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ABSTRACT
With the growing demand for the fabrication of microminiaturized components, a comprehensive understanding of material removal
behavior during ultra-precision cutting has become increasingly significant. Single-crystal sapphire stands out as a promising material for
microelectronic components, ultra-precision lenses, and semiconductor structures owing to its exceptional characteristics, such as high hard-
ness, chemical stability, and optical properties. This paper focuses on understanding the mechanism responsible for generating anisotropic
crack morphologies along various cutting orientations on four crystal planes (C-, R-, A-, and M-planes) of sapphire during ultra-precision
orthogonal cutting. By employing a scanning electric microscope to examine the machined surfaces, the crack morphologies can be cat-
egorized into three distinct types on the basis of their distinctive features: layered, sculptured, and lateral. To understand the mechanism
determining crack morphology, visualized parameters related to the plastic deformation and cleavage fracture parameters are utilized. These
parameters provide insight into both the likelihood and direction of plastic deformation and fracture system activations. Analysis of the results
shows that the formation of crack morphology is predominantly influenced by the directionality of crystallographic fracture system activation
and by the interplay between fracture and plastic deformation system activations.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/10.0026318
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I. INTRODUCTION

Single-crystal sapphire has great potential for wide use in a
variety of industrial fields, owing to its superior mechanical, chem-
ical, and optical properties. However, it is challenging to machine
sapphire, since cracks can easily propagate on the machined sur-
face owing to its high hardness and brittleness.1,2 Ultra-precision
cutting is one of the methods that have been adopted to solve this
challenging issue, since it facilitates material removal in a ductile
manner without cracks forming on the machined surface under spe-
cific machining parameters.3 With a depth of cut below a specific

nanometer range, the material removal behavior of brittle ceram-
ics can exhibit ductile characteristics because of the ductile-to-brittle
transition. However, to use sapphire on a nanoscale, it is important
to establish a proper machining strategy for its machining without
crack initiation.

The results of indentation tests at the nanoscale have shown
that the material response of single-crystal sapphire is predom-
inantly dependent on crystal orientation when an external force
is applied. Nowak and Sakai4 explained the mechanism of plas-
tic deformation on the four major crystal planes of single-crystal
sapphire in terms of slip/twinning activations on crystallographic
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structures during the indentation tests. They used the concept of the
Schmid factor to discuss how the external force is involved in acti-
vating the slip/twinning mechanisms of the material. Wang et al.5
reported on the nanoscale characteristics of crack morphologies on
single-crystal sapphire during indentation tests. They demonstrated
that various crack morphologies were generated, depending on the
crystal plane orientations. The results of these studies related to
indentation tests have provided important inspiration for under-
standing the material removal behavior in single-crystal sapphire
during ultra-precision cutting.

Extensive research has been performed to uncover the mecha-
nisms underlying material removal behavior in single-crystal sap-
phire during ultra-precision cutting, focusing on the crystallo-
graphic orientations of the sapphire. The relationships between
machining characteristics such as force, activation of slip/fracture
systems, and ductile-to-brittle transition have been studied. Mizu-
moto et al.6 conducted a study of the removal behavior of the
C-plane of sapphire during ultra-precision cutting. They developed
a slip/fracture activation model to quantify the probability of plas-
tic and fracture deformations. Through an analysis of parameters
derived from this model, they were able to provide explanations for
anisotropic ductile-to-brittle transitions. Kwon and Min7 investi-
gated the characteristics of force generation during ultra-precision
cutting on various crystal planes of sapphire, including the C-,
R-, A-, and M-planes. They showed that the direction of the force
generated during machining in the ductile mode has a significant
relationship with the degree of slip/twinning activation. Yoon et al.8
predicted the applied stress at the ductile-to-brittle transition by
calculating the stress intensity factor on each crystal plane during
ultra-precision cutting.

The molecular dynamics (MD) simulation method has also
been employed to study the material removal behavior of single-
crystal sapphire during nano-scratching tests or ultra-precision cut-
ting. It offers the advantage of providing an opportunity to directly
observe the inherent removal behavior of the material in real time,
which is impossible through experimental methods. Kim et al.9 used
MD simulation to investigate the mechanism of plastic deformation
occurring on the C-, R-, A-, and M-planes of sapphire during inden-
tation and scratching tests. Lin et al.10 conducted an MD simulation
that replicated a spherical indenter scratching test along various cut-
ting orientations on the C-plane of sapphire. They demonstrated
the influence of slip activation on specific prismatic planes on crack
morphology and stress distribution.

The study of crack formation is of great significance, since
an understanding of the underlying mechanisms is essential for

comprehending the material removal behavior. There have been a
number of studies of the mechanisms of crack formation in ultra-
precision orthogonal cutting of cubic crystalline materials such as
CaF2 and yttrium-stabilized zirconia (YSZ).11–14 A comprehensive
and intuitive explanation of the crack-forming mechanism has been
obtained by employing the concept of fracture activations occurring
normal to the crystal planes. However, when it comes to sapphire,
which features a more intricate hexagonal crystallographic system,
there have been no comprehensive explorations of a crack forma-
tion mechanism that encompasses all the major crystal planes (C-,
R-, A-, and M-planes) of sapphire in the context of ultra-precision
orthogonal cutting.

