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Abstract

The cosmic merger history of supermassive black hole binaries (SMBHBs) is expected to produce a low-frequency
gravitational wave background (GWB). Here we investigate how signs of the discrete nature of this GWB can manifest in
pulsar timing arrays (PTAs) through excursions from, and breaks in, the expected -fGW

2 3 power law of the GWB strain
spectrum. To do this, we create a semianalytic SMBHB population model, fit to North American Nanohertz Observatory
for Gravitational Waves (NANOGrav’s) 15 yr GWB amplitude, and with 1000 realizations, we study the populations’
characteristic strain and residual spectra. Comparing our models to the NANOGrav 15 yr spectrum, we find two interesting
excursions from the power law. The first, at 2 nHz, is below our GWB realizations with a p-value significance
p= 0.05–0.06 (≈1.8σ–1.9σ). The second, at 16 nHz, is above our GWB realizations with p= 0.04–0.15 (≈1.4σ–2.1σ).
We explore the properties of a loud SMBHB that could cause such an excursion. Our simulations also show that the
expected number of SMBHBs decreases by 3 orders of magnitude, from ∼106 to ∼103, between 2 and 20 nHz. This
causes a break in the strain spectrum as the stochasticity of the background breaks down at -

+26 nHz19
28 , consistent with

predictions pre-dating GWB measurements. The diminished GWB signal from SMBHBs at frequencies above the 26 nHz
break opens a window for PTAs to detect continuous GWs from individual SMBHBs or GWs from the early Universe.

Unified Astronomy Thesaurus concepts: Gravitational wave astronomy (675); Gravitational waves (678); Quasars
(1319); Supermassive black holes (1663)

1. Introduction

Massive galaxies should host supermassive black holes
(SMBHs) at their centers (J. Kormendy & D. Richstone 1995).
As galaxies merge, their central SMBHs are expected to
eventually gravitationally bind, forming SMBH binaries
(SMBHBs; M. C. Begelman et al. 1980). As these binaries
inspiral, they radiate away energy via low-frequency gravitational
waves (GWs). The incoherent superposition of GWs from
SMBHBs forms a GW background (GWB; e.g., M. Rajagopal
& R. W. Romani 1995).

GWs from these sources, including the GWB itself, are the
primary detection target of pulsar timing array (PTA)
experiments (R. S. Foster & D. C. Backer 1990). Current
PTA experiments, including the North American Nanohertz
Observatory for Gravitational Waves (NANOGrav; G. Agazie
et al. 2023c), the European PTA (EPTA) in collaboration with
the Indian PTA (InPTA; EPTA Collaboration et al. 2023), the
Parkes PTA (PPTA; D. J. Reardon et al. 2023), and the Chinese
PTA (H. Xu et al. 2023), have now reported evidence for a
GWB in their pulsar data, opening a new window to study the
SMBHB population. New data from MeerKAT PTA (MPTA,
M. T. Miles et al. 2023) are expected to be important for GWB
characterization and continuous wave (CW) searches.
Due to the slowly evolving nature of SMBHBs, we expect

hundreds of thousands to millions of them to be emitting in the
nanoHertz regime (B. Bécsy et al. 2022). The majority of these are
expected to be unresolvable; however, we can probe their ensemble
properties, such as mass and redshift distribution, via the GWB’s
amplitude (J. A. Casey-Clyde et al. 2022; G. Agazie et al. 2023b;
EPTA Collaboration et al. 2024).
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Moreover, there are two ways in which discrete aspects of
the GWB may manifest: first, a few nearby and/or very
massive SMBHBs could manifest as excursions in the GWB
strain spectrum before being individually resolvable with CW
searches. Second, due to the discrete nature of the GWB
(if indeed sourced by SMBHBs), there should be a frequency in
its strain spectrum where the stochasticity of the GWB
breaks down (A. Sesana et al. 2008; V. Ravi et al. 2012;
C. M. F. Mingarelli et al. 2013; E. Roebber et al. 2016;
L. Z. Kelley et al. 2017). Here we model and search for both
excursions in the strain and residual spectra, and a break in the
GWB’s power-law behavior at high frequencies.

We use a state-of-the-art, semianalytic SMBHB model to
calculate the expected properties of the GWB to search for
these signs of discreteness. Searching for a knee, we fit the
expected GWB strain spectrum with a double power-law
model. We then compare the expected GWB signal to the
actual timing residual spectrum observed by NANOGrav
(G. Agazie et al. 2023c), searching for excursions from the
power-law behavior in the measured GWB spectra.

This paper is organized as follows: In Section 2 we briefly
review both analytic and discrete methods for modeling the
GWB. In Section 3 we present the analytic models that we fit to
our discretely sampled GWB spectra. In Section 4 we present
the results of these fits, including the frequency where the
spectrum diverges from the expected power-law slope. We also
compare our discretely sampled GWB spectra to the spectrum
observed by G. Agazie et al. (2023c) to search for evidence of
discreteness in the data. In Section 5 we summarize our results
and discuss their implications for both future GWB and CW
searches.

Throughout this work, we use units where G= c= 1.

2. GWB Population Model

We adopt an SMBHB population model derived from the
major merger rate of galaxies (S. Chen et al. 2019). Briefly, in
this model the galaxy major merger rate assumes a galaxy
stellar mass function, an observed galaxy pairing fraction, and a
theoretical galaxy merger timescale. We then compute the
SMBHB merger rate from the galaxy merger rate by assuming
empirical scaling relations between galaxy stellar mass, bulge
mass, and SMBH mass (S. Chen et al. 2019). The SMBHB
merger rate, ( )f = Fd dM dq dtrBHB

3
BHB , describes the diff-

erential comoving number density of SMBHB mergers, ΦBHB,
per unit proper time, tr, binary total mass, M=M1+M2, and
mass ratio, q=M2/M1� 1, whereM1 andM2 are the masses of
the primary and secondary SMBHs in the binary, respectively.

The SMBHB merger rate is related to the characteristic
strain, hc( fGW), of the GWB by E. S. Phinney (2001)

∭( )
( )

( )
p

f=
+


h f
f

dt
dz z

dM dq dz
4

3
1

1
, 1c

r2
GW

GW
4 3 BHB

5 3

1 3

where ( )= + M q q15 3 5 3 2 is the chirp mass, fGW is the
observed GW frequency, z is the redshift, and dtr/dz is given
by cosmology (D. W. Hogg 1999). Equation (1) is frequently
written as a power law, ( ) ( )= ah f A f fc GW yr GW yr , where Ayr is
the GWB amplitude at a reference frequency fyr= 1 yr−1. For
circular SMBHBs and GW-driven evolution, we expect
α=−2/3 (E. S. Phinney 2001). While Equation (1) can be
used to model the GWB analytically, it does not account for the
fact that the GWB arising from SMBHBs is composed of

discrete sources. This is important at high frequencies, where
we expect the stochastic, power-law behavior of the real GWB
to break down as finite number effects cause the GWB
spectrum to decrease more steeply than Equation (1) predicts.
To model these effects, we generate 1000 realizations of

discretized SMBHB populations (A. Sesana et al. 2008). We
can then compute realistic GWB spectra built up from the
individual SMBHB strains in each population realization.
Specifically, each population realization is generated by
sampling SMBHBs from the differential number of SMBHBs
per unit M, q, z, and fGW (S. Chen et al. 2019),

