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MODELING OF ELECTRONIC DYNAMICS IN TWISTED BILAYER
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Abstract. We consider the problem of numerically computing the quantum dynamics of an
electron in twisted bilayer graphene. The challenge is that atomic-scale models of the dynamics are
aperiodic for generic twist angles because of the incommensurability of the layers. The Bistritzer--
MacDonald PDE model, which is periodic with respect to the bilayer's moir\'e pattern, has recently
been shown to rigorously describe these dynamics in a parameter regime. In this work, we first prove
that the dynamics of the tight-binding model of incommensurate twisted bilayer graphene can be
approximated by computations on finite domains. The main ingredient of this proof is a speed of
propagation estimate proved using Combes--Thomas estimates. We then provide extensive numerical
computations, which clarify the range of validity of the Bistritzer--MacDonald model.

Key words. partial differential equations, electronic properties of materials, 2D materials, moir\'e
materials, numerical analysis, twisted bilayer graphene
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1. Motivation and summary. In recent years, twisted bilayer graphene (TBG)
and other stackings of 2D materials have emerged as important experimental plat-
forms for realizing quantum many-body phases such as superconductivity [7, 8]. These
developments were made possible by Bistritzer and MacDonald's observation that
the single-particle electronic properties of stackings with relatively small lattice mis-
matches (for example, layers of the same 2D material with a small twist angle) can
often be captured by effective continuum models which are periodic over the stack-
ing's moir\'e pattern [4]. This observation meant that, despite 2D materials stackings
often being aperiodic at the atomic scale (for example, layers of the same 2D material
with an irrational twist angle), their properties could be studied using ordinary Bloch
band theory.

This theoretical simplification allowed, for example, for the identification of bi-
layer graphene's ``magic"" twist angle, \theta \approx 1.05\circ . Near to this angle, the single-particle
continuum model Bloch bands (dispersion relation) at the Fermi level become very
flat [4]. Based on this observation, Bistritzer and MacDonald predicted that electrons
in TBG interact relatively strongly at this twist angle, resulting in a rich quantum
many-body phase diagram. This prediction was dramatically verified in the experi-
ments [7, 8].

The importance of the theoretical simplification provided by effective contin-
uum models motivates the question of their range of validity. This question was
recently considered in detail by three of the authors of this work for the special
case of the Bistritzer--MacDonald continuum model of TBG [34]. They considered an
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1012 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

atomic-scale tight-binding Schr\"odinger model governing the dynamics of the wave-
function of a single electron in TBG, in the absence of mechanical relaxation, with
wave-packet initial data spectrally concentrated at the monolayer Dirac points. Then,
they estimated the difference at time t > 0, in the natural \ell 2 norm, between the
wave-packet time-evolved according to the tight-binding model \psi TB(t), and the same
wave-packet time-evolved according to the Bistritzer--MacDonald model \psi BM(t).

The main result of [34] can be summarized simply as

\| \psi TB(t) - \psi BM(t)\| \ell 2 \leq \rho 

\biggl( 
\theta 

\epsilon 

\biggr) 
\times 

\bigl( 
\epsilon 2 + \epsilon \theta + \epsilon h1 - c1 + h2 - c2

\bigr) 
\times t.(1.1)

Here, \epsilon , \theta , and h are dimensionless parameters, and \rho (\xi ) denotes a positive continuous
function which tends to \infty as \xi \rightarrow \infty , and converges to a constant as \xi \rightarrow 0. In partic-
ular, \rho 

\bigl( 
\theta 
\epsilon 

\bigr) 
can be uniformly bounded as long as \theta 

\epsilon remains bounded. The parameter \epsilon 
denotes the spectral width of the wave-packet in momentum space normalized by the
monolayer lattice constant, \theta the twist angle in radians, and h the ratio of the largest
interlayer hopping energy in momentum space to the largest intralayer hopping energy
in real space. For realistic choices of the interlayer hopping function, the constants
c1, c2 > 0 can be taken arbitarily small. It follows immediately from (1.1) that

\theta \lesssim \epsilon and h\sim \epsilon =\Rightarrow \| \psi TB(t) - \psi BM(t)\| \ell 2 \leq C\epsilon 2 - ct,(1.2)

where C,c > 0 are constants independent of \epsilon and t, and c can be taken arbitarily
small. Hence, in parameter regime (1.2), the Bistritzer--MacDonald model captures
the dynamics of the tight-binding model up to times \sim \epsilon  - (2 - \delta ) for any \delta > 0.

It is natural to ask whether this regime is realized in experiments. The magic
angle corresponds to \theta \approx 0.017 radians, while the value of h is estimated as \approx 0.042.
It follows that the regime (1.2) is indeed realized, for a nontrivial range of \epsilon , at the
magic angle. It should be emphasized that rigorous justification of any moir\'e-scale
model for the many-body electronic properties of TBG is a challenging open problem,
although a formal plausibility argument for such reductions is provided in [34]. The
arguments provided can partially justify the single-particle Hamiltonian term in an
interacting Bistritzer--MacDonald model of TBG in [20].

It is currently unclear whether estimate (1.1), proved in [34], is sharp. In partic-
ular, the following questions regarding the convergence of the tight-binding dynamics
to those of the Bistritzer--MacDonald model were not answered by [34]:

(1) How well does the Bistritzer--MacDonald approximation perform as a prac-
tical matter, both in the regime (1.2) and otherwise? The point here is that
the error in (1.2) could be large in practice, even in the regime (1.2), if the
constant C is large.

(2) Suppose we start in the regime (1.2) and then increase the parameters \epsilon , \theta ,
and h individually. Does (1.1) capture the correct dependence of the error on
each parameter?

(3) Is (1.2) the only regime where the Bistritzer--MacDonald model captures the
dynamics of the tight-binding model? In other words, outside of the regime
(1.2), is the error always large?

The focus of the present work is to begin to address questions (1)--(3) by accurate
numerical computation of time-evolved wave-packet solutions of the tight-binding
model of TBG.

Our numerical experiments provide the following (roughly stated) answers to these
questions:
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1013

(1) In the regime (1.2), the Bistritzer--MacDonald approximation does indeed
capture critical features of the tight-binding dynamics. For example, we find
that the band structure of the Bistritzer--MacDonald model does predict the
group velocity of spectrally concentrated wave-packet solutions of the tight-
binding model; see Figures 3 and 4. In particular, at the magic angle, the
group velocity is essentially zero (Figure 5). A plot of the approximation
error as a function of \epsilon , with \theta and h scaled according to (1.2), is provided in
Figure 6.

(2) The estimate (1.1) generally does capture the correct scaling of the error as
a function of each parameter; see Figure 7. The exception is the dependence
of the error on \theta , where we find that, for large \theta , the error is much smaller
than that predicted by the estimate. Instead of growing, the error remains
small with essentially constant size as \theta is increased.

(3) We do not exhaustively investigate all possible parameter regimes, but
Figure 7 suggests that the Bistritzer--MacDonald approximation remains ac-
curate even for relatively large \theta , as long as \epsilon and h are small.

We discuss the details of our numerical experiments in section 3.1.
An alternative justification of the Bistritzer--MacDonald model has been provided

in [5] (see also [6]). The starting point of their work is a continuum Kohn--Sham DFT
description of the twisted bilayer. They show that it is possible to pass to a moir\'e-
periodic continuum model, all of whose parameters can be numerically computed
via DFT applied to untwisted layers, under fairly general assumptions. That moir\'e-
periodic continuum model has additional terms compared with the model originally
proposed by Bistritzer and MacDonald in [4], but numerical computations of these
terms at realistic model parameters (in particular, at realistic values of the twist angle
and interlayer distance) find that these terms are small [5].

The accurate numerical computation of time-evolved solutions of the tight-binding
model of TBG is made challenging by the fact that the model is infinite dimensional
(the Hilbert space is isomorphic to \ell 2(Z2)) and aperiodic at generic twist angles.
A standard approach to obtaining a finite dimensional model for computation is to
approximate the twist angle by a rational angle, so that the system can be treated as
periodic. Such approaches are known as supercell approximations [26].

An alternative approach is to leave the twist angle fixed but truncate the compu-
tational domain (i.e., impose a Dirichlet boundary condition), far from the support
of the initial data. We follow the second approach in the present work, because with
this approach we can rigorously estimate the difference between the dynamics of the
truncated model and those of the untruncated model at any twist angle of interest.
Similar ideas have been used for numerical computation of dynamics with error con-
trol [15, 16], although in those works the truncation distance is chosen adaptively,
while we give an a priori estimate.

The main idea of the estimate is a Lieb--Robinson bound [25], i.e., a bound on the
speed of propagation for solutions of the tight-binding Schr\"odinger equation (up to
error which is exponentially small in the distance). To keep our work self-consistent,
we give a straightforward proof of the Lieb--Robinson bound we require using Combes--
Thomas estimates [17]. The study of Lieb--Robinson bounds for quantum many-body
systems remains an active area; see [13, 22] and references therein.

Note that computing spectrally concentrated wave-packet solutions of the trun-
cated system is still difficult, because such solutions spread over the moir\'e cell (length
\propto \theta  - 1), necessitating large domain truncations. A layer-splitting numerical scheme
was recently proposed to compute dynamics of incommensurate heterostructures in
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1014 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

[32]. This work built on related work applying plane wave decomposition to compute
other properties of such heterostructures in [27, 28, 33, 38]. We aim to combine these
ideas with those of the present work to obtain an efficient numerical method with
rigorous error estimates in future work.

1.1. Description of results. We now briefly describe the results of this work.
We first describe the analytical results, which prove convergence of our tight-binding
numerical computations on finite computational domains to solutions of the model
without truncation. We will then describe our computational results.

Our first analytical result, Theorem 2.7, is a Combes--Thomas estimate on decay
of the matrix elements of the resolvent of the tight-binding Hamiltonian. We then
use this estimate to prove a Lieb--Robinson bound on the speed of propagation in
Proposition 2.8. This bound allows us to prove convergence, at fixed time t, of solu-
tions of the truncated tight-binding model to those of the untruncated model, up to
exponentially small error in the truncation length, in Theorem 2.9. We confirm the
exponentially fast convergence of our truncated domain computations as the size of
the truncation is increased computationally in Figure 2.

We now describe the results of our numerical comparisons between tight-binding
dynamics and those generated by the Bistritzer--MacDonald model. In Figure 4,
we compare these dynamics directly, for initial conditions spectrally concentrated
in higher (not flat) Bloch bands of the Bistritzer--MacDonald model, so that the
wave-packet has a clear nonzero group velocity (we show the band structure of the
Bistritzer--MacDonald model in Figure 3). The results confirm that the continuum
model accurately captures the most obvious features of the tight-binding dynamics,
although clear errors can be seen even for relatively small times. In Figure 5, we
repeat the same experiments but for wave-packets concentrated in the flat bands of
the Bistritzer--MacDonald model. We find that the group velocity of wave-packets
is negligible, as is to be expected, but also that the Bistritzer--MacDonald model
misses interesting features of the tight-binding solution. Specifically, the Bistritzer--
MacDonald model appears to miss a twist-angle-dependent chirality of the solution
(see Figure 5 and caption).

