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Abstract

We introduce and study quantum Capelli operators inside newly constructed quantum
Weyl algebras associated to three families of symmetric pairs (Letzter et al. in J
Algebra, 2024). Both the center of a particular quantized enveloping algebra and
the Capelli operators act semisimply on the polynomial part of these quantum Weyl
algebras. We show how to transfer well-known properties of the center arising from the
theory of quantum symmetric pairs to the Capelli operators. Using this information,
we provide a natural realization of Knop-Sahi interpolation polynomials as functions
that produce eigenvalues for quantum Capelli operators.
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1 Introduction

In the mid 1980s, Macdonald introduced a new family of parametrized orthogonal
polynomials, referred to as Macdonald polynomials. These polynomials can be viewed
as generalizations of the orthogonal polynomials that appear as zonal spherical func-
tions for real and p-adic symmetric spaces ([21]). About a decade later, Knop ([10])
and Sahi ([27]) defined parameterized versions of interpolation polynomials (in Type
A) with close connections to Macdonald polynomials. For certain parameters, the
Knop-Sahi interpolation polynomials can be viewed as g-analogs of polynomials
that produce eigenvalues for Capelli operators ([12, 13, 28]). Knop-Sahi interpola-
tion polynomials are referred to by a number of other names in the literature including
interpolation Macdonald polynomials ([26]), quantum Capelli polynomials ([10]), and
shifted Macdonald polynomials ([25]).

Drinfeld and Jimbo discovered quantized enveloping algebras, which are Hopf alge-
bra deformations of universal enveloping algebras of Lie algebras, around the same
time as Macdonald initiated the study of his new family of orthogonal polynomials.
Shortly afterwards, the quest began for realizing Macdonald polynomials as zonal
sperical functions on quantum symmetric spaces. This realization was ultimately car-
ried out in a series of papers ([4, 16, 17, 22-24]) where the theory relies on definitions
of quantum symmetric pairs using special coideal subalgebras. They were constructed
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first for classical Lie algebras using generators via L-functionals and solutions to
reflection equations ([21, 24]) and then, in general, via expressions derived from the
Drinfeld-Jimbo generators ([9, 14, 15]).

In this paper, we complete another part of the quantum picture, namely finding a nat-
ural realization of the Knop-Sahi interpolation polynomials as functions that produce
eigenvalues for quantum Capelli operators. The crucial piece in the story is identifying
quantum Capelli operators, which are invariants with respect to a particular quantized
enveloping algebra, inside three families of newly constructed quantum Weyl algebras
P Dy ([20]). In other words, we formulate and solve the Capelli eigenvalue problem
in the quantum case, thus providing quantum analogs of results in [28]. Similar results
for Capelli operators and their eigenvalues have been obtained in the Lie superalge-
bra setting ([1, 29-31]). We also show that these two quantum realizations, one for
Macdonald polynomials and the other for Knop-Sahi interpolation polynomials, are
closely connected. In particular, we use results from the Macdonald polyomial setting
concerning central elements of the quantized enveloping algebra in order to establish
basic properties of quantum Capelli operators.

The quantum Weyl algebra # %y is associated to one of the following three
(infinitesimal) symmetric pairs (g, ) where ¢ is the Lie subalgebra fixed by the
involution 0 of g:

o (9,8 = (gl,,s0,)
o (9,9 = (gly,, 5p2,)
o (g, 8) = (gl, ®gl,,aly)

We refer to the first pair as Type Al, the second as Type All, and the third as the Type A
diagonal case, thus matching the language used in the classification of symmetric pairs
via Satake diagrams. These correspond to the Jordan algebras of Hermitian matrices
over R, H, and C in Type Al, Type All, and the Type A diagonal case respectively.
Indeed, in each case, the Riemannian symmetric space G/ K can be identified naturally
with the open subset of positive definite Hermitian matrices. We focus on these three
families precisely because the Jordan algebra setting is central in Kostant and Sahi’s
study of Capelli identities, Capelli operators, and interpolation polynomials ([12, 13,
28]).

As explained in [20], the quantum Weyl algebra &%y is a deformation of the
twisted tensor product of two algebras, the polynomial part &%y and the constant
coefficient differential part %. The polynomial part % is the algebra of quantized
functions on the space of n x n symmetric matrices for Type Al n x n skew symmetric
matrices for Type All, and all n x n matrices in the Type A diagonal case. The algebra
Py is isomorphic to the opposite algebra of F.

Let By denote the right coideal subalgebra of U, (g) which is a quantum analog of
U (%) inside of U (g) as defined in [15] (see also [9]). Recall that there is a second root
system, called the restricted root system, associated to a symmetric pair g, €. For each
of the symmetric pairs under consideration in this paper, the restricted root system X
is of type A,—_1. Denote by A; the set of partitions of length n realized as weights
associated to 2. Note that these partitions defined by X form a subset of the partitions
defined by the root system of g. Thus with respect to this inclusion, elements of A;
are also weights for g.
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Let M = Mat, in type Al, M = Mat,, in type All, and M = Mat,, x Mat,, in the
diagonal case. Initially, see [20], &%y is defined as a subalgebra of By-invariants inside
the quantized function algebra O, (M) on M. Moreover, &y inherits a left U, (g)-
module structure from O, (M). As aleft U, (g)-module, & is multiplicity free and is
isomorphic to a direct sum of simple highest weight modules L(2)1) where A € A;
The algebra &% can be viewed as a subalgebra of the quantum homogeneous space
O,4[G/K], which in turn is a subalgebra of O,[G], where G, K is the symmetric pair
of Lie groups associated to g, €. The algebra & also admits a decomposition into left
U, (g)-modules that is isomorphic to a direct sum of the L*(21), for A € A; where
L*(24) is a left U, (g)-module dual of L(21).

The quantum Weyl algebra &7 % inherits the structure of a left U, (g)-module via
its construction that is compatible with the module actions on the subalgebras &g and
9y. Thus & Py is isomorphic to the direct sum of modules of the form L (2A)Q L*(2u)
where A, u both run over partitions in Ag. Note that L2A)QL*(2A) = End L(2A). Let
C,. be the vector corresponding to the identity in L (21) ® L*(21) via this isomorphism.
The space of left U, (g)-invariants of L(21) ® L*(2u) is zero if A # p and equal to
the one-dimensional space spanned by C; for A = . The quantum Capelli operators
are the elements Cy, A € A;.

One can define an action of Z2 %y on £ in a manner similar to the action of the
classical Weyl algebra on its polynomial subalgebra. Since % is a U, (g)-module,
elements of U, (g) also act on &. These actions lead to U, (g)-module maps from
PPy and U, (g) into End &y where the module action for & is the left action
and the module action for U, (g) is the (left) adjoint action. Let F(U,(g)) denote
the locally finite subalgebra of U, (g) with respect to the adjoint action. We define a
U, (g)-module map that takes certain elements of F (U, (g)), including most of the
center of U, (g), to the quantum Weyl algebra that is compatible with the maps into
End #. This enables us to establish the following connection between the center and
the Capelli operators.

Theorem A There is an isomorphism between a polynomial subring Z of the center of
U, (g) and the algebra generated by the quantum Capelli operators so that the action
of the two agree on Py.

In [19], quantum Weyl algebras over m x n matrices where m # n are studied.
These quantum Weyl algebras come equipped with a left action of U,(gl,,) and a
right action of Uy (gl,). A key tool in [19] is a mapping of most of the locally finite
subalgebras of U, (gl,,) and of U, (gl,) to subalgebras of the quantum Weyl algebra
using very similar arguments to the ones found here.

By [18], there is a Harish-Chandra type map from the center to a subalgebra of
the Cartan subalgebra of U, (g) so that the image of the center Z(U,(g)) consists of
invariants with respect to a dotted action of the Weyl group for the restricted root
system. Note that elements of Z(U,(g)) act semisimply on &y with eigenspaces
corresponding to simple modules L(21), A € A; The image of a central element
inside of the Cartan subalgebra can be viewed as an eigenvalue function: the eigenvalue
for a central element z on L(2X) is obtained by evaluating the image of z under this
Harish-Chandra map at A, or more precisely, at ¢* (see Sect. 10.1 for a definition of
this type of evaluation).
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It follows from Theorem A that the eigenvalue functions for quantum Capelli oper-
ators live inside the same subalgebra of the Cartan part and, moreover, inherit the
desired Weyl group invariance property from the center. Write &, for the eigenvalue
function associated to the Capelli operator C,. We shall see that there is an interpre-
tation for this eigenvalue function as a polynomial in n variables. The explicit map
from Z to the quantum Capelli operators of Theorem A ensures that the degree of &,
is equal to |A|.

Let C(a, g)[x1,...,x,] be the polynomial ring in n variables over the field
C(a, g) where a and g are two independent parameters. Given a partition u =
U1 > 2 > pp, > 0 and a polynomial P(xy,...,x,) in C(a, g)[x1, ..., x,], set
P(a*) = P(a™, ..., a""). Knop-Sahi interpolation polynomials introduced in [10]
and [27], also called shifted Macdonald polynomials in the later paper [25], are a
family of polynomials P;*(x; a, g) indexed by partitions A and contained in this poly-
nomial ring. In addition, they satisfy both an invariance condition and a vanishing

condition. In particular, the element Pf (x;a,g)in C(a, g)[x1, ..., x,] is the unique
(up to nonzero scalar) polynomial in the x1, ..., x, of degree |A| such that
° Pf (x; a, g) is symmetric viewed as a polynomial in the n terms x g’1 R o

e PY¥(a";a, g) = 0 for each partition 1 # A with |u| < |A| and Pk*(ak; a,g) #0.

These polynomials are defined in a slightly different manner—although it is easy to
convert from one definition to another—in each of [10, 27], and [25]. See Sect.10.3
for more details and context.

Let H,) denote the highest weight generating vector for the copy of L(21) inside of
Py. The algebra Py has a natural degree function which turns it into a graded algebra.
Using a careful analysis involving the relations of &2 %4, we show that Cy, - H>,, = 0 for
all Hy,,, 0 # A, of degree less than or equal to that of C;,. Moreover, C,,- H»;, # 0. These
results are used to show that the polynomials &, satisty the vanishing property, as well
as a nondegeneracy condition, of the Knop-Sahi interpolation polynomials. This leads
to our main result involving the Knop-Sahi interpolation polynomials P;(x; a, g).

Theorem B Foreach i € A'{, the polynomial & is equal to the polynomial P (x; a, g)
(up to a normalization scalar) where

o (a,8) = (q* ¢*) in Type Al
e (a,8) = (q% q*) in Type All,
® (a,g) = (qz, qz) in the Type A diagonal case.

It should be noted that the parameters obtained in Theorem B are precisely the same
parameters as those for the realization of Macdonald polynomials as zonal spherical
functions. This is due both to the connection between Macdonald polynomials and
Knop-Sahi interpolation polynomials as well as the relationship between eigenspaces
of &y and quantum zonal spherical functions. For more details on this connection,
see Remark 10.6.

An original motivation for this paper was to understand and extend Bershtein’s
results on quantum Capelli operators in [3]. One can view the results in [3] as a
quantum analog of the classical setup relying on a Hermitian symmetric pair of Type
AIIL By [12], Sect. 1, the classical versions of Bershtein’s approach and the Type A
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diagonal case of this paper produce the same Capelli operator eigenvalues. This paper
shows that the same happens in the quantum setting. Indeed, the eigenvalues for the
quantum Capelli operators in the Type A diagonal case of Theorem B match those in
[3]. Note that the fixed Lie subalgebra ¢ in [3] contains the entire Cartan subalgebra
and so the corresponding symmetric pair is maximally compact. An advantage of the
approach here is that the symmetric pairs are explicitly defined so that they are in
maximally split form. This allows us to use the theory of quantum symmetric pairs
and symmetric spaces as developed in [14—17] and [18].

The remainder of this paper is organized as follows. Section 2 sets notation for root
systems, quantized enveloping algebras, the three types of symmetric pairs and their
quantum versions. In Sect. 3, we give generators and relations for the quantized func-
tion algebras O, (Maty) on N x N matrices and for the three quantum homogeneous
spaces y. In Sect. 4, we obtain detailed descriptions of highest weight vectors inside
P with respect to the action of U, (g) and use them to write down explicit module
decompositions of the quantum homogeneous spaces Z.

In Sect. 5, we describe the quantum Weyl algebras &2 %y of [20] in terms of gen-
erators and relations. We then define a U, (g) equivariant action of 2%y on % that
resembles the action for the classical Weyl algebra on the polynomial subalgebra.
Using the relations for 2%y, we analyze the action of the quantum Weyl algebra on
the highest weight vectors Hp), A € A;, inside of 2. This information is used to
determine the action of the Capelli operators C; on highest weight vectors Hp,, needed
for the proof of Theorem B.

Section 6 shows how to identify certain elements u of the Cartan subalgebra of
U, (g) with elements a of Py so that u and a agree with respect to their action
on Py. The elements of the Cartan subalgebra that have this property are part of
the locally finite subalgebra F(U,(g)) of U,(g). The locally finite subalgebra is a
well-studied object for quantized enveloping algebras of semisimple Lie algebras. In
Sect.7, we give a complete description of F (U, (g)) by translating the results for the
locally finite part of U, (sly) to the gl setting. This allows us to define a mapping T
on almost all of F (U, (g)) into &Py which is compatible with the action on &.

Section 8 is devoted to the center of U, (g) and the image of a special subalgebra
Z of the center (as in Theorem A) to 2Py via Y. In order to understand the center,
we state and review specific results from [18] for the center of U, (sly) and use them
as a guideline for understanding the center of U, (gly) and the related subalgebra Z.
Generators for the image of Z inside End % are identified and the degree of their
image inside of &%y are determined. Using the standard Harish-Chandra map and a
restricted version based on those in [18], we explain the dotted restricted Weyl group
invariance for central elements. We further show that both Z and its image under the
restricted Harish-Chandra map are isomorphic to a polynomial ring in n variables.

Quantum Capelli operators, are defined in Sect.9. Comparing the degree of quan-
tum Capelli operators with the degree of the image of generators of Z under Y yields
Theorem A (Theorem 9.6). Eigenvalue functions associated to quantum Capelli opera-
tors are introduced in Sect. 10.2 and their relation to the image of central elements of Z
under the restricted Harish-Chandra map is explained. We show that these eigenvalue
functions satisfy the defining properties of Knop-Sahi polynomials by combining facts
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about the center of U, (g) with structural properties of & % . This establishes Theorem
B (Theorem 10.5).

2 Quantized enveloping algebras
2.1 Roots and weights

Let N be a positive integer and let €, ..., €y denote a fixed orthonormal basis for
RY with respect to the standard inner product (-, -). Let ® denote the root system
of Type Ay —1 with positive simple roots o; = ¢; —€;41 fori =1,..., N — 1. Write
i, ..., wn—1 for the fundamental weights associated to ® . Set Py = ZlN: _11 Zw;
equal to the weight lattice and Oy = Z,N= _11 Za; equal to the root lattice. Write
P;,r = ZlNz 711 Nw; for the subset of (non-negative) dominant integral weights and let
Q7 denote the subset Z,N: ]1 Ne; of the root lattice.

