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A bstr a ct — Q u a nt u m s wit c h es a r e e n visi o n e d t o b e a n i nt e g r al
c o m p o n e nt of f ut u r e e nt a n gl e m e nt dist ri b uti o n n et w o r ks. T h e y
c a n p r o vi d e hi g h q u alit y e nt a n gl e m e nt dist ri b uti o n s e r vi c e t o
e n d- us e rs b y p e rf o r mi n g q u a nt u m o p e r ati o ns s u c h as e nt a n gl e-
m e nt s w a p pi n g a n d e nt a n gl e m e nt p u ri fi c ati o n. I n t his w o r k, w e
c h a r a ct e ri z e t h e c a p a cit y r e gi o n of s u c h a q u a nt u m s wit c h u n d e r
n ois y c h a n n el t r a ns missi o ns a n d i m p e rf e ct q u a nt u m o p e r ati o ns.
We e x p r ess t h e c a p a cit y r e gi o n as a f u n cti o n of t h e c h a n n el
a n d n et w o r k p a r a m et e rs (li n k a n d e nt a n gl e m e nt s w a p s u c c ess
p r o b a bilit y), e nt a n gl e m e nt p u ri fi c ati o n yi el d a n d a p pli c ati o n l e v el
p a r a m et e rs (t a r g et fi d elit y t h r es h ol d). I n p a rti c ul a r, w e p r o vi d e
n e c ess a r y c o n diti o ns t o v e rif y if a s et of r e q u est r at es b el o n g t o t h e
c a p a cit y r e gi o n of t h e s wit c h. We us e t h es e c o n diti o ns t o fi n d t h e
m a xi m u m a c hi e v a bl e e n d-t o- e n d us e r e nt a n gl e m e nt g e n e r ati o n
t h r o u g h p ut b y s ol vi n g a s et of li n e a r o pti mi z ati o n p r o bl e ms.
We d e v el o p a m a x- w ei g ht s c h e d uli n g p oli c y a n d p r o v e t h at t h e
p oli c y st a bili z es t h e s wit c h f o r all f e asi bl e r e q u est a r ri v al r at es. As
w e d e v el o p s c h e d uli n g p oli ci es, w e als o g e n e r at e n e w r es ults f o r
c o m p uti n g t h e c o n diti o n al yi el d dist ri b uti o n of diff e r e nt cl ass es of
p u ri fi c ati o n p r ot o c ols. T h e c o n cl usi o ns o bt ai n e d i n t his w o r k c a n
yi el d us ef ul g ui d eli n es f o r s u bs e q u e nt q u a nt u m s wit c h d esi g ns.

I n d e x Ter ms — Q u a nt u m S wit c h; C a p a cit y R e gi o n; E nt a n gl e-
m e nt P u ri fi c ati o n; M a x- w ei g ht S c h e d uli n g

I. I N T R O D U C T I O N

E nt a n gl e m e nt distri b uti o n is criti c al f or m a n y pr o misi n g
q u a nt u m a p pli c ati o ns s u c h as q u a nt u m k e y distri b uti o n ( Q K D)
[ 1 8], t el e p ort ati o n [ 1 5], q u a nt u m s e nsi n g [ 1 0], cl o c k s y n c hr o-
nis ati o n [ 1 3], a n d distri b ut e d q u a nt u m c o m p uti n g [ 2]. R e c e nt
w or ks [ 3], [ 4], [ 1 7], [ 2 3] a n d pr o p os als [ 5], [ 1 4], h a v e gi v e n
m u c h att e nti o n t o distri b ut e e nt a n gl e m e nts i n a l ar g e s c al e
q u a nt u m n et w or k t h at s u p p orts t h es e a p pli c ati o ns. I n a n e nt a n-
gl e m e nt distri b uti o n n et w or k, a n et w or k of q u a nt u m s wit c h es
ar e c o n n e ct e d t hr o u g h o pti c al fi b er li n ks. T h e s wit c h es ar e
r es p o nsi bl e f or cr e ati n g e nt a n gl e m e nts wit h t h eir n ei g h b ors
a n d p erf or m a q u a nt u m o p er ati o n k n o w n as e nt a n gl e m e nt
s w a p pi n g o n i n di vi d u al e nt a n gl e m e nts t o cr e at e e n d-t o- e n d
us er e nt a n gl e m e nts .

I n t his w or k, w e f o c us o n a st ar s h a p e d q u a nt u m n et w or k
r e pr es e nt e d b y a q u a nt u m s wit c h a n d a s et of K e n d us er
n o d es as s h o w n i n Fi g ur e 1. E n d us ers ar e c o n n e ct e d t o t h e
s wit c h vi a a q u a nt u m c o m m u ni c ati o n c h a n n el. A n e nt a n gl e-
m e nt g e n er ati o n s o ur c e l o c at e d i n t h e mi d dl e of t h e c h a n n el
cr e at es m a xi m all y e nt a n gl e d bi p artit e B ell st at es ( Ei nst ei n-
P o d ols k y- R os e n or E P R p airs ) a n d s e n ds o n e h alf of t h e
p air t o t h e s wit c h a n d t h e ot h er t o t h e e n d us er. T his s h ar e d
e nt a n gl e d st at e b et w e e n t h e s wit c h a n d a n e n d us er is k n o w n
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Fi g u r e 1: A q u a nt u m s wit c h s er vi n g e n d-t o- e n d e nt a n gl e m e nt t o K
e n d us ers.

as li n k-l e v el e nt a n gl e m e nt. T h e s wit c h a n d e a c h e n d us er
c a n g e n er at e m ulti pl e s u c h li n k-l e v el e nt a n gl e m e nts. R e q u ests
t o cr e at e e n d-t o- e n d e nt a n gl e m e nt b et w e e n us ers arri v e at
t h e s wit c h. T h e r ol e of t h e s wit c h is t o s el e ct s p e ci fi c li n k
l e v el e nt a n gl e m e nts t o c o ns u m e a n d p erf or m e nt a n gl e m e nt
s w a p pi n g t h er e b y g e n er ati n g e n d-t o- e n d us er e nt a n gl e m e nts
t o s atisf y t h e r e q u ests. T h e q u a nt u m a p pli c ati o ns at t h e e n d
us ers c a n t h e n c o ns u m e t h es e e n d-t o- e n d e nt a n gl e m e nts or
k e e p t h e m at t h eir r es p e cti v e q u a nt u m m e m ori es f or f ut ur e
us a g e.