In Figure 6, we confirm that, for sufficiently small values of the parameters scaled
according to (1.2), and sufficiently small t, the form of the error is indeed C\epsilon 2t. In
Figure 7, we start in the regime (1.2), and then vary each of the parameters \epsilon ,h, \theta 
individually. In the case of h, we confirm that the error grows linearly, and in the case
of \epsilon , we confirm that the error grows between linearly and quadratically. Our most
interesting result is in the case of \theta , where we observe that the error is essentially
constant as \theta as increased, suggesting a wider range of applicability of the Bistritzer--
MacDonald model than could be expected from the results of [34]. We aim to provide
an analytical explanation of this phenomenon in future work.

1.2. Structure of this paper. The structure of the remainder of our paper is as
follows. We first introduce the lattice structure of monolayer and TBG in subsection
2.1. We then define the tight-binding Hamiltonian and its finite dimensional approxi-
mation through domain truncation in subsection 2.2, and present our estimate on the
truncation error (Theorem 2.7, Proposition 2.8, and Theorem 2.9). In subsection 2.3,
we review the continuum approximation of TBG, the Bistritzer--MacDonald model,
and recall the main result of [34] on the parameter regime in which the approximation
error can be estimated (Theorem 2.11).

We present several numerical results to validate the truncation error of the tight-
binding model in subsection 3.1. We then present our results directly comparing the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1015

dynamics of the Bistrizer--MacDonald model and of the tight-binding model across
various initial conditions in subsection 3.2. Finally in subsection 3.3 we numerically
compute the sensitivity of the error as a function of the model parameters. The proofs
and the technical details for this paper are presented in the appendices.

1.3. Code availability. We have made the code used to generate our numerical
results available at https://github.com/timkong98/dynamics tbg.

2. Quantum dynamics of twisted bilayer graphene. In this section, we
recall the tight-binding model of TBG studied in [34].

2.1. Twisted bilayer graphene. Graphene is a single sheet of carbon atoms
arranged in a honeycomb structure. Each unit cell contains two atoms, and the unit
cells form a Bravais lattice with vectors

\bfita 1 :=
a

2
(1,

\surd 
3)\top , \bfita 2 :=

a

2
( - 1,

\surd 
3)\top , A := (\bfita 1,\bfita 2),(2.1)

where a is the lattice constant. The physical value of the graphene lattice constant
is approximately a\approx 2.5\r A. The graphene Bravais lattice \scrR and a unit cell \Gamma can be
defined as

\scrR := \{ \bfitR =A\bfitn :\bfitn \in Z2\} , \Gamma = \{ A\alpha : \alpha \in [0,1)2\} .(2.2)

Within a unit cell indexed by \bfitR , there are two atoms at physical location \bfitR + \bfittau A

and \bfitR + \bfittau B , which we define as

\bfittau A := (0,0)\top , \bfittau B := (0, \delta )
\top 
, \delta :=

a\surd 
3
.(2.3)

These atoms are in sublattices A and B, respectively, and the relative shift between
two sublattices \delta is the minimum distance between two atoms in the same layer.

The reciprocal lattice vectors are defined through the relation \bfita i \cdot \bfitb j = 2\pi \delta ij for
\delta ij , the Kronecker delta, and i, j \in \{ 1,2\} . Explicitly they are

\bfitb 1 :=
4\pi 

3\delta 

\Biggl( \surd 
3

2
,
1

2

\Biggr) \top 

, \bfitb 2 :=
4\pi 

3\delta 

\Biggl( 
 - 
\surd 
3

2
,
1

2

\Biggr) \top 

, B := (\bfitb 1,\bfitb 2).(2.4)

Similarly we define the reciprocal lattice \Lambda \ast and a fundamental cell \Gamma \ast by

\Lambda \ast :=
\bigl\{ 
\bfitG =B\bfitn :\bfitn \in Z2

\bigr\} 
, \Gamma \ast :=

\Bigl\{ 
B\beta : \beta \in [0,1)

2
\Bigr\} 
.(2.5)

The Dirac points of graphene are

\bfitK :=
4\pi 

3a
(1,0)\top , \bfitK \prime := - \bfitK .(2.6)

Twisted bilayer graphene (TBG) consists of two monolayers of graphene in parallel
planes with a relative twist angle, and separated by an interlayer distance L. In
particular, for two layers of rigid graphene, each layer can be described by a rotated
Bravais lattice. Let R(\eta ) be the matrix that describes a counterclockwise rotation by
\eta around the origin,

R(\eta ) :=

\biggl( 
cos\eta  - sin\eta 
sin\eta cos\eta 

\biggr) 
.(2.7)
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1016 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Fig. 1. Left: The atomic structures of twisted bilayer graphene at twist angle \theta = 4\circ . The
moir\'e lattice vectors are \bfita m,1 and \bfita m,2. Right: The modulus of one entry of the moir\'e interlayer
potential [T (\bfitr )]11. It is periodic over the moir\'e lattice vectors.

Then for any twist angle \theta > 0, we can define the lattice vectors of TBG by

\bfita 1,i :=R

\biggl( 
 - \theta 
2

\biggr) 
\bfita i, \bfita 2,i :=R

\biggl( 
\theta 

2

\biggr) 
\bfita i, Aj := (\bfita j,1,\bfita j,2), i\in \{ 1,2\} , j \in \{ 1,2\} .

(2.8)

Here j describes the layer, and i describes the lattice vector in each layer. The relative
shifts between sublattices are

\bfittau \sigma 1 :=R

\biggl( 
 - \theta 
2

\biggr) 
\bfittau \sigma , \bfittau \sigma 2 :=R

\biggl( 
\theta 

2

\biggr) 
\bfittau \sigma , \sigma \in \{ A,B\} ,(2.9)

and the lattices are

\scrR j :=
\bigl\{ 
\bfitR j =Aj\bfitn , \bfitn \in Z2

\bigr\} 
, j \in \{ 1,2\} .(2.10)

Similarly, the reciprocal lattice vectors of TBGs are

\bfitb 1,i :=R

\biggl( 
 - \theta 
2

\biggr) 
\bfitb i, \bfitb 2,i :=R

\biggl( 
\theta 

2

\biggr) 
\bfitb i, Bj := (\bfitb j,1,\bfitb j,2), i\in \{ 1,2\} , j \in \{ 1,2\} .

(2.11)

The \bfitK and \bfitK \prime points of each layer are

\bfitK 1 :=R

\biggl( 
 - \theta 
2

\biggr) 
\bfitK , \bfitK 2 :=R

\biggl( 
\theta 

2

\biggr) 
\bfitK , \bfitK \prime 

i := - \bfitK i, i\in \{ 1,2\} .(2.12)

For each layer, the lattice \scrR j is a rotated monolayer Bravais lattice and is thus
also periodic. For general twist angle \theta , the periodicity is broken in the bilayer
system \scrR 1 \cup \scrR 2. Even though TBG is not exactly periodic, there is an approximate
periodicity known as the moir\'e pattern (see Figure 1). The moir\'e reciprocal lattice
vectors are given by the difference of reciprocal lattice vectors between layers [11, 12]

\bfitb m,1 := \bfitb 1,1  - \bfitb 2,1, \bfitb m,2 := \bfitb 1,2  - \bfitb 2,2.(2.13)

These vectors can be computed explicitly. Let | \Delta \bfitK | := | \bfitK 1  - \bfitK 2| = 2| \bfitK | sin
\bigl( 
\theta 
2

\bigr) 
be

the distance between the Dirac points of the layers. Then, we have

\bfitb m,1 =
\surd 
3| \Delta \bfitK | 

\Biggl( 
1

2
, - 

\surd 
3

2

\Biggr) \top 

, \bfitb m,2 =
\surd 
3| \Delta \bfitK | 

\Biggl( 
1

2
,

\surd 
3

2

\Biggr) \top 

.(2.14)
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1017

The moir\'e lattice vectors are defined through the relation \bfita m,i \cdot \bfitb m.j = 2\pi \delta ij for
i, j \in \{ 1,2\} ,

\bfita m,1 :=
4\pi 

3| \Delta \bfitK | 

\Biggl( \surd 
3

2
, - 1

2

\Biggr) \top 

, \bfita m,2 :=
4\pi 

3| \Delta \bfitK | 

\Biggl( \surd 
3

2
,
1

2

\Biggr) \top 

.(2.15)

Defining Am := (\bfita m,1,\bfita m,2)
\top , and Bm := (\bfitb m,1,\bfitb m,2)

\top , the moir\'e lattice, unit cell,
reciprocal lattice, and reciprocal unit cell are analogous to their monolayer counter-
parts

\Lambda m := \{ \bfitR m =Am\bfitm :\bfitm \in Z2\} , \Gamma m :=
\Bigl\{ 
Am\alpha : \alpha \in [0,1)

2
\Bigr\} 
,

\Lambda \ast 
m := \{ \bfitG m =Bm\bfitn :\bfitn \in Z2\} , \Gamma \ast 

m :=
\Bigl\{ 
Bm\beta : \beta \in [0,1)

2
\Bigr\} 
.

(2.16)

When the twist angle \theta is small, the length of the moir\'e lattice vectors | \bfita m,i| 
is proportional to a\theta  - 1, significantly longer than those of monolayer graphene. To
model the physical phenomenon on a moir\'e scale for small \theta , we will need to consider
including at least thousands of atoms in the model. This gives a rough estimate of
the truncation radius when studying electronic dynamics in TBG.

2.2. The tight-binding Hamiltonian. In this section we introduce a natural
tight-binding Hamiltonian [1, 24, 26] for an electron in TBG. This model is natural
in the sense that it trades off some accuracy for considerable conceptual and com-
putational simplification compared with fundamental continuum PDE Schr\"odinger
equation models. Tight-binding models arise as Galerkin approximations to contin-
uum PDE models; when parametrized using careful DFT computations, tight-binding
models of twisted heterostructures derived using Wannier basis orbitals have compa-
rable accuracy to large-scale DFT computations at fixed commensurate twist angles
[9, 19]. Rigorous derivations of such models were provided in [21, 23].

