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Resonant conversion of axion dark radiation into terahertz electromagnetic
radiation in a neutron star magnetosphere
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In the strong magnetic field of a neutron star’s magnetosphere, axions coupled to electromagnetism
develop a nonzero probability to convert into photons. Past studies have revealed that the axion-photon
conversion can be resonantly enhanced. We recognize that the axion-photon resonance admits two
parametrically distinct resonant solutions, which we call the mass-matched resonance and the Euler-
Heisenberg assisted resonance. The mass-matched resonance occurs at a point in the magnetosphere where
the radially-varying plasma frequency crosses the axion mass wy = m,. The Euler-Heisenberg assisted
resonance occurs where the axion energy satisfies  ~ (27, /7,,,,B*)"/%. This second resonance is made

possible though the strong background magnetic field B, as well as the nonzero Euler-Heisenberg four-
photon self-interaction, which has the coupling g,,,, = 8a?/45m?. We study the resonant conversion of
relativistic axion dark radiation into photons via the Euler-Heisenberg assisted resonance, and we calculate
the expected electromagnetic radiation assuming different values for the axion-photon coupling g, and
different amplitudes for the axion flux onto the neutron star ®,. We briefly discuss several possible sources
of axion dark radiation. Achieving a sufficiently strong axion flux to induce a detectable electromagnetic

signal seems unlikely.
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I. INTRODUCTION

Perhaps a QCD axion [1-3] or an axionlike particle [4—6]
exists in nature. If so, the dense and highly magnetized
environment of a neutron star provides a natural laboratory
in which to probe these axions through their couplings to
the Standard Model [7]. If the axion couples to electro-
magnetism though the interaction &}, = —g,,,,aF WF w4,
then axions develop a nonzero probability to convert into
photons when propagating through a strong magnetic
field [8,9]. This axion-photon interconversion is the basis of
many experimental searches for axions on Earth [10-12].

The axion-photon interconversion may be resonantly
enhanced, depending on the model parameters and the
system under consideration. In a neutron star magneto-
sphere, it is necessary to account for the presence of an
electron-proton plasma, which modifies the electric con-
stitutive relation in a way that depends on the plasma
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frequency . Additionally, due to the star’s strong
magnetic field, it is necessary to account for the Euler-
Heisenberg four-photon self-interaction, which arises in the
low-energy limit of quantum electrodynamics. Both effects
play a role in the axion-photon resonance [13-16].

Here we identify that the axion-photon resonance admits
two solution branches. On the more familiar branch, which
we call the mass-matched resonance (MMR), the resonance
condition is satisfied when the plasma frequency is approx-
imately equal to the axion mass wy, & m,. The role of the
MMR has been studied extensively in astrophysical and
cosmological axion-photon interconversion; a few exam-
ples are Refs. [17-34]. Importantly, the MMR may be
accessible for either relativistic or nonrelativistic axions.
For instance, it could lead to a radio emission line when
axion dark matter is incident on a neutron star [35-51].

In this work we focus on the second solution branch,
which we call the Euler-Heisenberg assisted resonance
(EHR), because it has not been as extensively studied.
Provided that the ambient magnetic field B is sufficiently
strong, the resonance condition is satisfied where the
axion energy w has @ = (2w7,/79,,,,B*)'/?, where g,,,,, =
8a?/45m} is the Euler-Heisenberg coupling. For typical
parameters, this condition is only satisfied for relativistic
axions. We study the EHR and estimate the associated
electromagnetic signal that is expected to arise if a flux of

Published by the American Physical Society
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relativistic axions are incident on a neutron star. We discuss
the role that this emission could play in searches for axion
dark radiation.

II. RESONANT CONVERSION
OF RELATIVISTIC AXIONS

In this section we study the resonant conversion of
relativistic axions into photons. The resonance is made
possible by the presence of a plasma, i.e., nonzero plasma
frequency w,,, and a strong background magnetic field.
Systems that exhibit both of these properties include the
early universe and the magnetosphere of a neutron star. In
this article, we focus on the neutron star system.

A. Modeling a neutron star magnetosphere

We adopt the Goldreich-Julian (GJ) model [52] of the
neutron star magnetosphere. This simple model is expected
to provide a reliable approximation for quiet and stable
neutron stars [53], and it has been adopted in previous studies
of axion dark matter such as Ref. [35]. For older neutron stars
that have crossed their death line, a combination of analytical
modeling and numerical simulation [54-56] reveal that the
magnetosphere is more reliably modeled as a vacuum
spinning dipole (electrosphere), which we do not consider
in this work.

The neutron star itself is modeled as a ball with radius
Rys that rotates with angular velocity Q about an axis
through its center. We also define the angular speed
Q = |Q)|, the unit vector Q=0 /Q, and the rotation period
P = 27/Q. Outside of the neutron star, the magnetic field
B(r.t) is modeled as a dipole, with magnetic dipole
moment m(t) having constant magnitude m = |m(¢)| and
varying orientation 7it(t) = m(t)/m in a frame where Q is
fixed. The field outside the star is written as

] o\
B(r,t) = Bowg(F.1) <R—NS)
1

where wp(F, t) = = (m(t) - )i — Eﬁz(t) (1)

\SRRON]

and r = |r|is the distance from the center of the star to a point
with position r = r#. At the north magnetic pole (r = Ryg#)
the magnetic field is B = 2m/Rj; along the magnetic
equator (r Lrn)itisB = —m/ R13\Is? and at the south magnetic
pole (r = —Rygi) it is again B =2m/Ryg. We define
By =2m/ R13\IS to denote the polar surface magnetic field
strength. For a typical pulsar, Ryg ~ 10 km, P~0.1-10 sec,
and By~ 10'""13 G, whereas a magnetar can reach
By ~ few x 10'* G [57-60].

The GJ model rests on the assumption that the mag-
netic field lines corotate with the star, and a consistent
solution of Maxwell’s equations is obtained by assuming a
charged plasma to be present in the magnetosphere.

The density of electric charge n.(r,t) is required to be
n(r,t) = [2Q-B(r,1)/e]/(1 — |Q x r[?), where e ~ 0.303
is the unit of electromagnetic charge, and a = e?/4n ~
1/137 is the electromagnetic fine structure constant.
Assuming a nonrelativistic electron-proton plasma, the plasma

frequency is approximately wy(r,t) ~ /4xan,(r,t)/m,,
where m, =~ 0.511 MeV is the electron’s mass, and the
contribution from the heavier protons can be neglected.
We take the density of charge as an estimate of the electron
number density n,(r,t) ~ |n.(r,t)|, while noting that
n, > |n.| is possible in the polar regions [61]. The plasma
frequency is

R r o\ -3/2
0y (r. 1) = @ oW, (F. 1) <R> where
NS

W, (P 1) = [2Q - wg(#.1)|"/?  and where

20 uevy [ Bo N2 (P TR\
a)p1,0~( pe )(1014 G> <1 sec> (W) ‘
(2)

In general wy o r/% and the plasma frequency decreases
further from the star’s surface.

We expect the GJ model to be a reliable description of
the neutron star magnetosphere in the equatorial regions
near the star. In the polar regions, acceleration of charged
particles in the strong field leads to the formation of an
electron-positron plasma [62], which is not captured by the
GJ model. Far from the star’s surface, the plasma cannot
corotate with the star since it would need to travel at greater
than the speed of light. This boundary is known as the star’s
light cylinder, and it is located at a radius of approximately
Rns = 1/Q. For typical fiducial parameters the light
cylinder radius is

P Rys \~!
Rys ~ (4.8 x 103RNS)<1 seC) <10%) )

We expect the GJ model to be reliable at radii r satisfying
Rns £ 7 < Ry ¢ and away from the polar regions.

B. Modeling axion and photon interactions

To model the axion’s interactions with electromagnet-
ism, we assume the usual aF F operator, which is expected
to be present for the QCD axion in the KSVZ [63,64] and
DFSZ [65,66] models, as well as for axionlike particles that
arise in the string axiverse [67]. The Lagrangian for the
axion-photon system in vacuum is taken to be

1 1 1 1
¥ =——F, F*" +—-0,a0"a—~mia’> — -

2w 5 3 4ga77aFleW

1 7 -
+ ngyy}' (FMDFMD)Z + Z(F;WFIW)2 ’ (4)
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where a(x) is the axion field, A,(x) is the photon field,
F,, =0,A, —9,A, is the electromagnetic field strength
tensor, and F* = ¢"’°F /2 1s the dual tensor. The axion-
photon interaction is parametrized by the coupling g,,,. A
strong axion-photon interaction would lead to undetected
emission of axions from astrophysical bodies. Searches for
axion emission from our Sun by the CAST helioscope
lead to a constraint |g,,,,| < 6.6 x 10" GeV~! at 95% con-
fidence for m, < 0.02 eV [68]. For much lighter axions,
x-ray and y-ray observations of NGC 1275 [69], super star
clusters [70], and SN-1987A [71] constrain the axion-
photon coupling at the level for g,,, < few x 107'? GeV~!
for various mass ranges up to m, < 107'° eV. See also the
Particle Data Group’s review on axions [72] for a com-
prehensive summary of constraints.

The (FF)? and (FF)? terms in Eq. (4) are known as the
Euler-Heisenberg four-photon self-interaction [73-75].
These interactions arise in the low energy effective theory
obtained from QED upon integrating out the electron/
positron [76], leading to g,,,, = 8a*/45m}=2a/(457xB2;,)
where B, = m2/e ~ 4.4 x 101* G. In formulas and plots
we generally fiducialize the magnetic field strength to
By = 10'* G, although the higher-order terms in the
Euler-Heisenberg effective action will become significant
for |B| 2 Buy; one is free to scale B, down in the
formulas. Since we are interested in resonant axion-
photon conversion, which typically occurs far above
the surface of the star, we have |B| < B at the
resonance radius even if By 2 B.; at the surface. For
reference, note that

2 —4 By 2
GyyyBg ~ (5.3 x 107%) o G (5)

and we can generally neglect g, B (or g,,,|B|* or
,,,,B%) when it appears in comparison with an order 1
number. In the background of a strong magnetic field,
these interactions modify the photon’s dispersion relation
and impact axion-photon mixing [9].

In a neutron star magnetosphere, the electromag-
netic field obeys the in-medium form of Maxwell’s
equations (augmented by the axion-photon interaction
and the Euler-Heisenberg self-interaction). We model
the medium with a linear constitutive relation D = ¢E,
where e(r, ) is the dielectric tensor. Due to the strong
magnetic field, electrons perform orbits around field
lines, and consequently, electromagnetic waves propa-
gating either longitudinal or transverse to the field
lines experience different indices of refraction. We
model this effect by writing the dielectric tensor as
€ij =i — (wgl/a)z)fg,f?j [77], where B is the unit vector
that locally points in the direction of the magnetic field,
and wy, is the plasma frequency.

C. Resonant axion-photon conversion

Several previous studies [9,14] contain derivations of the
equations of motion for the axion-photon system, including
effects of the axion-photon coupling, the Euler-Heisenberg
photon self-interaction, and the ambient magnetized
plasma. For the sake of completeness, we present a detailed
derivation in Appendix A. For convenience we make two
simplifying assumptions. First, we focus on aligned neu-
tron stars for which the magnetic dipole moment aligns
with the star’s rotation axis, i (7) = Q. An aligned neutron
star has a static magnetic field B(r) = Boy(#)(r/Rxs)?
and plasma frequency wy(r) = @y 0w, (F)(r/Rxs) ™2
Second, we focus on axions that move along radial
trajectories out from the center of the star. If the unit
vector 72 points in the direction of the axion’s motion, then
this assumption corresponds to choosing 7 = 7. We iden-
tify the magnetic field’s longitudinal and transverse com-
ponents as

Along a radial trajectory it = F, the ratios 3, (i2) and S (#)

are independent of r, and they satisfy 7 + 2 = 1.

1. Resonance condition

Subject to the simplifying assumptions above, the
equations of motion for the axion-photon system reduce
to a set of coupled first-order differential equations,

. d Ayh Aa AB Ay h
mic () = el B )
dr lAwﬁ AB A” lAwﬁ

which are labeled by an angular frequency o (equivalently,
the axion or photon energy) and a unit vector iz (corre-
sponding to the direction of propagation). The entries in the
mixing matrix are

A,(r)=0 (8a)
®  YayPrB

Aylr) = pa- LenlrZ (8
2ka 1 —_ 2 “LP‘
L2

2
2 2 2% 7 2 B2
mg @ P15 =29 PrB

Zku Zka 1 _ R mf)l

L o?

A”(r) = s (8C)

where a)pl:wpl(rﬁ>’ B = B(rh), p; = p(1), pr = pr(h),
and k, = (w®> — m2)'/2. The complex amplitudes of the
axion field a,,;(r) and electromagnetic field A, ;(r) vary
as the waves propagate. In writing Eq. (8) we have dropped
negligible terms suppressed by additional factors of
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9%, B* or g,,,,B*; the more general expressions appear in
Eq. (A29).

