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ABSTRACT: We studied the evolution of capillary bridges between
nominally flat plates undergoing multiple cycles of compression and
stretching in experiments and simulations. We varied the distance
between the plates in small increments to study the full evolution of the
bridge shape. Experiments show that contact angle hysteresis
determines the shape of the bridge. In sliding drops, hysteresis can be
modeled using a contact angle-dependent resistive force F̃R applied at
the contact line. We developed a model that accurately captures the evolution of the bridge shape by combining F̃R and constrained
energy minimization. Unlike previous work, this allows for both complete and partial contact line pinning. We also explored the
effect of using nonparallel plates. The asymmetry in the bridge shape causes the movement of the center of mass of the bridge and
can be explained by contact angle hysteresis. We find that even a slight misalignment between the flat plates can have a measurable
effect.

1. INTRODUCTION
Capillary bridges are a prominent part of many systems, such
as water saturation in soil,1 inkjet printing,2 and the feeding of
shorebirds.3 In addition, humidity can cause water capillary
bridges to form between atomic force microscopy probes and
samples.4 This has been shown to impact the force
measurements. Studying the behavior and, in particular, the
forces associated with these bridges is a necessary part of
understanding any system where bridges occur.
The equilibrium contact angle that the bridge makes with an

ideal surface can be found through a force balance at the
contact line using by Young’s equation.5 This equation allows
for one equilibrium contact angle, θ0. In reality, capillary
bridges will exhibit a range of different contact angles for a
given volume and height. This phenomenon is called contact
angle hysteresis. It can be understood in terms of energy
minimization. There is an absolute (or global) Gibbs energy
minimum that corresponds with Young’s formulation of
contact angles, but there is also an array of local energy
minima that each correspond to different contact angles.6−8

Surface roughness, chemical heterogeneity on the solid surface,
and films on the solid caused by solutes in the liquid are all
possible causes of contact angle hysteresis.9 There has been
research on dynamic contact angle hysteresis in capillary
bridges. There is greater contact angle and normal force
hysteresis with faster contact line movement.10 This paper will
not look at dynamic conditions, but instead focus on scenarios
where the bridge hysteresis can be studied under static
conditions, i.e., low Ca and low Re situations.11,12

Contact angle hysteresis is thus an important factor in the
shape of and forces associated with capillary bridges. Under
conditions of varying bridge height, previous researchers have

made a distinction between r-bridges, with a fixed bridge radius
and changing θ, and θ-bridges, where there is a fixed θ and
changing bridge radius.13,14 According to these models, when
the bridge height is increased, the bridge radius stays constant
until the contact angle reaches its advancing value, θa, and
when the bridge height is decreased, the bridge radius stays
constant until the contact angle reaches its receding value, θr.
After reaching the advancing and receding contact angles, the
bridge will stay at a constant contact angle while the contact
radius either advances onto the solid surface or recedes back in
the direction coated by liquid. This creates a limiting range for
the contact angles, θr ≤ θ ≤ θa. The equilibrium contact angle
is typically between the advancing and the receding contact
angles. The distinction between changing θ and changing
radius has guided models for capillary bridge hysteresis under
static conditions that use computational techniques to
calculate the bridge shape.14−16 Such models do not allow
for the possibility of partial contact line pinning.
The tangential forces associated with contact line pinning

have also received attention for many years. In 1925, Adam
and Jessop introduced a “line tension” that acted like friction to
prevent contact line motion.17 This force was the unbalanced
contact line force per unit length that arose from a contact
angle different from Young’s equilibrium contact angle.
Researchers have adapted this idea to model shearing bridges
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between flat plates using multibody dissipative particle
dynamics simulations,18 surface energy minimization,19 lattice
Boltzmann simulations,20 and experiments.19,21 Similarly, it has
successfully been used to model the tangential force arising
from sliding drops.22−26 In both cases, the advancing and
receding contact angles have been included in the tangential
force equations. However, there is still a need to investigate the
link between contact angle hysteresis and tangential forces for
capillary bridges with changing heights. These bridges are
unique because the tangential contact-line force sums to zero
for the circularly symmetric case, making it difficult to measure.
Contact angle hysteresis for bridges between nonparallel