In our previous study, anisotropic ductile-to-brittle transition
and crack morphologies on the R-plane of sapphire along various
cutting orientations in ultra-precision machining were investigated
on the basis of a modified slip/fracture activation model. The dif-
ferent values of the critical depth of cut along various cutting orien-
tations were explained in terms of plastic deformation parameters,
while the mechanism of formation of different crack morpholo-
gies was explained by the intersection of multiple cleavage fracture
activations on the machined surface. It was also pointed out that
if slip/twinning systems are multiply activated simultaneously, this
may cause complicated interactions such as entanglement, which
accelerate crack propagation.15

In the present study, a novel comprehensive analysis is con-
ducted. First, a visualized slip/fracture activation model is applied
to all the crystal planes of sapphire: the C-, R-, A-, and M-planes.
The mechanism of crack generation at ductile-to-brittle transition
is studied by evaluating the correlations of visualized F-parameters
with crack morphologies. Second, for a better understanding of
the crack-generation mechanism, the interactions between P- and
F-parameters are considered and the mechanisms of formation of a
crack morphology on the C-, R-, A-, and M-planes are explained.

II. THEORETICAL APPROACH
A. Modified slip/fracture activation model

The slip/fracture activation model calculates the likelihood of
slip and fracture system activations based on the direction of the
resultant force, thereby accounting for the anisotropy of the crys-
tal. For a mathematical representation of the parameters involved,
an orthogonal coordinate system is established. As shown in Fig. 1,
the negative x axis is in the [1120] direction for the C- and R-planes
and the [0001] direction for the A- and M-planes, the positive y axis
is rotated 90⌐ from the x axis in a counterclockwise direction, and

FIG. 1. Schematic representation of force directions in ultra-precision orthogonal cutting: (a) plane angle ωplane; (b) depth angle ωdepth.
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the direction of the positive z axis is the opposite of the in-depth
direction. On the basis of this coordinate system, the direction of the
resultant force is determined by the cutting orientation on the plane,
ωplane, and the cutting orientation in depth, ωdepth, as shown in Fig. 1.

ωplane is the clockwise angle between the pre-specified direction
([1120] for the C- and R-planes, [0001] for the A- and M-plane)
and the cutting force Fcut is the component of the resultant force
projected onto the cutting plane. The thrust force Fthrust is the com-
ponent of the resultant force along the normal direction of the
cutting plane. ωdepth can be expressed in terms of the cutting force
and thrust force as ωdepth = arctan(Fcut/Fthrust). ωplane is determined as
a machining input, and ωdepth is calculated by measuring the cutting
force and thrust force during machining.

The plastic deformation and cleavage fracture parameters for
ultra-precision orthogonal cutting were suggested by Mizumoto
et al.6 and modified as follows to take account of the resultant force
direction:15

Pi = cos (ωNPi) cos (ωSPi)
ϵcrit

i ⌜miniϵcrit
i

, (1)

Fi = cos2(ωNFj)
KIC

j ⌜minjKIC
j

, (2)

where Pi is the plastic deformation parameter of the i-th slip system,
ωNPi is the angle between the resultant force vector ( fx, fy, fz) and the
plane normal vector (Nslip

ix , Nslip
iy , Nslip

iz ) of the i-th slip system, ωSPi is
the angle between the resultant force vector and the shear direction
vector (Sslip

ix , Sslip
iy , Sslip

iz ) of the i-th slip system, and ϵcrit
i is the criti-

cal resolved shear stress for the i-th slip system (with units of MPa).
Here, the plane normal and shear direction vectors are unit vectors.
Fj is the cleavage fracture parameter of the j-th fracture system, ωNFj

is the angle between the resultant force vector and the plane nor-
mal vector (Nfrac

jx , Nfrac
jy , Nfrac

jz ) of the j-th fracture system, and KIC
j is

the mode I critical stress intensity factor for the j-th fracture system
(with units of MPa m0.5). Again, (Nfrac

jx , Nfrac
jy , Nfrac

jz ) is a unit vector.
Therefore, cos(ωNPi) cos(ωSPi) and cos2(ωNFj) can be expressed as
follows:

mi = cos (ωNPi) cos (ωSPi)
= cos

⌜⌝⌝
fxNslip

ix + fyNslip
iy + fzNslip

iz⌝
f 2

x + f 2
y + f 2

z

⌝⌝⌞

FIG. 2. Resultant force Fresult during the cutting process, and the angles used in the
equations for calculating the plastic deformation and cleavage fracture parameters.

