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We study the cross-correlation between the stochastic gravitational-wave background (SGWB) generated by
binary black hole (BBH) mergers across the universe and the distribution of galaxies across the sky. We use
the anisotropic SGWB measurement obtained using data from the third observing run (O3) of Advanced LIGO
detectors and galaxy over-density obtained from the Sloan Digital Sky Survey (SDSS) spectroscopic catalog.
We compute, for the first time, the angular power spectrum of their cross-correlation. Instead of integrating the
SGWB across frequencies, we analyze the cross-correlation in 10 Hz wide SGWB frequency bands to study
the frequency dependence of the cross-correlation angular power spectrum. Finally, we compare the observed
cross-correlation to the spectra predicted by astrophysical models. We apply a Bayesian formalism to explore the
parameter space of the theoretical models, and we set constraints on a set of (effective) astrophysical parameters
describing the galactic process of gravitational wave (GW) emission. Parameterizing with a Gaussian function
the astrophysical kernel describing the local process of GW emission at galactic scales, we find the 95% upper
limit on kernel amplitude to be 2.88 x 10732 erg cm™s~!/3> when ignoring the shot noise in the GW emission
process, and 2.52 X 10732 erg cm~>s™!/3 when the shot noise is included in the analysis. As the sensitivity of
the LIGO-Virgo-KAGRA network improves, we expect to be able to set more stringent bounds on this kernel

function and constrain its parameters.

I. INTRODUCTION

The first three observing runs of Advanced LIGO [1], Ad-
vanced Virgo [2], and KAGRA [3] gravitational wave (GW)
detectors have resulted in detections of nearly a hundred merg-
ers of compact binary systems [4]: binary black holes (BBH),
binary neutron stars (BNS), and binary systems composed of
one neutron star and one black hole (NSBH). These discover-
ies have enabled a series of investigations including measure-
ments of the rate and distributions of these binary systems [5],
tests of General Relativity [6], independent measurements of
the Hubble constant [7], tests of the neutron star equation of
state [8], and others. This trend is expected to continue in the
upcoming observation runs O4 and O5 [9] of LIGO, Virgo,
and KAGRA.

One of the prime targets of the upcoming observing
runs will be the stochastic gravitational wave background
(SGWB), which arises as a superposition of uncorrelated sig-
nals of many different GW sources [10, 11]. The SGWB is
expected to include contributions from many different pro-
duction processes in the early Universe, including models of
amplification of primordial tensor vacuum fluctuations [12—
15], inflationary models that include back-reaction of gauge
fields [16, 17], parametric resonances in the preheating stage
following inflation [18], models of additional ’stiff”” energy
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components in the early universe [19], phase transitions mod-
els [20-26], and cosmic (super)strings models [27-37]. On
the other hand, the SGWB of astrophysical origin is given by
the superposition of GW signals emitted by different popula-
tions of astrophysical sources, from the onset of stellar activ-
ity until today. In the frequency band of current Earth-based
observatories, sources include BBH, BNS, and NSBH sys-
tems [38—45], rotating neutron stars [42, 46-50], and super-
novae [11, 51-57].

Both cosmological and astrophysical SGWB components
are expected to be anisotropic. A primary source of anisotropy
in the received flux is due to the anisotropic distribution of
emitting sources and the anisotropic emission process. A sec-
ondary source of anisotropy is due to propagation: even if
a given SGWB component is isotropic at the time of emis-
sion, anisotropies are created due to the fact that GW signals
propagate in a Universe where cosmic structures are present,
hence they feel the effects of the gravitational potential of mat-
ter structures (in the form of lensing, time-delay, integrated
time delay, see e.g. [58-60]). We also note that kinematic
anisotropies are expected, due to the relative motion of our
rest frame on Earth with respect to the emission rest frame
[61, 62].

This raises a distinct possibility that the SGWB energy den-
sity is correlated with the anisotropy in other (electromag-
netic) observables, such as galaxy counts (GC), gravitational
(weak) lensing, cosmic microwave background, cosmic in-
frared background, and others. Measurements of these cor-
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relations would provide new ways to study the distribution of
matter in our Universe, and its evolution.

Typical cosmological SGWB components are expected to
have the same level of anisotropy as the CMB: a scale-
invariant angular power spectrum £({+1)C, oc constant, where
¢ parametrizes the angular scale, and a level of anisotropy of
the order of ~ 107> with respect to the monopole [63]. In
contrast, extra-galactic astrophysical SGWBs have a scaling
given by clustering, resulting in (¢ + 1)C; o constant, and a
higher level of anisotropy, at the level of ~ 1072 with respect
to the monopole [59, 60, 64—74].

While most of the cosmological SGWB components are
expected to be stationary and continuous over the observa-
tion time (hence representing irreducible background compo-
nents), the astrophysical background in the frequency band of
ground-based detectors is expected to have popcorn-like na-
ture due to the discreteness of emissions in time. As a conse-
quence, the angular power spectrum of the SGWB from merg-
ers of compact binaries has an important Poisson shot-noise
component, which adds to the clustering one [65, 70, 71, 74].
Formally, the total SGWB angular power spectrum is given
by C** = C; + N*™', where the first term on the right hand
side is the contribution from clustering while the second com-
ponent represents shot noise. This latter term is flat in ¢-
space (it is just an offset) and it is expected to dominate
over the clustering contribution, see [65, 70, 71, 74]. Even
though shot noise contains astrophysical information, it does
not provide any information about the spatial distribution of
sources. A possible way to overcome this problem, i.e. to
separate the clustering part from the shot noise, is to consider
cross-correlations between a SGWB map and electromagnetic
tracers of structure, such as galaxy distributions [74]. In
addition to serving as independent observables of structure
in the universe, cross-correlations provide one with power-
ful SGWB anisotropy detection tools, as they typically have
a higher signal-to-noise ratio (SNR) than the SGWB auto-
correlation—see e.g. [64, 65, 74-76] in the context of the
extra-galactic astrophysical background. We are aware that
cross-correlating EM tracers with individual events of com-
pact binary coalescence is also used, such as in the calculation
of the Hubble constant Hy [77].

