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ABSTRACT

The Ehrenfest with collapse-to-a-block (TAB) molecular dynamics approach was
recently introduced to allow accurate simulation of nonadiabatic dynamics on many
electronic states. Previous benchmarking work has demonstrated it to be highly
accurate for modeling dynamics in one-dimensional analytical models, but nona-
diabatic dynamics often involves conical intersections, which are inherently two-
dimensional. In this report, we assess the performance of TAB on two-dimensional
models of cascades of conical intersections in dense manifolds of states. Several vari-
ants of TAB are considered, including TAB-w, which is based on the assumption of
a Gaussian rather than exponential decay of the coherence, and TAB-DMS, which
incorporates an efficient collapse procedure based on approximate eigenstates. Upon
comparison to numerically exact quantum dynamics simulations, it is found that all
TAB variants provide a suitable description of the dynamical passage through a cas-
cade of conical intersections. The TAB-w approach is found to provide a somewhat
more accurate description of population dynamics than the original TAB method,
with final absolute population errors <0.013 in all cases. Even when only four ap-
proximate eigenstates are computed, the use of approximate eigenstates was found to
introduce minimal additional error (absolute population error <0.018 in all models).

KEYWORDS
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1. Introduction

Conical intersections, points of degeneracy between two or more adiabatic electronic
states, are now widely known to be important objects for describing and understand-
ing photochemistry, akin to transition states in ground state chemistry [1H6]. When a
molecule passes through or near a conical intersection, the probability of transition-
ing between states is near unity. Conical intersections exist as (N — 2)-dimensional
seams in nuclear configuration space, where NN is the total number of nuclear degrees
of freedom. The dynamics of a molecule passing near a conical intersection are heavily
influenced by motion in the two remaining degrees of freedom.|7] [8]. These degrees of
freedom, known together as the branching space, include the nonadiabatic coupling
direction and the energy difference gradient direction. Nuclear motion in the nonadi-
abatic coupling direction couples populations on the upper and lower PESs, resulting
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in transitions between adiabatic electronic states. The difference gradient direction
drives populations on different states in different directions, resulting in the bifurca-
tion of the population. Both branching directions vary rapidly with position near the
intersection, adding to the difficulty of solving for the dynamics.

Exact quantum dynamical simulation of nonadiabatic dynamics around a conical
intersection is only feasible in systems with relatively few degrees of freedom. There-
fore, in large polyatomic molecules, approximations that mix quantum and classical
dynamics are often used. The need to accurately describe bifurcation of the population
at the intersection places demands on these approximations. Bifurcation of the popula-
tion is well captured by methods such as trajectory surface hopping [9-16], Gaussian
wave packet methods such as spawning [17420], path integral methods [21} 22], ex-
act factorization-derived methods [23-27] as well as other fully quantum approaches
[28,29]. Ehrenfest, or mean-field, molecular dynamics [30-35] is well known to fail to
describe bifurcation of the wavepacket between ground and excited state following pas-
sage through an intersection [10]. As such, several decoherence corrections to Ehrenfest
dynamics have been developed to reproduce the bifurcation of the exact wave func-
tion. These decoherence corrections take one of several forms: a) a stochastic collapse
of the electronic wave function into a particular adiabatic electronic state[36-39], b) a
gradual drift of the electronic wave function towards a particular adiabatic electronic
state[40H43], or ¢) a fully quantum treatment based on coupled frozen Gaussian basis
functions that evolve according to Ehrenfest equations of motion[44-46]. In all cases,
the method is designed such that the distribution of outcomes over an ensemble of
trajectories resembles that which would be derived from an exact quantum dynamical
calculation.

The above-described methods are generally well-suited for simulating systems that
occupy a small number of intersecting electronic states. However, there are many
interesting problems, from molecular physics [47, [48] to materials science [49, [50],
that involve dynamics in dense manifolds of intersecting electronic states. Describing
nonadiabatic dynamics in such systems poses a unique challenge that has drawn the
attention of many researchers [46,[51-55]. On the one hand, methods that simplify the
treatment of dense manifolds of states by integrating over a bath of states or using
a single-particle representation of the electronic structure can be extremely valuable
tools for specific applications. However, the detailed dynamics around conical intersec-
tions are lost in both cases. On the other hand, traditional few-state methods such as
trajectory surface hopping, spawning, and decoherence-corrected Ehrenfest methods
typically require knowledge of the full electronic eigenspectrum at all time steps, which
is impractical for systems with very dense manifolds of states.