To study the conversion of axions into photons, one
can solve Eq. (7) along with the initial condition that
Ay = Ay a0 and A, ; = 0 at the surface of the neutron star
where r = Ryg. Then the probability that an axion converts
into a photon reaching spatial infinity is calculated as
Pa—w(ahﬁ) = |A(u.ﬁ(oo)/a(u.ﬁ,0|2'

Often the axion-photon interconversion is resonantly
enhanced, and when this occurs the probability can be
approximated with a simple analytic expression. Resonant
conversion occurs if there exists a point outside the neutron
star (r > Rysg) at which A, (r) = A (r) [9], and we call the
solution the resonance radius r,.. The resonance condition
is written equivalently as [14]

w? 7
2 242 pl 2 2 2 D22 _
my — m,fp7 P 7O + EgymﬂTB @ =0.

Tres

©)

Depending on the model (m, and g,,,,), on the neutron star
(wp and B), and on the axion (@ and #), the resonance
condition may admit zero, one, or two solutions. Here we
identify that the solutions fall into two parametrically
distinct classes. Figure 1 shows solutions of the resonance
condition on a slice of the parameter space. We see that
there are two solution branches, which we study further in
the next two subsections.

2. Mass-matched resonance

To identify the first resonance, we set g,,,, = 0 in the
resonance condition (9), which reduces to

2

L . % . -1/2
wp](rresn) mg ﬁT(n)+w2ﬂL(n) . (10)

For nonrelativistic axions @w =~ m, and the resonance
occurs at a radius r., (assumed to be > Ryg) where
@ (reesht) & m,. For relativistic axions > m,f/Pr
and the resonance occurs where wp(reft) & m,f7' (it).
|

2 p2,.72
_fgayyB W Iieg

Pasyloit) =375
a p]
Yayy

107 E g3

= £ I I [
- I - O <4

L 10 = S _—
E @ _ @ E

3 i = = g 3
105 w=m, .
10,(; !_ w=m, AN _g
10-7 E Mass-matched Y= M 3

E resonance E

10-8Ey . A | . P b

1 10 100

Tres / RNS
FIG. 1. A region of parameter space satisfying the resonance

condition. We vary the axion energy o and the resonance radius
T'es» Which is measured with respect to the neutron star radius
Rys- The black curves are solutions of Eq. (9) for several values
of the axion mass m,. The colored lines highlight the two solution
branches, which we call the Euler-Heisenberg assisted resonance
(red) and the mass-matched resonance (blue). Toward large axion
energy, the two solution branches merge (curved corner) and at
higher @ there is no resonance. Toward low axion energy, the
curves are truncated at @ = m,, (short horizontal line segments).
To generate this figure we have chosen the parameters such
that By =10 G, P=1 sec, and n, = |n.|, which imply
wp 0~ 70 peV. We neglect the orientation-dependent factors

by setting f, (R) = fr(R) = 1/v2 and |y y(R)| = y,,(R) = 1.

See Fig. 1. We call this the “mass-matched” resonance
since it occurs where the axion mass is approximately equal
to the plasma frequency, which acts like a mass for
electromagnetic waves in the plasma. If axion-photon
interconversion proceeds via the MMR, then the asymp-
totic conversion probability (for » > Ryg) is well approxi-
mated by

RNS

2 B 1/3
~ (1.5 x 1073 0
(15 )(10—12 Gev—1> <1014 G> <
y { (0.1) ()13 (i) !

a ka - n)|— ’
(lﬁeV)4/3(10$eV)2(10 )~ (@)

P \5/3 no \ =503 A N
1 ) <10 km> (|n |> o () Pl (2)| 7103

(11)
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where the top case corresponds to nonrelativistic axions
with @ ~ m, > k, = (0* —m2)"/? and the bottom case
corresponds to relativistic axions with = k, > m,f3; . See
Appendix A 10 for additional details. The orientation-
dependent factors |wp(it)| and w, (i) are discussed in
Appendix B.

3. Euler-Heisenberg assisted resonance

To identify the second resonance, we set m, = 0 in the
resonance condition (9), which reduces to

2 0% (Freslt
w= —% (12)
7gyyyyB (rresn)

For g,,,,B* <1 as in Eq. (5), it follows that @ 3> @y (reht).
Since this solution relies upon the Euler-Heisenberg photon
self-interaction (g,,,, # 0), we call it the “Euler-Heisenberg
assisted” resonance. It has also been called “axion-photon
resonance” (collectively with the MMR) by Lai and
Heyl [14], “double lens effect” by Bondarenko et al. [15],
and “plasma-vacuum resonance” by Song et al. [16].

For a given axion energy @ and neutron star profile
functions, wy(r) and B(r), one can solve the resonance
condition (12) for r = r. to obtain the resonance radius,

3 23077 23 |y g3

21/397}’}’}’ 0 2/3| |2/3 NS
PlO (H

BO 1/3 P 1/3 n, -1/3
~ (3.4R
( NS><1014 G) (1 sec> n.|

( . fﬂ )3 (13
< (rgms) Wa@P )2 (13)

res(w n)

We require r,, > Rys such that the conversion occurs
outside the star since, otherwise, the photon would likely
scatter on the neutron star matter, rather than escaping from
the system as radiation. The width of the resonance region,
denoted by d,, is related to how quickly A,(r) — A(r)
varies at the resonance radius. We find

A 47[ V karr S —_
dres(w9n):\/?Tle|ﬂT| !
P

B. \-1/6/ p \5/6
~(4.5%x1072r ) —9
(4-53x10 rtﬁ&)(lO”G) (1 sec)
(s S22\ @\
10km |n| 10meV
(K ) ) )Py ()]
10meV @ ’

(14)

and one can find additional details in Appendix A. Note
that d,., grows in relation to r. as the axion energy o = k,,

is increased. Provided that d,., < r.,, the axion-photon
conversion probability may be calculated by employing the
stationary phase approximation. To leading order in the
axion-photon coupling g,,,, we find

2 gaw Tres 1w?

P R/ ——q> Bzd2
a—>y(a) n) 71 gyywk 4k2 Yayy res

~(37x10°2) (—Jar__\
10712GeV-!

BO 1/3 P 1/3 RNS n, -1/3
“\10%G) \Isec) \10km/\jn,]

o \3( k, \~!
X
(10meV) <10meV)

[y () 23y, ()23 (15)

For relativistic axions k, ~ w and P, « 0**k;' m 07!/3,

implying that conversion via the EHR is less likely for
higher energy axions. For comparison, the MMR has,
instead, P,_, « w’k;' ~ »' such that higher-energy axi-
ons are more likely to convert into photons.

In order for this calculation to be self-consistent it is
necessary to impose two conditions. First, the resonance
must occur outside of the neutron star; this condition
requires Ryg < 7. Second, the resonance region must
be narrow (since we calculate P,_,, using the stationary
phase approximation); this condition requires d,., < Fyes-
Together, these two conditions bracket a range of axion
energies @y, < ® < Wy, Where

Wp0 |l

@) = 2
Omin V=
7 gyyyyBO |VIB|

By \-2/ P \-12[/n, \/
~ (1.6 meV
(1.6 me )<1014 G> 1 sec n.|

< Jyr, () |y ()|~

37 10/7
O (i) = 33/7 Rys @y |B7|%7 |y, |
max\T) = S0 72077 377 277 a7 477
2T gl By lwsl*

BO 1/7 RNS 3/7
~ (140 meV
(140 me )<1014 G> <10km

P -5/7 n, 5/7
X [
() ()
7 ()| o, () [y ()| ~7. (16)

For typical parameters, the EHR is relevant for axion
energies from 1 to 100 meV. This is illustrated in Fig. 2.
The window widens for larger B, and it closes off entirely
for By < (10'' G)(P/1 sec)'/3. Consequently, the EHR is
only expected to occur in the strong-field environment of a
neutron star magnetosphere. As the neutron star period
decreases, the window of axion energies shifts to smaller
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101 pr— . . , -
F SN Euler-Heisenberg assisted ,’ i
3 S resonance is viable : 4
10Mg S ' :
- ~ % L
8 10% E & 3
=3 - 4
Qo2 : !
10" E
F solid: P = 1 sec ]
[ dashed: P = 10 sec
10101 i L T L T
10 0.001 0.010 0.100 1
w [eV]

FIG. 2. An illustration of the parameter space over which the
Euler-Heisenberg assisted resonance is viable. We show the axion
energy @ and the polar magnetic field strength By . In the orange
shaded region the resonance radius would be inside the neutron
star, 7., < Rys. In the gray shaded region, the resonance
width exceeds the resonance radius, d,.s > res. We neglect the
orientation-dependent factors by setting |wz()| = v, () =
pr(it) =1, and we take Rys = 10 km and n, = |n.|. The solid
and dashed lines correspond to the boundaries for P = 1 sec and
10 sec, respectively. For example, if By = 10'* G then the Euler-
Heisenberg assisted resonance is accessible for @ from about 1 to
100 meV. If the electron density were larger, n, > |n.|, the
resonance would shift to higher w.

values. For a millisecond pulsar (P ~ 1-10 ms) [78] the
window would be in the microwave band; however, the
typical magnetic field strength (B < 10'° G) would make
the EHR inaccessible for millisecond pulsars. Note that
across most of the parameter space the magnetic field
strength at the resonance radius is far below the critical
field strength in the Euler-Heisenberg effective action,
|B(Fyes)| < B, Which justifies keeping only the lead-
ing-order operators. However, at the upper-left corner of
Fig. 2, where both B\ 2 B and r., & Rys, the higher-
order operators may impact the conversion probability.

4. Nonresonant conversion

It is also possible that the resonance condition (9) does
not admit any real solutions with r, > Rys. For instance,
if the axion energy w is large compared to the axion mass
m, and the plasma frequency w, such that g, B*w* >

51’ then the first three terms in Eq. (9) can be
neglected with respect to the fourth, and the resonance
condition has no real solution. In this situation, the axion-
photon interconversion is said to be nonresonant. Several
studies [9,79-87] have noted that nonresonant axion-
photon conversion can play an important role in generating
x-ray signals of axion emission from neutrons stars
(including magnetars) and white dwarf stars, while other
work [88] has studied the conversion of TeV gamma rays
into axions as they propagate across the galaxy. If the axion

m2 and @

mass and plasma frequency can be neglected, then a simple
formula is available for the nonresonant conversion
probability [82],

Py 0) o S St Gsgs
a—=y\" ) ™~ 52/526/574/5 4/5 \ 6/5
22356574 gJ’J{}’Y ka/

- Ya 2 BO 2/5
~ (5.1 %107 i
(5:1x )<1o—'2 Gev—1> <1014 G>

Ras \5/ @ \¥5( k, \-6/5
“\10 km 1 keV 1 keV

X |ﬂT(ﬁ)|2/S|V/B(ﬁ)|2/S’ (17)

where By = By|fr|lws|. For relativistic axions k, =
P—m2)?xw and P, x 05185 g 415
1/3

(@ For
comparison the EHR has P,_,, o« @™/, which decreases
less quickly toward large axion energy. See Appendix A 12

for additional details and generalizations.

v [Hz|
10° 106 107 10% 10° 10'° 10'! 10'2 10" 10™ 10' 106
1 SELRRLLL LR LR B BLLLLL BLALLLLL L B L | T T
—_— 1/3
-3 xw 5
10 =~
-6 4
=10
T
3
Ay 107 8
10—12 -
EH-assisted 1
10_15 L Imass-lmatcheld reson}ance 1 ] l"eS(Imem(:eI InonrelsonzmtI i
107 10-® 1077 1076 10° 10-* 103 102 107! 1 10 100

w [eV]

FIG. 3. Axion-photon conversion probability P,_,, as a func-
tion of axion energy w (or equivalent frequency v = w/2x) for
several values of the axion mass m,. Toward small @ the curves
are truncated at w ~ m, corresponding to k, = (@ —m2)'/? =
1073 m,. The power-law dependence on  is very well approxi-
mated by the analytical formulas in the text: at small @ the mass-
matched resonance (11) has P,,_,, « w?k;", at intermediate w the
Euler-Heisenberg assisted resonance (15) has P,_,, « 0*3k;!,
and at large w the nonresonant conversion (17) has P,_,, o

w? 5k;6/ >. The mass-matched resonance is suppressed toward
small axion mass m,, even if the axion is relativistic @ > m,;
whereas for these parameters the Euler-Heisenberg assisted
resonance is insensitive to the axion mass for m, < peV. We
take the same fiducial parameters used in the main text:
Gayy = 10712 GeV™!, By =10" G, P =1 sec, Rys = 10 km,
and n, = |n.|. We neglect the orientation-dependent factors by

setting |y(#)| =y, (7) = 1 and f,(R) = pr(a) = 1/V2.
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5. Comparison of the two resonances

Figure 3 shows the predicted axion-photon conversion
probability P,_,, as a function of the axion energy w for a
fiducial parameter set (see caption). To produce this figure,
we solved the coupled axion-photon system (7) numeri-
cally, and we evaluated the analytic formulas from the
previous subsections. The curves shown in the figure
combine numerical results at intermediate @ with analytical
results at small and large w. The figure illustrates how the
MMR dominates at small @, the EHR dominates at
intermediate w, and the nonresonant conversion dominates
at large .

