Spatial entanglement between electrons con ned to rings
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We study systems of two and three electrons con ned to circular ri ngs. The electrons are con-
sidered spinless and we assume that one electron occupies a gie ring. We use the framework
of such a model to calculate the linear entropy and, thus, the spatial entanglement between the
con ned electrons. The geometry of the problem for the case of two electrons incorporates situa-
tions in which the planes of the two rings form an arbitrary angle wit h each other. The resulting
Schmedinger's equation is solved numerically with very high ac curacy by means of the exact diag-
onalization method. We compute the ground state energy and entanglement for all con gurations
under consideration. We also study the case of three electrons on ned to identical, parallel and
concentric rings which are located in three di erent equidistant planes. The vertically separated
system of rings is allowed to gradually merge into a single ring geometry which would represent the
equivalent system of a ring with three electrons. It is observed t hat the system of three electrons
gives rise to a richer structure as the three rings merge into a single one.
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. INTRODUCTION

Understanding correlation e ects continues to be one
of the most central problems in theoretical quantum
chemistry and condensed matter physics. As a matter of
fact, this has been the main goal of the majority of the-
ories and models introduced in this research area [1, 2].
In particular, the behavior of electrons in low dimensions
such as the two-dimensional (2D) electron gas [3] or 2D
semiconductor systems [4{8] has been intensively studied
during the past years. The interplay between con ne-
ment, quantum spin, delocalization e ects and Coulomb
repulsion between electrons under the dictate of quan-
tum rules leads to many interesting physical phenomena
and unanticipated patterns [9{11]. A system where con-
siderable e ort has been devoted in the past decade is
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the study of GaAs/AlGaAs concentric double quantum
rings [12{16]. A double quantum ring system can be used
to study the electronic transport and optical properties of
various semiconducting materials [12{16]. For instance,
the electronic transport in the system can be studied and
controlled by means of external metallic electrodes that
can be attached. Similarly, one can manipulate the elec-
tronic and optical properties of a double quantum ring by
applying a laser eld. By tuning the laser eld one can
create new degenerate energy levels and, thus, a ect the
optical properties of the system. Overall, a double quan-
tum ring system has many possible technological appli-
cations with research topics ranging from opto-electronic
properties to spin transport and/or quantum computa-
tion. The fabrication of such quantum rings was made
possible by the invention of precise droplet-epitaxial tech-
niques [17]. These nanosystems are extremely useful
in order to gauge subtle quantum phenomena such as
the Aharonov-Bohm e ect [18] and the in uence of the
Coulomb interaction on the magnetic properties of small
guantum systems of electrons [19].

In this study, we consider a concise model consisting of



a few interacting electrons confined in distinct rings [20].
Each electron is allowed to occupy a single ring. For
simplicity, the electrons are considered spinless. We, ini-
tially, consider a system of two electrons. The relative
position of planes of the rings is allowed to change. This
means that we are able to tune the geometry of the two
rings in order to explore all relevant physical situations
that involve the correlations between the two electrons.
In addition to the model for two electrons, we also study
another model of three electrons where each of them is
confined to identical parallel coaxial rings situated in dif-
ferent equidistant planes. The three rings are allowed to
merge forming a single ring as the inter-plane separation
distance between them becomes zero. This special sit-
uation is tantamount to representing a system of three
electrons confined to a single ring as far as the ground
state and entanglement properties are concerned.

The present model of rings can be viewed as a simple
presentation for more realistic realizations of double [21-
23] or triple quantum ring systems [24, 25]. Double quan-
tum rings typically consist of two concentric rings where
the localization of electrons in each ring is provided by
some confining potential. The confinement in both radial
and azimuthal directions gives rise to interesting phe-
nomena. The simplest approximation made would be to
assume no radial extension with the electrons confined in
an ideal ring where only the azimuthal angle varies. The
aim of out model is to describe the entanglement effects
between electrons separated in space in different rings.
Therefore, it is a reasonable starting point to assume one
electron per ring. This way we can pursue a theoretical
investigation of the entanglement effects between elec-
trons in different rings rather than having them in differ-
ent states of the same ring. The model that we consider
is simpler than typical experimental realization, but yet
it is realistic enough to capture key features pertaining
to entanglements effects in these structures. This work
presents a study of a system of a few spinless electrons
confined to circular rings with the assumption that one
electron occupies a single ring. We calculate the linear
entropy for ultra-small system of two or three electrons
connected to distinct rings with an arbitrary geometry.
The main goal is to estimate the amount of spatial en-
tanglement between the electrons for the model under
consideration as a function of the geometry parameters
of the system.