With the challenge of simulating dynamics in dense manifolds of intersecting states
in mind, our group has recently developed the Ehrenfest with collapse-to-a-block
(TAB) family of methods. TAB is based on a state-pairwise description of decoherence,
which can discriminate between the long-lived coherences of nearly parallel electronic
states and the short-lived coherences of non-parallel pairs of states [56]. As described
below, the extension of TAB to incorporate an inexpensively obtained approximate
eigenstate basis [46] enables the accurate description of bifurcation near surface cross-
ings without fully diagonalizing the Hamiltonian at each time step. [55] In the context
of a recent community challenge to predict the ultrafast electron diffraction spectrum
of cyclobutanone, we have employed an ab initio molecular dynamics implementation
of TAB for the first time [57].

In the past, we have benchmarked the accuracy of various flavors of TAB relative to
exact quantum dynamical simulations by application to several one-dimensional model



Table 1. Differentiating features of the TAB family of methods.
Method Eigenstate Basis Coherence Decay

TAB Exact Exponential

TAB-DMS Approximate Exponential
TAB-w Exact Gaussian
TAB-w-DMS Approximate Gaussian

potentials [55, 56, [58]. However, conical intersections are inherently two-dimensional
objects. Thus, in this work we investigate the accuracy of several TAB methods for
describing the dynamics for several two-dimensional models of cascades of conical in-
tersections. In section|2] we describe the family of TAB methods, the specific analytical
model Hamiltonians we will use in our study, and other computational details. In sec-
tion |3 we analyze the accuracy of our TAB simulations compared to exact quantum
dynamical simulations. Finally, in section 4] we draw conclusions and discuss future
prospects.

2. Methods

Here we present an overview of the family of TAB methods, followed by a description
of the model Hamiltonians used in this work and the computational details of the
simulations.

2.1. TAB Family of Methods

The TAB methods each comprise two familiar methodological components: an Ehren-
fest propagation scheme, and a correction for decoherence, which is applied at the end
of each classical time step. The decoherence correction takes the form of a stochastic
collapse, akin to the mean-field with stochastic decoherence method [38]. The distinct
feature of TAB compared to other related methods is that it allows collapse to a su-
perposition of states. In so doing, coherences between some pairs of states may be
long lived, while others may be lost quickly, just as would occur during exact quantum
propagation. Several variants exist, differing in the specifics of the decoherence cor-
rection. The performance of several variants will be analyzed in this work, thus, here
we detail the family of TAB algorithms, emphasizing the universal features as well as
the differences. The key differences are summarized in Table[1|and discussed in detail
below.

First we briefly outline the key aspects of the Ehrenfest propagation, which is iden-
tical to that used on our past work [55]. We use the velocity Verlet algorithm [59] for
nuclear motion with a time step At selected by the user. A second-order symplectic
split operator propagator [60], with a shorter electronic time step At,, is employed to
propagate electronic amplitudes c(t).

At the end of each classical time step, the decoherence correction is applied in a
series of two steps: a) a target mixed state density matrix is generated, and b) the wave
function stochastically collapses into a coherent superposition of electronic states, such
that the expectation value of the resulting pure state density matrices is equal to the
target density matrix. These two steps will be described in subsections and
But first, in subsection we will discuss the choice of basis in which to generate
the target density matrix.



2.1.1. Choice of Basis

The TAB family of methods has been conceived to be used in an ab initio molecular
dynamics context, performing electronic structure calculations on the fly. In the limit
where a relatively small number of electronic states are populated, it is therefore most
natural to apply TAB in the adiabatic basis. Our earliest work on TAB used the
adiabatic basis, and where not specified otherwise, this is the default.

However, the ultimate goal of developing the TAB family of methods is to be able
to perform accurate nonadiabatic molecular dynamics simulations where the number
of populated states is large. In this limit, diagonalization of the Hamiltonian at each
time step is cumbersome. A key advantage of Ehrenfest propagation is that it does not
require such diagonalization on its own. In order to apply TAB in this limit, we have
developed a procedure to compute an approximate adiabatic basis from the history of
the mean-field wave function. When approximate eigenstates are used for the collapse,
we call our method TAB for dense manifolds of states, or TAB-DMS.