Toward small axion energy, the axion-photon intercon-
version is controlled by the MMR, and the parametric
behavior can be understood from Eq. (11) in which
P, myw?k;!. For a given m, we truncate the curves
at k, = 10~3m, corresponding to w = m,. For nonrelativ-
istic axions, which have w = m, > k,, the probability
spikes since P,_,, k;'. For relativistic axions, which
have w = k, > m,, the probability grows linearly since
P,., x @’k;' ~w. This behavior is partly because the
probability increases as the width of the resonance region
increases: P,_,, & daw?/k3 and de o kY/?. For the curve
with m, = 107 eV, as w is increased the width of the
resonance region d,.; becomes comparable to the resonance
radius . before the EHR is reached, and this explains why
the curve departs from the @' scaling. The dependence
on axion mass follows the expectation for the MMR in

which P,_,, mi/ P2, Lowering the axion mass reduces
the probability, because the resonance radius obeys
@ (Tres) ® Mg, and a smaller m, implies a larger r
where the magnetic field is weaker, leading to a smaller
probability.

At intermediate axion energy, the axion-photon
conversion is controlled by the EHR, and the parametric
behavior can be understood from Eq. (15) in which
P,_, « myw?3k;'. For the parameters that were chosen
to generate this figure, the probability is insensitive to the
axion mass as long as m, < peV. Since m, < o~ k,,
axions in the EHR window are relativistic. The sharp jump
at @ ~ 1073 eV corresponds to the point where the EHR
resonance radius is comparable to the neutron star radius
T'es & Ryg; see also Fig. 2 and Eq. (16). For smaller o we
have r,, < Ryns and the EHR is inaccessible; whereas for
larger @ we have r, > Rys, and the EHR dominates over
the MMR. As the axion energy increases further, the axion-
photon conversion probability tends to decrease as
-1/3, which is the expected behavior for the

EHR. This is mostly because r,  ®*/3, so a higher
energy axion converts further from the star, where the
magnetic field is weaker, leading to a smaller probability.
For w = 0.1 eV the resonance width exceeds the resonance
radius d,., > ., and the EHR gives way to nonresonant

Pyy x@

conversion; see also Fig. 2 and Eq. (16). If the axion mass
were larger than m, ~ peV, then the EHR and MMR would
merge, see Fig. 1, and the probability would be suppressed
at high axion energy.

At high axion energy, the axion-photon conversion is
nonresonant, and the parametric behavior can be under-
stood from Eq. (17) in which P,_,, « mlw?5k;%. For
relativistic axions this implies P,_, o @~*/%, which agrees
with the behavior seen in the figure.

Comparing the two resonances against one another, we
find that the EHR tends to yield a larger axion-photon
conversion probability than the MMR for low-mass and
high-energy relativistic axions. This conclusion is robust
against changing the magnetic field strength B, the axion-
photon coupling g,,,, and the neutron star radius Ryg since

both resonances have P,_,, « ngBé/ 3RNS. As for the
neutron star rotation period P, the MMR has
Py, P5/3, while the EHR has P, P'/3, but most
(nonmillisecond) pulsars have similar rotation periods
P ~ 1-10 sec. The conversion probability also depends
on the orientation of the axion’s trajectory 2 =7 via the
factors |wp(t)|, y, (i), and pr(@), which we have
neglected in generating Fig. 3. We explore the angular
dependence further in Appendix B.

6. EFT considerations

Since the Wilson coefficient g,,,, of the dimension-eight
Euler-Heisenberg operator appears in the denominator of
the resonance condition (12), one might worry that the
effective field theory (EFT) breaks down at the EHR.
However, through the following power-counting argument,
we argue that this is not the case.

At the Lagrangian level, we compare the various
terms that impact the electromagnetic field. There is a
dimension-two effective mass term due to medium effects,
schematically written as % ~ w}A%, and there is the
dimension-eight EH term, schematically written as
Ly~ Gy FH~ (e /mi)? B?A%,  where g, ~ ¢*/m}.
We focus on only the terms that contain two photon field
operators (i.e., « A?); there are also interaction operators
(i.e., x A%), but these do not impact axion-photon mixing.
Going beyond mass dimension-eight operators, one
would next encounter terms like &), ~ (e%/md)F6 ~
(e8/md)w®B?A? at mass dimension-twelve [76]. At the
EHR, the dimension-two and dimension-eight operators are
comparable by definition Zg/.%, = O(1); note that
Eq. (12) gives w ~ (e*/m¢)w?B?. The dimension-twelve
operator goes as .%j,/.%> « r® which is small at the
star’s surface and grows with increasing distance from
the star. At the resonance radius r, it reaches a
value of Z,/.L5 ~ *o*/mt ~ 107 (w/10 meV)*.
However, provided that o < m,/\/e~1 MeV, the
dimension-twelve operator is tiny in comparison to the
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dimension-two and dimension-eight operators at the reso-
nance radius. In short, although the resonance condition
(12) needs w to be much larger than the plasma frequency, it
still allows @ to be much smaller than the electron mass,
which sets the UV cutoff of the EFT. Therefore, for the
parameters of interest, we conclude that the EFT is under
control at the EHR.

III. TERAHERTZ EMISSION DUE TO AXION
DARK RADIATION

Here we consider the electromagnetic radiation that may
arise when axion dark radiation, i.e., a population of
relativistic axions, is incident on a neutron star’s magneto-
sphere. We assess the conditions under which resonant
axion-photon conversion is expected to occur, and we
calculate the resultant electromagnetic radiation spectrum.

A. Modeling axion dark radiation

We assume that relativistic axions are isotropically inci-
dent on the magnetosphere. This is a reasonable expectation
for all of the sources of axion dark radiation discussed in
Sec. IV. To take advantage of the system’s approximate
spherical symmetry, it is convenient to imagine that the
axions are being emitted from the center of the neutron star at
r = 0. We model the incident axion dark radiation with an
energy flux spectrum, ®,(w) = dE,/d*adtdw, which has
the units of axion energy per unit solid angle per unit time per
unit angular frequency. We assume the emission is isotropic
and static, meaning that ®, does not depend on either 72 or .
For the sake of simplicity, we assume that the flux of axion
radiation onto the neutron star can be modeled as a power-law
across the observable frequency band. This assumption lets
us write

Dy (w) = Py p(@/wy)", (18)

where the exponent 7 is a (possibly noninteger) index.

B. Predicted electromagnetic radiation

If an axion with angular frequency @ that propagates
in the direction 7 (such that its momentum is k, =
(w* —m2)'/*ft) experiences resonant axion-photon con-
version with probability P,_,(w.7), then the average
resultant energy flux spectrum of the emitted electromag-
netic radiation is given by

(I)y(w’ﬁ) = q)a(w)[pa—w(w’ﬁ)’ (19)
where @, (w, 1) = dE,/d*adrdw has the units of photon
energy per unit solid angle per unit time per unit angular
frequency. Note that the probability depends on the
orientation of the axion’s momentum #2 because of the
anisotropy of the dipolar magnetic field and plasma
frequency. Here we have also used the fact that an axion

with energy w converts into a photon with the same energy.
The electromagnetic luminosity spectrum is obtained by
integrating the flux over solid angle:

L, () = A P2, (o, ). (20)

where L,(w) = dE,/dtdo has units of photon energy
emitted per unit time per unit angular frequency. The total
electromagnetic luminosity is obtained by further integrat-
ing over angular frequency:

Ly—/)oodwﬁy(a))—AﬂdzﬁAmdey(w,ﬁ), (21)

and it has units of photon energy emitted per unit time.
We calculate the flux that is incident at Earth as

F (@) =L,(0)/4zd® or F,=L,/4nd, (22)

where F,(w) = dE,/d*Adrdw has the units of photon
energy received per unit area per unit time per unit angular
frequency, and F, = dE,/ d’Adt has the units of photon
energy received per unit area per unit time. This calculation
assumes that the neutron star is a distance d away from
Earth. Additionally, this calculation neglects absorption of
the radiation along the path of propagation, which effec-
tively sets the optical depth 7 to zero.

C. Numerical estimates

We are interested in assessing whether the electromag-
netic radiation that arises from resonant conversion of axion
dark radiation in a neutron star’s magnetosphere could be
detected from Earth. Combining formulas from the pre-
vious subsections gives

®a,0wn+l

w}—Y (@) = 4zrd2a)8

/4 AP, (0.0).  (23)

Assuming that the EHR is dominant, so P,_,, is given by
Eq. (15), we evaluate the integral to obtain

wF,(w)~(6x107"" erg/cm?/sec)

(o) ()
10712 GeV-! 10" G

P \'3/ Ryxs n, \~1/3
() (o) ()

) n+5/3 ka -1 o -n
<1 meV) (10meV> <10meV>

X

X

0
d -2 )
- 20 . (24)
100 pc 10°9 erg/sr/ sec /meV

X
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For reference 1 Jy =~ 1.5 x 107! erg/cm?/ sec /meV. We
have fiducialized the distance to 100 pc, and for reference,
the nearby isolated neutron star RX J1856.5-3754 is
located at 1233 pc [89,90]. We have fiducialized the
axion flux spectrum to a value that gives a potentially
detectable signal. In Sec. IV, we estimate @, for possible
sources of axion dark radiation.

For reference, if we model the Sun as a blackbody with
surface temperature 7 ~ 6000 K ~ 500 meV, then at @ =
10 meV the flux reaching the Earth’s upper atmosphere is
oF,(w) ~ 1.4 x 10° erg/cm?/ sec. As another reference,
the diffuse extragalactic background at these energies
straddles the cosmic microwave background (CMB) and
the cosmic infrared background [91], and a flux of
10 nW/m?/sr corresponds to wF,~6x10%erg/cm?/sec
upon integrating over 27zsr.

An angular frequency of @ = 10 meV corresponds to a
linear frequency of v = w/2x ~ 2.4 THz and a wavelength
of 1= 1/v~0.1 mm. For these fiducial parameters, the
signal falls in the “terahertz gap” of the electromagnetic
spectrum, between the microwave band and the far infrared
band. Detection of terahertz radiation is particularly chal-
lenging for a receiver on Earth since atmospheric attenu-
ation strongly suppresses the signal.

The authors of Hirashita [92] discuss possible science
cases for ground-based terahertz telescopes. In particular,
they focus on the 12-m Greenland Telescope that would be
deployed to the Greenland Summit Station. The dry
atmospheric conditions in Greenland help to mitigate the
attenuation due to atmospheric water vapor. In order to
detect their various scientific objectives, the noise level of a
terahertz telescope must be lowered to a sensitivity of
0.1-10 Jy at frequencies of 1-1.5 THz. This value
motivates our fiducial parameter choices in Eq. (24):
(6 x 107! erg/cm?/ sec) /(10 meV) ~ 0.4 Jy.

IV. SOURCES OF AXION DARK RADIATION

The phrase “axion dark radiation” refers to a population
of relativistic axions, which we assume to be incident
upon a neutron star’s magnetosphere with flux @, ().
Depending on their mass and interactions, relativistic
axions may be produced in various ways. Here we briefly
mention several possibilities and estimate ®,,.

A. Thermal relic axions

Axions may have reached thermal equilibrium with the
primordial plasma in the early universe if their interactions
with the Standard Model particles are sufficiently strong.
Later as the universe expanded and the plasma cooled, the
axions’ interactions would have become inadequate to
maintain thermal equilibrium, and they would have frozen
out of equilibrium [93-98]. In this scenario, the Universe
today is expected to contain a thermal cosmic axion

background [99,100], similar to the thermal photon back-
ground (CMB) and the thermal neutrino background.

The predicted CaB energy per unit volume per unit
angular frequency is

dp, 1 ®’

= 25
do 27%e?/Ta — | (25)

assuming that the axion mass m, is small compared to
the CaB temperature today, 7',,. If the CaB froze out when the
photon temperature was 7;, then the conservation of
comoving entropy implies that the CaB temperature today
is T,~[9.5(T0)/9.5(T4)]"*T,, where T, ~0.234 meV
is the CMB temperature today. We estimate the
corresponding axion flux at the conversion radius
Fres 88 @ (0) = dE,/d*Adtdw ~ (dE,/dVdw)(crk,/st) =
(dp,/dw)(crig/st). For T, = 0.1 meV, r = 100 km =
10Rys, and @ =1 meV this estimate gives ®, ~ 1 x
10° erg/sr/ sec /meV, which is much smaller than the
fiducial value used in the estimate of wF,(w) from
Eq. (24). Consequently, the thermal CaB is not expected
to induce a detectable electromagnetic signal from resonant
axion-photon conversion in a neutron star magnetosphere.