R e c e ntl y, t h er e h as b e e n si g ni fi c a nt i nt er est i n a n al y zi n g t h e
p erf or m a n c e of a si n gl e q u a nt u m s wit c h t h at s er v es m ulti pl e
e n d us ers [ 6], [ 1 6], [ 2 0] –[ 2 2]. F or e x a m pl e, Var d o y a n et
al. [ 2 0], [ 2 1] d eri v e d e x pr essi o ns f or t h e m a xi m u m p ossi bl e
e n d-t o- e n d bi p artit e e nt a n gl e m e nt g e n er ati o n r at e of a q u a n-
t u m s wit c h usi n g dis cr et e-ti m e a n d c o nti n u o us-ti m e M ar k o v
c h ai ns. N ai n et al. [ 1 6] d eri v e d cl os e d f or m e x pr essi o ns f or t h e
c a p a cit y of a s wit c h s er vi n g m ulti- p artit e e nt a n gl e m e nts t o e n d
us ers. T h e y als o d eri v e d t h e n e c ess ar y a n d s uf fi ci e nt c o n diti o ns
f or st a bilit y of t h e s wit c h. H o w e v er, t h es e w or ks [ 1 6], [ 2 0],
[ 2 1] ass u m e t h e cr e ati o n of e n d-t o- e n d e nt a n gl e m e nts i n a
c o nti n u o us m a n n er, i. e., o n c e t h e li n k-l e v el e nt a n gl e m e nts
ar e a v ail a bl e, t h e y ar e i m m e di at el y c o ns u m e d t o cr e at e e n d-
t o- e n d e nt a n gl e m e nts. T h e n oti o n of s er vi n g e nt a n gl e m e nt
r e q u ests fr o m q u a nt u m a p pli c ati o ns i n a n o n- d e m a n d m a n n er
a n d s c h e d uli n g t h os e r e q u ests w as n ot c o nsi d er e d i n t h es e
w or ks.

T h e r e q u est s c h e d uli n g pr o bl e m i n a q u a nt u m s wit c h pri-
m aril y i n v ol v es d et er mi ni n g w hi c h li n k-l e v el e nt a n gl e m e nts
s h o ul d b e c o ns u m e d d uri n g e nt a n gl e m e nt s w a p pi n g a n d at
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what times so that respective end user entanglement requests
can be satisfied. The scheduling problem can further have
multiple scheduling objectives such as maximizing the ag-
gregate entanglement generation rate or maintaining finite
request backlogs there by providing finite end-user latencies.
The latter objective is also known as achieving stability
for the switch and has been investigated in [6], [22] under
different assumptions on lifetimes of link-level and end-to-
end entanglements. In particular, Vasantam et al. [22] assumed
entanglements to last for a single time slot and characterized
the capacity region of the switch. Here, the capacity region
describe the set of end-to-end request rates that the switch can
stably support with finite request backlogs. Similarly, Dai et
al. [6] considered infinite entanglement lifetime and proposed
scheduling protocols that stabilize the switch.

While the aforementioned works on both continuous and
request based models consider channel loss and entanglement
swap failures, they assume the channel and quantum opera-
tions to be noiseless and do not explicitly model imperfections
in capacity region calculations. Quantum transmissions are
inherently noisy due to their interactions with the environment
and generally produce non-maximally entangled link-level and
end-to-end entanglements. Thus, the generated entanglements
may not be good enough for consumption at the application
level. In this work, we remove the noiseless assumption and
study the problem of quantum switch scheduling with noisy
channels and imperfect quantum operations. We associate
a target entanglement fidelity threshold ( ) for quantum
applications where fidelity is a widely used metric to quantify
the quality of an entanglement. We consider the request
for entanglement generation to be satisfied only when the
generated end-to-end entanglement has a fidelity greater than

Due to noise in quantum channels and devices, fidelity of
an entangled state decreases with each quantum operation.
Let and denote the fidelity of the link-level
entanglement and the entangled state created after a swap
respectively. Typically, we have , where
the fidelity of a perfect entangled state is considered to be
. When , the generated user entanglements are

not good enough for consumption at the application level. To
circumvent this issue, one can perform nested entanglement
purification [9] on these low quality entanglements to generate
fewer number of high quality entanglements that achieve a
target fidelity.

The order in which entanglement purification and en-
tanglement swap operations are performed can lead to the
following two architectures. (i) Purify Swap (PS): One
where purification is performed on link-level entanglements,
followed by entanglement swaps. (ii) Swap Purify (SP):
One that performs entanglement swapping first on link-level
entanglements and then performs purification on end-to-end
entanglements. It is important to understand the trade-offs and
design constraints of these architectures, which can shed some
light on the future design of quantum switches. To this end, we
characterize and compare the capacity regions of a quantum

switch under both of these architectures.

A. Contributions

We characterize the capacity region of a quantum entangle-
ment distribution switch under channel noise and imperfect
quantum operations. Our contributions are summarized below.

