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ABSTRACT Emergency response resources (ERRs) such as mobile energy resources (MERs) and repair

crews (RCs) play a pivotal role in the efficient restoration of power distribution systems after disasters.

This paper presents a computationally tractable approach to utilize ERRs and post-disaster available

distributed energy resources (PDA-DERs) in the restoration of disaster-impacted distribution systems. The

post-disaster restoration model is proposed to co-optimize the dispatch of pre-allocated ERRs and PDA-

DERs to minimize the impact of high-impact low-frequency (HILF) events on customers, i.e., energy not

served for the entire restoration window. Compared with existing restoration strategies using ERRs, the

proposed approach is more tractable since, in the restoration model, a super-node approximation (SNA)

of distribution networks and the convex hulls relaxation (CHR) of non-linear constraints are introduced to

achieve the best trade-off between computational burden and accuracy. Tests of the proposed approach on

IEEE test feeders demonstrated that a combination of SNA and CHR remarkably reduces the solution time

of the post-disaster restoration model.

INDEX TERMS Distribution system restoration, emergency response resources, convex hulls relaxation,

super-node approximation, mobile energy resources.

NOMENCLATURE

Sets

�ders, �mers Set of DERs, MERs.

�res Set of MDGs, SDGs and SPVs.

�s Set of MESSs & SESSs.

Acronyms

CHR Convex hulls relaxation.

DERs Distributed energy resources.

DSO Distribution system operator.

ERRs Emergency response resources.

MDGs Mobile Diesel Generators.

MERs Mobile energy resources.

The associate editor coordinating the review of this manuscript and

approving it for publication was Qiang Li .

MESSs Mobile Energy storage system.

MICP Mixed-integer convex program.

MINLP Mixed-integer non-linear program.

PDA-DERs Post-disaster available DERs.

RCs Repair crews.

SDGs Static Diesel/distributed generators.

SESSs Static Energy storage systems.

SNA Super-node approximation.

SPVs Static Photovoltaics.

Parameters

ℓik Squared of current capacity (thermal)

limit of line ik .

pLi,t , p
L
i,t

,

qLi,t , q
L
i,t

Maximum and minimum active and

reactive power demand at node i at

time t .
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S ik Power carrying capacity limit of line ik .

RCc
m Resource capacity (hours) of RC m.

RTik Repair time of damaged line ik .

TTi,n Travel time between node i and node n.

TTji,ik Travel time between line ji and line ik .

vi, vi Squared of minimum and maximum

limits of voltage at node i.

E
MES_spl
j Initial energy in jth unit of MESSs.

E
SES_spl
i,j Initial energy in jth unit of SESSs at

node i.

E
SES_c
i,j ,

S
SES_c
i,j Capacity (MWh, MVA ) of jth unit of

SESSs at node i.

E
MES_s
j ,

S
MES_s
j Size (MWh,MVA) of jth unit ofMESSs.

k1, k2 Parameters used to maintain the ratio

of active and reactive power outputs of

MDGs, SDGs, and SPVs.

M A Big-M constant.

N Number of nodes/super-nodes.

NSDG
i ,NSES

i ,

NSPV
i Number of PDA-DERs (SDGs, SESSs,

SPVs) at node i.

p
profile
t Hourly solar irradiation profile.

p
SDG_c
i,j ,

q
SDG_c
i,j Active, reactive power capacity of jth

unit of SDGs at node i.

p
SPV_c
i,j Active power capacity of jth unit of

SPVs at node i.

pGi,t , q
G
i,t Available active, reactive grid power at

node i at time t .

p
MDG_s
j Size (MW) of jth unit of MDGs.

r
SES_e
i,j , r

SES_ct
i,j ,

r
SES_bt
i,j Converter + battery, converter, battery

resistance of jth unit of SESSs at node i.

rik , xik Resistance and reactance of line ik .

r
MES_e
j , r

MES_ct
j ,

r
MES_bt
j Converter + battery, converter, battery

resistance of jth unit of MESSs.

tMDG, tMES Total number of available MDGs,

MESSs units.

TRC Total number of RCs allowed to repair a

damaged line simultaneously.

Binary

variables

³ik,m,t Binary variable to denote repair activity

of RC m with respect to line ik at time t .

ÇMDG
i,j,t , ÇMESS

i,j,t Binary variable to denote jth unit of

MERs (MDGs, MESSs) in reference to

node i at time t .

sik,m,t Auxiliary binary variable.

uik,t Binary variable to denote operating sta-

tus of line ik at time t .

Continuous

variables

ℓik,t Squared of current flow on line ik at time

t .

p
MES_l
i,j,t Power loss in jth unit of MESSs at node

i at time t .

p
SES_l
i,j,t Power loss in jth unit of SESSs at node i

at time t .

p
g
i,j,t , q

g
i,j,t ,

g ∈ �ders Active, reactive power output of jth unit

of DERs at node i at time t .

p
g
i,j,t , q

g
i,j,t ,

g ∈ �mers Active, reactive power output of jth unit

of MERs at node i at time t .

pLi,t , q
L
i,t Active, reactive power supplied to node

i at time t .

pik,t , qik,t Active, reactive power flow of line ik at

time t .

vi,t Squared of voltage at node i at time t .