B. Stellar axion emission

Axion dark radiation may be created in the Universe today
by scattering processes taking place within stars [7]. In
particular, if axions couple to the constituents of a neutron
star, and if the axion is lighter than the neutron star core
temperature T ~ 10 keV, then neutron stars create their own
flux of relativistic axions. The dominant channels, typically
nucleon bremsstrahlung NN — NNa (where N = p, n) or
Cooper pair breaking and formation, are controlled by the
axion-nucleon coupling g,yy. Since the star must not lose
too much energy via axion emission, one can derive an upper
limit on g,yy from luminosity and age measurements of
isolated neutron stars. For example, Buschmann ez al. [101]
study axion emission from a set of five isolated neutron stars
and derive limits on g,yy, Which are weakly model depen-
dent, and generally atlevel of |g,yy| < 1 x 107 at95% con-
fidence. When this inequality is saturated, the corresponding
axion luminosity is on the order of L, ~ 10°2-10*3 erg/ sec
where, for reference, the photon luminosity of the Sun is
Lo~ 3.8 x 10% erg/sec. Assuming a thermal spectrum
at T ~10 keV, the axion flux at angular frequencies
around wy = 10 meV is @, (w) &~ @, o(w/wy)? with @, 5 ~
10'2 erg/sr/ sec /meV. This flux is much smaller than the
fiducial value of @, used to estimate wF, at Eq. (24),
indicating a negligible terahertz signal. There is a larger
flux at higher energies (w ~ T), which may lead to x-ray
emission via nonresonant conversion [23,84,86], but these
energies are outside the window (16) that experience
resonant conversion via the EHR. Additional channels for
axion emission include gap production in the polar cap
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regions [102-104], electrobaryonic axion hair [105], and
axion stellar basin [106]. However, for each of these
channels the axion spectrum is peaked far away from
o~meV, and the flux in the EHR energy window is
suppressed. Consequently, the axion radiation produced
by the neutron star itself is not expected to induce a
detectable electromagnetic signal after resonant axion-
photon conversion in the magnetosphere via the EHR.

C. From dark matter decay or annihilation

Relativistic axions may also be created through the decay
or annihilation of a heavier cosmological relic [99,107-115].
For instance, the dark matter may be unstable but suffi-
ciently long lived to survive in the Universe today. If dark
matter particles have a decay channel into much lighter
axions, then dark matter decays would produce axion dark
radiation [100]. The spectrum of the axion dark radiation
depends on the nature of the decay. If the dark matter
decays to a two-body final state, such as y — aa, then the
axion spectrum would have two components: a line
centered at approximately half of the dark matter mass,
w = m, /2, associated with dark matter decaying today, and
a low-frequency power-law tail associated with earlier
decays into axions that experienced cosmological redshift.
Generating axions with energies around 1-100 meV would
require a dark matter particle with its mass around this
scale. Alternatively, if the dark matter decays to a three-
body (or higher) final state, then a broader spectrum of
axion emission would result. Similarly, if dark matter
particles become trapped inside a neutron star and anni-
hilate with one another [116], then axion dark radiation
could also be produced in this way.

To estimate the associated energy flux spectrum @, (w)
we make the (wildly overly-generous) assumption that
all of the dark matter energy is transformed into axion
dark radiation at @ ~ 10 meV. In other words, we take
dp,/dw ~ pgm/® and assume that the dark matter energy
density in the vicinity of the neutron star is comparable to
the value in the Milky Way nearby to our solar system,
Pam ~ 0.3 GeV/cm?. By adapting the estimates used in
Sec. IVA, we obtain @, ~ 1 x 10'® erg/sr/sec /meV.
Comparing with the fiducial axion flux used in the estimate
of Eq. (24), we do not anticipate a detectable signal due to
axion dark radiation produced from dark matter decay. It is
worth mentioning that the dark matter density is much
larger than the local value near the Galactic Center, but
taking d ~ 8 kpc in Eq. (24) would incur a suppression of
approximately 107°, and moreover, attenuation during
propagation would become increasingly important.

D. Topological defect production

Axionlike particles often arise in field theories as the
pseudo-Goldstone boson of a spontaneously broken global
symmetry. If the symmetry breaking proceeded through a

cosmological phase transition in the early universe, cau-
sality arguments [117] imply that a cosmological network
of topological defects, typically strings and domain
walls, should have formed. A combination of analytical
arguments and numerical simulations indicate that these
defect networks evolve by exhausting energy into
axions [118-133]. If the axion is sufficiently light, those
particles constitute a component of the axion dark radiation
today [134,135]. Assuming that strings with tension u lose
an order one fraction of their energy in each Hubble time
into relativistic axions, then the accumulated axion dark
radiation in the Universe today can be estimated roughly as
Pa ~ ,uH% log(teq/tpg), Where logarithmic factor accounts
for the build up of axion dark radiation from the time of
string formation fpg until the time of radiation-matter
equality 7. If the string tension were u ~ (10" GeV)?
and the logarithmic factor were log ~10?, then the corre-
sponding cosmological energy fraction in these axions is
expected to be quite small p,/3M} Hj ~ 107°. The corre-
sponding axion flux ®,(w) onto a neutron star magneto-
sphere would also be quite small, even in comparison with
the estimates for thermal relic axions from Sec. IVA.

V. SUMMARY AND CONCLUSION

Let us first summarize the key elements of this work.

(1) We are interested in the resonant conversion of
axions into photons in a neutron star magnetosphere.
We identify two parametrically-distinct classes of
resonant solutions; see Fig. 1. The first, which we
call the mass-matched resonance (MMR), can occur
if there is a region outside the star where the plasma
frequency crosses the axion mass, @y ~ m,. The
second, which we call the Euler-Heisenberg assisted
resonance (EHR), can occur at a location where the
axion energy satisfies @ = [2w7,/7g,,,,B8%]'/%. This
second resonance relies upon the Euler-Heisenberg
four-photon  self-interaction  (g,,,, = 8a?/45m?).
Both resonances collectively have been called ax-
ion-photon resonance by Lai and Heyl [14].

(2) We focus our study on the EHR. We find that it is
generally only accessible for relativistic axions with
energy o in the range of 1 to 100 meV; see Fig. 2.
Additionally, for relativistic axions, we find that the
EHR tends to induce a larger axion-photon con-
version than either the MMR or nonresonant con-
version; see Fig. 3.

(3) We suppose that a population of relativistic axions is
incident on a strongly-magnetized neutron star. We
calculate the resultant electromagnetic radiation that
would arise via the EHR as the axions propagate
through the neutron star’s magnetosphere. We esti-
mate the spectrum of radiation that would reach a
detector on Earth; see Eq. (24). Obtaining a signal that
is strong enough to detect would require a very large
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flux of axions. Moreover, the signal typically falls
into the terahertz gap between the microwave and
infrared bands, which is attenuated by the atmos-
phere, making detection additionally challenging.

(4) We briefly survey a few possible sources of axion

dark radiation. These include a primordial popula-
tion of thermal relic axions, axions produced in stars,
axions produced from the decay of dark matter (or
other long-lived moduli), and axions produced from
topological defect networks. These sources of axion
dark radiation generally do not provide the requisite
flux of axions to induce a detectable electromagnetic
signal due to axion-photon conversion via the EHR.

Our main conclusions are that the EHR can provide the
dominant channel for axion-photon conversion in a neutron
star magnetosphere for axions with energy from w ~ 1 to
100 meV, provided that the magnetic field is sufficiently
strong By > 10" G and the axion is sufficiently light
m, < peV. For typical values of the polar magnetic field
strength B > 10'! G and the neutron star rotation period
P ~1-10 sec, the resultant electromagnetic radiation
would fall into the terahertz band, allowing for synergy
with laboratory efforts to detect axions at terahertz
masses [136,137]. However, given reasonable restrictions
on the incident axion flux, the associated electromagnetic
signal is not expected to be large enough to detect.

In our study we have adopted several simplifying
assumptions in order to arrive at simple analytical relations
for the properties of the EHR. Of course, it is possible to
relax these assumptions and revisit the analysis with a more
accurate modeling of the axion-photon system. For example,
we assume axions propagate on radial trajectories out from
the center of the star, but one can perform three-dimensional
ray tracing as in Refs. [38,48,83]. Moreover, we assume that
any electromagnetic radiation produced by axion-photon
conversion is able to escape from the neutron star environ-
ment and reach Earth, but one can also consider photon-
plasma interactions and propagation effects as in
Refs. [43,49]. In addition, we adopt the Goldreich-Julian
model, which is expected to describe the magnetospheres of
old neutron stars, but one can revisit our analysis with a
model that more accurately captures the physics of stars
with surface field strengths as large as 10'* G, such as young
magnetars. However, we do not expect a more refined
analysis to alter the broader conclusions about the detect-
ability of axion-induced terahertz radiation from the EHR.

In this work we have focused on the conversion of axions
into photons. Although the EHR allows for a large
conversion probability, the strength of the signal is limited
by the tiny incident flux of axion dark radiation. It may also
be interesting to explore the conversion of photons into
axions, which could lead to potentially detectable features
in the spectrum or polarization of the background radiation.
For magnetic white dwarf stars, in which the weaker
magnetic field makes the EHR inaccessible and the

axion-photon conversion is nonresonant, similar studies
have led to constraints on the axion-photon coupling from
observations of polarized optical emission [81,87]. As for
neutron stars, a pair of recent studies have already inves-
tigated the role of the EHR to modulate the star’s spectrum
and polarization. Bondarenko et al. [15] use measurements
of the high-frequency radio spectrum of a radio-loud
magnetar to search for a kinklike feature (corresponding
in our notation to @ & wy;, where the EHR becomes
accessible). They conclude that if such a feature could
be detected with O(5 — 20%) sensitivity, it would provide a
strong probe of axionlike particles at g,,, 2 (0.5-2) x
10712 GeV~! and m, < peV. Song et al. [16] use optical
linear polarization measurements for a set of three neutron
stars to search for an enhancement in polarized emission
due to the EHR. Using upper limits on the polarization
degree for these stars, they obtain powerful constraints on
the axion-photon coupling that can be as strong as g,,, <
few x 107'2 GeV~! for small m,,. In our view these studies
demonstrate the potentially important role of the EHR to
probe axions in neutron star environments.
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APPENDIX A: SELECTED DERIVATIONS

This appendix provides details for the derivations of the
equations of motion, the mixing matrix, the axion-photon
conversion probability, and the resonance condition. In the
second appendix, we explore the angular dependence
and validate the analytical approximations against direct
numerical integration of the equations of motion.

1. Equations of motion

The field equations for the axion-photon system (4) are
given by

a— vza —+ mtzza = gany -B (Ala)
V.-D=p;—g, Va-B
Loigne 2 7
=291, V- §(|E| - |B| )E+Z(E’B)B (Alb)
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VxH=j;+D+g,,aB+g,,VaxE
1 7
+ 29y, [§(|E|2 - |B|2)E+4_1(E -B)B]

~20, ¥ |5 (EP - BRI~ (E-B)E| - (A10)

V-B=0 (Ald)

V x E = -B, (Ale)
which combine the Klein-Gordon equation with the in-
medium Maxwell equations, and which further include the
appropriate modifications to account for the axion-photon
interaction (g,,, terms) [138] and the Euler-Heisenberg
photon self-interaction (g,,,, terms) [73]. These equations
contain the axion field a(r, 1), the electric field E(r, t), the
magnetic field B(r,), the electric displacement field
D(r,t), the field H(r,t), the free charge density field
ps(r.t), and the free current density field j,(r, 7). Since
we are interested in axion-photon conversion in a neutron
star magnetosphere, we assume Minkowski spacetime, but
for cosmological applications one may want to assume a
Friedmann-Robertson-Walker spacetime instead.

2. Electric and magnetic potentials
The magnetic divergence condition V-B =0 and
Faraday’s Law V xE = —B are constraint equations.
These constraints are solved by electric and magnetic
fields that take the form

E(r,t) = =V¢(r,1) —A(r,t) and B(r.t) =V xA(r,1),

(A2)

where ¢ (r, 1) is the electric potential field and A (r, 1) is the
magnetic potential field. The electric and magnetic fields
are left invariant under the gauge transformations ¢(r, t) —
o(r,t) —y(r,t) and A(r,t) — A(r,t) + Vy(r,t) for any
differentiable y(r, r). In studies of axion-photon intercon-
version, it is customary to use the gauge freedom to impose
¢(r,t) = 0 forall r and r, and this gauge-fixing condition is
known as the Weyl or temporal gauge.