We determine the capacity region of a quantum switch as
a function of the network (link swap entanglement suc-
cess probability, ), entanglement purification (condi-
tional yield) and application level ( ) parameters under
PS and SP architectures.
We develop max-weight scheduling policies for both PS
and SP architectures that stabilize the switch for all
feasible request arrival rates.
We generate new results for computing the conditional
yield distribution of different classes of purification pro-
tocols.
We evaluate and compare the capacity regions of PS and
SP architectures under different classes of purification
protocols, channel and network parameters.

The rest of the paper is organized as follows. In Section II,
we briefly introduce the quantum background and the system
model relevant to this work. Section III discusses some of
the main results related to determining the capacity region of
a switch under PS and SP architecture. Section IV presents
results related to deriving the conditional yield distribution
and expected conditional yield of different classes of entan-
glement purification protocols. We evaluate the performance
of purification protocols and PS, SP architectures in Section V.
Section VI concludes the paper and discusses some possible
future work.

II. TECHNICAL PRELIMINARIES

We consider a quantum switch that creates entanglements
between end users as shown in Figure 1. User is connected
to the switch via a fiber optic link. For brevity, we will use
the term “node" to refer to both end users and the quantum
switch with node referring to the switch.

A. Quantum Background

We now briefly revisit some of the quantum operations
relevant to this work.

Quantum Entanglement: A two qubit state is said to be
entangled if it can not be written as a product of its individual
qubit states. The following four entangled two qubit states are
of particular importance.

We refer to the two qubit entangled states and as
Bell pairs and as an EPR pair shared between node
and node Also, we refer to and as link level
entanglement and end-to-end user entanglement respectively.
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Fi g u r e 2: ( a) P urif y a n d S w a p ar c hit e ct ur e ( b) S w a p a n d P urif y ar c hit e ct ur e i n ti m e sl ot n .

Fi d elit y: Fi d elit y c a pt ur es t h e cl os e n ess b et w e e n t w o q u a nt u m
st at es. E P R p airs o bt ai n e d aft er e nt a n gl e m e nt m a y n ot b e
p erf e ct d u e t o n ois e i n q u a nt u m c o m m u ni c ati o n c h a n n els a n d
q u a nt u m o p er ati o ns. S u p p os e, n o d es i a n d j s h ar e a n i m p erf e ct
E P R p air |σ i j ⟩. T h e d e nsit y o p er at or ρ i j ass o ci at e d wit h |σ i j ⟩
c a n b e e x pr ess e d i n t h e B ell b asis as f oll o ws.

ρ i j = F 1 |ϕ +
i j ⟩ ⟨ ϕ +

i j | + F 2 |ψ −
i j ⟩ ⟨ ψ −

i j |

+ F 3 |ψ +
i j ⟩ ⟨ ψ +

i j | + F 4 |ϕ −
i j ⟩ ⟨ ϕ −

i j | , ( 1)

wit h
4
i = 1 F i = 1 . Si n c e, w e ar e i nt er est e d i n st at e |ϕ +

i j ⟩,
F 1 is t h e fi d elit y of st at e |σ i j ⟩. I d e all y o n e w o ul d w a nt t o
a c hi e v e a u nit fi d elit y, i. e. v al u e of F 1 t o b e e q u al or v er y
cl os e t o 1 . B ut, d u e t o n o n-i d e al c o n diti o ns, F 1 < 1 .

E nt a n gl e m e nt S w a p pi n g [ 1 2]: S u p p os e e n d us ers i, j s h ar e
E P R p airs |ϕ +

0 i ⟩ , |ϕ +
0 j ⟩ wit h t h e s wit c h. T h e n a n e nt a n gl e d

st at e |ϕ +
i j ⟩ c a n b e cr e at e d b et w e e n us ers i a n d j b y t a ki n g

a B ell st at e m e as ur e m e nt ( B S M) o n o n e q u bit of e a c h p air
st or e d at t h e s wit c h. T his o p er ati o n is k n o w n as e nt a n gl e m e nt
s w a p pi n g. L et F l i n k d e n ot e t h e fi d elit y of b ot h li n k l e v el
e nt a n gl e m e nts o n w hi c h e nt a n gl e m e nt s w a p pi n g is b ei n g
p erf or m e d. D e n ot e F s w a p as t h e fi d elit y of t h e n e w E P R p air
cr e at e d b y t h e s w a p. T h e n, F s w a p c a n b e e x pr ess e d as a n
i n cr e asi n g f u n cti o n η (·) of F l i n k wit h F s w a p < F l i n k . F or
e x a m pl e, w h e n li n k l e v el e nt a n gl e m e nts ar e ass u m e d t o b e
Wer n er st at es, η (F l i n k ) = 1 / 4 + 3 / 4(( 4 F l i n k − 1) / 3) 2 [ 1].

E nt a n gl e m e nt P u ri fi c ati o n [ 9]: T h e E P R p airs o bt ai n e d aft er
e nt a n gl e m e nt s w a p pi n g m a y n ot b e p erf e ct a n d m a y h a v e l o w
fi d eliti es. Ass u m e t h at e n d us er i a n d j s h ar e a n u m b er κ (≥ 2)
of i m p erf e ct E P R p airs |σ i j ⟩. H o w e v er, n o d es i a n d j c a n
p erf or m l o c al g at es, m e as ur e m e nts o n κ |σ i j ⟩ E P R p airs al o n g
wit h cl assi c al i nf or m ati o n e x c h a n g e t o o bt ai n a si n gl e hi g h er
q u alit y E P R p air. T his o p er ati o n is k n o w n as e nt a n gl e m e nt
p uri fi c ati o n. N ot e t h at, e nt a n gl e m e nt p uri fi c ati o n is pr o b a bilis-
ti c. We r ef er i nt er est e d r e a d ers t o [ 8] f or a m or e el a b or at e
e x pl a n ati o n of t h e p uri fi c ati o n pr o c e d ur e. T his pr o c e d ur e c a n
b e r e p e at e d i n a n est e d m a n n er o n t h e n e wl y p uri fi e d s et of
E P R p airs u ntil d esir e d fi d elit y is a c hi e v e d.