The present contribution is organized as follows. In
Section IT we introduce the model for two and three elec-
tron systems, respectively. In Section III we describe the
theoretical formalism and the numerical method used to
calculate the entanglement between the electrons. The
results for systems with two and three electrons are dis-
cussed in Section IV. Some brief conclusions are drawn
in Section V.

II. MODEL

A. Two electrons

FIG. 1. (Color online) Relative position and geometry of two
rings with radii, R; and Rs. Each of the rings contains one
electron. The planes of the rings may be tilted relative to
each other by an angle, a. Furthermore, the geometry of
the system may range from coplanar to vertically separated
(and tilted) double rings. A lateral view is also shown for
clarification purposes. See text for details.

The model for two electrons and the geometry of the
problem is illustrated by Fig. 1. We consider two different
rings with respective radii, R; and R,. We assume that
Ry < Rs. Electron 1 is located on the ring of radius, R;
and electron 2 is located on the other ring of radius, R,.
Their location in these respective rings is determined by
the azimuthal angles, ¢; and ¢2. There can be a vertical
distance, H separating the planar rings. Furthermore,
the plane of ring 2 with radius, Ry can be tilted by an
angle a with respect to the x —y plane of ring 1 at a min-
imum distance H from it. The two rings are parallel at a
separation distance, H when the value of the tilting angle
becomes zero (« = 0). If this instance(aw = 0 is projected
on the x — y plane, we have the dotted circumference
with radius, Ry. A point of contact will appear at the
position (z =0,y = —R, z = 0) if one reduces parameter
H by keeping a nonzero tilting angle (o # 0) and makes
R; = Ry, = R. An additional inset in Fig. 1 displays the
possibility of one ring being tilted with respect to the
other. The electrons interact via the standard Coulomb
interaction potential. The quantum Hamiltonian for the
system of two electrons is written as:

B & B & ke
2m B2 067 2m R3063 | d(n,d2)
(1)

where h is the reduced Planck’s constant, m, is the
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mass of the electrons, k is Coulomb's electric con-
stant, e is the charge of the electron andd( 1; 2)
d( 1; 2;R1;R2; ;H )is the separation distance between
the pair of electrons. The square of such distance is given
by:
d®( 1; 2R1iR2; ;H ) =[Rzcos 2 Rpcos 1J°+

[R2 cos R, + Rocos sin »

Rysin 1%+
[Rysin (L+sin 2)+ HJ?:(2)

No other subtler e ects coming from electron's e ective
mass in a semiconductor host and/or from presence of a
magnetic eld are taken into account [26, 27].

The scenario with added tilting allows one to tune the
guantum properties of the system of electrons by incor-
porating drastically dierent limiting cases that range
from coplanar concentric double rings to vertically sepa-
rated double rings with an arbitrary tilting. Therefore,
the mere change of the geometric parameters may lead
to fundamentally di erent quantum behavior of the sys-
tem in a controllable fashion. Any e ort in simplify-
ing the quantity in Eq.(2) will not lead to a useful ex-
pression for our endeavor. Therefore, our main objec-
tive becomes the numerical solution of the resulting sta-
tionary Schredinger's equation. Atomic units are used
in which distances are measured in units of the Bohr
radius, ag while the energy is measured in the atomic
unit of k e?=ag (a Hartree), which is a commonly used in
guantum atomic physics. At a formal level, one simply
sets~= me = k = e = 1. For this choice of units, the
stationary Schmdinger's equation reads:
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where ( 1; 2) is the wave function for the system of
two electrons, E is the energy eigenvalue and 0 ; < 0

for i =1 and 2. Note that the wave function for non-
interacting particles is that of a particle con ned in a cir-
cular ring with in nite potential wells outside the ring.

The solution of the quantum problem is obviously peri-

odic, (0; 2) = (2 ; 2)and ( 1;0) = ( 1;2).
We use the following normalization condition:
Zy Z,
R1R> dad2j( 15 2i°=1: (4
0o o0

The case =0 is quasi-exactly solvable by using the dis-
tance between particles as a new variable. Although this
analytic approach does not apply here, we can use such
results to gauge the accuracy of our numerical computa-
tions.

