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Symmetry constraints and spectral crossing in a Mott insulator with Green’s function zeros
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Lattice symmetries are central to the characterization of electronic topology. Recently, it was shown that
Green’s function eigenvectors form a representation of the space group. This formulation has allowed the iden-
tification of gapless topological states even when quasiparticles are absent. Here we demonstrate the profundity
of the framework in the extreme case, when interactions lead to a Mott insulator, through a solvable model
with long-range interactions. We find that both Mott poles and zeros are subject to the symmetry constraints,
and relate the symmetry-enforced spectral crossings to degeneracies of the original noninteracting eigenstates.
Our results lead to new understandings of topological quantum materials and highlight the utility of interacting
Green’s functions toward their symmetry-based design.

DOI: 10.1103/PhysRevResearch.6.L032018

Introduction. In band theory of noninteracting topological
semimetals, lattice symmetries act as indicators of topology
and have been widely exploited in identifying novel topolog-
ical materials [1–7]. The effects of interactions in topological
semimetals are typically analyzed perturbatively [1,8–15]. In-
teracting systems have also been treated approximately in
terms of renormalized noninteracting Hamiltonians (the so
called topological Hamiltonians) [16,17], where lattice sym-
metries can constrain single particle [18] and collective [19]
excitations. To address the interplay between strong correla-
tions and topology, however, nonperturbative approaches to
the interactions are required. Whether and how symmetry
constraints operate is a priori unclear, especially when the
interaction terms in a Hamiltonian do not commute with the
single-particle terms.

Recently, a group that includes several of us have shown
that the Green’s function eigenvectors form a representation
of the space group [20]. Symmetry enforced or protected
degeneracies then respectively follow when the dimension-
ality of irreducible representation is greater than one at a
given high symmetry point, or when two irreducible rep-
resentations with distinct symmetry eigenvalues cross along
a high symmetry line. This formulation was applied to the
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case of a multichannel Kondo lattice, which describes a
non-Fermi liquid metal with dispersive modes arising from
fractionalized electronic excitations. The eigenvectors of the
Green’s function were used to define degeneracies by locating
spectral crossings [20]. The approach also provided the the-
oretical basis for the robustness [21] of Kondo-driven Weyl
semimetals [22–24].

The extreme form of correlation effects occurs when the
interactions drive a metal into a Mott localized state. It is an
intriguing question as to what role topological nodes of the
noninteracting limit may have in Mott insulators [25]. Along
this direction, determining how symmetry constraints operate
in a Mott insulator represents an outstanding open question.
One of the important features of a Mott insulator is that it
can have Green’s function poles and zeros, both of which
contribute to the Luttinger count of electronic states [26].
Does symmetry constrain both features?

In this work, we address the symmetry constraints of a
Mott insulator using the Green’s function approach [20]. To
be specific, we present our analysis on a lattice model in
which the noninteracting Hamiltonian has symmetry-enforced
Dirac nodes, though we expect our results to be valid more
generally. Importantly, the symmetry constrains the Green’s
functions at all frequencies and the degeneracies at the high
symmetry wave vectors appear in the form of spectral cross-
ings; in particular, we find that this operates on both Green’s
function poles and zeros. Our qualitative results are illustrated
in Fig. 1: the spectral crossings of the Green’s function poles
[(c)] and Green’s function zeros [(d)] appears as the wave
vector moves [(b)] toward the high symmetry wave vector P;
this captures the degeneracy of the Green’s function eigen-
vectors at P, where the Bloch functions of the noninteracting
counterpart are degenerate [(a), top panel]. They give rise
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FIG. 1. Schematic summary of symmetry constraints and spectral crossings in a Mott insulator with Green’s functions zeros and poles.
(a) Top: Symmetry enforced Dirac point in the noninteracting dispersion that occurs at a high symmetry point P. Bottom: Dirac points (red
dots) that occur in the square net lattice at high symmetry points in the Brillouin zone. (b) Symmetry enforced spectral crossings in the Mott
insulator state. They involve the upper and lower Hubbard bands (solid curves) and their associated Dirac points are separated by U and a
contour of crossings of zeros (dashed curves). Both are enforced by the lattice symmetry. (c) Top: Spectral function (imaginary part of the
Green’s function) at a wave vector marked by the magenta line in (b) away from the Dirac point for the poles of the Green’s function. Bottom:
Spectral function at the wave vector P marked by the red line in (b) at the Dirac point. (d) Top: Imaginary part of the self energy at a wave
vector marked by the magenta line in (b) indicating zeros of the Green’s function. Bottom: Same at the wave vector P marked by the red line
indicating degeneracies of zeros enforced by symmetry.

to new understandings of topological quantum materials and
set the stage for systematic analysis of the topology of Mott
insulators.