The approximate adiabatic basis is determined at the end of each classical time
step. To this end, the mean-field electronic wave function is stored at several times
within the classical time step (in the present case, separated by intervals of 0.0040
a.u.). Each complex wave function is separated into two real vectors at each time,
cg(t) and ¢(t), corresponding to the real and imaginary parts of the mean field wave
function, according to

c(t) = cr(t) +icr(t). (1)

This basis is orthogonalized, and then the Hamiltonian is built and diagonalized in
the resulting basis to generate a set of approximate eigenstates that will be used to
construct the target density matrix. This basis is akin to the Krylov subspace of the
Hamiltonian acting on the current mean-field wave function, and thus is a reasonable
basis in which to search for approximate eigenstates. Importantly, the current elec-
tronic wave function is guaranteed to be exactly representable as a linear combination
of the approximate eigenstates. In practical tests in one-dimensional models, we have
found that only a small number of approximations states (often only ~4) are needed
to converge TAB-DMS simulations to the exact TAB result [55]. TAB-DMS reduces to
full TAB in the case that the number of approximate eigenstates is the full dimension
of the electronic Hilbert space.

2.1.2. Generation of Target Density Matrix

Having chosen a basis, at each time step we will generate the target density matrix
in that basis. The target density matrix, p%, will describe a mixed state that incor-
porates the decoherence between states in a state-pairwise fashion. We start from the
current coherent density matrix, p¢, represented in either the adiabatic or approximate
adiabatic basis. The diagonal elements of the target density matrix must match this
coherent density matrix so that the expectation values of the state populations are
conserved during collapse,

plh = pSi(to + Ab). (2)

The off diagonal elements, however, will be scaled by a real, positive scalar between
zero and one to reflect the effects of decoherence.



In this work we will use two different definitions of this scaling factor. In our original
formulations of TAB and TAB-DMS, we assume that the coherences decay exponen-
tially,

At

ol = 5 (to + At)e 7 (3)

The state-pairwise decoherence times, 7;;, are computed according to the classic for-
mula derived by Bittner and Rossky [61].

(Ffwg _ Ffwg)z
T = Z “78520[””7 . (4)

Here 7 indexes the nuclear degrees of freedom, F}'¥ is an element of the force vector
of state i, and «, is a decoherence parameter (in units of inverse length squared) that
corresponds to the width of the vibrational wave packet.

The Bittner-Rossky decoherence time was derived originally as the width of a Gaus-
sian decay, arising from the overlap of a pair of Gaussian wave packets on non-parallel
PESs. Thus, a second natural option is to assume Gaussian decay of the coherences.
The challenge of incorporating Gaussian decay is that, unlike an exponential, the rate
of Gaussian decay depends on the history of the wave function. Where the derivative
of an exponential decay is proportional only to the current value of the function,

d —+ -1 —=
%e Tij = —T; € i, (5)

for Gaussian decay, the relative rate of decay is initially zero, and increased with
increasing time,

e T o= i 6
dt 7'22]» (6)
The result is that using a Gaussian decay requires knowledge of the history of the co-
herence. That is, one must know how long ago the coherence was created to know its
rate of decay. To this end, we have proposed and tested a scheme to approximate that
history that requires only information from the current time step [58]. This approxi-
mation was referred to as TAB-wl in that previous work. Herein we simply refer to
the resulting methods as TAB-w and TAB-w-DMS, when Gaussian decay is employed
along with exact and approximation eigenstates, respectively. The reader is referred
to reference [58] for the detailed algorithm.

2.1.3. Wave Function Collapse

Once that target density matrix has been generated, we will stochastically collapse the
wave function into a superposition of one or more adiabatic electronic states. To this
end, the target density matrix is expanded as a sum of pure-state density matrices
representing such superposition states,

pd — Z PCIL)ZOCkleOCk‘ (7)
a



Here a indexes the set of possible superpositions, and Pfl’l‘mk is the probability that the
mean-field electronic state will collapse into the pure state described by pl°* in the
present time step. The algorithm for determining {p2°*} and { PY'°°*} is presented in
detail in Ref [58]. The specific procedure we use here was referred to as rTAB in this
past work, which compares several algorithms for expanding p?.