B. Three electrons

The model of three electrons is a variation of the geom-
etry of Fig. 1. For the setup of three electrons, we will

3

have three vertically separated, parallel and concentric
rings with the same radius,R; = R, = R3 = R =1 situ-
ated on three di erent equidistant parallel planes. Each
ring will contain one single electron. For example, one
ring is situated below the x y plane by a vertical dis-
tance, H (ring 1), a second ring is above such plane at a
distance, H (ring 2) while the third ring is on the x vy
plane (ring 3). We believe that the reader can easily vi-
sualize the geometry of such a ring setup without need
to draw a schematic presentation. The quantum Hamil-
tonian for the system of three electrons can be easily
generalized from Eq.(1). The extension of the stationary
Schmdinger's equation for such a case is straightforward
(in atomic units):
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where ( 1; 2; 3) is the wave function for three

electrons, E is the corresponding energy eigenvalue
of the system and, in this scenario, d( i; ;)

d( i; j;R;R; =0;H) are the separation distances be-
tween pairs of electrons written in short-hand notation.
Obviously, the same periodicity properties are imposed
on the wave function.

I1l.  THEORY AND METHOD
A. Spatial entanglement

A natural question that emerges is what happens to the
guantum system under consideration when the geometry
of the Hamiltonian changes. One quantum information-
based measure of the spatial entanglement (mixedness)
in quantum states is the so-called linear entropy de ned
as:

E=1 T A; (6)
where Tr is the trace operation and  is the single-
particle reduced density matrix [28] of the state:

Z
r= da( 12 (22 (7)
One can check that:
Z
T 2= dad 2dod2( 15 2) (22
(1 20)( 10; 20)3 (8)



Note that the calculation of the linear entropy is a rather
involved mathematical process. The linear entropy de-
ned in Eq.(6) is quite popular for the analysis of entan-
glement in two-particle systems and has been pursued at
length in the literature [29{34].

Our objective in this work is to obtain the entangle-
ment measure,E de ned in Eq.(6) for various combina-
tions of the geometry of the system. To be more speci c,
we will consider the following four cases:

= 0, H = 0 which reduces to the case of two co-
planar concentric rings studied in [35]. The special
case,R; = R, implies two electrons in the same
ring.

= 0 and H 6 0 reduces to the case of two elec-
trons in vertically coupled parallel rings studied in
[36].

=0, H=0and R; R, where both radii
increase, but they di er slightly from each other.

6 0 and R,
that almost share a point of contact since
and R; 6 R; (since they di er slightly).

R2 which corresponds to two rings
is tilted

All these cases are studied numerically by solving the
the stationary Schredinger's equation via the exact diag-
onalization method.

B. Numerical method

Let us illustrate the exact numerical diagonalization
approach for the system of two electrons. One easy way
of preserving the periodicity of the solution is to span
the (unknown) wave function, ( 1; »2) in the basis of
the eigenstates for two non-interacting electrons each one
in its respective ring and then truncate the expansion to
N + 1 terms where N even. That is:

( 1 2) - *‘T X,\% C: 1 eim 1ein 2
’ ) L2 F RiR,
m= S n= >
)
By substituting EQ.(9) into EQq.(3), multiplying by

ﬁﬁe k 1e 1 2 and integrating over the angles, 1

and > we obtain:

xor o m o + 1lj Zjmni
a2 a2 km I;n 3
- e 2R? " 2R3 d
E kmin G =0 (10)
for indices, m;n = ;5. Let us denote by Hymn

the rst line in EqQ.(10). Solving Eq.(10) for ¢, is tan-
tamount to providing an approximate solution to Eq.(3)
for both ground and excited states. One can increase the
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accuracy of the calculations by augmenting the number
of terms in the expansion.

The Coulomb interaction matrix element shown in
Eq.(10) reads explicitly as:

Z, Z, dm 1) 1gn 1 2

d( 15 2)

(11)
The set of equations in Eq.(10) for ¢, does not read
yet as a standard eigenvalue problem. In order to do
so, one must transformHymn ! Ay andcg ! g,
i;j = 1;:(N+1)2usingi = (m+ X)(N+1)+( n+ §)+1
andj = (k+ %)N+1)+( 1+ 5)+1 8(k;l;m;n). With
this transformation, we have the usual eigenvalue and
eigenvector problem:

dd >

rklj%jmni = 1z,

(N1 2

Aj Ej g =0; (12)

i=1

wherei = 1;2;:;(N + 1)2. Finding the corresponding
energy eigenvalues will give as the energy spectrum of
the system. In order to nd the eigenvectors, the inverse
transformation g ! ¢ can be proved to be unique. In
other words, givenj and N, we nd a sole couple ;).