Let A denote the set of vectors A = A1€1 + - - - + Ayey where each A; € Z and
AM =A== Ay Set A; equal to the subset of Ay consisting of those weights
A € Ay satisfying Ay > --- > Ay > 0. In other words, elements in A; correspond
to the set of partitions (A, ..., Ax). Recall that €] 4 - - - 4+ € is orthogonal to each «;
with respect to the given inner product. Moreover, it is straightforward to check that
the fundamental weight w; satisfies

i
a)i:€l+"'+€i_ﬁ(€1+"'+€N) M

foreachi =1,...,N —1.Setw; =€ +---+¢ fori = 1,..., N and so the
above equality becomes w; = @; — %d)N. We refer to the weights @1, ..., @y as
the fundamental partitions associated to the root system &, . Note that A; is the
N-linear span of the fundamental partitions @y, ..., @y. Note further that P;,' C
A; + N(—@y/N) and, as stated above, P; is the N-linear span of the fundamental
weights w;, i =1,...,N — 1.

Let wo denote the longest element of the Weyl group in type Ay_1. We have

woo; = —ay—;and woe; = ey_jfori =1,...,N—1landj=1,..., N.Itfollows
that the set woA; is the N-linear span of the elements wo®; = €y—;+1 + - - - + €y for
i =1,..., N.Moreover, foreachi = 1,..., N — 1, the image of the fundamental
weight w; under wg is wow; = €n—j+1 + -+ €N — %(61 +---€n). So woP; is
the N-linear span of wowy, ..., wowy—1 which in turn equals the N-linear span of
—wyN_1, -+ .— w;. Hence u)oPJr = —P;,r.

Let gl denote the complex general linear Lie algebra consisting of N x N matrices
and let sl be the Lie subalgebra equal to the subspace of N x N matrices with trace
0. Recall that ®y is the root system for sly and the finite-dimensional simple sly-
modules are parameterized by their highest weights which are elements of P;,' . For
gly, one uses Ay to parameterize the finite-dimensional simple gl -modules. More
generally, the relationship between w; and @; in (1) will help us translate results from
the sly setting to that of gly. Sometimes it will be useful to just consider the first
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N — 1 partitions. To do this, we set f\?\', equal to the N-linear span of the first N — 1
partitions @i, ..., ®y—1. Note that [\; + Noy = A;. Similarly, wof\; is equal to
the N-linear span of the N — 1 partitions wow;,i = 1,..., N — 1.

The root system for gl @ gl is just the disjoint union CDS) U CDR%) of two copies of
the root system for gl and the corresponding Weyl group is just the direct product of
two copies of the Weyl group for ® . Write €1, . . ., €y for the orthonormal basis for
the first copy of gl and ey, ..., eay for the second copy. Set @; = €] + - - + €;
and wj+y = €14N+---+ €4y fori =1,..., N. The longest Weyl group element is
wo X wo which simply acts as wg on each copy of ® . Other notions are extended from
gly to gly @ gly in a similar fashion. Sometimes we denote weights for gl @ gly
using a single symbol, say A. In other instances, we use the sum y @ y’ to represent
the weight y1€1 + - - - + ynen + V1/€1+N + -+ )/I/VEZN.

2.2 The quantized enveloping algebra

Write ey, ...,en—1, f1,..., [N—1, he, -+, hey for the standard Chevalley gen-
erators for gly. For the direct sum gly @ gly, we write ¢;, fi, he; where i €
{1,...,N—1}JU{N +1,...,2N — 1} and j € {1,...,2N} for the standard gen-
erators. Here, the ¢;, f;, he i i <N —1,j < N generate the first copy of gly while
ei, fi héj, i, j = N + 1 generate the second copy.

Let g be an indeterminate. The quantized enveloping algebra U, (gly ) is an algebra
over C(g) generated by K;ﬂ, e, K;—jvl, Ei,...,En_1, F1, ..., FNy_1 subject to the
algebra relations as stated in [22] (see also [11], Section 10). Note that K¢, - - - K¢, isa
central element of U, (gly). Set K; = KGI.K_1 fori =1,..., N — 1. The subalgebra

€it+1
of U, (gly) generated by
Kftla"'9K]:V|:1_17E19~'-1EN—17F17"'9FN—1

is the quantized enveloping algebra U, (sly).

Given an integer linear combination 8 = ZIN: 1 Bj€j, write Kg for the product
Kg' e Kgf," The algebra U, (gly) is a Hopf algebra with coproduct A, counit €, and
antipode S defined on generators by

e A(E))=E;®14+K;® E;,e(E;) =0and S(E;) = —Ki_lE,'
e A(F))=F® K,-_1 +1® Fi, e(F;) =0and S(F;) = —FK;
e A(K)=KQ®K,e(K)=1and S(K) = K~}

fori=1,...,N —landforall K = Kg, B € Zj Ze . It follows from the defining
relations for U, (gly) that

KpEiKg' =qP“VE; and KgFiKy'=q P“F 2)
fori =1,...,N—1landall 8 € Zj Zej. The subalgebra U, (sly) is also a Hopf
algebra using the same coproduct, couinit, and antipode. Given an arbitrary element u

in one of these Hopf algebras, we express the coproduct of u by A(u) = > u(1y Qu ().
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We also consider the quantized enveloping algebra of gl @ gl . Note that
Uq(gly @ gly) = Uq(gly) ® Ug(gly)

as Hopf algebras. Write E;, F;, Kil 1<i<N-1,1<j < N for the generators

of the first copy of U, (gly) and El, F;, Kil N+1<i<2N—-1,N+1<j<2N
for the generators of the second copy. Formally, we may identify E; with E; ® 1 and
Eifny with1 ® E; for 1 <i < N — 1 with similar identifications for the F; and Keijl.

Let U%(gly) denote the subalgebra of U, (gly) generated by Keill, ceey K;EVI. Sim-
ilarly, we write U%(gly @ gly) for the subalgebra of U,(gly @ gly) generated by

Keill, .. Kg;}/ Write U%(sly) for Uo(g[N) N Uy (sly) and note that U%(sly) is just
the Laurent polynomial ring generated by Kiil, i=1,...N—1.
Let U™ (gly) denote the subalgebra of U, (gly) generated by Ey, ..., Ey—1. Simi-

larly, let Ut (gl @ gly) denote the subalgebra of U, (gly ©gly) generated by E;, for
i=1,...N—landi = N+1,...,2N —1. We frequently drop gl or gly gl from
the notation and simply write U™ for when the associated Lie algebra can be under-
stood from context. Define the subalgebra U~ (gly) in the same way with each E;
replaced by F; and similarly write U~ when the associated Lie algebra is understood
from contexs.

In the study of U, (sly), it is sometimes necessary to pass to the simply connected
quantized enveloping algebra lqu (sln). This Hopf algebra is an extension of U, (sly)
obtained by enlarging U%(sly) to U%(sly) where U%(sly) is the group algebra gen-
erated by the K, where  is in the weight lattice Py (see for example [6], 3.2.10). In
another words, Uq (sln) is the Hopf algebra generated by U, (sly) and U 0(5[ ~) where
the generators of U, (sly) and the elements Kg, B € Py satisfy (2).

Recall that the augmentation ideal of a Hopf algebra H, denoted by H., is the
kernel of the counit €. Given a subset M of H, we write M for the intersection of M
with H. For example, we write (U, (gly))+ for the augmentation ideal of U, (gly).
Similarly, we denote the intersection of U™ with the augmentation ideal of Uy (gly)
by Ujf.

We write L() for the simple U, (gly)-module of highest weight A. In other
words, L(A) is generated by a highest weight vector v, such that E;v, = 0 for
alli = 1,...,N — 1 and Kgv; = ¢'¥Mv;, for all weights B. Recall that L(}) is
finite-dimensional viewed as a U, (sly)-module if and only if A € P; and is finite-
dimensional viewed as a U, (gly)-module if and only if A € Ay. These notions
extend to the setting of U, (gly @ gly) in a straightforward manner and we will simi-
larly denote highest weight modules by L (1) where here A is understood to be a weight
for gly @ gly.
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2.3 The adjoint action

Given a Hopf algebra H and a two-sided H-bimodule M, the bimodule M admits an
H-module structure via the adjoint action defined by

(ad a)m = Za(l)ms(a(z))

foralla € H and m € M. The locally finite part Fg (M) of M is the submodule
consisting of those elements that generate a finite module with respect to the adjoint
action of H. More precisely,

Fu(M) ={m € M| dim[(ad H)m] < oo}.

When M is also a Hopf algebra, the locally finite part Fy (M) is a subalgebra of M
([7]). We typically drop H from the notation F (M) when H can be understood from
context. 5

For H = U, (gly), Uy (sly) or Uy (sly), the adjoint action is determined by the
following formulas:

(ad E;) -m = Esm — K;mK; 'E;
(ad F;) -m = F;mK; — mF; K;
(ad K) -m=KmK™!

foralli =1,..., N—1, K = Kg for all weights B with K g in the specified quantized
enveloping algebra, and m € M. Note that these formulas carry over easily to H =
Ug(gly @ gly).

2.4 Three symmetric pair families

We are interested in quantum homogeneous spaces associated to three families of
symmetric pairs g, ¢ where ¢ is the Lie subalgebra fixed by the involution 6. Here,
g = gl, for the first family, g = gl,, for the second family, and g = gl,, ® gl, for
the third family. Below, we describe the involution for each family and then define the
Drinfeld-Jimbo type generators for the associated quantum analog By of U (g?).

For each of the three families, we associate an R-matrix Ry and a solution J to the
reflection equation RgyJ; Rg Jr = JzRg JiRy where Jisan N x N matrix, J1 = J®/
and J, = 1 ® J, I is the N x N identity matrix and RS denotes the transpose in
the first column. These R-matrices are closely related to the following matrix R in
Maty x Maty defined by

R= Y qei®ei+ Y. (i®ejj+ejj®e)+@—q ) Y. ej®eji
1<i<N I<i<j<N I<j<i<N
3)
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where Matyy is the space of N x N matrices and the ¢;; are matrix units. When Ry is

the matrix R, then (R"! )kl = rlkl]

Type AL: g = gl, and 6 is defined by 6(e;) = —fi, 0(fi) = —e; and O(h¢;) =

—he; eachi =1,...,n—1and j =1,...,n. Hence t is generated by f; — ¢; for
i=1,...,n—1 Passmg to the quantum case, By is generated by F; — E; K~ ! for
i=1,...,n— 1. Inthis case, Ry = R as defined in (3) with N = n. The assomated

solution to the reflection equation is J = I,,, the n x n identity matrix.
Type AIlL: g = gl,, and 6 is defined by

o 0(ei) = ei, 0(f;) = fi, (ki) = hi fori = 1,3,...,2n— 1.
o O(fi) =—lei—1,leix1.ellfori =2,4,...,2n — 2.
® O(hey ) = —hey fori=1,...,n

Hence ¢ is generated by ¢;, f;, h;, fori = 1,3,...,2n— 1 and f; — [ej_1, [€i+1, €i]]
fori =2,4,...,2n — 2. Passing to the quantum case, By is generated by

o KX E; Fifori=1,3,...,2n—1.

o Bi=F —q*((d Ei_1Eiy1) - EDK; ' = F; — ¢*[Ei_1, [Eiz1. Eilglg K" for
i=2,4,...,2n — 2 where [a, D], denotes the g-commutator ab — gba of a and
b.

In this case, Ry = R as defined in (3) with N = 2n. The associated solution to the
reflection equation is J = > y_ (e2k—1,2k — q€2k,2k—1)-

Type A diagonal case: g = gl, @ gl,, and 0 is defined by 6(f;) = —en+i, O(futi) =
—e;, ande(hej) = —hénﬂ. fori=1,...,n—1land j =1, ..., nandso tis generated
byﬁ—en+,',fn+i—el-,andh6j —henﬂ, fori =1,...,n—1landj =1, ..., n.Passing
to the quantum case, the corresponding quantum symmetric pair coideal subalgebra
By is generated by

Bi = F; — qE,iK['. Buyi = Fapi — qEK, .

and (K_ lKgnJr,)
fori =1,...,n—1and j = 1,..., n. Inthis case, Ry is the 4n? x 4n block diagonal
matrix w1th dlagonal (R, L2, 1, R) were R is the matrix defined by (3) with N = n.
The associated solution to the reflection equation is J = Zk:l (ek.n+k + enti k). We
often drop the phrase Type A and simply refer to this family as the diagonal case or
diagonal type.

It should be noted that the quantum analog 3y can also be defined using R-matrices
along with the solutions J to the reflection equation (see [22, 24].) The fact that the
different approaches to defining By yields the same coideal subalgebra follows from
the uniqueness result proved in [14], Sections 5 and 6 (see also [15], Theorem 7.3).

Note that this uniqueness result is up to isomorphism via a Hopf algebra auto-
morphism of U (g). Thus one can introduce parameters both in the solutions J to
the reflection equation (see for example [24], Section 3) and in the Drinfeld-Jimbo
generators (see for example [20], Section 5.1). There is a one-to-one correspondence
between the two sets of parameters, thus matching the choice of coideal subalgebra
By in terms of Drinfeld-Jimbo generators and a reflection equation solution J as in the
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above examples. This correspondence can be found in [20], Section 5. (See especially
the set-up in Sect. 5.1, the description of invariant elements in Sect. 5.2, their use in
connecting the parameters in Lemmas 5.1 and 5.2, as well as the discussion at the end
of the Sect.5.2.)

2.5 Restricted root systems

Write & for the root system generated by the set of positive simple roots for g. By
Sect.2.1, for Types Al and All, the set of positive simple roots is {«1,...,¥n_1}
and the root system ® = &y is of type Ay_; where N = n in Type Al
and N = 2n in Type AIl For the diagonal case, the set of positive roots is
{or, ..., 001} U {opt1, ..., 2p—1} where {aq, ..., a,—1} and {ay41, ..., @21}
each separately generate a root system of Type A,, and together generate a root system
o= ua?,

Note that 8 induces an involution, which we also call 8, on the root system ®. More
generally, 6 can be extended to an involution on Z,N: | Ze; where N = n in Type
Al and N = 2n in Type AIl and the diagonal case. Set B = (8 — 6(8))/2 for each
B e ZZNZ | Ze;. The set of all B where g runs over elements in ®, forms another root
system, called the restricted root system, which we denote by X. For all three families
under consideration, the root system X is of type A,_1. We denote the simple roots
for ¥ by Otlz, cee af_l and explain below how these are related to the simple roots
for ®.

The restricted root system is contained in a vector space spanned by orthonormal
basis vectors that live inside the set {8| B € >, Zei}. We denote this orthonormal
basis by 612, R enz. Write 1, . . ., n,—1 for the fundamental weights associated to ¥
and write 71, .. ., 1j, for the fundamental partitions. Let Py denote the weight lattice
and P; denote the dominant integral weights defined by the root system X. In other
words Py (resp. P; ) is just the set of Z-linear (resp. N-linear) span of the fundamental

weights 11, ..., n,—1. Let AJLE denote the N-linear span of the fundamental partitions
ni,i =1,...,n.Define /A\‘E" in a way similar to ZA\‘,'\’, In particular, [A\JEr is the N-linear
spanof 71, ..., ,—1. We identify the el-z, n; and 7; with elements of ) ', Q¢; below

for each of the three families under consideration. With respect to this identification,
it is straightforward to check that the longest element of the Weyl group for @ also
acts as the longest element in the restricted Weyl group Wy . Abusing notation slightly,
we refer to wg as the longest element of Wy with the understanding that wq is the
restriction of the longest element of the Weyl group for @ to restricted weights. In
particular, wo7; = efﬁi gt F € for each i and for each of the three families.