In this paper, we focus on correlations between the SGWB
(as measured in the recent observing runs of Advanced LIGO,
Advanced Virgo, and KAGRA) and the distribution of galax-
ies across the sky (from SDSS). We assume that the dominant
background components in the ~ 100 Hz band is coming from
mergers of extragalactic compact objects, and we use the as-
trophysical model of [64, 65, 69] to describe the galactic pro-
cess of GW emission. We compute the corresponding angular
power spectrum of the cross-correlation, and we compare it
with the angular power spectrum extracted from data. Our fi-
nal goal is to perform a parameter estimation: we introduce
an effective parameterization for the astrophysical model de-
scribing GW production and propagation, and we study the
constraints that can be set on these effective model parame-
ters from a comparison with data. We stress that the methods
developed here can also be applied to cross-correlations be-
tween SGWB and other electromagnetic tracers of structure

in the universe.

The paper is structured as follows. In Section II we will
review the model predictions for the angular power spectrum
of the cross-correlation between SGWB and the galaxy counts
distribution. In Section III, we will present the frequency-
dependent anisotropic SGWB search results using the latest
data from terrestrial GW detectors. In Section IV we review
galaxy catalog that will be used in our study, namely from
the Sloan Digital Sky Survey. In Section V we present the
measured SGWB-GC angular power spectra. In Section VI
we use the measured angular power spectra to make estimates
of model parameters introduced in Section II. A discussion
and our final remarks are presented in Section VII.

II. MODELING SGWB-GALAXY COUNT ANGULAR
POWER SPECTRA

A. Astrophysical models of angular power spectra

The observed GW energy density parameter, Qgw is de-
fined as the background energy density pgw per units of loga-
rithmic frequency f and solid angle e, normalized by the crit-
ical density of the Universe today p.. It can be divided into
an isotropic background contribution Qgyw and a contribution
from anisotropic perturbations 6Qgw [59, 60, 65]:
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where the isotropic background spectrum can be written as
the integral over conformal distance r (where we treat speed
of light ¢ = 1):

Qow(f) = f drd,Qew(f, ), I1.2)

3, Qow(f,r) = % A1) (IL.3)

and the function A(f, r) is an astrophysical kernel that con-
tains information on the local production of GWs at galaxy
scales. Schematically this kernel can be parameterized as [74]

at
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where a is the universe scale factor and 7 is the average phys-
ical number density of galaxies at distance r with gravitational
wave luminosity Lgw. Different astrophysical models give
quite different predictions for this kernel, see e.g. [65] for an
explorative approach. For the SGWB due to mergers of com-
pact objects such as BBH and BNS, the low frequency band
(f < 100 Hz) is dominated by the inspiral phase contributions
and follows a simple power law Qgw ~ /3. Looking at pre-
dictions of different astrophysical models, see e.g. [65, 69],
one can recognize some common features in the redshift de-
pendence of the kernel which in first approximation can be



captured by the following Gaussian parameterization
A(f,2) = Af) o~ @ w207 _ Amax 712 e~ 20% (IL.5)

where we used z = z(r) to express the astrophysical kernel
as a function of redshift and frequency. In FIG. 1 we present
the astrophysical kernel as a function of redshift for several
representative frequencies in the band of terrestrial GW de-
tectors [65]. When making use of the parameterization in Eq.
(IL5), we have three parameters in total 6 = (Amax, Zc, 02):
kernel amplitude Anax, peak redshift z., and peak width o,.
Typically the peak of the astrophysical kernel follows the peak
of star formation rate (i.e. z. < 1) and the width o, depends
on the astrophysical model chosen and it is typically of the
order o, ~ 0.5, see [65] for details. As we can see in FIG.
1, the Gaussian approximation is valid for redshifts between
0 to 2. This applies to our analysis below which extends up to
z=0.8.
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FIG. 1. Astrophysical kernel for the astrophysical model used as a
reference in [65], as function of redshift and for frequencies 25.1
and 89.1 Hz, with a power-law-Gaussian fit of A = 4 X 10’37erg
em3s713, 7z, = 0.6,0. = 0.9.

Since 0Qgw is a stochastic quantity, it can correlate with
other cosmological stochastic observables. An interesting ob-
servable to look at is the cross-correlation of the SGWB with
the distribution of galaxies, i.e. with the galaxy number counts
A defined as the overdensity of the number of galaxies per unit
of redshift and solid angle

Ae.2) = N(z, 2(;)]\7@ .

First, if astrophysical GW sources are located in galaxies, we
would expect the SGWB and the galaxy distribution to have a
high correlation level. Second, cross-correlating with galaxies
helps to mitigate the problem of shot noise and to possibly ex-
tract the clustering information out of the shot noise threshold
[65, 70, 71, 74]. Finally, by cross-correlating with the galaxy
distribution at different redshifts, one could try to get a tomo-
graphic reconstruction of the redshift distribution of sources.
In this article, to maximize the SNR of the cross-correlation
we do not bin the galaxy distribution in redshift, but we rather
integrate the number counts (I1.6) over the redshift range cov-
ered by our catalog.

(IL6)

The angular power spectrum of the GW and galaxy counts
auto-correlations and for their cross-correlations are defined
as

13
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where the bracket denotes an ensemble average and ag,(f)
and by, are the coeflicients of the spherical harmonics de-
composition of the SGWB energy density and galaxy number
counts, respectively. Explicitly
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It can be shown that the angular power spectra of the auto-
and cross-correlation are given by [59]:
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where k is the wave-number. Keeping only the leading-order
contribution to the anisotropy given by clustering (neglecting
line of sight effects), we have

f
4np.
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where j, are spherical Bessel functions, while ¢,, is the dark-
matter over-density, related to galaxy overdensity via the bias
factor that we assume to be scale-independent and with red-
shift evolution given by b(z) = bpV1+z and by = 1.5
[78, 79]. The corresponding contribution from galaxy over-
densities reads

A(k) = f dr W(r) [D(r) i (r) je(kr)] , (L15)

where W(r) is a window function normalized to one which se-
lects the redshift bin in the galaxy catalog we want to consider
in the cross-correlations. As already mentioned, in our anal-
ysis we do not bin in redshift in order to maximize the SNR,
hence the function W(r) extends to the entire redshift range of
the galaxy catalog.