TABLE II. Fracture system of single-crystal sapphire.17

Fracture system
Critical stress intensity

factor (MPa m0.5)

Basal fracture (C-plane) (0001) 4.54
Prismatic fracture (M-plane) {1010} 3.14
Rhombohedral fracture (R-plane) {1012} 2.38
Prismatic fracture (A-plane) {1120} 2.43

⌐ cos
⌜⌝⌝

fxSslip
ix + fySslip

iy + fzSslip
iz⌝

f 2
x + f 2

y + f 2
z

⌝⌝⌞, (3)

cj = cos2(ωNFj) = cos2
⌜⌝⌝

fxNfrac
jx + fyNfrac

jy + fzNfrac
jz⌝

f 2
x + f 2

y + f 2
z

⌝⌝⌞, (4)

where mi is the Schmid factor for the i-th slip system, indicating
the contribution of the force direction to the activation of the slip
system, and cj is the cleavage factor for the j-th fracture system,
which indicates the contribution of the force direction to the acti-
vation of the fracture system. The term ϵcrit

i ⌜miniϵcrit
i in Eq. (3)

represents the contribution of the crystal plane’s resistance to being
plastically deformed, and the term KIC

j ⌜min jKIC
j in Eq. (4) represents

the contribution of the crystal plane’s resistance to being fractured.
Figure 2 shows the resultant force Fresult during cutting, the crystal
plane where the slip or fracture is activated, and the corresponding
angles used in the equations for calculating the plastic deforma-
tion and cleavage fracture parameters. The P- and F-parameters are
determined by the geometrical relationship between the direction

TABLE I. Slip/twinning system of single-crystal sapphire.16

Slip (twinning) system Miller–Bravais indices
Critical resolved

shear stress (MPa)

Basal twinning (C-plane) (0001) ⌞1010⌞ 2.2255
Basal slip (C-plane) (0001) ⌞1120⌞ 2.2255
Pyramidal slip {0111}⌞1011⌞ 4.4817
Prismatic slip (A-plane) {1120}⌞1100⌞ 1.6487
Rhombohedral twinning (R-plane) {1012}⌞1011⌞ 0.4066
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of force and the slip/normal direction of the slip/fracture system.
Because the cutting force is distributed differently along the interface
between the tool and workpiece during the ultra-precision orthog-
onal cutting process, the parameters for plastic deformation and
cleavage fracture should also be calculated on the basis of variations
in force distribution. However, in this study, the distribution of the

force is neglected, and the direction of the experimentally measured
resultant force is assumed to be representative of the overall material
removal behavior.

The critical resolved shear stress and critical stress intensity
factor are listed in Tables I and II, respectively, with their related
directionality in Miller–Bravais index form.

FIG. 3. Parameters of slip/fracture activation model for [1120] cutting orientation on the R-plane (R180⌐) as examples. (a) and (b) Magnitudes of plastic deformation and
cleavage fracture parameters, respectively, in terms of depth of cut. (c) and (d) Directions of plastic deformation and cleavage fracture parameters, respectively, at a specific
depth of cut. (e) and (f) Illustrations of plastic deformation and cleavage fracture, respectively, based on a crystallographic view.

FIG. 4. Schematic of crack activation depending on the value of the fracture angle ωcrack
j : (a) ωcrack

j = 0⌐; (b) 0⌐ < ωcrack
j ≤ 90⌐; (c) 90⌐ < ωcrack

j < 180⌐.
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B. Visualization of plastic deformation and cleavage
fracture parameters

Both P- and F-parameters show vector characteristics, since
they have both magnitude and direction. The magnitudes of the
P- and F-parameters can be obtained from Eqs. (1) and (2), respec-
tively. The direction of the P-parameter is the slip/twinning direc-
tion, while that of the F-parameter is the crack-opening direction,
which is the same as the plane normal of the fracture system.
Figures 3(a) and 3(b) show the P- and F-parameters, respectively,
in terms of the depth of cut. CDC is the critical depth of cut,
which denotes the depth of cutting at which cracks are initiated
on the machined surface. Figures 3(c) and 3(d) show the visual-
ized P- and F-parameters from the top, side, and front views. For
a P-parameter, each grid denotes 0.1 both horizontally and ver-
tically. For an F-parameter, each grid represents 0.2. Figures 3(e)
and 3(f) show schematic views of the crystal structure and illustrate
the slip/twinning and fracture activations, respectively, in the top
view. All the indicated data are calculated from the R180⌐ cutting
orientation.

The direction of an F-parameter is quantified by defining a new
parameter, namely, the fracture angle, which is the angle between
the plane normal of the j-th fracture system and that of the cutting
plane and can be expressed as follows:

ωcrack
j = arccos ⌞cos⌞⌟Nfrac

jx , Nfrac
jz ⌟, ⌟N̂x, N̂z⌟⌟], (5)

FIG. 5. P-parameter vs F-parameter for cases with R270⌐ cutting orientation
cases.

where ⌟Nfrac
jx , Nfrac

jy , Nfrac
jz ⌟ are the coordinates of the plane normal of

the j-th fracture system after the z-axis rotation of the coordinate
system aligns the x-axis with the cutting direction, and (N̂x, N̂y, N̂z)
are those of the plane normal of the cutting plane. All coordinates are
based on a Cartesian coordinate system. Figure 4 shows a schematic
view of fracture activation in terms of ωcrack

j . If ωcrack
j equals zero, the

activated fracture opens parallel to the cutting surface [Fig. 4(a)]. If
ωcrack

j is in the range 0⌐ < ωcrack
j ≤ 90⌐, the activated fracture opens in

FIG. 6. (a) Schematic of the experiment. (b) Overall experimental setup. (c) Measured force data during ultra-precision orthogonal cutting.
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the direction of the surface [Fig. 4(b)]. Finally, if ωcrack
j is in the range

90⌐ < ωcrack
j < 180⌐, the activated fracture opens in the direction of

the depth [Fig. 4(c)].

