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Data-driven methods have gained increasing attention in computational mechanics and design. This study 
investigates a two-scale data-driven design for thermal metamaterials with various functionalities. To address 
the complexity of multiscale design, the design variables are chosen as the components of the homogenized 
thermal conductivity matrix originating from the lower scale unit cells. Multiple macroscopic functionalities 
including thermal cloak, thermal concentrator, thermal rotator/inverter, and their combinations, are achieved 
using the developed approach. Sensitivity analysis is performed to determine the effect of each design variable 
on the desired functionalities, which is then incorporated into topology optimization. Geometric extraction 
demonstrates an excellent matching between the optimized homogenized conductivity and the extraction from 
the constructed database containing both architecture and property information. The designed heterostructures 
exhibit multiple thermal meta-functionalities that can be applied to a wide range of heat transfer fields from 
personal computers to aerospace engineering.
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 Introduction

Data-driven methods have continuously received attention in com-
tational mechanics to achieve various goals. Specifically, in terms 
 computational topology optimization for structures and materials, 
achine learning and data-driven algorithms have been applied to dif-
rent scenarios with specific goals. First, because topological optimiza-
n often requires hundreds of design iterations, data-driven methods 
ve sought to obtain an optimized structure or material without any 
rations, (i.e., iteration-free optimization). Where optimization iter-
ions cannot be avoided, data-driven methods have explored how to 
celerate both the forward and inverse processes in every iteration, 
g., by using machine learning to accelerate or even replace the tradi-
nal finite element (FE) solver. Moreover, in order to update physical 
odel at every iteration, topological design often requires gradient in-
rmation at a specific objective function with respect to (w.r.t.) the 
sign variables. In the cases where the gradient information is difficult 
 impossible to obtain, for certain engineering problems and extreme 
nditions, machine learning algorithms can be helpful to build the sur-
gate model between the input and output of interest. Finally, when 
comes to multiscale design optimization, the design space is signifi-
ntly expanded when the lower scale architectures are irregular, i.e., 
r non-periodic multiscale structures, which therefore requires novel 
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data-driven design approaches to reduce the design dimensionality. The 
most recent review on the use of machine learning on topological de-
sign optimization of mono-structure can be found in [1].

For non-periodic heterostructures, where different local domains are 
populated with different building blocks, multiscale design by leverag-
ing data-driven techniques and by directly tailoring the effective macro-
scopic property is an efficient way to reduce the design dimension. This 
strategy which will henceforth be referred to as property design. This 
strategy relies heavily on the homogenization methodology to connect 
the two different scales, i.e., the low material unit cell or building block 
scale and the higher structure scale. In mono-scale problems for struc-
tural design only, the material constitutive relation is given, and the 
number of design variables is equal to the number of background FE 
mesh used in the current simulation. By contrast, for multiscale design, 
the material constitutive law originated from the topology (architec-
ture) of the representative volume element (RVE) must be tailored. Di-
rectly updating topology via classical pseudo-density within RVE would 
be dimensionally very expensive, while the dimensionality of the effec-
tive properties, e.g., the homogenized elasticity or conductivity tensor, 
is often much smaller than the pixels or finite elements within RVE. For 
non-periodic multiscale structures where a large number of RVEs exist, 
the design dimension can be greatly reduced.
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Da and W. Chen

The first multiscale design work using the property design strategy 
 reported in [2], with the distinction of updating the pseudo density 
sociated with every finite element at the material scale. This work 
es only two property parameters to represent one RVE because of 
e isotropic nature. The optimized property distributions are obtained 
 carrying out the topology optimization for targeting a given dis-
acement at the structure scale. The final 3D non-periodic multiscale 
ructure is assembled by searching the database to find the RVEs that 
atch the optimized properties and filling in every structural finite el-
ent with one single substituted RVE. Because of the versatility of 
e above multiscale property design methodology, the framework has 
en extended to orthotropic and anisotropic RVEs [3] for compliance 
inimization [4–6], targeting a given deformation [6,7], stress mini-
ization and fracture resistance [8], as well as dynamic problems [9]. 
 similar strategy is employed in this work for multiple thermal meta-
nctionalities, which is to the best of our knowledge the first time in 
erature that the data-driven design approach is used for such prob-
ms.

Thermal meta-functionalities including thermal cloak [10–13], ther-
al concentrator [14,15], and thermal rotator/reversal [16] have been 
ng studied by using transformation theory [17–19], both numerically 
0–22] and experimentally [23–25]. The meaning of the different ther-
al management functionalities will be explained one after another 
roughout this paper. By using the transformation theory, the desired 
ermal property distribution, e.g., thermal conductivity, will be given 
r specifical functionalities, e.g., thermal cloak. A relative recent re-
ew on the fundamentals, application, and outlook for the thermal 
etamaterial can be found in [26]. Thermal metamaterials with the 
ectrical current control are reported in [27,28], and their applications 
 electronics are reviewed in [29]. While without using the transforma-
n theory, gradient-based topology optimization design is also applied 
 find the optimal thermal property to achieve same functionalities in 
ermal cloak [30] and direct current [31]. Most recently, Sha et al. 
2] used the transformation theory to first identify the optimized ther-
al conductive property and then leverage the topological optimization 
 find the best RVEs. This work was extended for anisotropic space in 
3] and for omnidirectionally cloaking sensors in [34]. Instead of us-
g transformation theory, Xu et al. [35,36] achieved thermal cloaks in 
e Euclidean spaces of 2D planar surfaces and 3D solids incorporating 
e conformal geometry theory. Additional examples of multifunctional 
ermal metamaterials, including zero thermal expansion and its inte-
ation with other physical phenomena such as phononics, can be found 
 previous studies [37,38].
Nevertheless, several shortcomings exist in these state-of-the-art 

orks: (1) in one scale (structural) design, multiple isotropic materi-
s are often needed to achieve the functionalities (since there is no 
ility to tailor the material thermal conductivity) [39,40]; (2) for ther-
al cloak, it is very hard to cloak the “shield” region itself [36]; (3) 
ultiple functions are often difficult to be achieved in one single design 
1,42]; (4) numerous design variables exist in the multiscale design 
3]; and (5) there is no interaction analysis between architecture and 
aterial.

This work is the first attempt to utilize the two-scale data-driven de-
gn framework for achieving a wide range of thermal functionalities 
cluding thermal cloak, thermal concentrator, and thermal rotator/re-
rsal. A database is constructed which includes extensive RVE archi-
cted structures and their thermal conductive properties. Numerical 
mogenization is used to compute the thermal conductivity of each 
E. Steady-state heat conduction problems are solved at the structure 
ale with thermal conductive property originated from the lower unit 
ll scale. Sensitivity of each functionality w.r.t. the design variable, 
., the property itself, is derived. Optimized property distribution is ob-
ined by leveraging topological design to successfully achieve different 
ermal functionalities at the structure level. Next, final heterostruc-
res are assembled by choosing unit cells/RVEs from the database to 
2

atch with desired properties at each location. Numerical examples il- tio
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strate an excellent matching between the optimized properties and 
bstituted ones, with their mean squared error as low as 9.3e-6 and 
efficient of determination as high as 0.9998.
The organization of the paper is as follows. Numerical homogeniza-
n for thermal conduction and its upper level structural steady-state 
oblem are introduced in Section 2. The data-driven property design 
odel is given in Section 3. Gradient information of different thermal 
nctionalities w.r.t. the defined property design variable is presented 
 Section 4. Numerical examples are shown in Section 5. Higher-scale 
ructural assembly and the extraction quality analysis are presented in 
ction 6. Finally, our conclusions are set forth in Section 7.

