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A bstr a ct — N ois e a n d p h ot o n l oss e n c o u nt e r e d o n q u a nt u m
c h a n n els p os e a m aj o r c h all e n g e f o r r eli a bl e e nt a n gl e m e nt g e n-
e r ati o n i n q u a nt u m n et w o r ks. I n n e a r-t e r m n et w o r ks, h e r al d-
i n g is r e q ui r e d t o i nf o r m e n d p oi nts of s u c c essf ull y g e n e r at e d
e nt a n gl e m e nt. If aft e r h e r al di n g, e nt a n gl e m e nt fi d elit y is t o o
l o w, e nt a n gl e m e nt p u ri fi c ati o n c a n b e utili z e d t o p r o b a bilisti c all y
i n c r e as e fi d elit y. Tr a diti o n all y, p u ri fi c ati o n p r ot o c ols p r o c e e d
as f oll o ws: g e n e r at e h e r al d e d E P R p ai rs, e x e c ut e a s e ri es of
q u a nt u m o p e r ati o ns o n t w o o r m o r e p ai rs b et w e e n t w o n o d es,
a n d cl assi c all y c o m m u ni c at e r es ults t o c h e c k f o r s u c c ess. P u ri fi-
c ati o n m a y r e q ui r e s e v e r al r o u n ds w hil e q u bits a r e st o r e d i n
m e m o ri es, v ul n e r a bl e t o d e c o h e r e n c e. I n t his w o r k, w e e x pl o r e
t h e n oti o n of o pti misti c p u ri fi c ati o n i n a si n gl e li n k s et u p,
w h e r ei n cl assi c al c o m m u ni c ati o n r e q ui r e d f o r h e r al di n g a n d
p u ri fi c ati o n is d el a y e d, p ossi bl y t o t h e e n d of t h e p r o c ess.
O pti mis m r e d u c es t h e o v e r all ti m e E P R p ai rs a r e st o r e d i n
m e m o r y. W hil e t his is b e n e fi ci al f o r fi d elit y, it c a n r es ult i n l o w e r
r at es d u e t o t h e c o nti n u e d e x e c uti o n of p r ot o c ols wit h s p a rs e r
h e r al di n g a n d p u ri fi c ati o n o ut c o m e u p d at es. We a p pl y o pti mis m
t o t h e e nt a n gl e m e nt p u m pi n g s c h e m e, g r o u n d- a n d s at ellit e- b as e d
E P R g e n e r ati o n s o u r c es, a n d c u r r e nt st at e- of-t h e- a rt p u ri fi c ati o n
ci r c uits. We e v al u at e s e nsiti vit y p e rf o r m a n c e t o a n u m b e r of
p a r a m et e rs i n cl u di n g li n k l e n gt h, E P R s o u r c e r at e a n d fi d elit y,
a n d m e m o r y c o h e r e n c e ti m e. We o bs e r v e t h at o u r o pti misti c
p r ot o c ols a r e a bl e t o i n c r e as e fi d elit y, w hil e t h e t r a diti o n al
a p p r o a c h b e c o m es d et ri m e nt al t o it f o r l o n g dist a n c es. We st u d y
t h e t r a d e- off b et w e e n r at e a n d fi d elit y u n d e r e nt a n gl e m e nt- b as e d
Q K D, a n d fi n d t h at o pti misti c s c h e m es c a n yi el d hi g h e r r at es
c o m p a r e d t o n o n- o pti misti c c o u nt e r p a rts, wit h m ost a d v a nt a g es
s e e n i n s c e n a ri os wit h l o w i niti al fi d elit y a n d s h o rt c o h e r e n c e
ti m es.

I. I N T R O D U C T I O N

C ert ai n f e at ur es of q u a nt u m m e c h a ni cs, s u c h as s u p er p o-
siti o n, e nt a n gl e m e nt, a n d i nt erf er e n c e, h a v e t h e p ot e nti al t o
e q ui p us wit h a p pli c ati o ns t h at ar e n ot a c hi e v a bl e i n t h e
cl assi c al w orl d. E x a m pl es of q u a nt u m- e n a bl e d a d v a nt a g es
i n cl u d e e x p o n e nti al a n d p ol y n o mi al al g orit h mi c s p e e d u ps [ 1]
a n d pr o v a bl y s e c ur e c o m m u ni c ati o n [ 2]. B esi d es b ei n g a bl e t o
pr o vi d e t h e l att er, q u a nt u m n et w or ks [ 3] c a n als o s u p p ort dis-
tri b ut e d q u a nt u m c o m p ut ati o n [ 4], cl o c k s y n c hr o ni z ati o n [ 5],
a n d q u a nt u m s e nsi n g [ 6]. A n ess e nti al r e q uir e m e nt f or dis-
tri b ut e d q u a nt u m a p pli c ati o ns is e nt a n gl e m e nt of s uf fi ci e ntl y
hi g h q u alit y s h ar e d b et w e e n n o d es. C o ns e q u e ntl y, o n e of t h e
m ai n g o als of a q u a nt u m n et w or k is t o r eli a bl y distri b ut e t his
r es o ur c e a cr oss a p ot e nti all y l ar g e dist a n c e.

A m a xi m all y e nt a n gl e d bi p artit e st at e ( als o k n o w n as a n
Ei nst ei n- P o d ols k y- R os e n ( E P R) [ 7] or B ell p air) is a p air of

S u c c essf ul 
p urifi c ati o n

Fi g. 1. P uri fi c ati o n e x a m pl e. T w o n o d es, wit h t hr e e q u a nt u m m e m ori es
e a c h, b e gi n wit h t hr e e i m p erf e ct e nt a n gl e d st at es (r e d c ur v es, d as h e d). Aft er
p uri fi c ati o n is c arri e d o ut (s u c c essf ull y i n t h e e x a m pl e), t h e n o d es ar e l eft
wit h a hi g h er- q u alit y si n gl e e nt a n gl e d st at e (r e d c ur v e, s oli d).

q u bits t h at ar e e nt a n gl e d s u c h t h at if w e m e as ur e t h e q u a nt u m
st at e of o n e, t h e n w e k n o w t h e e x a ct st at e of t h e ot h er. O n e
c a n us e p h ot o ns t o g e n er at e a n d distri b ut e E P R p airs b ut d u e
t o e x p o n e nti al p h ot o n l oss i n o pti c al fi b er, t h e g e n er ati o n of
a n E P R p air o v er a l o n g dist a n c e p os es a si g ni fi c a nt c h all e n g e.
F urt h er, d u e t o t h e N o- Cl o ni n g T h e or e m [ 8], o n e c a n n ot
c o p y or a m plif y q u a nt u m i nf or m ati o n at i nt er m e di at e st ati o ns.
A s ol uti o n is t o us e q u a nt u m r e p e at ers [ 9, 1 0] t h at assist
wit h l o n g- dist a n c e e nt a n gl e m e nt g e n er ati o n vi a e nt a n gl e m e nt
s w a p pi n g [ 1 1, 1 2].