C. Interactions between plastic deformation
and cleavage fracture parameters

The mechanism responsible for some crack morphologies has
been explained by coupling of plastic deformation and cleavage
fracture parameter activations. It has been reported that a couple
of high P- and F-parameters existing on the same crystal plane
could affect the crack morphologies by simultaneous activation of
plastic deformation and fracture.15 In Ref. 15, it was also pro-
posed that the generation of fan-shaped/spalling lateral cracks on
the R180⌐, R210⌐, R240⌐, and R270⌐ cutting orientations was due
to the coupled effect of P- and F-parameters. The shapes of the
crack boundaries and the directions of the step-like structures that
appeared on the cracks were matched with the directions of the
F- and P-parameters, respectively, on the same prismatic A-plane.
The results of these observations implicitly reveal that coupling
of simultaneously activated slip and fracture systems on the same
crystal plane may significantly affect crack morphology.

Figure 5 shows the changes in the P-parameter in terms of the
F-parameter on the same crystal plane for the R270⌐ cutting orien-
tation. Hereinafter, such graphs are called PF graphs. The yellow

points with a red boundary indicate the data at the critical depth
of cut. The different colors of the scatter denote different crystal
plane cases. Furthermore, the data are scattered per depth of cut
from 0 to the critical depth of cut (yellow point) with an ∼5–10 nm
increment as the cutting progresses. In the plot, the purple region
indicates the domain of P- and F-parameters ranging from 25% to
their maximum values. It has been hypothesized that the PF data in
this box implicitly indicate that there may be an interaction between
P-parameters and F-parameters with high probability. This purple
region is defined as the interaction region. Observations of crack
morphology in relation to the trend of the PF graph reveal that if
the data passes through this purple region as cutting progresses, then
spalling or fan-shaped lateral cracks are mainly created.

III. EXPERIMENTAL SETUP
An orthogonal plunge cut was implemented on the C-, R-, A-,

and M-planes of a sapphire substrate for various cutting orientations
with 30⌐ intervals along the clockwise direction as shown in Fig. 6(a).
A 5 mm/min cutting speed was used, with a 1/500 slope. The cut-
ting in each case was repeated three times to ensure repeatability.
Figure 6(b) shows the experimental setup. A five-axis ultra-precision
CNC machine, capable of 1 nm command resolution in the three lin-
ear axes and 1 ϑdeg command resolution in the two rotary axes, was
employed in conjunction with a binder-less nano-polycrystalline

TABLE III. Experimental setup.

Item Details

Crystal plane of substrate C-, R-, A-, M-, 10 ⌐ 10 ⌐ 0.5 mm3, Czochralski technique,
polished, M.T.I Corporation, USA

Tool Binder-less nano-polycrystalline tool, 0.5 mm nose radius,
0⌐ rake angle, 9⌐ clearance angle, A.L.M.T. Corporation, Japan

Machine ROBONANO ω-0iB, FANUC Corporation, Japan
Dynamometer Type 9119AA1, KISTLER Instrument Corporation, Switzerland
Amplifier With 5000 Hz low-pass filter, type 50800A, KISTLER

Instrument Corporation, Switzerland
Coolant Mineral oil-based coolant (Japan)
Cutting speed (feed rate) 5 mm/min with 1/500 slope

Cutting orientations

Seven directions for each crystal plane, considering symmetry.
30⌐ interval along clockwise direction.
C- and R-planes: 90⌐, 120⌐, 150⌐, 180⌐, 210⌐, 240⌐, 270⌐
(0⌐ is [1120]),
A- and M-planes: 0⌐, 30⌐, 60⌐, 90⌐, 120⌐, 150⌐, 180⌐
(0⌐ is [0001])

FIG. 7. Calculating critical depth of cut from experimental data.
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diamond tool featuring a 0.5 mm nose radius and a 500 nm edge
radius. The cutting force and thrust force were measured by a piezo-
electric dynamometer on which the substrate was mounted. The
flatness of the workpiece was adjusted by a tilt stage and surface
probe. An optical microscope was used to establish the tool–work
contact. Figure 6(c) shows the measured force during the orthogonal
ultra-precision machining of sapphire. When the increasing depth
of cut does not approach the critical depth of cut, the measured cut-
ting force and thrust force are stable, but they become unstable and
oscillate when the depth of cut exceeds the critical value. The experi-
mental conditions and information about the setup are summarized
in Table III. The crack morphologies at ductile-to-brittle transition
on the machined surface were captured using an optical microscope
and scanning electron microscope (SEM; Leo 1530, ZEISS Corp.).
Micro-optics (VHX-5000, Keyence Corp.) was used with ⌐500 mag-
nification to determine the critical depth of cut, i.e., the depth at
which the ductile-to-brittle transition occurred. The length from
the beginning of the cutting to the ductile-to-brittle transition was
measured, and this was converted to the critical depth of cut by
multiplying by the sine of the slope of the cut, as shown in Fig. 7.