 Steady-state heat conduction problem

At the higher structure scale, we will solve the pure steady-state 
at conduction problem with the following Poisson equation without 
e body heat source term:

v(𝜅T) = 0, (1)

here 𝜅 is the thermal conductivity. For the two-scale problem consid-
ed in this paper, effective thermal conductivity of the RVE is com-
ted using the homogenization theory [44,45]. Similar to the elastic 
oblem [46,47], the homogenization equation associated with only the 
alar temperature field can be written as:

𝜏,𝑖𝜅𝑖𝑗𝑇
𝑘
,𝑗 𝑑𝑉 = ∫

𝑉

𝜏,𝑖𝜅𝑖𝑗𝑇
0(𝑘)
,𝑗 𝑑𝑉 (2)

d

𝑗 = 1|𝑉 | ∫
𝑉

(𝑇 0(𝑖)
,𝑙

− 𝑇 (𝑖)
,𝑙
)𝜅𝑙𝑚(𝑇 0(𝑗)

,𝑚 − 𝑇 (𝑗)
,𝑚 )𝑑𝑉 (3)

here 𝜏 and 𝑇 are the virtual temperature and temperature field, re-
ectively. For unstructured mesh, the integration should be conducted 
 each finite element, and the homogenized thermal conductivity will 
 written as

= 1|𝑉 |
𝑁𝑒∑
𝑒=1

∫
𝑉𝑒

(𝑰 −𝑩𝑒𝑻 𝑒)𝑇 𝜿𝑒(𝑰 −𝑩𝑒𝑻 𝑒)𝑑𝑉𝑒 (4)

here 𝑉 is the volume of the RVE, 𝑁𝑒 is the number of elements inside, 
is a two times two identity matrix in 2D, and 𝑩𝑒 = 𝑳𝑒𝑵𝑒 in which 
𝑒 is the differential operator and 𝑵𝑒 is the shape function matrix. 𝑻 𝑒
ntains two columns corresponding to the two temperature fields re-
lting from globally enforcing the following unit temperature gradient 
lds:

= (1,0)𝑇 , and 𝜀2𝑇 = (0,1)𝑇 (5)

0 in (2) and (3) contains the two temperature fields corresponding to 
e unit temperature gradient fields in (5). The indices in parentheses 
 (2) and (3) refer to the column number.

 Data-driven property design model

In the classical topology optimization model, design variables are of-
n set as the pseudo density of each element at either the structural or 
aterial RVE level (or both in concurrent design problems). By contrast, 
sign variables in our data-driven property design model are explicitly 
t as the components of the homogenized thermal conductivity tensor, 
 obtained using the method described in the above section. As illus-
ated in Fig. 1, the topology of macrostructure in our design model is 
sumed to be given, while only RVEs inside the Design Domain are opti-
ized by tailoring its underlying homogenized thermal conductivities. 
is worth noting that in our current approach, the dimensions or size 
 the design domain are always predetermined prior to the optimiza-

n process. Since our study focuses only on orthotropic unit cells, two 
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Da and W. Chen

g. 1. Schematic illustration of a macrostructure composed of design and non-
sign domains with various kinds of RVEs.

g. 2. Left: a selected RVE and its associated three parameters (𝑡1 , 𝑡2 , and 𝑡3); 
ght: the database constructed from the left three parameters covering a wide 
nge of the viable solutions in terms of both thermal conductive properties and 
lume fractions.

dependent components 𝜿11 and 𝜿22 can be used to fully representing 
e homogenized effective thermal conductivities and the RVE itself:

=
[
𝜿11 0
0 𝜿22

]
(6)

Following [48], we use three continuous variables 𝑡1, 𝑡2, and 𝑡3
own in Fig. 2 (a) to construct our database with different square RVEs 
eometry) and the corresponding homogenized conductivities 𝜿11 and 
2 (Property). 𝑡1 represents the width occupied by solid material on 
th left and right sides, 𝑡2 represents the same for top and bottom sides, 
d 𝑡3 then represents the width in the two cross or diagonal regions. 
iven the number of pixels or finite elements (used in numerical ho-
ogenization) in each direction, corresponding maximum values of 𝑡1, 
, 𝑡3 can be identified, that is, half the number of finite elements every 
rection. In our database, the square RVE will be divided into 50 × 50
linear square elements, so that we have: 0 ≤ 𝑡1 ≤ 50∕2, 0 ≤ 𝑡2 ≤ 50∕2, 
d 0 ≤ 𝑡3 ≤ 50∕2. As a result, there are a total of 26 × 26 × 26 = 17576
E geometries. By eliminating the repeated geometries, the total num-
r of RVEs becomes 8282.
The thermal conduction properties as well as the volume fraction 
stribution of the constructed database are shown in Fig. 2 (b). The 
ft side of the Y-axis in Fig. 2 (b) is the second component of thermal 
nductivity 𝜿22, the right side is the distribution of volume fraction 𝑉𝑓 , 
d the X-axis is the first component of thermal conductivity 𝜿11. Sev-
al significant advantages are observed for our constructed database. 
rst, the constructed database is widely distributed and covers a large 
rtion of possible solutions. Second, because of the parameters set-
g, the resulting RVEs will always be well connected throughout the 
tabase. In other words, during the full structural assembling, we only 
ed to address matching between the optimized properties and substi-
ted ones but not the connectivity between neighboring RVEs. This is 
huge advantage as our data-driven design is carried out only on prop-
ties, and there is a second step to assemble the final structure based 
 the properties or substituted RVEs. Finally, from the volume fraction 
3

stribution, the database covers a large number of cases from 0% to th
International Journal of Heat and Mass Transfer 219 (2024) 124823

g. 3. Two-scale data-driven property design framework for thermal function-
ities.

0%, as can be seen from the purple points in Fig. 2 (b). However, it is 
portant to highlight that there are still larger areas in the upper-left 
d bottom-right corners that remain uncovered (referred to as white 
gions). Our method focuses on extracting the existing RVEs allowing 
 only to select the closest one if optimally designed properties fall 
ithin those white regions. However, this limitation can be overcome 
 increasing the resolution of the RVE, which would provide more op-
ns in terms of both geometry and property. Consequently, this would 
cessitate greater computational efforts in generating geometries and 
mputing the homogenized effective properties. Moreover, an intrigu-
g avenue for further exploration would involve extruding the RVE in 
e third dimension, thus creating a 3D database.
In the following sections, different objective functions associated 

ith versatile thermal functionalities including thermal cloaks, thermal 
ncentrators, thermal rotators, and their combinations are introduced 
parately. All design case studies follow the same framework as shown 
 Fig. 3. In the proposed framework, Step 1 involves obtaining the opti-
al distribution of thermal properties, while Step 2 focuses on extract-
g the RVEs that correspond to the optimal solution. This approach 
verges from other common methods in the literature, as exemplified 
 [6], where geometrical parameters such as 𝑡1, 𝑡2, and 𝑡3 directly serve 
 design variables. Nonetheless, the current framework offers several 
vantages. Firstly, by considering the property itself as the design vari-
le and incorporating it into finite element analysis, the need for a 
ting function as the surrogate model between the Geometry param-
ers and Properties is eliminated. Creating a fitting function can be 
e-consuming, whereas Step 2 in our methodology only requires sec-
ds to execute. Furthermore, by achieving an optimal distribution of 
operties through optimization, it becomes convenient to analyze the 
terplay between architectures and materials. This is especially rel-
ant since different architectures and combinations of materials can 
tentially yield the same desired property. The optimized distributions 
 thermal conductive properties for various thermal functionalities will 
 presented in each subsection of the examples Section 5.

1. Thermal cloak

A heat cloak can be formulated in a number of ways depending on 
 focus domain. In most of the literatures using transformation theory 
 non-gradient based design [23], a thermal cloak requires the inte-
or hollow region introduced by the “shield” to exhibit no temperature 
adient, and the exterior region outside the “shield” to have the same 
mperature as the one without the “shield”, as illustrated in Fig. 4. In 
g. 4 (a), for a block of material without any “shield”, the profile has 
uniform temperature gradient. This profile serves as the reference so-
tion during our later comparisons. By contrast, in Fig. 4 (b) in which 

e “shield” is included (the green area), there is no temperature gradi-
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Fig. 4. Schematic illustration of a thermal cloak: (a) a block of material with the reference temperature distribution; (b) a thermal cloak with non temperature 
gradient in the inner region and without temperature deviation in the exterior region comparing to (a); (c) a thermal cloak with a insulator in the inner region and 
without temperature deviation in the exterior region comparing to (a).
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t in the inner hollow region, and there is no temperature change in 
e exterior region compared with Fig. 4 (a).
In most gradient-based design optimizations for thermal cloak [36,
], the aforementioned inner region is often replaced by an insulator 
 shown in Fig. 4 (c), and the focus area can then only be the exte-
or region outside the “shield”. In fact, as stated in [41], the original 
tention of designing such a thermal cloak is to hide an object inside 
e “shield” from the detection by only measuring the external temper-
ure, thereby making the object thermally “invisible”. In the second 
rmulation with the thermal insulator, when we guarantee that the 
ternal temperature is unchanged compared to the reference profile 
y designing the “shield”), we achieve the goal of cloaking and can 
ace any objects inside the insulator to make it “invisible”. Therefore, 
 this study which indeed uses gradient-based numerical optimization, 
e take the second formulation to design the thermal cloak. While we 
e the data-driven property design, the mathematical formulation of 
e design problem would be:

inimize ∶ 𝐽𝑐𝑘(𝜿11,𝜿22,𝐓) (7)