3. Constitutive relations

A set of constitutive relations determine D and H in
terms of E and B for the medium of interest. At this point it
is useful to anticipate that we intend to search for plane
wave solutions that vary in time as « e™’, where  is the
angular frequency of oscillation. The constitutive relations
may depend on w as well.

For a linear medium the constitutive relations take the
form D = ¢E and H = u~'B, where ¢(r,t) is called the
electric permittivity tensor and u~'(r,¢) is the inverse

magnetic permeability tensor. If the medium were also
isotropic and homogeneous, then the tensors would be
independent of r and proportional to the identity matrix.

For example, a linear, isotropic, and homogeneous
plasma composed of nonrelativistic charge carriers has
e;j = (1 =} /@?)8;; and ;) = 6;;, where @, is called the
plasma frequency [139]. The squared plasma frequency is
calculated by summing the contributions from each particle
species in the system:

2.2
2 2 h 2 gseny
wy = ) wy, Wwhere oy = ,

7 s

(A3)

where ¢, is the electric charge, n, is the number density,
and mg is the mass of particle species s. Note
e = V4na =~ 0.303. In a nonrelativistic electron-ion plasma

. . 2 _ 2
the plasma frequency contributions are Wy = €N, /m, for
2

the electrons and @, ;,, = Z*€*nion /Mgy for the ions with

atomic number Z and mass number A. Since m, K
Mion/ Z* =~ Am,,/ Z* even for reasonably large Z, it follows
that @7, < @7, if the system is approximately charge
neutral n, & n;q,.

For a neutron star magnetosphere, the strong dipolar
magnetic field B breaks the spatial isotropy of the system.
Charged particles tend to move up and down the field lines
while orbiting in the transverse direction at their cyclotron
frequency. If we write B = |[B| and B = B/B, then the
cyclotron frequency for particles of species s is
wps = |qs|eB/m,. Consequently, the dielectric permittiv-
ity in the direction of B is different from the permittivity in
the directions normal to B. Since the particles can
only move down the field lines, the conductivity in the
transverse directions is approximately zero. In the high
magnetization limit, ie., wp > ,wy, the appropriate
modification of the constitutive relations is [77]

D(r, t) = €(r, I)E(r, t) where €ij = 51/ —7313

H(r,t) = p ' (r,1)B(r,t) where yjj' = 6. (A4)

In other words, the electric permittivity is 1 — @,/ in the
direction of the background magnetic field B, and it is 1 in
the orthogonal directions. Note that wp(r,?) varies
throughout the neutron star magnetosphere, and we treat
it as a part of the background solution. In the equatorial
regions, the neutron star magnetosphere primarily consists
of a nonrelativistic electron-proton plasma [37], and the
plasma frequency is well approximated by just the electron
contribution @y, = e’n,/m,. On the other hand, in the
polar regions, a relativistic electron-positron plasma is
present, and the calculation of axion-photon conversion
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near the poles requires a different analysis, which we do not
consider here; see, for example, Refs. [38,103,140,141].

4. Background and perturbations

A neutron star magnetosphere possesses a strong electro-
magnetic field associated with the star’s large magnetic
dipole moment. Additionally, the axion dark radiation
corresponds to an ambient axion field. However, we are
interested in the much weaker electromagnetic and axion
fields associated with radiation propagating through this
environment. This motivates us to employ perturbation
theory to derive an approximate solution. We decompose
the various fields onto background and perturbations by
writing

py(r.t) = py(r.1) (ASa)
Jrlr.t) =js(r.1) (A5b)
a(r,t) = a(r,t) + da(r,t) (A5c)
E(r.1) = E(r.1) + 6E(r.1) (A5d)

D(r.1) = D(r.t) + 6D(r.1) (ASe)
B(r,t) = B(r,t) + 6B(r, 1) (ASf)
H(r.t) = H(r.1) + 6H(r, 1) (ASg)
p(r.1) = g(r.1) +5p(r.1) (ASh)
Alr.t) =A(r.0) + 6A(r. 1), (ASi)

where background quantities are denoted by a bar. Note
that the free charge and current density are treated as
entirely background quantities since these are responsible
for the neutron star’s dipolar electromagnetic field. The
barred background quantities are assumed to solve Eq. (A1)
exactly, although in practice the g,,, and g,,,, terms can be
neglected. Since the perturbations are assumed to be small
compared with the background quantities, we can neglect
terms that are quadratic or cubic in the perturbations.
Keeping only the linear terms, the equations become

i — V*sa + miéa = g,,E - 6B + g,,,0E - B (A6a)
V.-oD = -g,,,Vioa ‘B - Jay,Va - 0B
=29,V {(E -6E — B - SB)E + % (|E*> - |B|*)oE + 47_1 (E - B)SB + % (E - 5B)B + % (6E - B)B} (A6b)
V x 6H = éD + g,,,aéB + g,,,,6a B +g,,,Va x E + g,,,Véa x E

+ 2G,,,0: {(E -8E — B - SB)E + % (IE|* — |B|*)SE + % (E - B)SB + % (E-6B)B + 47_1 (6E -B)B}
29,V x [(E SE—B-5B)B + % (B> - |B[?)oB — % (E - B)SE - 47—1 (E - 5B)E - % (5E - B)E] (A6c)
V-6B=0 (A6d)
V x 6E = —6B (A6e)
OE = —Vé¢ — A (A6f)
6B =V x 5A (Abg)
D = S — % (B-E)B (A6h)
6H = 6B, (A6i)

which govern the evolution of the field perturbations.
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5. Goldreich-Julian background solution

The background fields are required to solve

a—V*a+mia=0,

V-B=0, VxE=-B, D=E,

where we have neglected the O(g,,,) and O(g,,,,) terms.
We take a(r,t) =0 since the background axion field
associated with axion dark radiation is not expected to
be very large. In the polar regions, where E - B can be
significant, a nonzero a can be induced by the axion-photon
interaction (g,, terms) [102-104], but we neglect this
effect since it is not expected to significantly impact
resonant axion-photon conversion.

We model the background magnetic field in the region
outside of the neutron star as a magnetic dipole that rotates
at the same speed as the star. Here we use a Cartesian
coordinate system and take the origin to be the center of the
star such that the position vector is r = x& + yy + zZ with
r=lrl=(>+y*+2z%)"? and #=r/r. We write the
star’s angular velocity as Q = QQ, where Q =27/P
and P is the rotation period of the star and Q =7 is the
orientation of the angular velocity. We further suppose that
the magnetic dipole moment is

m(1) = m sin 0,, cos(¢,, + Q)%
+ m sin 0, sin(¢,, + Qt)y +m cos 6,2,  (AS8)

which remains constant in magnitude m = |m(z)|, and
which varies in orientation #(f) = m(t)/m while main-
taining constant its angle with respect to the star’s rotation

axis: Q- #iu(r) = cos,,. This idealized magnetic dipole
moment is a contribution to the free current densityj_'f (r,1)
that is only nonzero at the origin. This approximation is
reliable in the magnetosphere outside the star (r > Rys),
but it would break down inside the star. The background
H(r,1) field must obey Ampere’s Law V x H =j; + D,
which implies

A1) = 3m(rt5) T _mr(3t)

for r > Rys.  (A9)

Note that V x H =0 everywhere except at the origin,
which is the location of the magnetic dipole. In order for
Ampere’s Law to be satisfied, we will need to adjust the
free current such that J_'f +D=0. The background mag-
netic field B(r, t) must obey the constitutive relation H = B

since u~! = 1, which implies

_ -3
B(r,t) = Bowp(F, 1) <L> where

ﬁ'l(t) for r > RNS' (AIO)

Note that the magnetic field strength at the star’s surface in
the direction of m is By = B(Rygt, t) = 2m/R3, and it is
useful to treat B as the free parameter rather than m. Note
that this expression for the background magnetic field
obeys the magnetic divergence condition V-B = 0. The
background electric field E(r, t) must obey Faraday’s Law

V x E = —B. One solution is

E(r,t) = —(Qxr) x B(r, 1), (A11)
and other solutions may be obtained by adding the gradient
of a scalar field since the additional term would have zero
curl. Note that E - B = 0. The associated electric displace-
ment field D(r,t) is given by the constitutive relation
D = E, and thereby implies

D(r.1) = —(Qxr) x B(r.1). (A12)

The free charge density p(r, ) is given by the in-medium

Gauss’s Law, V-D = Prs which implies
pr(r.t)==2Q-B(r.1)

n -3
= —20B,Q -y (i.1) (R—;s) forr>Rys. (Al3)

If the star rotates so rapidly that relativistic corrections near
its surface become significant, then an additional factor of
[1—|Qxr[>|7! is required. Similarly the free current
density j,(r,t) is given by the condition j, +D=0,
implying

i) = (@xr) x %B(r, 1), (Al4)
Note that if the dipole were aligned with the rotation axis of
the star, corresponding to /i = , then the current would
vanish jf = 0. The free charge and current densities arise
from the motion of the plasma’s charged constituents:
nonrelativistic electrons and protons. In particular, we
can write py(r.1) = (—e)ii,(r.1) + (+e)ii,(r.1), where
i, and n, are the number densities of electrons and
protons, respectively. The squared plasma frequency arises
primarily from the lighter electrons, and we have
W} (r, 1) = &, (r,1)/m,. If we estimate /i, ~ |n.|, where
n.=ps/(—e) is the effective number density of electric
charge, then the plasma frequency is given by
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X r o\ -3/2
wp(r, 1) = @y Yy, 1) (R—>
NS

€QBO n,
where @y = ing|
and (7 —‘29 (7, )‘ 2 for r > Rys.  (AlS)

We estimate

BO 1/2 P -1/2 n, 1/2
~ (70 peV ;
wpio 7 (70 pe )<1014 G> 1 sec |n.|

(A16)

using a fiducial set of parameters that are appropriate for a
magnetar.

Note that the effective fluid speed v ~ j ¢/ Dy ~ € grows
with increasing distance from the star. The approximation
of a dipolar magnetic field with a frozen-in plasma breaks
down at the light cylinder where r~ Q™! = Ryg. Our
analysis focuses on r < Rysg, where speeds are much
smaller and the Goldreich-Julian dipole model is reliable.

For the purposes of our calculation, it is a good
approximation to neglect the background electric field E.
One is led to this conclusion from the following argument.
Inspecting Eq. (A11), one sees the parametric relationship
E ~ QrB. At the star’s surface r ~ Ryg, and this estimate
gives E ~ QRysB, where QRyg = 2wRys/ P is the speed of
a point on the surface of the star that rotates with period P.
Different types of neutron stars have different rotation
periods, ranging from millisecond pulsars with P~
0.001 sec to magnetars with P = 10 sec [60,142,143].
For a magnetar with P =1 sec and Ryng = 10 km, the
speed is QRyg ~ 2 x 1074, much smaller than the speed of
light, and consequently, E < B. Since one also expects
solutions with |SE| ~ |5B], then it is a good approximation
to neglect terms that contain factors of E.

6. Propagation on a fixed background

To build intuition, let us first study this system of
equations under the assumption that the background is
homogeneous and static. Upon dropping derivatives of &,

B, and @ps the equations become
i — V*6a + miéa = g,,,0E - B (Al7a)
V-é6D = —g,,Véa ‘B

5 7= _
291y §|B|2(V‘5E)_Z(B'V)(5E‘B)

(A17b)

. _ I S
V x 6H = 6D + g,,,6a B -2g,,, {§|B|25E—Z(5E-B)B

_Vx (B-6B)B - % BP(V % 53)] (A17c)

V-6B=0 (A174)
V x 6E = —6B (A17e)
0)21 2 2
8D(r,t) = 6E(r.1) —— (B-SE)B  (A17f)
(0]
SH(r,t) = 6B(r, 1), (Al7g)

These equations admit plane wave solutions of the form

da(r,t)
SE(r,1)
8D(r.1) | =C,pe k7 L c.c. where
6B(r,1)
SH (r,1)
Aw.h
B8+ 030+ 8540
- 1
& | DU D2 e | ()

P
Wi — wn

B0+ B2 + 500
HO6W 4 126 4 505

n [ox H
Solutions are labeled by an angular frequency w € [0, o)
and a unit vector 72, which gives the orientation of the wave
vector k = k(w)i. The coefficients—a,, ;, ESL, Efll, and
so on—are complex-valued integration constants. The
vector fields are further decomposed onto an orthonormal

set of real basis three-vectors (é(ll),e(f), |<| )). We take
é‘(ﬁ) = to be the direction of the wave vector, and we

arrange the other two unit vectors such that B lies in the

)

plane spanned by é‘(‘) and é'’; see Fig. 4. It is also

convenient to define B, =B - é|(|3) and B; =B — BLe|| 3)

and By =B-¢% and B=(B-B)'/>= (B} +B2)/~
Whereas B, may be either positive or negative (or zero),
Br > 0 must be non-negative since é(i) is defined with
respect to the (fixed) orientation of B.

