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ABSTRACT 

 
A first-time application of 3D ambient noise tomography (3D ANT) method is presented for 

detection of deep voids. The method is based on the solution of 3D P-SV elastic wave equations 
and adjoint-state optimization to directly invert experimental cross-correlation functions (CCF) 
for extraction of S-wave velocity (Vs) structure. The main advantage of this approach is that it 
does not rely on assumptions of energy balance and far-field waves as required by methods using 
characteristics of Green’s function (GF). Instead, the source power-spectrum density is inverted 
to account for source distribution (location and energy), which allows to exploit full information 
content of all available CCFs from ambient noise recordings. The 3D ANT capability in 
detecting deep voids is investigated at a test site in southern Florida. For the field experiment, 72 
vertical geophones of 4.5-Hz resonance were deployed in a 4 × 18 grid over 9.0 × 76.5 m area on 
the ground surface to record noise data for 34 min. The CCFs extracted from the noise 
recordings have good energy at 5–20 Hz and a consistent wave propagation pattern for the entire 
test area. The inverted result reveals that the 3D ANT was able to image a large deep void at 28- 
to 44-m depth, which is generally consistent with results from invasive SPTs. 
 
INTRODUCTION 
 

Underground voids pose significant risk to the safety of infrastructure such as public 
transportation systems and residential buildings. They must be detected and monitored 
consistently, particularly in areas that are suffering from numerous voids. Surface-based 
geophysical methods such as the ground penetrating radar (GPR), electrical resistivity 
tomography (ERT), and active-source seismic full-waveform inversion (FWI) are often used for 
void detection. They can scan large volumes of subsurface materials at lower cost than invasive 
techniques. The FWI is an efficient approach for void imaging, and typically provides higher 
characterized resolutions with depths than those of GPR or ERT (Tran et al. 2013). However, 
detection of deep voids (> 20 m depth) is difficult, because the surface-based wavefields highly 
attenuate with penetration depth. Mirzanejad et al. (2021) showed that low-frequency 
components (< 10 Hz) are required for imaging such deep voids. In that study, they used a strong 
active source (340 kg drop weight) to generate seismic wavefields down to 5 Hz to image a 30-m 
depth void. As such strong sources are expensive, we aim to utilize the low-frequency ambient 
noise already present in the environment for deep void investigation. 

Many ambient noise tomography (ANT) methods have been developed for site investigation 
at various depths from tens to hundreds of meters. Most of existing ANT methods invert 
dispersion characteristics (dispersion curve) of noise fields or Green's functions (GFs) (Louie, 
2001; Di Giulio et al., 2006; Rosenblad and Li, 2009; Endrun et al., 2010; Moschetti et al., 2010; 
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Yang et al., 2011; Behm et al., 2016). These methods can provide deep 1D Vs profiles to depths 
of hundreds of meters. However, they cannot be used for detection of 3D voids due to the 
averaging effects of inverted Vs over the length of the sensor array and a depth of about one 
wavelength of analyzed data.  

Recently, Wang et al. (2021) developed a 2D ANT method that directly invert cross-
correlation functions (CCF) of traffic noise to extract 2D Vs profiles of roadway structures. It 
was successfully applied on field datasets for detection of voids under roadway. However, the 
2D ANT method assumes that the wave propagation direction is mainly along the receiver line. 
The assumption is valid for traffic noise induced by vehicles passing along the receiver line, but 
it is not fully valid for cases of ambient noise arriving from various directions. To address the 
issue of wave propagation directions, Wang et al., (2023) developed a 3D ANT method that 
inverts both source distribution (location and energy) and Vs profiles from the CCF waveforms. 
Applying to field data, the 3D ANT has shown good capability in characterizing a 3D Vs profile 
of subsurface soils (Wang et al., 2023). In this study, we further investigate its capability in 
detecting voids with field experiment.  
 
METHODOLOGY 

 
The 3D ANT method (Wang et al., 2023) is used in this study for void detection. As the 

method has not been well stablished, it is briefly summarized herein. The 3D ANT consists of 
forward simulation and model updating. The forward simulation is based on the numerical 
solution of 3D P-SV elastic wave equations (Nguyen and Tran, 2018) for computing synthetic 
CCFs. Model updating is based on the adjoint-state optimization to minimize CCF residuals for 
extraction of material property.  