IV. RESULTS AND DISCUSSION
A. Measurement of critical depth of cut

Figure 8 shows the critical depth of cut for various cutting
planes and cutting orientations. The crack images captured by SEM
are also shown for each cutting orientation case. The values of the
critical depth of cut and the shapes of the crack morphology show
symmetric distributions along a line with direction [1100] for the
C- and R-planes and direction [0001] for the A- and M-planes (red
dashed line). Because of this, among 12 total cutting orientation
cases, only seven cut directions were used in the study: the C- and
R-plane cases used cutting orientations from 90⌐ to 270⌐ with a 30⌐
increment, and the A- and M-plane cases used cutting orientations
from 0⌐ to 180⌐ with a 30⌐ increment.

B. Analysis of crack morphology
On the basis of the SEM observations, the crack morpholo-

gies at the ductile-to-brittle transition were broadly categorized into
three shapes: sculptured, layered, and spalling/fan-shaped lateral
cracks. The crack morphologies were analyzed in relation to the
magnitude and direction of P- and F-parameters and their interac-
tions. Figure 9 shows the schematic views of each crack morphology
and the related morphologies captured by SEM.

A layered crack has a morphology indicating that the layer par-
allel to the cutting surface has been torn off. The depth of the crack
is shallow compared with other types of cracks. A sculptured crack
has valley-like structures with a clear boundary. Lateral cracks can
be divided into spalling cracks and fan-shaped cracks according to
the degree of crack development. If this is low, then a spalling crack
can be observed, looking as if it was dug by a shovel. If the devel-
opment degree is large, then the crack appears to have propagated in
the radial direction up a certain point and torn off, giving it a fan-like
appearance.

Figure 10 shows the crack morphologies when the C-plane is
used as the cutting plane. Clear lamellar sculptured cracks can be

FIG. 8. Critical depth of cut and crack morphologies of (a) C-, (b) R-, (c) A-, and
(d) M-planes.
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FIG. 9. Categorization of crack: schematic views of (a) layered crack, (b) sculptured crack, and (b) lateral crack, together with crack morphologies from SEM related to (d)
layered crack observed at C150⌐ cutting orientation, (e) sculptured crack observed at R150⌐ cutting orientation, and (f) lateral crack observed at A120⌐ cutting orientation.

FIG. 10. Crack morphologies captured by SEM for (a) C90⌐, (b) C120⌐, (c) C150⌐, (d) C180⌐, (e) C210⌐, (f) C240⌐, and (g) C270⌐ C-plane cutting orientations.
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observed at the C90⌐ and C210⌐ cutting orientations. For other cut-
ting orientations, overall similar crack morphologies can be found.
The shallow layered cracks are mostly observed, with some of the
layered cracks showing a combination of spalling and layered cracks.

Figure 11 shows schematics of the F-parameters in top views
and the vector form of the F-parameters in side views for the C-plane
case. The side views of the visualized F-parameters are almost the
same for all cutting orientations: there are highly activated rhombo-
hedral R-fractures (blue arrows) with ωcrack

j values ranging between
122.3⌐ and 142.4⌐ and basal C-fractures (red arrows) with a ωcrack

j

value of zero. Prismatic A- and M-planes with a ωcrack
j of 90⌐ are also

found.

The crack morphologies together with spalling and layered
cracks can be explained by both rhombohedral R-fractures and
the basal C-fracture. If the crack-opening direction points in the
depth direction, as with the rhombohedral fractures observed in
all C-plane cases, then a lateral crack can develop. Simultaneously,
basal C-fractures create layered cracks that are parallel to the cut-
ting plane. Consequently, a crack morphology comprising a spalling
crack and a layered crack can be formed. For the C90⌐, C150⌐,
C210⌐, and C270⌐ cutting orientations, lamellar sculptured cracks
are found. This is because of the relatively highly activated pris-
matic M-fractures in these directions. The ωcrack

j of the prismatic
M-fractures is 90⌐, and the plane normal is parallel to the cutting

FIG. 11. Visualized F-parameters for (a) C90⌐, (b) C120⌐, (c) C150⌐, (d) C180⌐, (e) C210⌐, (f) C240⌐, and (g) C270⌐ C-plane cutting orientations.
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FIG. 12. Mechanism of lamellar sculptured crack: ω crack
j = 90⌐, and the plane normal is parallel to the cutting orientation.

FIG. 13. Graphs of P-parameter vs F-parameter for (a) C90⌐, (b) C120⌐, (c) C150⌐, (d) C180⌐, (e) C210⌐, (f) C240⌐, and (g) C270⌐ cutting orientations when the C-plane
is used as the cutting plane.

orientation, as shown in Fig. 12. When the crack propagations reach
the machined surface, a lamellar sculptured crack can be generated.