For each choice of @ and 7, the solutions of Eq. (A17)
form a six-dimensional vector space, which correspond to
three families of solutions, each with its own c-number
integration constant. The first family of solutions has
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b —Vb*> —4ac
k(w) = k,(w) = Ty
A a
k ~ 2 2 0 2 0 2 4
~ W~ — nmy + (gay}/) =+ (gayygyyyyv gayy)
é|(|3) — ,ﬁ/ Cw,ft,a
2) 5(2) (3) 53)
2) 4@ 5@ E i T E ; I
er e ~ D252 1 pO) 0
ég_l) Coi = | Poa€l tDui€|" |, (A20)
Al Byl
(1) A(1
H(u}le J_)
FIG. 4. Anillustration of the coordinate system used in the text. and the third family of solutions has
k() = k(o) b+ Vb* — dac
w) =kj(w) =\ ———
k(w) =k | (o) | 2a
1= g, B’ 7
= 7 ——w~r o+ 0 B?) and
\/1 = Gy (B* + 2BZT)1H v (977 B°) ® + O(Gayys Gyry)
0 -
é(i) C, i = same as second with C,,; , = C, ;. (A21)
C . — @(ll) Coi | (A19) The squared wave vector solves a quadratic equation with
o ko A2) o positive coefficients,
vl 2 B2 B2
kg 5(2) @y B 72 1B}
w €L azl_gﬁ_gwa 1_5?
2 n2
b= (a2 =) (1= 05 + - ) - 2 B
where C,; 1 is the c-number integration constant. o B
These solutions correspond to a plane wave in the electro- ol (3 7 B? 2 7B?
- - PPN C) TR T 9B |07\ 5t55 ) Tma( -5
magnetic field that propagates in the i1 = ¢ direction, 2 2B 2B
that is polarized in the é(i) direction, and that has ampli- c= (w2 - mg)(wz - wf,l) - ngyl_gzwz
tude C,; | . The dispersion relation is modified away 5 _

T . BZ 2(,.2 2 A22
from free photon propagation (k= w) due to the + Egyyyy o (0* — my). ( )
Euler-Heisenberg interaction. The second family of sol- .
utions has The nonzero entries in C,,; are

|
E? _ _ (0? — k% - mi)a’ﬁl + gflezwz - %grwrézwz(wz -k —m}) &a )
o gayyB(l - g;/yysz>(a)2 - k?l) B o
E3)7_a)2—k§—m§a —&E(
i 5 w.n 5 Wi
gayyBL BL
D0 _ _OuB3\ o) @nBrB )
wa 2 B2 W, w? B2 w.i
p® _ (1 _PuBL\ o) _“nBrBL o)
wn 2 BZ w.i 2 BZ w. i
1 1 kqy 2
B)) = H\\ = —"E) (A23)
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If the couplings were zero, the second family of solutions
would correspond to a plane wave propagating in the axion
field (for @ > m,), and the third family would correspond
to a plane wave propagating in the electromagnetic field

(for @ > w,) that is polarized in the plane spanned by é(i)

and é‘(ﬁ).

It is interesting to investigate the conditions under which
the wave numbers for the different modes are equal, namely
k,(w) = kj (). For the fixed background, the plane wave
solutions do not mix, but if the background varies slowly,

|

then a plane wave in the axion field induces a plane wave in
the electromagnetic field, or vice versa. The axion-photon
interconversion may be resonantly enhanced when the
momenta of the axion and photon are nearly equal, which
corresponds to k, (@) = k| (). Since these variables are the
two roots of a quadratic equation, they are equal when the
discriminant of the equation vanishes: b*> — 4ac = 0 implies
kq(w) = k(@) = \/b/2a = \/2c/b. For general parame-
ters, the discriminant equation b> — 4ac = 0is quartic in »°.
For the sake of illustration, consider the special cases:

B? m2\1-1/2
if g,, =0 and g,,, =0 then: o, = [1 ~; <1 ——;)} m,

if g, =0 and m, =0

These two solution branches have the same resonance
conditions as the MMR and the EHR from the main text.

7. Propagation on a slowly-varying background

Whereas the previous discussion was restricted to an
idealized system with axion and electromagnetic waves
propagating on a homogeneous and static background, we
now turn our attention to a more accurate modeling of the
relevant physical system. As these waves propagate in a
neutron star magnetosphere, the background fields can be
modeled as a rotating magnetic dipole. Under this
assumption, one can solve the linearized equations of
motion using numerical methods and calculate the prob-
ability of axion-photon interconversion. However, if one
seeks to derive analytical expressions, this background,
which varies in both space and time, leads to equations that
are intractable. Moreover, for the regime of interest, the
calculation naturally simplifies in several respects, which
we now enumerate.

(i) To study the conversion of relativistic axions into
photons, it is a good approximation to treat the
background as static. Since these waves travel at
nearly the speed of light, the time it takes for them to
traverse the neutron star’s magnetosphere is short
compared to the rotation period of the star, and on
these times scales the background is effectively
static. Moreover, if the conversion is resonantly
enhanced, then it typically occurs in a small region
of space, and the light-crossing time for this region is
generally much smaller than the rotation period of
the star, which again justifies treating the back-
ground as static.

(i1) Additionally, it is a good approximation to treat the
background fields as homogeneous in the direction

then: @ = kyeg = 4 | ==

(A24)

transverse to the axis of propagation. In the frame-
work of quantum mechanics, the incident axion can
be viewed as a wave packet. The spatial extent of the
wave packet is on the order of the de Broglie
wavelength for the particle, which is set by its
momentum p via 1, = 2z/|p|. If the momentum
is sufficiently large, then the wave packet is tiny, and
the background fields are approximately homo-
geneous on the scale of the wave packet, i.e.,
A, < |B|/|VB| ~ Rys. This justifies neglecting var-
iations in the background fields transverse to the
direction of motion. See also Carenza and Marsh [29]
for a discussion of when this approximation
breaks down.

(iii) Itisa good approximation to neglect the background
axion field. The presence of axion dark radiation
does not lead to a very large amplitude for the
axion field.

(iv) Finally, we make one assumption for convenience.
The direction of the magnetic field is expected to
vary along the path of the axion. This is the case for
any ray passing through a magnetic dipole, except
ones passing through the origin. In our study of
propagation on a fixed background, we saw that the
mode polarized normal to the plane spanned by B
and k decouples from the other two modes. If the
background magnetic field changes orientation, then
all three modes will couple during the propagation,
which leads to a more challenging analysis. As a
matter of convenience, we assume that the orienta-
tion of the background magnetic field remains fixed
along the axion’s path of propagation. This is
accomplished by restricting r(¢) to be a radial path
that passes through the center of the star. One
can study the more general field configuration by
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solving the equations of motion numerically, and

when this was done in earlier work the numerical

and analytical results were found to agree with order

one factors [83], and we expect a similar error here.
With the preceding remarks in mind, we model the back-
ground as

+BL( e ¢’ and

B(r.1) = ¢
and a(r,t) =0,

wpl<r’ 1) =

B(r)B BT(r)
a)pl<r)

where r = r - i1 is the spatial coordinate in the direction of

(A25)

propagation 7. Notice that V- B = B’ (r)f! -7t need not be
zero, and one may worry that this background does not
solve Maxwell’s equations. However, this is because we
have neglected the variation of B in the transverse direction,
and if we had taken this into account, then we would
have V- B = 0.

We search for solutions of the form

da(r,t)
sp(r.1) | =C,a(r)esi@tker 4 cc. where
SA(r,1)
w0a(r)
Coa(r) = ¢wn(r)
Apa(r)el) + A (e +4 7 (o]

(A26)

Note that k, - r = k,r where k, > 0 is the wave number.
Away from the magnetosphere where B(r), wy(r) — 0, we
want plane wave solutions to have constant amplitude a,, ;.
This is achieved by taking k, = (w® — m2)'/2. Putting this
ansatz into the equations of motion and constitutive
relations yields

Ay i (r)
Afuzn(r)
d? d ()
My(r) =+ M(r) —+Mo(r)| | A,u(r) |. (A27a)
dr dr on
3)
Aga(r)
¢w,iz(r)
where the nonzero entries in the three matrices are given by
(M), =1 (A27b)
(M2)22 =1- g}/y;’yéz (A27C)
(My)33 =1 = 9,1 B* = 3,,,,p1 B’ (A27d)

5 _
(M2)45 =1- ﬁL + g}/yyyﬁL gyyyyﬁ%"Bz’ (A27e)
(M), = 2ik, (A271)
(MI)IS _gayyﬂLB (A27g)
(My),, = 2ik, — 2ik, gww = Gy (Bz)’ (A27h)
7. = wﬁl .
(My),5 = ElwgyyyyﬁLﬂTB —iwp fr Pl (A27i)
(M1)33 = 2iktz - Zikagyyyyﬁ%32 - 6ikagyyyyﬂ%‘32

- gyy}/yﬂ% (BZ)/ - 3gy}/yyﬂ%(B2)/ <A27J)
(Ml )41 _gayyﬁLB <A27k)

M 7; B +i “h A271
( 1)42 - _Ela)gy}/y}/ﬁLﬂT + lwﬂLﬂTE ( )

5. 2 P2 2R2 i@ wgl

(M) = —iw — Ela)g},mﬂLB +iwg,,,, f1 B~ +iwp; P

(A27m)

(Ml )45 = 2ika + Sikagyyyyﬂ%gz
oy 5

= 2ik Gy PP 7B’

= 20k 242 Gy B (B = Gy 3B
-8 (wﬁl)’ (A27n)
2
(M))ss = 00+ 30,51 B = g, BB = iop} 1.
(A270)
(Mo), = inayyﬁTB (A27p)
(Mo)y4 = iwgayyﬂLB (A27q)
(My)ys = —ikagayyﬁLB (A27r)
(My)yy = _ia)gay}'ﬂTB (A27s)
(My)y, = mg = mgg,,,, B> + ;60 Gy BT B
w2
—o’f7 % ikaGyryy (B?)! (A27t)
7 = X
(My)yy = szgyyyyﬁLﬁTBz -’ BLpr w—‘; (A27u)
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2

7 _ (]
(MO)ZS == E kawgyyyyﬂLﬁTBz + kaa)ﬁLﬂT (1)_]; (A27V)
(M0)33 = mzzl - mggyw}/ﬂ%Bz - 3mggy;f}/yﬂ%B2
+20° gy, B7B” — ikyGyy,, B1 (B
= 3ik,g,,,,b3(B*) (A27w)
(M0)41 = _ikagayyﬁLB (A27X)
7 n2 wgl
(M0)42 = Ekaw.gyyy;//))LﬁTB - kaa)ﬁLﬂTE
7. - ) (p)’
- ElwgyyyyﬂLﬁT(B2)/ + la)ﬂLﬁT C:z (A27Y)

5 — _
(M) gy = koo + > ka®g,,,,P1 B> = k,wg,,, B
2

@y 5, = . =
— k,wp? w—‘; - 5magymﬂg(iaﬂ)' +iwg,,, p3(B*)

(wﬁl)’

0)2

+iwf? (A27z)

2

5 - _ 5,
= _kzzz - _ktzzgyyyyﬂ%Bz + kggyy}/yﬁ%"Bz + k%ﬂ% w_g

(My)45 >

5. - ) -
+ Elk“grrrrﬁl%(Bz)/ - lkagymﬂ%(Bz)/

a)2 !

—ikaﬁ%( le) (A27aa)
w
(MO)SI = _iwga}/yﬂLB (A27bb)

2

7 _ w5
(M 0)52 = Ea)zg}/y}/yﬂLﬁTBz - wzﬁLﬂT w—% (A27cc)

5 - - a)zl
(M0)54 = a)2 + 76029}/;/)/}/:6%32 - wzgyyyyﬁ%"Bz - wzﬁ% ;I;

2
(A27dd)

5 _ _
(My)ss = =k, — Ekawgmyﬂ%Bz + kaa’gmyﬁ%Bz

(1)2]
+ k,wp7 w—g (A27ee)
Here we’ve defined p;, = B (r)/B(r), By = By (r)/B(r),
/ + % =1, and used k2 = w* — m2. Note that we have
ordered the variables in the 5-plet in order to block

diagonalize the matrices as much as possible. The fifth
©) :
o> and upon doing so
¢.,.» drops out of the remaining equations as a consequence
of the gauge freedom. Moreover, we now drop terms that

go as derivatives of the background magnetic field and

equation can be solved to eliminate A

plasma frequency since these are expected to be small. With
these last simplifications, we finally have

am.fl(r) am,ﬁ(r)
1 d (., 0 d|.,o
- | 1A (r —i— | 1A (r
2%, dr? E"I;’( ) -ig E"l;’( )
iAw,ﬁ(r) iA,5(r)
Ar) (1=g,, B)Ag(r) 0\ [ Gwalr)
.2
= | A1) A (r) o || .
1
0 o a0) \ulo
(A28)
where
1 2 B2 B2
Aa(r) :_2/( P g WﬁL ~ - (A29a)
ul_/}%ﬁl %grwrﬁ%Bz_gwwﬁ%Bz
B
AB(}’) — 26;{) — gaYVﬁT - - (Ang)
“1-p; m—%l %grmﬂ%Bz - gmyﬁ%Bz
Ay(r) = g - @’ ﬁ%:)_pzl — 39 P1B?
- (112 = =
2ka 2K 1-p7 Fal + %gwwﬁ%Bz - grwrﬁ%B2
(A29c¢)
2 2 2 32
A ()= Gyl (A29d)

2k, kg1 - gmrﬂiéz - 3gwwﬁ%Bz.