B. Shot Noise

Up to now, in our description of GW sources we implic-
itly introduced two assumptions: we assumed that astrophys-
ical sources are located in galaxies, distributed in space as a
continuous field, and we assumed that the GW emission is
continuous and stationary over the observation time. How-
ever, when considering the SGWB due to BBH mergers, the
realization of the BBH mergers during the observation period
is subject to Poisson (shot, or popcorn) noise in both space
and time [70, 74]. This shot noise introduces additional an-
gular structure in both the SGWB and the galaxy distribution,
and therefore has to be accounted for in both the prediction
of C;’s (GW, GC, and cross) and in their covariance matrices.
As shown in [74], the shot noise contribution to the cross-
correlation angular power spectrum is independent of ¢ but
still dependent on astrophysical parameters 6 = (Amax, ¢ 07)-
That is, the shot noise offsets the clustering values given in
Eq. (I1.11),

C;ross,tol(e) — C;rOSS(H) + NC]‘OSS(G) .

shot

II.16)

Hence, while shot noise may (partly) mask the clustering
contribution, it still carries astrophysical information that can
be measured. Further, as discussed in detail in [74], the shot
noise associated with the cross-correlation is much smaller
than the one associated with the SGWB auto-correlation,
which is why cross-correlating is a very promising method to
get a first detection of the SGWB anisotropy. Indeed, assum-
ing that shot noise is the only noise component (i.e. consider-
ing a perfect instrument with infinite sensitivity) one has that
the signal-to-noise ratio (SNR) of the cross-correlation scales
as [74]

Q€+ Do

S 2
(N)cmss =2 (CEoss + Neoss)2 1 (COW + NS

t shol)(C?C + NGC )

shot
11.17)

where CSW and NGV denote the angular power spectrum and

the shot noise of the SGWB map, respectively, while C g}c and
Ns(;’lgl are the angular power spectrum and shot noise of the
galaxy map (we have suppressed their dependencies on pa-

rameters #). The three noise contributions are given by [74]
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where a’fig is the comoving number density of galaxies and
we defined

T &N
613?_1(3 drdv’

Br = (1.21)

where 7 is the observation time and d>'/dVdr denotes the
local merger rate. To get these expressions we have assumed a

monochromatic GW luminosity function and that all galaxies
emit GW.

To get an estimate for the prefactor (I1.21), we can use
the observed local rate of BBH mergers, &N /dvdr ~
100 Gpc—®yr~'. This estimate for the merger rate, which
neglects the contribution of BNS mergers, provides a lower
bound for the total merger rate in the ~ 100 Hz band, and
hence leads to a conservative estimate for the GW shot noise.
We also assume a constant comoving galaxy density a’iig ~
0.1 Mpc™3. For LIGO-Virgo-KAGRA 03, the observation
time period T ~ 1 yr, so finally B ~ 107 This leads
to a large prefactor o« ,8}1 when evaluating the shot noise
for the GW map (Eq. II.18), much larger than the ones of
cross-correlation and of galaxies alone. Since the denomina-
tor of (Eq. I1.17) scales linearly with the GW shot noise NSX
(as opposed to scaling quadratically in the SNR of SGWB
auto-correlation), the SNR of the cross-correlation is typically
much larger than the one of the SGWB auto-correlation (see
[74] for a detailed analysis).

III. MEASUREMENT OF SGWB ANGULAR POWER
SPECTRA

In this section, we review how the SGWB anisotropy is
measured using GW data. We use the publicly available
folded data set [80, 81] from the third observing run (O3) of
Advanced LIGO detectors located in Hanford, WA and Liv-
ingston, LA. In order to capture the frequency dependence of
the model presented in Section II, we analyze the data in 10
Hz frequency bands and build an unbiased estimator of the
SGWB angular power spectrum.

A. Basic concepts: dirty and clean maps

From an observational point of view, a SGWB is typically
estimated by cross-correlating the output of two different de-
tectors located at two different points on Earth and assuming
that the noise and the noise-signal in the two detectors are not
correlated.

Assuming that the SGWB is unpolarized, Gaussian, and
stationary, the quadratic expectation value of the GW strain
ha(f,e) across different sky positions and frequencies can be
expressed as

* ! U 1 4 /
(ha(f @ ha (f,€)) = 7 P(f.€) 6an 6(f = f') 6(e. €.
(IIL.1)
where A denotes the GW polarization and P(f, €) encodes the
contribution from all parts of the sky and frequency to the

total SGWB. Given these assumptions, one can express the
anisotropy of the SGWB as

[ Epow _ 223
pe dfd’e — 3H?

Qcw(f,e) = P(f.e), (I11.2)
where H, is the Hubble constant taken to be Hy, =

67.4kms™! Mpc*1 [82]. In what follows, we further assume



that Qgw can be factorized into frequency and direction-
dependent terms by separating P(f, e) as [83, 84]'

P(f,e) = P(e) H(f), (II1.3)

In our analysis, we model the spectral dependence H(f) as a

power law,
~ i a-3
H(f) - (ﬁ'ef ) ’

where « is the spectral index and f.r denotes a reference fre-
quency. Throughout this analysis, we set the reference fre-
quency to 25 Hz and choose the power-law index @ = 2/3 as
predicted for a compact binary coalescence SGWB. The an-
gular distribution P(e) can be expanded in terms of any set of
basis functions defined on the two-sphere. The choice of this
basis will not affect the physical search results. However, to
reduce the computational burden and ease the interpretation of
the results, one usually chooses either pixel or spherical har-
monic basis for the analysis, depending on the sky distribution
of sources. A spherical harmonic (SpH) basis is suitable for
searching for a diffuse background considered in this work. In
SpH basis, one can expand the anisotropy map over the basis
functions Yy, as

(I11.4)

Cmax

4
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P(e) = (I1L.5)

We will discuss the choice of {,x below. Following the
maximum-likelihood (ML) method for mapping the GW
anisotropy [83, 85], a standard ML solution for P(e) in SpH
basis can be written as (in the limit of low signal-to-noise ra-

tio)
Pey = Z (F_l)fm,f’m' Xew

’
C.m

(I1L6)

where

H(f)

Xem = Z zf: Yem(f5 1) m C(f,n, (IIL7)
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where C(f, 1) is the cross-correlation spectrum computed by
multiplying Fourier transforms of the strain time-series from
the two GW detectors used in the analysis [83]. The summa-
tion is done over time-segments denoted by ¢ (typically data
is divided into short segments, each lasting 1-3 minutes) and
over frequency bins denoted by f (typically 1/4 Hz or 1/32 Hz

IThe factorization does not amount to a loss of generality when con-
ducting stochastic search analysis in small frequency bands, as we expect the
signal to have a smooth power spectral profile.

binning is used). As discussed below, we will repeat the anal-
ysis in 10 Hz wide bands, summing over all frequency bins
between 20-30 Hz, 30-40 Hz, etc.