I m p erf e ct m e m ori es, d e c o h er e n c e, a n d g at e n ois e pr e cl u d e
t h e distri b uti o n of p erf e ct e nt a n gl e m e nt wit hi n a q u a nt u m
n et w or k. I n r e alit y, w h at n o d es r e c ei v e ar e l o w q u alit y E P R
p airs. E nt a n gl e m e nt q u alit y is cr u ci al f or distri b ut e d q u a nt u m
a p pli c ati o ns, e. g. , q u a nt u m k e y distri b uti o n ( Q K D) [ 2, 1 3],
Bli n d Q u a nt u m C o m p ut ati o n ( B Q C) [ 1 4], as it c a n d et er mi n e
n ot o nl y p erf or m a n c e m e as ur es s p e ci fi c t o s u c h a n a p pli c ati o n,
b ut als o t h e f e asi bilit y of c arr yi n g it o ut at all. It is t h er ef or e
n e c ess ar y t o t a k e h e e d of a n d i n cr e as e t his q u alit y w h e n p os-
si bl e. O n e m e as ur e of e nt a n gl e m e nt q u alit y is fi d elit y , w hi c h
q u a nti fi es t h e cl os e n ess of a gi v e n q u a nt u m st at e t o s o m e
d esir e d st at e. I n q u a nt u m n et w or ks, a c o m m o nl y s o u g ht- aft er
g o al is t h e distri b uti o n of hi g h- fi d elit y e nt a n gl e m e nt, w h er e
fi d elit y is c o m p ut e d i n r ef er e n c e t o o n e of t h e f o ur B ell p airs.
O n e w a y t o i n cr e as e fi d elit y is t hr o u g h p uri fi c ati o n [ 1 5], w hi c h
i n v ol v es t h e a p pli c ati o n of l o c al g at es a n d m e as ur e m e nts o n
b ot h e n ds of a s h ar e d e nt a n gl e d st at e, f oll o w e d b y cl assi c al
i nf or m ati o n e x c h a n g e t o c o m m u ni c at e s u c c ess or f ail ur e of
t his pr o b a bilisti c pr o c ess. Fi g ur e 1 ill ustr at es t h e m et h o d at a
hi g h l e v el.

H er al d e d e nt a n gl e m e nt p uri fi c ati o n ( H E P) is a n e c ess ar y
m e c h a nis m f or first- g e n er ati o n q u a nt u m n et w or ks [ 1 6], a n d
y et, pr a cti c al e x e c uti o n w or k fl o ws f or s u c h pr ot o c ols still
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Fig. 2. The setup is comprised of an entanglement source situated between
two quantum network nodes. The nodes, capable of performing purification,
are equipped with quantum memories that can store entangled states.

require more study. Our work investigates the advantages
and limitations of purification for two nodes connected by a
single quantum link – a building block for quantum networks
– as a means of improving our understanding of how such
workflows could be designed and realized on a fully fledged
network. Figure 2 illustrates the setting we consider: two
nodes are connected via a classical channel used for heralding
entanglement and exchanging purification results. Equidistant
from both nodes is an entanglement generation source that
distributes sub-unit fidelity entanglement. Nodes are equipped
with imperfect quantum memories and noisy quantum gates.

Purification can be performed by two nodes that share at
least two heralded entangled pairs: one, which we denote as
the main pair, is kept, while others, often called sacrificial
pairs, are eventually measured1 [10, 15, 17, 18]. The traditional
way of carrying out purification involves each node performing
local operations on its qubits and measuring all sacrificial
pairs. Then, based on measurement results, which are ex-
changed over a classical channel, purification is deemed either
successful or unsuccessful. Upon success, the parties may
perform further purification on the purified entangled state(s),
or allow an application to consume the entanglement. In case
of failure, the nodes are forced to discard the main pair and
begin the entire process anew. In this paper, we refer to the
traditional method as the baseline protocol (BASE).

Classical communication – a required part of purification,
is a potentially significant cause of fidelity degradation – the
main entangled pairs must remain in noisy storage while
awaiting confirmation. If a purification scheme has several
rounds (e.g., the pumping scheme [10]), or each purification
circuit includes several measurements, then all results must be
checked [19], and this further increases the storage time of a
pair. Checking purification results costs time at least equal to
the data propagation delay on a link. This makes traditional
purification impractical for longer distances when the nodes
involved are equipped with noisy quantum memories.

A characteristic property of the purification schemes that
we study is the reduced wait time of stored entanglement via
curtailment of overall classical communication. This reduced
storage time in turn impacts the fidelity of entangled pairs
by the time they are ready to be consumed by an appli-
cation. An example of such a scheme is one that foregoes

1More generally, n → k purification, with n > k initial and k resulting
states, is also possible.

a number of classical communication rounds, continuing on
to further purification steps without checking for purification
success/failure. This idea was introduced by Hartmann et al.
in [20]. The authors applied their idea to heralded EPR pairs
in the pumping scheme [21], and showed that nodes can
be optimistic with respect to purification results, checking
purification outcomes only at the end. In this work, we refer
to their scheme as the heralded-optimistic protocol (HOPT) .

In this work, we further increase optimism, by applying it
not only to purification results but also to heralding signals.
Intuitively, our optimistic protocol (OPT) can yield even higher
fidelities since entanglement spends even less time in quantum
memory. Similar to the work in [21], we apply our optimistic
approach to the pumping scheme, in ground- and satellite-
based setups [22], and show that for large distances and short
memory coherence times, our approach increases fidelity while
HOPT and BASE can harm fidelity. Nevertheless, a heightened
degree of optimism can decrease the overall rate, since more
entanglement will be spent on failed purification procedures.
Thus, a trade-off exists between rate and fidelity. We study
this rate-fidelity trade-off with the secret key rate (SKR) of the
BB84 protocol [2, 13]. We evaluate the SKR on the pumping
scheme [10], for a range of hardware parameters including
the link’s entanglement generation rate, the initial fidelity
of generated entanglement, and quantum memory coherence
time. We also study the effect of distance between nodes on
the secret key rate. We also evaluate a current state-of-the-
art purification circuit [19] that includes multiple purification
checkpoints. We observe that in harsh environments – lower
initial (pre-purification) fidelity and short coherence time –
optimistic schemes are advantageous for the SKR. In scenarios
with higher coherence times, one may switch to the baseline
or the heralded-optimistic protocol, and in the case of high
initial fidelity, purification may not be necessary at all.

The remainder of this paper is structured as follows: in
Section II we discuss related work in purification schemes. In
Section III we provide the necessary background in quantum
networking. In Section IV, we explain our optimistic approach
and methodology. In Section V, we evaluate our optimistic ap-
proach on a number of different purification schemes. Finally,
in Section VI, we conclude our work and discuss challenges
and future directions.