Once the coe cients ¢ are obtained, it is straight-
forward to obtain the wave function and, thus, calculate
the linear entropy as de ned in Eq.(6). To this aim, we
use the fact that the ultimate integration turns out to
be on separate arguments provided that we use Eq.(9)
together with the orthogonality condition. The value of
linear entropy:

Ca;b Cc;b Ca;d Ced (13)

is obtained numerically once the desired numerical accu-
racy is met.

C. Numerical validation

In order to validate the accuracy of the numerical re-
sults, we compare them to the analytic case of two elec-
trons in concentric rings [35]. The results for the expan-
sion coe cients of the ground state wave function are
shown in Table. . The matching is perfect.

The corresponding ground state wave function is
shown in Fig. 2 where ( 1; ») is plotted. Note that
the wave function is expressed as a linear combination
of terms for negative, zero and positive indices. It hap-
pens that the expansion coe cients, ¢, have the same
value for opposite indices. Therefore, the outcome is
a purely real ground state wave function meaning that
(15 2)=]( 1; 2)j where the latter would represent
the (real) modulus of the wave function. It is worth men-
tioning that, as in Table. I, it will be enough to have a


















AUTHOR CONTRIBUTIONS

Conceptualization, O.C. and J.B.; Methodology, O.C.,
J.B., M.A-A., M.AH. and S.A.; Software, J.B.; Valida-
tion, O.C., J.B., M.A.-A., M.A.H. and S.A.; Formal anal-
ysis, O.C. and J.B.; Data curation, J.B.; Writing|review
& editing, O.C. and J.B. All authors have read and
agreed to the published version of the manuscript.

FUNDING

The research of O. Ciftja was supported in part by
National Science Foundation (NSF) Grant No. DMR-
2001980.

DATA AVAILABILITY STATEMENT

The data presented in this study are available upon
request from the authors.

10

ACKNOWLEDGEMENTS

J. Batle acknowledges fruitful discussions with J.
Rosselb, Maria del Mar Batle and Regina Batle.

CONFLICTS OF INTEREST

The authors declare no con icts of interest. The fun-
ders had no role in the design of the study; in the collec-
tion, analyses, or interpretation of data; in the writing of
the manuscript; or in the decision to publish the results.

[1] T. Helgaker, P. Jorgensen, J. Olsen, Molecular
Electronic-Structure Theory, John Wiley & Sons, Ltd.,
2000.

[2] R. G. Parr, W. Yang, Density Functional Theory for
Atoms and Molecules, Oxford University Press, 1989.

[3] O. Ciftja, J. Batle, M. Pons-Viver, A two-dimensional
electron gas suspended above a neutralizing background,
Ann. Phys. (N.Y.) 429, 168468 (2021).

[4] L. Banyai and S. W. Koch, Semiconductor quantum dots;
Series on Atomic, Molecular and Optical Physics, Vol. 2,
World Scienti ¢ (1993).

[5] L. Jacak, P. Hawrylak, and A. Wojs, Quantum Dots;
Nanoscience and Technology Series, Springer (1998).

[6] Y. Masumoto and T. Takagahara (Eds.), Semiconductor
guantum dots: Physics, Spectroscopy and Applications
Nanoscience and Technology Series, Springer (2002).

[7] P. Michler (Ed.), Single Quantum Dots: Fundamen-
tals, Applications and New Concepts; Topics in Applied
Physics, Vol. 90, Springer (2003).

[8] J. P. Bird (Ed.), Electron transport in quantum dots ;
Kluwer Academic Publishers (2003).

[9] K. Agarwal, H. Rai, S. Mondal, Quantum dots: an
overview of synthesis, properties, and applications,
Mater. Res. Express 10, 062001 (2023).

[10] O. Ciftja, Few-electrons semiconductor quantum dots in
magnetic eld, Phys. Status Solidi C 6, 825 (2009).

[11] O. Ciftja, T. Rasco, G. Vargas, and S. Dunn, Con-
nement of electrons in a geometrically patterned non-
circular two-dimensional semiconductor quantum dot,
Phys. Status Solidi C 9, 1337 (2012).