The quantity X, is usually referred to as the dirty map (it
represents the SGWB sky seen through the response matri-
ces of a baseline created by a pair of detectors) whereas the
[y ¢ ne s called the Fisher information matrix (it encodes the
uncertainty associated with the dirty map measurement). In
both equations, P;(f, ) is the noise power spectral density of
detector i, and vy, captures the geometrical factors associated
with the two geographically separated detectors with differ-
ent orientations (usually referred to as the overlap reduction
function [83, 86]).

The observed }A’(m, the clean map, obtained through the de-
convolution shown in Eq. (II1.6) is an unbiased estimator of
the angular distribution of the SGWB, <13[m> = Py, Itis also
worth noting that, in the weak-signal limit, one can show that

<X€m X;/m) - <X[m> <X*’m’> ~ F{fm,é"m’ ’

(Pon P )= Py (Pl > T . (ILY)
The above equation implies that I';,, »,, is the covariance ma-
trix of the dirty map, and (I'""),,, #,, is the covariance matrix
of the clean map. In particular, since the dirty map is obtained
by averaging over many time segments and frequency bins, by
Central Limit Theorem the resulting Xpm’s are multi-variate
Gaussian variables with zero means and the covariance ma-
trix given by I'y,, »,,». Further, since the clean map is obtained
by a linear transformation of the dirty map (c.f. Eq. II1.6),
the Py,’s are also multi-variate Gaussian variables with zero
means and the covariance matrix given by (™), /-

One can then introduce an estimator for the SGWB angular
power spectrum, which describes the angular scale of struc-
ture in the clean map as,

14
. 1 .
Cr= —— § Pl I11.10
¢ 25"'1,,,:_{»' ml ( )

We will see in the next section that this estimator is biased, and
we will describe how one can obtain an unbiased estimator
from it. Also, note that by conducting the analysis in narrow
frequency bands (10 Hz wide in our case), these estimators
will encode frequency dependence.

B. Unbiased regularized estimator

In practice, due to the existence of blind directions in GW
detector response, the SGWB searches are often insensitive
to certain {m modes. Consequently, Fisher matrices are of-
ten singular and cannot be inverted. Therefore we use a reg-
ularized pseudoinverse, which conditions the original matrix
to circumvent other numerical errors, to obtain our estima-
tors. One can employ different regularization techniques to
perform this pseudoinversion [83, 87-89]. One of the most
common regularization procedures used in the literature is the
Singular Value Decomposition (SVD) technique. In the SVD



procedure one can decompose I'y, »,, (Which is a Hermitian
matrix) as

r=usvs, IIL.11)
where U and V are unitary matrices and S is a diagonal matrix
whose non-zero elements are the positive and real eigenvalues
of the Fisher matrix. Then the problematic {m modes will cor-
respond to the smallest elements of S. To illustrate the general
nature of these eigenvalues, we have plotted the relative size
of the eigenvalues for a typical Fisher matrix (computed from
the 20-30 Hz GW data set with £,,,x = 10) in FIG. 2. Then to
condition the ill-conditioned matrix, a threshold on the eigen-
value (S min) is chosen. The choice is made by considering the
proper trade-off between the quality of the deconvolution and
the increase in numerical noise from less sensitive modes”.
Any values below this cutoff are considered too small, and
one can replace them either with infinity or with the smallest
eigenvalue above the cutoff. Throughout this work, we will
set the threshold S i, to be 10% times smaller than the largest
eigenvalue; all eigenvalues smaller than S ,;, are replaced by
S min. These choices and the subsequent regularized eigenval-
ues are also illustrated in FIG. 2.
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FIG. 2. SVD eigenvalues of the Fisher matrix in the 20-30 Hz band
are shown. Regularization of the Fisher matrix is accomplished by
replacing eigenvalues smaller than S i, with S i, where S 1, is de-
fined to be 1072 of the maximum eigenvalue and is depicted by the
horizontal part of the orange line.

Given the regularized inverse Fisher matrix ;! the ML
solution in Eq. (III.6) takes the form [83, 85],

AR _1 A
Plfm - Z (FR )é’m,é"m’ Xf/m’ >

7
o .m

(IIL.12)

still obeying multi-variate Gaussian distribution. The covari-
ance matrix of this clean map (under weak-signal approxima-
tion) also takes a slightly different form compared to the one

2It is worth noting that the regularization problem becomes severe as one
considers smaller frequency bands. A proper trade-oft between the variance
of the estimator and the subsequent biases needs to be thoroughly explored in
such cases.

given in Eq. (II1.9). It can be written as (we have dropped the
indices for the Fisher matrix for simplicity)

Kemem = (P3PY Y = (PR KPSy =T ' TTR! . (IIL13)

m" ¢y tm
From the expectation value and uncertainty in the estima-
tors defined in Eq. (II1.9), one can show that the regularized
SGWB angular power spectrum estimators obey

A 1
(€8~ Cot g D T men, (L14)

m
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One can see from the expressions of estimators of the clean
map and the angular power spectra that both depend on in-
verting the Fisher information matrix I',, »,,. Thus our es-
timators are biased. The unbiased estimators of the SGWB
angular power spectrum are given by

~ oA 1 )
Cr=Co- 5y D TR mm - (I11.16)

C. Choice of £,

The choice of {ix in the expansion in Eq. (IILS5) is ul-
timately determined by the detector sensitivity and the fre-
quency dependence of the searched SGWB model [89]. How-
ever, when the Fisher matrix is ill-defined, the regularization
procedure introduces a bias that increases with {jqx. In partic-
ular, larger £,,x implies a larger Fisher matrix, regularization
of a larger number of eigenvalues, and hence larger bias.

