sphere data
(.i‘,l’g,bffé,b%ﬂg) on S_1, the conservation laws along H_; j; o) de-
termine the charges Q;, 0 < i < i(m), on S_1,1. The latter are denoted
in the following by

(Qi)o for 0 < i <i(m). (6.15)

In the following, we prove Theorem 6.4 in two steps.

- L, L, . . .
(1) We construct a solution (&2, D~"™) to the linearized higher-order

null constraint equations on H;_; o) ; such that on Sp; it fully matches
the given higher-order sphere data, and on S_;; we have the charge
matching

Lm - L

(21 @8, Qs Qigmy) @ 27", D55,
= (@0 (9F), - (@) (Qiem))

where the right-hand side charges are defined in (6.15). This is the content
of Proposition 6.5.

(2) We construct a solution (&, DL DL™) to the linearized higher-order
null constraint equations on H_; [; 5 such that on S_; 1 it fully matches
the given higher-order sphere data, and on S_; 2 we have the matching

M(ils_,,) = M(i_1.), DP"|s_,, = D%,

By the charge matching (6.16) and conservation laws along H_1 1 9, it
follows that the condition (6.11) is satisfied on S_1 o.

The above two steps can be seen as generalization of Sects.4.4.1 and 4.4.2,
respectively.

(6.16)

Proposition 6.5 (Characteristic gluing along H_1,0p,1 with charge matching

on S_11). Let (g1, Dé‘lm, DL ™) be given lzneamzed higher-order sphere data
on Sp,1, and let

(@0 (&%), (@1)o -+ (Qum),) (617)

be a given tuple of charge values on S_1 1. There exists higher-order ingoing
null data (&, QL’m,QL’m) on Hi_y o1 solving the linearized higher-order null
constraint equations such that

(@D, D)5, = (0, DL D™,
and
(2198, Qs Qigmy) (@ D™ D™, )
= (@) (Q57)(Qa)g -+ (Qum)y ) -

Remarks on Proposition 6.5.
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(1) The charges Qp and Q[fl] can in general not be matched on S_; ; because

by Lemma 6.3, they are determined from @, and Q[le] which are in turn
determined from o1 by the conservation laws on H;_; o ;-

(2) The sphere data &|s_, , are a priori not fully determined by the matching
conditions of Proposition 6.5, and thus, our construction admits some
freedom of choice.

Proof of Proposition 6.5. First consider the matching

(@1 Q) (dls-,) = (@0 (€57), ) - (6.18)

By Lemma 6.3, we have to solve the following system on S_ 1,
1 N R
(Q1)y — ggz -9, =20+ §deW¢c

- r%diﬂ (7“27'7— gd ((erx) + iQ)) _ %¢¢ (619

and

— o ((e8) + ) - 2 (@0, - 2

= oY dw(nd(m&w+ﬁﬁyﬂ]li¢m

where the charges Q, and Q, are determined on S_;; from the sphere data
Sb()’l on S()’l.
We recall from (6.6) that the quantities

L 3 . 4.\\ =2
Q0 4. (7“27'7— Ed ((Qtrx) + TQ))
on the right-hand side of (6.19) and (6.20) are glueable along H;_; ¢ ; and can

thus be freely prescribed on S_; ;. In the following, we show in detail how to
prescribe them such that (6.19) and (6.20) are satisfied.

(6.20)

Matching of modes [ = 0. By projecting (6.19) onto the modes | = 0, we get
1 )
(Q)y' = 525" + o - 200,

Hence, we prescribe on S_; 1,

. 1
Q[O]:2< [0]+ Q2 +Q1 )a (b[o]:O

Matching of modes [ = 1. By projecting (6.19) onto the modes [ = 1, we get
o 3 (1]
m_ Lom Lo (o T ) 4 k¢
(@ = 50— S (2 T (i + 20
+ ol 90l 4 2 g
= r

I pp 1 1) o 2
:522 _ﬁdy\]go—'—gl _QQ[]+;¢[]‘
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Hence, we prescribe on S_; 1,
. . r ?
ot =0, g =7 ((91)“] - O+ kg, - Q[l”) .

Matching of modes [ > 2. By projecting (6.19) and (6.20) onto the modes
> 2, we get

1
(Ql)gZQ] o o Q[222] B Q&ZQ]
. 1 o o . [>2
—20=2 5dj/vd]wgc[— !

,',,3 10

- L (- T (i + 20)) - L

and
[>2]

1 10
-3 ((9F7), + &7) - 34 (@0 - Q)
At L (e (e« 2o T LR g
=4 —772;/\/ P — o (Qtry) + — oy L

It is straightforward to check that the following prescription on S_;; is a
solution of the above system,

. 7,.3 . 4 . [>2]
02 =, <r27'7 - ((Qtrx) + TQ)) =0,

. ;[>2
with ¢[=2] and d CL ] defined subsequently on S_; ; as solutions to

19 . 1 1 °

;4A ¢[22] =0 ((Q[Zﬂ) + Q[222]) _ 74& ((Ql) _gl)[ZQ] 7
Seivdivg, = = (@0l - Lol - ol 4 1 g,

(divg ) p = 0.

Using that the Laplacian and div-curl are elliptic Hodge systems, see Appen-
dix D, it is straightforward to prove regularity estimates for gi) and ¢, which
show that the above construction is consistent with the regularity hierarchy
of the linearized null constraint equations. This proves the matching (6.18) of

Q1 and Q[222].
It remains to realize the matching
(Q3,-- 5 Qimy) (Els_1,) = ((Q3)g -5 (iemy) ) - (6.21)
First, from (4.5) it follows that the matching condition

(Q37 R Q7) (§.|571,1) = ((QS)O PRI (97)0) ’ (6'22)

can be realized by an appropriate choice of

27Q7Q7@ on S*l,l~ (623)
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By (6.14), the quantities in (6.23) can be glued without obstructions along
H(_1,0,1 and can thus be freely prescribed and realized on S_; ;. This proves
the matching (6.22).

Second, the matching of higher-order charges

(Qs-oos Qigmy) (Els_1a) = ((Qs)o -+ (Qicmy),) (6.24)

follows analogously to the matching (6.22) by the free prescription of higher
D-derivatives of & and Dw on S_; 1, in other words, the prescription of DLm
on S_j ;. Indeed, it is straightforward to check that the charge expressions
contain top-order D-derivatives of & and Dw. This is due to the formulas
being derived by commuting the null structure equations with D-derivatives,
where it is well known that the commutator [D, D] is sphere-tangent (i.e., not
causing D-derivatives) and higher-order D-derivatives of metric coefficients,
Ricci coefficients and null curvature components can be expressed as higher-
order D-derivatives of & and Dw plus angular derivatives of lower-order D-
derivatives by the null structure equations. To conclude, the ability to glue
along ﬂ[—l,O],l to such prescribed DL™ on S_1 1 follows directly from (6.14).
This finishes the proof of Proposition 6.5. g

We are now in position to conclude the proof of Theorem 6.4 by step (2)
outlined before. We recall that from Proposition 6.5 we have a solution