K N u m b er of e n d us ers
F t h A p pli c ati o n l e v el t ar g et fi d elit y t hr es h ol d
F l i n k I niti al li n k l e v el fi d elit y

F s w a p (F̃ s w a p ) Fi d elit y aft er a s u c c essf ul e nt. s w a p u n d er S P ( P S)

F f i n a l (F̃ f i n a l ) Fi d elit y of E P R p air d eli v er e d t o a p p u n d er S P ( P S)
p i E nt. g e n er ati o n s u c c ess pr o b. f or li n k i
q i j E nt. s w a p s u c c ess pr o b. b et w e e n us er i a n d j
α m a x M a x. n o. of li n k l e v el e nt. g e n er ati o n att e m pts/sl ot
n A ti m e sl ot
A i j ( n ) N o. of r e q u ests arri v e d i n sl ot n f or cr e ati n g e nt.

b/ w us er i a n d j wit h Fi d elit y F t h

λ i j A v g. r e q u est arri v al r at e t o cr e at e e nt. b et w e e n
us er i a n d j

T i ( n ) N o. of s u c c essf ul li n k l e v el e nt. cr e at e d f or li n k i
i n sl ot n

T̃ i ( n ) N o. of s u c c essf ul p uri fi e d li n k l e v el e nt. cr e at e d
f or li n k i u n d er P S i n sl ot n

W i j ( n ) ( ˜W i j ( n ) ) N o. of li n k l e v el e nt. c h os e n t o p erf or m s w a p
b/ w us er i a n d j u n d er S P ( P S) i n sl ot n

Q i j ( n ) (Q̃ i j ( n ) ) N o. of p e n di n g r e q u ests i n sl ot n f or cr e ati n g e nt.
b/ w us er i a n d j wit h Fi d elit y F t h u n d er S P ( P S)

B i j ( n ) N o. of s u c c essf ul e nt. s w a ps p erf or m e d i n sl ot n
b/ w us er i a n d j u n d er S P

D i j ( n ) (D̃ i j ( n ) ) N o. of s u c c essf ul e nt. cr e at e d i n sl ot n b/ w
us er i a n d j wit h fi d elit y > F t h u n d er S P ( P S)

E [Y |X ] C o n diti o n al e x p e ct e d yi el d of a n e nt. p ur. r o uti n e
P Y |X C o n diti o n al yi el d distri b uti o n of a n e nt. p ur. r o uti n e
η ( ·) Fi d elit y aft er e nt. s w a p as a f u n cti o n of li n k fi d elit y

T a bl e I: S u m m ar y of N ot ati o ns.

B. S yst e m M o d el

I n t his S e cti o n, w e i ntr o d u c e t h e s yst e m m o d el us e d i n t h e
r est of t h e p a p er. We s u m m ari z e n ot ati o ns i n Ta bl e I. We us e
t h e n ot ati o n P X (x ) t o r e pr es e nt t h e pr o b a bilit y t h at t h e r a n d o m
v ari a bl e X t a k es t h e v al u e x , i. e., P X (x ) = P r[ X = x ]. Als o,
l et E [X ] d e n ot e t h e e x p e ct e d v al u e of r a n d o m v ari a bl e X.
We us e a b ol d l ett er s y m b ol, s u c h as VVV , t o r e pr es e nt a v e ct or.

E n d-t o- e n d Us e r E nt a n gl e m e nt R e q u ests: We ass u m e ti m e
is sl ott e d wit h sl ot d ur ati o n ∆ s e c o n ds. L et n d e n ot e a ti m e
sl ot wit h n ∈ { 0 , 1 , · · · }. At e a c h ti m e sl ot, r e q u ests t o cr e at e
|ϕ +

i j ⟩ ( wit h i ≠ j ) arri v e at t h e s wit c h. L et A i j (n ) d e n ot e t h e
n u m b er of s u c h r e q u ests arri vi n g i n ti m e sl ot n . We ass u m e
{ A i j (n )} n ≥ 0 t o b e m ut u all y i n d e p e n d e nt i.i. d pr o c ess es wit h
r at e λ i j , i. e. E [A i j (n )] = λ i j , i, j ∈ { 1 , K} . We als o ass u m e
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that these requests require an application level minimum
target fidelity1 of .

Link Level Entanglement Generation: At the beginning of
each time slot (say ), the network infrastructure attempts to
create number of link level entanglements between an
end user and the switch. We assume the switch and the user
has enough quantum memory to store all entanglements. We
denote to be the success probability to create a single link
level entanglement between user and the switch in each of
these attempts. , where is the length of link

and is its attenuation coefficient. Denote
Clearly, the number of link level entanglements

generated between user and the switch ( ) is a binomial
random variable with parameters and , i.e.,

Let A denote the set of all feasible vectors of
, i.e., A .

We assume the link level entanglements to be valid only for a
single time slot and they decohere at the end of the time slot.
Denote to be the fidelity of a successfully generated
link level entanglement. Due to noise induced in the link,

.

Nested Entanglement Purification: When the fidelities of the
end-to-end entanglements generated after swaps are less than

, the entanglements become unusable for consumption at
the application level. To circumvent this issue, one can perform
nested entanglement purification on these low quality entangle-
ments to generate entanglements with a target fidelity. Suppose

denotes the random variable representing the total number
of output EPR pairs with fidelity greater than produced by
a nested purification routine by consuming low quality EPR
pairs. We refer to and as the conditional yield2

distribution and the conditional expected yield of the nested
entanglement purification routine. We derive expressions for

and for different classes of nested entanglement
purification protocols in Section IV. Such a purification can
be performed before or after entanglement swapping routine
resulting in the following two architectures as shown in Figure
2 (a) and (b).