 
Forward simulation 

 
The time-domain CCF 𝐶𝛼𝛽 between two signals 𝑠𝛼 and 𝑠𝛽 at receivers 𝛼 and 𝛽 is explicitly 

computed by: 
 

𝐶𝛼𝛽(𝑡) = ∫ 𝑠𝛼(𝜏)𝑠𝛽(𝑡 + 𝜏)𝑑𝜏. (1) 

 
where 𝑡 denotes time, and 𝜏 is time offset. However, it is not possible to explicitly simulate the 
seismograms 𝑠𝛼 and 𝑠𝛽 due to unknown source locations of ambient noise fields. Thus, we 
compute CCF implicitly (Sager et al., 2018, 2020; Wang et al., 2021) as: 

 

𝐶𝛼𝛽(𝑡) =
1

2𝜋
∫ ∫ ∫ G(𝒙𝛼 , 𝒙′, 𝜔) f(𝒙′, 𝜔)

 

Ω′
G∗(𝒙𝛽 , 𝒙′′, 𝜔) f ∗(𝒙′′, 𝜔) exp(𝑖𝜔𝑡) 𝑑Ω′dΩ′′

 

Ω′′
𝑑𝜔. (2) 

 
where 𝜔 is frequency, 𝑖 is the imaginary unit, and the asterisk symbol denotes complex 
conjugate. Variables 𝒙′ and 𝒙′′ are two arbitrary locations in the 3D domain Ω, and integrals 
∫ 𝑑Ω′

 

Ω′
 and ∫ 𝑑Ω′′

 

Ω′′
 denote the integration over domain Ω twice, distinctively, G(𝐱α, 𝐱, 𝜔) is the 

Green's function with the source located at 𝐱α, and f(𝐱, 𝜔) is the source function. Assuming that 
the spatial correlation length of noise sources is shorter than the seismic wavelengths present in 
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the noise, the source terms can be approximated with a delta function (𝛿) in space and the source 
power spectrum density (PSD) 𝑆(𝒙, 𝜔) (Wapenaar and Fokkema, 2006): 

 
f(𝒙′, 𝜔) f ∗(𝒙′′, 𝜔) = 𝑆(𝒙′, 𝜔)𝛿(𝒙′ − 𝒙′′),                                     (3) 

 
By its definition, the PSD is a field of scalar values that show the spatial location and the 

strength of sources. With this approximation, Equation 2 becomes: 
 

Cαβ(t) =
1

2π
∫ ∫ G(𝐱α, 𝐱, ω)

 

Ω
[G∗(𝐱β, 𝐱, ω) 𝑆(𝐱, ω)] exp(iωt) d𝐱dω,                     (4) 

 
and 

 
Cαβ(ω) = ∫ G(𝐱α, 𝐱, ω)

 

Ω
[G∗(𝐱β, 𝐱, ω) 𝑆(𝐱, ω)]d𝐱.                               (5) 

 
Equations (4) and (5) can be used to compute the CCF in the time and the frequency domain, 

respectively. Using Equation (5), the CCF is computed implicitly for a given noise source 
distribution (all noise events) instead of individual noise events. We compute the CCF between 
𝐱α and 𝐱β by performing the following steps:  

1) Run two forward 3D wavefield propagation simulations to compute Green's functions 
G(𝐱α, 𝐱, ω) and G(𝐱β, 𝐱, ω) with sources at 𝐱α and 𝐱β. 

2) Multiply G(𝐱α, 𝐱, ω) with the complex conjugate G∗(𝐱β, 𝐱, ω) and the noise source PSD 
S(𝐱, ω). The noise source PSD is directly inverted from measured CCFs and S(x,ω) is the 
same (average value) for all frequencies within a filtering band. 

3) Sum over all grid points (integration over space 𝐱) and transform the frequency-domain 
CCF to the time domain. 