. ~Lm o Lm
(@, D7, D) on Hi_y g1

to the linearized higher-order null constraint equations such that we have full
higher-order matching on Sy ; and the following charge matching on S_; 1,

(21,9, 05, Qi) (@ D", D5l )
= (@0, (&), () (Qum)y)

where the right-hand side are the conserved charges determined by conserva-
tion laws along H_; |1 o from the higher-order sphere data on S_ 2,

. NL, 5L,
(£-12, D79, DH"y).
By applying the characteristic gluing of Sect. 4 along H_; 1 o), we construct a
solution
(i%DL’m,bL’m) on H_q1,2

to the linearized higher-order null constraint equations such that we have full
higher-order matching on S_; ; and we have the following higher-order match-
ing on S_LQ,

M(ils_, ,) = M(i_1), DP™|s_,, =D
and

(2195, Q51 Qi) (@ D™ DE™)s, )
— (Ql,Q[QZZ], Qg,...,Qi(m)) (x',m,bf’ff;,b%i’f;).
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The following remark on the linearized charges finishes the proof of Theo-
rem 6.4.

Remark 6.6 (Relations for Qg and Q[le]). By Lemma 6.3, that is, the relations

(QO)H == (QO)H7 (QO)E - (QO)E + gdg[zﬂy [20] = _7[20]a Q[Ql] = 2[21]-
(6.25)

and the conservation laws along H_; g, and H_1 1 2] we have that

((Qo)gr» O, QW) (s, ) = ((Qo)py » Q5 QF) (do,0).

Moreover, from (6.25) and the conservation laws we deduce that

(QO)E (i'|5—1,2): QO) (‘r|S 11)
(ds_,,) + dd”o':\s,l,l)

(
(D) 5
= ()5 (s 1) + 24 Qs )
= (Qu), (dls.) + oA QM (2ls,.)

((%)E (éls,..) + 5421 <a;~|so,1>) + 54 Qls,.)

= (Q)p (d0.) + 5 Q8 (io.0),

where we used that by construction, &|s, , = @o,1. Using (D.1) we can rewrite
the above as, for m = —1,0, 1,

(Q0)e™ (ils_,.) = (Qo)8™ (d0,1) — ig(lm)( ).

In terms of P and G (see Remark (4.6)), this can be written as
Gm(:jjlstz) = Gm(jr‘so,l) - 2Pm(¢|50,1)'
6.4. Proof of Proposition 3.4

In this section, we prove Proposition 3.4, that is, the bifurcate characteristic
gluing with localized sphere data perturbation W.

The proof is a slight generalization of the proof of Theorem 3.3. As before,
by the implicit function theorem, the proof can be reduced to solving the
linearized problem. In this case, the linearized characteristic gluing problem
admits the additional freedom of adding a linearized localized sphere data
perturbation W to the linearized sphere data on S_j ».

Given the explicit formulas in Sect. 6.1, it is straightforward to construct
a smooth sphere data perturbation W, compactly supported in the prescribed
angular region K C S_; 5 (see Proposition 3.4), with prescribed values for

Qo (W) and Q[<1]( W), and derive appropriate bounds; see, for example, the
explicit choice in [11]. This allows to match Qg and Q[le] on S_1 2.

Adding W to the linearized sphere data on S_12 changes the gauge-
dependent charges on S_; 5 (by a well-controlled amount). Using the results
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of Sect. 6.3 for the linearized characteristic gluing along two transversely in-
tersecting null hypersurfaces, we can match the solution to the null constraint
equations to these new values of gauge-dependent charges on S_; ». This solves
the linearized characteristic gluing problem for Proposition 3.4.

We remark that for controlling the support of W in the application of the
implicit function theorem, W is bounded in an L2-based Sobolev space with
weights (in particular, this space is Hilbert) which ensure its smooth vanishing
toward the boundary of the angular region K, see, for example, [24,25].

Acknowledgements

S.A. acknowledges support through the NSERC grant 502581 and the Ontario
Early Researcher Award. S.C. acknowledges support through the NSF grant
DMS-1439786 of the Institute for Computational and Experimental Research
in Mathematics (ICERM). LR. acknowledges support through NSF grants
DMS-2005464, DMS-1709270 and a Simons Investigator Award.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive
rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of
this article is solely governed by the terms of such publishing agreement and
applicable law.

Appendix A: Perturbations of Sphere Data

In this section, we prove Proposition 2.21; that is, we show that
P XY (H_542) X V5 x Vg = X(S02),
(Z, f,q) = w02 := Py q(Z),
is well defined and smooth in an open neighborhood of (Z, f,q) = (m,0,0),
and satisfies the estimate

1P1a@® — Zoallacson < 171y, + lally, + 12 - mllye s, )

where we denoted I 5 := Z|s, ,-
In Sect. A.1, we derive explicit expressions for the sphere data Py o(Z).
In Sect. A.2, we prove Proposition 2.21; that is, we analyze Py 4(Z).

A.1. Explicit Formulas for Transversal Sphere Perturbations

In the following, we rigorously set up transversal perturbations Py o and write
out explicit formulas for the resulting sphere data. In Sect. A.1.1, we recapit-
ulate the null geometry setting. In Sect. A.1.2, we define sphere perturbations
and analyze metric coefficients. In Sects. A.1.3 and A.1.4, we analyze Ricci
coefficients and null curvature components, respectively.
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A.1.1. Null Geometry. First we recall the null geometry setup. Let S be a
spacelike 2-sphere in a spacetime (M, g). Let (%,9,6',62) be a local double
null coordinate system around S, that is,

g = —402dadv + ¢ .., (d6° — b do)(d6P — bP dv), (A1)

such that S = Sy := {& = 0, = 2}. We recall the following standard
notation, see, for example, Sect. 1 of [15].

e The geodesic null vectorfields are defined by
1= 2D, I/ == —2Da, (A.2)

where D denotes the covariant derivative on (M, g).
e The normalized null vectorfields are defined by

L= Qf/, L:= QL/.

e The equivariant null vectorfields are defined by

L=0L L:=0°L. (A.3)
e The Ricci coefficients are defined with respect to the above vectorfields
as follows,
B e~ B = ~ 1 =~ =
XAB ‘= g(DALv 8B)a XAB = g(DA Lv aB)a CA = ig(DAL7 L)a (A 4)
ﬁ::§+¢1log§~2, & := LlogQ, @:= LlogQ,

where ﬂ denotes the exterior derivative on spheres gu,v-

We have the following practical lemma, see, for example, [15].