Interacting square net lattice and solution method. We con-
sider a two-dimensional (2D) square net lattice, as illustrated
in Fig. 1 in the Supplemental Material (SM) [27]. Here, the
noninteracting bands contain symmetry enforced Dirac cross-
ings at the X and M points in the Brillouin zone [Fig. 1(a),
bottom panel] [28]. We focus on local in momentum interac-
tions analogous to those appearing in the Hatsugai-Kohmoto
(HK) model [25,29–38]. This form of interaction can be
solved exactly (see the SM [27], Sec. III), which facilitates
the understanding of not only the symmetry-enforced spectral
crossing but also the symmetry constraints on dispersive poles
and zeros as we do below.

The Hamiltonian of a 2D square net lattice (see SM [27]) in
the orbital basis �

ᵀ
k ≡ (cA,⇑, cA,⇓, cB,⇑, cB,⇓)k takes the form

H̃ = H̃0 + H̃I , where

H̃0 =
∑

k

�
†
kh̃0(k)�k

H̃I = α

2
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†
k�k + Uc

2
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(�†
k�k)2

+ Us

2
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kτ1 ⊗ σ0�k)2, (1)

with h̃0(k) = t2(cos kx + cos ky)1 + 2t cos kx
2 cos ky

2 τ1 ⊗ σ0 +
tSO[sin kxτ3 ⊗ σ2 − sin kyτ3 ⊗ σ1] − μ1, τ j (σ j) being the jth

Pauli matrix acting on the sublattice (spin) subspace, and 1
is the 4 × 4 identity matrix. Here, ca,b are the annihilation
operators for electrons in the original sublattice a = A,B and
physical spin b =⇑,⇓ indices. t, t2 are the hopping param-
eters, tSO is the spin-orbit coupling, Uc and Us are intra and
interorbital interaction, respectively, and α is a constant shift
in the density which we fix to −(Uc +Us) for convenience.
As we shall show below, a finite Us introduces an asymmetry
between the dispersion of the poles and zeros of the interact-
ing Greens function, which is expected in a generic interacting
system. Without loss of generality, henceforth, we set t2 = 0;
the noninteracting bandwidth is 8t .

It is convenient to work in a basis where the
noninteracting Hamiltonian is block diagonal. To this end,
we rotate the original basis of �

ᵀ
k into the new basis

�
ᵀ
k ≡ (φ+,⇑, φ+, ⇓, φ−, ⇑, φ−, ⇓)k ≡ 1√

2
(cA, ⇑ + cB,⇑, cA,⇓ −

cB,⇓,−cA,⇑ + cB,⇑, cA,⇓ + cB,⇓)k. This amounts to block
diagonalizing the Hamiltonian matrix as h̃0(k) → h0(k) =
ei

π
4 τ2⊗σ3 h̃0(k)e−i π

4 τ2⊗σ3 , where h0(k) = �n(k) · �	 − μ1

with �n(k) = {−tSO sin ky, tSO sin kx, 2t cos kx
2 cos ky

2 } and
�	 = τ3 ⊗ �σ . It supports doubly degenerate bands which
disperse as ξ̃ j = −μ + (−1) j |�n(k)|. In the �k basis,
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FIG. 2. Exact poles and zeros of the total Green’s function of an interacting Dirac semimetal as β → ∞. (a) The upper and lower Hubbard
bands (red curves marked UHB and LHB, respectively) and zeros (gray) obtained from analytical diagonalization of the interacting Hamiltonian
in the tSO/t 
 1 limit at U ′ = 0. The blue dotted curve is the original noninteracting band structure which transforms to zeros at sufficiently
strong U . The green arrow marks the chemical potential. (b) Same as (a) but for U ′ > 0. Here the contours of zeros and poles are shifted by
U ′. (c) The spectrum of the Green’s function obtained by numerical exact diagonalization of the interacting Hamiltonian with (t, tSO, μ) =
(0.7, 0.42, 5) and (U,U ′) = (10, 0.5).

Here �
†
k�k is the total charge and �

†
kτ3 ⊗ σ3�k is a staggered

pseudosublattice density for a given momentum.
In the band basis, �k = (ψ1,↑, ψ1,↓, ψ2,↑, ψ2,↓)ᵀk with