Type AIL: For Type AL, &; = (0 — 0(;))/2 = o; foreachi = 1,...,n — 1. Hence

ai): =qa; =«; fori = 1,...,n — 1 and the set of positive simple roots for the root

system X is just the set {«q, ..., o,—1}. A similar straightforward computation yields
€; = ¢; for each i. In other words, the restricted root system X in this case equals .
ThusejE =¢€j,Nj=0j,andng =wiforj=1,...,nandk =1,...,n — 1. Note
further that @y = (wx — 0(wy))/2 = wi and so ng equals @y, the restricted weight
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associated to wy. Similarly, 7 = (& — 0(wr))/2, the restricted weight associated to
oy, foreachk =1, ..., n.

Type AIIL: For Type All, @2; 1 = O0fori =1,...,nand az; = (a2 + 202; +
azjy1)/2 for j = 1,...,n — 1. The set of positive simple roots for ¥ is {a2;| j =
1,...,n— 1} and as = apj for j =1,...,n — 1. Note that the inner product on ®
needs to be scaled differently for the restricted root system. This is because

(G2, 0nj) = (o2j—1 + 202 +o2j1, 2j—1 + 2025 +2j41)/4 = 1.

Hence the inner product for ¥ takes the form (-, )y = 2(-,-) where (., -) is the
usual Cartan inner product for the root system of gl,,. In other words, (-, -)x is the
normalization of (-, -) chosen so that (&2, &2;)x = 2 foreach j.Now é&; = &3 | =
(e2j—1 + €2;)/2 and so 2(éy;, €2j) = &;;. It follows that the corresponding set of
orthonormal vectors is {€;, €4, ..., €2,} and hence el.z = é&; fori = 1...,n. The
fundamental partitions associated to this restricted root system take the form
b))
-

ﬁrzflz‘i""e =&+ -+éy=(+e+---+ey))2=0ny/2

forr =1, ..., n. It follows that the fundamental weights are

nr=10r— /My =(€1+e+---+e€x)/2—F/n)(e+ e+ +€2)/2
=w2r/2

forr =1,...,n — 1. Note also that
() —0(@2)))/2=(E1+ -+ &) =2+ &+ -+ &) =20
foreach j =1, ..., n. Similarly,
(@2j—1—0(@nj-1))/2=(€1+ -+ &j1) =2+ + - +é&j2)+é&
for j =1,...,n. Hence (&) — 0(®1))/2 = 1 and
(@2j—1 — 0(@2j—1))/2 =1+ 11

foreach j =2, ..., n. Itfollows that (w1 — 60(w1))/2 = N1, (w2j — O (w2;))/2 = 2n;
and (w2j—1 — 0(w2j-1))/2=nj+nj_1forj=2,...,n.

Type A diagonal case: For the diagonal case, we have @; = (o + @y+i)/2 = Gp+i-
Thus the set of positive simple roots for the root system ¥ is {&, -, &,—1} and
Oll.E =q; fori =1,...,n—1.Note that (&;, @) = ((; + ap+i)/2, (@; +ap+i)/2) =
1. Hence, the inner product for the restricted root system in the diagonal case is

(-, )s = 2(, ). Here, the corresponding orthonormal basis is {1, ..., €,} where
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=

€ = (& + €44;)/2 for each i. In particular, we have €;

fundamental partitions in this case are

=¢ fori =1,...,n. The

hr=el 4+ +e =&+ +&=(c1+€mmt +e&+6n)/2

forr =1, ..., n. It follows that the fundamental weights associated to X satisfy
=1y = (r/m)fn = (@ + Gr4n)/2 = (r/n)(&n + @20) /2 = 0 /2 + W40 /2
forr =1,...,n— 1. We have
(@ —0(@)))/2=¢é+---+€ =17

and, similarly, (@n4j — 0(&nt;))/2 =10;. Thus nj = &j = &4 for j=1,...,n.

A finite-dimensional simple highest weight module is called spherical if it contains
a nonzero I3y invariant vector, i.€., a vector v such that x - v = €(x)v for x € By. Note
that ZA‘g = {21 A € A;;} is a subset of A; where N = n in Type Aland N = 2n
in Type AIL Moreover, given y € A7, the module L(y) is spherical if and only if
y = 2\ + sn, for some A € IA\; and s € {0, 1} in Type Al and y = 2A + 2 515, for
A€ 1A\'£ and s € Nin Type AII ([22], (3.12)). (Note that we stick with N instead of Z
since we are considering functions on matrices rather than symmetric spaces G/K.)
The extra assumption in type Al is because ZA; already contains the even nonnegative
multiples of 77,, while all terms of the form N7),, show up in the description of spherical
modules.

Now consider the diagonal case. For y,y’ € A, L(y @ y’) is spherical if and
only if y = y’. This follows from the classification of spherical modules using sl
instead of gl,, (see [15], Section 7) along with the fact that weight vectors admitting a
trivial K¢; K ;n action for each i = 1, ..., n must have weights of the form y & y.
Note that the setof y @y withy € A is precisely 2A'£. Thus L(y & y’) is spherical
if and only if y @ y’ = 2 for some A € A;.

3 Quantized function algebras
3.1 Quantized matrix functions

Let Maty denote the space of N x N matrices with basis ¢;;, 1 < i, j < N. The
matrix R defined by (3) can be writtenas R = }~, ; ; rijeir ® eji where
i ij C e .
° rl’l’ =q,r; =1 forall i, j, withi # j.
ij _ -1 .
® i =(q—q ) forall j <i.
° r,g = 0 for all other choices of i, j, k, L.

We can view R as the matrix in Maty x Maty with (i, k) x (j, [) entry r;}. Given a
matrix A € Maty x Maty, write A’ for the transpose in the first term when s = 1

and the second when s = 2. For example, (R“)Z = rl.klj .
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The quantized function algebra O, (Maty ) is the bialgebra over C(g) generated by
tij, 1 < i, j < N where the #;; satisfy the following relations

() tritj = qtejtiis ikt jk = qtjktic 0 < J)
(i) tutj = tjtins tijta — tutij = (@ —q Dt G < ks j < 1)

Set T = (), the N x N matrix with ij entry equal to #;; and set 7} = T ® I and
T, =1 ® T where [ is the N x N identity matrix. These relations can be written in
matrix form as RT1T> = T>T1 R, or equivalently, as the set of equations

S Mt = tatjrly-
jok J.k
foralla, b, d, I. A straightforward computation shows that the map ¢ defined by
t{tij) = tji 4)
foralli, j =1, ..., n defines an algebra automorphism of O, (Maty).

The algebra O, (Maty) admits the structure of a U, (gl )-bimodule algebra where
the left action is determined by

8.
Ep-tij =68i—1kti—1,j, Fi-tij = 8ixtiv1,j, Ke, - tij =q°"t;
and the right action by
5.
tij - Ex =djkti jv1, tij - Fe =8j-1kti,j—1, tij - Ko, = q°'1;;

forr =1,...,N,i,j=1,...,Nandk = 1,..., N — 1. Here, we are using the
notation t,,, = 0 foru € {0, N + 1} orv € {0, N + 1}.

Let O, (Maty)°” denote the bialgebra with the same coalgebra structure and oppo-
site algebra structure of the bialgebra O,(Maty). Write 9;;,1 < i,j < N for
the generators of O, (Maty)° so that the algebra map defined by #;; — 0;; is an
anti-automorphism.

Remark 3.1 Throughout the paper, when there is a risk of confusion, we separate the
subscripts by a comma, e.g., we write #; ;1 and d;1,; insdead of #; j 1 and 9; 1 ;.

The algebra O, (Maty)°? is also a U, (gl )-bimodule algebra with action defined
by

Ex-8j = —8uq "di41.j, Fi-8ij = —8i—1kq0i-1,j, Ke, -0ij = q " d;
and right action defined by
3ij - Ex = —8j1xqdi j—1. 0ij Fx=—8jxq "0 j11. i Ke, =q " 0;

forr=1,...,N,i,j=1,...,Nandk =1,..., N — 1. Just as for the 7,,, we are
using the notation 9, = 0 foru € {0, N + 1} orv € {0, N + 1}.
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Let O,(Maty) ® Oy(Maty) denote the algebra generated by two copies of
Oy (Maty). The first is generated by f;;,1 < i, j < N and the second is gener-
ated by tiyn jan, 1 <i,j < N and t;; commutes with #;yn ;4 forall i, j, k,1 €
{1,..., N}.Formally, #;; can be identified with #;; ® 1 and #;4 y j+n With 1 ®#;;. The
algebra O, (Maty) ® O, (Maty) isa Uy (gly @ gly) = Uy (gly) ® Uy (gly)-bimodule
algebra. Here, the left action is given by (g ® h) - (a ® b) = (g - a) ® (h - b) for all
g®h e Uy;(gly)®@Uy(gly) anda®@b € Oy (Maty) ® Oy (Maty). The right action is
defined in the same way with the action on the right instead of the left. Similar notions
apply for the algebra O, (Maty)?? ® O, (Maty)°P.

Consider the three families as described in Sect.2.4. Set & = O, (Maty) in Type
Al with N = n and in Type All with N = 2n. For the diagonal case, set & =
0O, Mat,) ® O, (Mat,,). Similarly, set Z = O, (Maty)°? in Type Al with N = n and
in Type AIl with N = 2n. For the diagonal case, set 7 = O, (Mat,,)°’ ® O, (Mat,)°?.

3.2 Functions on homogeneous spaces

Let g, £ be a symmetric pair corresponding to one of the three families described in
Sect.2.4. Recall that J is the associated solution to the reflection equation. Write J,. ¢
for the coefficient of e, in J. Define elements x;; and d;; by

_2%
Xij = Ztirjr,stjs and dij = Zq sair‘]r,xajs
7, r,s

for1 <i,j < N where N = n in Type Al, N = 2n in Type All and diagonal type,
s = s in Types Al and All, and for the diagonal type § = s fors <n,and§ =s — n
whens >n + 1.

Let &y be the subalgebra of & generated by the x;;, 1 < i, j < N, and let %
be the subalgebra of & generated by the d;;, 1 < i, j < N. As explained in [22] and
[20], the quantum homogeneous space O, [G /K] associated to g, £is generated by &
and powers of quantum determinants. Set X = (x;;)1<;, j<nv and D = (d;j)1<i,j<N-
Define X1, X7, D1, and D> in the same way as 71, 7> (i.e. X; = X ® I, etc.). The
following theorem summarizes properties of &2 from [20].

Theorem 3.2 The relations satisfied by the generators x;; of Py are determined by
the following equations:

(i) The matrix relation RgX1Rg X> = X2 Ry X1 Ry

(ii) The linear relations x;j = yxj; fori < j and xqp = 0 for all (a, b) € S where

o y=qginType Al, y = —q~ " in Type All, y = 1 in the diagonal type
e S is the empty set in Type AL, S = {(i,i),i = 1,...,2n} in Type All, and
S={,j),1<i,j<ntU{(,j),n+1=<i,j<2n}indiagonal type.

Moreover, Py is a left U, (g9)-module and (trivial) right By-module subalgebra of 2.

. Ip the diagonell case, it turns out that the matrix relations for &y reduce to RX 1 X ) =
X2X 1R where X = (x; j4n)1<i,j<n and R is the matrix defined by (3) with N = n
([20], Lemma 5.12). In particular, &y = O, (Mat,,) as algebras via the map that sends
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Xij+n totjj all 1 < i, j < n. For the other two families, Types Al and AlI, explicit
relations are given in [20], Lemma 5.8. Here we provide some of these relations in
special cases that will be needed later in this paper. In particular, for Type Al we have

XenXnn = qzxnnxen and  xgnXen = qXenXan (5)
forall 1 <a < e < n. Similarly, for Type AIl, we have

Xa,2nXe2n = 4Xe 2nXa,2n 6)

for1 < a < e < 2n. More generally, it follows from [20], Lemma 5.8 that the defining
relations are g-analogs of commutativity relations and take the form

XijXkl = q° XpiXij + Z (@ — g Hwxapxea (7
{a,b,c,d}={i,j,k,l}

for some integer s and some element w € C[qg, q_l] where neither x;;xj; nor xgx;;
appear in the final sum of the right hand side. It follows from the formulas for the
relations satisfied by the #;; and the fact that &y = O,(Mat,) as algebras in the
diagonal case, that (7) holds for the diagonal family as well.

The following result, also from [20], holds for Zy and shows that as an algebra, %
is isomorphic to ,@gp . In analogy to the situation for &%, the map sending d; ;, to
0;j for 1 <i, j < n defines an isomorphism of %y onto O, (Mat,)°? for the diagonal
family.

Theorem 3.3 The relations satisfied by the generators d;; of Zp are determined by the
following equations:

(i) The matrix relation RyD> Ry D1 = DRy D2 Ry.

(ii) The linear relations d;j = ydj; fori < j and dqp = 0 for all (a, b) € S where

e y=q linType AL,y = —q in Type All, y = 1 in the diagonal type

e S is the empty set in Type AL, S = {(i,i),i = 1,...,2n} in Type All, and
S={G j),1=<i,j=<nlU{q,j),n+1=<1i,j<2n}indiagonal type.

Moreover, 9y is a left U, (g)-module and (trivial) right Bg-module subalgebra of 2.

Note that the defining relations for &% are homogeneous and thus # has a natural
degree function defined by deg(x;;) = 1 for all i, j. Let J be the filtration on Z
defined by deg. In particular, for each r, we have

T (Pe) = {x € Pyl deg(x) <r}.

Since all the relations for &2y are homogeneous with respect to degree, &y is iso-
morphic to the graded algebra defined by this filtration. Just as for &g, we can define
a degree function on % such that deg(d;;) = 1 for all i, j. The resulting filtration
yields a graded algebra isomorphic to Zy. For each r, set &7 equal to the homoge-
neous subspace of &% consisting of elements of exactly degree r and %, equal to the
homogeneous subspace of Zy consisting of elements of exactly degree r.
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The left U, (g)-module structures can be deduced directly from the left actions of
U, (g) on & and 2. The action of the generators of U, (g) on the generators of &%y and
Py is explicitly given in [20], Lemma 5.4. As noted in [20], this action can be described
as follows. The vector space spanned by the generators x;; of &7 forms a simple left
U, (g)-module generated by a highest weight vector xy, of weight L(e; + €,) where
r = 1in Type AL, r = 2 in Type All, and » = n + 1 in the diagonal type. Similarly,
Zi’ j C(g)d;; is a simple left U, (g)-module generated by the lowest weight vector
dy, of weight —e; — €, where r = 1 in Type AL, r = 2 in Type All, and r = n + 1
in the diagonal type. Moreover, the action of the Cartan elements on %y and % is
determined by

8is+8; —8i—0;
Ke, - xij =q™ " xij  Ke -dij = q "7 djj ®)

for all i, j, s in Types Al and AIl and

Ke, - Xijon = @040k o Key - dijon = @7 0405 dy j 9)
for all i, j, s in the diagonal setting.