II. RELATED WORK

Entanglement purification was introduced by Bennett et al.
in [15]. They developed a circuit to improve the fidelity of one
Werner state [23] (see Section III for a definition of this state)
by sacrificing another state of the same form. In this work,
the authors did not evaluate purification performance in terms
of rate and fidelity in quantum networks. Further, the effects
of memory coherence and entanglement storage time on state
fidelity and secret key rate were not considered. Deutsch et
al. [17] improved previous work by proposing a protocol –
often referred to as DEJMPS – which converges faster and
requires fewer resources. The scheme does not restrict the
initial states to be Werner – in this relaxation, a state can be

2



any linear combination of Bell basis states. In [17], there is no
evaluation of the effect of memory noise on final fidelity. Dür
et al. [10] proposed the pumping scheme (see Section IV) and
the application of purification in quantum repeaters [10, 24];
however, they did not consider quantum memory storage noise
in their analysis.

Hartmann et al. studied the effect of memory noise on
quantum repeaters with purification in [20]. Their noise model
accounts for noisy two-qubit gates and dephasing in quantum
memories. They proposed nodes perform DEJMPS purification
and entanglement swapping without checking results or apply-
ing corrections until the very end in a quantum network – a
manner of operation they dubbed blind mode. In this work, we
show that this methodology can exacerbate state fidelity when
distances are large and memory coherence times are short. In
[21], the authors analyzed the scalability of blind repeaters,
while still heralding EPR pair generation. In our work, we
show that we can also be optimistic about heralding signals,
thereby improving performance in terms of fidelity and SKR.

All the aforementioned papers apply sub-optimal purifica-
tion circuits. Nickerson et. al introduced the STRINGENT
protocol, which outperforms previous protocols in terms of
fidelity improvement and quantum state consumption [25].
The effects of waiting times (arising from delays due to
classical communication of heralding and purification results)
on quantum states were not evaluated, however. Krastanov et.
al applied a genetic algorithm to optimize purification circuits
with respect to resource consumption and output fidelity [19].
The algorithm takes the initial state fidelity and the maximum
allowed number of operations as input parameters. In their
work, circuit performance evaluation did not consider the
effect of classical communication-induced waiting time and
storage noise on output fidelity and rate. As the results in [19]
are the current state-of-the-art in purification, we apply our
optimistic scheme to these circuits and evaluate output fidelity
and overall rate, while also incorporating storage noise and
classical communication time overhead.

III. QUANTUM NETWORKING BACKGROUND

In this section, we provide necessary quantum background
for this paper. We begin by introducing EPR pairs, fidelity,
quantum channels, the secret key fraction of BB84, quantum
repeaters, and purification in more detail. We also explain
the entanglement generation setup that we use throughout this
work.

A. EPR Pairs

EPR pairs (also known as Bell states [26]) are the following
two-qubit quantum states: |ϕ±⟩ = (|00⟩ ± |11⟩)/

√
2 and

|ψ±⟩ = (|01⟩ ± |10⟩)/
√
2. A common objective for nodes

in a quantum network is to be in possession of one qubit of a
Bell state, e.g., |ϕ+⟩ = (|00⟩+ |11⟩)/

√
2, with the other qubit

belonging to another node with whom an application is jointly
being carried out.

B. Fidelity and Noise Model

Fidelity is a quantity that measures the closeness of two
quantum states. Given a density matrix ρ of a non-maximally
entangled bipartite state, the fidelity F ∈ [0, 1] with reference
to |ϕ+⟩ is given by2

F (ρ) =
〈
ϕ+

∣∣ ρ ∣∣ϕ+〉 , (1)

clearly, higher values are desirable.
In the real world, quantum gates and quantum memories
are imperfect and may inadvertently apply noise to qubits,
decreasing their fidelities. In this work, we consider the effect
of noisy two-qubit gates on qubits, where noise is modeled
by a depolarization channel for quantum gates. Namely, upon
application of a two-qubit quantum gate U on the density
matrix ρ of an n-qubit system, the transformation is success-
ful with probability pg , and the two qubits undergoing the
transformation are depolarized with probability 1− pg:

ρ′ = pgUρU
† + (1− pg)Tri,j(ρ)⊗

I

4
, (2)

where ρ′ is the resulting density matrix, Tri,j is a partial
trace over qubits i and j that are affected by U , and I is
the identity matrix. In this work, we assume that controlled
gates (e.g., CNOT and CZ) depolarize both control and target
qubits, while single-qubit gates are assumed to be ideal.

Similar to quantum gates, measuring a qubit introduces
errors in the output state. Measurement can project an arbitrary
state to the correct state with probability pm or to the wrong
state with probability 1 − pm. An example is an imperfect
projection onto the |0⟩ state:

ρ′ = pm |0⟩⟨0| ρ |0⟩⟨0|+ (1− pm) |1⟩⟨1| ρ |1⟩⟨1| , (3)

where ρ and ρ′ are the density matrices of the pre- and post-
measurement states, respectively.

We also account for the time-dependent noise affecting
qubits stored in quantum memories. We assume that this
noise is described by two types of errors: amplitude damping
and dephasing. Amplitude damping is associated with the
parameter T1, which characterizes how rapidly a state loses
its excitation, and dephasing is associated with the parameter
T2 which describes how rapidly a state loses its phase informa-
tion [27, 28]. The amplitude damping channel acts as follows
on the density matrix ρ:

ρ 7→ E0ρE
†
0 + E1ρE

†
1, (4)

E0 = |0⟩⟨0|+
√
1− λ |1⟩⟨1| ,

E1 =
√
λ |0⟩⟨1| ,

where λ = 1−e−t/T1 and t is the time that the qubit is stored
in memory. The stored qubit then goes through a dephasing

2We note that another widely accepted definition of fidelity employs a
square root.
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channel that acts as follows:

ρ 7→ (1− pz)ρ+ pzZρZ (5)

pz =
1

2

(
1− e−t/T2et/(2T1)

)
,

where Z is the Pauli Z gate and t is the time that the qubit
spends in the memory. The composition of amplitude and
phase damping as described above is thought to be a generally
effective way to model state evolution in quantum memories
(see discussion in [29] and references therein).

Another error that can occur is photon loss, one of the main
obstacles in a quantum network. The probability of success-
fully transmitting a photon over optical fiber depends on the
fiber transmissivity ηf . The latter decreases exponentially with
distance (or link length) l. The probability of transmitting a
photon over distance l is

ηf = 10(−αf×l)/10, (6)

where αf is the fiber attenuation coefficient [28].