First we precisely define the Hamiltonian and wave functions in these systems.
Let \scrA j = \{ A,B\} denote the set of indices of orbitals associated with each unit cell
in layer j. Then the full degree of freedom space of TBG can be described using an
index set

\Omega := (\scrR 1 \times \scrA 1)\cup (\scrR 2 \times \scrA 2).(2.17)

For the atom indexed by \bfitR i\sigma \in \Omega , where i\in \{ 1,2\} denotes the layer, and \sigma \in \{ A,B\} 
denotes the sublattice, the physical location is \bfitR i + \bfittau \sigma i \in R2. Note that assuming a
constant interlayer distance allows us to model TBG by a 2D model, while modeling
the effect of nonzero interlayer distance through the interlayer hopping function.

We model the wave function of an electron in TBG as an element of the Hilbert
space

\scrH := \ell 2(\Omega ) = \{ (\psi \bfitR i\sigma )\bfitR i\sigma \in \Omega : \| \psi \| \scrH <\infty \} ,

\| \psi \| \scrH =

\left(  \sum 
i\in \{ 1,2\} 

\sum 
\sigma \in \{ A,B\} 

\sum 
\bfitR i\in \scrR i

| \psi \bfitR i\sigma | 2
\right)  1

2

.
(2.18)

For ease of notation, we write the three summations as a single summation over
elements of the index set. The square of the modulus of \psi \bfitR i\sigma represents the electron
density on the orbital of sublattice \sigma \in \{ A,B\} in the \bfitR th cell of layer i\in \{ 1,2\} .
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1018 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

We define the TBG tight-binding Hamiltonian H : \scrH \rightarrow \scrH to be a linear self-
adjoint operator that acts on the wave functions as

(H\psi )\bfitR i\sigma =
\sum 

\bfitR j\sigma \prime \in \Omega 

H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime \psi \bfitR \prime 
j\sigma 

\prime , H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime =H\bfitR \prime 
j\sigma 

\prime ,\bfitR i\sigma .(2.19)

We make the following exponential decay assumption to ensure the Hamiltonian is lo-
calized. Exponential decay is natural since the tight-binding model is defined through
exponentially localized Wannier functions.

Assumption 2.1 (exponential decay hopping). There exist constants h0, \alpha 0 > 0
such that

| H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime | \leq h0e
 - \alpha 0

\bigm| \bigm| \bigm| \bfitR i+\bfittau \sigma 
i  - \bfitR \prime 

j - \bfittau \sigma \prime 
j

\bigm| \bigm| \bigm| 
.(2.20)

Lemma 2.2. Under Assumption 2.1, H is a bounded self-adjoint operator. Its
operator norm is bounded by

\| H\| \leq 8\pi h0e
\delta \alpha 0

| \Gamma | \alpha 2
0

,(2.21)

where \delta = a/
\surd 
3, and | \Gamma | =

\surd 
3a2/2 is the area of a unit cell. As a consequence, the

spectrum \sigma (H) is contained in [ - \| H\| ,\| H\| ]\subset R.

Proof. See Appendix A.

Example 2.3. The specific tight-binding model of TBG studied in [34] is as follows.
For orbitals on the same layer, the entries are nonzero except when they are the nearest
neighbors in the lattice. For some t0 > 0, we have

H\bfitR i\sigma ,\bfitR \prime 
i\sigma 

\prime =

\Biggl\{ 
 - t0 if

\bigm| \bigm| \bigm| \bfitR i + \bfittau \sigma i  - \bfitR \prime 
i  - \bfittau \sigma 

\prime 

i

\bigm| \bigm| \bigm| = \delta ,

0 otherwise.
(2.22)

The restriction to nearest-neighbor hopping makes the analysis particularly simple.
Since the magnitude of next-nearest-neighbor hopping terms are thought to be \approx .1t0
[30], we do not expect that neglecting longer-range hops changes any essential model
phenomena.

For orbitals on different layers, we can define the entries using an interlayer hop-
ping function that also encodes the interlayer distance L. For some h0, \alpha > 0, we
have

H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime = h(\bfitR i + \bfittau \sigma i  - \bfitR \prime 
j  - \bfittau \sigma 

\prime 

j ;L), h(\bfitr ;L) = h0e
 - \alpha 0

\surd 
| \bfitr | 2+L2

.(2.23)

A simple calculation shows this Hamiltonian satisfies Assumption 2.1. Note that the
Fourier transform of the interlayer hopping function is [3]

\^h(\bfitxi ;L) = 2\pi h0
\alpha 0e

 - L
\surd 

| \bfitxi | 2+\alpha 2
0

\Bigl( 
1 +L

\sqrt{} 
| \bfitxi | 2 + \alpha 2

0

\Bigr) 
(| \bfitxi | 2 + \alpha 2

0)
3/2

.(2.24)

We now identify the dynamics of wave functions in TBG as the solutions to the
initial value problem of the time-dependent Schr\"odinger equation

i~\partial t\psi =H\psi , \psi (0) = \psi 0 \in \scrH .(2.25)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

09
/1

1/
24

 to
 1

69
.2

31
.9

2.
16

6 
. R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.si
am

.o
rg

/te
rm

s-
pr

iv
ac

y



ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1019

We set ~ = 1 for convenience. The solution at time t can be expressed using holo-
morphic functional calculus. Since H has bounded spectrum, we can find a suitable
Jordan curve \gamma = \partial D, where D is a simply connected domain such that \sigma (H)\cap \gamma = \emptyset 
and \sigma (H)\subset D. Then Cauchy's integral formula gives the following well-known iden-
tity in terms of the Bochner integral [37]:

\psi (t) = e - iHt\psi 0 =
1

2\pi i

\int 
\gamma 

e - itz(z  - H) - 1\psi 0 dz.(2.26)

Equation (2.26) connects the propagator to the resolvent, to which Combes--Thomas
estimates can be applied; see Theorem 2.7 and [17]. This idea was also used in the
works [15, 16] on computing dynamics with error control.

Remark 2.4. In fact, this model is not limited to TBG with periodic monolayers.
For example, when stacking one layer of graphene on another, it is experimentally ob-
served that carbon atoms undergo a small displacement to minimize the total energy,
a phenomenon called mechanical relaxation [12, 27, 36]. The relaxation can be added
to the system through a displacement function u : \Omega \rightarrow R2, and the physical location
of an atom indexed by \bfitR i\sigma in a relaxed TBG system is \bfitR i + \bfittau \sigma i + u(\bfitR i\sigma ).

Remark 2.5. Our approach can also be applied to general aperiodic systems in n
dimensions. For these systems, we only assume that there is no accumulation point
for the physical locations of orbitals. As long as the Hamiltonian is localized as in
Assumption 2.1, we are able to prove a similar estimate as in this paper.

The lattices of TBG are infinite, and it's impossible to numerically compute the
dynamics of the infinite system. We transform the infinite system into a finite system
through domain truncation. This method was used to calculate other observables in
TBG, such as the local density of states [29]. First, let \Omega R be the finite subset of
atomic orbital indices inside a ball BR,

\Omega R := \{ \bfitR i\sigma \in \Omega : | \bfitR i + \bfittau \sigma i | \leq R\} .(2.27)

We can define the finite dimensional injection map PR : \scrH \rightarrow \ell 2(\Omega R) along with its
adjoint P \ast 

R : \ell 2(\Omega R)\rightarrow \scrH 

PR\psi = (\psi \bfitR i\sigma )\bfitR i\sigma \in \Omega R
, (P \ast 

R\Psi )\bfitR i\sigma 
=

\Biggl\{ 
\Psi \bfitR i\sigma , \bfitR i\sigma \in \Omega R,

0 otherwise.
(2.28)

The finite dimensional restriction on the Hamilonian is

HR := PRHP
\ast 
R,(2.29)

which is an | \Omega R| \times | \Omega R| Hermitian matrix. The truncated HR ignores all interactions
with sites outside a ball of radius R. The truncation is only valid when the wave
function is spatially concentrated inside the ball BR. To make sure this is true over
a period of time, we assume the initial condition is concentrated on a smaller ball Br
with radius r <R.

For any set A\subset R2, we define \scrX A as the characteristic function

(\scrX A)\bfitR i\sigma 
=

\Biggl\{ 
1 if \bfitR i + \tau \sigma i \in A,
0 otherwise.

(2.30)
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1020 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

We thus have

(\scrX A\psi )\bfitR i\sigma 
=

\Biggl\{ 
\psi \bfitR i\sigma if \bfitR i + \tau \sigma i \in A,
0 otherwise,

(2.31)

with the properties

\scrX A +\scrX A\complement = I, \| \psi \| \scrH = \| \scrX A\psi \| \scrH + \| \scrX A\complement \psi \| \scrH .(2.32)

Assumption 2.6 (decay of the initial condition). The initial condition \psi 0 of the
initial value problem (2.25) satisfies\bigm\| \bigm\| \bigm\| \scrX B\complement 

r
\psi 0

\bigm\| \bigm\| \bigm\| 
\scrH 
\leq \phi (r), lim

r\rightarrow \infty 
\phi (r) = 0.(2.33)

We make a further truncation on the initial value \psi 0 by restricting it to only
Br, and we denote \Psi 0 := PR\scrX Br\psi 0. We now identify the truncated dynamics of
wave functions in TBG as the following initial value problem of the finite dimensional
Schr\"odinger equation:

i~\partial t\Psi =HR\Psi , \Psi (0) =\Psi 0 \in \ell 2(\Omega R).(2.34)

The exact solution of the truncated Schr\"odinger equation is exp ( - iHRt)\Psi 0. We can
establish the error of truncation as the difference between solutions of the infinite
dimensional problem and the finite dimensional truncated problem. The essence of
the estimates on the domain truncation error is a Combes--Thomas style estimate on
the decay of the resolvent.

Theorem 2.7 (exponential decay of resolvent). Let H be a tight binding Hamil-
tonian that satisfies Assumption 2.1. Fix d positive and \nu \in (0,1); then for any z \in C
that satisfies dist(z,\sigma (H))\geq d, there exists a constant \alpha max depending on h0, \alpha 0, d,
and \nu such that \bigm| \bigm| \bigm| (z  - H) - 1

\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime 

\bigm| \bigm| \bigm| \leq 1

\nu d
e
 - \alpha \mathrm{m}\mathrm{a}\mathrm{x}

\bigm| \bigm| \bigm| \bfitR i+\bfittau \sigma 
i  - \bfitR \prime 

j - \bfittau \sigma \prime 
j

\bigm| \bigm| \bigm| 
.(2.35)

Recalling the distance between nearest graphene atoms \delta (2.3) and tight-binding pa-
rameters h0 and \alpha 0, the upper bound \alpha max is the solution to the equation

8\pi h0e
\delta \alpha 0

| \Gamma | 

\biggl[ 
e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

(\alpha 0  - \alpha max)2
 - 1

\alpha 2
0

\biggr] 
= (1 - \nu )d.(2.36)

Proof. See Appendix B. The proof uses a similar approach to those of previous
results in [14, 18]. We take advantage of the TBG structure to explicitly calculate the
constants and derive an exact dependence on the distance to the spectrum.