I. INTRODUCTION

In recent years, high-impact low-frequency (HILF) events

such as hurricanes, ice storms, earthquakes, cyber-attacks,

et cetera, are happening at a higher frequency [1]. Impacts

of such HILF events are colossal [2], and it has been

reported that such events may cause loss of billions of

dollars to the United States every year [3]. An important

measure to mitigate this issue is improving the resilience of

critical infrastructure (CI) systems such as electricity, water

delivery, transportation, communication systems, health,

finance, et cetera. The power system plays a fundamental

role since all other CI systems rely heavily on electricity.

Unfortunately, there is no commonly accepted definition

for the resilience of power systems thus far. According

to [4], power system resilience can be defined as ‘‘the

ability to prepare for and adapt to changing conditions

and withstand and recover rapidly from extreme outages.’’

Therefore, strategies for fast and effective restoration of

power supply after extreme events play an essential role in

power system resilience.

A. LITERATURE REVIEW

The early-stage research activities adopted a top-down

strategy for power system restoration, i.e., the restoration

of bulk transmission systems is followed by the restoration

of distribution networks. However, with the proliferation

of distributed energy resources (DERs) in the last two

decades [5], distribution networks possess a significant

amount of energy resources, which can be utilized to start

the restoration locally to facilitate the effective restoration of

overall power systems. Note that the term DERs collectively

refers to all types of distributed energy resources in this paper.

Examples are static (or location-fixed) diesel generators

(SDGs), static energy storage systems (SESSs), and static

photovoltaic systems (SPVs). The term static is adopted
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to differentiate DERs, whose locations are fixed, from

mobile resources. The utilization of post-disaster available

distributed energy resources (PDA-DERs) with the forma-

tion of self-sufficient microgrids in distribution network

restoration has been extensively studied in the last fifteen

years [6]. Note that PDA-DERs refer to the DERs that

survive a disaster. In [6], a sequence of control actions

in black-start restoration using low-voltage microgrids is

described in detail. Literature [7] describes the minimum

spanning tree search method to maximize load restoration

by minimizing switching operation in microgrids-embedded

distribution networks [8]. A multi-stage restoration method

is proposed in [9] to maximize restoration of out-of-service

loads using distributed generators [10].

Furthermore, in [11], the formation of microgrids with

the three-phase operation of PDA-DERs is considered to

expedite the restoration process. The dynamically changing

boundary of microgrids is considered for load restoration

in [12]. Multi-time step service restoration under cold

load pickup conditions considering inter-temporal constraints

of PDA-DERs is investigated in [13]. The utilization of

PDA-DERs for service restoration to critical loads in

secondary networks is studied in [14]. Technical issues asso-

ciated are also analyzed. In [15], critical load restoration with

available PDA-DERs considering post-restoration failures

is studied. In [16], variable and fixed time-step restora-

tion models are proposed to achieve optimal restoration

performance under the presence of remotely controllable

and manually operated switches and dispatchable PDA-

DERs. A multi-microgrids framework for the black-start

of distribution networks is proposed in [17] to facilitate

the integration of PDA-DERs. A distributed multi-agent

coordination scheme is developed in [18] to improve the

coordination of multiple microgrids in distribution network

restoration. In summary, the literature illustrates that the

formation of disaster-induced islands (or microgrids) with

PDA-DERs to restore electric service in distribution net-

works immediately after a severe disaster is an effective

strategy.

Recently, some researchers started exploring the possibil-

ity of using emergency response resources (ERRs), such as

repair crews (RCs) andmobile energy resources (MERs) [19],

to accelerate the power distribution systems restoration after a

disaster. In this paper, the term MERs collectively represents

all types of truck-mounted mobile power/energy sources.

Different types of MERs include mobile diesel generators

(MDGs) and mobile energy storage systems (MESSs) [20].

Capacities of MDGs and MESSs are generally described

by kW and kVar, kWh and kVA, respectively. In [21],

scenario-based pre-positioning and real-time allocation of

MDGs are proposed. The utilization of MESSs in enhancing

distribution system resilience is studied in [22]. Adaptive

multi-microgrid formation leveraging MDGs is investigated

in [23]. Reference [24] describes the scenario-based routing

and scheduling of MDGs and MESSs to increase the surviv-

ability of electric service to critical loads during and after a

HILF event. The logistics of routingMERs and RCs to supply

critical loads is studied in [25]. Scenario-based allocation of

MDGs considering three stages of a disaster (planning stage,

preventive stage, and emergency response stage) is proposed

in [26]. Authors in [27] proposed a framework considering

network reconfiguration and pre-located MDGs to reduce

the impact of disasters. A two-step optimization strategy that

integrates a pre-disaster preparedness plan and a post-disaster

resource re-allocation procedure to optimize the resilience of

the power distribution network against hurricanes is proposed

in [28].