{ψ j,↑, ψ j,↓} representing the jth pair of degenerate bands,
h0 is diagonalized to [−μ1 + |�n(k)|τ3 ⊗ σ0]. Henceforth, we
treat σ =↑, ↓ and i, j = 1, 2 as pseudospin and band in-
dices, respectively. In the limit of weak spin-orbit coupling,
(tSO/t ) 
 1, the total Hamiltonian can be cast into the form
H = H0 + HI with H0 = ∑

kiσ ξiσ (k)ψ†
iσ (k)ψiσ (k) and

HI = U
∑

ki

nki↑nki↓ +U ′ ∑

kσσ ′
i �= j

nkiσnk jσ ′ + O(tSO/t ), (3)

where (U,U ′) = (Uc +Us,Uc −Us), and correspond to intra-
band and interband interactions, respectively. We utilize the
density basis to exactly diagonalize the interacting Hamilto-
nian with interaction terms up to O(tSO/t )0. The additional
O(tSO/t )n>0 terms only distort the bands keeping the degen-
eracies intact. A full numerical solution for t ∼ tSO appears
later in the main text and in the SM [27] (Sec. I). The
renormalized band dispersions satisfy ξi↑(k) = ξi↓(k), and are
related to the bare band dispersions, ξ̃i(k), as ξi(k) ≡ ξ̃i(k) −
U/2. The density operators of ψkiσ are denoted as nkiσ .

In the presence of time reversal symmetry, the total Green’s
function can be evaluated exactly as outlined in the SM [27]
(Sec. II). The calculation captures Fig. 3 in the SM [27],
which shows the transitions that contribute to the zero of the
Green’s function. It simplifies in the zero temperature limit
(β → ∞) where both ξ1(k), ξ2(k) are filled with U,U ′ > 0.
Further, for each k, whenU + 2U ′ > |ξ1| + 2|ξ2|, 2|ξ1| + |ξ2|
and U > 2|ξ1|, 2|ξ2| but U ′ < |ξ1| + |ξ2|, the partition func-
tion is Zk = limβ→∞ 4e−β(ξ1+ξ2+U ′ ), and we obtain

G(z, k) = 1

G̃−1(z, k) − (U/2)2G̃(z, k)
(4)

in the orbital basis, where G̃−1(z, k) = z1 − [�n(k) · �	 − (μ −
U ′)1]. Thus, the net impact of interactions in Eq. (3) is to
shift the chemical potential μ → μ −U ′, and generate the
self energy,

�(z, k) = (U/2)2G̃(z, k). (5)

The locations of poles and zeros of G on the complex-z plane
are deduced from the roots of the denominator and numerator,
respectively, of its determinant,

det G(z, k) = [(z + (μ −U ′))2 − |�n(k)|2]2

[
(z + (μ −U ′))2 − (

U
2 + |�n(k)|)2]2[

(z + (μ −U ′))2 − (
U
2 − |�n(k)|)2]2 . (6)

Green’s function poles and zeros. When U ′ = 0, we have
two decoupled copies of Dirac bands with only intraband
interaction U . When both bands are below the chemical po-
tential, we can treat the two bands separately and use the
one band formula (Eq. (S17) in SM [27]) for the individual
bands. The partition function is simply a product of that for
the individual bands and is given by Z = ∏

k

∏
i=i,2 Zki with

Zki = 1 + 2e−βξi (k) + e−β(2ξi (k)+U ). Each band is split into a
lower and upper Hubbard band with a crossing of zeros at the
energies of the original noninteracting bands. A schematic of
the various crossings is shown in Fig. 2(a).

The spectral function of the interacting Dirac semimetal
model at U ′ �= 0 is shown in Fig. 2(b). The spectral func-
tions are analogous to the case of U ′ = 0 but with the bands
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shifted by U ′. Additionally, the contour of zeros splits from
the original noninteracting bands (dashed blue curves). The
features of G obtained in the limit of weak spin-orbit cou-
pling, (tSO/t ) 
 1, persists at more generic values of (tSO/t ),
as demonstrated by numerically diagonalizing the interacting
Hamiltonian in Fig. 2(c).

Symmetry constraints and spectral crossings. The Green’s
function eigenvectors form a representation of the space
group, as formulated in Ref. [20] (and briefly summarized
in the SM [27], Sec. IV), and are expected to form fourfold
degeneracies at the wave vectors X , Y, and M: As in the
noninteracting case [28], the degeneracies at the X/Y points
are protected by {Mz| 1

2
1
2 } nonsymmorphic mirror symmetry

or {C2x| 1
2 0}/{C2y|0 1

2 } nonsymmorphic screw-axis rotations,
while those at the M point are also protected by the {C2x| 1

2 0}
and {C2y|0 1

2 } nonsymmorphic rotations. Our results for all
three cases, with tSO/t 
 1 andU ′ = 0 [Fig. 2(a)] andU ′ �= 0
[Fig. 2(b)] as well as for the case of unconstrained ratio
tSO/t [Fig. 2(c)], demonstrate that the entire spectra obey
such degeneracies. This is so even though the system is a
Mott insulator with a spectral gap. Moreover, the spectral
crossing also applies to the Green’s function zeros. While for
the cases (a) and (b), G(z, k) is diagonal in the same basis that
diagonalized the noninteracting Hamiltonian [see the SM [27]
(Sec. V)], this special property does not apply to the case (c)
nor to the other cases that we have analyzed [see the SM [27],
Figs. 2(d) and 2(e)]. Our results, thus, illustrate our central
point, namely the eigenvectors and eigenvalues of the Green’s
function can be used to define degeneracies by locating spec-
tral crossings of strongly correlated systems. We note that
in our model time-reversal symmetry protects the bands of
zeros. In its absence, Green’s function zeros may appear only
at high-symmetry locations [25], but our conclusions continue
to be applicable to the poles that constitute the Hubbard bands,
as discussed in details in Sec. VI of the SM [27].