( )fº =
d N

dM dq dzdf
dV
dz

dt
df

df

df
, 2BHB

4
BHB

GW
BHB

c r

r

r

GW

where dVc/dz is the comoving volume per unit redshift
(D. W. Hogg 1999), fr= fGW(1+ z) is the rest-frame GW
frequency, and ( )p= - - -dt df f5 96r r

8 3 5 3
r

11 3 is the
differential residence timescale per rest-frame frequency
(P. C. Peters & J. Mathews 1963). We use a model of fBHB
derived from galaxy major merger rates, which has been fit via
Equation (1) to the GWB amplitude measured in NANOGrav’s
15 yr data set, = ´-

+ -A 2.4 10yr 0.6
0.7 15, using a Markov Chain

Monte Carlo (MCMC; G. Agazie et al. 2023c; J. A. Casey-Clyde
et al. 2024). The resulting GWB realizations also reflect
uncertainty in Ayr. The SMBH mass function implicit in our
model is consistent with the local SMBH mass function (e.g.,
A. Marconi et al. 2004; F. Shankar et al. 2009; M. Vika et al.
2009; see G. Sato-Polito et al. 2023). In the right panel of
Figure 1, we show the median number of SMBHBs generated at
each frequency over all 1000 realizations.
We compute the sky- and polarization-averaged strain, h, of

each sampled SMBHB as (K. S. Thorne 1987; A. Sesana et al.
2008; P. A. Rosado et al. 2015)

( )
( )

( )p
=


h

f

D z
8
10

, 3
L

o
5 3

GW
2 3

where DL(z) is the luminosity distance to a binary at z, given by
standard cosmology, and where ( )= +  z1o is the observer
frame chirp mass. In each realization, we then compute hc( fGW)
at each frequency via ( ) = å Dh f h f fc k k k

2
GW

2
GW, where

ΔfGW= 1/Tobs is the frequency sampling interval, set by the total
PTA observation time, Tobs.
The spectral energy density (SED) of the GWB is given by

L. Z. Kelley et al. (2017):

( ) ( ) ( )
p

=S f
h f

f12
. 4h

c
GW

2
GW

2
GW
3

We can easily move between the characteristic strain and the
residuals induced by the GWB via the amplitude spectral
density (ASD), ( )S f Th obs . The frequency dependence of the
ASD is therefore ASD µ -fGW

13 6, compared to the scaling of

µ -h fc GW
2 3. Excursions from an -fGW

2 3 power law in character-

istic strain space remain excursions from an -fGW
13 6 in ASD

space.
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3. The High-frequency Knee

A. Sesana et al. (2008) pointed out a high-frequency GWB
“knee” feature, where the paucity of GW sources reduces the
amplitude of the strain spectrum. Using a range of SMBHB
merger rates derived from different dark matter halo merger
tree prescriptions, they found this knee to occur at -

+37 nHz13
15 .

Here, we instead assume an SMBHB merger rate that has been
fit to the GWB amplitude measured in NANOGrav’s 15 yr data
set to compute the location of the knee. We interpret this knee
frequency, fknee, as the frequency at which the stochasticity of
the GWB breaks down on average, leading to deviations from
an -fGW

2 3 power law.
We consider a double power-law model of the average

characteristic strain spectrum, which we implement here for the
first time. We parameterize the characteristic strain as,

( ) ( )( ) ( )=
+

a a- -h f
A2

, 5c
f

f

f

f

dpl
GW

knee

GW

knee

1
GW

knee

2

where α1=−2/3 is the low-frequency slope of a GWB
arising from circular SMBHBs undergoing GW-driven
evolution, α2 is the high-frequency slope, and Aknee is
the amplitude of the background at fknee. We take =Aknee

( )( ) [ ( ) ] +a a a-A f f f flim 2 1f f yr knee yr GW kneeGW knee
1 1 2 such that

Equation (5) reduces to the standard power-law model at
fGW= fknee.

We additionally consider a physically motivated model of
hc( fGW), which accounts for the fact that contributions to the
GWB at each fGW must come from an integer number of
SMBHBs. Specifically, A. Sesana et al. (2008) posited that in a
given frequency interval, there is a characteristic mass,
˜ ( )M fGW , such that less than one SMBHB with ˜>M M
contributes to the GWB on average. For example, in the right
panel of Figure 1, the median number of SMBHBs with
M> 1010Me in each frequency interval above ∼6 nHz is <1.
In a typical realization of the Universe, we therefore do not
expect to have SMBHBs more massive than 1010Me emitting
GWs at fGW 6 nHz. By assuming that contributions to

hc( fGW) come from binaries with ˜ ( )<M M fGW and that the
mass dependence of fBHB can be approximated as a power law,
the characteristic strain of the GWB can be modeled as

⎜ ⎟

⎛⎝⎜ ⎞⎠⎟⎡⎣⎢ ⎛⎝ ⎞⎠ ⎤⎦⎥
( )

( )
( )

=

´ +

a

a a-

h f A
f

f

f

f
1 , 6

c
phys

GW yr
GW

yr

GW

knee

11 3 3 11

1

2 1

where α1=−2/3 is the slope at fGW= fknee, and where α2 is
the slope of the average strain spectrum at fGW? fknee (see
Appendix B and A. Sesana et al. 2008 for details).
We constrain the double power-law and physical models via

MCMC sampling. We use Gaussian kernel density estimators
(KDEs) to estimate the probability density function (PDF)
of the hc( fk) realizations at k= 1,K,30 frequencies,
fk≈ k/15 yr−1. These frequencies were chosen to match the
GWB spectrum frequencies from NANOGrav’s 15 yr
data (G. Agazie et al. 2023c). The KDE at fk estimates the
PDF as a sum of Gaussian kernels centered on each of the
hc,i( fk) realizations (M. Rosenblatt 1956; E. Parzen 1962):

⎧⎨⎩ ⎫⎬⎭
[ ( )]

[ ( ) ( )] ( )å
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´ -
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=

h f
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h f h f
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2
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1
2
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c k
k

i

n
c k c i k

k1

,
2

2

where n= 1000 is the total number of GWB realizations, and
σk is the kernel bandwidth. We choose σk at each frequency
using cross-validated grid searches, which maximize the
likelihood each KDE could have generated the hc,i( fk)
realizations (F. Pedregosa et al. 2011; A. Géron 2017). The
KDEs are then used to calculate the MCMC posterior log-
likelihood during fitting.