(a) Purify and swap (PS) architecture - In this architecture,
nested entanglement purification is first performed on
individual link level entanglements after which entangle-
ment swapping is performed.

(b) Swap and purify (SP) architecture - This architecture
first performs entanglement swapping on link level en-
tanglements followed by end-to-end purification.

1Throughout the paper, the fidelity of a state is always with respect to the
ideal EPR pair .

2Note that, the definition of yield is slightly different from what has been
used in literature. Previous work refers to as the yield of a purification
routine.

Let ( ) denote the number of high quality
end-to-end entanglements that are delivered to the requesting
application at time slot each with fidelity ( )
such that ( ) in the SP (PS)
architecture.

Entanglement Scheduling: At the beginning of each time
slot, the switch stores the unserved requests in a queue. Let

( ) denote the queue size in time slot in
the SP (PS) architecture. Also, let

and . Similarly, let
. The switch makes scheduling decisions in each

time slot and selects ( ) number of link level
entanglements to perform entanglement swapping under SP
(PS). Since entanglement swapping procedures are probabilis-
tic (with success probability ), only a fraction of
( ) EPR pairs are created between user and at
time slot under SP (PS) architecture. Denote ,

and .

III. CAPACITY REGION COMPUTATION: MAIN RESULTS

In this section, we present the main results related to the
capacity region computation of a switch under both PS and
SP architecture. We also propose corresponding max weight
scheduling policies that stabilize the switch for all feasible
request arrival rates. We relegate the proofs in this section to
the Appendix VIII.

Definition 1: A switch is defined to be stable under a
scheduling policy if the process converges in
distribution to independent of the initial condition and

[19].
Definition 2: The capacity region of a switch is defined

to be the set of request rates for which the switch remains
stable.

A. PS Architecture

In this architecture, entanglement purification is first per-
formed on link level entanglements, followed by entanglement
swap. We denote and to be the number of
link-level entanglements and their fidelities after link-level
purification is performed. Since, the purification is on the link
level, we need to identify a target threshold for fidelity on
link-level ( ). We set . We define the
probability distribution of as

(2)

where is the conditional yield distribution of the purifi-
cation protocol. The following theorem computes the capacity
region under PS architecture.

4
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Theorem 1: The capacity region of the switch under PS is
given by,

s.t.
A

A (3)

where is defined as the component-wise inequality
between vectors and

Intuitively, can be interpreted as the fraction of time in
which a scheduling policy selects given . Similarly, is
the element-wise multiplication of the vectors and .
can be thought of as the average number of successfully served
entanglement requests between users and in time slot .
Note that, the noiseless capacity region, i.e., the case when no
purification is applied and there is no notion of can be
obtained by setting . This is precisely what
authors in [22] have obtained for the case when
We now define the following max-weight scheduling policy
for the PS architecture.

Definition 3: (MW-PS) Under this policy, the switch se-
lects the purified link level entanglements from the available
entanglements ( ) in the following manner to perform
entanglement swaps at each time slot .

s.t (4)

The theorem below discusses the stability properties of MW-
PS.

Theorem 2: If is finite , then the capacity
region of MW-PS coincides with

B. SP Architecture

In this architecture, entanglement swapping is performed
first, followed by end-to-end purification. We characterize its
capacity region as follows.

Theorem 3: The capacity region of a quantum switch under
SP is given by

s.t.
A

A (5)

Also, is given by the following expression.

Here, is the conditional expected yield value of
a purification protocol.

The quantity can be interpreted as the average
number of successfully served requests in time slot after
purification. We now define a max weight scheduling policy
corresponding to SP.

Definition 4: (MW-SP) In this policy, the switch selects
the link level entanglements from the set of available link
entanglements ( ) in the following manner to perform
entanglement swap at each time slot .

s.t (6)

Theorem 4: If is finite , then the capacity
region of MW-SP coincides with

C. Boundary of the Capacity Region and Maximum Through-
put

We now formulate a weighted throughput maximization
problem to determine the boundary of and as fol-
lows. Given a quantum switch, we want to find the maximum
weighted achievable user request rate that stabilizes it. Let

denote the weight associated with end user-pair .
Formally, we define the following optimization problem for
PS:

s.t
(7)

A similar optimization problem can be formulated for SP
architecture as well. One application of the above optimization
problem is to sketch out the capacity region of the switch by
solving it for different instances of , as each
solution falls on the boundary of the capacity region. Note that,
both the objective and constraints in (7) are linear and involves
continuous decision variables. Hence optimization problem (7)
corresponds to a linear program.

IV. PROPERTIES OF SPECIFIC NESTED ENTANGLEMENT
PURIFICATION PROTOCOLS

We now derive the conditional yield distribution and con-
ditional expected yield of the following classes of nested
entanglement purification protocols. Let denote the random
variable representing the total number of input EPR pairs
submitted for purification to a nested purification routine.
Similarly, let denote the random variable representing the
the total number of output EPR pairs with fidelity greater
than produced by the nested purification routine. We are
interested in and .

5
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E nt P ur. E nt P ur.

𝒋𝒊 E P R p air s 𝟏𝑲 E P R p air s 𝒊𝒋 E P R p air s

R o u n d 𝒏 : 𝑻 ( 0)

R o u n d 𝒊 : 𝒏 ( 1)

E nt P ur.

𝑻𝒋 E P R p air s

( a)

E nt P ur.