In [29], various strategies for enhancing distribution sys-

tem resilience are synthesized by integrating mobile energy

storage systems, microgrid resources, and network reconfig-

uration to maintain system functionality during major power

disruptions. A new mobility model for MERs is proposed

for efficient routing, ensuring rapid service restoration and

resilience against unexpected events in [30]. Strategies for

improving isolated distribution system survivability through

coordinated mobile energy storage and demand response,

optimizing fuel consumption and demand under extreme

scenarios, are also presented in [31]. Additionally, a two-

stage restoration approach to reduce load outages in the face

of seismic events using mobile power sources is evaluated

in [32]. A two-step model for the optimal allocation of

stationary and mobile energy storage systems is introduced,

enhancing reliability in high renewable energy penetration

environments in [33].

Moreover, a multiagent reinforcement learning-based

framework is proposed considering communication disrup-

tions in microgrids during extreme events in [34]. The

introduction of separable MESSs, combined with emergency

generators and fuel tankers, has demonstrated improved

resilience in distribution systems in [35]. A decision-making

framework for MESSs is developed to manage battery

delivery and relocation during grid outages, with strategies

tailored for different outage phases in [36]. For post-disaster

scenarios in pelagic island energy systems, a self-sustaining

strategy employingmobilemulti-energy storages is proposed,

integrating them with diesel generators and desalination

devices in [37]. An integrated optimization model for unbal-

anced distribution system restoration post-major outages

has coordinated distributed energy resources and repair

crews, proving its effectiveness in [38]. Another study has

introduced a restoration mechanism for power distribution

systems using mobile energy storage systems and stochastic

renewable energy sources, reformulated into a mixed-integer

linear programming model, enhancing system resilience

against high-impact, low-probability incidents in [39]. Lastly,

a robust optimization method for enhancing resilience during

ice storms is presented, focusing on the optimal routing of

mobile de-icing devices on congested roads and integrating

de-icing schedules with power system operations in [40].

Existing research shows that coordination of MERs and

RCs has a high potential for effective service restoration in

distribution networks.
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B. RESEARCH GAP AND CONTRIBUTIONS

Even though the restoration of power distribution systems

has been extensively studied [41] in recent years, there

are still some challenges in solving the large-scale post-

disaster restoration model [21], [22], [23], [24], [25]. The

main challenges arise from 1) the nonlinearity of the power

flow, PDA-DERs, and MERs models, 2) the huge number

of decision variables (both continuous and binary decision

variables), and 3) the combinatorial nature of the post-disaster

optimization model. Therefore, different types of solution

methods are proposed to handle the computational com-

plexity of the restoration models in the literature. Existing

solution methods can be broadly categorized into two. In the

first type of method, the original mixed-integer non-linear

program (MINLP) restoration model is either linearized and

reformulated as the mixed-integer linear program (MILP)

model as in [19], [21], [23], [24], [25], [27], [29], [30],

[31], [32], [33], [35], [38], and [39] (detailed literature

review of these references is provided in Section I-A) or

convexified and solved as a convex model as in [40].

Nonetheless, we have shown in Section III that the linear

and convex models alone do not achieve the computational

efficiency desired for a complex post-disaster model studied

in this paper, especially for a problem that simultaneously

optimizes the routing of RCs, and locating and scheduling

of operation of MERs and PDA-DERs. Therefore, the second

type of method decomposes the large-scale restoration model

into multiple smaller problems, which are then solved in

an iterative fashion until convergence by using algorithms

such as scenario decomposition algorithm [21], progressive

hedging algorithm [22], benders decomposition and column-

and-constraint generation algorithms [40], etc. However,

the iterative algorithms have their own limitations, such as

stability and scalability, and may not even converge while

coordinating mixed-integer programs at times.

Therefore, this paper proposes a non-iterative compu-

tationally tractable restoration framework for solving the

large-scale restoration model by leveraging super-node

approximation (SNA) and convex hulls relaxation (CHR),

as shown in Figure 1. The SNA reduces the size of the restora-

tion model without significant loss of accuracy (refer to the

discussion in Section II-C for more details), while the CHR,

which is the tightest of all convex relaxations, convexifies

the overall optimization model to reduce the computational

burden further. To our knowledge, leveraging a combination

of CHR and SNA to reduce the computational burden of

the post-disaster restoration model is new. Compared to

standalone linear and convex models, the proposed method

is computationally very efficient (see Table 6 in Section III).

In addition, it does not involve any iterative procedures,

unlike decomposition-based methods. In summary, the key

contributions of this paper can be summarized as follows:
1) From the engineering perspective, emergency response

resources (ERRs) likeMERs and RCs are co-optimized

with PDA-DERs to minimize the impact of disasters on

customers.

FIGURE 1. The proposed framework for distribution system restoration.

2) From the mathematical perspective, the combination

of super-node approximation (SNA) and convex hulls

relaxation (CHR) is introduced to reduce the compu-

tational burden of the combinatorial and non-convex

non-linear nature of the post-disaster restorationmodel.