plates can cause motion of the bridge toward the point where
the surfaces would meet if extended sufficiently far.3,27 This
motion occurs when either the angle or the height between the
surfaces is changed. Under certain circumstances, these two
scenarios are equivalent.28 The asymmetry of the bridge means
that the advancing and receding angles are reached by different
parts of the bridge at different times. In particular, when the
angle or height between the surfaces decreases, the contact
angles on the narrower side of the bridge will reach the
advancing angle first which causes net movement toward the
narrow side. Likewise, when the angle or height is increased,
the contact angles on the wider side of the bridge will reach the
receding value first, which again causes net movement toward
the narrow side.
This paper presents an experimental analysis of hysteretic

capillary bridges undergoing stretching and compressing
coupled with a new model for simulating these bridges by
introducing a “resistive force” that resists contact line
movement. This model applies to bridges between parallel
and nonparallel flat plates. We first develop the capillary bridge
concepts to establish the context of our work and then describe
the experimental procedure and results. Finally, the theoretical
model is developed and compared with experimental results.

2. EXPERIMENTAL PROCEDURE
Two identical borosilicate glass coverslips (Fisher Scientific, 22 mm ×
22 mm, no. 2) are used as the solid surfaces. The top surface is
attached to a Stable Microsystems Texture Analyzer, which moves in
the vertical direction in 2 μm increments. This allows for the study of
small changes in the bridge height. The bottom surface is attached to
an analytical balance (Radwag AS 82/220.R2) and kept stationary
throughout the experiment. The analytical balance can measure forces
to ±0.1 μN accuracy. At the beginning of each experiment, we placed
a microliter scale droplet of glycerin (Fisher Scientific, ACS grade) on
the bottom surface. The balance is zeroed to subtract the weight of
the droplet. The top surface is lowered onto the droplet, and a
capillary bridge is formed. After every change in bridge height, there is
a 15 s wait. After this time, there is no noticeable change in the bridge
structure, and thus, a steady state has been reached; at this time,
normal force measurements and images of the bridge are taken.

The bridge height was lowered from a maximum height of 0.53 mm
to a minimum height of 0.33 mm and then raised back to the
maximum height three times in succession. The small capillary

number, Ca ∼ O(10−6), and Bond number, Bo ∼ O(10−2), justify
treating viscosity and gravity as negligible. The top glass surface is
tilted at most by a small angle (<1°).

A digital camera (Basler A102f) with a macro lens captures images
of the bridge shape. Example images are shown in Figure 1 for the
three bridge heights. An additional camera looks down through the
top surface and images the top contact line. Image processing is done
through Matlab. The contours of the bridge are found through a
convolution procedure and then fitted to a third-degree polynomial.
The contact angles between the flat plates and the bridge are
calculated from the image data. The radius is half the distance
between the two top or two bottom edges of the bridge. The center of
the bridge is the halfway point between these edges. The drift is the
distance that the edges of the bridges move from their starting points
at the beginning of the experiment.

3. RESULTS
3.1. Experimental Results. Figure 2 shows the evolution

of a ∼1 μL capillary bridge. The bridge height was lowered and
then raised three consecutive times as represented by the three
lines on the plots. The arrows follow the progression of the

Figure 1. Experimental images for three different bridge heights. The bridge outlines are found through MATLAB image processing. (a) The
bridge is at its minimum height; the contact radius and angle are both at their largest values. (b) The bridge is at an intermediate height. (c) The
bridge is at its maximum height; the contact radius and angle are both at their minimum values.

Figure 2. Experimental results for a capillary bridge between two flat
plates over multiple cycles. The bridge height is lowered from 0.53 to
0.33 mm and then raised back to the original height three times. The
arrows follow the evolution of the contact radius, contact angle, and
normal force under changing bridge height. Positive normal force
indicates attraction between the plates. The dot marks the beginning
of the process.
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contact radius, angle and normal force. Data for the top left
contact angle and radius are shown, but all the angles and radii
displayed similar behavior.
The solid line represents the first experimental cycle. The

initial conditions were H = 0.53 mm and θ = 36°. This was
between the advancing and receding contact angle values so
the contact line was unable to move freely on the solid surface,
and lowering the bridge height only caused a small change in
the contact radius. After the contact angle reached θa = 58°,
the contact line depinned and the contact radius advanced
more rapidly with the decrease in bridge height. At H = 0.33
mm, the direction of motion was reversed and the plates were
separated, i.e., the height was increased. The stretching stage
did not show the sharp transition to a limiting angle that the
compressing stage displayed, but once the contact angle
reached θr = 29°, the contact angle decreased at a much slower
rate. At the onset of stretching of the bridge, there was an
immediate decrease in the contact radius.
For the first cycle of the experiment, the initial bridge shape