C. Secret Key Fraction

A direct application of EPR pairs is entanglement-based
QKD such as entanglement-based BB84 and the E91 proto-
col [13]. The secret key rate of BB84 is an increasing function
of entanglement rate and fidelity. Recall that purification
sacrifices EPR pairs to increase a target state’s fidelity. This
has the effect of reducing the entanglement generation rate,
thus manifesting a rate-fidelity trade-off problem that makes
it difficult to decide whether purification is beneficial. Fidelity
influences the secret key rate via the secret key fraction,
SKFBB84, given by

SKFBB84 = max(1− h(θx)− h(θz), 0) (7)
where θx = Tr(ρX ⊗X), θz = Tr(ρZ ⊗ Z),

X , Z are the Pauli X and Z operators, respectively; Tr is
the matrix trace, and h(p) = −p log(p) − (1 − p) log(1− p)
is the binary entropy [30]. The secret key rate (SKR) is the
production of SKFBB84 and the rate of EPR pairs with the
density matrix of ρ. We later study the rate-fidelity trade-off
of different purification schemes via secret key rate.

D. EPR Pair Generation Model and Purification

Figure 3 illustrates the entanglement generation setup con-
sidered in this work: a source located between two network
nodes distributes entanglement, with polarization encoding
used on the photons of each state [9]. An implementation
of this abstracted EPR pair generation scheme is introduced
in [31]. In this scheme, each node has an atom in a cavity.
We label photons p1 and p2 and atoms a1 and a2, where each
subscript represents the node to which these resources belong.
The source distributes states of the form∣∣ϕ+〉

p1p2
= (|00⟩p1p2

+ |11⟩p1p2
)/
√
2,

where horizontal polarization for pi is represented by |0⟩pi
and

vertical polarization by |1⟩pi
. Here, we assume each attempt

Fig. 3. EPR pair generation setup. The source in the middle sends half of an
EPR pair to each quantum network node. Each node entangles its photon with
an atom in a cavity and measures the photon, or, in case of failure, heralds
photon loss to the other node.

to generate a |ϕ+⟩p1p2
state is successful at the source. Each

photon pi is then transmitted to atom ai located at node i.
Each atom begins in a superposition of the ground and excited
states:

|+⟩ai
= (|0⟩ai

+ |1⟩ai
)/
√
2, (8)

where |0⟩ai
represents the ground state and |1⟩ai

the excited
state. After receiving a photon, each node applies a CZ
operation on the photon and the atom, bringing the overall
state to

|ψ⟩ =1/2
∣∣ϕ+〉

a1a2
⊗ [|00⟩p1p2

+ |11⟩p1p2
]+ (9)

1/2
∣∣ψ+

〉
a1a2

⊗ [|00⟩p1p2
− |11⟩p1p2

].

Both nodes then measure their photons in the diagonal basis
(i.e, {|+⟩ , |−⟩} basis), and apply corrections on the resulting
EPR pair based on the measurement results.

In this last stage, upon photon measurement, a node applies
the Pauli X gate on its atomic qubit if and only if it observed
|+⟩ as the outcome. Once an EPR pair is established, it
may be consumed directly by an application, i.e., without any
purification; we say in this case that the nodes have performed
direct sharing of entanglement.

In the introduction, we described purification at a high level;
here we elaborate more. As previously mentioned, the purpose
of purification is to increase the fidelity of a shared entangled
pair between two nodes in a quantum network. Bennett et
al. introduced the first purification scheme in [15], sometimes
called the BBPSSW protocol. In this proposal, one Werner
state, i.e., a state that can be expressed as

ρ =
4F0 − 1

3

∣∣ϕ+〉〈ϕ+∣∣+ 1− F0

3
I4, (10)

with F0 its initial fidelity [23], is sacrificed to increase the
fidelity of another. In this work, we assume our entanglement
generation mechanism generates Werner states as in see (10).
Since noisy gates and noisy quantum state storage may result
in a mixed state that is not Werner, it is often more accurate
to relax the Werner assumption and allow input states to be a
linear combination of Bell states.

For such states, the DEJMPS protocol introduced in [17]
outperforms BBPSSW. DEJMPS can be applied successively
to the same EPR pair to further increase its fidelity. Such
a procedure can be carried out by the pumping scheme
introduced by Dür et al. in [10]. The method increases a
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Fig. 4. An illustration of the entanglement pumping purification scheme with
n + 1 purification steps. The nodes begin with two EPR pairs with equal
fidelity f0, and pump the main EPR pair (top) with sacrificial EPR pairs
(bottom) until purification stops yielding significant benefits.

main EPR pair’s fidelity by consecutively purifying it with
another sacrificial EPR pair. In this work, we refer to each
purification of the main EPR pair by a sacrificial EPR pair as a
purification step; Figure 4 illustrates this process that includes
n+ 1 purification steps. Note that with the pumping scheme,
the fidelity of the main EPR pair ceases to improve after a
number of steps that depend on the sacrificial pair fidelity.
Finally, as before, nodes exchange purification results via a
classical channel to determine if purification was successful
or not. If any purification round fails, the entire process must
be restarted.

Although the aforementioned purification techniques in-
crease entanglement fidelity, they are not optimized to use
as few EPR pairs as possible or to yield the highest fidelity
improvement. Optimization techniques can be applied to pu-
rification schemes to address these shortcomings. Krastanov et
al. applied a genetic algorithm to optimize purification circuits
in [19]. For the noise model in their generated circuits, they
considered imperfect measurement projection as in (3) and
depolarization in controlled gates as in (2). Some of these
circuits include several projective measurements and require
the nodes to classically communicate results as part of the
protocol. In our work, we evaluate our optimistic protocol on
the traditional pumping scheme, as well as on an optimized
circuit from [19].

E. Satellite Setup

While optical fiber transmissivity decreases exponentially
with link length, in free space, this decrease follows a poly-
nomial trend. Consequently, the use of satellites [22, 32] and
photon transmission through free space have gained significant
attention as emerging technologies that appear to make EPR
pair distribution over long distances more feasible. Neverthe-
less, due to longer propagation delays for classical messages,
EPR pair distribution with satellite technology potentially in-
troduces longer waiting times for stored quantum states. Stored
entangled pairs thus suffer more decoherence, suggesting that
such an entanglement generation setting could benefit from a
reduction of overall classical communication.

Figure 5 illustrates our satellite setup. We assume two
ground stations on Earth are separated by distance d on the
order of hundreds of kilometers. The satellite orbits at height
h and is equidistant from each ground station, at distance
lo. The satellite generates EPR pairs and sends half of each
state toward each ground station. Photons travel a distance lo
through free space of polynomially-decreasing transmissivity,
and, once they reach the atmosphere, are subjected to a

Fig. 5. Satellite setup for generating EPR pairs over long distances.

further decrease in transmissivity – this time exponential with
atmosphere attenuation coefficient αa – for the remaining
distance to the ground station, la. In this setup, we consider
optical links with circular apertures of diameters ds and dg
for the satellite and ground station, respectively, that operate
at wavelength λ. The upper bound for transmissivity between
the satellite and the ground station is approximated by

ηo = min((πd2s/4)(πd
2
g/4)/(λlo)

2, 1),

ηa = exp(−αala),

ηs = ηoηa, (11)

where ηo and ηa are channel transmissivities corresponding
to free space and the atmosphere, respectively, and ηs is the
overall transmissivity [33, 34].