Note that the isomorphisms &% = O, (Mat,) and %y = O, (Mat,)°? in the diag-
onal setting as described above are actually U, (gl,)-bimodule isomorphisms where
the left action of U, (gl,,) on O, (Mat,,) (resp. O, (Mat,)°P) is the same as the action
of the first copy of Uy (gl,,) inside U, (g[,, ® gl,,) on FPy (resp. Zp). Similarly, the right
action for &y (resp. Zp) goes over to the action of the second copy of U, (gl,,) on
O, (Mat,,) (resp. O, (Mat,)°?). (See [20], Lemma 5.12 for details.)

It is well-known that the algebra O, (Maty) admits a PBW basis using monomials
in the #;;. The next result from [20] shows that the same is true for &%. Using the
fact that x;; — d;; defines an antiautomorphism from &% to %, the next lemma also
holds for %y with each x;; term replaced by d;;.

Lemma 3.4 The following monomials form a basis for Z9 where N = n:

(1) Type Al:
miy .mi2 mip M2  _mj3 moy Mpy—1n—1_Mp—1,n _m
X11 X2 Xy Xp X037 Xon Xy n 1 %1 X
(1) Type All:
mip _mi3 mi2n _mp3 _mo4 m3 2on man—1,2n
X" X137 X X3 Xoq X2 0 Xop—1,0n

(iii) Diagonal type:

mii mi2 mip ,.m31 ma map mpl Mpun
Xn+1%127 XX n+1%2,042 " %220 Apn+1l T X 2n

as each m;; runs over nonnegative integers. Moreover, we also get a basis if the order
of the monomials in the terms above are reversed.
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3.3 Module structure

It is well-known that O, (Maty) admits a decomposition as U, (gl )-bimodules

OyMaty) = @ L) ® LO)* (10)

+
AEAY

where L (1) is aleft U, (gl )-module and L (A)* is aright U, (gl )-module. By restric-
tion, we can also view all these modules as U, (s[y)-modules. Note that O, (Maty)
contains a nontrivial bi-invariant submodule with respect to the action of U, (sly).
In particular, the submodule of O,(Maty) consisting of U, (sly)-bi-invariants
corresponds to

P Lmén) ® Limay)*.

meN

Decomposition (10) implies

O,Maty) ® OyMaty) = P La@M)@LG@r)* (1)
O M)eAT x A

as U, (gly @ gly)-bimodules. Moreover, the submodule of O, (Maty) ® O, (Maty)
consisting of U, (sly @ sly)-bi-invariants is

P Loy ®m'éy) ® Limdy & m'dy)*.
m,m’eN
Setting N = n in Type Al and the diagonal case and N = 2n in Type All, we can
read off of (10) and (11) the U, (g)-module decomposition of Z. It follows from the

description of spherical weights in Sect.2.5 that the right By-invariants 250 of 2
admits the following decomposition as left U, (g)-modules:

@ L(2X + sdy) in Type Al
reAT,s5€(0,1)

@ L(22) in Type All, and

reAd
@ L2)) = @ L(y @ y) in the diagonal type.
reAf yeA;l

By [32] Lemma 5.3, the fact that & is generated by right By-invariant elements
ensures that & is a subalgebra and submodule of 2?5 We see in Sect. 4 that 225
agrees with & in both Type AIl and the diagonal case while it is slightly larger in
Type AL
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4 Detailed module decompositions
4.1 Quantum determinants

There is a quantum analog of the determinant, denoted by det, ('), which is a central
element in O, (Maty ). The quantum determinant can be expressed explicitly in terms
of the #;; as

dety(T) = Y (=)' Ot50y1 -+ tswy.n (12)
seS,

and satisfies t(det, (T')) = det, (T') where ¢is the antiautomorphism defined in Sect. 3.1
(see (1.26) of [22]). Itis straightforward to check that the quantum determinant det,, (7')
satisfies det, (T') - K; = dety(T), dety(T) - F; = O and det,(T) - E; = O fori =
1,..., N — 1. Hence det, (T) is right invariant with respect to the action of U, (s[y).
The same is true with respect to the left action of U, (sly) and can be easily verified
with a similar computation using the fact that «(det, (7)) = det, (T'). Hence det, (T) is
both a right and left invariant element with respect to the action of U, (sly). However,
the same is not true upon passing to U, (gly). Indeed, we have

det,(T) - K¢, = Ko, - det, (T) = gdet, (T). (13)

Let det, (7") be the quantum determinant defined using the elements #; 1y j4n instead
of the #;; viewed as elements of O, (Maty) ® O, (Maty). The properties for det, (T')
carry over to det, (T") where each subscript i is replaced by i + N.

Note that the weight of det,(7) with respect to the action of U,(gly) is
Oy = €1 + --- + ey. Hence by (10), the submodule of U, (sly)-bi-invariants
inside O, (Maty) is the polynomial ring C(g)[det, (T')]. Similarly, the submodule of
O, Maty) ® Oy (Maty) consisting of Uy, (sly @ sly)-bi-invariants is the polynomial
ring C(g)[det, (T), det, (T")].

Lemma 4.1 The intersection of C(q)[dety(T)] and Py is (C(q)[(detq(T))z] in Type
Al and equals C(q)[det, (T)] in type All The intersection of C(q)[det, (T), dety (T")]
and Py is C(q)[det, (T) dety (T")] in the diagonal case.

Proof Consider Type Al Note that any element in %% can be written as a linear
combination of monomials, say f;, j, - - -, j,- Moreover, by the form of the elements
Xab, €achright index ji must appear an even number of times in a particular monomial.
Thus examining det, (T'), we see that det, (T') ¢ Z% since each right index ji shows
up exactly once in fy(1),1 - - - ts(v),n Where N = nin Type Al and N = 2n in Type AIl.
The same holds for (det, (7)) for m odd. On other hand, by Remark 4.12 of [22],
(dety (T))2 € Py. Hence the first assertion for Type Al holds. For Type AlI, note that
Remark 4.12 of [22] also shows that det, (T) € Y in this case. This completes the
proof of the first assertion of the lemma.

For the diagonal case, note that det, () detq(T’) is right invariant with respect to
action of Uy (s[,, ®sl,,) as well as withrespect to the action of K¢; K. . Jlrl, fori=1,...,n
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where here we have N = n. Since By is a subalgebra of the algebra generated by both
U, (sl, @ sl,) and the K, K;L fori = 1,...,n, it follows that det, (T) detq(T’)
is an element of 2257, Now det, (T) det, (T’) has weight &, @ @, with respect to
the left action of U, (gl,, @ gl,,) and, moreover, generates a trivial left U, (s[, @ s,,)-
module. Hence from the description of PB4 in the diagonal case given in Sect. 3.3,
we see that (det, (T') det, (T”))™ is a basis vector for the one dimensional left module
L(m&, & mé,). Thus 250 N C(q)[dety(T), dety(T")] = C(g)[dety (T) dety (T")].
Since Py € 2?59, we also have that the intersection %y N C(q)[dety(T), dety (T")]
is a subset of C(g)[det, (T) det, (T")].

Now consider the element det, (X) defined by replacing each ¢#;; in the definition of
det, (T) by x;;, again in the diagonal case. Recall that &% is isomorphic as an algebra
and U, (gl,,)-bimodule to O, (Mat,,) (see the discussions following Theorems 3.2 and
3.3). It follows that det, (X) is an element of 56 invariant with respect to the left
action of U, (s[, ®sl,,). Moreover, itis straightforward to see that the weight of det, (X)
is @, @ @,. By the previous paragraph, det, (X) must be a nonzero scalar multiple of
dety (T') det, (T"). This guarantees the inclusion C(q) [dety (T) det, (T")] € PPy which
combined with the previous paragraph yields the desired equality. O

Set H, = dety(T) detq(T/) in the diagonal case, H, = detq(T)2 in Type Al and
H, = det,(T) in Type AIl. By Lemma 4.1, H, € &. Moreover, since det,(T) is a
central element in O, (Mat,) in Type Al is a central element in O, (Maty,) in Type
All, and is a central element of O, (Mat,) ® O,(Mat,) in the diagonal setting, we
must have H, is central in Hy.

4.2 Chains of algebras
Consider the chain of quantized enveloping algebras

Ug(g1) CUy(g2) C--- C Ugy(gn)

where g, = gl, in Type AL g, = gl,, in Type Al and g, = gl, @ g, in the diagonal
case. This means that U, (g,) = U, (gl,) in Type AL Uy (gn) = U, (gly,) in Type Al
and Uy (gs) = U, (gl, ® gl,,) in the diagonal case. Here U, (g,) is identified with the
subalgebra of U, (gn) generated by E;, F;, Kej where

eic{l,...,r—1}and j € {1,...,r}in Type Al
eic{l,...,2r—1}and j € {l,...,2r}in Type All
eic{l,....,r—1}U{n+1,....n4+r—1}, je{l,...,r}U{n+1,....,0n4+r}
in the diagonal case.
Note that U, (g) is just a commutative Laurent polynomial ring over C(g) in Type
Al and the diagonal case. In Type Al this Laurent polynomial ring is generated by
K|, in the diagonal case, it is generated by K¢, and K,. In Type All, Uq (g1) is the
quantized enveloping algebra of gl, generated by Ey, Fi, and K ;E L K
Similarly, we have a chain of quantized function algebras

P(g1) C P(g) C--C Pgn) =
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where Z(g,) = Oy(Mat,) in Type Al, Z(g,) = O,(Maty,) in Type All, and
Z(gr) = Oy(Mat,) ® O, (Mat,) in the diagonal case. Moreover, this isomorphism
is an equality for r = n and so #(g,) = £.Forr < n, P(g,) is equal to the
subalgebra of & generated by

o fijfor1 <i,j <rinType Al
o fijforl <i,j <2rinType All
o fijforl <i,j<randn+1<i,j<n+rinthe diagonal case.

Note that &(g,) is a U,(g,)-bimodule and, moreover, this bimodule structure is
compatible with the U, (g)-bimodule structure on .
Set By = ByNU,(g;) forr = 1, ..., n. Note that this gives us a chain of subalgebras

Byc B} C---CBi=DBy.

For each r, it is straightforward to see that 6 restricts to an involution on g, with fixed
Lie subalgebra €. = gf. Thus By, for the right coideal subalgebra of U,(g,) that is
a quantum analog of U (£,). Note that 3}, belongs to the same family as By with the
only difference being the rank of the underlying Lie algebra g,

Using By, Z(g,), and U,(g,), one can define the quantized function algebra
Py (gr) generated by elements x(r);; where 1 < i, j <rinType AL, 1 <i,j <2r
in Type All,and 1 <i,j—n <rorl <i—n,j <r in the diagonal case. Here,
we use the notation x;; for the generators when r = n (i.e. x(n);; = x;;). Note that
the difference between x(r);; and x;; has to do with which #; are involved in the
expression of these elements in terms of elements of &?. For example, in Type Al,

.
x(r)ij = Z tiktjk

k=1

while

n
Xij = Z Liktjk.
k=1

Nevertheless, we see from the next lemma that this distinction is not important.

Lemma4.2 Foreachr,s with 1 <r < s < n, the map V¥, s : Po(gr) = Po(gs)
defined by v, s(x(r)ij) = x(s);j induces an algebra embedding which preserves the
left Uy (gr)-module and (trivial) right Bj-module structures.

Proof Note that the relations for both algebras are given by Theorem 3.2. Moreover,
there are two types of relations: linear and quadratic. The linear relations take the form
xqp = 0 for various conditions on a, b and x;; = yx;; for an appropriate scalar y
and all i, j. Clearly these agree for the two algebras. Hence x (r),; = O if and only if
x(8)ap = 0and x(r);; = yx(r);; if and only if x(s);; = yx(s) ;.

By (7), the quadratic relations correspond to g-analogs of commutativity relations
between two generators, say x;; and x;4. Moreover, the only terms showing up in
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these relations are of the form x,px.q Where {a, b, c,d} = {i, j, [, d}. Nowif i, j and
1, d satisty the necessary conditions for x(r);; and x (r);4 to be generators of (g, ),
then x(r)gp is also a valid generator whenever {a, b} € {i, j, [, d}. In other words,
when i, j, [, d are chosen so that x(r);;, x (r);4 are among the generators for Z% (g, ),
then the quadratic relations involving x(r);; and x(r);4 inside &% (g,) take exactly
the same form as the relations satisfied by x;; and x;4 inside of &. The same holds
with r replaced by s. Thus the quadratic relations satisfied by the x(r);; of Z(g,)
agree with the relations coming from the larger algebra &% (g,) for the corresponding
elements x (s);;.

The module structures for both algebras can be deduced directly from the actions of
U, (g) and By on & and these actions do not depend on r or s. These module actions
agree, which yields the desired module isomorphisms. O

An immediate consequence of Lemma 4.2 is that %% (g, ) is isomorphic to a subal-
gebra and left U, (g,)-submodule of &% (g,) where each generator x(r);; is mapped
to x;;. Moreover, it is straightforward to see that the embeddings of this lemma are all
compatible with each other and so Ys p, 0o Y- s = ¥ foralll <r <s <m <n.

4.3 Highest weight generators

Let 7(;) be the submatrix of T" with entries #;; where 1 < i, j < r in Type Al and
1 <i,j < 2rin Type AIlL Similarly, let T,y be the submatrix of T with entries ¢ ;
and T(/r ) be the submatrix of 77 with entries f,,4; ,4; Where again 1 <i, j <r. Set

e H, = (det, T()? in Type Al
° I—AIr = det, T(2,) in Type All and
e H = (dety T(y) (dety T(/r)) in the diagonal case.

Note that I:I, € Z(g,). Moreover, by Lemma 4.1, we have I:Ir € Py(g,). Set H, =
Vra(H) forr=1,....n

For each r, %y (g,) has a natural degree function compatible with the degree func-
tion (related to the filtration J) on . In particular, we have degx(r);; = 1 for all
r,i,j.
Proposition 4.3 The elements Hy, ..., H, generate a commutative subring of Py that
is isomorphic to a polynomial ring in these variables. Moreover, H, is a highest weight

vector of weight 21, with respect to the left action of U, (g) and H, is a homogeneous
element of degree r in J.(Py) forr =1,....n

Proof Note that det, (7)) is a central element of O, (Mat,) in Type Al, det, T2/
is a central element in O, (Maty,) in Type All and (det, T(r))(detq( ’r)) is a central
element of O, (Mat,) ® O,(Mat,) in the diagonal case. Hence H is in the center
of #(g,) forr = 1,...,n. Also H, commutes with each Yom, r(H ) form < r.