We pause briefly to discuss the significance of the parameter \nu appearing in
Theorem 2.7. It can be seen from (2.35) and (2.36) that different choices optimize
the short-range and asymptotic behavior of the estimates. If \nu \rightarrow 0, the constant on
the right-hand side of (2.35) tends to infinity. On the other hand, if \nu \rightarrow 1, it is clear
from (2.36) that \alpha max \rightarrow 0, so that the exponential decay in (2.35) becomes trivial.
It follows that the optimal choice of \nu may depend on the situation. We set \nu = 1

2 in
what follows for simplicity of presentation.

We next provide an upper bound for the speed of propagation of wave-packets in
TBG.
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1021

Proposition 2.8. Consider the solution of the full Schr\"odinger equation with a
discrete delta function at the origin 0, \delta 0, as the initial condition. Letting d,\alpha max be
defined as in Theorem 2.7 and \nu = 1/2, and a contour \gamma with dist(\gamma ,\sigma (H)) > d, we
have the estimate

| \psi \bfitR i\sigma (t)| =
\bigm| \bigm| \bigm| \bigm| 1

2\pi 

\int 
\gamma 

e - itz(z  - H) - 1\delta 0 dz

\bigm| \bigm| \bigm| \bigm| \leq C\gamma 
\pi d
e - (\alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitR i+\bfittau \sigma 

i |  - dt),(2.37)

where C\gamma is the length of the contour. For d small, we have

| \psi \bfitR i\sigma (t)| \leq 
C\gamma 
\pi d
e - 

d
v\mathrm{m}\mathrm{a}\mathrm{x}

(| \bfitR i+\bfittau \sigma 
i |  - v\mathrm{m}\mathrm{a}\mathrm{x}t)+O(d2), vmax :=

16\pi e\delta \alpha 0(2 + \delta \alpha 0)h0
| \Gamma | \alpha 3

0

.(2.38)

Proof. Equation (2.36) is satisfied when \alpha max = d = 0, and using the implicit
function theorem we can find a real-analytic function d \mapsto \rightarrow \alpha max(d) with \alpha max(0) = 0
such that (2.36) is satisfied for all d in a neighborhood of 0. Inserting the power series
of this function and balancing terms proportional to d yields (2.38).

The constant vmax can be considered an upper bound for the speed of electron
propagation in TBG. To see this, note that Proposition 2.8 implies that, for com-
pactly supported initial data \psi 0, the magnitude of \psi \bfitR i\sigma is exponentially small in
dist (\bfitR i + \bfittau \sigma i , supp\psi 0)  - vmaxt, where supp\psi 0 denotes the support of \psi 0. It follows

that the magnitude must be small until, at least, t\approx dist(\bfitR i+\bfittau \sigma 
i ,supp\psi 0)

v\mathrm{m}\mathrm{a}\mathrm{x}
. The following

theorem uses the finite speed of propagation to bound the truncation error.

Theorem 2.9 (truncation estimate). Suppose the TBG Hamiltonian satisfies
Assumption 2.1, and the wave-packet initial condition \psi 0 satisfies Assumption 2.6.
Let \psi (t) : [0,\infty ) \rightarrow \scrH be the solution to the initial value problem of the Schr\"odinger
equation on TBG (2.25)

i~\partial t\psi =H\psi , \psi (0) = \psi 0.(2.39)

Let R be the truncation radius of the Hamiltonian, and let r be the truncation radius
of the initial condition with R > r. Let \Psi (t) : [0,\infty )\rightarrow \ell 2(\Omega R) be the solution to the
finite dimensional truncated equation.

i~\partial t\Psi =HR\Psi , \Psi (0) = PR\scrX Br
\psi 0.(2.40)

Let \zeta (t) be the difference between the two solutions

\zeta (t) := \psi (t) - P \ast 
R\Psi (t),(2.41)

and let the truncation error be the norm \| \zeta (t)\| \scrH . For any spectral distance d, we can
find a closed contour \Gamma around \sigma (H) such that dist(\Gamma , \sigma (H))>d. Let \nu , C\gamma and \alpha max

be defined as in Theorem 2.7; we can bound the truncation error by

\| \zeta (t)\| \scrH 

\leq 
\sqrt{} 

2

\pi 
C\gamma C1(\alpha max,R)

\biggl( 
h0| \Omega R| 
\nu 2d2

+
1

\nu d

\biggr) 
| \Omega r| 

1
2

| \Gamma | 12
e - (\alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r) - dt) \| \scrX Br\psi 0\| \scrH + \phi (r),

(2.42)

where C\gamma is the length of the contour, | \Omega R| is the number of orbitals in the truncated
domain with radius R, | \Gamma | =

\surd 
3a2/2 is the area of a unit cell, and the coefficient

C1(\alpha max,R) is explicitly

C1(\alpha max,R) := e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}
(1 + 2R\alpha max  - 2\delta \alpha max)

1
2

2\alpha max
.(2.43)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

09
/1

1/
24

 to
 1

69
.2

31
.9

2.
16

6 
. R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.si
am

.o
rg

/te
rm

s-
pr

iv
ac

y



1022 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Proof. See Appendix C.

Remark 2.10. The truncation error decays exponentially for R large. More im-
portantly, suppose for \epsilon 0 > 0 and T0 > 0 that we can find R0 such that for R = R0

the truncation error \| \zeta (t)\| \scrH < \epsilon 0 for any t \in [0, T0]. We can use the exponent
dt - \alpha max(R - r) to conclude that if we want to control the error for a longer period
of time, we only need to scale R linearly. The scaling factor is directly related to
the finite speed of propagation vmax introduced in Proposition 2.8. We are able to
numerically verify the exponential decay; see Figure 2.

2.3. Bistritzer--MacDonald Hamiltonian. The Bistritzer--MacDonald (BM)
model is a low-energy continuum approximation of TBG that predicts the physical
properties of TBG with high accuracy [4]. In particular, the model correctly predicted
a series of magic angles, the largest being \theta \approx 1.05\circ , where the TBG has Mott insu-
lating and superconducting phases [7, 8]. Three of the authors in this work identified
a parameter regime where the BM model approximates the tight-binding model of
TBG with a rigorous error estimate [34]. In this subsection, we briefly introduce the
BM model and how it can be related to the tight-binding dynamics of wave-packets.

We first define the momentum hops (with threefold symmetry) as

\bfits 1 :=\bfitK 1  - \bfitK 2 = | \Delta \bfitK | (0, - 1)
\top 
,

\bfits 2 := \bfits 1 + \bfitb m,2 = | \Delta \bfitK | 

\Biggl( \surd 
3

2
,
1

2

\Biggr) \top 

,

\bfits 3 := \bfits 1  - \bfitb m,1 = | \Delta \bfitK | 

\Biggl( 
 - 
\surd 
3

2
,
1

2

\Biggr) \top 

.

(2.44)

The length of the momentum hop vectors is the difference between Dirac points of
the two monolayers, which depends on the twist angle \theta . The momentum interlayer
hopping matrices are

T1 =

\biggl( 
1 1
1 1

\biggr) 
, T2 =

\biggl( 
1 e - 

2\pi 
3 i

e
2\pi 
3 i 1

\biggr) 
, T3 =

\biggl( 
1 e

2\pi 
3 i

e - 
2\pi 
3 i 1

\biggr) 
.(2.45)

The Bistritzer--MacDonald Hamiltonian HBM is an unbounded self-adjoint oper-
ator on the space L2(R2;C4) with domain H1(R2;C4). We introduce the Bistritzer--
MacDonald Hamiltonian written out in physical units

HBM :=

\left(      
v\bfitsigma \cdot ( - i\nabla \bfitr ) w

3\sum 
n=1

Tne
 - i\bfits n\cdot \bfitr 

w
3\sum 

n=1

T \dagger 
ne
i\bfits n\cdot \bfitr v\bfitsigma \cdot ( - i\nabla \bfitr )

\right)      ,(2.46)

where \bfitsigma = (\sigma 1, \sigma 2)
\top denotes the vector of Pauli matrices

\sigma 1 =

\biggl( 
0 1
1 0

\biggr) 
, \sigma 2 =

\biggl( 
0  - i
i 0

\biggr) 
.(2.47)

The parameters v and w control the strength of intralayer and interlayer hopping

v := ~vD, w :=
\^h(\bfitK ;L)

| \Gamma | 
,(2.48)
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1023

where vD is the Fermi velocity of monolayer graphene, and \^h(\bfitK ;L) is the two-
dimensional Fourier transform of the hopping function evaluated at monolayer Dirac
point \bfitK and interlayer distance L. Implicitly, the twist angle \theta enters the BM Hamil-
tonian through the vectors \bfits n.

The matrix-valued scaled moir\'e interlayer potential

T (\bfitr ) :=w
3\sum 

n=1

Tne
 - i\bfits n\cdot \bfitr (2.49)

is periodic up to a phase over the moir\'e lattice vectors \bfitR m. We define a translation
operator with a relative phase shift

\tau \bfitv f(\bfitr ) := diag(1,1, ei\bfits 1\cdot \bfitv , ei\bfits 1\cdot \bfitv )f(\bfitr + \bfitv );(2.50)

by direct calculation we have

HBM\tau \bfitR m = \tau \bfitR mHBM, \bfitR m \in \Lambda m.(2.51)

The commutative property allows us to express the spectrum of HBM as Bloch bands.
Let \bfitk \in \Gamma \ast 

m be the wavenumber, the band structure can be calculated by solving the
following eigenvalue problem

HBM\Phi (\bfitr ;\bfitk ) =E(\bfitk )\Phi (\bfitr ;\bfitk ), \Phi (\bfitr ;\bfitk ) := ei\bfitk \bfitr diag(1,1, ei\bfits 1\cdot \bfitr , ei\bfits 1\cdot \bfitr )\phi (\bfitr ;\bfitk ),(2.52)

where \phi (\bfitr ;\bfitk ) = \phi (\bfitr + \bfitR m;\bfitk ) for any \bfitR m \in \Lambda m. For any \bfitk , the problem can be
efficiently solved by finding an orthogonal basis over the periodic cells, and using an
eigenvalue solver to find the energies.

The BM Hamiltonian can be used to approximate the dynamics of wave-packets
in TBG, in a specific parameter regime, in the following precise sense.

Theorem 2.11 (approximation error of the BM model). Consider the tight-
binding Hamiltonian HTB in Example 2.3 and the BM Hamiltonian HBM in (2.46).