is different than that for the next two cycles. This is a result of
hysteresis: without it, the bridge properties at a given height
would always be the same. One consequence of the hysteretic
behavior is that the work done by compressing and stretching
the bridge is not always the same magnitude. The work done
on the system by changing the bridge height is found by
integrating the normal force across all bridge heights. For this
experiment, the net work done during the first, second, and
third cycles are 29.4, 23.7, and 23.5 nJ, respectively. The work
done within the second and third cycles is the same within the
margin of error. The work for the first cycle is higher than for
the next two cycles as would be expected from the force curves
in Figure 2.
The angle and radius data in Figure 2 show behavior similar

to that found in previous experiments with two key differences.
Previously reported contact angle and radius hysteresis
experiments have found total contact line pinning until the
advancing and receding contact angles are reached.14,29,30

However, our data show movement of the contact line during
this pinning stage. This may be due to the heterogeneity of the
surface. The contact line could locally reach the advancing and
receding values at different times for different parts of the
contact line. The contact line may therefore have some
movement during the pinning phase before it reaches the stage
where the advancing or receding angles are reached for the
bulk of the contact line. This could occur for areas of the solid
surface with different advancing and receding angles than for
the rest of the liquid and also for areas of the solid surface
where the local contact angle differs from the rest of the
contact line. This partial pinning will be modeled computa-
tionally later in this work, but the theoretical basis remains
unclear.
In addition, there is a lack of a sharp transition during the

receding process. This may be explained by the difference
between advancing onto an unwetted surface and receding
onto a wetting one. Recent work with nanograss shows
receding and advancing events can vary dramatically on
micropillar surfaces.31 This may also be true in the less extreme
case of flat plates with heterogenieties. Further work is needed
to investigate this behavior.
3.2. Force Analysis. The net vertical force exerted on solid

surfaces by an axisymmetric capillary bridge has two
components, one due to surface tension at the three-phase

contact line (Fl) and one due to the Laplace pressure inside the
bridge (Fp). The total force is

= + =F F F R R P2 sinl p
2

(1)

where R is the contact radius of the liquid, θ is the contact
angle, as illustrated in Figure 3, and ΔP is the Laplace pressure.

In this study, this force is defined as positive when the bridge
causes attraction between the two solid surfaces and negative
when it causes repulsion. F is averaged for all four corners to
give one experimental result. The Laplace pressure is given by

the Young−Laplace equation, = +( )P
R R
1 1

1 2
, where R1

and R2 are the principal radii of curvature. It can be
approximated by fitting the bridge shape very near the
midpoint to a section of a circular arc, as seen in Figure 3.
Thus, R1 is the bridge radius at the midpoint, and R2 is the
radius of the circular arc that matches the external curvature at
this location. Following convention, we defined R1 as positive
and R2 as negative for concave bridges.
Combining eq 1 and the Young−Laplace equation gives γ =

F/[2πR sin θ − πR2(1/R1 + 1/R2)]. The experimental values
of F, R, θ, R1, and R2 at each bridge height were used to find an
average γ. The resulting value, 51.1 mN m−1, was 19% smaller
than the published value for glycerol at room temperature, 63.4
mN m−1. This suggests that the approximation for ΔP may be
an overestimation.
Figure 2 shows a complicated relationship between the

normal force and the bridge height. There is a nonmonotonic
evolution of the force during the advancing and receding
phases with smaller forces during compression and larger
forces during stretching. To study this further, Fl, Fp, and F
were calculated using the experimental value of γ. These
quantities are plotted in Figure 4a along with the
experimentally measured force. The Laplace pressure is plotted
in Figure 4b.
The evolution of Fl follows that of the contact angle. This

shows that the sinθ component of Fl has a larger effect on the
shape of the Fl curve than the R term. Meanwhile, the
evolution of Fp shows that the −ΔP component, rather than
the R2 component, dominates the shape of the Fp curve. The
radius in Figure 2 shows little change in the radius over the
course of the experiment compared to the contact angle in the
same figure or −ΔP in Figure 4a, which explains the limited
impact of the radius on the shape of the force curves. It can
also be seen that Fp has a magnitude larger than that of Fl for
most bridge heights. The force from the Laplace pressure has a
larger impact on the normal force than the force from the
three-phase contact line.
To further investigate the evolution of the normal force,

several experiments were performed at different volumes with

Figure 3. Geometry of the bridge. R, θ, and H are the contact radius,
angle, and height of the bridge. R1 and R2 are the principal radii of
curvature. R1 is the neck width, and R2 is found from fitting the bridge
outline near the neck to a circle.