By induction, we see that WZ,r(Hl)s e, w,_l,r(Hr_l), H, generates a commutative
subring of Py (g,). When r = n, this sequence is simply Hi, ..., H, and so these
elements generate a commutative subring of % (g,,).
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The fact that H, generates a one-dimensional U, (g,)-module follows from the
definition of I:Ir and properties of quantum determinants (see Sect.4.1). Moreover,
this module is invariant with respect to the action of U, (g,) N U, (sl,) in Type Al,
Uy (gr) N Uy (sl2,) in Type AL Similarly, it is invariant with respect to the action of
U,(gr) N U, (sl, @ sly) in the diagonal case. In Type Al, I:I, only contains terms #x;
with 1 < k,! < r. Hence H, only contains terms x;; for 1 <i, j < r in Type Al For
Type All, H, only contains terms f;; with 1 < k,/ < 2r. Hence H, contains terms
x;j for 1 <i, j < 2r in Type AlL In the diagonal case, H, contains terms f; 1, and
tiyn,j with 1 <1i, j <r. Thus the x; j4, and x4, ; satisfy the same constraints.

The formulas for the left action of U, (gly) on O, (Maty) (in Sect. 3.1) ensure that
E;-t;j = 0 and for all s with s > i. Hence, E; -a = Oforalla € &(g,) where s > r
in Type Al and s > 2r in Type AlL In the diagonal case, we have E; - x; j4n = 0
and Eg - Xj1p,; = Owhenn > s > rands > i and when 2n > s > n + r and
s > 1+ n. This guarantees that Es - H, = 0 for all E5 ¢ U,(g,). But we also know
that E; - ﬁr = Oforall E; € U, (g,) because of the left invariant property of H, with
respect to the action of the subalgebra of U, (g,) described above. This proves that
Es - H, =0forall E5 € Uy(g).

Consider Type Al Note that de:tq(T(,))2 has weight 2¢; 4 - - - + 2¢, in terms of
the left action of U, (g,). Thus it is straightforward to see from the definitions of I:I,
and of the restricted weight 27, (see Sect.2.5) that 1:1, has weight 27, for each r.
The weight of H, is the same as that of H,, hence by the previous paragraph, H, is
a highest weight vector of weight 27, with respect to the left action of U, (g). Now
consider Type AlL In this case, det, (T(2,) has weight € + - - - + €2, in terms of the
left action of U, (g,). Again, as explained in Sect.2.5, this weight equals 27),. In the
diagonal case, detq(T(r)T’r)) has weight €] 4+ - - 4+ €, + €,41 + - - - + €, Using the
information in Sect. 2.5, this weight is 27,

We finish the proof by arguing that the Hj, ..., H, are algebraically independent
and hence the ring they generate is a polynomial ring in these variables. Suppose

Zan1H{m"'Hr:nn:O
m

where m = (mj, ..., m,). Since the monomials H{"' --- H,"" have distinct weights
> i 2m;n;, we can separate the monomials using the action of U, (g). Thus the above
equality implies

amI—Ilm1 T H’Tn =0

and hence a,, = 0 each m. O

We frequently write H,, for the element H;"' - - - H,"" for each u = >_; m;#);, thus
labeling this element by its weight. In particular, by the above proposition, Hp,, is a
highest weight vector of weight 2. with respect to the action of U, (g) on &%.
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4.4 Explicit module descriptions

Recall that &% is a subalgebra and submodule of &?. The decompositions of Sect. 3.3
ensure that as left U, (g)-modules, we have the following inclusions

EBxeAgse{o,l} L(2A + s7,) in Type Al
Py C EDAeAJg L(2)) in Type All, and (14)
@AGA; L)) =@, cp+ Ly ® y) in the diagonal type.

In the next theorem, we obtain a precise decomposition of & into left U, (g)-modules
and trivial right By-modules.

Theorem 4.4 We have

Py = P Wy(0) - Hu = P L) (15)

+ +
AEAS AEAS

where (U, (9)) - Hay, is isomorphic to the simple (left) U, (g)-module generated by the
highest weight vector Hp) with weight 2). and is a trivial right Bg-module.

Proof By Proposition 4.3, H») generates a finite-dimensional simple (left) U, (g)-
module with highest weight 2A for each A € A; Thus U, (g) - Hy, = L(2)) for
each A € Ay which proves the second part of (15). (In the discussion below, we
identify U, (g) - Ha) = L(2A), which means that we view this second part of (15) as
an equality.) Note that

P Wy (e) - Hy € 2.
reAt

Hence by (14), we get equality here in Type AIl and the diagonal type.
Now consider Type Al and a module of the form L(2A + s7,) with s # 0. Note
that

LA+ sfin) = LX) L(shn)

where L (s7),) is a trivial one-dimensional Uy (sl,,)-module inside of %% of weight 51,
with respect to the left action of U, (g). By Lemma 4.1, L(s7,) must be a multiple of
(dety (T))? and so s is an even integer. Thus by (15),

Py C EB L(2))

reAf
in Type Al and the theorem follows. O
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The entire construction of this section can be transferred to the differential parts
P by using the antiautomorphisms sending &2 to ¥ = Z°P. Let Hz*u be the image
of H,, via this antiautomorphism. A comparison of the action of U, (g) on & and
on 2 yields that Hy; is a lowest weight vector of weight —21. Hence, we have a
similar decomposition as above for %y, again as left U, (g)-modules and trivial right
By-modules

Dy = @AeA; (Uq(9) - Hy;.

Note that (U, (g)) - Hy; can be viewed as the left dual of (U, (g)) - Hx.

Remark 4.5 The generators of each module L(21) are expressed using formulas in
terms of the #;; for Types Al and Allin [22] (see Lemma 4.10.A), Our approach yields
another concrete identification of these generators that also applies to the diagonal
case. Our methods, which rely directly on quantum determinants also lead to formulas
in the #;;. However, because these highest weight terms are elements of &% (g,) for
various choices of r, it is easier to read off the possible x;; that may appear. This will
be helpful in describing and analyzing the quantum Capelli operators in Sect.9.1 of
this paper.

5 Quantum Weyl algebras
5.1 Generators and relations

We associate a quantum Weyl algebra &2 %7, (Maty) with polynomials corresponding
to O, (Maty) and constant term differentials corresponding to O, (Maty)°” as defined
and studied in [2, 3, 32], and [20]. This Weyl algebra &2 27, (Maty ) is generated by #;;
and 9;; for 1 <i, j < N. The algebra O, (Maty) (resp. O, (Mat y)°’) embeds inside
& 94 (Maty) and can be identified with the subalgebra generated by the #;; (resp. 9;;).
Moreover, the #;; and 9;; satisfy the following relation

ik
Oaley = Y (R)oG (R}t 01k + Saedbs
rl,j.k

foralla, b,e, fin {1, ..., N}. The quantum Weyl algebra &%, (Maty ) inherits the
structure of a U, (gly)-bimodule from the bimodules O, (Maty) and O, (Maty)°P.
We may view %y and % as right %y invariant subalgebras of &%, (Maty).
However, together, they generate an algebra inside of 2%, (Maty) that is too large
to be taken for a quantum analog of the Weyl algebra with polynomial part equal to
Py. In particular, the subset Fy Py consisting of sums of terms of the form pd with
p € Py and d € Py is strictly smaller than the subalgebra generated by %% and %
(see [20] for more details). Instead, we use the construction of [20] which starts with
a twisted tensor product of &y and % and deforms it so as to add constant terms
to some of the relations. The result is the quantum Weyl algebra & %y associated to
6 for each of the three settings of this paper. As an algebra, &%y is generated by
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Xij, dij, 1 <i,j < N where N = n in Type Al and N = 2n in Type All and the
diagonal case. The algebra &y (resp. Zp) embeds inside &Py and can be identified
with the subalgebra generated by the x;; (resp. d;;). Moreover, the x;; and d;; satisfy
the following relation

dapXer = Y (RO (RO (REY S (REVIH X pusdry + G~ 80 (16)

w,r,x,q,p,m,y,l

foralla,b,e, f € 1,..., N. The map Py Q Yy to ¥ Py defined by multiplication
is a vector space isomorphism of left U, (g)-modules and (trivial) right Bg-modules.
Relations (16) in the diagonal case are equivalent to the simpler relations

ik
da,b+nxe,f+n = E (th)xl(th)}bxr,jJrndl,kJrn + 3ue(sbf 17
r,l,j.k

forall 1 < a,b,e, f < n where here we are taking into account linear relations
satisfied by the d;; and by the x;;. In particular, this relation combined with results
from Sect. 3.2 ensure that in the diagonal case &%y and &7, (Mat,,) are isomorphic
as algebras via the map sending x; j1, to #;j and d; j4, to 9;j foreach 1 < i, j < n.
(For additional details, see [20].)

The following result from [20] gives insight into the overall form of the relations
coming from the twisting map.

Theorem 5.1 ([20], Corollary 8.11) For each of the three families, the following
inclusions hold for the quantum Weyl algebra & D¢

dab-xef _ qéaj+5ae+8b‘f'+8bexefdab _ qfsé)fﬁaesbf [= Z (C(q)xe/f/da/b/
(e, f",a,b)>(e,f,a,b)
foralla,b,e, f €{l,...,rank(g)} where

e a<bande < finType Al
o a<bande < fin Type All
e a<n<bande <n < findiagonal type

and (¢, f',a’,b") > (e, f,a,b) ifand only ife’ > e, f' > f,a’ > a, b’ > band at
least one of these inequalities is strict.

It is also helpful for arguments later in the paper to express these relations in special
cases. We do this in the next lemma.

Lemma 5.2 In Type Al and for a < n, we have

() danXen = q % x0ndyn — Sae Y dea q* T (72 — D)xgindyn + 840 where e < n.
(i) dunxer = @ T2 x,pdyy + G700 8085 where e < f.

In Type All and for a < 2n, e < 2n, we have

iys 248 i)
(iii) da,2nxe,2n =dq + aexe,2nda,2n — Bae Za/>a q T (g™ — l)xa/,ana’,Zn + Bge-
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Inthe diagonal case, we have the following relations as givenin [19], Remark 3.7.4 with
the adjustment 94, +— dg p+n and tq p — Xq p+n. Note that the possible subscripts
of both x and d terms are a,b +n witha=1,...,nandb =1, ..., n.

(iv) dc,b+nxe,a+n = xe,a+ndc,b+n ifb#aandc #e.

(V) depanXe,atn = qXe,arndebin + Zc/>c(61 - q_l)xc’,a+ndc’,b+n ifb #a.
V) deatnXearn = qxe,aJrndc,aJrn + Za/>g (g — q_l)xe,a/+ndc,a’+n ifc #e.
(vil) de arnXcatn = q2xc,a+ndc,a+n +4q ZC/>C(q - q_l)dc’,a+ndc’,a+n

+q Za’>a (C] - q_l)xc,a’—i-ndc,a’-‘rn +1

Proof Consider Type Al Using the explicit formulas for the entries of R (see Sect. 3.1),
(R2)4, = i = 0 implies that n = [ and u = v. Similarly, (R?)* = r'¥ # 0
implies that » = u and v = [. Moreover, if v < n then (R?)'! = r! = 1 and
(R2)1Y = v = 1 while if v = n, then (R?)!" = g.
Suppose that a and e are both strictly less than n. By the above information about
the entries for R, we get
danXen = (th)zz(RIZ)EZ(th)nZ(th)Eerndan

n
+8ae Y (R (RS (R (RS Xatndarn + Sac
a'>a
= q1+8agxendan — dge Z q2+8“/" (6172 - 1)xa’nda’n + ge- (18)

a'>a
This proves (i).
Using (16) and the above information about the entries for R, we see that

duner = (R?) ) (R (R™) f (R™)m e dn + ! SneBiy

en fn e

= g2 B0 x pdn G0 Spedn (19)
for e < f. This proves (ii).

The argument for (iii) is the same as for (i) with n replaced by 2n everywhere. As
stated in the lemma, (iv)-(vii) are directly from [19]. O

We can define a filtration on &%y that is compatible with the filtration /7 induced
by the degree functions on &y and Py (see Sect.3.2). We use the same notation,
namely 7, to denote this filtration on &2 Zy. Note that multiplication induces a vector
space isomorphism from &g ® 2 to the twisted tensor product of &y and Zy. Since
PPy is a PBW deformation of this twisted tensor product (or one can check directly
from the relations above) &2 %y inherits a filtration from 7 on &y and % via

TP Do)=Y Tu(Pe)T(Ds).

utv=r

It follows that
TJu(PDg)T(P Do) € Tusv(P D)
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for all nonnegative integers u# and v. Note that the filtration J is preserved by the
action of Uy (g).

5.2 Action on polynomials

Let £ be the left ideal of &?%y generated by the elements d;; for 1 <i < j < N
where N = n in Type Al and N = 2n in the other two cases. Note that 2 2y admits a
direct sum decomposition X%y = Py @ L. Let w : P Dy — Py be the projection
with kernel £ and note that the map 7 is a U, (g)-module map.

Recall (Sect. 3.2) that &) equals the homogeneous space of degree r with respect
to the degree filtration 7. Similarly, &, equals the homogeneous space of degree r
with respect to the degree filtration 7. Note that P9 = C(q) and so Py = C(q) ®
> -0 P} This decomposition can be extended to & 7 using the map 7. We have

kern:ﬁ:Z@egg

r>0

and so

Phy=1(PD) ®L= Py @Y Py Ty =C)®Y P4® Y PoT}

r>0 r>0 r>0
Write (b)q for the projection of an element in £ % onto C(g) using this direct sum

decomposition. It follows that (b)g =0 forallb e ) . o Z) @ L.
Define a bilinear form (-, -) from Zp x &y to C(g) by

(d, p) = m(dp)o (20)
where 7 (dp)o = (7 (dp))o.
Lemma 5.3 The bilinear form (-, -) on Dy x Py satisfies
> uqy d.uy - p) = e@)d. p)

forallu e Uy(g), d € Dy and p € Py and hence is (left) U, (g) invariant.

Proof Write 7(dp) = (d, p) + a wherea € ),
module, and 7 is a U, (g)-module map, we have

Py Since P Yy is aleft U, (g)-

w-m(dp) =m@u-dp) =y w((uq) - d)(ua - p)).-

Since (b)g = 0 for all b € ker # = L, we have
O wway - d) ey - p)o = QY _(way - d)ue - p)o 1)
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On the other hand

u-rdp)=u-\{d,p)+a)=u-({d,p) +u-a=ecw)d,p)+u-a

since (d, p) is a scalar. Since the action of U, (g) on & preserves degree, ) .4 &}
is a Uy (g)-module. Thus u - a € ) _._, &) and so
(e)(d, p) +u-a) =€), p). (22)

Putting together (21) and (22) yields the desired property. Thus (-, -) is (left) U, (g)
invariant. o

Note that the map 7 defines an action of &2 %y on . In particular, the action of
the element a € PPy on x € Py yields the element 7 (ax) in Fy. This action of
P Dy on Py can be viewed as a map of algebras, say ¢, from & Py into End .
(Here we write End &% for Endc(q) &% which are endomorphisms over the scalars.
The field C(q) is dropped since it can be understood from context.) Given a € & %y
we frequently write ¢, for ¢ (a) in order to make the exposition below clearer. Since
Py is aleft U, (g)-module, End Z inherits the structure of a U, (g)-bimodule in the
standard way. Thus End & is an (ad U, (g))-module via

(@dw) - b)(p) = (Y ubSwe)) () = 3 uwb (Swe)(p)

forallu € Uy(g), b € End P and p € Hy.