𝜿11(𝐱) (8)

𝜿22(𝐱) (9)

𝐓 ∈ 𝑇 (10)

subject ∶ div(𝜿H T) = 0, (11)

𝑇 = 𝑇𝐻𝑜𝑡, on Γ𝐿 (12)

𝑇 = 𝑇𝐶𝑜𝑙𝑑 , on Γ𝑅, (13)

𝜅11𝑀𝑖𝑛 ≤ 𝜅11 ≤ 𝜅11𝑀𝑎𝑥, (14)

𝜅22𝑀𝑖𝑛 ≤ 𝜅22 ≤ 𝜅22𝑀𝑎𝑥, (15)

ith

𝑘 = ∫
Ω𝐸𝑥𝑡𝑒𝑟𝑖𝑜𝑟

|||||
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 𝑅𝑒𝑓

|||||
2

𝑑Ω𝐸𝑥𝑡𝑒𝑟𝑖𝑜𝑟, (16)

here 𝜿11
𝑀𝑖𝑛

, 𝜿11
𝑀𝑎𝑥

, 𝜿22
𝑀𝑖𝑛

, and 𝜿22
𝑀𝑎𝑥

are identified given a database con-
ining both geometrical information and their corresponding effective 
ermal conductive properties. From our database, since the consti-
tive isotropic material is assumed with the thermal conductivity as 
= 1, the smallest and largest values for both 𝜅11 and 𝜅22 are 0 and 
 respectively. 𝑻 is the temperature distribution of the structure with 
e “shield”, while 𝑻 𝑅𝑒𝑓 is the reference solution without “shield”. The 
jective function 𝐽𝑐𝑘 would then minimize the difference of the tem-
rature with and without the “shield” for certain interested area, e.g., 
e mentioned exterior region shown in Fig. 4 (b).
Clearly, the above objective function cannot guarantee the temper-
ure distribution inside the “shield” area, in which the temperature 
ould be significantly different than the same domain from the ref-
ence solution. This issue has been identified as one of the biggest 
allenges in using transformation theory or non-gradient base design 
4

9], that is, the “shield” area itself cannot be “cloaked”. Fortunately, ⃖⃖𝝓⃖
is problem can be simply addressed within our framework by defining 
different objective function as:

𝑘 = ∫
Ω(𝐸𝑥𝑡𝑒𝑟𝑖𝑜𝑟 + 𝑆ℎ𝑖𝑒𝑙𝑑)

|||||
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 𝑅𝑒𝑓

|||||
2

𝑑Ω(𝐸𝑥𝑡𝑒𝑟𝑖𝑜𝑟 + 𝑆ℎ𝑖𝑒𝑙𝑑) (17)

e performance of our design optimization for different objective func-
ns or cloaked areas is shown as a numerical example in Section 5. To 
e best of our knowledge, it is also the first time gradient-based data-
iven design is used to cloak the Shield/Design domain itself.

2. Thermal concentrator

The second interesting thermal functionality is called thermal con-
ntration. Fig. 5 (a) from [15] shows the temperature profile of a 
ermal concentrator, in which the heat is concentrated in the inner 
gion. This phenomenon or functionality can also be observed from 
g. 5 (b) with different isothermal lines. An isothermal line is a line 
ong which the temperature is the same. Following again the Ref. [15], 
thermal concentration index based on the temperature values of four 
fferent points A, B, C, and D in Fig. 5 (c) is established:

𝑡 =
||||𝑇𝐵 − 𝑇𝐶
𝑇𝐴 − 𝑇𝐷

|||| (18)

r an ideal metamaterial device with thermal concentration, the above 
𝑡 should be equal to 100%. The 𝐽𝑐𝑡 value for the temperature profile 
 Figs. 5 (a) and (b) is 96.3%.
In our data-driven property design model for the thermal concentra-
r, the mathematical problem can then be formulated as:

inimize ∶
(
𝐽𝑐𝑡(𝜿11,𝜿22,𝐓) − 100%

)2
𝜿11(𝐱)

𝜿22(𝐱)

𝐓 ∈ 𝑇
subject ∶ div(𝜿H T) = 0, (19)

𝑇 = 𝑇𝐻𝑜𝑡, on Γ𝐿,

𝑇 = 𝑇𝐶𝑜𝑙𝑑 , on Γ𝑅,

𝜅11𝑀𝑖𝑛 ≤ 𝜅11 ≤ 𝜅11𝑀𝑎𝑥,

𝜅22𝑀𝑖𝑛 ≤ 𝜅22 ≤ 𝜅22𝑀𝑎𝑥

3. Thermal rotator/inverter

The third thermal functionality is called thermal rotator or even 
ermal inverter in the limit state. Before introducing this functional-
, a fundamental functional named thermal or heat flux should be 
ven:
⃖⃗
𝑞 = −𝜿∇𝑻 (20)
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Fig. 5. Illustration of a thermal concentrator from Ref. [15]: (a) temperature profile of a thermal concentrator; (b) isothermal lines of a thermal concentrator; (c) 
four points at the horizontal center line to formulate the concentration efficiency.
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g. 6. Schematic Illustration of a thermal rotator/inverter: a block of material 
ith the reference temperature profile; (b) a thermal rotator/inverter.

e heat flux is a vector quantity, and the negative sign indicates that 
at flux moves from the hot temperature region to the low temperature 
gion.

As shown in Fig. 6 (a), when the hot source is on the left bound-
y and the cold source is on the right, the heat flux will move from 
ft to right, i.e., from higher regions to lower regions throughout the 
hole domain. The goal of a thermal rotator/inverter is to manipulate 
e temperature distribution so that in certain regions, the heat flux will 
ove from right to left, without changing the location of the hot and 
ld sources. This is a metamaterial property because if there is no de-
gn, the left region which is closer to the hot source will always have a 
gher temperature (than the right region), and the heat flux through-
t the domain will always move from left to right.
To achieve the above goal, we select the objective function associ-
ed with a unit direction vector from left to right 𝒒𝒆 and the heat flux 
 the interested area Ω𝑜𝑏𝑗 in which the heat flux is to be rotated or 
verted:

𝑖 =
∑

𝜔∈Ω𝑜𝑏𝑗

𝒒̂ ⋅ ⃖⃖⃖⃖⃗𝝓𝜔𝑞 (21)

e dot production between the interested heat flux ⃖⃖⃖⃖⃗𝝓𝜔𝑞 and unit vector 
= [1 0] will result a positive value if ⃖⃖⃖⃖⃗𝝓𝜔𝑞 has the exact same direction 
 𝒒̂, i.e., from left to right. By minimizing this objective function, we 
e able to invert the interested heat flux to achieve a negative objective 
nction value. Hence, our data-driven property design problem can be 
athematically formulated as:

inimize ∶ 𝐽𝑟𝑖(𝜿11,𝜿22,𝐓)

𝜿11(𝐱)

𝜿22(𝐱)

𝐓 ∈ 𝑇
subject ∶ div(𝜿H T) = 0, (22)

𝑇 = 𝑇𝐻𝑜𝑡, on Γ𝐿,

𝑇 = 𝑇𝐶𝑜𝑙𝑑 , on Γ𝑅,

𝜅11𝑀𝑖𝑛 ≤ 𝜅11 ≤ 𝜅11𝑀𝑎𝑥,
5

𝜅22𝑀𝑖𝑛 ≤ 𝜅22 ≤ 𝜅22𝑀𝑎𝑥 ab
4. Multiple thermal functionalities

One of the biggest advantages of using our data-driven gradient-
sed design is that we can pursue multiple (meta-) thermal functional-
es simply by assigning multiple objective functions. In this case, the 
sign optimization problem can be mathematically formulated as

inimize ∶ 𝜉𝑐𝑘
𝐽𝑐𝑘

𝐽 0
𝑐𝑘

+ 𝜉𝑐𝑡
(𝐽𝑐𝑡 − 100%)2

(𝐽 0
𝑐𝑡 − 100%)2

+ 𝜉𝑟𝑖
𝐽𝑟𝑖

𝐽 0
𝑟𝑖

𝜿11(𝐱)

𝜿22(𝐱)

𝐓 ∈ 𝑇
subject ∶ div(𝜿H T) = 0, (23)

𝑇 = 𝑇𝐻𝑜𝑡, on Γ𝐿,

𝑇 = 𝑇𝐶𝑜𝑙𝑑 , on Γ𝑅,

𝜅11𝑀𝑖𝑛 ≤ 𝜅11 ≤ 𝜅11𝑀𝑎𝑥,

𝜅22𝑀𝑖𝑛 ≤ 𝜅22 ≤ 𝜅22𝑀𝑎𝑥

here 𝐽 0
𝑐𝑘
, 𝐽 0

𝑐𝑡, and 𝐽 0
𝑟𝑖 are the normalization terms and the correspond-

g index values for thermal cloak, concentrator, and rotator before the 
timization. 𝜉𝑐𝑘, 𝜉𝑐𝑡, and 𝜉𝑟𝑖 are different weights for different thermal 
nctionalities used in the optimization with multiple objective func-
ns.