2 B a s e E P R p air s

R o u n d 𝒏 : 𝑻 ( 0)

R o u n d 𝒊 : 𝒏 ( 1), 𝑻 ( 0)

1 p ri m ar y + 1 
B a s e E P R p air

( b)

Fi g u r e 3: ( a) S y m m etri c a n d ( b) E nt a n gl e m e nt P u m pi n g P uri fi c ati o n Pr ot o c ols.

Pr ot o c ol I n p ut St at e κ ω S ( F ) χ S ( F )

D EJ M P S [ 7] B ell- Di a g o n al ( S e e ( 1) wit h F 1 = F ) 2 ( F + F 2 ) 2 + ( F 3 + F 4 ) 2 F 2 + F 2
2

( F + F 2 ) 2 + ( F + F 4 ) 2

D EJ M P S [ 7] Bi n ar y 2 F 2 + ( 1 − F ) 2 F 2

F 2 + ( 1 − F ) 2

B B P S S W [ 1] Wer n er 2 F + 1 − F
3

2

+
2 ( 1 − F )

3

2
F 2 + 1

9
( 1 − F ) 2

F 2 + 2
3

F ( 1 − F ) + 5
9

( 1 − F ) 2

T a bl e II: S u c c ess pr o b a bilit y a n d o ut p ut fi d elit y f or diff er e nt s y m m etri c P uri fi c ati o n pr ot o c ols.

A. S y m m etri c P uri fi c ati o n Pr ot o c ols

I n s y m m etri c p uri fi c ati o n pr ot o c ols, p uri fi c ati o n is p er-
f or m e d o n i d e nti c al E P R p airs, i. e., all i n p ut E P R p airs h a v e
e q u al fi d eliti es. T h e pr ot o c ol is oft e n p erf or m e d i n m ulti pl e
r o u n ds, h e n c e als o k n o w n as r e c urr e n c e pr ot o c ol [ 9]. At e a c h
p uri fi c ati o n r o u n d, t h e t ot al n u m b er of a v ail a bl e E P R p airs
ar e di vi d e d i nt o gr o u ps of κ > 1 n u m b er of E P R p airs as
s h o w n i n Fi g ur e 3 ( a). P uri fi c ati o n is t h e n p erf or m e d o n e a c h
gr o u p. If t h e p uri fi c ati o n is s u c c essf ul, t h e n o nl y o n e E P R p air
o ut of κ E P R p airs ar e k e pt i n e a c h gr o u p. If t h e p uri fi c ati o n
is u ns u c c essf ul, all of t h e κ E P R p airs ar e dis c ar d e d. T h e
r e m ai ni n g E P R p airs ar e us e d f or p uri fi c ati o n at t h e n e xt r o u n d.

At e a c h r o u n d, fi d eliti es of E P R p airs i n cr e as e b y a c ert ai n
fr a cti o n aft er p uri fi c ati o n. P uri fi c ati o n is c o nti n u e d u ntil eit h er
t h er e ar e n o E P R p airs l eft or t h e a p pli c ati o n l e v el fi d elit y
t hr es h ol d is r e a c h e d f or t h e o ut p ut E P R p airs. We d e n ot e L
as t h e m a xi m u m n u m b er of p uri fi c ati o n r o u n ds.

L et Y ( l) a n d F ( l) d e n ot e t h e t ot al n u m b er of o ut p ut E P R
p airs a n d t h eir fi d eliti es aft er l r o u n ds of p uri fi c ati o n f or l =
1 , 2 , · · · , L. T h us w e h a v e F ( L ) ≥ F t h b ut F ( L − 1 ) < F t h .
We als o h a v e Y ( L ) = Y a n d Y ( 0 ) = X.

L et x d e n ot e t h e t ot al n u m b er of i n p ut E P R p airs, e a c h
wit h fi d elit y F , a v ail a bl e at t h e b e gi n ni n g f or p uri fi c ati o n. At
r o u n d l, e a c h p uri fi c ati o n u nit t a k es κ n u m b er of E P R p airs
e a c h wit h fi d elit y F ( l− 1 ) a n d pr o d u c e o n e E P R p air of fi d elit y
F ( l) = χ S (F ( l− 1 ) ) wit h F ( l− 1 ) < F ( l) a n d l ∈ { 1 , 2 , · · · , L} ,
F ( 0 ) = F . H er e, χ S (·) is t h e o ut p ut fi d elit y f u n cti o n.

P uri fi c ati o n is pr o b a bilisti c a n d its s u c c ess pr o b a bilit y d e-

p e n ds o n t h e fi d elit y of t h e i n p ut E P R p airs. L et r
( l)
S d e n ot e

t h e s u c c ess pr o b a bilit y of a p uri fi c ati o n r o uti n e i n r o u n d l.

T h us w e h a v e

r
( l)
S = ω S (F ( l− 1 ) ) ∀ l ∈ { 1 , 2 , · · · , L} , ( 8)

w h er e ω S (·) d e n ot es t h e s u c c ess pr o b a bilit y as a f u n cti o n of
fi d elit y of i n p ut E P R p airs.

T h e pr o b a bilit y distri b uti o n of n u m b er of o ut p ut E P R p airs
pr o d u c e d aft er l r o u n ds of p uri fi c ati o n c a n b e d eri v e d b y t h e
f oll o wi n g r e c ursi o n wit h ∀ l ∈ { 2 , · · · , L} .

P Y ( l ) |X (y |x ) ( 9)

=

⌊ x / κ l − 1 ⌋

z = y ∗ κ

⌊ z / κ ⌋

y
r

( l)
S

y

1 − r
( l)
S

⌊ z / κ ⌋ − y

· P Y ( l − 1 ) |X (z |x ), ( 1 0)

wit h P Y ( 1 ) |X (y |x ) = ⌊ x / κ ⌋
y (r

( 1 )
S ) y ( 1 − r

( 1 )
S ) ⌊ x / κ ⌋ − y . T h e

c o n diti o n al yi el d distri b uti o n is gi v e n b y P Y |X (y |x ) =
P Y ( L ) |X (y |x ). T h e c o n diti o n al e x p e ct e d yi el d f u n cti o n is gi v e n

b y E [Y |X = x ] =
⌊ x / κ L ⌋
y = 1 y ∗ P Y ( L ) |X (y |x ).