Though we refer the reader to this past work for implementation details, here we
note several important facts about the expansion of p?. Each pll°?* represents a pure
superposition of a subset of the basis electronic states (adiabatic or approximately
adiabatic). In each superposition, the total population must be unity and the relative
phases of the individual basis states are the same as in p®. So, for example, con-
sider a system with three electronic states. The pure mean-field state may initially be

represented as,
pl=|a |[c ¢ & ]. (8)

Possible superposition states include the state in which all three states remain popu-
lated,

pock — = ey | [ et ], 9)
C2

states where only two states remain populated, for example,

€o

block 1 cl [ g ¢ 0 ] , (10)

Py

or states in which only a single state remains populated, for example,

0
fock=101][0 0 1]. (11)
1

In the above, ¢ represents the mean-field wave function expansion coefficients prior
to collapse. Though there are 2" — 1 possible elements of {P2°*} where M is the
number of basis states, in practice we employ a greedy algorithm that generates an
expansion of M (M + 1) blocks in O(M?) time, avoiding exponential scaling. This
e)épansion is uniquely defined, but in very rare instances it does not exactly reproduce
p°.
To collapse, a random number between zero and one is chosen and compared to
{PYlockY to choose a random block. The mean-field wave function is then reassigned
to reflect the collapse. The wave function collapse changes the electronic energy of
the system. Similar to other nonadiabatic molecular dynamics methods, we rescale
the momentum to ensure energy conservation. In the present work, we rescale the
entire momentum vector such that total energy is conserved. In future work, we will
investigate more sophisticated approaches for momentum rescaling, more akin to those
that are preferred for use with trajectory surface hopping [62H65]. The energetics
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Figure 1. One-dimensional slices of the diabatic PESs of the seven two-dimensional models (for y = 0).

of our models are such that we need not be concerned with energetically forbidden
(“frustrated”) collapses in this work, though this will also be a direction of future
study.

2.2. Model Hamiltonians and Simulation Details

In order to assess their accuracy, we have applied ordinary Ehrenfest and the variants
of TAB to a series of two-dimensional analytical model systems. All simulations are
compared to numerically exact quantum dynamical calculations as a point of refer-
ence. In contrast to our recent application of an ab initio implementation of TAB to
predict an experimental ultrafast spectrum [57], comparison to exact quantum dy-
namical simulations on model potentials enables us to isolate errors associated with
the dynamical approach and avoid the many challenges associated with accurately
computing the PES near conical intersections [66H70)].

Each model represents passage through a series of conical intersections that arise
from the crossing of a sloped diabatic electronic state (which we hereafter refer to as
the first diabatic state) with a band of parallel diabatic states. The series of models in-
cludes three nine-state models, two seventeen-state models, and another two nine-state
models in which a large gap separates two bands of parallel states. One-dimensional
slices of these models are depicted in Figure 1, where the black lines indicate the dia-
batic state energies on the z-direction and the blue lines indicate the diabatic coupling
on the y-direction.

The electronic Hamiltonian is defined in the diabatic basis. The first diabatic state



Table 2. Model PES parameters
Number of States d(microhartree) & (microhartree)

m9_10000 9 10000 0
m9_10000_split 9 10000 80000

m9_5000 9 5000 0

m9_500 9 500 0
m9_500_split 9 500 80000

m17_5000 17 5000 0

m17_500 17 500 0

has negative slope in the x—direction,
Hy = —wz, (12)

where w; has a value of 0.25 a.u. for all models. The other states (2 to M) are parallel to
one another, forming a band of dense states. For the nine- and seventeen-state models
without a split band, the diagonal matrix elements corresponding to the energies of
these states are

H;; = wox — (Z — 1)5, 1€ [Q,M], (13)

where the slope, ws, has a value of 0.025 a.u. for all models. The energy spacing
between states is §. For the nine-state split models, states 2-5 are as in Eq. States
6-9 remain parallel, but are separated by a large gap, with diagonal matrix elements:

H;; = wox — (’L — 1)5 — €, 1€ [6,9]. (14)
The first diabatic state is coupled to the other states with a coupling defined
Hy = Hy = ky, i € [2, M]. (15)

The coupling constant is k= 0.025 a.u. for all models. The couplings between all pairs
of parallel states are zero,

The mass of the particle is 1822 a.u. in all models. Table[2|shows the € and § parameters
for all seven models.