SNA reduces the problem size (combinatorial nature)

without significant loss of accuracy (refer to the discus-

sion in Section II-C for more details). Furthermore, the

CHR convexifies the overall optimization model (non-

convex, non-linear nature) to reduce the computational

burden further.

In Figure 1, the PDA-DERs are referred to as the

grid-connected DERs that survive the disaster. As such,

the pre-determined ERRs (such as MERs and RCs) and

PDA-DERs are co-optimized to minimize the impact of

a disaster on customers. Nonetheless, the ERRs must

be allocated and pre-positioned a few days before the

disaster. Scenario-based methods for pre-allocating MERs

are investigated in [22], [26], and [28]. This paper is focused

on post-disaster restoration; therefore, for the pre-disaster

planning (and ERRs allocation) and long-term recovery of

the system after a disaster, readers are referred to [22], [26],

and [28] and references therein. The rest of the paper is

organized as follows: Section II describes the post-disaster

restoration model along with CHR and SNA. Section III

provides case studies and results, and Section IV concludes

with the conclusion and the potential future research.

II. POST-DISASTER RESTORATION

Different types of ERRs (MERs and RCs) are prepared by

the power utility before a disaster. After the disaster, the

distribution system operator (DSO) performs post-disaster

damage assessment and routes and dispatches MERs and

RCs to restore electric service as quickly as possible.

The post-disaster restoration model is built to help DSOs

restore electric service quickly and repair severely damaged

distribution lines. This section presents an optimization

model to co-optimize routing and dispatch of pre-allocated 1)

MERs in coordination with PDA-DERs to supply the outage

loads and 2) repair crews (RCs) to repair damaged lines. Due

to inherent nonlinearity and the combinatorial nature of the

problem, the original optimization model is computationally

intractable. For rapidly obtaining an accurate solution to

this complex optimization problem, two techniques, i.e.,
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convex-hull relaxation and super-node approximation, are

introduced, which significantly improve the computational

efficiency.

A. PROBLEM FORMULATION

In the restoration process, all available ERRs (including

MERs and repair crews) and PDA-DERs should be opti-

mally coordinated based on the network damage infor-

mation obtained from the post-disaster damage assess-

ment. Choosing an objective function of minimizing the

unserved energy, the post-disaster restoration model is given

as follows:

Min.
∑

i

∑

t

(

pLi,t − pLi,t

)

1t (1a)

S.t.:

pL
i,t

≤ pLi,t ≤ pLi,t (1b)

qL
i,t

≤ qLi,t ≤ qLi,t (1c)

−
(

1 − uik,t
)

M ≤ vi,t − vk,t − 2
(

rikpik,t + xikqik,t
)

+

(

(rik)
2 + (xik)

2
)

ℓik,t ≤
(

1 − uik,t
)

M (1d)

(

pik,t
)2

+
(

qik,t
)2

= vi,tℓik,t (1e)

vi ≤ vi,t ≤ vi (1f)

0 ≤ ℓik,t ≤ ℓik (1g)
(

pik,t
)2

+
(

qik,t
)2

≤
(

S ik
)2

(1h)

0 ≤ pMDG
i,j,t ≤ ÇMDG

i,j,t p
MDG_s
j , ∀i, ∀j, ∀t (1i)

0 ≤ pSDGi,j,t ≤ p
SDG_c
i,j (1j)

k1 ∗ p
g
i,j,t ≤ q

g
i,j,t ≤ k2 ∗ p

g
i,j,t , ∀g ∈ �res (1k)

0 ≤ E
ES_spl
j −

N
∑

i=1

t
∑

Ä=1

(

pESi,j,Ä + p
ES_l
i,j,Ä

)

1t

≤ E
ES_s
j , ∀i, ∀j, ∀t, (1l)

(

pMES
i,j,t

)2
+

(

qMES
i,j,t

)2
≤ ÇMES

i,j,t

(

S
MES_s
j

)2
(1m)

(

pSESi,j,t

)2
+

(

qSESi,j,t

)2
≤

(

S
SES_c
i,j

)2
(1n)

r
ES_e
j

(

pESi,j,t

)2
+ r

ES_ct
j

(

qESi,j,t

)2
= p

ES_l
i,j,t vi,t (1o)

pGi,t +

tMDG
∑

j=1

pMDG
i,j,t +

tMES
∑

j=1

pMES
i,j,t

+

NSDG
i
∑

j=1

pSDGi,j,t +

NSES
i

∑

j=1

pSESi,j,t +

NSPV
i

∑

j=1

pSPVi,j,t

− pLi,t =
∑

j

(

pji,t − rjiℓji,t
)

+
∑

k

pik,t (1p)

qGi,t +

tMDG
∑

j=1

qMDG
i,j,t +

tMES
∑

j=1

qMES
i,j,t

+

NSDG
i
∑

j=1

qSDGi,j,t +

NSES
i

∑

j=1

qSESi,j,t +

NSPV
i

∑

j=1

qSPVi,j,t

− qLi,t =
∑

j

(

qji,t − xjiℓji,t
)

+
∑

k

qik,t (1q)