Figure 1. Characteristic strain spectra of 1000 SMBHB populations, each generating a GWB. Left panel: the expected hc( fGW) induced by a GWB with
= ´-

+ -A 2.4 10yr 0.6
0.7 15 at f = 1 yr−1(red). The solid line shows the median GWB, while the inner and outer shaded regions denote the 68% and 95% confidence

intervals, respectively. These confidence intervals reflect uncertainty from NANOGrav’s GWB measurement and from differences between individual GWB
realizations. At high frequencies, the discretely generated GWB diverges from the power-law behavior of the analytic spectrum (black dashed line), which does not
account for the discrete nature of SMBHBs. Right panel: the number of SMBHBs generated at each frequency. Histograms show the median number of binaries
generated in each frequency interval, with colors denoting mass range. Error bars denote 68% confidence intervals. Colored lines show the number of binaries at each
frequency broken down by mass. It is clear that the vast majority of binaries at any fGW have low masses.
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4. Results

Here we present the results of our GWB spectrum analyses.
We start by estimating the knee frequency of the characteristic
strain spectrum in our simulated GWB spectra. We then assess
how significant single-frequency excursions from a power law
in NANOGrav’s 15 yr residual spectrum are compared to the
spectra we compute from discrete SMBHB populations. We
next compare NANOGrav’s 15 yr residual spectrum to
NANOGrav’s 12.5 yr residual spectrum to assess whether or
not excursions in the 15 yr spectrum were present in previous
data sets. Finally, we consider two hypotheses to explain an
observed excursion in the 15 yr spectrum around 16 nHz: we
first determine whether this excursion could be due to excess
white noise in the 15 yr residual spectrum. We then consider a
loud binary hypothesis, wherein the 16 nHz excursion is due to
a loud SMBHB that sits below the CW detection threshold.

4.1. The Knee

With 1000 realizations of the cosmic population of
SMBHBs, we find that the average strain spectrum clearly
follows an -fGW

2 3 power law at low frequencies (Figure 1), as
expected. However, as we move to higher GW frequencies, we
clearly see the stochasticity of the GWB breaking down, as
discrete sources start to become important. Looking at the right
panel of Figure 1, we can see that this breakdown of
stochasticity is due to a dramatic decrease in the number of
SMBHBs at higher frequencies. For example, at 2 nHz, there
are ( ) 106 SMBHBs contributing to the background, while at
20 nHz, there are fewer than ( ) 103 SMBHBs. The decreasing
number of SMBHBs at higher fGW results in there being too
few SMBHBs to maintain an average -fGW

2 3 power-law scaling
at these higher frequencies. This can be seen in the decreased
median value of our discrete model of the GWB, as it falls
below the -fGW

2 3 power law.
In Figure 2 we present the results of fitting the double

power-law model to the generated characteristic strain spectra.
We can see that there is a bend in the strain spectrum at

= -
+f 26 nHzknee 19

28 . At this point, the GWB deviates from the
-fGW

2 3 power law to - -
+

fGW
1.3 0.3

0.2
: approximately twice as steep as

the -fGW
2 3 power-law behavior expected at lower frequencies.

To determine if a double power law is preferred by the data
over a single power law, we calculate a Savage–Dickey Bayes
factor (J. M. Dickey 1971). This can be done because the
double power-law model reduces to a single power law when
α1= α2 (Equation (5)). The Bayes factor is thus computed as
the ratio of the prior and posterior probability densities of α2 at
α2=−2/3. We find that a double power-law model is
preferred to a single power-law with a Bayes factor of 270.
We similarly fit a broken power-law model with
( ) ( ) ( )= +a a a-h f A f f f f1c GW yr GW yr GW knee

1 2 1, as in A. Sesana
et al. (2008), to our 1000 generated SMBHB spectra. The
resulting fit is nearly identical to the double power-law model,
with a bend at = -

+f 25 nHzknee 19
42 and a high-frequency power-

law slope of - -
+

fGW
1.4 0.5

0.3
. The Bayes factor for a broken power law

over a single power law is 171, indicating a preference for
the broken power-law model. See Appendix A for details on
the broken power-law model and its comparison to the double
power-law model.
We also fit the physical model in Equation (6) to our

generated spectra, finding = -
+f 8 nHzknee 4

8 and µ - -
+

h fc GW
1.1 0.2

0.1
at

fGW? fknee. This is a lower knee than found using the double
or broken power-law models, but is still within the 1σ
confidence intervals of those models. The high-frequency
slope of the physical model is also shallower than the high-
frequency slopes of the double and broken power-law models,
but is ultimately consistent with their 1σ confidence intervals.
The Bayes factor for the physical model over a single power-
law model is 324. We do not attempt to characterize fknee for
NANOGrav’s 15 yr GWB spectrum, which appears to be
dominated by white noise above ∼20 nHz.
Finally, we compare the double power-law, broken power-law,

and physical models using the Bayesian information criterion
(BIC). The BIC is defined as ( ˆ )= -L k nBIC 2 ln lnX X X , where
L̂ is the maximum likelihood estimate for model X, kX is the
number of parameters in model X, and n is the number of data
points used for fitting (G. Schwarz 1978). Differences in BIC
values, Δ(BIC)12=BIC1−BIC2, can be used to compare
models, with positive Δ(BIC)12 indicating model 1 is favored
over model 2 (R. E. Kass & A. E. Raftery 1995). R. E. Kass &
A. E. Raftery (1995) suggested Δ(BIC)12 10 as a threshold for
selecting model 1 over model 2.
We find that the double power-law, broken power-law, and

physical model all have BIC= 27. Thus, Δ(BIC)= 0 between
any of these models, indicating none of these models are
favored over the others. By contrast, a single power law has
BIC= 8. The double power-law, broken power-law, and
physical models are thus all preferred over a single power
law with Δ(BIC)= 19.

4.2. Power-law Excursions

We next determine if excursions from -fGW
2 3 in the Hellings-

Downs-correlated GWB spectrum are more signs of discrete-
ness. To do so, we compare NANOGrav’s observed 15 yr
GWB spectrum to the GWB spectra we compute from discrete
SMBHBs (Section 2). We consider the difference between the
observed Sh, Sh k,

obs, and the Sh of our generated spectra, Sh k,
gen, at

each fk. If the observed characteristic strain spectrum is similar
to our spectral realizations, then the difference between the

Figure 2. Discreteness creates a knee in the GWB strain spectrum. The hc( fGW)
spectrum from a population of discrete SMBHBs is shown in red, while the
double power-law and physical model fits are shown in blue and green,
respectively. The solid line shows the median value of the expected hc( fGW),
while inner and outer shaded regions show the 1σ and 2σ confidence intervals,
as in Figure 1. The dotted vertical lines show the location of the “knee”
frequency for each fitted model, while the vertical shaded regions show the
68% confidence intervals.
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observed and the realizations’ SEDs, D = -S S Sh k h k h k, ,
obs

,
gen,

should be zero.
The Sh k,

obs and Sh k,
gen are probability distributions; thus, the

ΔSh,k are also probability distributions, Pk(ΔSh). We therefore
calculate the two-sided p-value for the null hypothesis that
ΔSh is consistent with zero at each frequency, =p

{ ( ) ( )}D D P S P S2 min 0 , 0k h k h . We focus the presentation
of our results on the GWB spectrum values at 2, 12, 14, and
16 nHz, which were highlighted in G. Agazie et al. (2023c),
though all 30 GWB spectrum frequencies were analyzed. We
find that the observed residual spectrum value at 2 nHz is below
our GWB realizations with p= 0.05, corresponding to a 1.9σ
excursion. The values at 12 nHz and 14 nHz are below our
GWB with p= 0.31 (1.0σ) for each. Finally, the spectrum
value at 16 nHz is above our GWB with p= 0.15 (1.4σ,
Figure 3).