Lemma A.1 (Properties of double null coordinates). The following holds.
(1) The inverse g~ of (A.1) is given by

gl = —ﬁ(@a@vaﬁaﬁ@aﬁ) - ;;(amaéwé@aﬂ)ﬁ”aﬂg%.
(A.5)
Specifically,

g — g?d _ g (A.6)

(2) It holds that g (L', L") = —2Q72, and
L=08;+b"95., L=0;. (A7)

(3) It holds that for A=1,2,

b = 4Q%CA. (A.8)

(4) It holds that

I =T;=T0;=0, T% =0;logQ—Ca— L=

1 _ i N
o0Xa” 0 AR T H5Xap
(A.9)
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where the Christoffel symbols are defined by I‘:jl, = %gw (0,80 + Ov8ayp
_aagp,l/)~

A.1.2. Definition of u on ﬂz and Analysis of Foliation Geometry. In the fol-
lowing, we change @ to u on H, := {0 = 2} and analyze how the foliation ge-
ometry of the resulting local double null coordinates (u,v, ', 6?) (with v = o
on M) relates to the foliation geometry of the local double null coordinates
(@,,0",62).

For a given scalar function f = f(u, 8", 6?), define (u,8",6%) on H, by

i=u+ f(u,0,0%), 0' =6, 6% =62 (A.10)

For f sufficiently small, (u, 0", 6?) are a coordinate system on H, and we have
that

Ouw = (14 0uf) On, Oga = Oza + (0ga f)Oa, Opaf = (14 0uf)O5af. (A.11)
In accordance with (A.2) and (A.7), define on H,

L:=08, L :=-2Di=1, (A.12)

and define in accordance with (A.3) the null lapse Q on H, through the relation

L=0%L. (A.13)

We can relate the foliation geometry of (u, ', 6?) to the geometry of (, 6!, 0~2)
as follows.

(1) We explicitly calculate Q on H, as follows. Using (A.3), (A.10), (A.11)
and (A.12), it holds that on {0 = 2},

L=01+0.)L=(1+0.f)PL =(1+8./) QL' (A14)
from which we conclude by (A.13) that on H,,
D2 =02 (1+0.f). (A.15)

(2) By (A.11), it follows that the induced metric ¢ on level sets of u on H,
is given for A, B =1,2 by

Jap =8(04,08) =g (05,05) = d 45- (A.16)
This implies further that
448 = g7 (A.17)
We remark that in explicit notation, (A.15) and (A.16) are
Q%(u, 01,0%) = (14 (0uf)(u,0",6%)) Q% (u + f(u,0",0%),0",6%),
Fap(u,0',0%) = ¢ 4 (u+ f(u,0",6%),0",6%).
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(3) The vectorfield L and the scalar function € uniquely determine the null
vectorfield L on {v = 2} defined by

g(L, L) = —29%, g(L,d9) = g(L,02) = 0. (A.18)
An explicit calculation shows that L is given by
- L. ~ o~ AC
= (Q?|y7f|;) L+1I1+ (29% Bcf) ia (A.19)

~AB ~
where \Wf@ :=¢ Oafopf. We define further L := Q~'L.

A.1.3. Analysis of Ricci Coefficients on ﬂz. The Ricci coefficients with respect
to (E, z> are defined as follows,

X = 8DaL05), X, =8DaLdp), (1= 8DaL, L)
n:=C(+d logQ, w = LlogQ, w := Llog.
We analyze the Ricci coefficients in the order (g, X>w, ¢, X, Dw, Dw) .
Analysis of w. On the one hand, we have by (A.12) that

_ 1
w:= LlogQ=0"19,0= ﬁau (Q2) .

On the other hand, we have by (A.11) and (A.15) that
0 (9%) = 0, (02 (14 0,f) ) = 20050 (1 + 0u)” + 0262 .
Combining the above two and using (A.4), it follows that

_ 1 (5856 2, (202 7) _ - 19, A.20
g_%)z(zQauQ(l—&—auf)+Qauf>—g(1+8uf)+2928uf. (A.20)

Analysis of x. By explicit computation, we have that

X, =8DaL,dp) =" (1+0u,f)OX (A.21)
where we used that
~ ~/
g (Do, 05, 05) = O'g (D L',0;) = 0.

We can separate (A.21) into

2 D

Qtry = (1 + 0,.f) Qtry, (14 0uf) X 4o (A.22)

Xap =
that is, in explicit notation,
(Qtry) (u,0%,0%) = (1 + 0uf(u,0,0%)) Qtry(u+ f(u,0",6%),0",6%),

(1,0, 0%) = (ot F,0,0%),04,6%) (1 + 9, (0, 0",6%))

X g+ f(u,00,0%),0",67).

Analysis of w. We calculate

XaB

w := Llog
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as follows. First, by construction of the double coordinates (u,d,6',62), see
(A.18) and (A.12), Q is defined on M through

L'(7) =072 (A.23)
In particular, this implies with the geodesic equation satisfied by L’ that
L (Qiz) =1I (L,(ﬁ)) =Dy (DL/ﬂ) = DDL/L/fJ + Dy Dpo= QiALDLDL’LNJ7

=0
(A.24)
where we note that DDw is the covariant Hessian.
Second, we have the algebraic relation
_ 2
L'(Q7?) = ol (@), (A.25)
By (A.24) and (A.25), we get that
/ o2 1 ~
w=L(logQ) = QL' () = ——L Q72 = —5DLDLo. (A.26)

Plugging (A.19) into (A.26) and using (A.3), (A.7), we get that

1. 2 1 _ _~,~AB~CD .
w= 2 (17 13) Dabat 10,07 20155 (05 1)(00 /1D 4D o
N

- B - - ~AB B
_ (QQWf@) DiD,, jep. 7~ (Q2|y7f|;> (292¢ an) D;D ;i
~ 5~ AB -
— (ZQ 5/ an) DB;,—}-ECBCDAU'
(A.27)
Here, the Hessian DD# is given in coordinates y,v € {i,,0", 6%} by
D,D,i = 9,0,0 — '), 050 = —T'},,. (A.28)

From (A.9) and (A.28), we conclude that DzDz0 = D D30 = DD 40 = 0
and

- = 1
DAD{}'U = —8A10gQ+CA+ EXAB

b?, DDgi = ——=X,,.  (A.29)
Plugging (A.29) into (A.27), we get that
~ ~5~AB ~ ~
W=+ BB Oaf)O5f) + (292¢ a5 f) (a log Q) — CA) . (A30)

Analysis of ¢ and 7. Using (A.15), we have by explicit computation that

1 .
Ca = ig(DAL, L)
5 ) (A.31)
= @(%(%f ~ 5 (1+0.f)g(L,D40z) — 0alogf.



Vol. 25 (2024) The Characteristic Gluing Problem 3185

By (A.11), (A.14), (A.19) and the geodesic equation for L, we have that

g (L, D4dy) = —202 (EA +0;log Q1+ 2004 )0 — ch(an)XAc) .
(A.32)

Plugging (A.32) into (A.31), we get that

02
Ca=—0alogQ+ %@@uf
) (A.33)
02 . ~ . x~BC 5
+ o5 (14 0u0) (Ca+ 051052+ 200402~ O (92X ,.)

We conclude from the above that
na :=Ca + 0alog
02 02 . - . ~-~BC =
= 57040 + o5 (14 0uf) (Ca+ 041080+ 2004 1)~ U (95)X )
3

~ 502 (14 0uf) (Oaf)trx.