Furthermore, the effect of coupled P- and F-parameters on
crack morphologies for the C-plane case is investigated. Figure 13
shows the PF graphs on the C-plane for seven cutting orientations.
As can be seen, for none of the cutting orientations show the data
pass through the interaction region outlined by the purple box.
According to the interpretation of interactions based on PF graphs,
this means that with the C-plane as the cutting plane, interactions
between P- and F- parameters rarely occur.

Figure 14 shows the crack morphologies when the R-plane is
used as the cutting plane. It can be seen that the various shapes of the
cracks depend on the cutting orientation. For the R90⌐, R120⌐, and
R150⌐ cutting orientations, crack morphologies with linear shapes
can clearly be observed [red lines in Figs. 14(a)–14(c)]. However, a
layered crack is found in the R90⌐ case, while only sculptured cracks
can be found at the R120⌐ cutting orientation. Furthermore, the

R150⌐ case shows a hybrid crack, comprising both sculptured and
spalling cracks [Fig. 15(a)]. As the cutting orientation changes from
R150⌐ to R270⌐, the predominant form of crack gradually changes
from sculptured to spalling and fan-shaped lateral. For the R240⌐
and R270⌐ cases, a second hybrid crack consisting of not only a
fan-shaped lateral crack but also a layered crack is also observed
[Fig. 15(b)].

Figure 16 shows schematics of the F-parameters in top views
and the vector form of the F-parameters in side views for the
R-plane case. For the R90⌐ and R120⌐ cutting orientations, there
are multiple activations of fracture systems; however, only the basal
C-fracture has a ωcrack

j of 122.5⌐ and 125.6⌐ and crack-opening
directions pointing in the depth direction. The crack-opening direc-
tions of all other fracture systems have ωcrack

j evenly distributed
in the range 0⌐ < ωcrack

j < 90⌐. The ωcrack
j values of prismatic A2-,

A3- and prismatic M1-fractures for the R90⌐ case are 57.3⌐ and
58.0⌐, respectively. Moreover, the ωcrack

j values of rhombohedral

Nano. Prec. Eng. 7, 043006 (2024); doi: 10.1063/10.0026318 7, 043006-10

© Author(s) 2024

 26 June 2024 17:35:47

https://pubs.aip.org/aip/npe


Nanotechnology and
Precision Engineering ARTICLE pubs.aip.org/aip/npe

FIG. 14. Crack morphologies captured by SEM for (a) R90⌐, (b) R120⌐, (c) R150⌐, (d) R180⌐, (e) R210⌐, (f) R240⌐, and (g) R270⌐ R-plane cutting orientations.

FIG. 15. Schematics of (a) first hybrid cracks appearing at R150⌐ orientation and (b) second hybrid crack appearing at R240⌐ and R270⌐ orientations.

R3- and prismatic A3-fractures for the R120⌐ case are 84.8⌐ and
11.3⌐, respectively. All these have crack-opening directions pointing
in the surface direction. When the direction of crack-opening points
in the cutting-surface direction, there is relatively rapid removal of
material in front of the crack-initiation region, generating a deep val-
ley to create a sculptured crack. The observation of sculptured cracks
can be explained by these fracture activations.

In Fig. 16(c), the multiple fracture activations and ωcrack
j values

are widely distributed: 0⌐ (R1), 16.7⌐ (M1), 90⌐ (A1), 126⌐ (M2),
140.2⌐ (C), and 165.3⌐ (A3). R150⌐ reveals hybrid cracks, with both
sculptured and spalling lateral cracks being created simultaneously.
Figures 16(d)–16(g) show that the F-parameter of the prismatic
A-fracture, which opens toward the depth direction, is dramati-
cally increased, possibly leading to the development of fan-shaped
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FIG. 16. Visualized F-parameters for (a) R90⌐, (b) R120⌐, (c) R150⌐, (d) R180⌐, (e) R210⌐, (f) R240⌐, and (g) R270⌐ R-plane cutting orientations.

FIG. 17. Graphs of P-parameter vs F-parameter for (a) R90⌐, (b) R120⌐, (c) R150⌐, (d) R180⌐, (e) R210⌐, (f) R240⌐, and (g) R270⌐ cutting orientations when the R-plane
is used as the cutting plane.
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FIG. 18. Crack morphologies captured by SEM for (a) A0⌐, (b) A30⌐, (c) A60⌐, (d) A90⌐, (e) A120⌐, (f) A150⌐, and (g) A180⌐ A-plane cutting orientations.

lateral cracks. In addition, as the F-parameter of the rhombohedral
R1-plane is also dramatically increased, a hybrid crack comprising a
fan-shaped lateral and a layered crack is created.