We notice, however, that the 95% confidence intervals for
the residual spectrum—shown by the dotted error bars in
Figure 3—skew heavily toward small residuals. We investigate
this further in Figure 4, which shows the log-PDFs of the
residual spectrum posteriors. We find that the residual spectrum
posteriors appear to be log-uniform at 0.1−1 ns, reflecting the
choice of prior. This indicates that very weak GWB signals are
not heavily disfavored at most frequencies the same way that
very loud signals are disfavored. Consequentially, the sig-
nificance of excursions from an expected -fGW

2 3 power law can
sometimes depend on where we cut these PDFs.

To assess how the significance of excursions at 2 nHz,
12 nHz, 14 nHz, and 16 nHz change with the prior range for the
residuals, we artificially cut the residual spectrum PDFs at
0.1 ns and 1 ns. The lower value of 0.1 ns is chosen to reflect
the residual values where the PDFs appear to transition to prior
dominated, log-uniform distributions. The upper value of 1 ns
corresponds to the prior bound used to analyze NANOGrav’s
12.5 yr data set (Z. Arzoumanian et al. 2020a). To make these
cuts, we consider only the portion of the residual spectrum

PDFs above 0.1 ns and 1 ns. We then renormalize each PDF so
they integrate to unity above these limits.
We find the residual spectrum at 2 nHz remains below our

GWB spectral realizations with p= 0.05 (1.9σ) when using a
residual cut at 0.1 ns, and with p= 0.06 (1.8σ) when using a
1 ns residual cut. With a 0.1 ns residual cut, the spectrum
values at 12 nHz and 14 nHz are below our spectral realizations
with p= 0.78 (0.3σ) and p= 0.92 (0.2σ), respectively. With a
1 ns residual cut, they are both above our spectral realizations
with p= 0.82 (0.2σ). The spectrum at 16 nHz lies above our
GWB realizations with p= 0.06 (1.9σ) using a 0.1 ns residual
cut, and with p= 0.04 (2.1σ) using a 1 ns residual cut. All other
frequencies are 1σ from the median of the GWB realizations,
regardless of prior choice. Results for the 2 nHz, 12 nHz,
14 nHz, and 16 nHz frequencies are summarized in Table 1.
It is worth emphasizing that analytic models of the GWB

strain spectrum, including an -fGW
2 3 power law and more

complicated power laws, are only statistical descriptions of the
strain spectrum arising from the expected statistical distribution
of SMBHBs over fGW (E. S. Phinney 2001; A. H. Jaffe &
D. C. Backer 2003; A. Sesana et al. 2008; W. G. Lamb &
S. R. Taylor 2024). The spectrum of a single realization of the
GWB depends only on the underlying SMBHB population. For
example, in Figure 5 we show a single characteristic strain
spectrum realization out of the 1000 we generated. This
realization includes two excursions from the expected -fGW

2 3

power-law behavior near 20 nHz. Each excursion appears to be
associated with having ( ) 1 a more massive or nearby
SMBHB than expected from naïvely extrapolating the -fGW

2 3

power law to higher frequencies. This demonstrates that
excursions from the expected -fGW

2 3 power-law behavior of
the GWB are unsurprising. Even a single massive or nearby
binary in excess of the power-law expectation can lead to
excursions from an -fGW

2 3 power law.

4.3. Comparison to 12.5 yr Spectrum

It is also interesting to compare the 15 yr residual spectrum
to the residual spectrum from NANOGrav’s 12.5 yr data set
(Z. Arzoumanian et al. 2020a). Assuming the GWB is a
stationary signal (i.e., it does not change appreciably from the
12.5 yr data set to the 15 yr data set), any differences between
the two sets of spectra should be due to differences between the
12.5 yr and 15 yr data sets, including increased pulsar timing
baselines, the inclusion of more pulsars, and improved pulsar
noise modeling in the 15 yr data set compared to the 12.5 yr
data set (G. Agazie et al. 2023a, 2023d). By comparing the
residual spectra, we can thus determine if excursions from an
expected -fGW

2 3 power law in the 15 yr data set are consistent
with previous NANOGrav data sets or if they have only
emerged recently as NANOGrav data sets have improved.
The frequency intervals in both the 12.5 yr and 15 yr residual

spectra are ΔfGW= 1/Tobs, corresponding to the minimum
frequency resolution in each data set. Since the 15 yr data set
has a longer observation time than the 12.5 yr data set, the
interval,Δf15= 2.0 nHz, in the 15 yr data set is smaller than the
interval in the 12.5 yr data set, Δf12.5= 2.5 nHz. To consis-
tently compare the residual spectra measured in each data set,
we re-compute the 15 yr residual spectrum using the coarser
Δf12.5 intervals (see Figure 6). This is equivalent to decom-
posing the GWB signal in the 15 yr data set on the 12.5 yr
Fourier basis frequencies, fk≈ k/12.5 yr−1 for k= 1,K,30.

Figure 3. The 15 yr GWB residual spectrum compared to 1000 spectral
realizations. The top panel shows the observed 15 yr residual spectrum (blue)
compared to 1000 realizations of the GWB (red). We show the 68% and 95%
confidence intervals at each frequency as solid and dotted error bars,
respectively. We can see that these confidence intervals are heavily skewed
toward small residual values. The bottom panel shows the fractional difference,
( )-S S Sh h h

obs gen gen, between the observed SED, Sh
obs, and that of the generated

spectra, Sh
gen.
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We see that the 16 nHz excursion remains consistently ∼2σ
above the median value of our GWB realizations. At
frequencies higher than 16 nHz, the 12.5 yr and 15 yr spectra
appear to have similar white noise. Below 16 nHz, the spectra
differ appreciably. These differences may be due to differences
between the data sets themselves, such as 3 yr longer timing
baselines in the 15 yr data set compared to the 12.5 yr data set,
and the addition of 21 new pulsars with �2.5 yr timing
baselines in the 15 yr data set.

4.4. Excess White Noise Hypothesis

We next assess the significance of excursions at 2, 12, 14,
and 16 nHz under the assumption that NANOGrav’s 15 yr
residual spectrum includes excess white noise. We compute a
phenomenological residual spectrum model by adding constant
white noise, σWN, which is uncorrelated over fGW to the 1000
GWB spectra computed from discrete SMBHBs, consistent
with the flat residual spectrum above ∼20 nHz. Specifically, we

model the characteristic strain spectrum of each of the 1000
generated spectra and at each fk as a chi-distributed random
variable with two degrees of freedom, centered on hc( fk) with
scale parameter σWN. We then fit this model to NANOGrav’s
15 yr residual spectrum, finding σWN∼ 7 ns.
We compare our generated residual spectra plus additional

white model to NANOGrav’s 15 yr residual spectrum as in
Section 4.2. We find that the excursion at 2 nHz is ∼2σ below
the discrete spectrum with additional noise (p= 0.04−0.05,
depending on prior cut), the excursions at 12 and 14 nHz are
1.3σ–0.3σ below the discrete spectrum with additional noise
(p= 0.2−0.8), and the excursion at 16 nHz is ∼1σ above the
discrete spectrum with additional noise (p= 0.3−0.4). Full
results for these frequencies are summarized in Table 2.
We note that NANOGrav’s analysis pipeline already

includes three white noise parameters encompassing different
white noise sources. The inclusion of these parameters yields a
reduced χ2 near unity for the fit of the pulsar timing model to
timing residuals without necessitating additional sources of
noise (G. Agazie et al. 2023d). Thus, 7 ns of excess white noise
correlated between pulsars in the residual spectrum is difficult
to justify. The white noise component assumed here therefore
lacks a clear physical motivation.
It is possible this excess results from the fact that