(A.34)

Analysis of x. By (A.11), (A.19) and (A.21), we have by explicit computation
that

~ QL Q. . .
xaB = g(DaL,0) = 5V f5X,,, + 5 Xan + Q7 (0af)g (DL,05)
+ 07 (04/)080)g (DL, L) + 97" (98f)g (D4, L)

+07'g (D (202 001 ) 05) . 0m)

By (A.7), (A.11) and (A.21), we have
g (DLL 63) =20%p, g (DAE, L) =202 (ﬁA —20; log Q) ,
as well as
g(DyL L) =0%g(DyL, L) = 0% (LD, L) = -O'g(L, pyL)=o
and
g (Da (2097 00105 . 0n) = 04 (202) 9t
+(20%) (0405 1) + @c e (D4 (47705 ) . 05) ) .
where on the right-hand side we can rewrite with (A.11)

~CD_(

g (D4 (§7705) . 05) = TS5 — 041)0%,,0 "~ s 0%,
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yielding that
g (D (204 (0c1)05) . 05)
=04 (2(22) opf+ ( ) ( 040Bf) — 5cf)FAB)
cp

(202 (0an0x " (@c ) + 5110 ,,d " (0c 1))
Plugging the above into (A.35), we have that

(O Q.

)2 2
=22 (0o + 0n i)+ 2L (02051 ~ TG00
292 cD

o (04093,,4 7" @ch) + 50050 @en) . (A30)

Analysis of Dw. We have by explicit computation that

Br (@)

D=0, (0.1 = o 55 ~ S0 1 0,7)

+ D& (14 0uf)° + 002 .

(A.37)
Analysis of Dw. Using that (see also (A.23))
Q3 03
(@) = =5 L (%) = =5 L' (L),

we have that

Dw = L(LlogQ) = Q*L' (QL' (Q)) = Q*L’ (—Q;L’ (L’(ﬁ)))

QG
= 40 — 7L’ (L' (L' (2))).
Using that D/ L’ = 0, it follows further that
0o 1
Dw :4(4)2 — ?DL/DL/DL/”F) = 4(4)2 — iDLDLDL'ﬁ-

By (A.19), we can furthermore expand D;D ;Do (explicit calculation omit-
ted here), to conclude that Dw can be written as a sum of products of first
angular derivatives of f and (the following all with tilde) null curvature com-
ponents, first derivatives of Ricci coefficients and second derivatives of metric
coefficients.

Remark A.2. The only linear terms in f in the expression for Dw are
( 024" aAf)) D;D;D ;0 and 202" (95 f)DD;D; 5,

and we note that at Minkowski,
D;D;D;o=D;D;Dz0=D;D;D;v =

Hence, the linearization of Dw vanishes at Minkowski.
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A.1.4. Calculation of Null Curvature Components on ﬂz. We recall from
(2.10) the definition of the null curvature components,

arp=RO4L0p,0),  fai= ROAL LI,  p= RELLLD),
o ¢ap = %R(aA,aB, LL), B,:= %R(aA, L,L,L), asp:=R(®a, L, dg, L)
(A.38)
Plugging (A.11), (A.14), (A.15) and (A.19), that is,
Oga = 0ga + (0pa )0z, Q2 =Q*(1+09,f),
~ ~ ~ ~ ~ o~ AC
L=(1+0d.f) L L= (Y 13) L+ L+ (202" act) 05,

into (A.38), it follows that the null curvature components (a, B,p, 0,0, g) can
be expressed as sum of products of (d,,@’,ﬁ, 5,@, Q) and f,0af, A=1,2, and
Ouf.

A.2. Proof of Proposition 2.21

In this section, we prove Proposition 2.21; that is, we discuss the mapping

Pt.q(Z) and prove estimates.
First, recall from (2.56) that

Prq(Z) = PogPro(L),
and that in Sects. A.1.1-A.1.4 we discussed the explicit formulas for Py (Z).
Second, recall that ¢ € )V, = H®%(Sp2) x H%(Sp2) and that H™(Sp2)
is an algebra for integers m > 2, the following basic estimate holds, see, for
example, [28]. There is a real number €5 > 0 such that for all ¢ satisfying

lally, < eo,

it holds that for a tensor T' € H™(Sp2) on Sp2 (with 0 < m < 6 an integer),
its pullback ®1(¢)*(T) under ®;(q) is well defined and bounded by

121(9)"(T) = Tz (50.2) SCUTU om0

121(0)* (D)l (502 < (1 + Nallvy) 1T Lo si)-

We emphasize that the first of (A.39) as stated loses derivatives in T but the
second estimate does not.

We omit the proof that the pullback under ®4(¢) with ¢ € Y, is a smooth
mapping from tensors in H™ (S 2) to tensors in H™(Sp2) for integers 0 <
m < 6.

We are now in position to prove Proposition 2.21. The important step is
to prove that Py, maps into X (Sp 2). Then, the property that Py, is well de-
fined and smooth near (Z, f,q) = (m,0,0) follows in a straightforward fashion.
Hence, it remains to bound the sphere data

20,2 = Pr,q (Z) = Po,gPro(Z)
In the following, we prove that

1Pra(@) — Zosllxcson < 1y, + lally, + 12~ mllysis ., 0 (Ad0)

(A.39)
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where we recall from Definition 2.5 the sphere data norm

|X(So,2) = HQHHB(SOQ) + H.¢||H6(So‘2) + HQtrX||H6(So,2) + ||5(\||H6(So,2)
+ 12X 4 50,0) + I1XI154(50,) + 1Ml 2555 )
+ HWHHG(So,z) + ”DWHHG(So,z) + ”Q”H‘l(so,z) + ”&”H%So,z)

0,2

+ el e son) + llalla(so.2)
and from Definition 2.20 the sphere perturbation function norms
1wy == 11 O) |z (s2y + 10 f (0) || 225 g2y + 1022 £ (0) || 22 g2y + 105.£(0) || 22252y,
lally, == lla1llas(s2) + g2l ms(s2)-

Indeed, the proof is based on three ingredients. First, we work with a higher
reqularity T along E[—é,éﬂ] and thus higher derivatives falling on z can still
be bounded; in other words, loss of derivatives here is acceptable. Second,
there are no higher derivatives that fall onto f; this is already visible from
the explicit formulas of Sects. A.1.1-A.1.4. Third, the terms which need to be
estimated using the first estimate of (A.39) (which loses derivatives in T') are in
fact—due to ingredient (1) above—of higher regularity, and thus, this loss can
be tolerated. This can again be verified by inspection of the explicit formulas
of Sects. A.1.1-A.1.4.

In other words, there is a loss of derivative in the sphere perturbation
mapping but it does not involve the functions f and ¢, and hence, our choice of
function spaces (in particular, the higher regularity ) allows to use the implicit
function theorem setup around the sphere perturbation mapping nevertheless.