In practice, terms of order O(g2,,) and O(g,,,9,,,,) can be
neglected. Since the evolution of ASL is decoupled from
) (1

ops Weare freetosetA,

(r) = 0 everywhere for
the purposes of studying axion-photon interconversion.
Additionally, provided that the profile functions do not vary
rapidly, we can neglect the second derivative terms. With
these additional simplifications, the equations of motion are
reduced to

a,; and A

% (r) =iM(r)¥(r), (A30)
where
aw,ﬁ(r)
Y(r) = (iA(z)A(r)> and
. Aa(r) (1 - gyyyygz)AB(r)
M(r) = (AB(r) A1) ) (A31)
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8. Axion-photon interconversion probability

The equations of motion in Eq. (A30) govern the
interconversion of axion waves and -electromagnetic
waves. In particular, to calculate the probability that an
axion is converted into a photon as it passes through
the neutron star’s magnetosphere, we set a boundary

condition at the star’s surface where A((UZL :AS; =0

and a,; = a,40 # 0. Then the probability that a photon
is detected after propagating a distance r is calculated as [9]

2)
o |Aa),ﬁ (r) |2

B |au),fl.0|2 .

Py, (r) (A32)

We are especially interested in the behavior as r — oo.
For pedagogical purposes, let us first suppose that the
mixing matrix is homogeneous. That is to say, we treat the
variables A, A, AH, and B as independent of r. With this
assumption, Eq. (A30) is easily solved to obtain

- R
P,_,(r) = sin?(26)sin <%>, (A33)

0osc

where the mixing angle 6 and oscillation length /., are
defined by

ZAB -1/2

1
and losc = |:A%; +Z(Aa - A||)2:|

tan 20 =
(A34)

Typically |Ag| < |A, —Ay|/2 such that sin*(20)~
403/(A, — A <1 and [y ~2/|A, — Aj|. However,
if A,(r), Ay(r), and Ag(r) are varying such that tempo-
rarily [A, — Ay|/2 < Ap, then the mixing angle is near
maximal 6 ~ /4, and the conversion probability is reso-
nantly enhanced. This resonant contribution to the prob-
ability can be calculated analytically, as we demonstrate in
the following section.

9. Resonant axion-photon conversion

Using perturbation theory, one can derive an approxi-
mate expression for the conversion probability, which is
valid to leading order in the mixing Ag(r), and it takes the
form [9]

2

Pu,(r) = where g(r) = Ag(r) and

/ " arg(r)e )
R

NS

£(r) = / " A8, (7) = Ay (7). (A35)

NS

If there exists a radius r,,, which we call the resonance
radius, where f(r) is stationary, then the integral can be

evaluated by employing the stationary phase approximation.
The resonance condition is expressed as

d
af(r) =0= Aa(rres) = AH(rres)-

F=Tres

(A36)

Using the expressions for A,(r) and A (r) from Eq. (A29)
the resonance condition can also be written as

2
3, 7 -
m2— mgﬁ%w—g — proy +3 9y B3B 0’ =0. (A37)

I'=Tres

In this expression, we have dropped terms that are negli-
gible for the parameters of interest: g,,,,B* is small com-
pared to 1, and gz, B is small compared to @y,. For a
given angular frequency @ and for the specified varying
backgrounds—By(r), By (r), and wy,(r)—one is interested
in whether there exists a r,. that satisfies this equation and
obeys 7.s > Rys. Such a solution may not exist depending
on the choice of parameters.
The width of the resonance region is defined by

dres = V21

d2 -1/2
Wf(”)

Tres

-1/2

=V2r

(A38)

L (80 = 8y(0)

Tres

Provided that Ryg < rs < 1, such that the resonance
radius is within the integration domain, the integral may
be evaluated in the stationary phase approximation, leading
to an approximate analytic expression for the asymptotic
probability

Pa—’}/(a}’ﬁ) = llm Pﬂ—’}’(r) ~ |g(rres)|2d1?es

P> T
_ 2alAg(n))?
|%Aa(r) - %AH(")' r:rres.

In the next two sections we explore two different solution
branches of the resonance condition, and we provide
expressions for ry, dp, and P,_,, in both cases. Then
we discuss nonresonant axion-photon interconversion.

(A39)

10. Mass-matched resonance

If there exists a solution of the resonance condition in
Eq. (A37) with r, > Rys, then resonant axion-photon
interconversion occurs at radius r = r,. Here we first
identify the well-known resonance [9], which we call the
mass-matched resonance (MMR), and in the next section
we identify an additional resonance solution.

'The term g, B}w’ differs by a factor of 2 from the
analogous term in Eq. (S10) of [37]. To compare use

P2 _
Gy B = 2k.
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To identify the MMR, it is sufficient to set g,,,, = 0 and
Jayy = 0. If the terms suppressed by these couplings are
neglected, the resonance condition (A37) reduces to

2
(0? — m2) <ﬂ% %) - (a)gl —m2) =0. (A40a)

F=Tres

Resonance occurs if there exists a radius 7., at which this
equation is solved for a given angular frequency @ and for
the specified varying backgrounds By(r), B.(r), and
wp(r). If the axion is nonrelativistic such that o = m,,
then the equation reduces further to @y (7es) & m,, and the
resonance occurs as the axion passes through a region of
space where the plasma frequency equals the axion mass.

Alternatively, if the axion 1is relativistic such that
® > m,f;/Pr, then the equation reduces instead to
@p1(7res) & m,/Pr. More generally, the resonance condition
can be written as

a)pl(rres) =

<ﬂ2+ﬁ > 1/2. (A40b)

Since wp,(r) acts like an effective mass for the dispersion
relation of an electromagnetic wave in medium, we call this
the “mass-matched resonance.” Using the expressions for
B(r) and wy(r) from Eqs. (A10) and (A15), and then
solving for r = r gives the resonance radius

> plO 2“’1%1,0 3
rres(w’n) RNS ﬂ +ﬂL 2 |l//w| (A41a)
m> o
B 30 P N3, \'3( m, \~2/3 R 1 iform,
szNs)( ) ( ) (—) ( ) |ww<n>|2/3{ s . (AdIb)
10" G 1 sec |n| 1 peV \pr(@)|*/° if 0>m,pr | Pr

Here we have assumed that (1) and f; (1) are independent of r, which assumes that the orientation of the magnetic field
is not changing, and only its strength varies. Since wp,(r) o r=3/% is a decreasing function of r, a more massive axion will
convert closer to the star’s surface, but since r,., must be larger than Ryg, there is a maximal mass (for a given B, P, i1, and
t) above which no resonant conversion may occur; for the fiducial parameters used above, this is approximately 70 peV.
The typical magnetic field strength at the resonance radius is

; By me? |yl
B res) — N A42
V) = 2. G2 + ) o) (Ad22)
N h ' P ><ne>_1< m > " _2{1 ifa)zma
< @108 () (124) 7 (Y ) @l i) B e - (A2

For typical parameters B(7,;) < By ~ 4.4 x 10"* G, such that the weak-field expansion of the Euler-Heisenberg effective
action is expected to be reliable. The width of the resonance region d,.; may be calculated by evaluating the derivatives in
Eq. (A38). Using the expressions for B(r) and wp(r) from Egs. (A10) and (A15), and using Eq. (A45) to eliminate w, and

setting g,,,, = 0 leads to

o) = 2 g1 - 1 28 i)pl G| (A43)
= \/?“Z;ww ! —ﬁ%f;‘ (A430)
(irs) () (oim) (o) wr (A3

) { (7.0 X 107 rrey) (7)™ () 2 B ()] if o~ m, o
(2.2 % 107 ) () ™3 () V2 B () 72 3 00> mBr/fr
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For these fiducial parameters, the resonance region is very narrow, corresponding to d,., < 1. However, decreasing m,,
tends to broaden the resonance region, and if d. 2 7,5, then the stationary phase approximation is no longer applicable.
The probability for resonant axion-photon conversion P,_,, may be calculated by evaluating Eq. (A39). Using the
expressions for B(r) and wp(r) from Egs. (A10) and (A15), and using Eq. (A45) to eliminate w, and setting g,,,, = 0

leads to
rB2* 1 d -1
- 2 4
Poy(o.2t) =3 k| Gy 3¢ Gary + O(Gayy)
F=Tres
2 P22
ﬂguyyB W™ Tyeg 4
=40
3 kawf)] (gay}/)

1
= ayyﬂ%Bszes S k2

~ gayy
10712 GeV-

) { (1.5 x 1074) (1) 103 () !

> w21 -2
Q—ﬁj@ + 0 (diy)

(1.5 % 107) (2)* (12)* (o) " |Br ()|~ if 0> mufr/Br

For the case with w =~ m,, we have fiducialized to k, =
103m, since this calculation is partly motivated by
searches for axion dark matter, and the speed of dark
matter in a galactic halo is typically vy, ~ 1073. However,
for accurate calculations one should bear in mind that dark
matter particles accelerate as they fall into a neutron star’s
gravitational potential. For the case with @ > m,,, we have
fiducialized to k, ~ @ =~ 10*m,. For relativistic axions, the
probability is an increasing function of axion energy
P, x @’k;' ~ w. Regardless of whether the axions are
nonrelativistic or relativistic, the probability scales with a
positive power of the axion mass m,. Since the plasma
frequency decreases with distance from the star
Wp) r=3/2, reducing the axion mass causes the resonance

condition a)pl(rres) ~ m, to be satisfied as a larger radius

-2/3 . . 7 -
Tres O Mg /3 where the magnetic field is weaker B o 173,

leading to a suppression of the probability.

11. Euler-Heisenberg assisted resonance

Now we explore a second solution of the resonance
condition, which is made possible through the Euler-
Heisenberg four-photon self-interaction. To identify this
solution, it suffices to set m, = 0 in the resonance con-
dition (A37), which then reduces to

7
—/izrwf)l gymﬁz B’w? =0. (A45a)

F=Tres

(Ad4a)

(A44b)

(Ad4c)

2 BO 1/3 P 5/3 RNS n -5/3 5 0
e A ~\1—10/3
l) <10]4 G) <1 SCC) (10 km) <|nc|> |WB(")| |Wa)(n)|

if wxm,

(Ad4d)

|
Rearranging allows the resonance condition to be written as

2
w = 7—2601)1
19y, B

Since this resonance requires g,,,, # 0, we call this the
Euler-Heisenberg assisted resonance (EHR). Using the
expressions for B(r) and wy(r) from Egs. (A10) and
(A15), and then solving for r = r., gives the resonance
radius

(A45b)

I'=Tres

3 23077 23 gy |?/3

21/3 rrrrBo 2/3 | |2/3
@p10 Vo

BO 1/3 P 1/3 n, -1/3
~(3.4Rys) [ ——e — —<
(3:4Rws) <1014G> 1 sec n.|

i (2 ) ) Pl () 2. (Ad6)
10meV @

rres(w7 ﬁ) RNS (A46&)

Since r., grows with increasing , it implies that more
energetic axions have their resonance condition satisfied
further from the star. The lowest energy axions that
participate in this resonance are the ones that meet the
resonance condition closest to the star, which corresponds
to w~ 1.6 meV for the fiducial parameters used above
(assuming m, < 1.6 meV). The typical magnetic field
strength at the resonance radius is
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= 2 1 @polw,|
B(rres):_ = .