NANOGrav uses the maximum a posteriori white noise
parameter values for each pulsar in their GWB search and
characterization, as marginalizing over white noise parameters
is computationally infeasible (G. Agazie et al. 2023d).
Alternatively, this excess noise may be due to using a one-
size-fits-all approach for pulsar noise modeling, which does not
consider additional sources of noise in individual pulsars
(L. Lentati et al. 2016; M. Falxa et al. 2023; B. Larsen et al.
2024). A deeper investigation of noise in individual pulsars in
NANOGrav’s 12.5 yr data set is currently underway (J. Simon
et al. 2024, in preparation). The custom noise model techniques
developed in J. Simon et al. (2024, in preparation) will then be

Figure 4. The broad, log-uniform support in the residual posterior distributions skews the value of the 15 yr GWB residual spectrum at each frequency. This can in
turn affect our interpretation of the spectrum. Here we show a detailed view of the first eight GWB residual spectrum frequencies (black), which broadly tend toward
log-uniform distributions at small residual values. The best constrained frequencies are 4 and 6 nHz, which exhibit much lower support at small residuals than other
frequencies. Small “spikes” in the PDFs of these frequencies are due to the small number of MCMC samples contributing to the KDE distributions at these low
residual values. Error bars above each distribution show the 68% and 95% confidence intervals (solid and dotted) under different posterior cuts, which are color
coordinated with the shaded regions under each probability distribution. The original, ( [ ]) -log Residual s 15.510 cut is shown in blue, while a cut at 0.1 ns
( ( [ ]) -log Residual s 1010 ) is shown in yellow, and a cut at 1 ns ( ( [ ]) -log Residual s 910 ) is shown in green. It is clear that the choice of priors appreciably affect
the long tails we see in, e.g., Figure 3.

Table 1
Significance of Excursions in the Observed GWB Residual Spectrum from the
Range of Spectra Computed from Discrete SMBHB Populations for the Four

Frequencies Highlighted in G. Agazie et al. (2023c)

fGW p15.5 (σ15.5) p10 (σ10) p9 (σ9)
(nHz)

2 0.05 (−1.9σ) 0.05 (−1.9σ) 0.06 (−1.8σ)
12 0.31 (−1.0σ) 0.78 (−0.3σ) 0.92 (0.1σ)
14 0.31 (−1.0σ) 0.82 (−0.2σ) 0.82 (0.2σ)
16 0.15 (1.4σ) 0.05 (1.9σ) 0.04 (2.1σ)

Note. p-values reflect the consistency of ΔSh with zero, while corresponding σ

significances are given in parentheses. Subscripts X on pX and σX in the last
three columns denote the lower log-residual cut, i.e., ( ) - Xlog Residual10 .
The 15 yr GWB residual spectrum at 2 nHz is ∼2σ below the median value of
our realizations regardless of the prior cut used, while at 16 nHz, the spectrum
is up to 2.1σ above the median value, depending on the prior cut (see Figure 4).
At 12 nHz and 14 nHz, the spectrum is consistent with our GWB realizations.
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applied to the full 15 yr data set (G. Agazie et al. 2024, in
preparation).

4.5. Loud Binary Hypothesis

A possible explanation for the excess at 16 nHz is the
presence of a loud SMBHB at that frequency, such as the
example in Figure 5. We test this hypothesis by constraining
the additional strain amplitude a loud binary would contribute
to the GWB to be consistent with the 16 nHz excursion. We
then compare this hypothetical strain to constraints from
NANOGrav’s 15 yr CW search (G. Agazie et al. 2023e), which
found no CWs. Other possible sources for this excursion, such
as mis-modeled pulsar noise or multiple SMBHBs emitting at
16 nHz, will require further investigation. See Section 5 for
further discussion.
If we assume the 16 nHz excursion is due to a loud binary in

addition to an underlying population of fainter binaries, we find
it would need to have a sky- and polarization-averaged strain of

( )= ´-
+ -h 3.8 103.2

2.3 15, where the central given value is the
median, and upper and lower uncertainties denote the 68%
confidence interval. For comparison, the hypothetical binary
CW 95% upper limit is 7.8× 10−15 at this frequency. In
Figure 7, we show the range of  and luminosity distances,
DL, which could produce this strain.
Importantly, NANOGrav did not find significant evidence of

CWs in the 12.5 yr and 15 yr data sets (G. Agazie et al. 2023e;
Z. Arzoumanian et al. 2023). Thus, we compare the hypothetical
binary strain to constraints on CW strain near 16 nHz from
NANOGrav’s 15 yr CW search (see Figure 7). We consider two
sets of constraints from NANOGrav’s 15 yr CW search: one using
uniform strain amplitude priors and one with log-uniform priors.
Interestingly, both sets of constraints have peaks near the
hypothetical binary strain peak, as shown in the right side of
Figure 7. For each set of constraints, we calculate the p-value for
the null hypothesis that the 15 yr CW constraints are consistent
with the hypothetical binary strain. We find p= 0.69 for the
uniform prior constraints and p= 0.65 for the log-uniform prior
constraints. Thus, if the 16 nHz excursion is due to a binary, it
would not have been detected in NANOGrav’s 15 yr CW search.
There are several extant SMBHB candidates that have and

DL that are consistent with the 16 nHz excursion. Here we show
three such candidate SMBHBs, HS 1630+2355, HS 0926
+3608, and SDSS J114857.33+1600. These were identified
by C. Xin et al. (2021) as interesting candidates, due to their
optical periodic quasar light curves in the Catalina Real-time
Transient Survey (M. J. Graham et al. 2015), and large masses.
Hydrodynamical simulations show that SMBHBs can induce
periodicity in quasar light curves, though the specific relation-
ship between binary periodicity and light-curve periodicity is
uncertain (B. D. Farris et al. 2014; J. R. Westernacher-Schneider
et al. 2022; F. Cocchiararo et al. 2024). We use FWHM binary

Figure 5. Example of expected excursion(s) in the GWB strain spectrum. Top
panel: a single GWB realization. The dashed black line shows the -fGW

2 3

power-law expectation, while the dotted gray arrow highlights one of two
power-law excursions present in this realization. Bottom panel: corresponding
histogram showing the number of SMBHBs in each frequency interval, as in
the right side of Figure 1 with dotted lines showing the expected analytic
distribution. Colors correspond to mass bins, specifically < M8.5 log 9.010
(red), < M9.0 log 9.510 (green), < M9.5 log 10.010 (yellow), and

< M10.0 log 10.510 (blue). In this realization, the excursion below
∼20 nHz (gray arrow) appears to come from a combination of two SMBHBs:
one with M  109.5 Me and one with M  1010 Me. The excursion above
∼20 nHz may result from one extra SMBHB with M  109.5 Me.