∑

i

Ç
g
i,j,t ≤ 1, ∀g ∈ �mers, ∀j, ∀t (1r)

Ç
g
i,j,t+Ä + Ç

g
n,j,t ≤ 1, g ∈ �mers, ∀j, ∀t,

∀Ä ∈ {1, . . . ,TTi,n} (1s)

Ç
g
i,j,t = Ç

g
i,j,t−1, g ∈ �mers, ∀i, ∀j,

∀t ∈ {2, 3, . . . ,T } (optional) (1t)

− uik,tM ≤ pik,t ≤ uik,tM (1u)

− uik,tM ≤ qik,t ≤ uik,tM (1v)

uik,t ≥ uik,t−1 (1w)
∑

ik

³ik,m,t ≤ 1, ∀m, ∀t (1x)

∑

m

³ik,m,t ≤ TRC, ∀ik, ∀t (1y)

³ji,m,t+Ä + ³ik,m,t ≤ 1, ∀m, ∀t,

Ä ∈ {1, . . . ,TTji,ik} (1z)

³ik,m,t ≤ ³ik,m,t−1 + sik,m,t (1aa)
∑

t

sik,m,t ≤ 1 (1ab)

uik,t+1 ≤

∑

m

∑t
Ä=1 ³ik,m,Ä

RTik
, ∀ik (1ac)

∑

ik

∑

t

³ik,m,t ≤ RCc
m. (1ad)

The MERs allocation variables (ÇMDG
i,j,t , ÇMES

i,j,t ) and vari-

ables related to repair activity of RCs (³ik,m,t ) and status

of damaged lines (uik,t ) are the decision variables in the

post-disaster restoration model. Note that binary variable

ÇMDG
i,j,t = 1 implies that jth unit of MDG is at node

i at time t while binary variable uik,t = 1 represents

that line ik (line connecting nodes i and k) is operating

at time t . Inequalities (1b) and (1c) are load limits. The

DistFlow model [5], [42] is adopted to model power flows

as in (1d) and (1e). The Big-M method is employed in (1d)

to force the voltage relationship between nodes connected

by operating lines only. Voltage limits are imposed by

the constraint (1f). Thermal and power limits of lines are

enforced by constraints (1g) and (1h), respectively.

Constraints (1i)-(1n) describe the operating constraints

(including state of charge constraints) of MERs and

PDA-DERs in the post-disaster restoration model. Note

that MDGs, SDGs, MESSs, and SESSs are considered

dispatchable, while SPVs are considered non-dispatchable in

this paper. A high-fidelity second-order model [43] is adopted

to model the battery energy storage systems. The power

loss due to charging and discharging in MESSs and SESSs

is modeled by constraints (1o). The nodal power balance
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is achieved via equations (1p) and (1q). Constraint (1r)

ensures that an MER unit is connected to one node at a

time. Constraint (1s) means that an MER takes TTi,n time

period to travel from node i to node n. The proposed model

without the optional constraint (1t) allows the travel of MERs

in the network. However, constraint (1t) can be enforced to

optimally fix the locations of MERs for the entire restoration

window. This is particularly useful in a post-disaster system

without grid power where routing MERs in the network may

not be justified as MERs cannot supply the customers during

the travel. Constraints (1u) and (1v) are used to prevent

power flow on lines that are damaged and not repaired yet.

At the start of the restoration window, the operating status of

damaged lines is set to 0. Constraint (1w) maintains that once

a line is repaired at time t , it remains operable for the rest of

the restoration window.

Constraints (1x)-(1ad) describe the dispatch of repair crews

(RCs). Binary variable ³ik,m,t provides repair activity of RC

m in reference to line ik at time t . If ³ik,m,t = 1, RC m

is repairing line ik at time t . If ³ik,m,t = 0, RC m is not

repairing line ik at time t . Constraint (1x) represents that

an RC can work at only one line at a time. Constraint (1y)

indicates that there should not be more than TRC RCs that

are working on repairing one power line at the same time.

Constraint (1z) means that RC m spends TTji,ik time period

to travel from line ji to line ik . For a distribution network with

a small geographical area, travel time within the network is

relatively short and negligible compared to repair times of

damaged lines. In such a case, travel time parameter TTji,ik
in constraint (1z) can be set to 0. Constraints (1aa) and (1ab)

represent that the repair work of a line should be completed

in consecutive steps. Note that ³lk,m,t is assumed to be zero

at the beginning (i.e., at t = 0), meaning repair activity

of RCs is not started at t = 0. Constraint (1ac) represents

that RCs should spend a minimum of RTik time repairing a

damaged line ik before the status of the damaged line ik can

be changed to operating. Constraint (1ad) enforces capacity

limits of RCs.

Note that this paper aims to obtain optimal locations

of MERs and an optimal repair order and schedule for

damaged lines to establish the skeleton of a severely damaged

distribution system where there is no electric path between

many nodes due to damage to lines. Therefore, radiality

constraints are not included in the formulation as radiality

constraints are used to re-configure distribution systems

where multiple electric paths exist between nodes [44].

Lastly, we assume that the loads and distribution lines are not

equipped with switches.