IV. PURIFICATION PROTOCOLS

In this section, we first discuss the traditional way of
carrying out purification via the pumping scheme. Recall that
we refer to this method as the baseline protocol (BASE).
We then introduce our optimistic protocol (OPT) and finally
introduce the heralded-optimistic protocol (HOPT) scheme
briefly discussed in Sections I and II. Throughout this section,
we assume the time it takes for the EPR source to send out a
new pair of photons to Alice and Bob is negligible compared
to the propagation delay.

A. Baseline Protocol (BASE)

In quantum networks, heralding signals inform nodes of
entanglement generation success or failure, and in case of the
former, may also be used to provide information about neces-
sary correction operations. Purification, being a probabilistic
procedure, also requires classical information exchanges be-
tween participating nodes. Figure 6 exemplifies the sequence
and timing of events for baseline entanglement pumping.
Figure 6(a) depicts a successful purification procedure, while
Figure 6(b) depicts a purification scenario where failure occurs
in heralding and later in purification. In Figure 6, nodes Alice
and Bob, each equipped with two quantum memories, are
separated by l km. An EPR pair source in the middle of the
link sends half of the pair to Alice and the other half to Bob.
Alice and Bob both know the rate of the EPR source and have
synchronized clocks that tell them when they should expect to
receive photons. Thus, upon each clock tick, any party that has
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(a) Example execution without failures.

(b) Example with EPR pair generation and purification failures.

Fig. 6. Baseline purification protocol event sequence and timing.

not received their portion of the EPR pair informs the other
party of the failure. At the beginning of protocol, once they
receive two EPR pairs, they send heralding signals, which take
at least l/c seconds to transmit, where c is the speed of light in
optical fiber – 200,000 km/s. Then they perform purification
and send the results through a classical channel while waiting
for the purification results.

In the following, we go through the timeline presented in
Figure 6: The nodes (i) receive their portion of the main
entangled pair from the midpoint source, (ii) receive their
portion of an auxiliary (sacrificial) entangled pair, (iii) her-
ald entanglement generation success/failure. These steps are
repeated until both pairs are successfully received. Next, the
nodes (iv) execute a set of quantum gates and measurements
on both sides, and (v) exchange measurement results via
classical messages. The nodes then compare results, and if
purification succeeds, they repeat the process from step (ii)
until a desired number of purification steps is achieved. If the
results indicate that purification failed, the nodes discard the

(a) Example execution without failures.

(b) Example with entanglement generation failure. Bob in-
forms Alice, and the process restarts.

Fig. 7. Optimistic purification scheme event sequence and timing.

main pair and restart from step (i). If on the other hand, either
party receives no photon, then a failure signal is sent. As soon
as two EPR pairs are established, the nodes initiate purification
as outlined above.

B. Optimistic Protocol (OPT)

The main idea behind the optimistic protocol is to proceed
with all purification steps without waiting for any heralding
or consistency checks until the very end. Figure 7 illustrates
the optimistic protocol timeline, where Alice and Bob are
equipped with the same hardware as in the baseline setup.
Panel 7(a) depicts a scenario where all entanglement gen-
eration attempts and purification steps are successful, while
panel 7(b), presents a scenario in which Bob does not receive
his portion of an EPR pair, and the procedure is restarted.

In the following, we go through the timeline of Figure 7: (i)
Alice and Bob receive their portion of the main and sacrificial
EPR pairs from a midpoint source and each node that receives
her/his portion does not wait for the heralding signal and will
continue to execute required quantum gates for purification. A
node that does not receive one or both photons will inform the
other party of failure, causing all pairs to be discarded, and
the process to restart. Upon success, the nodes go to step (ii),
where they execute local quantum gates and measurements to
carry out purification, then they exchange purification results
but they do not wait to receive them from the other end.
The nodes then (iii) receive the next sacrificial EPR pair and
perform another round of purification without waiting for any
heralding signals or purification results. As previously, if a
node detects entanglement generation failure or purification
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failure, it informs its partner, taking the process back to step
(i). The nodes repeat step (iii) until a desired number of
purification steps are completed. Finally, the nodes (iv) check
the final purification measurement outcomes to verify whether
the purification steps were successful, going back to step
(i) in case a failure occurs. Note that in a setup where the
propagation delay is larger than the time takes for the EPR
source to send out a new pair of photons to Alice and Bob, end
nodes do not check the results at the very end of a purification
procedure, but they check the purification/heralding results in
time when they are waiting to receive a new EPR pair and
determine the next action based on the purification/heralding
results.

C. Heralded Optimistic Protocol (HOPT)

We now introduce the heralded-optimistic protocol (HOPT)
which lies between the optimistic and baseline approaches.
In this protocol, Alice and Bob wait only for each others’
heralding signals – they are optimistic about purification
results and exchange them only at the very end of the process.
This protocol was first introduced by Hartmann et al. [20], and
its distance scalability was later studied in [21].

In this work, we modify the original HOPT protocol such
that end-nodes do not wait until the end of the whole purifica-
tion procedure to exchange the purification results, instead they
can exchange the purification results as soon as they measure
their qubits. This modification allows Alice and Bob to be
informed of purification failures earlier than the original pro-
tocol [20] that checks at the very end, thereby preventing them
from wasting EPR pairs on a failed purification. Because of
early notice of purification failure, this modification improves
the overall rate compared to the original protocol. We compare
our proposed OPT with the improved HOPT.

V. EVALUATION

In this section, we compare OPT to BASE, HOPT, and
sharing EPR pairs with no purification (NOP). We begin with
the pumping scheme of [18] for ground- and satellite-based
settings, then continue with current state-of-the-art purification
circuits of [19] for ground-based EPR generation. For entan-
glement pumping, we calculate the average rate and fidelity as
a function of the total number of purification steps for a fixed
hardware parameter set. Additionally, we examine the effect
of different memory coherence times and EPR source rates on
fidelity. We evaluate the circuit of [19] in a similar manner.
Last, we evaluate the QKD performance of different protocols
for ground- and satellite-based EPR generation schemes. To
do so, we calculate the SKR for ground- and satellite-based
setups for all protocols and show that, the optimistic protocol
yields the highest SKR when memory coherence times and
initial fidelities are low.

A. Simulation Setup

We evaluate each protocol for different combinations of
memory coherence time (T2), distance (d) between two nodes,
initial fidelity (F0), and EPR source rate (µ). For all cases,

(a) Fidelity for different protocols

(b) Rate for different protocols

Fig. 8. Fidelity and rate as functions of purification steps for different
purification protocols and direct sharing with no purification, implementing
entanglement pumping in ground-based setup. For the EPR source rate (µ) of
1 GHz, the distance (d) of 20 km, and the initial fidelity (F0) of 0.9.