Discussion. Several remarks are in order. First, here we
have considered the various cases of the interactions and
demonstrated the existence of both poles and zeros of the
interacting Green’s function that cross at high-symmetry
locations. These crossings are enforced by space group sym-
metries. For more generic interactions, we expect an extended
regime of interactions where the Green’s function zeros per-
sist and the crossings of the poles and zeros continue to
be enforced by lattice symmetries. In the SM [27], Sec. I,
we have studied all possible symmetry allowed interaction
terms for the square net lattice. We find our conclusions are
robust as has been illustrated in Fig. 1. We note that in multi-
band systems a wide variety of interactions, such as those
considered here, are present that involve couplings between
various internal degrees of freedom, viz. orbitals, valleys,
etc. [39,40]. Such terms go beyond the standard interaction
in the Hubbard model, and find applicability in down-folded
effective models [41]. For the case of zeros, we also explicitly
demonstrate their symmetry-enforced crossings for Hubbard
interactions via a cluster slave-spin calculation, as detailed
in the Sec. VII of the SM [27]. Second, we have used both
the Green’s function poles and zeros to illustrate the point
that the spectral crossings occur at distinct energies. That the
crossings of various bands of poles and zeros can be treated

separately, depending on the choice of frequency, highlights
a distinct advantage of working with Green’s function eigen-
vectors. We have also demonstrated the symmetry enforced
crossings of zeros and poles in another lattice model (di-
amond lattice [42,43]) with HK interaction, which can be
found in Sec. VIII in the SM [27]. Third, the kind of spec-
tral crossings we have discussed sets the stage to analyze
the form of topology when strong correlations turn a non-
interacting topological semimetal into a Mott insulator. One
way to define such topology is through a classification of
the eigenvectors of the Green’s function [20], which leads to
frequency-dependent topological invariants, and associates a
monopole charge to the crossings of the bands of zeros [44].
An additional outcome of this method is the elucidation of the
manner in which the Green’s function zeros may contribute to
topological response in a Mott insulating state [45]. Finally,
by demonstrating symmetry constraints and spectral crossing
in an extreme interacting setting, our work provides support to
the work of Ref. [20]. There, spectral crossings through sym-
metry constraints plays a central role in realizing topological
semimetals without Landau quasiparticles.

Implications for experiments and materials. The Green’s
function eigenvector formulation [20] is expected to yield
spectral crossings in other symmetry settings. For example, in
the case of Bi2CuO4, an eightfold degeneracy [46] is expected
at certain high symmetry wave vectors in its noninteracting
bandstructure [47]. The system is in fact strongly interact-
ing [48,49] and we expect that its paramagnetic Mott insulator
state (above its Néel temperature of 50 K [50]) will feature
eightfold spectral crossings in the form we have described in
some detail here. Probing the spectral function by applying a
symmetry-breaking perturbation will allow for experimentally
revealing this spectral crossing.

Separately, proximity to an orbital-selective Mott insulat-
ing state has recently been advanced as a means of generating
Kondo-driven topological semimetals in d-electron-based
systems that host topological flat bands [51–53]. We can ex-
pect that the type of spectral crossings of both the peaks and
zeros as discussed here may play an important role in such
orbital-selective Mott states.

To conclude, we provide a proof-of-principle demonstra-
tion of how lattice symmetries can be used to constrain
excitations in an extreme limit of strongly correlated sys-
tems. Typically in noninteracting systems, eigenstates of
the Hamiltonian and their symmetry operators are used to
indicate topology by diagnosing conditions for symmetry
protected band crossings. For interacting systems, we re-
cently showed that Green’s function eigenvectors form a
representation of the lattice space group and can be used to
diagnose and realize topology [20]. Here we study an exactly
solvable model of a Mott insulator where eigenvectors and
eigenvalues of the Green’s function can be used to locate
crossings of poles and zeros in momentum space. Together
with the realization of topological semimetals without Lan-
dau quasiparticles, our work demonstrates the power that
the Green’s function formulation of symmetry constraints
displays for realizing nontrivial spectral crossings in fully
interacting settings. We can expect the approach to be impor-
tant for the symmetry-based design of topological quantum
materials.
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Note added: After the completion of this manuscript, a
recent work addressing a different model with a focus on the
Green’s function zeros and poles in interacting topological
insulators became available (N. Wagner et al. [54]).
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