Proposition 5.4 The map ¢ is a U, (g)-module map with respect to the left action on
P Dy and the left adjoint action on End Py and so

Gu-a = (ad u) - @q (23)

foralla € P Pg and u € Uy(g). Thus the image of & D¢ under ¢ is an (ad U, (g))-
submodule of End Zy.

Proof From the discussion preceding the proposition, we have ¢,(x) = m(ax) for
a € PPy and x € Py. Hence

Gu-a(x) =m((u-a)x) = ZN((M(l) ~a)(u) - (S(u)) - x)))
=Y uqy - 7w@(Swe) - x) = ((ad u) - ¢a)(x),

which completes the proof. O

5.3 Orthogonality conditions
Section 5.1 asserts that, as an algebra, &%y is isomorphic to %, (Mat,) in the

diagonal case. Thus the second assertion of the next result is a generalization of [3],
Proposition 1 to include the other two families.
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Proposition 5.5 For each r and s with r # s, 9y is equal to the vector space dual
of Py and D, is orthogonal to & with respect to the bilinear form defined by (20).
Moreover, Py is a faithful P 2Dg-module with respect to the action defined above.

Proof Note that the relation between the bilinear form and the action ensures that the
“moreover” part of the proposition is an immediate consequence of the main assertion.
Hence, we focus on proving the duality result.

By Theorem 5.1

Gy Y Pygy and gyt < Y wpth gy

s>k>0 s>k>0

forall » > 0 and s > 0. It follows that (d - p)o =0 ford € 7y, p € & withr # 5.
By Lemma 3.4, the set of monomials of the form

mj

X XM
er fi* ez fz Xero fr

form a PBW basis for &' where m = m| + --- +m, and (e, f1) > (e2, f2) >

- > (er, fr) where here “ > " is the standard lexicographic ordering (from left to
right).. As explained preceding Lemma 3.4, the analogous result holds for &y with
each x;; replaced by d;;. Moreover, by Lemma 3.4, we can switch the ordering of the
subscripts and still get a PBW basis. We do this below for Zy. Consider a sequence
of ordered pairs (e1, f1), ..., (er, f;) satisfying

(a,b) = (e1, f1) > (e2, o) > -+ > (er, fr).

It follows from Theorem 5.1 that

mi mo my mi—1_mj mr
d“bxf?l,flxﬁ,fz Yo, f, €€ 3”’618b’f1x€1-f1 Xer, o Xevo fr

+20 7 Y Pday
@ .b)=(a.bh)

where m = m| + - - - 4+ m, and c is a nonzero scalar. Hence given / € @5”_1, if

my
(hdap - x€1 f1x€2 e er,fr)o 70

then (a, b) = (e1, f1). Using induction, we obtain

Yk 1 S1 mi mr
(d a,by ak 1,bk—1 dal b1 " Xer, i 62 f2 e‘r,fr)o #0
with
(ak, br) < (ak—1, bx—1) < --- < (a1, by)
ifand only if r =k, s; = m;,e; = a;, and f; = b; fori = 1, ..., r. This proves the
desired duality result. O
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5.4 Action on highest weight terms

By Proposition 4.3, the highest weight vector Ha,, u = Y, m;7); is homogeneous
of degree ). m,r. Note that this degree is just the size of u viewed as a partition.
In other words, Y. m,r =) ., = || where u is expressed as ) _; Mieiz, a linear
combination in terms of the orthonormal basis in the restricted root setting. Moreover,
the action of U, (g) preserves the degree. Thus for each u € A;, the module U, (g) -
Hj,, sits inside the homogeneous component &' of degree m = |u|. Recall the
definition of the augmentation ideals Ui and U given in Sect.2.2.

Proposition 5.6 For all v and y in A; with |1 # y, the space Uy(g) - Hpy, is equal
to the U, (g)-module dual of U, (g) - H;M and orthogonal to U,(g) - HZ*)/ with respect
to the bilinear form defined by (20). Moreover,

whereas
(E - H3,, Hy) = 0= (Hj,, F - Hy)

forall E € Uj_' and F € U}

Proof Let u € A; and set m = |p|. Since the left action of U, (g) preserves degree,
both &' and 2" are left U, (g)-modules. By Lemma 5.3, the dualities of vector
spaces in Proposition 5.5 are actually dualities of left U, (g)-modules.

Note that there is only one way to express a weight . € A; as a linear combination
of the 7). This means that U, (g) - H2,, is the unique simple module with highest weight
2u inside the decomposition of %%, and thus inside of &7y". Similarly, U, (g) - HZ*M is
the unique simple module with lowest weight —2u inside the decomposition of %,
and thus inside of Z;'. Hence, by the previous paragraph, U, (g) - Ha,, is equal to the
U, (g)-module dual of U, (g) - Hy' " with respect to bilinear form defined by (20).

Since HZ*;L is a lowest weight generating vector for Uy (g) - H *M, it follows that

Uy(9) - Hy, = H3, ® U - H3,.

The fact that Hy,, is a highest weight vector combined with the U, (g) invariance of
the bilinear form (-, -) (Lemma 5.3) ensures that H>,, is perpendicular to UI -Py. The
argument showing H3 " is perpendicular to U - & follows in a similar fashion. This
completes the proof of the proposition. O

Note that by the above proposition, the pairing <H2*W H,,,) is nonzero. It follows
that the projection, n(Hz*ﬂ H>,), which can be viewed as the action of HZ*;L c PPy
on Hy, € P, is nonzero. In the next result, we obtain more information for when
such a pairing and related projections are possibly nonzero.

Lemma 5.7 Given p and y in A; such that |y| > |u| and u # y, we have

7 ((Ug(9) - H,)(Uq(g) - Hap)) = 0.
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Proof Note that for u = ), m;7;, all elements of U,(g) - H», are homogeneous
elements of &y of degree ), im;. The analogous assertion holds for U, (g) - Ha,
with u replaced by y. We argue that

(Uq(9) - Hy, ) (Uyg(9) - Hop) € L (24)

if |y| > |u|. It follows from the defining relations of &2 %y that when we move the d;;
terms to the right past the x;; terms in the expression of the left hand side of (24) we
end up with an expression of the form ) jujvj where each v; is in @gj and each u;
is in 95} 7 and r 7 —wj = |y|— |u|. In other words, the relations cancel out the same
number of x;; and d;; terms. If |y | is strictly greater than ||, then each v; has degree
at least 1 and so each u jv; is in Zi’j P PDod;; = L. This proves (24) for |y| > |u|.
Now assume that |y| = |u| but y # . The same argument as in the previous
paragraph yields an expression for (U (g) - Hz*y)(Uq (g9) - Hay) of the form Zj ujvj
with each v; isin @gj, each u; isin Bzg)j and r; —w; = 0. It follows that = (U, (g) -
Hz*y)(Uq (9) - Hy,)) € C(g). By Proposition 5.6, the two irreducible U, (g) modules
Uy (9) - Hz*y and U, (g) - Hyy, with y # u are not dual to each other. It follows that
Uy (9) - Hz*y)(Uq (g9) - Ha,) does not contain a copy of the trivial representation and
hence its image under & vanishes. The lemma now follows. O

6 Action of Cartan elements
6.1 Special Cartan elements
We turn our attention to understanding the action of the various elements of the Cartan

subalgebra on the generators of & and then identifying them with elements of the
appropriate quantum Weyl algebra.

Lemma6.1 Let N = n in Type A, N = 2n in Type All and N € {n,2n} in the
diagonal type. The element (K¢, — 1)/ (g% — 1) acts the same on Py as the element
X in P9y where

(613 + q@)Xpndpn + Zz;i Xandan in Type Al

(Zir’;ll Xa.2ndg.2n) in Type Al

> 1 Xn,a+ndn,a+n in diagonal type (N = n)

> 1 Xa,2nda 2n in diagonal type (N = 2n)

In other words, ((Kzey — 1)/(q2 —1))-a =nXa)foralla € PPy where X is
given by the above formula depending on type.

Proof The action of K»¢, on % is given on a basis for the degree 1 space, J1(%%),
by the formula in (8), namely, Ko, - x;j = g%V 723N x;; for all valid choices of i, j
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in Types Al and All and Ka¢, - X; j+n = g2oint28jN X;,j+n in the diagonal setting.

By Section 3.2, (see also [20], Section 5.2) the value for N is given by

ei,j=1,...,N,N=nandi < jin Type Al
ei,j=1,...,2n, N =2n,andi < j in Type All,
e i, j=1,..., N, N =ninthe diagonal case.

Note that in the diagonal case, we are taking advantage of the fact thatx; j 1, = xi1p,;
foralli =1,...,n,j=1,...,n (see [20], Section 5.2). For all three types, we use
the description of the monomials that form a basis for & in Lemma 3.4 using the
reverse order described at the end of the lemma.

We start with the Type Al case. By Lemma 3.4, we can express a basis for &y by
considering all terms of the form
Sp Sn—1

X

§1
XnnXp—1,n " X1,n¥er, f1 = Xep, fo

where s; € Nforalli = 1,...,n,and ¢j, f; € Nwithe; < f; < n for all
Jj=1,...,b. Applying (K2¢y — 1)/(g*> — 1) to a typical basis element yields

(KZEN — 1) . xSn xsnfl
(qz _ l) nn }17],}1
(q4x,,+2s,,_|+~~-+2s1 _ 1) Soi

= (qz -1 (xr?rllxn—l,n o 'xi‘jnxé’lufl B 'xeb,fb) (25)

S1
.o 'xl,nxelsfl .o .xebsfb)

Now let’'s see what happens when we consider the projection
(XXX, T o Xy Xey fi o Xey ) Where X = (g 4+ @)Xmndwn +
Z;’;{xandan. We proceed by evaluating each summand of X and its action on

Sn.Sn—1

S1 . .
XnpX,' | X pXer, fi *** Xey, - The following two formulas are special cases of
Lemma 5.2 (ii):

dpnXpn = q4xnndnn + 61_1 (26)

and
d = q®inx,rd 27
nnXef = { Xefdnn 27

fore < fande < n.
Starting with the first summand of X applied to the first term of the basis gives us

(C]3 + @) XpndppXpn = (93 + @) Xpn (dpnXnn) = q4x3ndnn + q_lxnn

where here we have used (26). Similarly, with another application of (26), we have

(q3 + Q)xnndnnx,%n = (CI3 + Q)xnndnnx;%n = (613 + ‘I)((q4x5ndnn)xnn + q_lx,%n)

= (¢* + ) (q"xp, (dunxnn) + g x5,

= (> + (@ dun + a7 (g 4+ D2,
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By induction, repeatedly using (26), we have

@ + 5y = @+ @) (0 5w + 07 @O0 4+ D)

_uf%—n )

= (q3 + q) (q45nxnn,x;y;ldnn + q ( 4 1)

Note that (¢° + ¢)g~' = ¢* + 1 and so

@™ =1 (¥ —1)
@ +q)q! =
(¢*—1 (g>—-1)
Hence
(g* -1
(@ + @%undun Xy, = (@ + @)g*" xanx;dnn + @

Now consider (q3 + ¢)xpndy, applied to a basis term for &y of the form

XXy LX) Xey i -+ Xey. f, Where each ej < fj < n. By (27),

n—1 Nl _ _Q@2sp—1+- +2v1) Sn—1 S1
d"nxn L' X pXer i Xep fy =4 Xy it XL g Xer, f1 Xy, fylnn-

This is an element of Zyd,,,, which is a subset of L. Hence
((q + q)Xnn nn)(xnn f,n lln : 'xi}nXEI,.fl e Xey, fy)

M Sy Sl xSt
2 _ 1) xnnxn—l,n xl,nxel,fl Xep, fo + L.

We turn our attention to the other summands of X. Note that relation (5) in Sect. 3.2
satisfied by the x;; ensures that

XpnXnn = @ XnnXpn a0 XanXpn = g0 xpxan (28)
for all @ < b < n. Meanwhile, by Lemma 5.2 (ii),
enXpn = g™ Xpnden
for e # b and
denXbn = qXpnden (29)

fore # b, e < n, b < n. Using (29) to move d,, to the right and then (28) to move
Xen to the right results in

Sn—1 s
xff"den(xnn n—ln "X pXer, it 'xeb»fb)
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28y tSp—1+ A Set Sp Sn—1 Se+1 Se S

=9 xe”‘xnn'xn—l,n T xe+l,nd5n'xen T xlnxel’fl o "xeb’fb)
A4Sy 2s—1 2801 S .Sn—1 Se+1 S, S

=q " o xnrlgxn—l,n a 'xe+1,n(xe”d3")xez Xy Xer, f1 'xe;,,f;,)

The following formula is from Lemma 5.2(ii):

denXen = q*Xenden — Y q° om0 (g7 — Dxyrndyry + 1 (30)

a'>e
for e < n.Note further that dy/,xep, - - - X{ Xe, f =+ Xy f, € Podyy fora’ > e where

here we are using (27) for a’ = n and (29) for e < a’ < n. Arguing as we did for the
first summand of X using here (30) instead of (26), we get

G s
(Xenden)Xys, - - 'xllzxelvfl o Xey, fi)

— (q2(se—1)+2(se—2)+"-+1)xg; .. 'xivilxé‘l»fl e Xey fy T L
2850
= ((qq;—_ll))xsfz e 'xflzxel,fl Xy, fy + L
Hence
xenden(x,i'yllxin__ll’n e 'xijnxel,fl o 'Xebvfb)
= g e (?;;e:ll)) i ;Tll,n T ~XE"+*11,nXZz X Xer fi Xey gy T L

It follows that the sum of the coefficients of xupx,""| -+ x|\ Xe, 7+ X, 5, in the

projection under 7 of X times this term is

n
(612 _ 1)71 (Z q4s"+2s"—1+‘“+25i+1(q2Si B l))

i=1
— (q2 _ 1)71 (q4s,1+2sn_|+m+2sz+2s1 _ ])

This agrees with the action of (K., — 1)/ (q2 — 1) on the monomial term above as
given in (25) at the beginning of this proof.

The argument in Type All is exactly the same where we omit any terms involving
dyn and x,;, and replace n with 2n everywhere. Indeed, Lemma 5.1 (iii) for Type AIl
is basically the same as Lemma 5.1(i) for Type Al The only differences are replacing
n in Lemma 5.1(i) with 2n in Type AlI and insisting that all x;; that appear for Type
All satisfy i < j (instead of i < j for Type Al). Also, the monomials that form a
basis of & in Type All can be viewed as a subset of those for &y in Type Al This
monomial basis consists of terms of the form

Sn—1

51
Xp—1n "X nXer 17" Xep. fo
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whereeache, < f, < n.Using the same argument as for Type Al shows that the action
of (Kaey — 1)/ (g% — 1) on this monomial term is the same as in the projection under
mwof X = Z?i?l Xenden applied to this term. In particular, both give the following
coefficient for the above monomial: (q2 — 1)—1(qZSn71+25,,,2+-~+231 —1).