Suppose there is a small dimensionless parameter \epsilon > 0 such that each component

of the initial envelope function f0(\bfitr ) =
\bigl( 
fA1,0(\bfitr ), f

B
1,0(\bfitr ), f

A
2,0(\bfitr ), f

B
2,0(\bfitr )

\bigr) \top 
of the BM

model satisfies the scaling relation

f\sigma i,0(\bfitr ) = \epsilon g\sigma i,0(\epsilon \bfitr ),(2.53)

where g\sigma i has bounded eighth Sobolev norm

sup
\sigma \in \{ A,B\} 

sup
i\in \{ 1,2\} 

\| g\sigma i,0\| H8(R2) \leq Cg0(2.54)

for some constant Cg0 .
Further suppose the initial condition of tight-binding model is generated by

(\psi 0)\bfitR i\sigma = f\sigma i,0 (\bfitR i + \bfittau \sigma i ) e
i\bfitK i\cdot (\bfitR i+\bfittau \sigma 

i ), i\in \{ 1,2\} , \sigma \in \{ A,B\} .(2.55)

Let \psi (t) and f(\bfitr , t) be the solution to the time-dependent Schr\"odinger equations, re-
spectively,

i~\partial t\psi =HTB\psi , \psi (0) = \psi 0,(2.56)

i~\partial tf =HBMf, f(\bfitr ,0) = f0(\bfitr ).(2.57)
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1024 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Then \psi (t) satisfies

\psi \bfitR i\sigma (t) = f\sigma i (\bfitR i + \bfittau \sigma i , t)e
i\bfitK i\cdot (\bfitR i+\bfittau \sigma 

i ) + \eta \bfitR i\sigma (t),(2.58)

where i\in \{ 1,2\} , \sigma \in \{ A,B\} , and \eta is the corrector.
The norm of the corrector depends on three small dimensionless parameters

\epsilon , \theta , and h := aw/v=
a\^h(\bfitK ;L)

~vD| \Gamma | 
.

Specifically, there exist constants c1, c2 > 0, which can be taken arbitrarily small, and
a continuous function \rho satisfying

lim
\xi \rightarrow 0

\rho (\xi ) =C, lim
\xi \rightarrow \infty 

\rho (\xi ) =\infty ,(2.59)

so that

\| \eta (t)\| \scrH \leq \rho 

\biggl( 
\theta 

\epsilon 

\biggr) 
\times 

\bigl( \bigl( 
\epsilon 2 + \theta \epsilon + \epsilon h1 - c1 + h2 - c2

\bigr) 
t
\bigr) 
.(2.60)

Under the additional assumption that there exist positive constants \lambda 0 and \lambda 1 such
that

h= \lambda 0\epsilon and \theta \leq \lambda 1\epsilon ,(2.61)

there exists a constant \epsilon 0 > 0 such that for all \epsilon < \epsilon 0, and for any c > 0, the leading
order term is

\| \eta (t)\| \scrH =O
\bigl( 
\epsilon 2 - ct

\bigr) 
,(2.62)

where c can be taken arbitrarily small.

Proof (sketch). The detailed proof of this theorem as well as derivation of the BM
model can be found in [34]. We recover physical units for the BM time-propagation
in order to match the tight-binding dynamics introduced in Example 2.3. We sketch
the main ideas of the proof to explain the origins of the leading order terms. The
estimate on the corrector relies on the estimate on the residual r,

\| \eta (t)\| \scrH \leq 
\int t

0

\| r(t\prime )\| \scrH dt\prime ,(2.63)

r\bfitR i\sigma (t) := \epsilon [HBMg
\sigma 
i ] (\epsilon (\bfitR i + \bfittau \sigma i ), \epsilon t)e

i\bfitK i\cdot (\bfitR i+\bfittau \sigma 
i )  - HTB\psi \bfitR i\sigma (t).

Here, g\sigma i are the components of g, which satisfies f(\bfitr , t) = \epsilon g(\epsilon \bfitr , \epsilon t). The function f
solves a scaled IVP (2.57), and, in the regime (2.61), the Sobolev norms of g\sigma i can be
bounded in terms of those of the scaled initial data g\sigma i,0 (2.54) independently of all

parameters (the function \rho appearing in (2.60) is the constant depending on \theta 
\epsilon , which

appears in these estimates).
We can write the residual as a sum over four terms r= rI + rII + rIII + rIV; each

term represents an approximation error, whose leading order and higher order terms
can be estimated.

The first two terms originate from the monolayer interactions. The term rI is the
second order and higher terms of the Taylor expansion of the monolayer Hamiltonian
at the Dirac point, which captures the dispersion of the wave-packet.\bigm\| \bigm\| rI(t)\bigm\| \bigm\| \scrH \lesssim \epsilon 2

\biggl( 
sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H2(R2) + \epsilon 2 sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H6(R2)

\biggr) 
.(2.64)
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1025

The term rII is the result of using the untwisted Dirac operator on monolayers on
rotated layers; therefore the error is dependent on the rotation angle \theta .

\bigm\| \bigm\| rII(t)\bigm\| \bigm\| \scrH \lesssim \theta \epsilon 

\biggl( 
sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H1(R2) + \epsilon 2 sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H5(R2)

\biggr) 
.(2.65)

The next two terms originate from interlayer hopping. The term rIII measures the
``local"" approximation [35]. It is the interaction of the wave-packet and the remainder
of the Taylor expansion of \^h around the \bfitK point. For any \mu 1 > 0, we have the
estimate \bigm\| \bigm\| rIII(t)\bigm\| \bigm\| \scrH 

\lesssim \epsilon h

\biggl( 
e\mu 1L| \bfitK | sup

i,\sigma 
\| g\sigma i (\cdot , \epsilon t)\| H1(R2) + \epsilon 3/2eL| \bfitK | sup

i,\sigma 
\| g\sigma i (\cdot , \epsilon t)\| H4(R2)

+ \epsilon 2e\mu 1L| \bfitK | sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H5(R2) + \epsilon 7/2eL| \bfitK | sup
i,\sigma 

\| g\sigma i (\cdot , \epsilon t)\| H8(R2)

\biggr) 
.

(2.66)

Lastly, rIV captures the effect of hopping beyond nearest-neighbor in momentum
space, which is excluded in the approximation. For any \mu 2 > 0, we have\bigm\| \bigm\| rIV(t)\bigm\| \bigm\| 

\ell 2(Z2;C2)

\lesssim h2
\biggl( 
e\mu 2L| \bfitK | sup

i,\sigma 
\| g\sigma i (\cdot , \epsilon t)\| L2(R2) + \epsilon 2e\mu 2L| \bfitK | sup

i,\sigma 
\| g\sigma i (\cdot , \epsilon t)\| H4(R2)

\biggr) 
.

(2.67)

Recall that the Fourier transform of h in (2.24) gives

e - (1+\nu )L| \bfitxi | \lesssim \^h(\bfitxi ;L)\lesssim e - L| \bfitxi | , \nu > 0;(2.68)

then we can rewrite the dependence on L as dependence on \^h and therefore on h.
The leading order term estimate of the residual follows from the assumption that the
Sobolev norms of g\sigma i are bounded.

Under the parameter regime given in (2.61), the leading order terms from (2.64)--
(2.67) all balance. The overall error is O(\epsilon 2 - ct) for any c > 0.

Remark 2.12. The physical meanings of the fundamental parameters are as fol-
lows: \theta is the twist angle in radians, h is the ratio between interlayer hopping and
intralayer hopping, and \epsilon separates the length scale of the wave-packet envelope and
the plane wave parts (or equivalently it controls the concentration of wave-packets in
momentum space).

Under the assumption that these parameters scale linearly, the error is at most
O(\epsilon 2t). The scaling can also be stated in terms of length scales. Noting that the
interlayer distance L is related to the hopping function through the rough estimate
\^h(\bfitK ;L)\sim e - | \bfitK | L, we can write the scaling rules as

1

\epsilon 
\sim 1

\theta 
, L\sim ln

1

\epsilon 
,(2.69)

where 1/\epsilon is the length scale of the wave-packet envelope, and 1/\theta is the length scale
of the moir\'e lattice.
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1026 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

3. Numerical simulations.

3.1. Convergence of domain truncation. We test our error estimates using
the nearest-neighbor tight-binding model HTB defined in Example 2.3. We use this
specific model so we can compare its dynamics to that produced by the BM model
directly. The matrix exponential for solving the truncated tight-binding model is
calculated through Pad\'e approximation.

We can use the following set of parameters to match the physical measurements
of the monolayer graphene \pi -band energy, v = 6.6 eV\r A, and the interlayer hopping
energy, w= 0.11 eV, given in the BM model in [4]:

\theta = 1.05\circ , a= 2.5\r A, L= 3.5\r A, t0 = 3.048 eV, h0 = 83.135 eV, \alpha 0 = 1\r A
 - 1
.(3.1)

We choose \theta at the magic angle, which is usually the most interesting angle for ex-
periments.

To satisfy Assumption 2.6, we choose a normalized initial condition \| \psi 0\| \scrH = 1.
We will introduce the detailed construction of such initial conditions in subsection 3.2
that ensures exponential decay. We set the truncation radius for the initial condition
to be r= 10. We compute the truncation error for a range of truncation radius R and
time t in Figure 2.

3.2. Comparing tight-binding model to BM model. Since we have estab-
lished the convergence of domain truncation for the tight-binding Hamiltonian, we can
now compare the solutions of the truncated tight-binding model to the BM model.
We prepare the initial condition according to Theorem 2.11, by first finding a suitable

envelope function f0(\bfitr ) =
\bigl( 
fA1,0(\bfitr ), f

B
1,0(\bfitr ), f

A
2,0(\bfitr ), f

B
2,0(\bfitr )

\bigr) \top 
with bounded Sobolev

norms. For a general Gaussian wave-packet envelope function, we can choose

f0(\bfitr ) =
\bigl( 
cA1 , c

B
1 , c

A
2 , c

B
2

\bigr) \top 
G(\bfitr ), G(\bfitr ) := e

 - | \bfitr | 2

2\sigma 2
r ,(3.2)

where c\sigma i \in C are the normalization coefficients for each component of the function.
By setting \sigma r = \epsilon  - 1, we can control the wave-packet envelope length scale.

We can also utilize the band structure of the BM Hamiltonian to generate wave-
packets with wavenumbers concentrated in momentum space on any selected band.