One way to assess this is to examine the diagonal entries of
the Fisher and regularized inverse Fisher matrices, as in FIG.
3. The Fisher matrix diagonal elements decrease significantly
as ¢ increases for the same m. If the Fisher matrix could be
inverted, the diagonal elements of the inverse Fisher matrix
would correspondingly increase with ¢ for a fixed m. FIG.
3 (bottom) indeed shows this increasing trend, but the trend
saturates (reaches a plateau) after £ = 5 because of the regu-
larization. Propagating this to K in Eq. (II.13) implies that
the covariance matrix for the clean map could have artificially
low values (implying artificially good sensitivity) if one uses
too large value of £n,x. We therefore choose i.x = 5 in our
analysis to avoid this regularization bias.

D. Final angular power spectrum estimator

We note that the definition of the SGWB anisotropy in the
theoretical model of Section II (c.f. Eq. II.10) and in the
SGWB search formalism (Eqgs. II1.2-111.4) have different nor-
malizations. To build estimators that are directly compatible
with the model prediction, Eq. (II.7), note that the frequency
dependence of the angular power defined in the SGWB search
is (cf. Eqs. [I1.2-111.4):
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We can then define frequency dependent estimators of the
spherical harmonic coefficients of the clean map, whose ex-
pectation values are consistent with their theoretical counter-
parts in Eq. (II.10):

am(f) = KPey. (I11.18)

The covariance matrix for these coefficients is given by a sim-
ilar scaling,

GW
Ké’m,l”m’

= KK p. - (II1.19)

We then introduce the properly normalized, frequency depen-
dent estimators of the SGWB angular power spectrum,

. 1 <
C?W(f) =+l Z laen(F)I . (I11.20)
m=—1

Referring to Eq. (III.16), the unbiased angular power spec-
trum of the SGWB auto-correlation is then:

%2 i
D O e (ANL21)

CSWry = CGW () —
D= N5

We apply these definitions to the publicly available folded
data set [80, 81] from the third observing run (O3) of Ad-
vanced LIGO detectors located in Hanford, WA (H) and Liv-
ingston, LA (L). We perform the analysis in 10 Hz frequency

bands from 20 Hz to 100 Hz with £,,x = 5, and use the
PyStoch pipeline [90, 91] to compute the unbiased C," es-
timators of the angular power spectra and the corresponding
dsm- The C '[GW estimators and their variance (calculated from
Eq. (I11.15) times K?) in these frequency bands are shown
in FIG. 4, as a function of ¢ for different frequencies and as
a function of frequency for various values of the multipole
¢ (top and bottom panels respectively). This Figure shows
that the SGWB auto power in all frequency bins and at all {s
is consistent with zero at 2-o-, implying there is no evidence
for an anisotropic SGWB in these data. Note that the error
bars increase at higher frequencies, which is a consequence
of the lower strain sensitivity of LIGO detectors at higher fre-
quencies and of the power law frequency dependence in Eq.
(ITI.17). It is worth noting here that the SGWB auto power
and the error bars are consistent with the noise as in the case
of results published in [92]. It is not straightforward to have a
one-to-one comparison, given our analysis is performed in 10
Hz frequency bands in contrast to the broadband one shown
in [92]. However, the SGWB auto power is in good agreement
with the all-sky all-frequency SGWB angular power spectra
shown in [93].
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FIG. 4. Unbiased C‘;GW estimators with standard deviation error-bars
of the SGWB angular power spectrum are shown in 10 Hz wide fre-
quency bands (20-30 Hz, 50-60 Hz, and 80-90 Hz) as a function of £
(top) and as a function of frequency for ¢ = 2, 3, 4 (bottom).



IV. MEASUREMENT OF GALAXY OVERDENSITY
ANGULAR POWER SPECTRA

In our study, we use the galaxy number count from the
Sloan Digital Sky Survey (SDSS) [94] for computing the
galaxy over-density angular power spectra. The Sloan Digital
Sky Survey (SDSS) imaging data covers around 1.5x10* deg?,
or one-third of the sky. Within the range of 7-band magnitude
between 17 to 21 (17 < m, < 21), after removing quasars
and stars, there are 52.4 million galaxies in its photometric
catalog and 2.8 million galaxies in its spectroscopic catalog.
We remove stripe No. 82, which is scanned many more times
compared to other stripes in the survey and is hence much
brighter. This leaves us with 43.4 and 1.7 million galaxies in
the two catalogs, respectively.

We use the galaxies in the SDSS spectroscopic catalog,
whose redshift range extends to 0.8, with a median redshift
of 0.39. We address systematic issues in the survey following
[75]. In particular, we select only galaxies with r-band seeing
<1.5 and extinction <0.13. Galaxy counts in pixels that are
affected by these data quality cuts are replaced by the average
galaxy counts of the remaining unaffected neighboring pixels.
This leads to the final sky map of the galaxy number count
in HEALPix-based representation [95], with the systematic
effects accounted for. This sky map is shown in equatorial co-
ordinates in FIG. 5. The pixels with information cover around
20% of the full sky.

Equatorial

0 galaxy COUI’]ES 1276

FIG. 5. Galaxy number count sky map in equatorial coordinates
from the SDSS spectroscopic catalog. We have selected galaxies
with r-band magnitude between 17 to 21 after removing quasars and
stars and applied a mask to correct for systematics. The color bar
stands for galaxy count in each HEALPix basis pixel with resolution
of N, side=32-

Based on this galaxy count sky map, we calculate the
galaxy over-density as a function of the sky direction and ex-
pand it in spherical harmonics as defined in Eq. (II.10). To
account for the pixels with missing information, we apply a
binary mask to the galaxy over-density sky map in pixel ba-
sis, where we mask out every pixel without information (due
to no observations or high systematics), before applying the
spherical harmonic transformation. The obtained spherical
harmonic coefficient estimators, Egm’s, are then used to com-
pute the angular power spectrum for the galaxy overdensity

auto-correlation:
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Here, the factor f, denotes the fraction of the sky covered by
the survey, and is needed to account for the missing power in
the sky map when performing the spherical harmonic trans-
formation. We note that the same scaling must also be applied
when computing the cross-correlation angular power spec-
trum between SGWB and GC partial sky maps. The resulting
GC angular power spectrum of the SDSS spectroscopic cata-
log is shown in FIG. 6, including uncertainties defined by the
cosmic variance. The maximum ¢ used in this Figure is de-
termined by the angular resolution in FIG. 5 and is larger than
the maximum ¢ obtained from the SGWB analysis above. Fur-
thermore, due to the partial sky coverage, there is a lower limit
on ¢ that can be estimated as £, = 7/6, where 6 is the spot
size in the sky in radians. Hence we will use £ > 2 for the
SDSS spectroscopic catalog sky map (FIG. 5).
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FIG. 6. The angular power spectrum C’[GC for galaxy count overden-
sity, corrected for the partial-sky coverage, from the SDSS spectro-
scopic catalog of 2 < ¢ < 95. Uncertainties associated with the
cosmic variance are shown.