 Sensitivity analysis

To conduct the proposed gradient-based data-driven property design, 
e gradient information of the selected objective function w.r.t. the 
sign variables (components of the thermal conductivity 𝜿11 and 𝜿22) 
ould be derived. This gradient is often called sensitivity. To illustrate 
e sensitivity analysis, we use the discrete equilibrium equation for the 
eady state thermal conduction problem Eq. (1):

𝑇 𝑻 = 𝑭 𝑇 (24)

here 𝑲𝑇 is the global thermal stiffness matrix, 𝑻 is the unknown tem-
rature profile, and 𝑭 𝑇 represents the global temperature load vector. 
e global thermal stiffness matrix 𝑲𝑇 can be assembled from elemen-
l thermal stiffness matrix 𝑲𝑒 in a standard finite element way. For 
ch finite element, 𝑲𝑒 can be assembled by:

𝑒 = ∫
Ω𝑒

𝑩𝑒𝜿
𝐻
𝑒 𝑩𝑒𝑑Ω𝑒 (25)

here 𝜿𝐻𝑒 is computed from Eq. (4). In the following, the sensitivity of 
fferent/multiple functionalities index w.r.t. the property design vari-

le is derived.
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1. Thermal cloak

For thermal cloak, the objective function (7) can be written as a La-
angian augmented function by adding the thermal equilibrium equa-
n (24):

𝑘 = 𝐽𝑐𝑘(𝜿
11,𝜿22,𝐓) − 𝝀𝑇

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
(26)

here 𝝀𝑇 is the so-called Lagrange multiplier as a vector. Taking the 
jective function Eq. (16) as an example, the above equation can be 
rther written as:

𝑘 =
(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 𝑅𝑒𝑓

)𝑇
𝑫 (

𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 𝑅𝑒𝑓
) − 𝝀𝑇

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
(27)

here 𝑫 a diagonal matrix associated with the query nodes of the inter-
ted cloak domain. Taking the partial derivative of the Lagrangian 𝐽

𝑐𝑘
.r.t. the thermal conduction component 𝜅11𝑒 as an example, we have:

𝐽
𝑐𝑘

11
𝑒

= 2𝑫

(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
(28)

= 2𝑫

(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 − 𝝀𝑇𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒
(29)

=

(
2𝑫

(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
− 𝝀𝑇𝑲𝑇

)
𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 (30)

e first term on the right-hand side of (30) can be eliminated by setting 
e following(

𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
− 𝝀𝑇𝑲𝑇 = 0 (31)

rough solving the adjoint equation (31), we can get the multiplier as

= 2𝑫

(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
𝑲−1
𝑇 (32)

nally, the derived sensitivity can be written as

𝐽
𝑐𝑘

11 = 2𝑫

(
𝑻 − 𝑻 𝑅𝑒𝑓

𝑻 2
𝑅𝑒𝑓

)
𝑲−1
𝑇

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 (33)

 which 𝜕𝑲𝑇

𝜕𝜅11𝑒
can be directly obtained through the finite element 

heme operation, and vice versa for 𝜕𝑲𝑇

𝜕𝜅22𝑒
. For different objective func-

ns in Eqs. (16) and (17), we need only to update the equation by 
anging the diagonal matrix 𝑫 .

2. Thermal concentrator

Firstly, the thermal concentrator index Eq. (18) can be rewritten as:

𝑡 =
||||𝑇𝐵 − 𝑇𝐶
𝑇𝐴 − 𝑇𝐷

|||| = ||||𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

|||| (34)

here 𝑽 𝐴, 𝑽 𝐵 , 𝑽 𝐶 , and 𝑽 𝐷 are row vectors associated with finite 
ement nodes in points 𝐴, 𝐵, 𝐶 , and 𝐷, respectively (similar to the di-
onal matrix 𝑫 above). Similar also to the sensitivity derivation above 
r the thermal cloak, we first have the Lagrangian augmented function 
r the thermal concentrator as

𝑡 =
(
𝐽𝑐𝑡(𝜿11,𝜿22,𝐓) − 100%

)2 − 𝝀𝑇𝐴

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
− 𝝀𝑇𝐵

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
−−𝝀𝑇𝐶

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
− 𝝀𝑇𝐷

(
𝑲𝑇 (𝜿11,𝜿22) 𝑻 − 𝑭 𝑇

)
(35)

 plugging Eq. (34) in (35), we have(
𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

)2
𝑇
( )

𝑇
( )
6

𝑡 = 𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
− 1 − 𝝀𝐴 𝑲𝑇 𝑻 − 𝑭 𝑇 − 𝝀𝐵 𝑲𝑇 𝑻 − 𝑭 𝑇

le
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− 𝝀𝑇𝐶

(
𝑲𝑇 𝑻 − 𝑭 𝑇

)
− 𝝀𝑇𝐷

(
𝑲𝑇 𝑻 − 𝑭 𝑇

)
(36)

king again the sensitivity of 𝐽
𝑐𝑡 w.r.t. 𝜅11𝑒 as an example, we have

𝐽
𝑐𝑡

11
𝑒

=
𝜕
(

𝑽 𝐵𝑻−𝑽 𝐶𝑻
𝑽 𝐴𝑻−𝑽 𝐷𝑻

− 1
)2

𝜕𝜅11𝑒

−𝝀𝑇𝐴

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ𝐴

−𝝀𝑇𝐵

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ𝐵

−𝝀𝑇𝐶

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ𝐶

−𝝀𝑇𝐷

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ𝐷

(37)

= 2
(
𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
− 1

) 𝜕
(

𝑽 𝐵𝑻−𝑽 𝐶𝑻
𝑽 𝐴𝑻−𝑽 𝐷𝑻

)
𝜕𝜅11𝑒

+Λ𝐴 +Λ𝐵 +Λ𝐶 +Λ𝐷 (38)

= 2
(
𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
− 1

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∁

× 1
(𝑽 𝐴𝑻 − 𝑽 𝐷𝑻 )2

[(
𝑽 𝐵

𝜕𝑻

𝜕𝜅11𝑒
− 𝑽 𝐶

𝜕𝑻

𝜕𝜅11𝑒

)(
𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

)
−

(
𝑽 𝐴

𝜕𝑻

𝜕𝜅11𝑒
− 𝑽 𝐷

𝜕𝑻

𝜕𝜅11𝑒

)(
𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

)]
+Λ𝐴 +Λ𝐵 +Λ𝐶 +Λ𝐷

(39)

=
∁𝑽 𝐵(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
) 𝜕𝑻

𝜕𝜅11𝑒
−

∁𝑽 𝐶(
𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

) 𝜕𝑻

𝜕𝜅11𝑒

−
∁𝑽 𝐴 (𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)2 𝜕𝑻

𝜕𝜅11𝑒

+
∁𝑽 𝐷 (𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)2 𝜕𝑻

𝜕𝜅11𝑒
+Λ𝐴 +Λ𝐵 +Λ𝐶 +Λ𝐷 (40)

=

[
∁𝑽 𝐵(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
) − 𝝀𝑇𝐴𝑲𝑇

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐵

𝜕𝑻

𝜕𝜿11 − 𝝀𝑇𝐵
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻

+

[
−∁𝑽 𝐶(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
) − 𝝀𝑇𝐶𝑲𝑇

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐶

𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇𝐶

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻

+

[
−∁𝑽 𝐴(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)2 − 𝝀𝑇𝐴𝑲𝑇

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐴

𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇𝐴

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻

+

[
∁𝑽 𝐷(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)2 − 𝝀𝑇𝐷𝑲𝑇

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐷

𝜕𝑻

𝜕𝜅11𝑒
− 𝝀𝑇𝐷

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 (41)

 solving the adjoint equations 𝐴, 𝐵 , 𝐶 , and 𝐷, we can eliminate 
e unknown term 𝜕𝑻