Langmuir pubs.acs.org/Langmuir Article

https://doi.org/10.1021/acs.langmuir.3c01550
Langmuir 2023, 39, 13149−13157

13151

https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig3&ref=pdf
pubs.acs.org/Langmuir?ref=pdf
https://doi.org/10.1021/acs.langmuir.3c01550?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


different starting and ending heights. They all had similar
advancing and receding angles (θa ≈ 60°, θr ≈ 30°). The force
progression of these experiments is shown in Figure 5. The

normal force is plotted against the height in the upper plot.
The normalized force, F/(2πγs), where =s V /(4 )3 , is
plotted against the normalized bridge height, H/s, in the lower
plot. All the data show a similar pattern. During the initial
bridge compression, there is an initial increase in the force for
high normalized bridge heights, followed by a decrease as the
height continues to be lowered. Once θa is reached there is a

steady increase in force with the decrease in bridge height.
When the minimum bridge height is reached, the bridge height
begins to be increased. The force increases until the receding
contact angle is reached. Afterward, the force decreases as the
bridge height does. The changes in increasing or decreasing
force roughly correspond to stages with constrained radius or
constant contact angle, as labeled in Figure 5. This same
pattern has been seen in other work.14,16

3.3. Bridge Migration. Hysteresis can cause bridge
migration between nonparallel plates. Perfectly parallel plates
are expected to have the same contact angle at all positions on
the contact line, but the same is not true for nonparallel plates.
When there is hysteresis in the contact line motion, one
location will reach θa or θr before the others, and consequently,
there will be motion in the direction of the first advance of the
contact line.
Consider Figure 6. All data are for the top contact line of the

bridge. The top plot in Figure 6a shows the progression of the
left and right contact angles. The middle plot shows the drift of
the left and right edges of the contact line. The bottom plot
shows the progression of the center of the contact line, XC.
Even though the angle between the top and bottom plates is <
1°, there is still visible movement of the bridge to the left,
which is where the apex of the two plates is located. Points 1, 2,
and 3 are illustrated by the images in Figure 6b. Between
points 1 and 2, the contact angles increased toward their
advancing values. Once the left contact angle reached its
advancing value, the left edge of the contact line began to
move outward. Meanwhile, the right contact angle had not yet
reached its advancing value, and so the right edge remained
stationary. This caused net movement of the contact line in the
negative (left) direction, as seen in the plot of XC in Figure 6a.
After point 2, the bridge was stretched. Both edges

immediately receded. They moved a similar distance between
points 2 and 3 so that the center position does not show much
change. At the end of the experiment, the center had shifted
toward the narrow side of the bridge. This matches previously
found results for nonparallel surfaces3,28 and indicates
asymmetry in the bridge structure. The presence of this
motion, despite the small angle between the plates, means that
it is critical to take nonparallel bridge effects into account.

Figure 4. (a) Evolution of the force contributions to the normal force for two plates connected by a capillary bridge. Positive force measurements
indicate the attraction between the plates. Fl, the force contribution due to the surface tension around the three-phase contact line, is indicated by
the dash-dotted line. Fp, the force contribution due to the Laplace pressure inside the bridge, is indicated by the dashed line. The total force,
F = Fl + Fp, is indicated by the dotted line. The experimentally measured force is indicated by a solid line. (b) Evolution of the Laplace pressure.

Figure 5. Force progression for three bridge experiments with
different volumes and start and end heights. The bottom plot shows
the normalized force progression for the same three bridge
experiments. The scaling length is =s V /(4 )3 .