V.  MEASUREMENT OF CROSS-CORRELATION
ANGULAR POWER SPECTRA

We now introduce an unbiased estimator for the angu-
lar power spectrum of the cross-correlation. We use the
frequency-dependent SGWB multipoles dg,(f) (estimated in
10 Hz frequency bins and introduced in Section III D), and the
SDSS sky map multipoles, Egm, introduced in Section IV. We
define the estimator of their cross correlation angular power
spectrum as
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As noted above, the 1/ fiy, factor accounts for the incomplete
sky coverage of the SDSS survey. To compute the covari-
ance of this estimator, Ko, we assume that the galaxy map
multipoles have much smaller uncertainties than their SGWB



counterparts. This is a safe assumption since each pixel in the
SDSS map in FIG. 5 counts thousands of galaxies (implying
uncertainties at the level of a few percent), while the SGWB
sky map is dominated by detector noise and shows no evi-
dence of a signal. Consequently, Eq. (V.1) can be regarded
as a linear transformation of the SGWB multipoles ag,, im-
plying that the resulting C'gmss are also multi-variate Gaussian
with the covariance matrix given by the appropriate propaga-
tion of the covariance of the SGWB multipoles KW :

1 1 . .
Ko)p=——--—— > b KV b . (V2
(Kc)ee fs%(y (2€+1)(%,+1)n; em B gm0 (V2)

Sor
(K = (Ke)ge + @ f"i 5 [(C?W(9)+NG

We note that the shot noise is Poissonian in origin, so it can
spoil the multi-variate Gaussian nature of the C‘;r"“ estima-
tors. In the limit when the cross-correlated signal is small,
the shot noise contribution to the covariance matrix will be
relatively small compared to the SGWB instrumental noise
contribution, and the distribution will be approximately Gaus-
sian. This will be the case in our simulation analyses pre-
sented below. It is important to note, however, that as the
SGWB instrumental noise improves and the cross-correlated
signal becomes more significant, the shot noise contribution
will alter the C 7°% distribution away from Gaussian. The pa-
rameter estimation scheme presented below will have to be
correspondingly adapted.

The angular power spectra of the cross-correlation between
the measured SGWB sky-maps (in 10 Hz width frequency
bands from 20 to 100 Hz) and galaxy over-density in the SDSS
spectroscopic catalog are shown in FIG. 7. Error bars are also
shown, defined as the square root of the diagonal terms of the
K¢ matrix, indicating no evidence for a cross correlation sig-
nal. We observe that the noise level of cross-correlation C‘;ro“
increases with frequency. This is not surprising—in absence
of a cross correlation signal, the covariance of C‘gmss is given
by the SGWB covariance in Eq. (V.2), which also increases
with frequency, c.f. FIG. 4.

VI. PARAMETER ESTIMATION

Having measured the angular power spectra C‘g“’“ of the
cross correlation between the SGWB sky-maps and the galaxy
over-density of the SDSS spectroscopic catalog, we now turn
our attention to extracting the astrophysical information from
these measurements. We implement a Bayesian inference
framework, where the posterior distribution of the astrophysi-
cal model parameters 6 is given by

POCE™) o« LEFSICE™ @) 7). (VL)

(0)) (C?C + NGC) + (C;TOSS(H) + NCrOSS(Q))Z] )

This covariance matrix does not take into account the cos-
mic variance or the shot noise contributions discussed in Sec-
tion II B, c.f. Eq. (II.17). Following [74, 96], these contribu-
tions are diagonal and should be added to the above covari-
ance matrix. Our final covariance is therefore given by

(V.3)

shot shot

(

where 7(6) denotes the prior distribution of the model param-
eters, and £ denotes the likelihood of observing the data for
given model parameters. As discussed above, in the limit
when the cross correlation signal is small, the C‘gr"ss’s will
approximately follow the multivariate Gaussian distribution
with the covariance matrix given by either K¢ if shot noise is
ignored or by K" if shot noise is included. In particular, if
shot noise is ignored

N 1 1 . ~
In L(CACAO) = 5 InlKcl = 5(Cr = C(0)" Kz (Cr = Cr(9)).
(V1.2)

Notice that here we are omitting the superscript ‘cross’ to sim-
plify the notation. If shot noise is included in the analysis, K¢
is replaced by K2' and C,(6) is modified as in Eq. I.16. This
likelihood is GW frequency dependent since it can be com-
puted for each 10 Hz wide band in the SGWB analysis. The
overall likelihood is obtained by multiplying the likelihoods
for individual frequency bands (or equivalently by summing
up the individual log-likelihoods). Finally, since K¢ does not
depend on model parameters, the first term dependent on |K¢|
can be dropped. This is not the case when using K2', which
depends on model parameters through the shot noise terms in
Eq. V.3.

Our astrophysical model describing the galactic process of
GW emission is given in Section II, with the shot noise terms
defined in Section IIB. This model is parameterized by an
astrophysical Gaussian kernel that has three parameters 6 =
(Amax, Zc, 07), with the Gaussian peak appearing near z = 1.
Since the SDSS galaxy catalog used in our analysis extends
only up to redshift z ~ 0.8, our analysis will not be able to
assess the Gaussian peak: at small redshift, the kernel can be
approximated by a linear function monotonically increasing
with redshift [65]. In other words, the parameters z. and o,
will appear degenerate in our analysis, since increasing the
mean z, or decreasing the variance o, both result in a faster
increase of the linear function. We, therefore, choose to fix
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FIG. 7. Angular power spectra C‘;“’SS and standard deviation error-
bars of the cross correlation between the measured SGWB sky-maps
(in 10 Hz wide frequency bands) and the galaxy over-density of the
SDSS spectroscopic catalog, with £ > 2 up to {max = 5 are shown
for several example frequency bands (top) and for several values of £
(bottom).

o, = 0.7, which is compatible with the astrophysical model
predictions, and our parameter space becomes 2-dimensional:
0 = (Amax, Z¢)-

In the following analyses, we will scan the parameter space
6 and compute the posterior distribution given by Eq. (VIL.1)
using the measured C’;m“ presented in Section V, for both
cases when we ignore the presence of shot noise and when we
include the shot noise. These analyses will yield the first upper
limits on the astrophysical kernel parameters. To demonstrate
that our formalism correctly recovers the kernel parameters,
and to study how inclusion of shot noise impacts the recovery,
we will also perform recoveries of simulated signals. That
is, we will choose parameters 6, compute the corresponding
C7*(0)’s and add them to the measured ¢ 0%, We will then
repeat the calculation of the posterior distribution to recover
the chosen 8 parameters.