Figure 6. Comparison of 12.5 yr and 15 yr residual spectra, both using 12.5 yr
frequency intervals. Specifically, we have re-computed the 15 yr residual
spectrum using the 15 yr pulsar timing data with Δf = 2.5 nHz. We can see
that the excursion at 16 nHz is remarkably consistent from the 12.5 yr data set
to the 15 yr data set.

Table 2
Significance of Excursions in the Observed GWB Residual Spectrum as in

Table 1, but with an Additional 7 ns of Excess White Noise

fGW p15.5 (σ15.5) p10 (σ10) p9 (σ9)
(nHz)

2 0.04 (−2.0σ) 0.05 (−2.0σ) 0.05 (−2.0σ)
12 0.21 (−1.2σ) 0.52 (−0.6σ) 0.73 (−0.3σ)
14 0.21 (−1.3σ) 0.55 (−0.6σ) 0.79 (−0.3σ)
16 0.39 (0.9σ) 0.31 (1.0σ) 0.29 (1.1σ)
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mass estimates,M, from C. Xin et al. (2021) to calculate with
Monte Carlo uncertainty estimates, drawing the binary mass
ratio q from a uniform distribution between 0.1 and 1.
Uncertainties on  are dominated by the ∼0.3 dex Gaussian
uncertainties on M.

An SMBHB’s GW emission frequency evolves as ( ) =f 96 5GW

p  f8 3 5 3
r
11 3, such that a binary emitting at 16 nHz evolves at a

rate of ~ ´5 ( ) ( )
- - M f10 10 16 nHz nHz yr4 9 5 3

GW
11 3 1.

At the same GW frequency, a rarer = M1010 SMBHB
(Figure 1), will evolve at a rate of  » -f 0.02 nHz yrGW

1. If a
single loud binary is the source of the 16 nHz excursion, we thus
expect it to persist in future NANOGrav data sets.

5. Discussion

We carried out a suite of Monte Carlo realizations to
determine how the discreteness of the GWB manifests in its
strain and residual spectra. We predicted a knee in the GWB
strain spectrum at -

+26 nHz19
28 using a double power-law model,

and at -
+8 nHz4

8 using a physically motivated model of the
characteristic strain spectrum. A similar knee was first expected
at -

+37 nHz13
15 by A. Sesana et al. (2008), and is also subtly

visible, though not highlighted, in simulated strain spectra from
V. Ravi et al. (2012), E. Roebber et al. (2016), L. Z. Kelley
et al. (2017), and S. R. Taylor et al. (2017). The fact that the
double power-law model and the physical model predict
different values for fknee suggest this is somewhat model
dependent. However, the uncertainties in fknee for both models
are broad, and the median value of fknee predicted with the
physical model lies within the 68% confidence interval of
the fknee predicted with the double power-law model. It would
be interesting to explore systematic differences between these
models in future work to aid interpretation of fknee. The
-
+8 nHz4

8 knee predicted by the physically motivated model
suggests that a knee in the GWB characteristic strain spectrum
could be by characterized by future PTA data sets.

We next assessed the level of significance of excursions from
an average -fGW

2 3 power law in NANOGrav’s 15 yr GWB
residual spectrum (G. Agazie et al. 2023c). To determine the
significance of these excursions, we compared them to the
distribution of 1000 realizations of GWB residual spectra. We
paid particular attention to the frequencies 2 nHz, 12 nHz,
14 nHz, and 16 nHz, which were previously noted as
potentially interesting in G. Agazie et al. (2023c). We found
that the excursion from an average expected -fGW

2 3 power law
seen at 2 nHz is below the median value of our GWB
realizations with p= 0.05, the excursions at 12 nHz and 14 nHz
are below the median with p= 0.31, and the power at 16 nHz is
above the median with p= 0.15 (Table 1).
We also find, however, that constraints on the residual

spectrum do not strongly rule out weak GW signals at most
frequencies. Consequentially, the significance of excursions
from an -fGW

2 3 power law depends on the priors. By cutting the
residual spectrum PDFs at higher residuals, we find the
excursion at 2 nHz below the median value of our GWB
realizations with p= 0.05–0.06, the excursions at 12 nHz and
14 nHz are consistent with the median value of our GWB
realizations with p= 0.78–0.92, and the excursion at 16 nHz is
above the median of our GWB realizations with p= 0.04–0.05.
We additionally compared the spectra measured by NANO-

Grav in the 12.5 yr and 15 yr data sets, re-computing the 15 yr
spectrum on the coarser 12.5 yr frequency intervals for a more
consistent comparison. Both data sets show excursions from an
average expected -fGW

2 3 power law at ∼16 nHz. The constraints
on the GWB spectrum at this frequency are very consistent
from the 12.5 yr data set to the 15 yr data set and lie ∼2σ above
the median value of our GWB realizations. Below ∼16 nHz,
there are noticeable differences between both sets of spectra,
with the 15 yr spectrum appearing to be better constrained than
the 12.5 yr spectrum at these frequencies. Above 16 nHz, both
spectra appear fully consistent with white noise.
The excursion in the 15 yr GWB spectrum from an -fGW

2 3

power law at 2 nHz is below our GWB realizations with

Figure 7. The 16 nHz excursion can be explained by the presence of an additional SMBHB at that frequency. Left panel: allowed luminosity distance, DL, and chirp
mass,, distribution of single binaries that could reproduce the excess at 16 nHz. Contours and blue shading show the regions of parameter space containing (from
darkest to lightest) 50%, 68%, 95%, and 99% of MCMC samples. The dashed black line and gray region show the parameter space that has already been ruled out by
the nondetection of continuous waves in NANOGrav’s 15 yr data set (G. Agazie et al. 2023e). Black dots show the median estimates and DL of four SMBHB
candidates. Solid error bars show the 68% confidence intervals for each candidate, while dotted error bars show 95% confidence intervals. Right panel: the
strain of a hypothetical binary at 16 nHz (blue) is comparable to CW constraints from NANOGrav’s 15 yr data set (yellow). NANOGrav’s 15 yr CW constraints were
set using two sets of priors on strain amplitude: uniform (solid yellow) and log-uniform priors (dashed yellow). Interestingly, both sets of 15 yr CW constraints have
peaks near the hypothetical binary strain peak. However the differences between the hypothetical binary strain and the CW constraints are only marginal. Therefore, a
binary comparable to the hypothetical binary we consider here may not have been detectable in the 15 yr data set.
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p= 0.05–0.06 (≈1.8σ−1.9σ). This may indicate a turnover in
the GWB spectrum due to environmental coupling between
SMBHBs and their host environments at low frequencies (see,
e.g., L. Sampson et al. 2015). This scenario has previously been
shown to be consistent with the measured GWB spectrum
(G. Agazie et al. 2023c, 2023b). Specifically, G. Agazie et al.
(2023b) reported that the 2 nHz excursion is consistent with a
turnover in the characteristic strain spectrum due to interactions
between SMBHBs and their host galaxy environments. We
thus focus our discussion on the 16 nHz excursion.