[12] B. Szafran, F. M. Peeters, Few-electron eigenstates of
concentric double quantum rings, Phys. Rev. B 72,
155316 (2005).

[13] H. M. Baghramyan, M. G. Barseghyan, A. A. Ki-
rakosyan, J. H. Ojeda, J. Bragard, D. Laroze, Modeling
of anisotropic properties of double quantum rings by the

terahertz laser eld, Sci. Rep. 8, 6145 (2018).

[14] M. G. Barseghyan, V. N. Mughnetsyan, H. M.
Baghramyan, F. Ungan, L. M. Rerez, D. Laroze, Control
of electronic and optical properties of a laser dressed dou-
ble quantum dot molecule by lateral electric eld, Physica
E 126, 114362 (2021).

[15] I. Janet Sherly, P. Nithiananthi, Diluted magnetic con-
centric double quantum rings embedded in a quantum
well: e ect of magnetic eld and ring dimension, Eur.
Phys. J. Plus 136, 681 (2021).

[16] I. Janet Sherly, A. Esther Lidiya, P. Nithiananthi, Tail or-
ing the electronic properties of concentric double quan-
tum rings in the presence of a donor impurity, J. Appl.
Phys. 125, 165707 (2019).

[17] T. Mano, T. Kuroda, S. Sanguinetti, T .Ochiai, T.
Tateno, J. Kim, T. Noda, M. Kawabe, K. Sakoda, G.
Kido, N. Koguchi, Self-assembly of concentric quantum
double rings, Nano Lett. 5, 425 (2005).

[18] Y. Aharonov, D. Bohm, Signi cance of electromagnetic
potentials in the quantum theory, Phys. Rev. 115, 485
(1959).

[19] A. Mdhle, W. Wegscheider, R. J. Haug, Coupling in
concentric double quantum rings, Appl. Phys. Lett. 91,
133116 (2007).

[20] O. Ciftja, J. Batle, M. Abdel-Aty, M. A. Hafez, S. Alk-
hazaleh, Model and energy bounds for a two-dimensional
system of electrons localized in concentric rings, Nano-
materials 14, 1615 (2024).

[21] M. Abbarchi, C. A. Mastrandrea, A. Vinattieri, S. San-
guinetti, T. Mano, T. Kuroda, N. Koguchi, K. Sakoda,
M. Gurioli, Photon antibunching in double quantum ring
structures, Phys. Rev. B 79, 085308 (2009).

[22] L. F. Al-Badry, The electronic properties of concentric
double quantum ring and possibility designing XOR gate,
Solid State Comm. 254, 15-20 (2017).



[23] H. K. Salehani, Optical absorption in concentric double
guantum rings, Opt. Quantum Electron. 55, 644 (2023).

[24] D. Bejan, C. Stan, Controlling the interband transitions
in a triple quantum ring: E ects of intense laser and
electric elds, J. Phys. Chem. Sol. 188, 111887 (2024).

[25] D. Bejan, A. Radu, C. Stan, Electronic and optical re-
sponses of laser dressed triple concentric quantum rings
in electric eld, Philos. Mag. A 103, 1738{1755 (2023).

[26] O. Ciftja, Landau levels for charged particles with
anisotropic mass, Am. J. Phys. 92, 625 (2024).

[27] O. Ciftja, A charged particle with anisotropic mass in a
perpendicular magnetic eld { Landau gauge, Symmetry
16, 414 (2024).

[28] A. Coleman, V. Yukalov, Reduced Density Matrices,
Springer-Verlag: Berlin, Germany, 2000.

[29] F. Buscemi, P. Bordone, A. Bertoni, Linear entropy as
an entanglement measure in two-fermion systems, Phys.
Rev. A 75, 032301 (2007).

[30] J. Naudts, T. Verhulst, Ensemble-averaged entanglement
of two-particle states in Fock space, Phys. Rev. A 75,
062104 (2007).

[31] J. P. Coe, A. Sudbery, |. D'Amico, Entanglement and
density-functional theory: Testing approximations on
Hooke's atom, Phys. Rev. B 77, 205122 (2008).

[32] J. Pipek, I. Nagy, Measures of spatial entanglement in
a two-electron model atom, Phys. Rev. A 79, 052501
(2009).