We pr es e nt t h e s u c c ess pr o b a bilit y a n d o ut p ut fi d elit y f u n c-
ti o ns of diff er e nt pr ot o c ols t h at p erf or m κ : 1 p uri fi c ati o n i n
Ta bl e II. N ot e t h at, d e p e n di n g o n t h e i n p ut st at e of a n E P R
p air, ω S (·) a n d χ S (·) m a y b e diff er e nt. C o nsi d er t h e d e nsit y
o p er at or r e pr es e nt ati o n of a n i n p ut E P R p air as s h o w n i n
E q u ati o n ( 1). W h e n F 1 = F a n d F 2 = F 3 = F 4 = ( 1 − F )/ 3 ,
w e c all t h e e nt a n gl e d st at e a Wer n er st at e ( W hit e n ois e). W h e n
F 1 = F a n d o nl y o n e of F 2 , F3 or F 3 is n o n- z er o, i. e., e q u als
t o ( 1 − F ), t h e st at e is c all e d a Bi n ar y st at e. F or e x a m pl e: if
t h e c h a n n el h as bit fli p err ors, t h e n a p arti c ul ar ki n d of bi n ar y
st at e ( F 1 = F, F 2 = F 4 = 0 , F3 = 1 − F ) is g e n er at e d.
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B. Entanglement Pumping

Entanglement Pumping [9] is an asymmetric purification
protocol where one EPR pair is purified using multiple auxil-
iary EPR pairs until a desired target fidelity is achieved. Then
the process repeats itself to produce more high quality EPR
pairs until all auxiliary EPR pairs are exhausted. The protocol
is shown in Figure 3 (b). We call the EPR pair that goes under
purification as primary and other auxiliary pairs as base EPR
pairs.

We start with a given number of base EPR pairs with
Fidelity We select the first base EPR pair to be a primary
EPR pair and purify it using the second base EPR pair.
If the purification is successful, the fidelity of the primary
EPR pair increases by a fraction and the base EPR pair gets
sacrificed. The primary EPR pair then repeatedly gets purified
by sacrificing other base EPR pairs until its fidelity is above

. If a purification fails at any step, the next primary EPR
pair is chosen from the set of remaining base EPR pairs and
the purification process repeats from the beginning.

Similar to the definitions in Section IV-A, let denote
the fidelity of a primary EPR pair after rounds of purification.
Suppose rounds of purification is needed for a primary EPR
pair to achieve the target fidelity. Since entanglement pumping
is asymmetric, the fidelities of input EPR pairs for a single
purification operation are different. We denote
and to be the output fidelity of a primary EPR
pair and purification success probability functions respectively.
Thus we have, We denote to be
the purification success probability for round i.e.

We use the theory of discrete-time renewal processes [11]
to derive the distribution for entanglement pumping
protocol as follows. Henceforth, we will call the purified
primary EPR pair with fidelity greater than as a high
quality EPR pair. We refer to the event of generating a high
quality EPR pair as a renewal event. We sequentially select
a base pair to purify the primary EPR pair and the ids of
base EPR pairs can be mapped to (discrete) time in a renewal
process. The number of EPR pairs sacrificed to generate one
high quality EPR pair can be considered as the renewal inter-
occurrence time. Let denote such renewal
inter-occurrence times with distribution . Thus, by the
theory of renewal processes [11], the conditional expected
yield is given by the following recursion.

(11)

with .
Now, let denote renewal event oc-

currence times, i.e. can be found
out by fold convolution using the recursion,

−1
The conditional yield distribution

can be computed as

+1
(12)

Finally, the distribution can be computed by the following
recursion.

1 (13)

Here, . The set in the
indicator function denotes the infeasibility set of a purification
scheme. For example, for a purification scheme with

, i.e. the set of odd numbers.

V. NUMERICAL RESULTS

In this section we perform a numerical study to compare the
performance of different architectures and purification proto-
cols. In order to obtain the boundary of the capacity region, we
solve optimization problem (7) using the IBM CPLEX solver.
The goals of this study are to (i) compare the performance of
PS and SP architectures, (ii) to determine which purification
protocol works best with respect to switch stability, and (iii)
the effect of different network and application-level parameters
on the capacity region of the switch. We first present the
experimental setup and then discuss the results.

Parameter max i ij link
th

Value 3 10 0 9 0 9 0 90 0 85

Table III: Parameters used for numerical studies.

We consider three end users connected to a quantum
entanglement distribution switch with request arrival vector

and We assume the distance
between the switch and an end user to be km with
fiber attenuation coefficient 0.2 dB/km [6]. Unless specified,
we use the parameters presented in Table III for numerical
simulations.
Comparison of PS and SP architectures: We compare the
capacity region of PS and SP under the DEJMPS protocol
as shown in Figure 4 (a). We observe that PS has a larger
capacity region compared to SP. This advocates that the
switch under PS is stable for a wider range of end-user
entanglement generation demands and thus, more robust to
unexpected demand fluctuations. We obtain similar results
for other purification protocols listed in Table II and hence,
we omit them. Hence forth, for all remaining experiments,
we will use the PS architecture to determine the capacity
regions. We also plot the noiseless capacity region, which
serves as an upper bound on the maximum capacity that can
be achieved by any purification scheme under any architecture.
The noiseless capacity region is obtained for the setting where
there is no notion of and links as well as quantum
operations are assumed to be perfect. Note that, the noiseless
capacity is significantly higher than those achieved by any
of the architectures. The gap between noiseless capacity and
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Figure 4: Capacity Regions computed for different architectures, network parameters and purification protocols. (c)-(f) are computed for PS
architecture and DEJMPS purification protocol.