A. Results without shot noise

As a first step, we calculate the posterior distribution using
the likelihood of Eq. (VI.2), ignoring the shot noise contri-
bution (in both the signal and in the covariance matrix) and
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without adding any simulated signals. As noted above, we
evaluate the likelihood in every 10 Hz wide frequency bin be-
tween 20-100 Hz, and then multiply these likelihoods to ob-
tain the overall likelihood. We assume uniform prior distribu-
tions in the two parameters: A € [1 X 10738,5 x 10732] erg
em™3s713 and z. € [0, 1] [65]. These ranges are both astro-
physically well motivated and consistent with the sensitivity
of our C‘;“’SS measurements. We define a uniform linear grid
in this parameter space, and evaluate the model C,’s, the like-
lihood, and the posterior at each grid point. The result (for
the entire 20-100 Hz band) is shown in the upper-left panel
of FIG. 8. While there is a slight preference for larger values
of z., no constraint can be placed on this parameter. How-
ever, a 95% confidence upper limit on A;,x can be placed,
AP% =288 x 1073 erg cm3s71/3,

We next add a simulated signal to the measured C‘g“’ss’s.
The simulated signal is computed for Ap,x = 2.5 X 10732
erg cm3s7!/3 and z. = 0.6. We again evaluate the poste-
rior distribution, with the linear grid adjusted to be around
these simulated values. The recovery (for the entire 20-100
Hz band) is shown in the lower-left panel of FIG. 8. Note that
the simulated parameter point is well within the recovered 2-
dimensional 68% and 95% contours, and the one-dimensional
distributions include the simulated values within 95% confi-
dence, even though the z, posterior is not very informative.
Hence, our framework successfully recovers the simulated
signal in the absence of shot noise.

B. Results with shot noise

Inclusion of shot noise requires two modifications. First,
shot noise adds an offset to the angular power spectrum, as
in Eq. (II.16). This offset is independent of £, but it is de-
pendent on the astrophysical model parameters 6. Second, the
shot noise also modifies the covariance matrix, as in Eq. (V.3).
This modification is also dependent on astrophysical param-
eters 6. Consequently, while shot noise will make harder the
recovery of clustering anisotropy, it may actually improve the
accuracy for estimation of astrophysical parameters.

As in the no-shot-noise case, we start by computing the pos-
terior distribution in Eq. (VI.1) using the measured C‘;“’SS,
and replacing C§°(9) — C;"*****'(6) and K¢ — K¥' in Eq.
(VI.2). The results are shown in the upper-right panel of FIG.
8. Again, there is no evidence of signal, even though there is
a small (statistically insignificant) preference for higher val-
ues of Ap,x. While the z. posterior is again not informa-
tive, we can place a 95% confidence upper limit on Apax:
AR% =252 x 1073 erg cm~3s~!/3. Note that this upper limit
is stronger than in the no-shot-noise case, indicating that ad-
dition of shot noise actually improves the sensitivity of this
analysis to Ayax. The Bayes factor between the model without
shot noise and the model with shot noise is 0.475, preferring
the inclusion of shot noise.

We next include a simulated signal. In order to keep
the shot noise contribution small (so as to maintain the ap-
proximate multi-variate Gaussian distribution of C“;ro“’s) we

choose 2 times smaller value of A = 1x1073% erg cm3s71/3



for this simulation. We keep the peak redshift the same as in
the no-shot-noise case, z. = 0.6. The lower-right panel of
FIG. 8 shows the recovery results. While A, is not fully
resolved at 95% significance, the A, posterior distribution
peaks at 9.0 x 1073 erg cm™3s~!/3, which is consistent with
the simulated amplitude. The z. posterior is still not informa-
tive, but it does indicate slight preference for larger values of
Z¢, consistently with the simulated value of 0.6. We note that
the simulated value of Ay is below the 95% upper limit on
Amax from the no-shot-noise analysis, indicating that it would
not have been observable in the no-shot-noise analysis. This
is another indication that inclusion of shot noise in the anal-
ysis improves the sensitivity to Ap.x. The Bayes factor be-
tween the model without shot noise and the model with shot
noise when we add the same signal of A, = 1 X 10732 erg
cm™3s71/3 is 0.428, preferring the inclusion of shot noise.

VII. CONCLUSION AND DISCUSSION

In this paper, we have studied the cross-correlation between
the SGWB (as measured in the recent observing runs of Ad-
vanced LIGO, Advanced Virgo, and KAGRA) and the distri-
bution of galaxies across the sky measured by the SDSS sur-
vey, and we have extracted for the first time the angular power
spectrum of the cross-correlation, in different GW frequency
bands. In our study, we assumed that the dominant contribu-
tion to the SGWB in the 100 Hz band comes from mergers of
extragalactic compact objects. The resulting cross-correlation
angular power spectrum is noise dominated (we do not have
a detection yet). However, this spectrum can be compared
with predictions from an astrophysical model of the SGWB
due to BBH mergers, allowing us to set bounds on model pa-
rameters. We assumed that the GW emission is well-captured
by the quadrupole formula, hence when modeling the angu-
lar power spectrum we could factorize out the frequency de-
pendence. We then introduced a simplified parameterization
for the redshift-dependent astrophysical kernel characterizing
GW emission at galactic scales: we described this kernel in
terms of a global amplitude and a peak position, correspond-
ing to the redshift bin that contributes the most to the total
background budget. We explored this 2D parameter space in a
Bayesian inference framework, and we found an upper bound
for the amplitude of the kernel to be A = 2.52 X 10732 erg
cm~3s™!/3 while the peak redshift is left unconstrained. We
demonstrated that while including shot noise in the analysis
reduces the ability to recover clustering contributions to the
anisotropy, it actually improves the sensitivity to the astro-
physical kernel parameters. We checked the robustness of our
analysis via injection-recovery tests. The Bayes factor com-
paring the model without shot noise and the model with shot
noise is less than 1, showing the preference for inclusion of
shot noise.