Let us illustrate the third ingredient by an example. Using (A.37), that
is,

2 2
m<u,91,92):<2 ar &b 2+D@(1+8uf)2+®3§f>

(1+0uf) 21+ 8,f)
(u+ f(u,0",6%),0",67),
and that by definition of Py 4,
Dw := Dw (Py,0(Z)) o P1(q),
where Dw (Py,0(Z)) denotes the component Dw of Py o(Z), we estimate

H@_MHH%S(,,Q)
< | D@ o ®1(q) — @HH?(SO,Q)

f (92 . ~2>O
+H(2(1+auf> 21+ o,z TGOS F O IDL T 0] q’l(q)’

SUE = mlls gy, 0 + lally, + 171y,

H2(S0,2)

+ 1+ llally,) (IF 1y, + 12 = w7, y000) s

where we applied the first and second of (A.39) to the first and second line
after the first equality, respectively.
This finishes the proof of Proposition 2.21.
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Appendix B: Derivation of Null Transport Equations

In this section, we prove null transport equations used in this paper. In Sect. B.1,
we prove the nonlinear null transport equation (2.20) for Dw along H. In
Sect. B.2, we derive the linearized null transport equations of Lemma 4.14 for
w, Dw and a.

B.1. Derivation of Null Transport Equation for Dw

In this section, we prove the transport Eq. (2.20) for Dw along H. We remark
that in case of a geodesic foliation on ‘H = Hg |1 9], that is, & = 1 on H,
this transport equation is readily available in [15]. We first have the following
commutator identities, see Chapter 1 in [15].

Lemma B.1 (Commutator identity). Let W be an S, -tangent tensorfield. Then,
DDW — DDW = Loz W.

We are now in position to derive the null transport equation for Dw. From the
null structure equations (2.14), we have that

Dw = Q% (2(n,n) — 0> = p) - (B.1)

Applying the D-derivative to (B.1) and using (2.11), (2.14), (2.19) and
Lemma B.1 with W = w, we have that

DDw = —49%¢(w) + DDw
= —40%C(w) + D (92 (2(n. 1) — [n*> — p))
= —4Q%C(w) + 29%w (2(n,n) — > — p)
+ Q7 (4Qx(n, ) +2 (-2 (x -0+ B) + 2dw.n) +2 (0,2 (x -0+ 5)))
+ Q2 (=2Qx(n,n) =2 (-2 (x - n+ B) +2dw,n))

w2 (S + o (s + n- 60+ 3R0))

= —120%(n — ¢ log Q, dw) + 2Q°w (1, =31 + 44 log Q) — p)

AP\ (1, 4 log Q) + O (8, Ty — 3¢ log Q)
3 3 3 1. Qs o
+5Wrxp + XA+ o (X, ).

where we used (2.8) and (2.9). This finishes the proof of (2.20).

B.2. Derivation of Transport Equations for w, & and Dw

In this section, we prove Lemma 4.14. To simplify notation, we use that in
Minkowski on ‘H = Hy,[1,2] it holds that r = v. First we recall from (4.5) that

0 =" ((ﬂt‘rx> - éQ) +2
2 v

v

Qs = v?(Qtry) — %d?/v <v277 + g;zl ((Qt'rx) - %Q)) — 2 ((Qt'rx) - %Q) +20°K,

0y = i — 5 (P +1) 4.+ 75 (i 5t (@) - 302) ) - omid ((@n0) - 202).
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and that by Lemmas 4.8 and 4.11,

. 1.
DQy=¢a—-D (62) )
2v
DOy = ’U2(.35 — 2’Udj/Vé4 — 2’1)(4& + 1)&1 + D ((4)& + 1)&2)
1 ¢ . 1 o
- ;(4A +2)¢2 + ;dl/"d%’%
1. 1 (.. ° . .. ) 1.
DQs = ~t6 — 5 | Paditv + 1 )¢5+ DP5¢q — Pidcy + D | —Dsdca
v 2v 2v
1
+ 272272(11‘2'
Transport equation for w. We have by using (2.16) that
. 1 1 9 .V . 4.
D@+ 50+ goai (i+ 24 ((@in0 - 20} ))
) S R 1, 2. 1
=i+ K+ %(Qtrx) — %(Qtrx) + U—2§2 + ED92
. o 3 . . . . .
- b (vz(ﬂtr)() — 2d]/v (vzﬁ + vfd <(Qtrx) - éﬂ)) —2? <(Qtrx) - éQ) + 2v3K>
203 = 2 v v
— oz (34 34 (@0 - 22))
v 2 v
1 o o . 1
+ 550 (di/ﬁf)2+v2é4 +oés+ Sdér =D <gdt2))
1 o o .
= ért D0+ —die (d%/>?+v2t4 P+ i - D (§¢e2)>
1 1 9o (o, 1o
=i+ 12D+ 3?di/v (d;/v>2+v264 +o?der — ¢zé2> -D (6?41 62>
.1, 1 o c° 1 °. 1 ° . 1 o 1 ° ° -
=7+ i + Fdl/"dwcs - 67}(11"/% - auﬁ +3)¢1 — @ﬁ 2+ ?ﬁdwd%/x

Transport equation for ¢&. Using the above definition of @y, Qo and Q3, we
have by the system (4.2),

D (24 psahos - o, mia0n - 2p3a (£ +2) @)
= Seot 25 (i - JA@n0 - i) - 5 P3a s + 2 Pidi (DO3)
+ 5P — Py (D0 + 5Pt (& +2) 01 - 2p3a (& +2) (Do)
= Seot 23 (paib k- A @m0 - 1)
2 * 2 1 * 2 ® M
+ 23 (00) - S Pid (00) - 2pi (4 +2) (D))
- 2 psai (X — 5 (a4 1) g ps (34 St (@0 - 20))

~opsd (@) - 22))
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1 . 2 ° 3 . 4.
+ 53 (P00 - Zaib (20 + 54 (@m0 - 20) )
v v 2 v
—? ((Qtrx) - éQ) —+ 2v3K)
v
2 ° . 4. b
+ Pl <zA +2> <“ ((Qtrx) - 7Q> + <z>> ,
v 2 v v
and

p (dé}m; +14 ¢d§V) b (i (“2”7 - %‘ (mt‘”‘) B %Q)))

V3

- 2p; (di’w; +1 +dd;v) (7’” 5 ((mr’() ) %Q))
2 .
308

and

75 (a5 + 1+ da ) aiv (14,

3191

s (d;@% +14 ¢ld?/v> (d?/v>'?+v264 +odér + %d@ -D (g;zléQ)) .