 
Adjoint-state inversion 
 

The misfit (residual) between the observed and synthetic CCFs is computed as: 
 

𝛿𝐶 = 𝐶𝑜𝑏𝑠 − 𝐶𝑠𝑦𝑛.                                                          (6) 
 

The objective function (E) is then defined as the L2-norm of the misfit: 
 

E =
1

2
δCTδC =

1

2
∑ ∫ dt ∑ δC2

βα

. (7) 

 
To minimize the objective function, the PSD and Vs are both updated during inversion as: 

 

{
𝑆𝑝+1 = ‖𝑆𝑝 + 𝜃1|𝐾𝑠|𝐿1‖,

Vs
p+1

= Vs
p

+ θ2δVs.
                                                  (8) 

 
where the index p denotes the iteration number. 𝐾𝑠 and δVs are gradients of the misfit E with 
respect to PSD and Vs, respectively [refer to Wang et al., (2023) for detailed calculation]. The 
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operator |∘|𝐿1 is the L-1 normalization. The operator ‖∘‖ denotes a PSD magnitude 
normalization. This normalization neglects the negative values and maps the non-negative 
magnitude of the PSD to the range [0,1]. The step length 𝜃1 and 𝜃2 are positive scalers. The 
gradient 𝛿𝑉𝑠 is normalized by dividing its maximum magnitude. Via numerical trials, we use 𝜃1 
equal to 0.05 (5% of the maximum normalized PSD) and 𝜃2 equal to 0.02 (2% of the maximum 
Vs of the current model during inversion. 
 
FIELD EXPERIMENT 

 
The field experimental site is at a bridge construction site in Miami, Florida, USA. The site 

(Figure 1) is in an urban area, and next to Highway I-395 and local roads. The site contains a 
known deep and large void identified via invasive standard penetration tests (SPT) and seismic 
active-source 3D FWI (Mirzanejad et al. 2021). For ambient noise recording for 3D ANT, due to 
limited space along the roadway, an array of 72 vertical 4.5-Hz geophones were deployed on an 
18 × 4 grid of 4.5 m × 3 m spacing (Figure 2) on the ground surface and right above the void.  

The geophone array is 76.5 m × 9 m (X×Y). The center of the void is located approximately 
at the center of the geophone array. The two SPT locations are denoted by red stars in Figure 2. 

 

 
 

Figure 1. Miami highway bridge site 
 

 
 

Figure 2. Test configuration at the Miami highway bridge site. Geophones are labeled with 
station numbers. 
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Seventeen noise records were collected and each one lasted for 120 seconds (34 minutes in 
total recorded data). The collected data contains abundant traffic-induced surface waves because 
of the high traffic volume around the site area. During the recording time, vehicles were 
frequently passing by, providing good signal strength for the traffic-induced surface waves. A 
sample noise record is displayed in Figure 3 with many traffic-induced seismic events (Figure 
3a), and a clear surface-wave event highlighted with red dash lines (Figure 3b). 

For data processing, the noise recording is filtered to keep low frequencies (< 20 Hz) and 
then divided into 0.3-second segments. It is noted that 0.3 second is long enough for surface 
waves passing through the geophone array. A longer segment can be used but may lead to the 
undesired source correlation issue (correlating wave events from different sources). The CCF 
between every station pair is calculated for each segment and stacked over all segments. The 
CCFs between reference station #1 and other individual stations are shown in Figure 4. Rayleigh 
waves are evident and have a consistent pattern of propagation in the retrieved cross-correlation 
function. 

 

 
 

Figure 3. Miami highway bridge site: a) a sample noise record with many traffic-induced 
seismic events. b) close-up look (0.8 second long) between 53.5 s to 54.3 s of the data shown 

in a). A recorded surface-wave event is highlighted with red dash lines. 
 
For inversion, the source time functions are estimated from the experimental CCFs using the 

deconvolution method (Wang et al. 2021). The initial PSD model (Figure 5) was established by 
observing the CCFs (Figure 4). As the signals with negative lag (time < 0) are dominant, 
suggesting dominant surface wave signals are from the left of the receiver array. The initial Vs 
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was established via analyzing the retrieved CCFs (Figure 4) presenting an apparent Rayleigh 
wave velocity of about 600 m/s. The velocity is high at the surface because the soil has been 
consolidated during highway construction. Assuming that the Rayleigh wave velocity is 85% of 
Vs, the initial Vs was taken as a homogeneous model with Vs=700 m/s. 