We stress that in our modeling of the cross-correlation,
we assumed that the dominant contribution to the anisotropy
comes from clustering, i.e. we assumed that the cross-
correlation is dominated by the overdensity term (which we
will refer to as dd-term where § stands for galaxy overden-
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sity).® This is a safe assumption in the redshift range [0, 0.8]
that we considered in this work and as long as we do not slice
it into smaller bins: the clustering term gives indeed the dom-
inant contribution to the anisotropic part of the GW energy
density [69]. However, if one wants to take a tomographic ap-
proach and try to better reconstruct the redshift dependence of
the astrophysical kernel by cross-correlating with a redshift-
binned galaxy catalog, some additional care is needed. The
reason why is the following: at the angular scales we have
access to, the anisotropic part of Qgw is dominated by con-
tributions of low redshift sources, e.g. sources at z < 0.1.
Then if we cross-correlate it with galaxies in a low redshift
bin (e.g. z = 0.05) the dominant contribution in the cross-
correlation comes from the clustering (66) term because the
two over-density terms appearing in the expressions of galaxy
number counts and GW energy density have the same sup-
port. However, if we correlate with a high redshift bin (e.g.
z = 2), then the density terms in the two observables do not
have the same support. In this case, the dominant contribu-
tion to the cross-correlation comes from the (de)magnification
term in the galaxy number counts, because it includes contri-
butions of gravitational potentials integrated along the line of
sight (this term corresponds to the k term in Eq. (13) of [98]).
This term has a minus sign, hence the 0« term in the cross-
correlation, if dominant, will give rise to an anti-correlation.
However, if one integrates the galaxy catalog over redshift, the
term 66 (on the redshift range where the two have same sup-
port) gives the dominant contribution to the cross correlation.
It follows that considering only clustering is enough for our
current purposes.

We stress that the method developed here can be easily
adapted and applied to cross-correlations between SGWB and
other electromagnetic tracers of structure in the universe. In
particular, it can be interesting to perform a joint study of
cross-correlation of the SGWB with galaxy counts, weak lens-
ing, Cosmic Microwave Background (CMB), Cosmic Infrared
Background (CIB), and others. A statistical formalism that
enables a joint analysis of these datasets may improve the
overall sensitivity of the approach and enable distinguishing
different contributions to the BBH SGWB model (e.g. stel-
lar and primordial contributions that may be correlated with
different electromagnetic tracers). It would also be interest-
ing to test our pipeline using realistic simulations of the GW
sky (simulating the galaxy field and GW emission on galac-
tic scales). Such simulations could enable studies of multiple
BBH contributions to the SGWB.

As the sensitivity of the GW detector network improves,
the sensitivity of the approach presented here will also im-
prove, enabling more stringent constraints on the astrophysi-
cal kernel and its effective parameters. Advanced LIGO, Ad-
vanced Virgo, and KAGRA will conduct the fourth observ-
ing run in 2023-2025, to be followed with the fifth observ-
ing run in 2026-2028. The improved detector sensitivity, ex-

3In other words, we neglected line of sight effects in the expression of
GW overdensity and galaxy number counts, see e.g. [59] for details and
derivations.
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FIG. 8. Results of the parameter estimation for the cross-correlation between the SGWB (20 to 100 Hz) and the galaxy over-density from the
SDSS spectroscopic catalog plotted using ChainConsumer [97]. Each panel shows 2-dimensional posterior with 65% and 95% confidence
contours, as well as 1-dimensional marginalized posteriors with 95% confidence intervals for the two model parameters: A,y in units of erg
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and z.. Left column panels correspond to the no-shot-noise case, while the right column panels include the shot noise. The upper

row panels present upper limits on model parameters (no simulated signal is added). The lower panels show recoveries when a simulated
signal is added to the data. The dashed lines indicate the values of simulated parameters. See text for further details.

tended observation time, and availability of multiple detec-
tor pairs for the analysis, will improve the sensitivity to C’g“’ss
by 20 — 30 times relative to this work. The next generation
of ground based detectors, such as Einstein Telescope [99]
and Cosmic Explorer [100] will enable another ~ 1000 times
improvement in sensitivity. Yet another approach could be
to use the Bayesian Search to estimate the BBH SGWB

anisotropy [101], which could also lead to ~ 1000 times sen-
sitivity improvements relative to the approach presented here.
These improvements are expected to reach and explore the as-
trophysically interesting region of the parameter space.

Finally, we note that a significant constraint in this work
came from the need to regularize the Fisher matrix in or-
der to invert it. This regularization introduces a potential



bias in our analysis, which forced us to constrain the anal-
ysis to a relatively small number of spherical harmonics co-
efficients, and to €, = 5. There are two ways to remedy
this situation in the future. First, availability of more than
two GW detectors for this analysis can naturally regularize the
Fisher matrix—different baseline pairs have different blind di-
rections, effectively complementing each other and removing
the zero-eigenvalues of the Fisher matrix. Second, it may be
possible to conduct this analysis using the dirty SGWB sky-
maps. This approach would avoid inverting the Fisher matrix,
but it comes with the challenge of mapping the model C7™*’s
into the “dirty space” to enable defining a likelihood function.
Studies of this approach are ongoing.
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Appendix A: Parameter Estimation in 10 Hz frequency bins

We present parameter estimation results in each 10 Hz wide
frequency bin from 20 to 100 Hz (labeled by their center fre-
quency) in the following figures: Upper limits of parameters
without and with shot noise effects (FIG. 9 and 11, respec-
tively); injection recovery without and with shot noise effects
(FIG. 10 and 12, respectively). For FIG. 10, we simulated the
signal with Apax = 2.5 X 10732 erg cm3s7!3 and z. = 0.6.
For FIG. 12, we simulated the signal with A = 1 x 10732
erg cm~3s™'/3 and z. = 0.6. While the recovered contours are
still consistent with the simulated parameter values, the con-
tours are rather large due to the smallness of the simulated
Amax. Combining all frequency bands gives a much stronger
estimate of Apax as shown in the lower-right panel of FIG 8.
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