Now consider the diagonal case. Using Lemma 3.4, we consider two basis for &,
the first associated to N = n and the second to N = 2n. In particular, the first is
straight from Lemma 3.4 with the order reversed and consists of all monomials of the
form

ma,  Mon—1 Mu+1
Xn2n*n2n—1"""Xnn+1%er, fi+n - Xep, fo+n

where s; € Nforalli = 1,...,n, and ¢, f; € Nwithe; < f; < n for all
j =1,...,b. The second basis consists of all monomials of the form

XS” xsn—l . xSl X ceex
n,2n"n—1,2n 1,2ne1, fi+n ep, fotn

withe; < nfori = 1,...,b. Here, we are taking advantage of the fact that in the
diagonal case, Py is isomorphic as an algebra to Oy4[Mat, ] via the map x; j 1, > t;j
and the relations satisfied by the #;; (see the beginning of Sect. 3.1) allow us to choose
a different ordering of the terms x; j;, and get a new basis.

By (9), it follows that (K¢, — 1)/(q2 — 1) applied to the first kind of basis term is

(KZG,I - 1) my, _Moy—|

Mp41
(q2 —1 “XnonXnon—1"" X nt1Xer, fitn 0 Xep, fotn
2ty 2m -2
_ (q My Mp—1 mi __ l)xmzn xm2n—l 3 _xmn+1 . . Cx
(qz —D n,2n""n,2n—1 n,n+1%e1, fi+n ep, fo+n

Using (9) again and the second family of basis elements gives us

(K2€2n -1 Sn Sn—1 S1
(q2 -1 “XponXn—1,2n " X1 2nXer fitn  Xep, fro4n

(q25n+2s,,71+-~231 _ 1)
— xsn xsﬂfl e xsl X e X
= @G> -1 n,2n*n—1,2n 1,2n*e1, fi+n ep, fo+n

We show that the image under the projection map 7w of X = > 7 _| Xn.a-+ndn.a+n
applied to a typical term in the first kind of basis yields the same result as applying
(K2e, — 1)/ (g>—1). Using the relations for & Py as given in Lemma 5.2 (iv)—(vii),
we get

xn,a+ndn,a+nxe,f+n € Z t@@dn,a’+n cL

a'>a

whenever f < n or e < a. Hence, by induction,

xn,a+ndn,a+nxel,f1+n c o Xey, fpn € Z QGdn,a’+n cL

a'>a
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for any choice of (eq, f1), ..., (ep, fp) withe; < fj <neach j=1,...,b.Onthe
other hand, by Lemma 5.2 (v)

E xn,a+ndn,a+nxn,e+n = qxn,a+nxn,e+ndn,a+n
a<e

and so

m m me
§ xn,a+ndn,a+nxn,2+n:§ q Exn,a+nxn)2+ndn,a+n

a<e a<e

Using the relations (i) satisfied by the x, 4, and derived from those satisfied by the
t4.» given at the beginning of Sect.3.1, we have

Xn,a+nXn,e+n = 4Xn,e+nXn,a+n

for a < e. Hence

2mex

Z(xn,a+ndn,a+n)x:feg+n =dq n,e+n (xn a+ndn atn)- (31)

a<e
Repeatedly using relation (vii) of Lemma 5.2, we have

2mg

2max (C]

) m
n a+ndn a+n + xn,?z—&-n + Z den,aUrn-

(@ -1

X d x, ¢ =
n,a+nln,a+nXp g4+n = 4
a'>a

(32)
(Note that the argument here is very similar to the same type of calculation used in

Type Al and Type AII). Using both (31) and (32) and arguing as was done for Type
Al and Type All yields

mn 1 mj .
X,, a+n n “+"xn X0 2n—1"""*n 14nXer. fi+n " Xe,, fr+n

_ 2mp+-42mg 4 (g 2ma — 1) My—| mi o )
- q ( -1 X, 2nxn 2n—1"""Xn,14+nXer, fitn Xey, fr+n
+ Z Wedn,ﬁn
_ (q2mn+2mn—1+"'2ml — l)men xm2n—1 .. .xmn+1 X cee X + L
(q2 —1) n,2n""n,2n—1 n,n+1xe1, fi+n ep, fot+n .

This completes the proof for the N = n case.

A similar argument shows that applying the projection map m to X =
ZZ: | Xa,2nda 20 times a typical basis element of the second kind yields the same
result as applying (K2e,, — D(g>—1~L O
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6.2 Relationships between Cartan elements

In the next lemma, we write Ko, 4...42¢, in terms of elements in the (ad U,(g))-
module generated by Koe, ,;+...4+2¢y and Ko, where N is either n or 2n depending
on g. This is the crucial step in showing that K¢, 1...y2¢) acts the same as an element
in %y on Py.

A key set of tools in the proof of the next lemma are Lusztig’s braid group auto-
morphisms 7;. We use the formulas from [11], Section 6.2.2 for Uy (sly). The images
of E;, Fy, and K, under T, are

(-DEsE, +q 'EE; ay=-1
T.(E;) =
V(Er) { E, a0
(_1)Fth +quEt Agt =—1
T,(F;) =
S (Fr) { F, o =0

Ty (K;) = KsKtiaH
where ay, is the s, ¢ entry in the Cartan matrix for U, (sly).
Set sy = oy + g1 + -+ forr < s <t < N — 1 and write Kg, for

K K11 --- K;. These automorphisms are used to define root vectors ([11], Section
6.2.3) as follows. Set

Eﬁs,t = TsTsy1---Tr—1(E;) and Fﬁs.t =T Ts41 - Ti—1(Fy). (33)

Note that Eg, , has weight s ; and Fp,, has weight —f; ;. These notions are extended
tos =t with 85 s = oy, Eg,, = Ey, and Fg, = Fj.

Lemma 6.2 We have the following equalities
(d ErEpy1 - EN2En-1)Koey = (1 =g (DY T Eg Kooy (34)
and

(ad Fn 1 Fn—2-- F}) - Koe, 4t 2ey
=1 —gH(=D""""Fg Kp v Kae o bt2ey (35)

where N =n,r =1,...,ninType A, N =2nandr =1, ..., 2n for Type All, and
the twooptions N =n,r =1,...,nand N =2n,r =n+1, ..., 2n in the diagonal
case. Moreover,

Koe,+-2ey = (q — q_l)q2(E,6r,N—] KQEN)(Fﬁr,N—l Kﬂr,N—l K2€r+1+~-~+2€1v)
—(q— qil)(Fﬁr‘N—lKﬂr,N—l K2€r+l+“'+25N)(Eﬂr,N—lKZGN)
+ Koe, 4426y Koey
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Proof Straightforward calculations show that
(ad En—1) - Koy = (1 =g ) En—1Kaey
and

(ad EN—2EN—1) - Kaey = (1 — ¢ (EN—2EN-1—q "En_1EN—2)K2ey
= —Tn 2(En_1)K2oey.

Now assume that
(ad Egq1 -+  EN2En—D)Kzey = (1 — g D (=DN 2Ty - Ty_2(EN—1) Kaey, -
It follows that

(ad EgEgy1 - EN2EN—1) - Koey
=(1—g H(=DN27
(EsTor - Tv-a(Ex—1) = a7 Tosr - Ty-a(En-1) EsKaey )
=1 —g DDV T - T2 (En—1) Kaey
Hence, by induction, we have

(ad EEpy1 - EN2En-1)Kaey = (1 =g (DN " T Tpy -+ Ty 2 (En—1) Kaey -

Thus (34) follows from this equality combined with the definition of Eg, , _, in (33).
We have a similar result for the F j’.s. In particular, we have

(ad F}) - K2€r+1+~-+2€1v = FrK25,~+1+~-+2€N K, — K2€r+1+---+2€1v F.K,
=(- qz)FrKrK2e,+1+m+2eN

and

(ad Fry1F) - Koeyy4otaey = (1= ¢*)(@d Fry1) - FrKr Ko,y 4t ey
=(1—¢*) (Frp1 F K Kriy
_FrKrFrJrl Kr+1) K26r+1+~~+25N
= (1 = ¢*) (Fr1 Fr = qF Fry1) K1 K Ko, otey
= (1 =) (DT (F1D)Kp, , Kae, 4-t2ey

Now assume that for s > r + 2, we have

(ad Fs_1--- Fri2Fr11) - Koey4d2ey
= (=g Ty Toa(F-D)Kp, o Koeppy 4ot ey
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Since Tyx41(F;) = F, for k > r, it follows that

(@d Fs—1 -+ Frq1 ) - Koep 4+t 2ey
=1 =g (D" (Trpr - T2 (F—))Fr — qF Tryy -+ Ty—2(Fy—1))
KrKﬂrJrl,xfl K2€r+1+-~+2€N
=1 —g) (D" (T - Tya(Fsm))Kp,, Koe oy 4ot 2ey

Hence, by induction, we have
(ad Fn 1 Fn—2-- Fp) - Koe, 4t 2ey
=1 =g)DN (T Tg - Tya(FN—))K g,y Koeyy4et2ey -

Thus (35) follows from this equality combined with the definition of Fg, ,_, in (33).
Using the fact that the 7; are algebra automorphisms of U, (sly), it follows that

Eg, n_i» Fp.y_, and K ;ErlN_l generate a subalgebra isomorphic to U, (s[3). Therefore,
the commutator '

LEg, -1 Fpy-1] = (g — qil)il(Kﬁr,Nfl - Kﬁ_,,lN,l)
Hence
qz(E,Br,N—l Koey)(Fg, n_ KB,y K2e,y14-42en)
- (F/Sr,N—l Kﬁr.N—l K26r+1+~--+2eN)(Eﬂ,,N,1KZeN)

= (E,Br,N—l Fﬂr‘N—I - Fﬂr‘N—I E,Br,N—l)K,Br,N—I K2€r+|+-~+261v Kaey
=(q—-q V7" (K5, — DKaey t2ey Koey -

Note that 28, y—1 = 2a + - - - + 2ay—1 = 2¢, — 2en. Thus the above simplifies to

—1,\—1
g—q ) (K26r+26r+1+“~+2€N - K2Er+1+"-+261\1 Koey).

The final assertion of the lemma now follows. O

6.3 Acting as quantum Weyl algebra elements

Let ¢ denote the map from U, (g) to End & that agrees with the action of U, (g) on
Pp. We show that ¥ (Kae, +..+2¢,,) agrees with the image under ¢ of an element of
& Py. Moreover, we determine the degree of these elements using the degree function
defined in Sect.5.1.

Proposition 6.3 The image ¥ (Kae, +.+2¢ey) Of Ko, +-42ey inside End &y is equal
to the image ¢y, for some a, € P Py where

e N=nr=1,...,ninType Al
e N=2nandr =1,...,2n for Type All
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e N=nr=1,...,nand N =2n,r =n+1, ..., 2n in the diagonal case.
Moreover, dega, < 2(N —r + 1).

Proof By Lemma 6.1, ¥(K2¢,) = ¢q, for an appropriate element ay € F%p.
Moreover, one sees from the formulas for ¢ (K¢, ) given in this lemma that degay =
2 = 2(N — N + 1). Now assume that for some r < N, ¥ (K2¢, | +--42ey) = Ga,
for an element a, 41 of degree at most 2(N — r) where N = n in Type Al, N = 2n in
Type AlIl, and N = n or N = 2n in the diagonal case with N —n <r < N — 1.

By Lemma 6.2, K¢, +...42¢, is a linear combination of products of the form xy
where x € (ad Uy (9)) - Koey and y € (ad Uy (9)) - Koe,,+--+2¢y - Since ¢ (P Pyp) is
a subalgebra and, by Proposition 5.4, an (ad U, (g))-submodule of End %, it follows
that Y (Kae, 4...42¢y) € ¢ (P Pp), and so the lemma follows by induction.

We now turn our attention to understanding the degree assertion at the conclusion of
the lemma. As explained above, deg ay = 2. Now assume thatdega,+1 < 2(N —(r+
1)+1).Itfollows thatdeg(a,+1ay) = deg(a,+1)+deglay) < 2(N—(r+1)+1)+2 =
2(N —r +1). Since the filtration 7 is preserved by the action of U, (g), we also have
deg(Ep, y_, Koey) = 2 and deg(Fg, \_, Koe, | +--+2ey) < 2(N —r). By Lemma 6.2,

(Eﬁr.N—l F/3r,N—1 - F/3r,N—1 Eﬁr.N—l )Kﬁr.N—l K2€r+l+'“+2€N Koey
=@ —-q )" (K5 v, — DKae ) trey Kaey <2(N —r + 1)

—1\—1
=(@—-q ) (K2€,<+2€r+l+"'+2€1\] - K26r+1+~"+26NK2€N)'

Therefore,

—1
Koe, 126, 1+42ey = (G — g ) (Koe, 426, 4 1++2en — Koe,j442ey) + Koe, 4 42ey

and so dega, < 2(N — r + 1) which equals 2(2n — r + 1) in Type AIl and equals

2(n —r + 1) in Type Al and the diagonal case. The final assertion of the proposition
now follows by induction. O

It will follow from later results in this paper that this inequality is actually an
equality. This is because Theorem 9.6 shows that the U, (g)-module generated by the
image of K¢, +...42¢y in &2 Py contains a central element of degree 2(N — r + 1).

7 The locally finite subalgebra

7.1 The simply connected case

In [7] and [8], a complete description of the locally finite subalgebra of U, (sly) as
a direct sum of (ad Uy (sly))-modules is given. This result is then generalized to the

simply connected quantized enveloping algebra (see Sect.2.2) in [8] (see also [6], 7.1).
In particular, we have

FUysw) = P (ad Uy(sty)) - Kos. (36)
re—PHNO
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and

FUy(sly)) = €D (ad Uy(sly)) - Ko (37)

re—Py
Note that —Py = {—A| A € Py} = {worl A € Py} = woP, which is just the
N-linear span of the wow;, i =1, ..., N — 1. More concretely,
N 1
—P}-\i,_ = {alel +-~-+(1NEN‘ ;ai =0, ajy1 —a; € N, ag; € NZ} s

and

N
_P;ﬂQZ{alel—F...—i-aNeN a€Z,a <---<ay, Zai=0}.
i=1

Asexplained in Sect. 2.1, the fundamental weight w; is equal to ®; = €]+ - -+¢; plusa
scalar multiple of @y = €]+ - - +€y while its image under wg, namely wow;, is equal
toey_;+---+en—1 plusascalar multiple of @y = €1+ - - +¢€x. We see from (1) that
this scalar is i /N (for both w; and wow;) which is not an integer and so, the simply
connected quantized enveloping algebra l}q (sly) is not a subalgebra of U, (gly).
However, the two algebras are closely related. For instance, we can extend U, (gly) in
a similar manner to the construction of l}q (sly) so that the resulting algebra contains
both Uq (sln) and Uy (gly). To do this, we set C = C[K;;J] and C = C[K;;/N], and

define Uq (gl,) = Uy (gl,) ®c C.The algebra Uq (gl ) can be given a Hopf structure by
insisting that K, /v satisfies the same formulas for coproduct, counit, and antipode
as an element K € U, (gly) (as given in Sect.2.2).