B. CONVEX HULLS RELAXATION

The post-disaster restoration model presented in Section II-A

is a mixed-integer non-linear program (MINLP) problem.

Non-convexity (non-linearity) comes from the power flow

equation (1e) and energy storage model (1o). Such MINLP

problems of larger test systems are computationally expen-

sive. Moreover, the global optimality of the obtained solution

cannot be guaranteed. Therefore, in the literature, the

original MINLP restoration model is either linearized as a

mixed-integer linear program (MILP) as in [19], [21], [23],

[24], [25], [27], [29], [30], [31], [32], [33], [35], [38], and

[39] or convexified as a mixed-integer second-order cone

program (MISOCP) as in [40]. The linearmodels are obtained

by ignoring the current term in the power flow and are

less accurate, while the second-order cone program (SOCP)

may not always produce the tightest convex relaxation [43].

Therefore, we have leveraged convex hulls relaxation [45],

which is considered one of the tightest convex relaxation

of the DistFlow model in radial networks, to convexify

the original MINLP problem into a mixed-integer convex

program (MICP) problem in this paper. It has been shown

in [45] that a MICP problem is much more computationally

tractable than a MINLP problem of the same size and tighter

than the MISOCP form of the same problem.

Within the bounds of system constraints (1f)-(1h), con-

vex hulls relaxation of non-linear non-convex power flow

constraint (1e) is given by (2). Convex hulls relaxation of

non-convexMESSs and SESSs constraint (1o) is given by (3).

p2ik,t + q2ik,t ≤ vi,tℓik,t (2a)

S
2
ikvi + viviℓik ≤ S

2
ik (vi + vi) (2b)

r
ES_e
j

(

pESi,j,t

)2
+ r

ES_ct
j

(

qESi,j,t

)2
≤ p

ES_l
i,j,t vi,t (3a)

r
ES_bt
j (qESi,j,t )

2 + p
ES_l
i,j,t vi ≤ (S

ES_s
j )2r

ES_e
j (3b)

(S
ES_s
j )2vi,t + vivip

ES_l
i,j,t ≤ (S

ES_s
j )2(vi + vi) (3c)

Replacing (1e) and (1o) with (2) and (3), respectively,

the MINLP model is relaxed to a mixed-integer convex

program (MICP), which is computationally more tractable.

However, with the MICP formulation, the optimal restoration

problem for a relatively large distribution system like the

IEEE 123-node test feeder is still challenging to solve.

To further mitigate this computational efficiency issue,

the super-node approximation (SNA) is introduced in the

following subsection.

C. SUPER-NODE APPROXIMATION FOR DIMENSION

REDUCTION

1) OVERVIEW OF SNA

The super-node approximation is introduced herein to reduce

the dimension of large-scale post-disaster systems, which,

in turn, reduces the computational burden of the problem.

A similar dimension reduction approximation referred to as

the vertex collapse technique is used in graph theory [46],

[47]. A disaster-impacted IEEE 13-node test feeder, shown in

Figure 2, is used to illustrate the super-node approximation

in the context of distribution system restoration. After

the disasters, the feeder is divided into four islands due
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FIGURE 2. Illustration of super-node approximation.

to damages to some feeder lines. Each of these islands

is represented by an aggregated node, referred to as a

super-node in this paper. All PDA-DERs and loads within

an island are aggregated at the corresponding super-node.

For example, super-node I contains nodes 650, 632, 633,

and 634 and their loads and PDA-DERs. Similarly, super-

nodes II, III, and IV represent the other three islands. As a

result, the number of nodes considered in the computation

is significantly reduced. For example, the IEEE 13-node test

feeder with three damaged lines is converted to a network

with four super-nodes. Therefore, instead of 13 nodes, four

super-nodes are used in the optimization model, which is

solved very efficiently, as shown in the next section.

2) THEORETICAL ANALYSIS OF SNA

Remark. The super-node approximation can provide satis-

factory accuracy in the context of post-disaster restoration in

distribution systems.

To support the statement in the above remark, a mathemat-

ical analysis is given as follows:

i. Power losses on feeder lines inside a super-node are

minimal and can be ignored in the process of post-disaster

restoration since the restoration window is generally short.

Therefore, the terms in the DistFlow model that are related

to losses can be ignored, which results in the following

LinDistFlow model [5], [42]:

L.H.S. of (1p) =
∑

j

pji,t +
∑

k

pik,t (4a)

L.H.S. of (1q) =
∑

j

qji,t +
∑

k

qik,t (4b)

vi,t − vk,t − 2
(

rikpik,t + xikqik,t
)

= 0. (4c)

ii.Voltage difference inside an electrical island is small and

can be ignored during restoration. Note that a post-disaster

electrical island is a part of a distribution network, which

generally consists of fewer nodes. Namely, the electrical dis-

tance between any two nodes inside an island or super-node

is generally short, with a very small voltage difference. For

example, consider nodes 692 and 675 in super-node III from

figure 2. Assume that node 692 is transmitting (40+j30) KVA

of power to node 675 at 4.24 KV (1 p.u.). Using system

parameters of the IEEE 13-node test feeder, the voltage of

node 675 is calculated to be 4.2393 KV, using equations (1d)

and (1e). Hence, the voltage difference between nodes

692 and 675 is 0.00069 KV (i.e., 0.0001628 p.u.), which

can be ignored during restoration. Therefore, with the voltage

difference omitted, constraint (4c) reduces to

vi,t − vk,t = 0 (5)

where i and k ∈ Nj (Nj is the set of nodes of the jth island).