=75 (diﬂp; +1+ ¢d§/v) did, + (d%vv; +1+ ¢d50> i (%fw U%és) :

Summing up the above and using that, see Sect. D.3,
0k M S e, 1,0
23D+ (6 +2) =2 (0P + v 1) d =0
yield the transport equation for ¢& in Lemma 4.14.
Transport equation for Dw. We have that
1 o 1 o o 1 o o
D (Do~ g (£ ~8) @a+ saiivs + Lafeakpiuc
6v 202 v?
3/ 1 - 1 - 2 .
=g+ — (K + —(Qtrx) — —(Qtryx) + 79)
v 2v 2v v2
1 0 1 . 1, 1 .
bz (k= i ()
v v v 2
1 o 1 o o 1 o o
——5 (A —=3)DQ2 + —difdif DQ3 + — dFdF P54 DOy
6v 202 v?
1
2v4

—v? ((Qt'rx) - %Q) + 21)3K>

kil o (s - 2ai (04 . (i) - 20)

_ % <1p;d§/v + 1) J.
25 (1 3¢ (000 - 500)) - g (@0 - )
¢

- 2 ajedivpig (2 (@iro - 20) + ) ,

v
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as well as

-0 (5 ((4 —2) i+ divaivns) (3+ 24 (@80 - 20)))
_ U% <<¢ _ 2) d}}, +d§k,d?,mp;) (f;+ %d ((Qt'rx) - %Q))
1
4t

<<¢ - 2) ik + d?/ﬁzd?/ﬁ/@;) (d§/v>*<+ W2eq + 024 e + %ﬁeQ D (§¢ze2)) ,

and

D (Zdi’vdd?wdwc) - —%d?vddivdi’m
dedeVv( 2x+ )

Summing up the above and using Lemma 4.11 yield the transport equation
for Dw and thus finish the proof of Lemma 4.14.

Appendix C: Linearization at Schwarzschild

In this section, we first derive the linearizations of Py and P; at Schwarzschild
of mass M > 0, see Sect. C.1. The linearizations are used in (5.13) in Sect. 5.3
for proving the perturbation estimate (3.6) for (E, P, L, G). Then in Sects. C.2
and C.3, we calculate the linearizations of the constraint functions and the null
transport equations for the linearizations of (E,P,L, G) at Schwarzschild of
mass M > 0, respectively. The latter are used for (5.24) and (5.29) in Sect. 5.4
to prove the transport estimate (3.7) for (E,P,L, G).

C.1. Linearizations ”P}VI and ’Péw at Schwarzschild of Mass M > 0

In this section, we define the linearization 77;‘/[ and Pé‘/[ . As visible in the proofs
of Lemmas C.1 and C.2, their linearization is closely connected to the more
general linearized pure gauge solutions of [27].

First, we have the following lemma for P}VI .

Lemma C.1 (Linearization P}VI of Psq). Let P}VI denote the linearization of
Prqin f at f =0, ¢ =0, and Schwarzschild of mass M > 0. For a given
linearized perturbation function f,

Ji= (£0.6,6%),0,7(0,01,6%), 92f(0,6",6%), 81(0,0",6%)),
the non-trivial components of P}V[ (f) are given by
. 1 P2 . 5 . TM Q?\/I .
Q*mau(}cQ]\I)v ¢7_Q1\{f7 n= Q2 d( (Wf)>7

. )2 . 2 o
Y= 20uPidf, () = 20, (ffiIM) (Qiry) = 22 (M F(1—203, ))

A

5= 0 (g0 (7981) ) Do =02 (gr-au (04) ).

and
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and

3
"M

6MQ3,

1
Y]

f.

where we tacitly evaluated at u = 0.

Proof of Lemma C.1. The direct way to prove Lemma C.1 is to linearize Py g
by hand, using the explicit formulas of Appendix A. In the following, we argue
that 73;\/[ is readily calculated in [27].

Indeed, in [27] the following mapping is studied. Let (a,@,6',60%) be
Eddington—Finkelstein coordinates on the exterior region of a Schwarzschild
spacetime of small mass M > 0, see (2.24). Consider the sphere

S =8yq:={u=0,v=2}

Given a smooth and sufficiently small scalar function f = f(u, 0',62), define
new local coordinates (u,v, 6%, 6?)

i=u+ f(u,0",0%), 6 =0, 0' =0, 6> = 0>

The coordinate system (u,v, 6%, 6%) is not double null. However, it is shown in
(173) in [27] that (u,v, 0%, 0%) is double null to first order in f.

Hence, to first order in f, the sphere data calculated with respect to
(u,v,0%,0?) on the sphere

S=Sp2:={u=00=2}

agree with the sphere data zgo = Pro(m™) constructed by our mapping
Pyq. Consequently, their linearizations in f (evaluated at f = 0, ¢ = 0, and
Schwarzschild of mass M > 0) agree. This linearization is calculated in Lemma
6.1.1 in [27] and agrees with our expressions in Lemma 2.22. We note that the
expression for w follows from (2.48).

We remark that in [27] the linearization is calculated at Schwarzschild of
mass M > 0, but a straightforward inspection shows that the calculation goes
through for M > 0. This finishes the proof of Lemma C.1. 0

Second, we have the following lemma for 75q. It is a corollary of Lemma 6.1.3
in [27], where we note that our notation connects to [27] as follows,

J=r2g Vdetd 26
— e Vdetd

Lemma C.2 (Linearization P, of Ps,) . Let Péw denote the linearization of
Prqingat f=0,q=0, and Schwarzschild sphere data mM™ . The non-trivial
components of PéM(Q) are given by

=" h i, .= 2D5Di0n, o)
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C.2. Linearized Constraint Functions at Schwarzschild of Mass M > 0

In this section, we linearize the constraint functions (C;(x))1<i<10 at
Schwarzschild of mass M > 0, that is, at = m™. The linearization procedure
is adapted from [27]: We expand the sphere data

T = (Q7¢»Qt1"X 5(\7 QtTX,XaU»MDW»% &,O@Q)

o 2Q) 2Q M 2MO3 M 2MQ
(QMvrMFY? N170777M7070a?a7%77 2 31\/[7070)
T r T r r
M M M M

£+ (9., (26030, %, (Ux), X &, D &, D, 2) + O(E?),

and differentiate in € at ¢ = 0. Here, the Schwarzschild quantities ry; =
ra(u,v) and Qpp = Qpr(u,v) are defined in (2.25) and (2.26), respectively.

The proof of the next lemma follows by explicit calculation, see also
Sect. 5 in [27].

Lemma C.3 (Linearization of constraint functions at Schwarzschild). Let M >
0 be a real number, and let (Cl-thigm denote the linearization of the con-
straint functions (C;)1<i<10 at Schwarzschild of mass M. Then, it holds that

. . M . 2MQ2 .
CM = D?¢ — 203,60 — — (Qtry) — —5 24,
M

& =3, (w (‘f’) - <mrx>) |
M
CM =r3,Dg, - 20u%,

. 1 . 1 o . 1 . 4 .
Cy = —D (r3em) — <?d1/VX - ﬁﬂ(QtYX) + 7549) )
M M M ™

"M

; 1 . 202, . 202, ° [ 2 . 40 .
¥ =D (rﬁf(m@)) — ZM(Qtry) + =M dik (n - 7¢m> + —09 +20% K,
M ™ M Qum i

and moreover

: X\ LouM ) 2 .\ 0%
Co" = QuruD <> + Xy — 2035 < = Q) - =My,
M - T Q M

M ™M
¥ = Do — 2QMQ 05794 +o iy ((Qt'rx) — (Qt'rx)> ,
i M -
2 2 .
C'éw =D& — Qfa + ﬂa — 275 ( d]/VA - 7¢Z(Qtrx) O 77) — 6M3QM X,
™M IW ™ Ty T
¢ = p(Dw) - M <29Mw Q%(Qt’rx) - (—i 4 oM ) QMQ)
T’M - M T'M
3 8M , 1 . . 20,2
-0 (= -==)(K+-— ( Q —(Q
M (TM TJQW) ( + 2 ( trx) ( trx)> + T?V[ )
Qo (1 2 = Qur .
— g dif (TdWX f’l(QtrX) - ﬂ77)
™M ™M
. - M
Cio = Qma+ DX — —5X-
M
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Remark C.4. In addition to the above, we have by (2.6) and (2.8) that