Fig. 2. The relative error for the truncated tight-binding model in TBG. Each data point is the
average of several simulations with different initial conditions while keeping their norm constant.
As it is not possible to compute the infinite system \psi (t) directly, we compare the solutions P \ast 

R\Psi (t)

to P \ast 
R\prime \Psi (t), where the reference value is R\prime = 86.60 \r A. When the truncation radius R increases,

P \ast 
R\Psi (t) converges exponentially.
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1027

For any \bfitk i \in \Gamma \ast 
m, the energy on the nth band is the nth eigenvalue En(\bfitk i) from (2.52),

with the corresponding eigenfunction \Phi n(\bfitr ;\bfitk i). We can set the initial wave-packet
initial condition as the product of the eigenfunction and a two-dimensional Gaussian
function

f0(\bfitr ) = c \cdot \Phi n(\bfitr ;\bfitk i) \cdot G(\bfitr ),(3.3)

where c is the overall normalization coefficient, and G is defined as in (3.2). The
group velocity for the wave-packet envelope is \nabla \bfitk En(\bfitk i) [1]. A visual representation
of the BM bands and two \bfitk i points is presented in Figure 3.

For the tight-binding model, we use f0 to generate the wave-packet initial con-
dition \psi 0 through (2.55). For suitable R > r > 0 we define the truncated initial
condition as \Psi 0 := PR\scrX Br

\psi 0 and let it evolve according to (2.40). We denote the
solution to the truncated tight-binding model as \Psi TB(t).

For the BM model, we use the same initial condition f0 to solve (2.57), and the
solution is f(\bfitr , T ). The solution is then mapped to a wave-function \psi BM(t) using
(2.58). Finally we project the wave-function to the truncated domain by letting
\Psi BM := PR\psi BM, so that we can compare it to the truncated tight-binding solution
directly.

Theorem 2.9 and Theorem 2.11 give a bound for the error between the truncated
tight-binding model and the BM model

\| \Psi BM(t) - \Psi TB(t)\| \ell 2(\Omega R) \leq \| \zeta (t)\| \scrH + \| \eta (t)\| \scrH .(3.4)

From the convergence of the truncation error, for any T > 0 we can choose the
truncation radius R sufficiently large so that \| \eta (t)\| \scrH is the dominant term for t\leq T .
In this way, we are able to study the approximation error through the finite domain
error \| \Psi BM(t) - \Psi TB(t)\| \ell 2(\Omega R). For all numerical experiments, we use the truncated
tight-binding model with R= 86.60 and r= 10.

We present the approximation error for the BM model with parameters h =
aw/v \approx 0.042, \theta = 1.05\circ \approx 0.017 rad, and \epsilon = 0.1. The \epsilon value is carefully chosen

Fig. 3. The BM band structure of TBG at twist angle \theta = 1.05\circ . 1.05\circ is called a magic angle
for TBG because there is a pair of almost flat moir\'e bands in the TBG band structure. Left: The
flat bands (red) as well as two bands above the flat bands (blue and green) around a moir\'e \bfitK m point.
Right: The contour plot of the third band with two points \bfitk 1 = (0, - 0.02)\top and \bfitk 2 = (0.01, - 0.0275)\top 

in k-space, and an illustration of the gradient of energy \bfnabla E(\bfitk i) at these points. (Color available
online.)
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1028 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Fig. 4. Left: The modulus of the wave-function for the BM model, the tight-binding model, and
the corrector for a wave-packet initial condition concentrated at k1. Only one layer is presented, as
the two layers have similar behavior. The arrow represents the direction of \bfnabla E(\bfitk i). Right: The
same figure for a wave-packet concentrated at k2. Recovering physical units, the axes have units \r A,
and t= T represents time at T \cdot ~ \cdot eV - 1 \approx T \times 6.6\times 10 - 16s.

Fig. 5. The dynamics of a wave-packet concentrated on a flat band at the degenerate point \bfitK m

of TBG. Both layer 1 (left) and layer 2 (right) are presented. We observe the approximately zero
group velocity on both layers. The tight-binding dynamics show a twist-angle dependent rotation not
seen in the BM dynamics.

such that the width of the wave-packet envelope function is as large as possible while
still contained in the truncated domain. In Figure 4, we present the dynamics for
wave-packets concentrated at \bfitk 1 = (0, - 0.02)\top and \bfitk 2 = (0.01, - 0.0275)\top on the
third band. In Figure 5, we present the approximately zero group velocity results for
a wave-packet initial condition concentrated at the \bfitK m point on the top flat band.
We generate these initial conditions using (3.3).

3.3. Sensitivity of parameters for the BM approximation. In this sec-
tion, we discuss numerical experiments probing the sharpness of the estimates of

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1029

Fig. 6. The approximation error between BM and tight-binding dynamics when the parameters
\epsilon , \theta , and h are in the regime given by (2.61), presented in log - log scale. Left: The error as a
function of t for various \epsilon . The slope of the linear fit is 0.92. Right: The same error data, but as a
function of \epsilon . The slope of the linear fit is 1.87. These two figures verify that in the regime (2.61),
the BM approximation error is approximately O(\epsilon 2t), predicted in (2.62).

Theorem 2.11. To do this, we numerically compute the approximation error \| \eta (t)\| \scrH 
between the BM model and tight-binding model as a function of time t and the model
parameters \epsilon , \theta , and h. We are interested, first, in whether the error scales like \epsilon 2t
when the model parameters \theta ,h are scaled linearly with \epsilon according to (2.61). We are
also interested in whether the error scales like (2.60) when we vary each of the model
parameters \epsilon , \theta ,h individually while holding t and the other model parameters fixed.
Note that \epsilon and \theta can easily be varied individually because they appear in the BM
model and tight-binding model directly. To vary h, we can change h0 in the interlayer
hopping function for the tight-binding model, and w in the BM model.

To probe the error in the regime (2.61) where \theta ,h scale linearly with \epsilon , we compute
\| \eta (t)\| \scrH for various values of t and \epsilon , while choosing h= \lambda 0\epsilon with \lambda 0 = 0.42 and \theta = \lambda 1\epsilon 
with \lambda 1 = 0.17. We make these choices of \lambda 0, \lambda 1 to be consistent with the estimated
experimental values of each parameter in (3.1). The results are shown in Figure 6.
We find that as we vary t at fixed \epsilon , the slope of a linear fit to the error is .92, showing
that the error is approximately linear in t as expected. We find that as we vary \epsilon at
fixed t, the slope is 1.87, showing that the error is approximately quadratic in \epsilon as
expected.

To probe the dependence of the error on each model parameter individually, we
again computed \| \eta (t)\| \scrH , while varying each the model parameter while holding t and
the other model parameters fixed. When we increased h, while holding \theta = 1.05\circ 

and \epsilon = 0.1 fixed, for a range of t values, we found the linear fit slope to be 0.72.
This is consistent with estimate (2.60), according to which the dependence should be
linear. When we increased \epsilon , while holding h= 0.042, \theta = 1.05\circ , we found the linear
fit slope to be 1.36. This is consistent with estimate (2.60), according to which the
dependence should be quadratic. When we increased \theta , while keeping \epsilon = 0.1 and
h= 0.042, the linear fit slope was only 0.08. This surprising result suggests that the
error is essentially independent of the twist angle up to 5\circ . This does not contradict
estimate (2.60), but suggests that it is not sharp. We aim to provide an analytical
explanation of this phenomenon in future work.

4. Conclusion. In this paper, we considered the tight-binding model of an
electron in twisted bilayer graphene. The accurate numerical computation of time-
evolved solutions of an electron is made challenging by the fact that the model is
infinite dimensional and aperiodic at generic twist angles. We proposed approximat-
ing the dynamics by computations on finite domains. Using a speed of propagation

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1030 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Fig. 7. The approximation error between the BM and tight-binding models when one of the
variables h, \epsilon , \theta is changed, and the other two are constant. Each data point is the average of several
numerical simulations with the same \| \psi 0\| \scrH . The plots are presented in log - log scale, and a linear
fit is included to show the power relation on the parameters. Left: The error of increasing h, while
keeping \theta = 1.05\circ and \epsilon = 0.1. The slope of the linear fit is 0.72. Right: The error of increasing
\epsilon , while keeping h = 0.042 and \theta = 1.05\circ . The slope of the linear fit is 1.36. Bottom: The error of
increasing \theta , while keeping \epsilon = 0.1 and h = 0.042. The slope of the linear fit is 0.08, suggesting the
approximation error does not depend on the twist angle \theta up to 5\circ .

estimate, we proved that the finite domain truncation error decays exponentially as
the truncation radius increases.

Using this numerical method, we numerically investigated the range of valid-
ity of the effective PDE model of twisted bilayer graphene known as the Bistritzer--
MacDonald model. We verified that in the regime (1.2), the Bistritzer--MacDonald
approximation correctly captures the group velocity of spectrally concentrated wave-
packet solutions of the tight-binding model. In particular, at the magic angle, we
find wave-packet solutions with essentially zero group velocity [4]. We also find that
the main estimate on the approximation error (1.2) from [34] appears to be sharp,
in the sense that it correctly captures the asymptotic dependence of the error on the
parameter \epsilon and time t.

When we allow model parameters to vary independently, i.e., when we leave
regime (1.2), we find that the more general estimate (1.1) usually captures the correct
scaling of the error as a function of each parameter. The exception is when we vary
the twist angle \theta independently of other parameters. In this case, we find that the
error grows very little when the twist angle is increased. This suggests that the
Bistritzer--MacDonald approximation remains accurate even for a larger range of twist
angles than predicted by the estimates of [34], as long as other model parameters are
controlled.

In future work, we aim to provide an analytical explanation for the expanded
range of validity of the Bistritzer--MacDonald model found here. We will also inves-
tigate efficient numerical methods for computing dynamics in incommensurate het-
erostructures along the lines of [32], and numerically investigate the ranges of validity
of ``corrected"" Bistritzer--MacDonald models which have appeared in the physics lit-
erature, e.g., [2, 10, 31].
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1031

Appendix A. Proof of Lemma 2.2. We bound the operator norm of H using
interpolation. We first claim that H is a bounded operator from \ell \infty (\Omega ) to \ell \infty (\Omega ),
and the operator norm \| H\| \infty can be computed directly by

\| H\| \infty = sup
\bfitR \prime 

j\sigma \in \Omega 

\sum 
\bfitR i\sigma \in \Omega 

\bigm| \bigm| \bigm| H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime 

\bigm| \bigm| \bigm| .(A.1)

Fix any \bfitR \prime 
j\sigma 

\prime \in \Omega ; we have the estimate\sum 
\bfitR i\sigma \in \Omega 

\bigm| \bigm| \bigm| H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime 

\bigm| \bigm| \bigm| \leq \sum 
\bfitR i\sigma \in \Omega 

h0e
 - \alpha 0

\bigm| \bigm| \bigm| \bfitR i+\bfittau \sigma 
i  - \bfitR \prime 

j - \bfittau \sigma \prime 
j

\bigm| \bigm| \bigm| 

= h0
\sum 

i\in \{ 1,2\} 

\sum 
\sigma \in \{ A,B\} 

\sum 
\bfitR i\in \scrR i

e
 - \alpha 0

\bigm| \bigm| \bigm| \bfitR i+\bfittau \sigma 
i  - \bfitR \prime 

j - \bfittau \sigma \prime 
j

\bigm| \bigm| \bigm| 
.