Fig. 9. Fidelity comparison for different protocols for distances (d) from 1
km up to 20 km in ground-based setup. For each data point, we plot the
highest fidelity over five successive purification steps. EPR source rate (µ),
initial fidelity (F0), and memory coherence time (T2) are set to 1 GHz, 0.9,
and 1 ms, respectively.

we utilize the Monte Carlo method. In our simulations, one
simulation iteration starts with no shared entanglement and
ends when the protocol successfully purifies a state.

For each combination of values, we perform 10,000 iter-
ations, except for the QKD evaluation on circuits from [19]
where we perform 50,000 iterations. Using these simulations,
we calculate average fidelity and average rate of resulting en-
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Fig. 10. The effect of memory coherence time (T2) on average fidelity for
entanglement pumping in ground-based setup. Initial fidelity (F0) and EPR
source rate (µ) are set to 0.9 and 1 GHz, respectively. Here, all schemes’
fidelities converge for T2 ≥ 0.1 s.

Fig. 11. The effect of EPR source rate (µ) on the average output fidelity
in ground-based setup. Initial fidelity (F0) and memory coherence time (T2)
are set to 0.9 and 1 ms, respectively. Average fidelity increases with rate; the
improvement becomes negligible beyond 106 Hz.

tanglement, as well as the average SKR. For each simulation,
we ascertain that the confidence interval is less than three
percent of the average value. For all simulations, the noise
parameters for gates, measurements, and memories are the
same. For controlled gates, we assume depolarization with
parameter pg = 0.99, as per [19] (see (2)). We assume
imperfect measurement projection with parameter pm = 0.99,
as per [19] (see (3)). For memory noise, we assume amplitude
damping (T1) and dephasing (T2) (see (4) and (5)). Since
in our evaluation, we do not store qubits in memory for a
long time (at most, in the regime of milliseconds) and T1 for
amplitude damping is typically on the order of minutes – e.g.,
[27] reports a T1 of at least six minutes for Nitrogen-Vacancy
(NV) center in diamond carbon atoms – it is not a significant
source of noise for a stored qubit. However, we include it in
our simulation, setting T1 to six minutes. On the other hand, T2
is on the order of milliseconds, and up to seconds as observed
in experiments [27, 35]. For T2, we evaluate our scheme from
0.001s up to 1s, increasing at a logarithmic scale. We set the
fiber attenuation coefficient αf to 0.2 as in [28]. We select
initial fidelity F0 from the range 0.75 to 0.90. µ is selected
from the range 1 KHz to 1 GHz [32, 36]. Inter-node distance,

(a) Fidelity for satellite-based setup

(b) Rate for satellite-based setup

Fig. 12. Fidelity and rate comparison for different protocols implementing
entanglement pumping, versus direct sharing without purification in satellite-
based setup. Initial fidelity (F0), EPR source rate (µ), memory coherence time
(T2), and distance (d) are set to 0.9, 1 GHz, 10 ms, and 500 km, respectively.

d, varies from 1 km up to 20 km.
For the satellite setup, the distance between ground stations

d is at most 500 km and the satellite height is set to 400
km, matching the average altitude of the international space
station [37]. The atmosphere extinction attenuation, αa, is set
to 0.028125 [33]. Sender and receiver hardware parameters
are set to a wavelength λ = 737 nm, a satellite optical link
aperture ds = 0.2 m, and a ground station optical link aperture
dg = 2 m [33].

B. Pumping Scheme

In this section, we evaluate the effect of the number of
purification steps on average fidelity and rate. Then we study
the effect of distance (d) on average fidelity. Next, we study
the effect of coherence time (T2) and EPR source rate (µ)
on average fidelity. We compare OPT with HOPT, BASE, and
NOP in a ground-based setup. For all cases, we do at most five
steps of purification in the pumping scheme as going further
does not improve fidelity significantly. We limit the number
of memories to two for each node, the required number of
memories for each step of the pumping scheme. We set
F0 = 0.9, µ = 1 GHz, T2 = 0.001 s, and d = 20 km; and plot
the results for fidelity and rate in Figure 8(a) and Figure 8(b)
respectively. We observe in Figuer 8(a) that OPT outperforms
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Fig. 13. Fidelity comparison for different protocols implementing entangle-
ment pumping in satellite-based setup, for distance (d) from 100 km up to
500 km. For each data point of purification protocols, we plot the highest
fidelity over five purification steps. We set initial fidelity (F0) to 0.9, EPR
source rate (µ) to 1 GHz, and memory coherence time (T2) to 10 ms.

Fig. 14. The effect of memory coherence time (T2) on the average fidelity
in the satellite-based setup. The initial fidelity (F0) and the EPR source rate
(µ) are set to 0.9 and 1 GHz, respectively. Increasing T2 causes purification
protocols to converge to the same fidelity.

all other protocols, while BASE and HOPT yield fidelities
lower than NOP. We also observe in Figure 8(b) that OPT
yields a lower rate compared to other protocols, however, the
higher rates of HOPT and BASE do not compensate for their
lower fidelity. Next, we study the effect of d on average output
fidelity. We plot the highest fidelity achieved over five steps of
purification in Figure 9, note that for OPT, step five always has
the highest fidelity, while for BASE or HOPT this may not be
the case (see Figure 8(a)). NOP is also included in the plot. We
find that OPT outperforms other protocols, and by increasing
d, the difference between OPT and other purification protocols
increases. Furthermore, an increase in d leads to a longer
waiting time, which results in a decrease in the fidelity of
both BASE and HOPT, causing them to fall below the fidelity
of NOP. Moreover, for larger d, the difference between HOPT
and BASE decreases as they perform fewer purification steps
and when they decrease to one step their performance becomes
the same.

We next analyze the effect of T2 on the average fidelity
of all protocols for F0 = 0.9, d = 5, 20 km, and µ = 1
GHz. To investigate the impact of T2, we compare average

Fig. 15. The effect of EPR source rate (µ) on the average fidelity in satellite-
based setup for the initial fidelity (F0) of 0.9 and the memory coherence time
(T2) of 10 ms.

(a) Fidelity for satellite-based setup

(b) Rate for satellite-based setup

Fig. 16. Fidelity and rate comparison for different protocols without waiting
for final confirmation in satellite-based setup. Initial fidelity (F0), EPR source
rate (µ), memory coherence time (T2), and distance (d) are set to 0.9, 1 GHz,
10 ms, and 500 km, respectively.

output fidelity across all protocols for different values of this
parameter. We plot the highest average fidelity that is achieved
over the number of purification steps as a function of T2 for
all protocols in Figure 10. We observe that by increasing T2,
all purification protocols converge to the same output fidelity.
The distance between nodes plays a role in the convergence
behavior: for 5 km, the difference between different protocol
fidelities is negligible for T2 larger than 0.01 s, and for 20
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(a) Fidelity for optimized purification circuit.

(b) EPR rate for optimized purification.