— 2 Yy — N _ N —= —1] _
d =2rmdy +ryd . W—D<QM>7W D<QM>777 1+ QMdQ'

Moreover, by (242) in [27] the linearization of the Gauss curvature K is given
by

K = 5o divdivd, — (4 +2)d, (c2)
M M

Moreover, using that for Schwarzschild sphere data, ¢ = ry; and r =y, we
have that #Z1 = 0 and

#(0 = O, (C.3)

C.3. Linearized Transport Equations for (E,P,L, G) at Schwarzschild

In this section, we linearize the charges (E7 P, L, G) at Schwarzschild of mass
M > 0 and analyze their transport equations along H.

First, from Definition 2.10 and (2.15) and (2.16), we recall that

8
_\/%E = (r*(p+ rdj/vﬁ))(o)
1 1 ©)
—— (¢ (5 + jrxiny - 3@ D) ) ()
. ) ©
- <r4 <d]/(/ divx — 54& try + div <)/(\ ¢— 2trXC>)> )
and
- 81 P = (% (p+ rdik )"
3
(1m)
_ (rs (K + iuxt% - ;@,@))
. ) (1m)
- <r4 diz dik X — 54&‘51‘){ +dif ()A(C - 2“)(())) » (C.5)
16; L™ = (r (dtrx + trx (n — d log 2))) "™,
5
167 (1m)

G™ := (r® (fdtrx + trx (n — d logQ))) ..
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Linearizing these expressions at Schwarzschild of mass M > 0, see (2.28), and
using (2.49) and (2.50), we get the explicit expressions

8 . 6M¢© : : T2 () T (0)
———EB=———— 4209 — 21,000 4 A (Or - M(Qtry)
i o ) M2y 2( X) 2( X)
8 . . 2 2 m
_ O B 9 (2= Q) Q) T (g (Qtry) "™

4n 2 Qur
3
2 . m °
- %M(Qtr&)(l D Qi)
1 . m
67r Lm == 27"]\/19 7’(1 ),
81
3
167 (Im )

Qg™ — 4r, Q5"

Gm = " (i)
= = r

8 Qur Xk
3

where we used that for scalar functions f, (/A f)Il = =211 see Appendix D.
By applying the homogeneous linearized null constraint equations at

Schwarzschild, see Lemma C.3, together with (C.2) and (C.3), it is straightfor-

ward to derive transport equations for these linearized charges at Schwarzschild.

The resulting equations are summarized in the following lemma.

Lemma C.5 (Linearized transport equations for charges at Schwarzschild).
The following hold for M >0 and m = —1,0,1,

. . 0

- T p (E) — M(Qiry)"”,

. M\ .
_ 8 D (Pm) - _9 (1 _ Q]\/[) _ 67 Q(lm)
M

- (M <QlM - 3> (1l — QM)) (Qiry) "™

_ (M (2 — 3QM) + (Q]\/[ — 1)) (d;/{/-,'?)(lrn)7

"M
167

8w
3

16 . M o m (im
"D (Gm) = — Mg (Qtrx)) B+ 20, M
8 QM

D (L ) = 20 M7M™,

3
4MQM

(@™ —an (40) "

By definition of Qj; in (2.28) it holds that for M small,
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so that we can write the equations of Lemma C.5 for M > 0 small as

D (k)= o)y ©ir)"”,

D (Pm) — 0™ 1 o) (i)™ + O (djer) O™,
D (L") = 00", (e
D (&™) = () (ry) 3™ + O™

+OONEHLE™ + 00 (40) "

where O(M) denotes terms that are bounded by M.

Appendix D: Hodge Systems and Fourier Theory on 2-Spheres

In this Sect.D.1, we recall the theory of 2-dimensional Hodge systems, see
also [16]. In Sect.D.2, we recapitulate the definition and properties of tensor
spherical harmonics, following the notation of [26]. In Sect.D.3, we use ten-
sor spherical harmonics to analyze differential operators which appear in this

paper.
D.1. Hodge Systems on Riemannian 2-Spheres
Definition D.1 (Hodge operators). Let (S, ¢ ) be a Riemannian 2-sphere. Define

(1) for a 1-form X4,

D1 (X) := (diF X, cufl X).
(2) for a 2-tensor Wap,
Po(W)e = (dgW)e.
(3) for a pair of functions (f1, f2),
Pilf1 fo) == —d fr+7d fo.
(4) for a 1-form X4,

PH(X)an = —5 (VaXs5+ ¥ 5Xa — (@ X)g 1)

Throughout the paper, we abuse notation by denoting Dy as dif. In the fol-
lowing, we use on the round sphere (S, ,, (v — u)%3) the notation

D= (v— u)* P, Pyi=(-— u)* Py
The following lemma is a paraphrase of the material in [16].

Lemma D.2. The following holds.
(1) The kernels of I and P2 are trivial.
(2) The kernel of I} consists of pairs of constant functions (f1, f2) = (c1,¢2).
(8) The kernel of % consists of the set of conformal Killing vectorfields (a
6-dimensional space on the round sphere).



3198 S. Aretakis et al. Ann. Henri Poincaré

(4) The L?-range of By consists of all pairs of functions (f1, fo) on S with
vanishing mean.

(5) The L*-range of By consists of all L?-integrable 1-forms on S which are
orthogonal to the conformal Killing vectorfields.

(6) The operators BT and D% are conformally invariant.

D.2. Tensor Spherical Harmonics

Tensor spherical harmonics are defined on the standard round unit sphere as
follows.

Definition D.3 (Tensor spherical harmonics). Introduce the following spherical
harmonics functions, vectorfields and tracefree symmetric 2-tensors.

(1) For integers I > 0, —1 < m <[, let Y be the standard (real-valued)
spherical harmonics on the round unit sphere Sj.
(2) For Il > 1, =1 <m <, define the vectorfields

D™, 0), HO™ = ——

NIED) I(1+1)

The vectorfields E(™) and H™ are called electric and magnetic, re-
spectively.
(3) Forl > 2, =1 <m <, define the tracefree symmetric 2-tensors

Rm) . 75(0, y(lm)).

B S
Hl+1)-1

1
H(l+1)-1

w(lm) —

lps (E(lm)) , (b(lWL) = Ipz (H(lm)) )

The tensors (") and ¢("™) are called electric and magnetic, respectively.