𝜕𝜅11𝑒
and obtain the Lagrange multipliers 𝝀𝑇𝐴, 𝝀

𝑇
𝐵 , 𝝀

𝑇
𝐶 , 

d 𝝀𝑇𝐷 :

t 𝐴 = 0, with 𝝀𝑇𝐴 =
−∁𝑽 𝐴(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)2 𝑲−1

𝑇 , (42)

t 𝐵 = 0, with 𝝀𝑇𝐵 =
∁𝑽 𝐵(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
)𝑲−1

𝑇 , (43)

𝑇 −∁𝑽 𝐶 −1
t 𝐶 = 0, with 𝝀𝐶 = (
𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

)𝑲𝑇 , (44)
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t 𝐷 = 0, with 𝝀𝑇𝐷 =
∁𝑽 𝐷(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(

𝑽 𝐷𝑻 − 𝑽 𝐷𝑻
)2 𝑲−1

𝑇 . (45)

nally, the sensitivity Eq. (41) can be written as:

𝐽
𝑐𝑡

11
𝑒

= 2
(
𝑽 𝐵𝑻 − 𝑽 𝐶𝑻

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
− 1

)
×

[(
𝑽 𝐴(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(
𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

)2
)
𝑲−1
𝑇 −

(
𝑽 𝐵(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
))𝑲−1

𝑇

+

(
𝑽 𝐶(

𝑽 𝐴𝑻 − 𝑽 𝐷𝑻
))𝑲−1

𝑇 −

(
𝑽 𝐷(𝑽 𝐵𝑻 − 𝑽 𝐶𝑻 )(
𝑽 𝐴𝑻 − 𝑽 𝐷𝑻

)2
)
𝑲−1
𝑇

]
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻

(46)

rrespondingly, the sensitivity 𝜕𝐽

𝑐𝑡

𝜕𝜅22𝑒
can be obtained through (46) by 

ly replacing 𝜕𝑲𝑇

𝜕𝜅11𝑒
with 𝜕𝑲𝑇

𝜕𝜅22𝑒
.

3. Thermal rotator/inverter

For heat flux rotation and inverse, the temperature gradient ∇𝑻 in 
e heat flux computation can be written as:

⃖⃖⃖⃗
𝑞 = −𝜿∇𝑻

𝑻 =
⎧⎪⎨⎪⎩
𝜕𝑻

𝜕𝑥

𝜕𝑻

𝜕𝑦

⎫⎪⎬⎪⎭ =
⎧⎪⎨⎪⎩
𝜕𝑵

𝜕𝑥

𝜕𝑵

𝜕𝑦

⎫⎪⎬⎪⎭𝑻 (𝑒) =𝑩𝑻 (𝑒), 𝑩 =
⎡⎢⎢⎣
𝜕𝑁1
𝜕𝑥

𝜕𝑁2
𝜕𝑥

𝜕𝑁3
𝜕𝑥

𝜕𝑁4
𝜕𝑥

𝜕𝑁1
𝜕𝑦

𝜕𝑁2
𝜕𝑦

𝜕𝑁3
𝜕𝑦

𝜕𝑁4
𝜕𝑦

⎤⎥⎥⎦
(47)

is the shape function of the adopted four-node bilinear square ele-
ent. The Lagrangian for the thermal rotator/inverter is:

𝑖 =
∑

𝜔∈Ω𝑜𝑏𝑗

𝒒̂ ⋅ ⃖⃖⃖⃖⃗𝝓𝜔𝑞 − 𝝀𝑇
(
𝑲𝑇 𝑻 − 𝑭 𝑇

)
(48)

en, we have

𝐽
𝑟𝑖

11
𝑒

=
⎡⎢⎢⎣

∑
𝜔∈Ω𝑜𝑏𝑗

⎛⎜⎜⎝
𝜕𝒒̂

𝜕𝜅11𝑒
⋅ ⃖⃖⃖⃖⃗𝝓𝜔𝑞 + 𝒒̂ ⋅

𝜕 ⃖⃖⃖⃖⃗𝝓𝜔𝑞

𝜕𝜅11𝑒

⎞⎟⎟⎠
⎤⎥⎥⎦− 𝝀𝑇

(
𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 +𝑲𝑇

𝜕𝑻

𝜕𝜅11𝑒

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

0
(49)

we let the second term on the RHS above equal to 0, we have

𝑻
11
𝑒

=−𝑲−1
𝑇

𝜕𝑲𝑇

𝜕𝜅11𝑒
𝑻 and (50)

𝐽
𝑟𝑖

𝜅11𝑒
=

∑
𝜔∈Ω𝑜𝑏𝑗

⎛⎜⎜⎝������
0

𝜕𝒒̂

𝜕𝜅11𝑒
⋅ ⃖⃖⃖⃖⃗𝝓𝜔𝑞 + 𝒒̂ ⋅

𝜕 ⃖⃖⃖⃖⃗𝝓𝜔𝑞

𝜕𝜅11𝑒

⎞⎟⎟⎠
=

∑
𝜔∈Ω𝑜𝑏𝑗

(
−𝒒̂ ⋅

𝜕𝜿(𝜔)

𝜕𝜅11𝑒
∇𝑻 (𝜔) − 𝒒̂ ⋅ 𝜿(𝜔) 𝜕

(
𝑩(𝜔)𝑻 (𝜔))
𝜕𝜅11𝑒

)

= −
∑

𝜔∈Ω𝑜𝑏𝑗

(
𝒒̂ ⋅

𝜕𝜿(𝜔)

𝜕𝜅11𝑒
∇𝑻 (𝜔)

)
−

∑
𝜔∈Ω𝑜𝑏𝑗

(
𝒒̂ ⋅ 𝜿(𝜔) 𝜕

(
𝑩(𝜔)𝑳(𝜔)𝑻

)
𝜕𝜅11𝑒

)
(51)

here 𝑳(𝜔) is a matrix associated with the query nodes of the element 
. Finally, we have

𝐽
𝑟𝑖

11
𝑒

= −
∑

𝜔∈Ω𝑜𝑏𝑗

(
𝒒̂ ⋅

𝜕𝜿(𝜔)

𝜕𝜅11𝑒
∇𝑻 (𝜔)

)
−

∑
𝜔∈Ω𝑜𝑏𝑗

(
𝒒̂ ⋅ 𝜿(𝜔)𝑩(𝜔)𝑳(𝜔) 𝜕𝑻

𝜕𝜅11𝑒

)

= −
∑

𝜔∈Ω𝑜𝑏𝑗

(
𝒒̂ ⋅

𝜕𝜿(𝜔)

𝜕𝜅11𝑒
∇𝑻 (𝜔)

)

+
∑ (

𝒒̂ ⋅ 𝜿(𝜔)𝑩(𝜔)𝑳(𝜔)𝑲−1 𝜕𝑲𝑇
𝑻

)
(52)
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Multiple thermal functionalities

o achieve multiple thermal functionalities simultaneously, the sen-
ity of the objective function in Eq. (23) w.r.t. 𝜅11𝑒 is written as:

𝑘
𝐽𝑐𝑘
𝐽0
𝑐𝑘

+ 𝜉𝑐𝑡
(𝐽𝑐𝑡−100%)2

(𝐽0𝑐𝑡−100%)2
+ 𝜉𝑟𝑖

𝐽𝑟𝑖
𝐽0𝑟𝑖

]
𝜕𝜅11𝑒

=
𝜉𝑐𝑘

𝐽 0
𝑐𝑘

𝜕𝐽
𝑐𝑘

𝜕𝜅11𝑒
+

𝜉𝑐𝑡

(𝐽 0
𝑐𝑡 − 100%)2

𝜕𝐽
𝑐𝑡

𝜕𝜅11𝑒

+
𝜉𝑟𝑖

𝐽 0
𝑟𝑖

𝜕𝐽
𝑟𝑖

𝜕𝜅11𝑒
(53)

re 𝜕𝐽

𝑐𝑘

𝜕𝜅11𝑒
, 𝜕𝐽


𝑐𝑡

𝜕𝜅11𝑒
, and 𝜕𝐽


𝑟𝑖

𝜕𝜅11𝑒
are computed by Eqs. (33), (46), and (52), 

ectively.

wo-scale thermal property design examples

n this section, multiple numerical examples are presented to val-
 the effectiveness of the proposed data-driven property design 
ework for different thermal functionalities. In all tests, the isotropic 
rial is assumed to have the unit thermal conductivity to directly 
rage the constructed database in Section 3. At the higher scale for 
tural finite element analysis, regular meshes using quadrilateral bi-
r elements are adopted. All temperatures are in degrees Celsius.