(A.2)

For fixed i, \sigma , we can rewrite the last summation of (A.2) as a summation over
lattice points \sum 

\bfitR i\in \scrR i

e - \alpha 0| \bfitR i - \bfittau | , \bfittau :=\bfitR \prime 
j + \bfittau \sigma 

\prime 

j  - \bfittau \sigma i ,(A.3)

and we bound the summation using numerical integration techniques. We fix \Gamma as the
Wigner--Seitz (hexagonal) unit cell with \bfitR = 0 at its center (see Figure 8), so that we
can cover R2 with unit cells of the form \Gamma \bfitR :=\bfitR +\Gamma , \bfitR \in \scrR i. Within each unit cell
we have the inequality

| \Gamma \bfitR | min
\bfitx \in \Gamma \bfitR 

e - \alpha 0| \bfitx  - \bfittau | \leq 
\int 
\Gamma \bfitR 

e - \alpha 0| \bfitx  - \bfittau | d\bfitx .(A.4)

The minimum is achieved on the boundary of \Gamma \bfitR by convexity. Suppose the minimum
is achieved at \bfitx =\bfitQ ; from triangular inequality we have

e - \alpha 0| \bfitR  - \bfittau | \leq e - \alpha 0(| \bfitQ  - \bfittau |  - | \bfitR  - \bfitQ | ) \leq e\alpha 0| \bfitR  - \bfitQ | 

| \Gamma \bfitR | 

\int 
\Gamma \bfitR 

e - \alpha 0| \bfitx  - \bfittau | d\bfitx ,(A.5)

Fig. 8. The Bravais lattice (black) and a Wigner--Seitz unit cell \Gamma \bfitR of \bfitR (red). After a shift of
the lattice we can always ensure \bfittau is in a unit cell that contains the origin (blue). (Color available
online.)
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1032 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

| \Gamma \bfitR | = | \Gamma | =
\surd 
3a2/2. We also have

sup
\bfitQ \in \partial \Gamma \bfitR 

| \bfitQ  - \bfitR | \leq a\surd 
3
= \delta ,(A.6)

so we can bound the summation over lattices using integration over R2:\sum 
\bfitR i\in \scrR i

e - \alpha 0| \bfitR i - \bfittau | \leq e\delta \alpha 0

| \Gamma | 

\int 
R2

e - \alpha 0| \bfitx  - \bfittau | d\bfitx .(A.7)

Notice that we can use a change of variables to eliminate \bfittau , so we have a uniform
bound that is independent of the layer and sublattice indices. We can sum over two
layers and two sublattices to get an upper bound:

\| H\| \infty \leq 4h0e
\delta \alpha 0

| \Gamma | 

\int 
R2

e - \alpha 0| \bfitx | d\bfitx =
8\pi h0e

\delta \alpha 0

| \Gamma | \alpha 2
0

.(A.8)

Since H is self-adjoint, H is also a bounded operator from \ell 1(\Omega ) to \ell 1(\Omega ) with
the same bound on the operator norm.

\| H\| 1 = sup
\bfitR i\sigma \in \Omega 

\sum 
\bfitR \prime 

j\sigma 
\prime \in \Omega 

\bigm| \bigm| \bigm| H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime 

\bigm| \bigm| \bigm| = sup
\bfitR \prime 

j\sigma \in \Omega 

\sum 
\bfitR i\sigma \in \Omega 

\bigm| \bigm| \bigm| H\bfitR i\sigma ,\bfitR \prime 
j\sigma 

\prime 

\bigm| \bigm| \bigm| = \| H\| \infty .(A.9)

The operator norm on \scrH can be bounded using the Riesz--Thorin theorem:

\| H\| 2 \leq \| H\| 
1
2\infty \| H\| 

1
2
1 \leq 8\pi h0e

\delta \alpha 0

| \Gamma | \alpha 2
0

.(A.10)

Appendix B. Proof of Theorem 2.7. For ease of notation we use x :=\bfitR i\sigma ,
y :=\bfitR \prime 

j\sigma 
\prime to represent the indices of TBG orbitals, and \bfitx :=\bfitR i + \bfittau \sigma i , \bfity :=\bfitR \prime 

j + \bfittau \sigma 
\prime 

j

to represent their respective physical locations. Notice we are able to simplify this
notation because the proof does not rely on the specific layer and sublattice structures
of TBG.

Fix index k \in \Omega with physical location \bfitk ; we define a bounded linear operator B\alpha 
for any \alpha \geq 0 on \scrH :

(B\alpha )xy :=

\Biggl\{ 
e\alpha | \bfitx  - \bfitk | if x= y,

0 otherwise.
(B.1)

The entries of the operator B\alpha HB
 - 1
\alpha  - H are, explicitly,\bigl( 

B\alpha HB
 - 1
\alpha  - H

\bigr) 
xy

= e\alpha | \bfitx  - \bfitk | Hxye
 - \alpha | \bfity  - \bfitk |  - Hxy

=Hxy

\Bigl[ 
e\alpha (| \bfitx  - \bfitk |  - | \bfity  - \bfitk | )  - 1

\Bigr] 
.

(B.2)

Using similar arguments as Appendix A, we can bound the operator norm through a
summation over the lattice, and then bound that by an integral. First, note that\bigm\| \bigm\| B\alpha HB - 1

\alpha  - H
\bigm\| \bigm\| 
\infty \leq sup

x\in \Omega 

\sum 
y\in \Omega 

| Hxy| (e\alpha | \bfitx  - \bfity |  - 1)

\leq h0 sup
x\in \Omega 

\sum 
y\in \Omega 

e - \alpha 0| \bfitx  - \bfity | 
\Bigl( 
e\alpha | \bfitx  - \bfity |  - 1

\Bigr) 
.

(B.3)
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1033

It is straightforward to bound the same operator in the \ell 1 norm by the same quantity.
So, applying Riesz--Thorin, we have\bigm\| \bigm\| B\alpha HB - 1

\alpha  - H
\bigm\| \bigm\| \leq h0 sup

x\in \Omega 

\sum 
y\in \Omega 

e - \alpha 0| \bfitx  - \bfity | 
\Bigl( 
e\alpha | \bfitx  - \bfity |  - 1

\Bigr) 
.(B.4)

We then bound the summation for any fixed i, \sigma . Denote \tau :=\bfitR \prime 
j +\bfittau \sigma 

\prime 

j  - \tau \sigma i , and
let \Gamma \bfitR be the Wigner--Seitz unit cell associated with \bfitR as in Appendix A, and let
\bfitQ \bfitR \in \Gamma \bfitR . We have the following estimates using the triangular inequality:

e - \alpha 0| \bfitR  - \bfittau | \leq e\delta \alpha 0e - \alpha 0| \bfitQ \bfitR  - \bfittau | , e\alpha | \bfitR  - \bfittau |  - 1\leq e\delta \alpha e\alpha | \bfitQ \bfitR  - \bfittau |  - 1.(B.5)

Summing over the lattice \scrR i, and choosing \bfitQ \bfitR i
such that

e - \alpha 0| \bfitQ \bfitR i
 - \bfittau | 

\Bigl( 
e\delta \alpha e\alpha | \bfitQ \bfitR i

 - \bfittau |  - 1
\Bigr) 

(B.6)

is minimized in each unit cell, we then have\sum 
\bfitR i\in \scrR i

e - \alpha 0| \bfitR i - \bfittau | 
\Bigl( 
e\alpha | \bfitR i - \bfittau |  - 1

\Bigr) 
\leq e\delta \alpha 0

| \Gamma | 

\int 
R2

e - \alpha 0| \bfitx  - \bfittau | 
\Bigl( 
e\alpha \delta e\alpha | \bfitx  - \bfittau |  - 1

\Bigr) 
d\bfitx .(B.7)

Multiplying by the number of layers and sublattices, and evaluating the integral,
we conclude that the integral converges only when \alpha <\alpha 0, and (B.4) is bounded by

8\pi h0e
\delta \alpha 0

| \Gamma | 

\biggl[ 
e\delta \alpha 

(\alpha 0  - \alpha )2
 - 1

\alpha 2
0

\biggr] 
.(B.8)

It is clear that (B.8) is an increasing function of \alpha for 0\leq \alpha <\alpha 0 which equals 0
at \alpha = 0 and \rightarrow \infty as \alpha \rightarrow \alpha 0. Thus, for any \nu \in (0,1), we can define \alpha max such that

8\pi h0e
\delta \alpha 0

| \Gamma | 

\biggl[ 
e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

(\alpha 0  - \alpha max)2
 - 1

\alpha 2
0

\biggr] 
= (1 - \nu )d.(B.9)

We then have that
\bigm\| \bigm\| B\alpha HB - 1

\alpha  - H
\bigm\| \bigm\| \leq (1 - \nu )d for all \alpha \leq \alpha max.

Now, notice that

B\alpha (z  - H) - 1B - 1
\alpha =

\bigl( 
z  - B\alpha HB

 - 1
\alpha 

\bigr)  - 1

=
\bigl( 
z  - H +H  - B\alpha HB

 - 1
\alpha 

\bigr)  - 1

= (z  - H) - 1
\bigl[ 
I  - (B\alpha HB

 - 1
\alpha  - H)(z  - H) - 1

\bigr]  - 1
.