[33] R. J. Yanez, A. R. Plastino, J. S. Dehesa, Quantum en-
tanglement in a soluble two-electron model atom, Eur.
Phys. J. D 56, 141 (2010).

[34] P. Kascik, A. Okophnska, Two-electron entanglement i n
elliptically deformed quantum dots, Phys. Lett. A 374,
3841 (2010).

[35] P. F. Loos, P. M. W. Gill, Exact wave functions for
concentric two-electron systems, Phys. Lett. A 378, 329
(2014).

[36] G-J. Guo, Z.-Z. Ren, B. Zhou, X.-Y. Guo, Quasi-exactly
analytical solutions of two electrons in vertically coupled
rings, Int. J. Mod. Phys. B 26, 1250201 (2012).

APPENDIX

In this Appendix we present the explicit values of the
expansion coe cients for the ground state wave function
of three electrons. The values oft, k,k, for R1 = Ry =
R; =1 and H = 1 are shown in Table. lll. Those for
H =0:001 are shown in Table. IV.

11

ki|lk2|lks Ciyik ok s

4|/ 01| 4 -0.000131476609
4|13 7.41767774 10 °
4|2 21 1.53017668 10 °
4|31 11 7.41767774 10 °
4|/ 41 0] -0.000131476609
-3|[-1]| 4 || 3.09465428 10 °
3|/ 0| 3| -0.000698293354
3|/ 11 2| 0.000480345404
3|/ 2| 1| 0.000480345404
-3|| 3| 0 -0.000698293354
-3|| 4|-11| 3.09465428 10 °
-2|[-2| 4 || 2.12479165 10 °
-2{|-1{| 3| 0.000190306552
-2/l 0] 2] -0.00520647438
2{|1] 1| 0.00909765478
2|/ 2]/ 0] -0.00520647438
2|/ 3|-1|| 0.000190306552
2| 41|-2| 2.12479165 10 ©
-1||-3|| 4 || 5.40595983 10 °©
-1||-2|| 3| 7.70769349 10 °
-1{|-1]| 2 || 0.00328129173
-1/ 0| 1| -0.107830758

-1{/1]/ 0| -0.107830758

-1{| 2{|-1|| 0.00328129173
-1|| 3|-2|| 7.70769349 10 °
-1|| 4 ||-3]| 5.40595983 10 °©
01/-4| 4|-5.26775736 10 ©
0|-3]| 3| -6.4193788 10 °
0-2]| 2| -0.0011496827
0|-1]| 1|l -0.00899787456
ofjolflo 0.976219937

TABLE IlI. Expansion coe cients,  Cq,;k,k, for the ground
state wave function solution for the system of three electrons
when Ry = R, = Rz = 1and H = 1. The rest of the
coe cients not shown are obtained by changing the sign of
the set of integersf k;g. They are exactly equal to the G,k ,ks
shown here. We have used a basis set withN = 8.



ki || k2 || ks Ckyikoiks

-4/ 0| 4 {/-0.00300389246
-4 11 31 0.00264379189

-4 3] 11-0.00264379189
-4l 4 | 01 0.00300389244

-3||-1|| 4 || 0.00264382094

-3|| 0 || 3{/-0.00815690883
-3|| 1 2| 0.00950729392

-3(| 2 || 1](-0.00950729392
-3|| 3| 0 0.00815690883

-3|| 4 ||-1{/-0.00264382094
-2(|-1|| 3/ 0.00950731754

-2{1 0| 2]l -0.0377186212

-2|1 2| 0| 0.0377186212
-2 3 ||-1{|-0.00950731754
-1]|-3|| 4 ||-0.00264370077
-1||-2|| 3 ||-0.00950718227
-1{0 | 1| 0.406169353
-1{/1|/ 0| -0.406169353
-1|| 3 ||-2|| 0.00950718227
-1|| 4 ||-3|| 0.00264370077

4 |1 0.00300376913
-3/ 3 || 0.0081566846

2 || 0.0377181052

1] -0.406169831

TABLE IV. Expansion coe cients,  Ck,:k,ks for the ground
state wave function solution for the system of three electrons
whenR; = R = Rz =1and H =0:001. This is the scenario
for which the three electrons are practically located in the

same ring. The rest of the coe cients not shown are obtained

by changing the sign of the set of integersf ki g and are exactly
the opposite of the ¢, x,x, coe cients shown here. Notice

the change of structure with respect to the H = 1 case. We
have used a basis set withN = 8.