Figure 17 shows the PF graphs on the R-plane for seven cutting
orientations. Here, the R180⌐, R210⌐, R240⌐, and R270⌐ cases show
that the data for the rhombohedral R-plane and prismatic A-plane
pass through the interaction region. This means that during the
ultra-precision machining process on the R-plane, these four cutting

FIG. 19. Fan-shaped lateral cracks distributed along the line perpendicular to the
cutting orientation.

orientations may cause strong interactions in both the prismatic
A-plane and rhombohedral R-plane. As shown in Fig. 14, these
R180⌐, R210⌐, R240⌐, and R270⌐ cases for which the possibility
of interactions is indicated all exhibit spalling or fan-shaped lat-
eral cracks on the machined surface. Thus, the PF interactions may
accelerate lateral crack development.

Figure 18 shows the crack morphologies when the A-plane is
used as the cutting plane. Overall, fan-shaped lateral cracks mainly
appear in the A-plane cases. In particular, the A60⌐ and A90⌐
cases both show fan-shaped lateral cracks distributed along the line
perpendicular to the cutting orientation (Fig. 19).

Figure 20 shows schematics of the F-parameters in top views
and the vector form of the F-parameters in side views for the A-plane
case. For all cutting orientations, there are highly activated fractures
with opening direction toward the depth direction, and except for
the A0⌐ and A180⌐ cases, all the cutting orientations have multi-
ple fractures of this type. The A60⌐ and A90⌐ cases have a highly
activated rhombohedral R1-fracture and a prismatic M1-fracture,
respectively, with ωcrack

j = 90⌐ and their plane normal parallel to the
cutting plane, as in the C90⌐ case shown in Fig. 12. The linear
distribution of the cracks observed in the A60⌐ and A90⌐ cutting
orientations can be explained by these activations.
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FIG. 20. Visualized F-parameters for (a) A0⌐, (b) A30⌐, (c) A60⌐, (d) A90⌐, (e) A120⌐, (f) A150⌐, and (g) A180⌐ A-plane cutting orientations.

FIG. 21. Graphs of P-parameter vs F-parameter for (a) A0⌐, (b) A30⌐, (c) A60⌐, (d) A90⌐, (e) A120⌐, (f) A150⌐, and (g) A180⌐ cutting orientations when the A-plane is used
as the cutting plane.
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Figure 21 shows the PF graphs on the A-plane for seven cut-
ting orientations. For all the cutting orientations except the A0⌐
case, the PF data from the rhombohedral R- and prismatic A-planes
pass through the interaction region, indicating the presence of inter-
actions from multiple crystal planes, rhombohedral R-planes, and
prismatic A-planes, which can explain the crack observations in
Fig. 18, which reveal mainly fan-shaped lateral cracks. For the A0⌐
orientation, the PF data of the second rhombohedral R-plane (R2)
are very close to the interaction region. If data tolerance is taken
into account, it may be supposed that even the A0⌐ case involves
high interactions on the second rhombohedral R-plane, which could
explain the fan-shaped lateral crack in this case.

Figure 22 shows the crack morphologies when the M-plane is
used as the cutting plane. The M0⌐, M30⌐, M60⌐, and M90⌐ cut-
ting orientations [Figs. 22(a)–22(c)] all show fan-shape lateral cracks
similar to the A-plane case. The M120⌐, M150⌐, and M180⌐ ori-
entations show hybrid cracks comprising spalling lateral, partially
fan-shaped lateral, and sculptured cracks.

Figure 23 shows schematics of the F-parameters in top views
and the vector form of the F-parameters in side views for the M-
plane case. For the M0⌐ to M90⌐ cutting orientations, the highly
activated fractures mostly have ωcrack

j in the range 90⌐ < ωcrack
j < 180⌐.

However, for the M120⌐, M150⌐, and M180⌐ cases, there are also
highly activated fractures with ωcrack

j in the range 0⌐ < ωcrack
j < 90⌐.

The M120⌐ case has a highly activated prismatic A2-fracture with
ωcrack

j = 24.8⌐ and a rhombohedral R1-fracture with ωcrack
j = 24.8⌐.

The M150⌐ case has a highly activated prismatic A2-fracture with
ωcrack

j = 15.5⌐, a rhombohedral R1-fracture with ωcrack
j = 15.5⌐, and a

rhombohedral R1-fracture with ωcrack
j = 26.6⌐. The M180⌐ case has a

highly activated rhombohedral R1-fracture with ωcrack
j = 33.7⌐. These

results can explain the presence of hybrid cracks that are combina-
tions of spalling cracks, partially fan-shaped cracks, and sculptured
cracks.

Figure 24 shows the PF graphs on the M-plane for seven cut-
ting orientations. Similar to the A-plane case, for all the cutting
orientations except the M0⌐ case, the PF data from the rhombohe-
dral R- and prismatic A-planes pass through the interaction region.
These PF graphs indicate the presence of interactions from multi-
ple crystal planes, rhombohedral R-planes, and prismatic A-planes,
which can explain the crack observations shown in Fig. 22, reveal-
ing mainly spalling lateral cracks and fan-shaped lateral cracks. For
the M0⌐ case, the F-parameter of the first rhombohedral R-plane
(R1) is extremely high, and, from Fig. 23, ωcrack

j of this activation is

FIG. 22. Crack morphologies captured by SEM for (a) M0⌐, (b) M30⌐, (c) M60⌐, (d) M90⌐, (e) M120⌐, (f) M150⌐, and (g) M180⌐ M-plane cutting orientations.
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FIG. 23. Crack morphologies captured by SEM for (a) M0⌐, (b) M30⌐, (c) M60⌐, (d) M90⌐, (e) M120⌐, (f) M150⌐, and (g) M180⌐ M-plane cutting orientations.