One plausible explanation for the excursion from an
expected average -fGW

2 3 power law at 16 nHz is the existence
of a single sufficiently massive and/or nearby SMBHB
emitting at ∼16 nHz. This interpretation is consistent with a
GWB sourced by a discrete population of SMBHBs, as an
-fGW

2 3 power law only holds on average over many realizations
of the GWB. Indeed, we find that any random realization of the
GWB can include large excursions from an -fGW

2 3 power law if
the underlying SMBHB population includes even one more
SMBHB at a higher mass than the analytic average expectation
(Figure 5).

Assuming the excursion at 16 nHz is due to a single loud
binary, we decomposed the excess strain (compared to the
distribution of generated GWB spectra) at this frequency into
the corresponding and DL (Figure 7). This is consistent with
a GWB sourced by a population of discrete SMBHBs, as
individual realizations of the GWB do not need to adhere to an
average -fGW

2 3 power law. Interestingly, if the excursion from
an -fGW

2 3 power law at 16 nHz is a single binary, it would not be
detected in NANOGrav’s 15 yr CW search. The 16 nHz
excursion could alternatively be sourced by multiple binaries,
which would also be undetectable as CWs in NANOGrav’s
15 yr data. This scenario may be less likely than a single loud
SMBHB, however, as it would require multiple very massive
SMBHBs—which are expected to be rare (Figure 1)—to be
coincidentally emitting at similar frequencies. For example, if
we assume that HS 1630+2355, HS 0926+3608, and SDSS
J114857.33+1600 are all SMBHBs emitting near 16 nHz, the
characteristic strain of their combined GW emission would still
only be ( ) ´-

+ -6.6 103.6
8.3 16—which could not source the 16 nHz

excursion.
One promising avenue for follow-up is targeted CW

searches, which can be up to an order-of-magnitude more
sensitive than all-sky CW searches (Z. Arzoumanian et al.
2020b). Targeted searches for CWs in the 15 yr data set are
currently underway. These searches target SMBHB candidates
that have been identified electromagnetically via, e.g., apparent
quasar light-curve periodicity (D. J. D’Orazio et al. 2013;
B. D. Farris et al. 2014; R. Miranda et al. 2017; D. J. Muñoz
et al. 2020). Existing SMBHB candidate catalogs may contain
SMBHBs with orbital periods Porb 6 yr (M. J. Graham et al.
2015), corresponding to fGW 10 nHz (since fGW= 2/Porb).
Thus, an SMBHB with fGW∼ 16 nHz may already be present
in the extant SMBHB candidate catalogs.

Additionally, the signal-to-noise ratio of the GWB improves
proportionally to the number of pulsars in the array (X. Siemens
et al. 2013). Constraints on the GWB spectrum at 16 nHz—which
corresponds to GW periods of ∼2 yr— can thus be improved by
adding pulsars with 2 yr of timing data to future NANOGrav
data sets. The International PTA (IPTA), which combines data
from PTA experiments around the globe (J. P. W. Verbiest et al.
2016; B. B. P. Perera et al. 2019), could accomplish this in its

anticipated third data release by adding data from the MeerKAT
PTA, which included 78 pulsars with ∼2.5 yr of pulsar timing
data in its first data release (M. T. Miles et al. 2023).
Finally, we must also consider the possibility that the 16 nHz

excursion does not have a GW origin at all. Indeed, neither the
PPTA nor the EPTA+InPTA spectra have clear excursions at
16 nHz compared to NANOGrav’s 15 yr GWB spectrum (EPTA
Collaboration et al. 2023; D. J. Reardon et al. 2023; G. Agazie
et al. 2024a). We thus also considered a phenomenological
model of the characteristic strain spectrum that includes∼7 ns of
excess white noise in the residual spectrum of the GWB. We
find that the excursion at 16 nHz is above our generated GWB
realizations with a reduced significance of p= 0.3–0.4, corresp-
onding to a ∼1σ excursion. However, we emphasize that current
NANOGrav analyses already consider white noise when fitting
the pulsar timing model to timing residual data, with a reduced
χ2 near unity.
While searching for CWs in the IPTA’s second data release,

M. Falxa et al. (2023) found that a one-size-fits-all approach to
pulsar noise modeling can increase the probability of a false
alarm. They further found that custom pulsar noise models
reduce false alarms and improve our ability to constrain CWs
from individual SMBHBs. PTA experiments could test whether
or not the 16 nHz excursion is due to mis-modeled pulsar noise
by incorporating custom pulsar noise models in future data sets
(L. Lentati et al. 2016; A. Chalumeau et al. 2022; B. Goncharov
et al. 2024; B. Larsen et al. 2024). It will be interesting to see how
custom noise models for individual pulsars in the 15 yr data set
will affect apparent white noise levels (G. Agazie et al. 2024, in
preparation), and thus potentially change our results. Determining
the specific source of the 16 nHz power-law excursion—including
whether or not it is due to a GW source at all—will require further
investigation.
Our study is also important to help assess if SMBHBs may

indeed be likely sources of the GWB, alongside searches for CWs
(G. Agazie et al. 2023e; Z. Arzoumanian et al. 2023) and
anisotropy (C. M. F. Mingarelli et al. 2013; S. R. Taylor &
J. R. Gair 2013; N. J. Cornish & R. van Haasteren 2014; J. Gair
et al. 2014; S. R. Taylor et al. 2015, 2020; N. Pol et al. 2022;
G. Agazie et al. 2023f; E. C. Gardiner et al. 2024; G. Sato-Polito
& M. Kamionkowski 2024). Without a careful exploration of the
strain spectrum, it will not be clear if excursions from the expected
average power-law behavior are consistent with what we expect
from a population of discrete SMBHBs, or are sourced by some
other physics, e.g., A. Afzal et al. (2023). Indeed, primordial
GWB are expected to be isotropic and also follow a power law
(L. P. Grishchuk 2005; P. D. Lasky et al. 2016; A. Afzal et al.
2023; G. Agazie et al. 2024b). Signs of discreteness in the GWB
residual spectrum are therefore an important signature of
SMBHBs, and may be observed before GWB anisotropy or CWs.
We show conclusively that excursions in NANOGrav’s 15 yr

GWB spectrum are well within the range of spectra generated
by a population of discrete SMBHBs, needing no other physics
to explain it. Furthermore, we predict that the GWB breaks
down at -

+26 nHz19
28 . If white noise can be reduced, the rest of

the available high-frequency parameter space will be ideal for
constraining CWs. Finally, our study also highlights the
importance of spectral analyses, such as those carried out by
NANOGrav, which reveal interesting features in the GWB.
Recent advancements in spectral analysis techniques have
reduced the computational cost associated with constraining the
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GWB spectrum, making spectral analyses more accessible for
PTAs to carry out, e.g., W. G. Lamb et al. (2023).
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timing models for the NANOGrav 15 yr data set.