(B.10)

The assumption dist(z,\sigma (H))\geq d gives \| (z  - H) - 1\| \leq d - 1. Our choice of \alpha ensures
that the operator z  - B\alpha HB

 - 1
\alpha is invertible and\bigm\| \bigm\| B\alpha (z  - H) - 1B - 1

\alpha 

\bigm\| \bigm\| \leq 1

d

\biggl( 
1 - (1 - \nu )d \cdot 1

d

\biggr)  - 1

=
1

\nu d
.(B.11)

Moreover, \bigm| \bigm| [B\alpha (z  - H) - 1B - 1
\alpha ]xy

\bigm| \bigm| = \bigm| \bigm| \bigm| [(z  - H) - 1
xy e

\alpha (| \bfitx  - \bfitk |  - | \bfitk  - \bfity | )
\bigm| \bigm| \bigm| 

\leq 
\bigm\| \bigm\| B\alpha (z  - H) - 1B - 1

\alpha 

\bigm\| \bigm\| \leq 1

\nu d
,

(B.12)

which gives \bigm| \bigm| [(z  - H) - 1
xy

\bigm| \bigm| \leq 1

\nu d
e - \alpha (| \bfitx  - \bfitk |  - | \bfitk  - \bfity | ).(B.13)

Setting y= k,\alpha = \alpha max, we recover our estimate on the resolvent.
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1034 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

Appendix C. Proof of Theorem 2.9. We can estimate the truncation error
by writing out the solutions explicitly:

\| \zeta (t)\| \scrH 
=

\bigm\| \bigm\| e - iHt\psi 0  - P \ast 
Re

 - iHRtPR\scrX Br\psi 0

\bigm\| \bigm\| 
\scrH 

=
\bigm\| \bigm\| \bigm\| e - iHt\scrX Br\psi 0 + e - iHt\scrX B\complement 

r
\psi 0  - P \ast 

Re
 - iHRtPR\scrX Br\psi 0

\bigm\| \bigm\| \bigm\| 
\scrH 

\leq 
\bigm\| \bigm\| \bigl( e - iHt  - P \ast 

Re
 - iHRtPR

\bigr) 
PR\scrX Br\psi 0

\bigm\| \bigm\| 
\scrH +

\bigm\| \bigm\| \bigm\| e - iHt\scrX B\complement 
r
\psi 0

\bigm\| \bigm\| \bigm\| 
\scrH 

\leq 
\bigm\| \bigm\| P \ast 

R

\bigl( 
PRe

 - iHt  - e - iHRtPR
\bigr) 
\scrX Br

\psi 0

\bigm\| \bigm\| 
\scrH \underbrace{}  \underbrace{}  

=:I1

+
\bigm\| \bigm\| (I  - P \ast 

RPR) e
 - iHt\scrX Br

\psi 0

\bigm\| \bigm\| 
\scrH \underbrace{}  \underbrace{}  

=:I2

+\phi (r).

(C.1)

Here the last term comes from Assumption 2.6 and the fact that exp( - iHt) is
an isometry. Notice that I1 represents the error caused by the truncation of the
Hamiltonian, and I2 represents the error of wave functions exiting the truncated
domain. In Appendix C.1 we have

I1 \leq 
\sqrt{} 

2

\pi 
C\gamma 

h0e
\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

\nu 2d2
| \Omega R| | \Omega r| 

1
2

| \Gamma | 12
C

1
2
2 (2\alpha max,R)e

dt - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r) \| \scrX Br
\psi 0\| \scrH ,(C.2)

and in Appendix C.2 we have

I2 \leq 
\sqrt{} 

2

\pi 
C\gamma 

e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

\nu d

| \Omega r| 
1
2

| \Gamma | 12
C

1
2
2 (2\alpha max,R)e

dt - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r) \| \scrX Br\psi 0\| \scrH ,(C.3)

where the constant C2 depends only on R and \alpha max:

C2(\alpha max,R) :=
1+R\alpha max  - \delta \alpha max

\alpha 2
max

.(C.4)

The estimates on \zeta (t) follow immediately by summing the terms.

C.1. Estimation on \bfitI 1. We provide two bounds related to the index set \Omega and
the truncated index set \Omega r for TBG that will be useful in our analysis.

Lemma C.1. For R> r\geq \delta and \alpha max > 0, we have\sum 
x\in \Omega \setminus \Omega R

\sum 
y\in \Omega r

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitx  - \bfity | \leq 8\pi e2\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x} | \Omega r| 
| \Gamma | 

C2(R,\alpha max)e
 - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r),(C.5)

where C2 is defined as in (C.4). | \Omega r| is the number of orbitals in \Omega r, which can be
estimated by

| \Omega r| =
\sum 
x\in \Omega r

1\leq 4 \cdot 
\biggl\lceil 

4r\surd 
3a

\biggr\rceil 2

.(C.6)

Proof. To find a sharp bound for the number of lattice points inside a circle
of given radius is a well-known problem in number theory. The inequality (C.6) is
estimated by finding the number of unit cells that cover the circle and multiplying
that number by the number of layers and sublattices.
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ELECTRONIC DYNAMICS IN TWISTED BILAYER GRAPHENE 1035

For (C.5), we have

\sum 
x\in \Omega \setminus \Omega R

\sum 
y\in \Omega r

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitx  - \bfity | \leq | \Omega r| 
\sum 

x\in \Omega \setminus \Omega R

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(| \bfitx |  - r).(C.7)

The summation can be bounded similarly to (A.7) by an integral. We here integrate
over a larger region, so that all hexagonal unit cells will be contained in the region

\sum 
x\in \Omega \setminus \Omega R

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(| \bfitx |  - r) \leq 4e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

| \Gamma | 

\int 
R2\setminus BR - \delta 

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(| \bfitx |  - r) d\bfitx 

=
8\pi e\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

| \Gamma | 
1 +R\alpha max  - \delta \alpha max

\alpha 2
max

e - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r)e\alpha \mathrm{m}\mathrm{a}\mathrm{x}\delta 

=
8\pi e2\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x}

| \Gamma | 
C2(\alpha max,R)e

 - \alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r).

(C.8)

Together with (C.6) we have the estimate.

The eigenvalues of HR are contained in the spectrum of H. For the given contour
\gamma with dist(\gamma ,\sigma (H))>d, we can write

P \ast 
R

\bigl( 
PRe

 - iHt  - e - iHRtPR
\bigr) 
\scrX Br

\psi 0

=
1

2\pi i

\int 
\gamma 

e - iztP \ast 
R

\bigl[ 
PR(z  - H) - 1  - (z  - HR)

 - 1PR
\bigr] 
\scrX Br

\psi 0 dz

=
1

2\pi i

\int 
\gamma 

e - iztP \ast 
RPR(z  - H) - 1(HP \ast 

R  - P \ast 
RHR)(z  - HR)

 - 1PR\scrX Br
\psi 0 dz.

(C.9)

Now, note that HP \ast 
R - P \ast 

RHR = (I  - P \ast 
RPR)HP

\ast 
R from the definition of HR in (2.29),

and the entries of (I  - P \ast 
RPR)H are explicitly

[(I  - P \ast 
RPR)H]xy =

\Biggl\{ 
Hxy if x\in \Omega \setminus \Omega R,
0 otherwise.

(C.10)

Then we can give a bound on I1 by using a contour integral,

I1 =

\bigm\| \bigm\| \bigm\| \bigm\| 1

2\pi i

\int 
\gamma 

e - iztP \ast 
RPR(z  - H) - 1(I  - P \ast 

RPR)HP
\ast 
R(z  - HR)

 - 1PR\scrX Br
\psi 0 dz

\bigm\| \bigm\| \bigm\| \bigm\| 
\scrH 

\leq C\gamma e
dt

2\pi 

\bigm\| \bigm\| P \ast 
RPR(z  - H) - 1(I  - P \ast 

RPR)HP
\ast 
R(z  - HR)

 - 1PR\scrX Br
\psi 0

\bigm\| \bigm\| 
\scrH ,

(C.11)

where C\gamma is the finite length of contour \gamma .
Let u, v,x, y \in \Omega be the indices and \bfitu ,\bfitv ,\bfitx ,\bfity be the respective physical posi-

tions. The injection operators PR and P \ast 
R allow us to write out the square of norm

explicitly through summations over indices.
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1036 T. KONG, D. LIU, M. LUSKIN AND A. B. WATSON

\bigm\| \bigm\| P \ast 
R

\bigl[ 
PR(z  - H) - 1(I  - P \ast 

RPR)HP
\ast 
R(z  - HR)

 - 1PR
\bigr] 
\scrX Br

\psi 0

\bigm\| \bigm\| 2

\scrH 

\leq 
\sum 
x\in \Omega R

\sum 
u\in \Omega \setminus \Omega R

\sum 
v\in \Omega R

\sum 
y\in \Omega r

\bigm| \bigm| (z  - H) - 1
xu

\bigm| \bigm| 2 | Huv| 2
\bigm| \bigm| (z  - HR)

 - 1
vy

\bigm| \bigm| 2 | \psi 0(y)| 2

\leq \| \scrX Br
\psi 0\| 2\scrH 

\sum 
x\in \Omega R

\sum 
u\in \Omega \setminus \Omega R

\sum 
v\in \Omega R

\sum 
y\in \Omega r

1

\nu 4d4
e - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitx  - \bfitu | h20e

 - 2\alpha 0| \bfitu  - \bfitv | e - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitv  - \bfity | 

\leq h20
\nu 4d4

\| \scrX Br\psi 0\| 2\scrH 
\sum 
x\in \Omega R

\sum 
v\in \Omega R

\sum 
u\in \Omega \setminus \Omega R

\sum 
y\in \Omega r

e - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}(| \bfitu  - \bfitv | +| \bfitv  - \bfity | )

\leq h20
\nu 4d4

8\pi e4\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x} | \Omega R| 2| \Omega r| 
| \Gamma | 

C2(2\alpha max,R)e
 - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r) \| \scrX Br\psi 0\| 2\scrH .

(C.12)

Here we use Theorem 2.7 to bound the entries of the resolvent and Lemma C.1 to
bound the infinite summation. We then take the square root to get the desired result.

C.2. Estimation on \bfitI 2. Similar to the previous estimate, we use the contour
integral to estimate

I2 =
\bigm\| \bigm\| (I  - P \ast 

RPR) e
 - iHt\scrX Br

\psi 0

\bigm\| \bigm\| 
\scrH =

\bigm\| \bigm\| \bigm\| \bigm\| 1

2\pi i

\int 
\gamma 

e - izt (I  - P \ast 
RPR) (z  - H) - 1\scrX Br

\psi 0

\bigm\| \bigm\| \bigm\| \bigm\| 
\scrH 

\leq C\gamma e
dt

2\pi 

\bigm\| \bigm\| (I  - P \ast 
RPR) (z  - H) - 1\scrX Br

\psi 0

\bigm\| \bigm\| 
\scrH .

(C.13)

Theorem 2.7 and Lemma C.1 give\bigm\| \bigm\| (I  - P \ast 
RPR) (z  - H) - 1\scrX Br

\psi 0

\bigm\| \bigm\| 2

\scrH 

=
\sum 

x\in \Omega \setminus \Omega R

\sum 
y\in \Omega r

| (z  - H) - 1
xy | 2| \scrX Br\psi 0(y)| 2

\leq 
\sum 

x\in \Omega \setminus \Omega R

\sum 
y\in \Omega r

1

\nu 2d2
e - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}| \bfitx  - \bfity | \| \scrX Br\psi 0\| 2\scrH 

\leq 1

\nu 2d2
8\pi e4\delta \alpha \mathrm{m}\mathrm{a}\mathrm{x} | \Omega r| 

| \Gamma | 
C2(2\alpha max,R)e

 - 2\alpha \mathrm{m}\mathrm{a}\mathrm{x}(R - r) \| \scrX Br\psi 0\| 2\scrH .

(C.14)

Then the bound on I2 follows immediately after taking the square root.
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