 
 

Figure 4. The retrieved cross-correlation function at the reference station #1. 
 

a) 

 
b) 

 
 

Figure 5. Source power spectrum density (PSD): a) initial and b) inverted. Black triangles 
represent receivers on the boundary of the sensor patch. The color bar displays normalized 

PSD magnitude. 
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The velocity model is set as 178 m × 58 m × 60 m (525 ft × 190 ft × 195 ft; X × Y × Z) and 
discretized into 40 × 20 × 14 cells (X × Y × Z). Each individual cell’s dimension is 4.572 m × 
4.572 m × 3.048 m (15 ft × 15 ft × 10 ft). The receiver patch is near the model’s center with the 
receiver X-locations from 77 m to 155 m, and the receiver Y-locations from 24 m to 36 m 
(Figure 5a, black triangles). The center of the void is near the center of receiver array. This 
setting allows the modeled area to cover a length that is over 100 m longer than the geophone 
spread in X, benefiting the noise source distribution estimation.  

The inversion was run for a total of 60 iterations, updating PSD for 10 iterations and 
updating Vs for 50 iterations. Specifically, the PSD was updated in iterations 1 to 5, and 16 to 
20, and Vs was updated in remaining iterations. During inversion, Vp was updated as twice the 
value of Vs, and 𝜌 was fixed to 1,800 kg/m3. 

 

 
 

Figure 6. Miami highway bridge site, on reference station #1: a) Comparison of the 
observed cross-correlation function (red) with the first simulation (blue). b) Comparison of 

the observed cross-correlation function (red) with the final simulation (black). 
 

The observed and simulated CCFs are compared in Figure 6. The comparison is carried out 
for reference station #1. At this station, the largest station offset is about 80 m. The red curves 
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are the observed cross-correlation function of traffic noise at 5-20 Hz. The blue and black dash 
curves are the initial and the final simulated cross-correlation functions, respectively. The 
waveform comparison shows that the overall fitting of the waveforms improved during the 
inversion. At the first iteration (Figure 6A), there is an evident gap of arrival-times between the 
observed and simulated CCFs. This difference in arrival time is caused by the large deep void. At 
the final iteration, the waveform match is considerably improved, and the arrival-time difference 
is small between the observed and simulated CCFs (Figure 6B). The normalized least-squares 
error is displayed in Figure 7. The error gradually decreases to about 56% from the first to final 
iteration, indicating that the final Vs model explains the data much better than the initial model. 

 

 
 

Figure 7. The normalized misfit error vs. iteration number. 
 

 
 

Figure 8. The inverted Vs model for the Miami bridge test site. The black cycles denote 
receivers on the surface. The blue object displays a collection of points with an equal value 
(350 m/s) in the inverted model. The red and green vertical lines denote the location of SPT 

tests B1 and B2, respectively. The color bar displays velocity in m/s. 
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The inverted PSD is shown in Figure 5b. This result indicates that ambient noise signals 
arrive mainly from the left of the receiver array (non-zero PSD). The inverted 3D Vs model is 
displayed in Figure 8. The blue object in this figure is an iso-surface, which represents the 
detected void. This iso-surface is a collection of points with an equal value (350 m/s) in the 
inverted Vs model. The inverted Vs shows a large void with Vs < ~300 m/s embedded in stiff 
materials. The center of the void is located at (x, y, z) = (114 m, 30 m, 30 m) with its height of 
about 25 m. The inverted Vs generally agree with the results of two SPTs (Figure 9), which show 
a large void from 28 to 44 m depth. 

 

 
 

Figure 9: SPT results at locations B1 and B2 (refer to Figure 2) 
 
CONCLUSION 
 

This study investigates the capability of a newly developed 3D ambient noise tomography 
(3D ANT) method in detecting deep voids. The method was applied to an experimental noise 
dataset collected on top of a known deep void (28 to 44-m depth) in Miami, Florida. For the 
experiment, 72 vertical geophones were placed in a 2D surface grid of 9.0 m × 76.5 m to record 
traffic noises induced by passing vehicles. The cross-correlation functions (CCFs) extracted from 
the noise recordings are rich in low-frequency energy (5-20 Hz) and consistent in wave 
propagation pattern for the entire test area. By directly inverting CCFs to obtain Vs profile, the 
3D ANT was able to image the void with accuracy. The characterized depth and vertical 
dimension of the void are generally consistent with invasive SPT results. Using ambient noise 
recordings with minimal field-testing effort, the 3D ANT is a useful technique for detecting large 
deep voids that are typically difficult to identify by active-source seismic methods.  
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