The following lemma is a summary of properties of spherical harmonics, see,
for example, [26] for more details and proofs.

Lemma D.4. The following holds.

(1) On the round unit sphere Sy, L?-integrable functions f, vectorfields X
and tracefree symmetric 2-tensors V' can be decomposed as follows,

f= Z Z flmy(lm)7

1>0 —1<m<l
X = Z Z XlEmE(lm) + )(ll&n]{(lm)7

1>1 —1<m<lI

1>2 —1<m<I



Vol. 25 (2024) The Characteristic Gluing Problem 3199

where

Flim) ::/fY(lm)du%,
$
lm m Im m
x! )::/X~E(l Jdps, X )::/X~H(l Jdps,
Sl Sl

l m l m
v ::/V.W dps, V™ ;:/v-¢<l dpss,
Sl Sl
where d,u% denotes the volume element of the standard round unit metric

on Sy and - denotes the product with respect to %
(2) It holds that for 1> 1,

(@)™ = =i+ D, df)(lm) -

(dif X)) = 10+ )X ™,
and forl > 2,

* Im 1 Im (Im 1 Im
Pi0L™ =[5+ D) —1XE™ PIOOE™ =[S+ 1) — 11X,

2 lm 1 lm 2 lm 1 lm
(dipV)im) = 5z<z+1)f1v¢§ ) @iy = 51(z+1)71vq§ ).
(D.2)

(8) The operator Ty is a bijection between vectorfields and pairs of functions
(f,g) with vanishing means,

Dy x21  (ylizl y izt
Moreover, the following restrictions are bijections:
Py B - (1=, 0),
D, gl (o’y[lzl]).

The spherical harmonics vectorfields of mode | = 1 form the space of
conformal Killing vectorfields of the unit round sphere.
(4) The operator P is a bijection between tracefree symmetric 2-tensors and

vectorfields of modes | > 2,
Dy : viz2 _, xl=2]
Moreover, the following mappings are bijections:

Do - 23 U220 p, . g2 g2,
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(5) Let k > 0 be an integer. There exists a constant Cyx > 0, depending
only on k, such that for scalar functions f, vectorfields X and symmetric
tracefree 2-tensors V. on S1, we have the following equivalence of norms,

Z ||Wk/f||%2(sl) NZ Z (l + 1)2k <f(lm))2

0<k’<k >0 —1<m<l
4 Im 2 Im 2
S I Ky~ X @ () (i)Y,
0<k’'<k 1>1 —I<m<lI
4 Im 2 lm 2
ST VI~ X e () (v)).
0<k/<k 1>2 —1<m<l

Notation. Given a scalar function
= > v, (D.3)
1>0 —I1<m<l
we denote, for integers I’ > 0,

f[l/]:Z Z flmy (m) f[Zl']:Z Z flmy (m) f[Sl']

I=l' —1<m<l 1>1" —1<m<l
> X v,
0<I<l’ —1<m<l

similarly for vectorfields X and symmetric tracefree 2-tensors V. Moreover,
denote the electric part and the magnetic part of a vectorfield X by Xg and
X, respectively, and similarly for symmetric tracefree 2-tensors V' by V,, and
Ve, respectively.

D.3. Spectral Analysis of Differential Operators

In this section, we discuss the differential operators that appeared in Sect. 4.

Analysis of P5dif 4+ 1. Let V be a tracefree symmetric 2-tensor,
o (Im) ;im (Im) ,im
V=2 D e vme

1>2 —l<m<l
Then,
1>2 —I<m<l
>0 for [>2

Hence, the operator has no kernel and we have the following elliptic estimate.
Let W be a given tracefree symmetric 2-tensor. Then, there exists a unique
solution V to

(p;dw + 1) "
and for integers k > 0 we have the estimate,

IVIlmr+2cs) S W llme(sy)- (D.4)
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Analysis of (di¥ D5 + 1+ ddif). Let X be a vectorfield,

X = Z Z Xgm)E(lm) + Xgm)H(lm)
I>1 —l1<m<l

Then, it holds that

o 1 . N -
dWPX =) <2l(l+ 1) - 1) (XSEl Y plm) | xm) g )),

1>1
and
ddpx =3 S (=i +1)xgmE.
1>1 —1<m<l
Therefore,
(dj/v% +1+ ddj/v) X
m 1
=3 3 xgmptm ((21(1 +1)— 1) 110+ 1))
1>1 —I1<m<I
(Im) r7lm 1 _
+> > xy"H ((21(1+1) 1) +1>
1>1 —1<m<l
_ (tm) paim (1 (tm) prim (1
=3 > xy"E <21(z+1)> +> X" H <2l(l+1)> .
1>1 —1<m<l N\ _ >1
<0 for [>1 >0 for [>1

Hence, the operator has no kernel and we have the following elliptic estimate.
Let Y be a given vectorfield. Then, there exists a unique solution X to

(dWD5 + 1+ ddiy) X =Y,
and for integers k > 0 we have the estimate,

[ XN vz syy S MY lmesy)- (D.5)
By (D.2) and (D.5), it follows in particular that the operator

D5(df D5 + 1 + ddiy)div
has no kernel and admits the following estimate. For any given symmetric
tracefree 2-tensor W, there exists a unique solution V' to

D3N D5 + 1 + ddif)dipV = W
satisfying
IV rtacsyy S MWV I ae(sy)- (D.6)

Analysis of (d¥P5 + 1+ 2ddif)d. Let f be a scalar function,

f _ Z Z f(lm,)Ylm.

1>0 —1<m<lI
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Then,
A s f = Sy (;l(l 1) - 1) (— 10+ 1)) Em),
1>0 —1<m<l
and
daiedf =3 S (=VIIFD) (1 +1) fOm B,
1>0 —1<m<l
Therefore,
(a4 1+ gaiv ) s
- 1. B im
; l;q(( (1+1) 1) 145 1(z+1))) ( z(z+1))E
This shows that -
(d;/v@; f14 ;dd;b) df=0. (D.7)

Analysis of the operator (2 - d]/vZ?§) Let X be a vectorfield,

xX=>" 5 xymEtm™ 4 x§matm.
1>1 —1<m<l
Then, it holds that

(2 - A P3)X = > <2 - ( (14+1) - )) (Xng(Zm) +Xgm)H<lm)>
1>1
_ Z 6 —1 l—|— 1 ) (X( )E(lm) -‘rX(lm)H(lm))
1>1
We conclude that the kernel of the operator (2 - dWZP;) is given by the set
of vectorfields
{X X =xP} (D.8)

Further, let Y be a vectorfield such that Y = Y[23]. Then, there exists a unique
vectorfield X such that X = X[2% and

(2—dFDP3)X =
with the estimate
[ X N ez (syy S MY M me sy

In particular, it follows moreover that for any given function f with f = f[=3],
there is a unique solution V with V = V(23] of

dif (2 - dibl?;) dpV = f.
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with the estimate

[ X rssacsyy S Nl (sy)- (D.9)
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