Constraints (4a), (4b), and (5) together imply that all nodes

in an island can be aggregated into one single node, i.e., the

super-node, provided that the electrical distance between any

two nodes is short in a super-node.

D. DISCUSSION ON SNA AND CHR PERFORMANCE

It is worth emphasizing that super-node approximation works

very well for severely impacted distribution feeders, where

many lines may be damaged, and the number of nodes in

a super-node is relatively small. A post-disaster island with

many nodes needs to be split into two or multiple super-nodes

to preserve the accuracy of the super-node approximation.

The MICP formulation of the post-disaster model, in com-

bination with super-node approximation, allocates MERs to

post-disaster islands (i.e., super-nodes) rather than individual

nodes. To determine the exact locations (nodes) of MERs in

a post-disaster island, post-disaster islands’ in and out power

flows are first determined by applying a combination of CHR

and SNA to the whole network. Then, the following MICP

optimization model is applied to the individual post-disaster

islands by fixing islands’ in and out power flows.

Objective function: (1a) (6a)

Constraints: (1b)-(1d), (1f)-(1n), (1p)-(1w), (2), (3) (6b)

It is worth noting that if there are line switches or load

switches, the decision variables are necessary, and they

cannot be merged into one super-node. Therefore, we assume

that the loads and distribution lines are not equipped

with switches, which is generally true in distribution

feeders.

III. CASE STUDY AND RESULTS

This section presents the experimental results of testing the

proposed framework and solution methods on IEEE 37-

node (Case I) and IEEE 123-node (Case II) test feeders.

First, we evaluate the post-disaster restorationmodel. Second,

we compare the computational performance of the proposed

solution method with the MINLP model of the post-disaster

restoration model. The convex optimization problems were

solved by the GUROBI solver via the PYOMO package on

a PC with a 64-bit Intel i5 dual-core CPU at 2.50 GHz

and 16 GB of RAM, while MINLP problems were solved by

the KNITRO solver using NEOS server.
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FIGURE 3. Post-disaster distribution feeder (Case I) (DG, ES, and PV refer
to SDG, SESS, and SPV, respectively).

FIGURE 4. Post-disaster distribution feeder (Case II) (DG, ES, and PV refer
to SDG, SESS, and SPV, respectively).

A. TESTING OF PROPOSED FRAMEWORK: CASE I AND II

The two test feeders are modified by replacing some lines

with damaged lines to simulate damages caused by the

disaster, as shown in Figure 3 and 4. In the IEEE 37-node

test feeder (Case I), six lines are damaged due to disaster,

and seven islands are formed. In the IEEE 123-node test

feeder (Case II), eight lines are damaged due to disaster, and

nine islands are formed. As a matter of fact, such network

damage information is available from the damage assessment

after a disaster. Note that only PDA-DERs are shown in

the Figures 3 and 4. Moreover, DG, ES, and PV refer to

TABLE 1. Available ERRs for Case I and Case II.

TABLE 2. PDA-DERs information (Case I).

TABLE 3. PDA-DERs information (Case II).

TABLE 4. Repair time of damaged lines (Case I & II).

SDG, SESS, and SPV in Figures 3 and 4, respectively. The

super-node approximation is applied to both test cases to

reduce the dimension of the post-disaster restoration model,

which results in seven super-nodes and six damaged lines for

the post-disaster IEEE 37-node test feeder (Case I) and nine

super-nodes and eight damaged lines for post-disaster IEEE

123-node test feeder (Case II). The post-disaster restoration

model in MICP form is then executed. In addition to network

damage information, inputs to the post-disaster restoration

model are pre-allocated ERRs (Table 1), crew travel times

in the network, PDA-DERs information (Tables 2 and 3),

and repair times of damaged lines (Table 4). Grid power is

assumed to be unavailable for the entire restoration window;

however, it can be easily included in the optimization if

available. Values of k1 and k2 used are -0.8 and 0.8,

respectively. Due to a lack of relevant data, crew travel times

in the networks were randomly generated in MATLAB, and

for brevity, they are omitted in the paper. However, it is noted

that the DSOs can choose crew travel times (TTji,ik and TTi,n)

for their networks or even set them to zero if the geographical

area of the network is relatively small.

The post-disaster restoration model was executed to

determine 1) the optimal locations of MERs and 2) the
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TABLE 5. Optimal locations of MERs (Case I & II).

0

FIGURE 5. Routing and repair schedule of RCs–Case I.

optimal repair order of damaged lines by RCs. The locations

of MERs were optimally fixed for the entire restoration

window by enforcing the constraint (1t). As such, the

optimal locations of MERs for Case I and II, obtained from

the post-disaster restoration model, are given in Table 5.