Appendix A
Broken Power Law

Here we fit a broken power-law model to our simulated
GWB spectra. This model was first employed by A. Sesana
et al. (2008) to fit the knee of GWB realizations derived from
halo merger trees. The broken power-law characteristic strain
spectrum model is:

⎜ ⎟⎛⎝⎜ ⎞⎠⎟ ⎛⎝ ⎞⎠( ) ( )= +
a a a-

h f A
f

f

f

f
1 . A1c GW yr

GW

yr

GW

knee

1 2 1

Here, α1 and α2 are the low- and high-frequency characteristic
strain spectrum slopes, respectively. α1=−2/3 for circular
SMBHBs. Fitting this to our GWB realizations, we find a bend

Figure 8. The broken power-law model (yellow) is nearly identical to the
double power-law model (blue).
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at = -
+f 25 nHzknee 19

42 with a high-frequency power-law slope
- -

+
fGW

1.4 0.5
0.3
. The results of this fit are shown in yellow in Figure 8,

and are nearly identical to the double power-law fit.

Appendix B
Physical Spectrum

Here we consider a physically motivated model of hc( fGW)
that accounts for the fact that the total number of binaries in any
frequency interval must be an integer; i.e., one cannot have
fractions of an SMBHB contributing to the GWB (A. Sesana
et al. 2008). Specifically, the total number of SMBHBs in
frequency interval ΔfGW centered on frequency f0 is

( )ò ò=
¥

-D

+D
N

d N
dMdf

dMdf , B1
f f

f f

0
0 2

2 2
BHB

GW
GW

0 GW

0 GW

where ( ) ( )ò ò=
¥

d N dMdf d N dMdf dqdz2
BHB GW 0 0

1 2
BHB GW .

In general, N0 is not an integer. This is because N0 is really
the expected number of binaries in ΔfGW over many
realizations of the Universe.

A. Sesana et al. (2008) therefore posited a characteristic
mass, ˜ ( )M f0 , such that over infinite realizations of the
Universe, there is less than one SMBHB with ˜ ( )>M M f0 on
average, i.e.,

( ) ( )

˜ ( )

˜ ( )

ò ò

ò ò

<

 <

¥

-D

+D

¥

-D

+D

d N
dMdf

dMdf

p M dM
dN
df

df

1

1, B2

M f f f

f f

M f f f

f f

2

2 2
BHB

GW
GW

2

2 BHB

GW
GW

0 0 GW

0 GW

0 0 GW

0 GW

where in the second line, dN dfBHB GW is the differential number
of SMBHBs per fGW and p(M) is the PDF of SMBHBs with
mass M, such that ( ) ( )= ´d N dMdf p M dN df2

BHB GW BHB GW.
SMBHBs with ˜ ( )>M M f0 thus do not contribute to the GWB
in a typical realization of the Universe. To account for this
discreteness effect, we model the effective characteristic strain
spectrum as ( ) ( ) ( )= -h f h f Z f1c c,eff GW GW GW , where

( ) ( )˜ ( ) ( )

( )





ò ò ò

ò ò ò

f

f
=

¥ ¥

+

¥ ¥

+




Z f

dM dq dz

dM dq dz
B3

M f

dt
dz z

dt
dz z

GW
0

1

0 BHB 1

0 0

1

0 BHB 1

r

r

GW

5 3

1 3

5 3

1 3

is the fraction of contributions to ( )h fc
2

GW coming from less
than one SMBHB (A. Sesana et al. 2008).

We can derive an analytic expression for Z( fGW)—and thus
for hc,eff( fGW)—by assuming that fBHB is power law
distributed over mass (A. Sesana et al. 2008). Indeed, halo
merger tree models of SMBHBs (e.g., M. Volonteri et al. 2003;
A. Sesana et al. 2008) find d2NBHB/(dMdtr)∝M− β, with
1.5 β 2 (A. Sesana et al. 2008). We also find a similar
distribution in our generated SMBHB populations. Since

( )f µ d N dMdtBHB
2

BHB r (Equation (2)), this suggests that
fBHB can also be approximated as a power law, i.e.,

⎧⎨⎩ ( ) ( )f »
b-  A q z M M M M,

0 otherwise
, B4min max

where A(q, z) is a model-dependent normalization factor that does
not depend on M (and therefore cancels out in Equation (B3)),
and where =M M10min

8.5 and =M M10max
10.5 are the

bounds of integration. Plugging Equations (B4) into (B3), we find

(see A. Sesana et al. 2008)

⎜ ⎟⎛⎝ ⎞⎠
( )

˜ ( ) ( )

˜ ( )



ò

ò
=

-

b

b

b

-

-

-

Z f
M dM

M dM

M f

M
1 , B5

M f

M

M

MGW

5 3

5 3

GW

max

8 3

GW

max

min

max

where, in the second line of Equation (B5), we have assumed
β< 8/3 and ˜ ( ) M f MGW min. This is true for our generated
populations at most frequencies and is in general true for a real
population of SMBHBs, which can include small contributions
to the characteristic strain from lower-mass SMBHBs than
those considered in this work (J. A. Casey-Clyde et al. 2022).
We next solve for ˜ ( )M fGW before finally arriving at an

analytic expression for Z( fGW). Since µ - -dt df M fr GW
5 3

GW
11 3

(P. C. Peters & J. Mathews 1963), it follows from our
power-law formulation of fBHB that ( ) µd N dMdf2

BHB GW
b- - -M f5 3

GW
11 3 (A. Sesana et al. 2008). The total number of

SMBHBs per frequency interval ΔfGW centered on frequency
fGW is thus ( ) ( )= -N f N f fGW 0 GW 0

11 3 (A. Sesana et al. 2008),
where f0 is an arbitrary reference frequency, and N0 is set by
Equation (B1). Combining this expression for N( fGW) with
Equations (B1) and (B2) and solving for M̃ , we find (see
A. Sesana et al. 2008)

⎜ ⎟

⎡⎣⎢⎛⎝ ⎞⎠ ⎤⎦⎥
˜ ( )

( )
( )

b
= +

+

´

b

b

- -

- -

M f M
BN M

f

f

1
2 3

, B6

GW max
0 max

2 3

GW

0

11 3 1 2 3

where B is a normalization constant such that ( )ò =
¥

p M dM
0

ò =b¥ - -BM dM 1
0

5 3 . Combining Equations (B5) and (B6),

and defining ºfknee [( ) ( )]b + b- - -f BN M2 30 0 max
2 3 3 11 , the

characteristic strain spectrum can be parameterized as

⎜ ⎟

⎛⎝⎜ ⎞⎠⎟⎡⎣⎢ ⎛⎝ ⎞⎠ ⎤⎦⎥ ( )
( )

=

´ +

a

a a-

h A
f

f

f

f
1 , B7

c,eff yr
GW

yr

GW

knee

11 3 3 11

1

2 1

where α1=−2/3 is the slope at fGW= fknee, and where
α2= α1+ (11/6)(3β− 8)/(3β+ 2) is the slope of the average
strain spectrum at fGW? fknee. At fGW? fknee, we therefore
have ( )( ) ( )µ b b- + - +h fc,eff GW

2 3 11 6 3 8 3 2 , which for 1.5 β 2 is
µ -- -h f fc,eff GW

1.6
GW

1.1, in good agreement with both the double
and broken power-law models. In fact, by fitting Equation (B7)
to the 1000 spectra we generate from discrete SMBHB
populations, we find µ - -

+
h fc GW

1.1 0.2
0.1
. This corresponds to

b = -
+2.1 0.2

0.1, which is consistent with expectations from halo
merger tree models (A. Sesana et al. 2008) and the SMBHB
populations used in this work.
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