Thermal cloak

e first consider the domain with the thermal boundary conditions 
temperature profile depicted in Fig. 7 (a), where the whole left 
dary is the hot source with 100 ◦C, and the whole right boundary 
e cold source with 0 ◦C. The temperature is obtained by assuming 
the whole domain is composed of RVEs (at the lower scale) with a 
 central circular hole. If we use only one RVE to fill in the structural 
ent at the higher scale, the whole structure can be depicted as Fig. 7
In other words, both the design domain (the ring region between 
wo white circles) and non-design domain (the remaining region) 
ssumed to be composed of the same RVE for the initial design. The 
tive thermal conductive property of this RVE is

0.3162 0
0 0.3162

]
(54)

he higher structural scale, 75 × 50 square elements are used to 
etize the whole domain with the unit elemental size. During the 
tural analysis, the above homogenized effective thermal conduc-
ies are used.
nother efficient way to reflect the temperature profile is to use the 
ermal lines. As shown in Fig. 7 (c), each vertical black line is an 
ermal line in which the temperature value is the same. Uniform 
al gradient can be observed for this type of boundary conditions. 

 that both Figs. 7 (a) and (c) show the temperature profile on the 
er structural scale with the scale separation between the RVE and 
structure, i.e., not the profile for the structure Fig. 7 (b). Unless 
rwise specified, all presented temperature profiles in this work are 
he scale separation case. Fig. 7 (d) then shows the temperature 
le under the same boundary conditions but with a hole (insulator) 
e. Fig. 7 (e) shows the temperature difference between Figs. 7 (a) 
(c) for the region outside the design domain.
fter design optimization, the optimized distribution of the two de-
variables or thermal conductivity components are shown in Figs. 8
nd (b). The minimum and maximum values for the optimized first 
ponent 𝜅11 are 0.3250 and 0.7753, and 0.0812 and 0.8404 for the 
ized second component 𝜅22, respectively. Those values are within 
database, which includes values from 0 to 1, respectively. Note 
at the values of the thermal conductivity components for the region 
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Fig. 7. (a) reference temperature profile without any holes and with the indication of the design domain (the region between the two white circles); (b) original 
structure composed of square RVEs with a central circular hole by assigning only one cell in every structural element; (c) reference temperature profile with the 
indication of isothermal lines; (d) temperature profile with one central hole; (d) temperature difference between (a) and (d) for the region outside the design domain.

Fig. 8. (a) the optimized distribution of the first component of thermal conductivity 𝜅11 ; (b) the optimized distribution of the second component of thermal 
conductivity 𝜅22 ; (c) temperature profile with the isothermal lines by using the optimized distribution of thermal conductivities; (d) temperature difference between 
(c) and Fig. 7 (c) for the region outside the design domain.
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tside the design domain are unchanged at 0.3162, for both 𝜅11 and 
2. As a result, the new temperature profile with the optimized ther-
al conductive properties is shown in Figs. 8 (c). We observe that the 
othermal lines are exactly the same for the region outside the design 
main. Figs. 8 (d) shows the temperature difference between Fig. 7 (c) 
d Fig. 8 (c), which is nearly 0 everywhere. The value of the objective 
nction (16) for the profile Fig. 7 (c) is as small as 5.5e-4. Note that the 
ymmetry of the defined design domain with respect to horizontal cen-
al axis results in non-symmetric distributions of the components 𝜅11
d 𝜅22 in Fig. 8. In other words, the depicted big white circle shown 
 Fig. 7 (a) exhibits inherent symmetry, yet it lacks center symmetry in 
lation to the overall domain center. Nevertheless, it has been shown 
at this asymmetry does not compromise the effectiveness of cloaking. 
 this paper, we consistently utilize this ring area as the design do-
ain which positioned one element away from the center of the entire 
main to account for this asymmetry.
A challenge in implementing the thermal cloak behavior arises when 
8

e reference temperature profile is “inhomogeneous” or non-uniform. is
 shown in Fig. 9 (a), the heat source is no longer the whole left 
undary as Fig. 7 (a), but only a small part of the middle, spanning 10 
ructural elements. The whole right boundary is still the cold source. 
e number shown in the isothermal lines is the exact temperature 
lue. Fig. 9 (b) shows the temperature profile and isothermal lines 
hen there is a hole inside the body. As can be seen, the isothermal 
e is again severely twisted. Fig. 9 (c) shows the direct temperature 
fference between Figs. 9 (a) and (d) for the domain outside the de-
gn domain, in which the temperature difference is quite large. After 
sign optimization, the optimized profile for the two designed compo-
nts is shown in Fig. 9 (d). Note that the thermal conductive property 
 the non-design-domain region is still the same as Eq. (54). The min-
um and maximum values for the optimized first component in this 
se are 0.3705 and 0.7134, respectively, and for the optimized second 
mponent are 0.2455 and 0.7748, respectively. Again, the values are 
l within the range of our constructed database. With the optimized 
ermal conductivity in the design region, the new temperature profile 

 shown in Fig. 9 (e). We observe that the isothermal line with a tem-
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Fig. 9. (a) reference temperature profile and isothermal lines for the case of “inhomogeneous” thermal gradient; (b) temperature profile and isotherms for “inho-
mogeneous” thermal gradient with a hole; (c) temperature difference between (a) and (b) for the region outside the design domain excluding the heat source; (d) 
two optimized thermal conductive components within design domain; (e) temperature profile and isotherms for “inhomogeneous” thermal gradient with a hole and 
optimized thermal conductive components in the design domain (f) temperature difference between (a) and (e) for the region outside the design domain.

Fig. 10. (a) temperature difference between Figs. 9 (a) and (e) for the region outside and inside the design domain excluding the heat source; (b) two optimized 
thermal conductive components within design domain to cloak everywhere; (c) temperature difference after design optimization.
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rature of 68.75 oC, it is now reverting to the left border area instead 
 the bottom border as in Fig. 9 (b). Fig. 9 (f) shows the temperature 
fference between Figs. 9 (a) and (e), which is again nearly 0 through-
t.

However, if we plot the temperature difference between Fig. 9 (a), 
., the reference solution, and Fig. 9 (e), i.e., the optimized solution, 
r the regions not only outside the design domain but also inside the 
sign domain, as shown in Fig. 10 (a), we still find an enormous dif-
rence inside the design domain. This is reasonable as for the objective 
nction (16), as the design domain itself is not classified as the area 
 be cloaked. To solve this issue, which would be a significant chal-
nge using other methods, we then define the Eq. (17) as the new 
jective function including the “shield” area as the “cloaking” area. 
ote that the design domain is unchanged and retains the same ring 
ea as before. Following a similar design optimization process, the op-
ized distribution of the two design variables/components is shown 

 Fig. 10 (b). The maximum values for the first and second optimized 
mponents are 0.927 and 0.9890, respectively. The minimum values 
e 0.0485 and 0.2471, respectively. How to extract the geometry of 
e high scale structure is detailed in the next section. For the new ob-
ctive function, Fig. 10 (a) results in a value of 0.536, but only 0.097 
r Fig. 10 (c). This difference is a result of a completely different dis-
ibution of the two designed components shown in Fig. 10 (b) versus 
e optimized components shown in Fig. 9 (d). Note that the objective 
nction (17) from the temperature profile Fig. 9 (b), i.e., before the 
9

timization, has the value of 5.14. co
2. Thermal concentrator

In this subsection, we consider the data-driven two-scale property
sign for the second functionality of thermal concentration. The in-
cator described in Eq. (18) is used to account for the degree of the 
ermal concentration, with values closer to 1 indicating better concen-
ators. Without any design, the reference solution of the case Fig. 7 (a) 
s the indicator value of 0.7551. The region inside the large white cir-
e in Fig. 7 (a) serves as the design domain in this subsection. After 
iloring the two design components in the design domain, the opti-
ized distribution of the two components is shown in Fig. 11 (a), and 
e corresponding temperature profile is shown in Fig. 11 (b). It can be 
en from Fig. 11 (b) that the heat is highly concentrated in the mid-
e of the whole domain. The value of the indicator is now equal to 
9653. The maximum values for the first and second components are 
9910 and 0.9043, respectively, and the minimum values are 2.5e−9
d 5.0e−9, respectively.
For the reference solution of the non-uniform profile in Fig. 9 (a), 
e index value is equal to 0.5238 with poor concentration. After de-
gn optimization, the optimized design variable and corresponding 
mperature profile are shown in Fig. 12 (a) and (b) respectively. The 
aximum values for the first and second components are 0.9954 and 
9542, respectively, and the minimum values are 2.5e−9 and 5.0e−9, 
spectively. The extreme values and overall distribution are surpris-
gly similar to the previous case, in which the large 𝜅11 is mainly 
stributed on the sides, while the large 𝜅22 is distributed in the mid-
e. From Fig. 12 (b), the index value is equal to 0.9591 with excellent 

ncentration.
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Fig. 11. (a) optimized distribution of the two design components for the initial profile Fig. 7 (a); (b) the corresponding temperature profile with the optimized design 
components (a).