Langmuir pubs.acs.org/Langmuir Article

https://doi.org/10.1021/acs.langmuir.3c01550
Langmuir 2023, 39, 13149−13157

13152

https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.langmuir.3c01550?fig=fig5&ref=pdf
pubs.acs.org/Langmuir?ref=pdf
https://doi.org/10.1021/acs.langmuir.3c01550?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


4. THEORY
4.1. Resistive Tension. In the absence of contact angle

hysteresis, the angle that the bridge makes with a surface is
described by Young’s equation

=cos 0 SV SL (2)

as illustrated in Figure 7a. The liquid−vapor, solid−vapor, and
solid−liquid interfacial tensions (γ, γSV, and γSL) are balanced
in the direction parallel to the solid−liquid interface to find the

equilibrium contact angle, θ0. Joanny and de Gennes modeled
the range of contact angles exhibited by real capillary bridges
by introducing an added force per unit length, fθ, to Young’s
equation.7,17 fθ describes the observed contact angle, θ, which
is not necessarily the same as θ0. Figure 7b shows the force
balance at the contact line when fθ is added to Young’s
equation model. Using Figure 7a,b, the equation for fθ is

=f (cos cos )0 (3)

Furmidge used an energy argument to come up with a
similar equation for the retention force per unit width of a
droplet on an inclined surface. When a surface is wetted or
dewetted by a liquid, the force per unit length is given by the
modified Young-Dupre ́ equation.25 This force per unit length
is γ(1 + cos θr) for dewetting and γ(1 + cos θa) for wetting.
Researchers have used this to find the form of the force per
unit width pinning a droplet to an inclined plane to be F/w =
γk(cos θr − cos θa), where w is the width of the droplet
perpendicular to the direction of incline, and k varies
depending on the approximate geometry of the droplet. For
instance, k = 1 if the drop has straight sides in the direction of
motion32 and k = 4/π if a circular contact line is assumed.33

This form also applies to drops on a spinning plate.33

Joanny and deGennes believed that the cause of the
hysteresis was chemical and physical defects on the solid
surface.7 Tadmor presented an alternative model of drop
pinning that relies on the reorientation of solid surface
molecules along the triple contact line.34 When a liquid comes
in contact with a solid, the triple line creates a ridge along the
solid. This causes a reorientation of the molecules along the

Figure 6. (a) Experimental results for the top angles and top contact line center for a capillary bridge between nonparallel plates (angle between
plates is < 1°). The arrows follow the evolution of the bridge height. The top plot shows the progression of the top left and top right contact angles.
The middle plot shows the drift of the top left and top right edges from their original positions. The bottom plot shows the position of the center of
the top contact line, Xc. (b) Images of the evolution of a capillary bridge between nonparallel plates.

Figure 7. Illustration of tensions acting on the contact line. (a)
Young’s equation balances the liquid−vapor, solid−vapor, and solid−
liquid surface tensions at the contact line. They are related by cos θ0,
the equilibrium contact angle. (b) In order to account for
nonequilibrium contact angles, a new force per unit length, fθ, is
added to the Young’s equation balance.
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triple line where those that are more strongly attracted to the
liquid stay closer to the solid surface. This will create a local
energy minimum and pinning. Tadmor’s equation was later
altered by Xu et al.35 The pinning force per unit length is

=F w/ (cos cos )w
G

2
r a

s
, where Gs is the interfacial

modulus, w is the drop width, and ΔP is the Laplace pressure.
The differences between these models show the complexity

of the problem. The central insight is that the drop pinning
force is proportional to γ(cos θ − cos θ0). This says nothing
about the specifics of the hysteresis, but as the previous
paragraphs show, it has been experimentally verified for a range
of situations.
The total magnitude of the contact line force, F̃θ, is found by

integrating fθ around the contact line, i.e., ignoring the vector
nature of the force. For a capillary bridge with circular radius R,
this gives

=

=

F L

R

(cos cos )d

2 (cos cos )

0

0 (4)

Note that this is a global measure of the resistive tension with
dimensions of force, rather than the magnitude of a force
vector.
4.2. Simulation. Simulations implemented in MATLAB

(MathWorks) were used to determine the shape of capillary
bridges. The potential energy of the system is

= +U U Us v (5)

where Us is the surface energy of the liquid−vapor, solid−
vapor, and solid−liquid interfaces given by US = γALV + γSLASL
+ γSVASV where γ and A are the surface tensions and surface
areas. Using Young’s equation, the surface energy can be
written as US = γALV − γ cos θ0ASL + C, where C ≡ γSV(ASV +
ASL).