Fig. 17. Final fidelity and rate for optimized purification circuit in ground-
based setup. For initial fidelity (F0) of 0.9, a memory coherence time (T2)
of 1ms, and an EPR source rate (µ) of 1 GHz.

Fig. 18. The effect of memory coherence time (T2) on the average fidelity
in the optimized circuit for ground-based setup. Initial fidelity (F0), distance
(d), and EPR source rate (µ) are set to 0.9, 5 km, and 1 GHz, respectively.
Increasing T2 causes protocols to converge to the same fidelity.

km, when T2 is larger than 0.1 s.
EPR source rate, µ, also affects output fidelity, and conse-

quently the selection of a purification protocol. We study the
effect of µ on average fidelity for F0 = 0.9, d = 5, 20 km,
and T2 = 1 ms and plot it in Figure 11. As µ decreases, each
qubit spends more time in memory and therefore is subjected
to decoherence for a longer period. By increasing µ, output
fidelity increases; however, when the rate surpasses 1 MHz,
output fidelity improvement is negligible for all protocols.

Fig. 19. The effect of source rate on output fidelity for the optimized circuit in
ground-based setup. Initial fidelity (F0), distance (d), and memory coherence
time (T2) are set to 0.9, 5 km, and 1 ms, respectively.

C. Satellite-based EPR Generation Setup

In this section, we evaluate the performance of all
purification protocols, implementing a pumping scheme, in
a satellite-based setup. Similar to the ground-based setup,
the maximum number of purification steps is five, as beyond
five steps the fidelity does not improve significantly. We
restrict each node to have a maximum of two memories,
the minimum number of memories for each step of the
pumping scheme. Since the distances between two end nodes
are significantly larger compared to the ground-based setup,
memory decoherence becomes more severe. Consequently,
having a memory with a coherence time of 1 ms significantly
reduces overall fidelity due to the large waiting time induced
by classical communication; we therefore set the coherence
time to 10 ms for fidelity and rate evaluation. We plot the
average fidelity as a function of number of purification
steps in Figure 12(a) for F0 = 0.9, µ = 1 GHz, d = 500
km, and T2 = 10 ms. We observe that OPT provides
the highest average fidelity, while HOPT and BASE yield
lower fidelities compared to NOP. For the same parameters,
we plot the average entanglement rate as a function of
number of purification steps in Figure 12(b). We observe
that the average entanglement rate under OPT is lower than
other protocols; however, the average entanglement rates of
HOPT and BASE are lower than NOP. This brings up the
rate-fidelity trade-off problem, which we study in Section V-E.

Next, we explore the effect of inter node distance d on
average fidelity in Figure 13. We observe that OPT exhibits
superior performance compared to the other protocols, and
as d increases, the performance gap widens. In addition, an
increase in d leads to a longer EPR pairs storage time in noisy
memories, which results in a decrease in the performance of
BASE and HOPT, causing them to fall below that of NOP.

We then analyze the effect of T2 and µ on the average
fidelities of all protocols. To study the effect of T2, we fix µ
to 1 GHz and F0 to 0.9 for distances of 200 and 500 km.
We plot average fidelity as a function of T2 in Figure 14.
We observe that OPT yields the highest fidelity, but that, as
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(a) Ground-based setup with 1 KHz EPR source rate (µ) and d = 20
km.
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(b) Ground-based setup with 1 MHz EPR source rate (µ) and
d = 20 km.
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(c) Satellite-based setup with 1 KHz EPR source rate (µ) and d =
500 km.
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(d) Satellite-based setup with 1 MHz EPR source rate (µ) and d =
500 km.

Fig. 20. Heatmaps for BB84 SKR using the pumping scheme, as a function of T2 and F0 for various rates and EPR pair generation setups. We demarcate
different regions with dashed lines and label each region to show the best protocol for QKD in that region. The ‘N/A’ label indicates values of (F0, T2)
where no positive SKR can be achieved.

T2 increases, all purification protocols converge to the same
fidelity value and once T2 = 0.5 s the difference is negligible.
For evaluating the effect µ on the average fidelity, we set
F0 = 0.9 and T2 = 10 ms. We plot average fidelity as a
function of µ in Figure 15, where we observe that increasing
µ improves average fidelity and that after µ = 1 MHz this
improvement is negligible.
Our analysis shows a significant decrease in final average fi-
delities in the satellite scenario due to large classical communi-
cation latencies. For example in Figure 12(a), we observe that
OPT only increases fidelity to ∼ 0.75, which is not suitable for
many applications. Some applications such as QKD [2, 13, 30],
allow end nodes to measure their qubits as soon as they receive
or purify them and continue to receive EPR pairs and/or
purify them; and at the meantime, exchange the heralding and
purification results to see whether purification was successful
or not to filter out failed EPR pairs. We calculate fidelity and
the rate with the modification in which end nodes measure
their qubits before the final confirmation. We show fidelity
and rate as a function of number of purification steps for the
same hardware parameters set previously in Figure 16(a) and
Figure 16(b), respectively. We observe that average fidelity
increases due to the decrease in waiting time. This reduction
in wait time also improves the overall rates of all protocols
and amplifies OPT’s rate to surpass those of BASE and HOPT.

D. Optimized Purification Circuit

We now evaluate the benefit of optimism in the context of
a circuit generated by a genetic algorithm introduced in [19].

To do so, we remove amplitude-damping noise in quantum
memories since the genetic algorithm of [19] does not support
this noise model. However, as discussed previously, we do not
expect this to have a significant impact on results since qubits
are stored in memories for relatively short periods of time, on
the order of milliseconds. For evaluation, we use the genetic al-
gorithm to produce an optimized circuit similar to the original
L17 circuit of [19] that has the same performance in terms of
fidelity improvement and average number of consumed EPR
pairs. The circuit has 17 operations and requires nine EPR
pairs and three quantum memories. We selected L17 as the
basis of our design since it outperforms the STRINGENT
protocol [25]. To evaluate fidelity and rate, we set µ = 1 GHz
and T2 = 0.001 s, the same as the ground-based pumping
scheme evaluation. Average fidelity and average rate as a
function of d can be found in Figure 17(a) and Figure 17(b),
respectively. We find that the OPT outperforms other protocols
in terms of fidelity. Further, BASE and HOPT yield lower
fidelities than NOP for longer distances. OPT achieves higher
rates than the other protocols for d < 4.3 km.

Next, we evaluate the effect of T2 and µ on average fidelity
for a 5 km link. We plot average fidelity as a function of T2 in
Figure 18 for F0 = 0.9 and µ = 1 GHz. As T2 increases, the
fidelity difference between OPT and other protocols decreases,
becoming negligible for T2 > 0.1 s. We also study the effect
of µ on the average fidelity in Figure 19. We observe that by
increasing µ, average fidelity improves, and when µ surpasses
1 MHz, this improvement is negligible.
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(a) Ground-based setup with 1 KHz EPR source rate (µ) and d = 20
km.
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(b) Ground-based setup with 1 MHz EPR source rate (µ) and d = 20
km.
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(c) Satellite-based setup with 1 KHz EPR source rate (µ) and d = 500
km.
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(d) Satellite-based setup with 1 MHz EPR source rate (µ) and d = 500
km.