Fig. 12. (a) optimized distribution of the two design components for the initial profile Fig. 9 (a); (b) the corresponding temperature profile with the optimized design 
components (a).

Fig. 13. Optimized distribution of the two design components for the initial uniform profile.
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In addition to the grid configuration of 71 ×51 employed previously, 
e investigate three additional grid cases, namely 141 × 101, 211 × 151, 
d 281 × 201. These grid configurations are applied to both the design 
timization scenarios, where the reference profiles exhibit uniform 
d non-uniform characteristics. For the case with a uniform reference 
ofile (i.e., for Fig. 7 (a)), we optimize the distribution of two design 
riables 𝜅11 and 𝜅22 for each grid configuration. The results are pre-
nted in Fig. 13.
The maximum values of 𝜅11 for the three different grid scenarios 
e 0.9922, 0.9902, and 0.9894, respectively. Similarly, the maximum 
lues of 𝜅22 for these scenarios are 0.9734, 0.9697, and 0.9684, re-
ectively. Conversely, the minimum values of 𝜅11 remain consistent 
 2.5e-9, and the minimum values of 𝜅22 are uniformly 5.0e-9 across 
l grid scenarios. These findings underscore the similarity in the over-
10

l distribution of 𝜅11 and 𝜅22 for different grid resolutions, leading tio
 similar temperature distributions at the structural scale, as shown 
 Fig. 14. The thermal concentration indicator values for the refined 
ids are 0.9610, 0.9536, and 0.9490, respectively, indicating a consis-
nt high level of thermal concentration, albeit with a slight reduction 
 the indicator value for finer meshes.
For scenarios where the heat source is localized to the center of 
e left boundary, we optimized the distribution of 𝜅11 and 𝜅22 for the 
me grid configurations. The results are presented in Fig. 15. The max-
um values of 𝜅11 for the three different grid scenarios are 0.9919, 
9916, and 0.9916, respectively, while the maximum values of 𝜅22 are 
9382, 0.9626, and 0.9684, respectively. The minimum values of 𝜅11
main consistently at 5.0e-9, while the minimum values of 𝜅22 vary 
ightly with grid resolution. As before, the overall distribution of 𝜅11
d 𝜅22 remains similar, resulting in comparable temperature distribu-

ns at the structural scale, as shown in Fig. 16. In these cases, the 
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Fig. 14. The corresponding temperature profile with the optimized design components in Fig. 13.

Fig. 15. Optimized distribution of the two design components for the initial non-uniform profile.

Fig. 16. The corresponding temperature profile with the optimized design components in Fig. 15.

th

fo

ce

di

un

an

si

ci

in

m

te

It 
di

sh

lie

eff

5.

se

Fi

w

ar

th

w

N

di

te

at

Th

th
ermal concentration indicator values are 0.9565, 0.9521, and 0.9465 
r the respective grid configurations, all indicating strong thermal con-
ntration. Fig. 17 shows the grid convergence analyses of temperature 
stribution along the line 𝑦 = 25 for both the cases of uniform and non-
iform reference profiles.
Moreover, for the case Fig. 9 (b) which has the uniform heat source 
d a hole/insulator inside, the index value is already 0.7910. The de-
gn domain in this case is then only the ring region between the two 
rcles. The optimized values for the two design components are shown 
 Fig. 18 (a), with the maximum values of 0.9710 and 0.8465, and 
inimum values of 0.0445 and 5.0e−9, respectively. For the optimized 
mperature profile Fig. 18 (b), the index value is improved to 0.9849. 
is important to note that without appropriate coupling boundary con-
tions, this abrupt change along the interface may lead to localized 
arp temperature gradients and heat flow anomalies. These anoma-
s could potentially affect the accuracy of the thermal concentration 
11

ect. (a
3. Thermal rotator/inverter

The design objective of the thermal rotation is considered in this 
ction. The heat flow distribution of the reference temperature profile 
g. 7 (a) is shown in Fig. 19 (a), i.e., from left to right throughout the 
hole domain. The magnified area shown in Fig. 19 (b) is the target 
ea Ω𝑜𝑏𝑗 (see Eq. (21)) for rotating the heat flow. The target area is in 
e center and is 20 structural elements long and 4 structural elements 
ide. In this target region, the initial result of Eq. (21) is 36.1371. 
ote that the value is positive because the unit vector 𝒒̂ has the same 
rection as the heat flow in the target region. Fig. 19 (c) replots the 
mperature profile of Fig. 7 (a) but with the indication of the isotherm 
 50 oC, thereby enabling easy comparison with the optimized profiles. 
e ring region between the two black circles in Fig. 19 (a) serves as 
e design domain.
After design iterations, the optimized heat flow is shown in Fig. 20

). The heat flow in the same enlarged region is shown in Fig. 20 (b), 
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Fig. 17. Grid convergence analyses of the temperature distribution along the line 𝑦 = 25 for (a) uniform intial reference profile; (b) non-uniform intial reference 
profile.

Fig. 18. (a) optimized distribution of the two design components for the initial profile Fig. 9 (b); (b) the corresponding temperature profile with the optimized 
design components (a).
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here the heat flux is totally reversed. The resulting value for Eq. (21)
 -20.4483, which is negative because of the heat inverter. Again, this 
 because the optimized thermal conductive distribution in the ring 
sign domain, as shown in Fig. 20 (c). The maximum values for the 
timized two components are both equal to 1.0, while the minimum 
lues for the first (𝜅11) and second (𝜅22) components are 1.7e−9 and 
3e−9, respectively. Fig. 20 (c) shows the corresponding temperature 
ofile. Compared to Fig. 19 (c), the isotherm at 50 oC is severely dis-
rted, and it can be clearly seen that the temperature of the local right 
ea is higher than the left area.
Instead of making the thermal conductivity inside the small black 

rcle the same as the conductivity outside the large circle (see Fig. 19
) for example), we consider the conductivity inside the small circle 
 be 10 times weaker, i.e., 𝜅 = 0.0316. The design domain and target 
gion to rotate the heat flow is the same as before. After a similar 
timization process, the optimized heat flow distribution is shown in 
g. 21 (a), and the heat flow in the same enlarged region is shown in 
g. 21 (b). In this case, the objective function is reduced from positive 
.3168) to negative (-7.7632). Although a similar heat flow distribu-
n can be seen in Fig. 20 (b) and Fig. 21 (b), it is interesting to note 
at, for Fig. 20 (b), the heat flow is first conducted from left to right 
ove the ring area, and then from right to left in the enlarged area. 
 contrast, for Fig. 21 (b), the heat flow is first conducted from left 
 right under the ring area, and then from right to left in the enlarged 
ea. Both rotation directions can achieve the performance of thermal 
versal in the local area. This finding is further illustrated in Figs. 21
) and (d). In Fig. 21 (c), the lower left part has a large number of high-
lue thermal conductivity distributions. The maximum values for the 
12

o optimized components both reached 1.0, and the minimum value de
as again almost 0. In Fig. 21 (d), the bottom of the ring has a much 
gher temperature than the top.