7gyyyyBO w2 |II/B‘

~ (0.058Bcr) ( 1 Pec) ) <|Z_e|> <10%> )

For typical parameters B(r,e;) << Byig & 4.4 x 103 G, such
that the weak-field expansion of the Euler-Heisenberg
effective action is expected to be reliable. The width of
the resonance region d,., may be calculated by evaluating
the derivatives in Eq. (A38). Using the expressions for B(r)
and oy (r) from Egs. (A10) and (A15), and using Eq. (A45)

(Ad47a)

x|y ()|~ |y, ()] (A47b) 4 eliminate o, and setting m, = 0 and g,,, = 0 leads to
|
V2r 1 d 1 d-|-1/2
dres(0, ) = L2 1BV —— - ——B A48
res(w n) wpl |:BT| kawpl drwpl kaB dr . ( a)
471: karres —_
=\ e gy (A48b)
p
B -1/6/ p \5/6/ R —1/2/ .\ -5/6
X (4.5 X 102 | —roe Al —
(4.5 x Ires) <1014 G) (1 sec) (10 km n|
a) 2/3 k, 1/ R . B
(o) o) @ i) Pl (A48

For these fiducial parameters, the resonance region is very narrow, corresponding to d,., < r,.s- However, increasing  ~ k,,
tends to broaden the resonance region, and if d,. 2 7., then the stationary phase approximation is no longer applicable.
The probability for resonant axion-photon conversion P°,_,, may be calculated by evaluating Eq. (A39). Using the
expressions for B(r) and w(r) from Eqgs. (A10) and (A15), and using Eq. (A45) to eliminate w, and setting m, = 0 leads to

1 d 1 d.|-

T 1

P - —~ B 2 4+ o(g A49
ay (@ 1) = 7 g, k2| kg dr P kB dr r:rmg"”+ (6 ) (A492)
Zﬂgzzyyrres
— aplres o4t A49b
21 g}/y}/yka + (ga;/y) ( )
1
gawﬂz B, x 2 2 + O(giyy) (A49c)
~ Ja 2 BO 1/3 P 1/3 RNS n -1/3
~ (3.7 x 1072 4 LI e
(3.7 )<10—12 Gev—1> <1014 G) I sec) \10km)\|n]|
o \23/ k -1 ,
a )23y, (7)]723. A4

Notice that the coupling g,,,, appears in the denominator
since the resonance condition implies @? o 1/ Gyyyy- Here
we have distinguished w and k,, but since the formula is
derived by taking m, = 0, one should set k, = @. For
relativistic axions, the probability is a decreasing function
of axion energy P,_, x w**k;! ~ w™!/3. Additional dis-
cussion is provided in Sec. II C5.

12. Nonresonant conversion

If the resonance condition (A37) does not admit any real
solutions with r, > Ryg, then we say that the axion-
photon interconversion is nonresonant. For instance, this
happens when the axion energy is high, such that g,,,, Bjw*

is larger than mg and }; since then the fourth term in

I
Eq. (A37) is larger than the first three terms for all r (except
for special orientations along which S (i) = 0). In the
regime where the axion mass and plasma frequency can be
neglected, then the conversion probability admits a par-
ticularly simple expression. We set m, = 0 and w, = 0 in
the axion-photon equations of motion (A30), and we
neglect the O(g,,,,B*) terms in the denominators.
Additionally, if the conversion is ineffective, then it is a
good approximation to hold the axion field fixed to its
initial condition a,,;(r) = a, 40 and solve only the equa-
tion for the photon field. The resultant equation can be

integrated to yield an exact analytic expression for 1A (r)

The corresponding conversion probability (A32) is glven
by [82,83,86]
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A AIFG-TE. —ic) . 1
Py (@.11) = | =5 with ¢ = 5= gu, BrBolws|oRns (AS50a)
C2 "
d = 7 2B2 2 2R
and ¢ _RgmyﬁT olwsl*@’Rys
r2/5) Bg/SggwR;/SSwz/s 2/5p, . 12/5
N 527556/57475 FENCE Br*Plwsl*® for e > 1 (A50b)
rrvyta
_ 9a 2/ By \*5( Rns \%/%
~ (5.1 x 107° 4
(1 )(10‘12 Gev-!) \10" G 10 km
0] 250 k, \76/5 . X
(i) (i) e a5

Moving from the first line to the second line, we assumed a
sufficiently strong surface magnetic field B, and suffi-
ciently large axion energy w such that ¢, > 1; see
Dessert et al. [83] for additional details on the ¢, < 1
regime. For relativistic axions k, = (@> — m2)"/? ~ @ and
P, x o 5k2%° ~ @=*/5. This derivation took m, = 0,
and for larger values of the axion mass the probability is
eventually exponentially suppressed; see Fortin et al. [86]
for additional details.

APPENDIX B: NUMERICAL VALIDATION

This short appendix contains numerical checks of the
analytical approximations presented in the main text. It also
includes a discussion of the angular dependence of the
resonance radius and conversion probability.

1. Angular dependence of resonance radius

In this appendix we explore the angular dependence of
the resonance radius for both resonances. For simplicity, we
focus on the aligned neutron star, which has m||€2, such that
the angular dependence only enters through the polar
angle 6 = arccos(Q - 7).

First, we consider the EHR, which has a resonance radius
I'es given by Eq. (A46). Depending on the propagation
direction of the axion (assumed radial i = F), the resonance
radius varies through the factors of y(#2) and vy, (71); this
behavior is shown in Fig. 5. Requiring that the resonant
conversion occurs outside of the neutron star imposes

|

I'es > Rys. This inequality is solved for two ranges of
polar angles: 6 € (6,,0,) U (65,0,) where

-1F 0'1(10’;eV)2(10'4 G)(%}

0, = arccos[ = = ,
3(1 7 0.1 (0 V)2 (1020 (Lyse))
93:71'—92, 94:71'—91, and

0S91<92<93<94Sﬂ'. (Bl)

However, the resonance radius diverges at 0 =0, ,_ =

arccos(£+/1/3), where the plasma frequency in the
Goldreich-Julian model crosses through zero. Indeed,
the model breaks down for sufficiently large resonance
radius when the plasma frequency is the order of inter-
stellar medium (ISM) plasma frequency, ie., ®,15m=
(4zan,/m,)'?~(6.4x10712eV)(n,/0.03cm™3)"/2, where
n, and m, are the electron number density and mass,
respectively. Since the ISM plasma frequency is many
order of magnitudes smaller than the typical frequency that
we are interested in and the effect of the combination (B, P)
is suppressed to the 1/3-power, we can reduce the set of
allowed angles for resonance conversion approximately
to 0€(0,,0,) U (0,,0,) U (65,6_) U (0_,6,).

Second, we consider the MMR, which has the resonance
radius given by Eq. (A41). For aligned neutron stars, the set
of angles which satisfy the condition 7., > Ryg reads now
as 0€(0,0,) U (0,,0;) U (04, 7), where [42]

0, , = arccos 1 1+ ! Ma _r 10% G
2 3 2243 \0.66 peV) \1 sec B,

93:ﬂ'—02, 04:71'—91,

and 0S91<92<93<94S7[. (B2)
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FIG. 5.
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x/RNs

Resonance radius as a function of the polar angle 6 between the axis of the neutron star (assumed rotation and magnetic axes

align Q = i) and the propagation direction of the axion (assumed radial 7z = 7). For the Euler-Heisenberg assisted resonance, the red
curves correspond to @ = k, = 1 meV (solid) and 10 meV (dashed). For the mass-matched resonance, the blue curves correspond to
m, = 3.3 peV (solid) and 13 peV (dashed). We take By = 10'* G, P =1 sec, and n, = |n.|. The upper panels show plots of ..,/ Rxs
as a function of #, and the lower panels show the corresponding regions of space in cylindrical coordinates. The gray shaded region

shows the region of space within the neutron star.

For the MMR, the resonance radius vanishes near 6 ,_,
rather than diverging.

2. Validation by direct numerical integration

In this section we seek to validate the analytical expres-
sion (A49) for the axion-photon conversion probability in
the regime of the EHR. We do so by comparing Eq. (A49)
against the result of a direct numerical integration of the
mode equations (A30). We provide three figures, which
show how P,_,, depends on the polar angle 0, the radial

distance r, and the axion energy w. For this numerical check,
in all three figures we assume that the rotation axis and
the magnetic polar axis of the neutron star align (Q = ),
that the axion follows a radial trajectory out from the center
of the star (7 =F), that the electron density equals the
Goldreich-Julian density n, = |n.|, that By = 10'* G, that
P =10 sec, that g,,, = 10> GeV~!, and that m, = 0 so
o = k,. For these parameters, the probability is dominated
by the EHR, and we expect to find a good agreement
between the analytical and numerical methods.
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FIG. 6. Axion-photon conversion probability P,_,, as function
of polar angle € in the regime of the Euler-Heisenberg assisted
resonance. We assume that the rotation axis and the magnetic
polar axis of the star align ( = ), and 6 is the angle that this
axis makes with the trajectory of the axion (assumed radial
it = 7). We show the result of direct numerical integration (red)
and analytical resonance approximation (black). Vertical dashed
lines indicate the angles 6, ,_ at which the resonance radius
diverges. The model parameters are chosen to be B, = 10'* G,
P=1 sec, g, =10"?GeV™', n,=|n.|, m,=0, and
o=k, =102 eV.

In Fig. 6 we show how the axion-photon conversion
probability P,_,, varies as a function of the polar angle 6.
The probability calculated by direct integration (red) dis-
plays a rapidly oscillating component, and its mean agrees
well with the analytical approximation (black), which we
interpret as a sign of reliability for the approximation.
Presumably, the oscillations are an artefact of assuming
perfectly radial trajectories, and we expect that the oscil-
latory behavior would be removed if we had averaged over
nonradial trajectories as well. For both the analytical and
numerical calculations, the probability is seen to spike
upward at 0, ,_, corresponding to the region in Fig. 5 where
the resonance radius diverges.

In Fig. 7 we show how the axion-photon conversion
probability P,_,, varies as a function of the radial distance r
from the center of the star. We focus on the equatorial plane
where 6 = /2, [y (8)] = 1/2, lw,(@)] = 1, |8, ()| = 0,
and |fr(i)| = 1. The analytical approximation (black
horizontal lines) agrees well with the asymptotic value
of the probability calculated by direct integration (red) at
large r. As the axion energy is increased from w =
10.5 meV (solid red line) to 49.8 meV (dashed red line),
the conversion radius increases in agreement with
Eq. (A46), and the conversion probability decreases in
agreement with Eq. (A49). The inset zooms into the
resonance region, and shows how the resonance radius

AW
AR
0.04 |
0.03 | _
?\
g 0.02 } _
By
0.01F} _
. —_— w = 10.5meV
0.00 | O w = 49.8meV
10 50 100 500 1000
r [km]

FIG. 7. Axion-photon conversion probability P,_,, as function
of radial coordinate r in the regime of the Euler-Heisenberg
assisted resonance. We show the result of direct numerical
integration (red curves) as well as the analytical resonance
approximation (horizontal black lines), which should agree
toward asymptotically large ». We consider an axion trajectory
that lies in the neutron star’s equatorial plane where
Wa®)| = 1/2 |y (#)] = 1. B, (#)] = 0, and [#7(7)] = 1. The
model parameters are chosen to be B, = 104 G, P=1 sec,
Gayy = 10712 GeV™!, n, = |n.|, m, =0, and either w =k, =
10.5 meV (solid red) or 49.8 meV (dashed red). The inset in the
upper-right corner zooms into the resonance region and shows the
resonance radius (black vertical line) and the resonance width
(yellow band).

I'es from Eq. (A46) and the resonance width d., from
Eq. (A48) agree well with the numerical integration.

Finally, in Fig. 8 we show how the axion-photon
conversion probability P,_,, varies as a function of the
axion energy w. As in the previous figure, for this numerical
check we focus on the equatorial plane and take the same
model parameters as before. The probability calculated by
direct numerical integration (black) agrees well with the
analytical approximation (red) for axion energies between
approximately @ = 0.003 eV and 0.1 eV. For smaller
values of @, the resonance radius r., drops below the
neutron star radius Ryg, where the our model of the neutron
star magnetosphere is inapplicable. For larger values of w,
the resonance radius r,., exceeds the resonance width d,,
and the narrow resonance approximation breaks down,
which can be seen on the figure as the growing deviation
between the red and black curves. As expected from
Eq. (A49), the resonant conversion probability follows a
power-law behavior in terms of the axion energy as
P, (@) x @™/3, where m, = 0.
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FIG. 8. Axion-photon conversion probability P,_,, as function of the axion/photon energy w in the regime of the Euler-Heisenberg
assisted resonance. We show the result of direct numerical integration (red) as well as the analytical approximation (black) from
Eq. (A49), which agrees with a power law having P,_,, @~'/3. The model parameters are chosen to be By = 10'* G, P =1 sec,
Gayy = 10712 GeV~!, n, = |n.|, and m, = 0. We consider an axion trajectory that lies in the neutron star’s equatorial plane where
lwe()| =1/2, lw,([#)| =1, |f.(#)| =0, and |B7(7)| = 1. The shaded tan region indicates where the resonance radius is less than the
neutron star radius (r,s < Rys). The shaded gray region indicates where the resonance width is larger than the resonance radius
(dies > ), and the analytical approximation is not expected to be reliable.
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