Numerically exact quantum mechanical simulations are implemented as described
in earlier work [46]. A two-dimensional space ranging from -4.0 a.u. to 8.0 a.u. in both
the z- and y-directions are partitioned into (1000,1000) uniform grid points. For each
model, a Gaussian nuclear wavepacket centered at (-1.0 a.u., 0.0 a.u.) with widths of
6.0 bohrs™2 in both the 2- and y-directions is initialized on the first diabatic state.
The initial momentum was chosen to be 10.0 a.u. in both the x- and y-directions. Each
single simulation was propagated for 400.0 a.u.

For the standard Ehrenfest, TAB, TAB-DMS, TAB-w, and TAB-w-DMS simula-
tions, the population evolution reported is averaged over 1000 individual trajectories.
Initial nuclear positions and momenta of single trajectories were drawn from a Wigner
distribution of the initial Gaussian nuclear wavepacket as in the numerically exact
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Figure 2. Time evolution of the diabatic state populations generated by exact quantum simulations compared
to ensemble-averaged population evolution computed using TAB, TAB-DMS(4), TAB-w and TAB-w-DMS(4)
methods for five even-spacing models. Different colors correspond to different diabatic states.

Exact TAB TAB-DMS(4) TAB-w TAB-w-DMS(4)
1.0

B

S o5

|8 I R e
1.0

8

I\O

Lo'l 0.5

IO

g _ _

= 0.0 Pen—— — | = ] D — i c—

0 150 3000 150 3000 150 3000 150 3000 150 300
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Table 3. Signed errors in the final first diabatic state population computed relative to numerically exact
quantum results for all methods and models. The smallest absolute error for each model is shown in bold.
TAB-DMS(4) indicates that four approximate eigenstates were used in this calculation.

Model TAB TAB-DMS(4) TAB-w TAB-w-DMS(4) Ehrenfest
m9_10000  -0.046 -0.044 -0.004 -0.005 -0.041
m9_10000_split  -0.084 -0.068 -0.013 -0.018 -0.047
m9_5000  -0.033 -0.043 0.011 0.018 -0.048
m9_500 -0.026 -0.025 -0.005 -0.010 -0.051
m9_500_split  -0.070 -0.066 -0.006 -0.009 -0.054
ml17.5000  -0.048 -0.053 0.009 0.010 -0.057
ml7.500  -0.033 -0.044 -0.002 -0.004 -0.074

solver. Each trajectory is propagated for 400 a.u. The classical and quantum degrees
of freedom are propagated with time steps of At = 0.05 a.u. and At, = 0.0005 a.u,
respectively. The decoherence parameter in TAB was chosen to be a; = oy = 6.0
bohrs~2. Note that this parameter is not empirically fitted. It was chosen to match
the width of the initial Gaussian wave packets used in the exact quantum simulations.

3. Results and Discussion

Here we assess the performance of TAB from two perspectives. In subsection we
will investigate the accuracy with which several TAB variants reproduce population
dynamics, in comparison to numerically exact quantum simulations. In subsection [3.2]
we analyze how TAB rectifies the anomalous mean-field behavior observed in ordinary
Ehrenfest dynamics following passage through the cascade of intersections.

3.1. Population Dynamics

Here, we are presenting the ensemble-average time-dependent diabatic state popula-
tions of TAB, TAB-DMS, TAB-w, and TAB-w-DMS for comparison to numerically
exact quantum mechanical simulations. The populations of all states are shown as a
function of time in Figures [2] and [3| The final populations are summarized in Figure
which shows the averaged population of the first diabatic state at the end of the
simulations. In Table 3] the errors relative to exact quantum simulations are presented
for all methods, including standard Ehrenfest.

We can see that the TAB-w simulations have the smallest errors for all models. The
error observed in the final population of the first diabatic state is 0.013 in the worst
case, and is below 0.010 for all but two models. Using approximate eigenstates only
slightly increases the error. With only 4 approximate states, TAB-w-DMS provides
the second most accurate results for all models, with all absolute errors below 0.020.
Figure [3| shows that the intricate population dynamics of the parallel diabatic states
are also well described.