Fig. 21. Heatmaps for BB84 for an optimized purification circuit as a function of T2 and F0 for various rates and EPR pair generation setups. We demarcate
different regions with dashed lines and label them to indicate the protocol with the highest QKD SKR for each region. ‘NOP’ indicates generating secret keys
without any purification and ‘O.’ stands for optimistic. We indicate the regions where SKR is zero with ‘N/A’ label.

E. Secret Key Rate Evaluation

In this section, we study the rate-fidelity trade-off for all
protocols by evaluating their performance in the context of
BB84’s SKR [30]. In previous descriptions (see Figures 6 and
7), all protocols wait for the final confirmation and purification
results, and users do not receive new EPR pairs while waiting.
In the case of QKD, we make the modification that end nodes
measure the EPR pair of a purification procedure prior to
the final confirmation so that the measurement output can be
sent along with purification and heralding results; this way,
their memories are free and able to receive new EPR pairs,
allowing the generation of the next secret key bit to proceed.
This modification for QKD yields the greatest benefit where
distances between end nodes are large, such as a satellite
setting. Similar to previous sections, we study the effect T2,
d, F0, and µ on the secret key rate in ground-based and
satellite-based scenarios. We evaluate QKD performance for
the pumping scheme and the optimized purification circuit
of [19]. In our simulations, we set d to 20 and 500 km
for ground- and satellite-based settings, respectively. We set
µ equal to 1 KHz and 1 MHz for both scenarios (for the
evaluation of 10 KHz and 100 KHz of pumping scheme see
Appendix A). In all cases, we consider a range of values for T2
and initial fidelity F0. We display the maximum SKR across all
protocols for each combination of F0 (x-axis) and T2 (y-axis).
We partition different regions of the heatmap with dashed lines
to indicate which protocol achieved the maximum SKR for

each (F0, T2) pair.

For entanglement pumping, presented in Figure 20, our
study indicates that at T2 = 0.01, F0 in the range of 0.79
to 0.85, and µ = 1 KHz, OPT outperforms other variants.
Increasing T2 and F0 improves the performance of BASE
and HOPT (see Figure 20(a) for ground-based setup and
Figure 20(c) for satellite-based setup). By increasing µ to 1
MHz, the OPT approach outperforms other approaches for
all (F0, T2) (see Figure 20(b) for ground-based setup and
Figure 20(d) for satellite-based setup).

For the purification circuit of [19], we modified the fitness
function of the genetic algorithm to generate a new circuit
optimized to the SKR of BB84 (the original algorithm’s fitness
function aims at maximizing the output fidelity). Moreover, we
consider storage noise while generating the circuit. We gener-
ate a circuit that uses three memories with T2 of 0.01, requires
five EPR pairs of initial fidelity 0.75, and has at its disposal
a 1 KHz EPR source. Figure 21 presents the performance
of the circuit for all three purification protocols. Similar to
the pumping scheme, we observe that OPT outperforms other
protocols when F0 and T2 are low(see Figures 21(a) and 21(c)
for ground-based and satellite-based setups respectively). It
is worth mentioning that our generated circuit outperforms
the pumping protocol, in that it is capable of achieving a
positive SKR using OPT, in cases where F0 and T2 are so low
that the pumping protocol can not yield a key. For example,
Figure 21(a), for T2 = 0.01 and F0 = 0.75, shows that the
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optimized circuit utilizing our optimistic protocol can generate
a secret key, while pumping cannot generate any secret key
(see SKR for T2 = 0.01 and F0 ≤ 0.78 in Figure 20(a)).
Similar to the pumping scheme, by increasing the EPR source
rate to 1 MHz, the optimistic protocol outperforms other
protocols for all (F0, T2) (see Figures 21(b) and 21(d) for
ground- and satellite-based setups respectively).

VI. CONCLUSION AND FUTURE DIRECTIONS

In this work, we proposed optimism in purification circuits.
Our study showed that being optimistic about heralding signals
and purification results can be advantageous to fidelity and,
in some hardware parameter regimes, to overall purified EPR
rate in classic purification schemes (e.g., entanglement pump-
ing) and optimized purification circuits of [19], compared to
baseline (i.e., herald all EPR pairs, check every purification
result) and heralded-optimistic (i.e., herald EPR pairs, ex-
change purification results only while heralding) approaches.
We study the effects of memory and gate noise; EPR source
rate, and node distance on the performance of our proposed
optimistic protocol and compare it to the aforementioned
protocols. As part of a future direction, we aim to evaluate
our proposed scheme on real hardware such as NV centers in
diamond [27, 28, 38]. Moreover, we aim to test our approach
on a quantum repeater chain and analyze the effect of different
parameters on the output fidelity and overall end-to-end EPR
rate. The optimistic approach can also be applied to GHZ
state [39] distribution schemes. In [40] authors proposed a
procedure to distribute a quadripartite GHZ state between
four end nodes. This involves generating four Bell pairs and
applying purification, then applying a procedure called fusion
(for an optimized version of GHZ distribution and fusion see
[41]) to generate the desired quadripartite GHZ. We expect
that for such a task, the optimistic approach would benefit
both fidelity and rate.
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APPENDIX A

In this appendix, we plot the SKR for purification protocols
with an EPR source rate (µ) of 10 and 100 KHz using a
pumping scheme for ground-based and satellite-based setups.
The results are shown in Figure 22 in the form of a heatmap
plot (see Section V-E). We observe that by increasing µ,
OPT outperforms other protocols in more regions. The reason
behind this improvement is that with a higher µ, OPT can
receive more EPR pairs. In contrast, HOPT and BASE cannot,
because they have to wait for more confirmation throughout
the process (HOPT for heralding, and BASE for heralding and
purification confirmation), preventing them from receiving and
performing operations on EPR pairs.
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(a) Ground-based setup with 10 KHz EPR source rate (µ) and d = 20 km.

0.75 0.77 0.79 0.81 0.83 0.85
F
0

1

0.2

0.1

0.01

0.001

T
2

200

400

600

800

1000

1200

Optimistic

Heralded
Optimistic

(b) Ground-based setup with 100 KHz EPR source rate (µ) and d = 20
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(c) Satellite-based setup with 10 KHz EPR source rate (µ) and d = 500
km.
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Fig. 22. Heatmaps for BB84 SKR using the pumping scheme, as a function of
T2 and F0 for various rates and EPR pair generation setups. We demarcate
different regions with dashed lines and label each region to show the best
protocol for QKD in that region. The ‘N/A’ label indicates values of (F0, T2)
where no positive SKR can be achieved.
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