capacities of purification architectures in Figure 4(a) suggests
that there could be room for improvement in purification
protocol performance.
Shape of the Capacity Region: We now explicate the reason
behind the common shape of the capacity regions as shown
in Figure 4. We explain the shape of the noiseless capacity
region in 4 (a), while the same arguments hold for other
plots. Assume that requests of type (type ) are
satisfied using links and (links and ). Let denote
the maximum supportable rate between end-users and
when . Now when , but sufficiently small,
these requests of type can still be served using link-
level entanglements of links and whenever link-level
entanglements of link are not available. When link-level
entanglements of link are available, the switch can only
serve requests of type and stably support a rate .
When both and are sufficiently large, there lies a
competition for link-level entanglements of link to serve
either type or type requests. Hence, in this case,
we obtain the diagonal line.
Comparison of Purification Protocols: We now compare the
capacity regions achieved by three purification protocols: two
symmetric (DEJMPS, BBPSSW) and one asymmetric (Pump-
ing). In entanglement pumping, the functions
and are computed using an asymmetric version
of DEJMPS protocol [9]. We set . In Figure 4
(b), we observe that DEJMPS protocol outperforms the other
protocols. DEJMPS requires fewer purification rounds ( ) than
BBPSSW to reach a target fidelity. As the number of base EPR

pairs that are sacrificed grows exponentially with , DEJMPS
achieves a larger capacity region.
Bit-flip Noise versus White Noise: We compare the perfor-
mance of DEJMPS protocol under two different noise models:
Bit-flip noise and White noise as shown in Figure 4 (c).
Short descriptions of both models is found in Section IV-A.
We consider two settings: and .
When , both noise models require one ( )
purification round. In this setting, DEJMPS under White noise
produces lower quality EPR pairs with higher success proba-
bility compared to Bit-flip model. Since, we are only interested
in the yield, the success probability component dominates
in capacity region calculations. Thus DEJMPS under White
Noise provides a slightly larger capacity region as compared
to that of under Bit-flip noise. However, for a more stringent
requirement on ( ), and for Bit-flip and
White noise models respectively. The number of EPR pairs
that are sacrificed grows exponentially with , resulting in a
significantly smaller capacity region under White noise model.
We conclude that White noise is difficult to deal with under
stringent application level quality requirements.
Effect of : In Figure 4(d), we study the effect of
(number of link-level entanglement attempts) on the capacity
region of the switch. We compute the noiseless capacity for

and compare it to the noisy capacity for different
values of starting with We observe that
the noiseless capacity is significantly larger than the noisy
capacity for the same value of . As expected, increasing

increases the noisy capacity. We also observe that one
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has to make at least three times more link-level entanglement
attempts (black curve) to achieve the noiseless capacity.
Effect of and : We study the effect of
and on the capacity region of the switch in Figures 4
(e) and (f) respectively. With an increase in the quality of
initial link-level entanglements, larger capacity regions are
obtained as shown in Figure 4 (e). Note that, the improvement
in performance is minute between and
but significant between and . This can be
explained by the fact that when
and when Thus the transition from

to involves one less number of
purification round resulting in significant gain in terms of
capacity. We also compare the capacity regions of the switch
for different values of in Figure 4 (f). We observe that the
capacity region reduces drastically with stringent application
level quality requirements.

VI. CONCLUSION AND OPEN PROBLEMS

In this work, we analyzed the effect of channel noise and
entanglement purification on the capacity region of a quantum
switch. Going further, we would like to extend our analysis to
an arbitrary network setting. Conceptually, this seems doable
provided that there is a predefined path in place for each
user pair. However, the number of optimization variables in
(7) can grow rapidly as a function of numbers of nodes
and user pairs. Also, the focus of this work has been on
a swap-purify architecture and a purify-swap architecture. It
would be interesting to consider an alternate purify-swap-
purify architecture where link-level entanglements are purified
followed by swaps followed by end-to-end purification. For
the network setting, one can of course perform multi-hop
purification, then do swapping followed by again multi-hop
purification.
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VIII. APPENDIX

A. Proof of Theorem 1 and Theorem 2

The proofs for the PS architecture are very similar to that
obtained in [22] for . When and there
is no notion of noise, the random variable is Bernoulli
distributed. When and purification is applied,

follows the distribution as mentioned in Equation (2).
Following the capacity calculation and stability proof of max-
weight protocol in [22] with the distribution of as expressed
in (2) yields Theorem 1 and 2. We now outline the proofs for
the SP architecture.
B. Proof of Theorem 3

We assume that link level entanglements decohere after
one time slot. Hence, only
number of entanglement swaps are performed in time slot

. Thus, . Also,

where and
Let where the function captures
the effect of purification. evolves as

. We start with the assumption
that the process is an irreducible Markov chain. The
conditions that a scheduling policy should satisfy for this
assumption can be found in [19], [22]. For the process
to be stable, the following condition should hold true.

A
(14)

We now derive for all as follows.

(15)

and
Therefore,

(16)

Substituting (16) in Equation (14) and removing the condi-
tioning on in Equation (14) as discussed in [22], we get
the capacity region derived in Theorem 3.

C. Proof of Theorem 4

To prove this, we apply Lyapunov stability of Markov
chains using the Lyapunov function
We want to show that

. Thus we have

(17)

It is easy to show that,
, for some constant Now we

simplify,

(18)

Substituting (16) in (18) and proceeding in a similar manner
as in [22] establishes the Lyapunov stability condition.
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