Assuming exponential decay of the decoherence results in larger absolute errors,
ranging from 0.026 to 0.084 in the case of TAB. Very similar errors are obtained with
TAB-DMS when four approximate eigenstates are used, ranging from 0.025 to 0.068.
In all cases the signed errors are negative, indicating that TAB and TAB-DMS predict
too much population transfer between diabats. This suggests that the long tail of
the exponential decay results in over-coherence, compared to the shorter tail of the
Gaussian decay used in TAB-w. For all four TAB methods, Figures 2| and |3| show that

10
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Figure 4. TAB (blue dots), TAB-DMS(4) (blue triangles), TAB-w (red dots), TAB-w-DMS(4) (red triangles),
and numerically exact (black dashes) final first diabatic state populations for each of the seven model problems.

the populations closely track those of numerically exact quantum dynamical simulation
for all states at all times.

The errors in the final population for uncorrected Ehrenfest simulations (shown only
in table[3)) are similar to those for TAB and TAB-DMS, ranging from 0.041 to 0.074.
Again, over-coherence results in too much population transfer between diabats.

We also consider the convergence of TAB-DMS with respect to the number of ap-
proximate eigenstates. Figure [5|shows the final population of the first diabatic state
as a function of the number of approximate eigenstates. The TAB-DMS result has
converged to the TAB result even when only 4 approximate eigenstates are used, with
only small variations for larger numbers of approximate states. This finding aligns with
earlier published studies comparing TAB and TAB-DMS in one-dimensional models
and multiple cloning for dense manifolds of states, which is based on the same
approximate eigenstate basis [46].

3.2. Deviation from Adiabatic Potentials

Ehrenfest dynamics can provide an accurate description of population dynamics near
the intersection, but the pathological behavior of Ehrenfest is most visible after passing
through the crossing region. Once an Ehrenfest trajectory transitions into a superpo-
sition of multiple adiabatic states, there is no mechanism for coherence to be lost.

11
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During this time, the trajectory evolves on an unphysical mean-field PES, and may
fail to properly bifurcate between different reaction pathways. As detailed in section
the TAB method mitigates this deficiency by stochastically collapsing the elec-
tronic wave function. In order to quantify the extent to which TAB rectifies this flaw,
we consider the deviation of the mean-field potential energy from the nearest adiabatic
PES,

AE = |EP - Eieare&tl' (17)

Here E), is the mean-field potential energy and EJ.,,.. is the closest adiabatic potential
at the current time step.

Figure @ presents AFE as a function of time for several randomly selected Ehren-
fest (left) and TAB (right) trajectories. In contrast to the conventional Ehrenfest dy-
namics, where nuclei tend to progressively diverge from the adiabatic PESs following
passage through high-coupling regions, TAB electronic wavefunctions are effectively
collapsed onto a specific adiabatic potential or a set of parallel adiabatic potentials.
This stochastic collapse enables an ensemble of TAB trajectories to properly bifurcate,
as an exactly propagated wavefunction would.

4. Conclusions

In this work, we benchmarked the accuracy of several variants of the TAB method for
simulating passage through a cascade of conical intersections between densely packed

12
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states. The TAB approach is a variant of Ehrenfest molecular dynamics that incorpo-
rates a state-pairwise treatment of decoherence. We find that all variants of TAB pro-
vide a suitable description of these dynamics. The smallest population errors (< 0.02
in all cases) were found for the TAB-w and TAB-w-DMS methods, which are based on
a Gaussian (rather than exponential) decay of the coherence. Somewhat larger popu-
lation errors (~ 0.05) are found for the original TAB and TAB-DMS methods, which
are based on an exponential decay. The population errors for traditional Ehrenfest are
comparable to those for TAB and TAB-DMS, and smaller than those for TAB-w and
TAB-w-DMS. However, all TAB methods describe proper bifurcation of the trajectory
swarm following coupling, whereas Ehrenfest is well known to continue to follow an un-
physical mean-field PES following coupling. These results strongly suggest that TAB is
an appropriate method for modeling dynamics of polyatomic molecules in dense man-
ifolds of intersecting states. Therefore we are in the process of applying our ab initio
implementation of TAB to model long-lived coherences in highly-excited molecules.
Though agreement with exact quantum results is excellent, in general, we are also
investigating the application of TAB using diabatic basis functions for collapsing, in
order to assess the basis dependence of the method.
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