36,37 Since the total solid surface area is constant, C does
not contribute to the energy variations. Uv is the volume-
dependent energy. The volume constraint is enforced by
adding an energy penalty to change the volume V from the real
volume V0. The added energy is

=U V V
2

( )v 0
2

(6)

where α is a chosen compressibility coefficient. Using α = 100
mN mm−3 we found volume deviations of <1%.
A dissipative “resistive force”, F̃R, is used to control the

contact line movement. At every step of the simulation, F̃R is
found using the equation

=F K R R( )R 0 (7)

where R is the bridge radius and R0 is bridge radius when θ =
θ0. K is a coefficient that controls the strength of contact line
pinning. If there is complete pinning of the contact line, then K
is infinite and no movement is allowed. Smaller K values allow
for progressively greater contact line movement. The
simulation will adjust the shape of the bridge until F̃θ = F̃R.
It is important to note that these are not two separate forces.
F̃R is simply a tool used to ensure the contact line is moved in
accordance to F̃θ.
To understand K consider the first cycle radius and angle

curves in Figure 2. During bridge compression, the angle and
bridge radius increase between H = 0.53 mm and H = 0.45 mm
at which point the angle reaches its advancing value. During

bridge extension, the angle and radius decrease between H =
0.33 mm and H = 0.375 mm, and then the angle reaches its
receding value. If the initial radius and angle are taken as the
equilibrium values, then the final radius, R, is the radius at the
beginning of the compression or extension phase, and the final
angle, θ, is the advancing or receding contact angle. Since F̃θ =
F̃R, the advancing and receding resistive force coefficients, Ka
and Kr, can be found using eqs 4 and 7

=K R R R2 (cos cos )/( )a a 0 0 (8)

=K R R R2 (cos cos )/( )r r 0 0 (9)

where R is the radius of the bridge when it reaches the
advancing or receding contact angle and R0 and θ0 are the
initial contact radius and angle.
Once K is found from the experimental data, it is used to

calculate the resistive force at each simulation step. If θ ≥ θa,
then the contact angle has reached its advancing value and F̃R
is set equal to F

a
. Similarly, if θ ≤ θr then the contact angle has

reached receding value so F̃R is set equal to F
r
. The value of F̃R

is therefore

= < <

l
m
oooooo

n
oooooo

F

F

K R R

F

, if

( ), if

, if

R

r r

0 r a

a a (10)

with K equal to Ka while the bridge height compressed and Kr
while the bridge height is stretched.
The bridge shape is defined by N vertices that are equally

spaced along the y axis, as seen in Figure 8a. For height H, the

y distance between each vertex is simply Δy = H/(N − 1). The
x positions of two adjacent vertices can be treated as the radii
of a truncated cone like that in Figure 8b if Δy ≪ H. Using
only the x and y vertex positions, we are able to model the
asymmetric three-dimensional bridge shape. Furthermore,
since Δy is fixed for a given bridge height, only the local
forces in the x direction need to be calculated.
We start the simulation by finding the radius of a cylinder

with the same volume and initial height as the bridge. This
radius is the starting x position for the vertices. Afterward, the
gradient in the x direction of the energy in eq 5 is calculated
for all vertices. The resistive force is added to this force for the
two vertices at the contact line (x1 and xN).

Figure 8. (a) Simulation models the bridge as a series of truncated
cones with radius x1 to xN. x1 is the bottom bridge radius, and xN is
the top bridge radius. At each iteration, the vertices are moved in the
x direction according to the forces calculated from energy
minimization. (b) A truncated cone of height Δy with bottom radius
xn, top radius xn+1, and slant length sn.
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The x positions are calculated through a modified velocity
Verlet algorithm with damping coefficient β and time step
10−3. This process is repeated until Ek < N × 10−19, where Ek is
the sum of the velocities squared. At that point, the system is
taken as having reached a steady state. The bridge height is
changed in small increments and each successive bridge shape
starts with the same x positions as the previous state. This is
crucial for hysteresis modeling since the bridge shape is
dependent on the previous shape.
The volume and initial height are easily obtained from the

experimental results, but θ0 is notoriously difficult to find for
hysteretic systems. The sessile drop or the pendant drop
methods have been used,38 as well as approximations such as