It is observed that the optimal locations of two MDGs are

super-node I (node 701) and super-node VI (node 737) in

Case I. The exact locations (node 701 and node 737) were

obtained by applying the post-disaster restoration model (6)

to super-node I and VI separately by fixing the in-flow and

out-flow of the super-nodes. The routing of RCs to repair

damaged lines is provided in Figure 5 for Case I and Figure 6

for Case II with a time resolution of one hour. As seen from

Figure 5, RC-1 and RC-2 start repairing damaged line 6 first

in Case I. It is noted that two RCs were allowed to work

on the same line at a time. After repairing damaged line

6 for four consecutive hours, RC-1 travels to damaged line

3 (6 → 3) in period 5. Accordingly, RCs travel to repair

damaged lines 3, 1, 5, 4, 2 in the order. Similarly, as seen

from Figure 6, RC-1 starts repairing damaged line 7, and RC-

2 starts repairing damaged line 3 first in Case II. As such, RCs

travel to repair damaged lines 1, 2, 8, 6, 5, 4 in the order. The

obtained locations of MERs and the routing schedule of RCs

are the optimal solutions for achieving the minimum energy

not served for the entire restoration window. The bar charts of

the total energy required (TER) and the total energy supplied

(TES) for each period are provided in Figures 7 and 8 for

Case I and Case II, respectively, with a time resolution of

four hours. The difference between TER and TES is unserved

energy. It is worth noting that unserved energy gets smaller

and smaller when more and more damaged lines are repaired.

The repair of damaged lines is impacted by various system-

specific parameters, amount and locations of PDA-DERs,

amount of ERRs, and repair times of damaged lines.

FIGURE 6. Routing and repair schedule of RCs–Case II.

FIGURE 7. TER vs TES vs TER-TS for Case I.

B. COMPUTATIONAL PERFORMANCE OF PROPOSED

SOLUTION METHOD

In this subsection, the computational performance of the

proposed solution approaches, i.e., convex hull relaxation

(CHR) and super-node approximation (SNA), was compared

individually and jointly with the non-linear and linear forms

of the problem, as shown in Table 6. In the table, MINLP

refers to the MINLP form of the post-disaster restoration

model without using CHR and SNA. Similarly, SNA refers

to the MINLP form of the model with only SNA. CHR

refers to the convex form of the model, but without SNA.

SNA+CHR refers to the convex form of the model with

SNA. Moreover, Lin refers to the restoration model with

linear DistFlow for power flow but without SNA. Lin+SNA

refers to the restoration model with linear DistFlow for power

flow and SNA. It is worth noting that the linear model
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TABLE 6. Computational performance of proposed solution approach.

FIGURE 8. TER vs TES vs TER-TS for Case II.

of constraint (1o) is not available; therefore, convex hull

relaxation of (1o) is used in Lin and Lin+SNA in the Table.

The NEOS server [48] could not solve MINLP and SNA

forms of themodel, citing that computation exceeded the time

limit of 8 hours, which indicates that the MINLP form of

the model is computationally intractable. CHR form of the

model in Case I was solved in approximately 4 hours, while

it took more than 8 hours in Case II. Similarly, Lin form of

the model in Case I was solved in approximately 3 hours,

while it took more than 8 hours in Case II. However, the

SNA+CHR form of the model took approximately 2 minutes

and 10 minutes for Case I and II, respectively. Similarly, the

SNA+Lin form of the model took approximately 3 minutes

and 6 minutes for Case I and II, respectively. It is seen from

the Table that convex and linear forms of the model alone

(without SNA) do not achieve the computational efficiency

desired. In Case I, SNA+CHR is the most computationally

efficient, while the SNA+Lin is the most efficient in Case

II. Note that SNA+CHR and SNA+Lin forms have similar

objective values as other models; however, the SNA+CHR

and SNA+Lin forms of the model for both Case I and II were

solved remarkably efficiently.

IV. CONCLUSION

In this paper, we proposed a computationally tractable

approach for the restoration of the distribution systems

coordinating ERRs and PDA-DERs after a disaster. In the

proposed post-disaster restorationmodel, pre-allocated ERRs

and PDA-DERs are co-optimized to minimize the unserved

energy, obtaining the optimal routing of repair crews to

repair damaged distribution lines. The proposed approach is

technically more feasible and tractable since the proposed

post-disaster model in MINLP form is convexified using con-

vex hull relaxation. Besides, the super-node approximation

is introduced to efficiently solve the MICP model for larger

test feeders. The proposed framework and solution methods

are tested using the IEEE 37 and 123 node test feeders. The

test results indicate the successful post-disaster allocation

of ERRs in coordination with PDA-DERs for the disaster-

resilient restoration of the distribution system. Even though

the proposed framework and models are more suitable for

high-wind events such as cyclones, hurricanes, and tornadoes,

they can be easily extended to include other disastrous events

such as snowstorms and earthquakes in future research.
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