FIG. 24. Graphs of P-parameter vs F-parameter for (a) M0⌐, (b) M30⌐, (c) M60⌐, (d) M90⌐, (e) M120⌐, (f) M150⌐, and (g) M180⌐ cutting orientations when the M-plane is
used as the cutting plane.
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TABLE IV. Summary of crack morphology characteristics for the C-, R-, A-, and M-planes, together with the corresponding PF parameters.

Cutting orientation Crack morphologies, related plastic deformation, and cleavage fracture parameters

C90⌐ and C210⌐ Layered crack and spalling lateral crack (combination of rhombohedral R-fracture and
basal C-fracture), clear lamellar sculptured crack (prismatic M-fracture)

C120⌐, C180⌐, and C240⌐ Layered crack and spalling lateral crack (combination of rhombohedral R-fracture and
basal C-fracture)

C150⌐ and C270⌐ Layered crack and spalling lateral crack (combination of rhombohedral R-fracture and
basal C-fracture), lamellar sculptured crack (prismatic M-fracture)

R90⌐ Layered crack and lamellar sculptured crack (combination of prismatic A-, prismatic M-,
and rhombohedral R-fractures), linear sculptured crack (by C-fracture)

R120⌐ Sculptured crack (combination of prismatic A-, prismatic M-, and rhombohedral
R-fractures), linear sculptured crack (by C-fracture)

R150⌐ First hybrid crack: Sculptured crack and spalling lateral crack (various directions of
fracture activation), linear sculptured crack (by C-fracture)

R180⌐ and R210⌐ Spalling lateral crack and partially fan-shaped lateral crack (by PF interactions)
R240⌐ and R270⌐ Second hybrid crack: Layered crack and fan-shaped lateral crack (by multiple fractures

and PF interactions)
A0⌐, A30⌐, A120⌐, A150⌐, and A180⌐ Fan-shaped lateral crack (by PF interactions)
A60⌐ and A90⌐ Fan-shaped lateral crack with linear distribution (by PF interactions and fracture

activations parallel to cutting orientations)
M0⌐, M30⌐, and M60⌐ Fan-shaped lateral crack (by PF interactions)
M90⌐, M120⌐, M150⌐, and M180⌐ Third hybrid crack: Sculptured crack, spalling lateral crack, and partially fan-shaped

lateral crack (by fracture activations in various directions and PF interactions)

147.6⌐, in the range 90⌐ < ωcrack
j < 180⌐. It may be considered that

even though interactions are almost absent in the M0⌐ case, spalling
lateral cracks are still created because of the extremely high value of
the F-parameter on the first rhombohedral R-plane in this case.

Table IV summarizes the characteristics of the observed crack
morphologies, plastic deformation, and cleavage fracture parameters
for the C-, R-, A-, and M-planes.

V. CONCLUSION
In this work, the mechanism of crack generation during ultra-

precision machining of single-crystal sapphire has been studied
in terms of various crystal planes and cutting orientations. On
the basis of SEM observations of cracks, the crack morphologies
have been categorized into three types: sculptured, layered lat-
eral, and spalling/fan-shaped lateral cracks. Plastic deformation and
cleavage fracture parameters have been calculated using a modi-
fied slip/fracture activation model to analyze the crack-generation
mechanism in relation to the crystallographic properties of sapphire.

The mechanism of crack generation has been investigated from
two perspectives: the directionality of the cleavage fracture para-
meter, and the presence of interactions between the plastic defor-
mation and cleavage fracture parameters. To enable quantitative
analysis, the angle between the cutting plane and the fractured crys-
tal plane, ωcrack

j , was considered. To determine the probability of
interaction between the plastic deformation and cleavage fracture
parameters, PF plots were generated in which the interaction zone
was defined as the domain of P- and F-parameters ranging from 25%

to their maximum values. Analysis revealed that if spalling or fan-
shaped lateral cracks appeared, ωcrack

j was in the range 90⌐ < ωcrack
j< 180⌐ and data in the PF plots for any crystal plane passed through

the interaction zone.
The current study has been performed with a measured force.

For a more accurate understanding and to enable predictions
regarding the critical depth of cut and crack morphologies, a stress-
based analysis is required, taking account of the distribution of the
force along the tool–workpiece contact. In addition, more detailed
studies of interactions such as those between plastic deformation and
cleavage fractures of different crystal planes should be conducted. A
regression method using machine learning could be used. A more
accurate prediction model and other meaningful interaction rela-
tionships, which have not been found in this study, are expected
to be established. Furthermore, it will be necessary to validate the
experimental foundation for the slip/fracture activation model using
transmission electron microscopy and focused ion beam techniques.
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