= +
0 2

a r or = +( )acos0
cos cos

2
a r .29 We developed a

scheme that eliminates the need to calculate the exact value
of θ0. The first simulation step is run with F̃ = 0, H = H0, the
starting bridge height, and θ0 equal to the starting experimental
contact angle. The radius of the bridge formed with these
parameters is our initial R0 value. It is used for the subsequent
simulation steps until the bridge height changes from
increasing to decreasing or vice versa. At that point, the
current θ and R are used for θ0 and R0.
The simulation results are plotted alongside the exper-

imental results in Figure 9. The simulation parameters are
listed in Table 1. There is a mismatch between the
experimental and simulation results, especially for small bridge
heights. In particular, the difference between the experimental
and simulation radii at low bridge heights is about 5%. Figure
10 shows the experimental volume, as measured by using the
truncated cone method, divided by the volume used for the

simulation. The experimental volume seems to decrease with
bridge height. This is consistent with the solid−liquid contact
area becoming noncircular due to the slanting of the top
surface in the direction not measured by the camera. This is
not captured by the simulation model. The volume stays
within 7% of the expected value. Despite these discrepancies
the simulation is able to capture the nonintuitive evolution of
the force.
Figure 11 shows how F̃θ and F̃R change with bridge height.

At the beginning of the compressing phase F̃θ = F̃R = 0. As the
bridge height decreases, the θ and R increase. According to eqs

Figure 9. Experimental (solid lines) and simulation (dotted lines)
results for the radius, contact angle, and normal force of a capillary
bridge between two flat plates. The bridge height is lowered from 0.53
to 0.33 mm and then raised back to the original height. The arrows
follow the evolution of the bridge height. Positive normal force
indicates attraction between the plates.

Table 1. Simulation Parameters

parameter (symbol) value

top/bottom advancing angle (θa) 58°/52°
top/bottom receding angle (θr) 29°/22°
top/bottom advancing equilibrium contact angle (θ0) 36°/25°
top/bottom receding equilibrium contact angle (θ0) 58°/52°
top/bottom advancing resistive force coefficients (Ka) 6.51/9.67
top/bottom receding resistive force coefficients (Kr) 15.67/7.51
liquid−vapor surface tension (γ) 52.17 μN mm−1

bridge volume (V0) 1.11 μL
time step (Δt) 10−3 sec
compressibility coefficient (α) 100 mN mm−3

damping coefficient (β) 1
number of vertices (N) 128

Figure 10. Experimental volume calculated using the truncated cone
method divided by the simulation volume V0. The solid line indicates
an advancing contact line and the dashed line indicates a receding
contact line. The dot at the beginning of the advancing stage is the
start of the experiment. Arrows follow the progression of the
experiment.

Figure 11. Resistive force and the resistive force per unit length
during the simulation.
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4 and 7, both F̃θ and F̃R correspondingly decrease. Once θ = θa,
the slipping stage begins and the force per unit length is set to
2πγ(cos θa − cos θ0) which keeps the contact angle at the
advancing value. The radius will increase much more during
the slipping phase than during the partial pinning phase, but
this has a small effect on the forces compared to the change of
the contact angle during the partial pinning phase.
During bridge extension F̃θ and F̃R again start at 0. θ and R

decrease from their original values and F̃θ and F̃R
correspondingly increase. When θ reaches its receding value
the slipping stage begins and the force per unit length is set to
2πγ(cos θr − cos θ0). The radius will decrease dramatically
during the slipping phase but again this only has a small effect
on the values of F̃θ and F̃R.

5. CONCLUSIONS
Our experimental work has precisely measured the adhesive
force on solid surfaces due to capillary bridges as well as the
bridge shape. This has allowed us to model both hysteresis
cycles, where the contact line movement is dependent on the
current contact angle. Previous models only allowed move-
ment when the advancing and receding contact angles were
reached but this model introduces a force, F̃R, that can be
adjusted by controlling the strength of contact line pinning.
We have shown that the hysteresis between nonparallel plates
causes movement of the bridge center, even for very small
angles.
The model does not link the resistive force constant, K, to

the physical properties of the flat surfaces or the liquid. Instead
it is a fitting parameter that is found from experimental data.
More work needs to be done to connect the partial pinning of
the contact line to the contact line force. The model also does
not incorporate the tilt of the top plate. The tilt creates an
elliptical rather than a circular contact line. This will need to be
considered in future work.
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