4. Multiple functionalities

With the above design optimization model established, it is conve-
ent for us to pursue multiple thermal functionalities simultaneously 
 one design, as formulated in Eq. (23). By studying firstly thermal 
oaking and concentration, we select 𝜉𝑐𝑘 = 1.5, 𝜉𝑐𝑡 = 0.5, and 𝜉𝑟𝑖 = 0. 
milar to the problem settings for Fig. 21, the inside small circle is 
led with a material possessing a thermal conductivity 𝜅 = 0.0316. The 
sign domain is still the ring region. After design optimization, the ob-
ined property distribution is shown in Fig. 22. The maximum values 
r the optimized two components (𝜅11 and 𝜅22) are equal to 0.9813 
d 0.9076, while the minimum values are 0.0031 and 1.1e−9, respec-
ely. The objective function for thermal cloak is reduced from the 
iginal value of 88.17 to 0.26, while the heat concentration index is 
creased from 0.9372 to 0.9996, demonstrating excellent concentra-
n and cloaking phenomena.
For simultaneous cloaking and rotation, the initial condition is set 
e same as above, and we select 𝜉𝑐𝑘 = 1.5, 𝜉𝑐𝑡 = 0, and 𝜉𝑟𝑖 = 5. Af-
r design optimization, the obtained property distribution is shown in 
g. 23. The objective function for the thermal cloak is reduced from 
iginal 88.17 to final 24.40, while it is decreased from 6.3168 to -
0463 for thermal rotation. The maximum values for the optimized 
o components are both equal to 1, while the minimum values are 
0e−9 and 3.1e−9, respectively. Again, both objective functions for the 
quired functionalities are simultaneously improved after the property

sign.
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g. 19. (a) initial heat flux distribution for the temperature profile Fig. 7 (a); (b) heat flow in the target region to be rotated; (c) the corresponding temperature 
ofile with the isotherm at 50 oC.

g. 20. (a) optimized heat flux distributions starting from the initial profile where the thermal conductivity is the same throughout the whole domain (Fig. 7 (a)); 
) heat flow in the target region; (c) optimized distribution of the two design components; (d) the corresponding temperature profile with the isotherm at 50 oC.

g. 21. (a) optimized heat flux distribution starting from the initial profile where the thermal conductivity inside the small black circle is 10 times smaller than the 
tside; (b) heat flow in the target region; (c) optimized distribution of the two design components; (d) the corresponding temperature profile with the isotherm at 
 oC.

g. 22. (a) optimized distribution of the two design components for thermal cloak and concentration simultaneously; (b) the corresponding temperature profile 
13

ith the optimized design components (a).
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Fig. 23. (a) optimized distribution of the two design components for thermal cloak and rotation/inverse simultaneously; (b) the corresponding temperature profile 
with the optimized design components (a).
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 Extract unit cells and structures

After obtaining the optimized property distribution, the next step 
 to find unit cells and assemble the final heterostructures. There will 
 a mapping between the thermal conductivity (𝜅11 and 𝜅22) and the 
E architecture in order to identify unit cells and assemble the final 
terostructures. During the mapping and assembling, two criteria gen-
ally need to be considered. The first is that the RVE found needs to 
ve optimized thermal conductivity. The second is that there should be 
od connectivity between adjacent RVEs. The second criterion is auto-
atically satisfied by the adopted database, so we need only to consider 
e first. In other words, we need to search the database to find different 
Es to meet their optimized thermal conductivities in different local 
ements. Note that for illustrative purposes, only one RVE is used to 
l a structural element.
Three structures are to be assembled for the thermal cloak based on 
e optimized property distribution in Figs. 8, 9, and 10. For Fig. 8, 
scatter plot for the optimized two components 𝜅11 and 𝜅22 shown 
 purple in Fig. 24 (a). Through searching the database, we find the 
osest one to every purple dot and display it in green in Fig. 24 (a). 
e obtain the substitution by calculating the difference between the 
o optimal values of each structural element and the whole database, 
king the absolute value, summing, and then designating the smallest 
e as the substituted one. Both the mean squared error (MSE) and the 
efficient of determination (𝑅2) are computed to measure the quality of 
e database substitution. The mean squared error (MSE) is computed 
:

𝑆𝐸 = 1
𝑁𝑒

𝑁𝑒∑
𝑒=1

(𝜅𝑂𝑝𝑡𝑒 − 𝜅𝑆𝑢𝑏𝑒 )2 (55)

here 𝑁𝑒 is the number of structural elements in the ring design do-
ain. 𝜅𝑂𝑝𝑡𝑒 is a column vector containing both the optimized 𝜅11 and 
2, and 𝜅𝑆𝑢𝑏𝑒 is the corresponding vector with the substituted 𝜅11 and 
2 from the constructed database. The resulted value is 4.0e−5 for 
g. 24 (a) indicating a excellent match between these two.
The coefficient of determination (𝑅2) is computed by:

2 = 1 −
∑𝑁𝑒
𝑒=1(𝜅

𝑂𝑝𝑡
𝑒 − 𝜅𝑆𝑢𝑏𝑒 )2∑𝑁𝑒

𝑒=1(𝜅
𝑂𝑝𝑡
𝑒 − 𝜅̄𝑂𝑝𝑡𝑒 )2

(56)

here 𝜅̄𝑂𝑝𝑡𝑒 is the mean of the optimized data. In the best case, the mod-
ed values exactly match the observed values, which results in 𝑅2 = 1. 
ot surprisingly, our 𝑅2 has a value of 0.9986 for Fig. 24 (a). Fig. 24 (b) 
ows the assembled structural geometry when each designed element 
 filled in with one substituted cell. Note that in the database, there 
 a one-to-one mapping between the thermal conduction property and 
e RVE architecture, so when the substituted property is determined, 
e structural geometry is unique. Admittedly, different RVE architec-
res may have the same equivalent thermal conductivity. In this case, 
14

e simply select the structural geometry that ranks first in the database. co
is convenience depends on all the architectures in our database being 
ell connected.
Scatter plots of both optimized and substituted values for the opti-
ized cases Figs. 9 and 10 are shown in Figs. 25 (a) and (b), respec-
ely. The MSE and 𝑅2 for the case Fig. 25 (a) are 9.3e−6 and 0.9947, 
d for Fig. 25 (b) are 7.7e−5 and 0.9987, respectively. All of which 
ustrate an excellent substitution.
For thermal concentrator, scatter plots of both optimized and sub-

ituted values for the optimized cases Figs. 12 and 18 are shown in 
gs. 26 (a) and (b), respectively. The MSE and 𝑅2 for Fig. 26 (a) are 
2e−3 and 0.9989, and for Fig. 26 (b) are 1.1e−4 and 0.9984, respec-
ely.

Correspondingly, the scatter plots for thermal rotation in the cases 
 Figs. 20 and 21 are shown in Figs. 27 (a) and (b), respectively. The 
SE and 𝑅2 for Fig. 27 (a) are 1.1e−4 and 0.9984, and for Fig. 27 (b) 
e 3.7e−5 and 0.9998, respectively. Again, all of which illustrate an 
cellent substitution.
For the two case studies with multiple objective functions, the scat-
r plots are shown in Fig. 28 (a) and (b). For thermal cloak and concen-
ation in (a), the MSE and 𝑅2 are 7.1e−5 and 0.9981, respectively. For 
ermal cloak and rotation functionalities in (b), the MSE and 𝑅2 are 
0e−5 and 0.9995, respectively, which demonstrate excellent match-
g between the optimized and substituted ones for optimizing multiple 
jective functions.

 Conclusions

This study presents a novel approach to multiscale data-driven de-
gn for achieving multiple thermal functionalities, at the structure 
ale, including thermal cloaks, thermal concentrators, thermal rota-
rs/inverters, and their combinations. By constructing a comprehen-
ve database containing various unit cell architectures and their corre-
onding homogenized thermal conductivity, we achieve the multiple 
acroscopic thermal functionalities, by tailoring the underlying unit 
ll architecture and conductivity, and using only a single isotropic 
aterial. The design optimization framework enables us to tackle chal-
nges that are difficult to solve using other strategies, such as cloaking 
e “shielding” area and manipulating non-uniform temperature pro-
es. Additionally, the approach of optimizing the components of the 
mogenized thermal conductivity instead of the topology associated 
ith each unit cell significantly reduces the design dimensionality.
Geometric extraction is performed to compare the optimized ho-
ogenized conductivity with the one extracted from the constructed 
tabase for both single and multiple functionalities in one design. The 
sults show an excellent match between the two, with a mean squared 
ror as low as 9.3e-6 and a coefficient of determination as high as 
9998. These advanced thermal metamaterials pave the way for mul-
cale components with a broad range of heat transfer applications. In 

nclusion, this work shows the effectiveness of the proposed multiscale 
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g. 24. (a) scatter plot for the optimized property from Fig. 8 and the substituted property from the constructed database; (b) the assembled structure with one 
bstituted cell in each structural element.

g. 25. (a) scatter plot for the optimized property from Fig. 9 and the substituted property from the constructed database; (b) scatter plot for the optimized property 
m Fig. 10 and the substituted property from the constructed database.

g. 26. (a) scatter plot for the optimized property from Fig. 12 and the substituted property from the constructed database; (b) scatter plot for the optimized 
15

operty from Fig. 18 and the substituted property from the constructed database.
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Fig. 27. (a) scatter plot for the optimized property from Fig. 20 and the substituted property from the constructed database; (b) scatter plot for the optimized 
property from Fig. 21 and the substituted property from the constructed database.

Fig. 28. (a) scatter plot of the optimized and substituted properties for thermal cloak and concentration; (b) scatter plot of the optimized and substituted properties 
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