Recall that the subalgebra U O(sly) of U,(sly) is extended to the subalgebra

U%(sly) of the simply connected quantized enveloping algebra Uq (sly). Moreover
UO(BIN) is equal to

C(@)[Kxrl A € Py].

This is the unital C(q)-algebra generated by the elements in square brackets described
with set-builder notation. It can be viewed as a Laurent polynomial ring with generators
KEl . KEL

As explained in Sect.2.2, U%(gly) is the Laurent polynomial ring with generators
Kgfl fori =1, ..., N.Itis straightforward to see that U%(gly) can be viewed as the
Laurent polynomial ring in K;l,i =1,...,N where ® = €; + --- + ¢;. is the ith

fundamental partition. By (1), w; = @; — (i /N)wy fori =1,..., N — 1. Thus

N-1 N-1
Z@N/N) + Y Zo; = Z(@y/N) + ) Zay.

i=1 i=1
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Hence Uo(g[N), which is generated over C(g) by K&fl ® 1 and 1 ® K(1/na, is
isomorphic to

CONKa K o) Kagwag) ' 1i=1,--- N = 1].

Here we have dropped the tensor symbol between the K, and K(1,n)s, for bet-
ter readablhty Since @y, @, ... @p— are linearly independent, the elements
. fori = 1,---, N — 1 are algebraically independent. Adding (1 /N Yon to

the list keeps the linear independence property in place. Hence Ky, K P / Ny’ i =

1,---, N —1 are also algebraically independent. Moreover, U (gly) is a free module
over (C(q)[(Kw, K(j/lN)w yEi=1,---, N — 1] with generators (K1 /na, )=

It follows from (1) that the map ¢ from Uq (sly) to l}q (gly) defined by

o ((Ky) = K&)iKg/lN)(Q)N

o [(E)=E ®]1

e ((F)=F®I1
fori = 1,..., N — 1 defines an injective algebra homomorphism. Since K, is in
the center of U, (gly), and, similarly, Koy /N is in the center of Uq (gly), we have

(ad Uy (sln)) - K3, = [(ad Uy(sty)) - ulK3 (38)

for any s € Z and any u € U, (gly). Moreover, by the discussion above, I}q (gly)isa

free Uq (s[y)-module with basis K‘ on /NS € 7. Hence
Uy(aly) = @ Uy 5K,y (39)
seZ

In what follows we set

My =24+ sdn/N | A € woPy, s € Z}
and

My = {21 +sdN/N | € woAt, s € 7).
More concretely, we have

N N
My = IZaiei ai € (1/N)Z, aiy1 —a; €2N, Y a =0},

i=1 i=1

and

N
i=1

ai € (1/N)Z, ajy1 —a; € ZN} .
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Theorem 7.1 The locally finite subalgebra of Uq (gly) admits the following decom-
position into a direct sum of (ad U, (gly))-modules

FUyey) = P dUy@ly)-Ku= P [@d Uy(gly)) - KnalK -
neMy )Lew()P;,r, SEL
(40
Similarly, the locally finite subalgebra of 0q (gly @ gly) can be written as

F(Uy(gly ® gly))

= P (ad Uy (aly @ 8ln)) * Koxssin /N-+57Gan /N
)\e(wOP;,r)x(woP,;r),s,s’eZ
= b (ad Uy (aly ® oly)) - K K3 WK - (41)

re(wo Py ) x (wo Pyy).s,5'€Z

Moreover, the above equalmes all hold with (ad U, (gly)) replaced by (ad U @),
(ad Uy (sly)), or (ad U (s N)) and (ad U, (gl @gly)) replaced by (ad U (aly®aly)),
(ad U, (sly @ sln)), or (ad Uq (sly ®sly))

Proof Note that (41) follows directly from (40). Hence we focus on proving the
first equality (40). Since K, is central, the adjoint action respects the direct sum
decomposition in (39). Hence

F(Uy(aly) = P FUy 5K,y 42)
SEZ

Thus (40) follows from (37),(38), and (42).

The final assertion follows from the facts that the adjoint action of additional ele-
ments of the form K, in these Hopf algebras is semisimple with the same eigenspaces
as that of the original Cartan subalgebra of U, (sly). Thus the action of these extra
elements preserve the decomposition into (ad U, (s[y))-modules. O

7.2 The ordinary enveloping algebra case

We use Theorem 7.1 in order to understand the locally finite part of the ordinary
enveloping algebra U, (gly/) and not just its simply connected version. By [7], Lemma
6.1, K g admits a locally finite action if and only if (8, «;) is a nonpositive even integer
fori =1,..., N—1.(Here, we are taking into account the slightly different definition
of the quantized enveloping algebra used in [7]). For the I}q (sly) setting, this criteria
translates to Ko, € F(U,(sly)) if and only if 1 € —Py.

Recall that f\; equals the N-linear span of the first N — 1 partitions &1, ..., ®n—1
(see Sect.2.1) and that [\; + Noy = A;. Similarly, since wodoy = @y, we have
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wof\; +Noy = woA;(,. Moreover, both of these can be viewed as direct sums since
@y is linearly independent with the basis for ]\; We have

Kg € F(Uq(gly))

and so
(ad Uy (gly)) - Kp C F(Uy(aly))

if and only if 8 = 2y + sy for some y € wozA\; and s € Z. Here, we use Z instead
of N since K, and its inverse are both in U, (gly).

Consider A = ZlN:_ll Ajwow; and A = ZlNz_ll Aiwow;. We have the following
(ad U, (sly))-module isomorphism

(ad Uq(sly)) - K2p = (ad Uy (sly)) - Koy (43)

via the map sending (ad a) - K2, to (ad a) - Kpy for all a € U, (sly). Note that both
K>, and K>, are elements of Uq (gly) but they are not equal. Indeed, they differ by a
power of K, /y which is a central element. Thus we can ignore this difference when
analyzing the adjoint module structure. Hence the adjoint action of U, (sly) on K>,
for A = Z,]V;ll Aiwow; € woP;,r agrees with the adjoint action of U, (sly) on K for
A= ZlN:_ll Aiwo@; € wo[\N.

Using (43), we get an isomorphism of (ad U, (s[y))-modules

P @ U)K = P (adUysly)) - K. (44)

)\EwoP;,r Ne—wolA\;

By (37), the left hand side is just F (l}q (sln)). On the other hand, the right hand side
is contained in F (U, (gly)). (Moreover, this equality holds for (ad Uy (sly)) replaced
by (ad U, (gly)) in (44) since the result is the same vector space.) We can further
enlarge the right hand side so that it is isomorphic to F (U, (gly)). This uses the fact
that Uo(g[N) is a free module over (C(q)[Kfl| A€ wo[\;] with basis K;)N, s €N,
along with the basic facts about the adjoint submodule (ad U, (sly)) - K2, of the locally
finite part of U, (sly).

Theorem 7.2 The locally finite subalgebra of U, (gly) admits the following decom-
position into a direct sum of (ad Uy (gly))-modules

FWUyaly) = @ @dUyaly)-Ku= @  [@dUy(gly)) - Knlky .
[LEMN Aewof\;, SEZL

(45)
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Similarly, the locally finite subalgebra of U, (gly @ gly) can be written as

F(Uqy(gly ® gly)) = @ (ad Uq(aly @ 9ln)) - Kojtsioy+s'dny
)\E(w()[\;)x(w()[\;),s,x/el
= D [(ad Uy (aly @ gly)) - KnulKS K3

Ae(wg[\;\;)x(wof\x),s,s’ez

(46)

Proof Note that (46) follows directly from (45). Moreover, the third (rightmost) equal-
ity in (45) follows from (38). Hence, we establish the theorem by proving the first
equality of (45).

Since U, (gly) is a Hopf subalgebra of Uq (gly), it follows that

F(Uy(aly)) = Uy(aly) N F(Uy(gly)).
Using formula (1), for A € wog P;,“ , we have

N—1 N—1
A= Z Aiwow; = Z riwow; — (1/N)oy
i=1 i=1

Thus (40) of Theorem (7.1) is equivalent to

FOyay) = P @ Uy@y) - Koiris/myon-

Aewoi\;, SEL

If (s/N) € Z, then K; 1 (s/nyoy € Ug(gly) and hence (ad Uy (gln)) - Kojy(s/vay S
F(Uy(gly). Thus

P (@d Uystn) - Ky S FWUylaly)).

)LEM)()IA\;,SEZ

On the other hand, if (s/N) ¢ Z then K»; 1 (;/nyay & Uq(8ly). Therefore, we have a
strict inclusion

(ad Uy (gly) - Kopysymyay N F(Ug(aly)) S (@d Ug(gly) - Kojis/myay - 47)

As explained in [15] (see [5], Theorem 3.9 and Corollary 3.10), (ad U, (sly)) - K25, is
simple as an ad-invariant left coideal for each A € P;,r and hence so is (ad U, (gly)) -
K>).By (43)and (38), (ad Uy (gly)) - Koy 4 (s/N)éy 18 iSomorphic to (ad Uy (gly)) - K2x
as an ad-invariant left coideal where A = ZlN:_ll Aiwow; and A/ = ZlNz_ll A Wo@; .
In particular, for each A" € wof\; and s € Z, (ad Uy (gly)) - Koyr4(s/n)ay 18 also a
simple ad-invariant left coideal. Since these ad-invariant left coideals are simple and
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holds for s /N ¢ 7Z, this guarantees that the left hand side of (47) is equal to zero. The
theorem follows. O

7.3 A special subalgebra

Let Ug(g[N) denote the subalgebra of U, (gly) generated by
Ei, F;Ki, K{ fori=1,...,N — 1 and Kpys, for j=1,..., N.

Recall (Sect.2.1) that Q;C is the N-linear span of the positive simple roots. Note that
EiFiK; — q > FiK; E; is a scalar multiple of (K} — 1). Set U3 (gly) = U (gly) N
U°(gly). It follows that Ug (gly) equals the polynomial ring

U3 (gly) = C(QIK}, Kaugo, | i =1,...,N=1,j=1,...,N]
= C(@)[Kar| A € QF + woA}] (48)

One checks from the formulas for the comultiplication A given in Sect.2.2 that
U qz (gly) is aleft coideal subalgebra of U, (gl ). Moreover, the formulas for the adjoint

action (Sect.2.3) ensure that Ug(g[N) is an (ad Uy, (gly))-submodule of U, (gly). It
further follows that

;e s P UG Kn (49)

reQf+wor}

where G~ is the subalgebra of U, (gly) generated by F;K; fori =1,..., N — 1.
Since Q isthe root lattice, it has a nontrivial intersection with the dominant integral
weights P, as well as their image, wo P, under wo. However, Oy N woA; =0

since elements of Qy are of the form Y a;¢; with 3% a; = 0, but the sum of
coefficients of a nonzero element of woA; is positive.
Set f(qu(g[N)) equal to the locally finite part of qu(g[N).

Lemma 7.3 The space ]—'(Ug(g[N)) equals the intersection Ug(g[N) N F(Uq(gly)).

Hence .7:(Uq2 (gly)) is a left coideal subalgebra of F (U, (gly)) and has the direct sum
decomposition

FU ) = P @Uy@ly) Kn= P  (ad Uy@ly)) - Karizsoy-
AewoA; )Lewof\;,seN

(50)

Proof Since U, qz (gly) is a subalgebra of U, (gl ), it follows that the locally finite part
of qu (gl ) is the intersection of qu (gly) with the locally finite part of U, (gly). This
proves the first assertion. The second equality follows from the fact that woA;r, =
wo[\; + Naoy.
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Since both U(f(g[N) and F (U, (gly)) are left coideal subalgebras of U, (gly), so
is their intersection. Hence we can write f(Ug(g[N)) = qu(g[N) NFWUy(gly)) asa
direct sum of simple ad-invariant left coideals. As explained in the proof of Theorem
7.2, these simple ad-invariant left coideals take the form

(ad Uq (g[N))K2k+sc?)N

where A € [\; and s € N. Moreover, arguing as in the proof of Theorem 7.2,
(ad Uy (gIy)) Koy 50y C F(U, (8ly))

ifand only if K)o, € f(U; (gly)). Thus K, 4 ¢, must be an element of qu (aly)
and generates a locally finite ad-invariant simple module by applying (ad U, (gly)) as
explained at the beginning of Sect. 7.2. It follows that 2A +soy € 2w0[\; +2Noy =
ZwOA;. O

Define qu(g[N ® gly) as the subalgebra of U,(gly & gly) generated by
E;, FiK;,K? fori=1,...,N—landi=N+1,--- ,2N — 1, Ko, , and Ky5,,
(indeed K 2 for j # N,2N can be expressed as a product of K4, , Kg,,» and the
K?). Note that U; (gly @ gly) can be identified with U7 (gly) ® U (gly)- Using this
identification, Lemma 7.3 ensures that analogous results holds for U qz(g[N @ gly).

7.4 Mapping to the quantum Weyl algebra

Set Uz (g) equal to U7 (gl,) in Type Al UZ(gly,) in Type AlL and UZ (gl, & gl,)
in the diagonal case. For Type All, note that K»,, = Ka;,. This would suggest
that we need a slightly larger algebra in order to get the correct image under the
restricted Harish-Chandra map in Sect. 8. However, the arguments in this case show
that K»,, = K, is also in this algebra. By Lemma 7.3 and subsequent discussion,
we have that ]-'(qu(g)) =FWUu@)N qu(g) in all three cases.

By Proposition 5.5, &y is a faithful & Zy-module. It follows that ¢ is an injective
algebra map and so as algebras, &2 %y is isomorphic to ¢ (¥ PDy). This allows us to
define an algebra map directly from F (U qz (9)) to PPy that is compatible with the
action on #. In the discussion below, we directly identify the image under ¢ with an
element of &%y, thus dropping the notation ¢ going forward.

Theorem 7.4 The image I/I(F(qu(g)) inEnd &y is an (ad U, (g))-submodule algebra
of P Dy.

Proof By Lemma 6.1 and Lemma 6.2, ¥(K) € P%g for K = Kje,4...42¢y for
i=1,...,N where N = nin Type Al and N = 2n in Type All. For the d1agonal
case, lﬁ(K) € PP for K = Koe;4...42¢, and K = Kog, 1. q2¢y, fOri =1, ...,
The proof now follows from the fact that for each of the three families, F (U qz (@) is an
(ad U, (g))-module generated by these elements, F (U[?(g)) is an algebra (this is just

Lemma 7.3), that v is an (ad U, (g))-module algebra map, and that, by Proposition
5.4, PPg is an (ad U, (g))-submodule algebra of End &. O
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We have the following consequence of the previous theorem which relies on
Proposition 5.4 relating U, (g)-module structures.

Corollary 7.5 There is a unique U, (g)-module algebra homomorphism Y from
.7-'(U(12(g)) to P Dy such that

Y(a)=v(a) and Y((adu)-a) =u-Y(a)

forall a € f(qu(g)) and u € U, (g) where the module structure on f(qu(g)) is
defined by the (left) adjoint action and the module structure on &2 29y comes from the
left action.

8 The center of Uy (g) and related algebras
8.1 Basis for the center

We recall here basic properties of U, (s[y) and its center (a good reference is [6]) and
then transfer these results to other settings of interest. By Section 7.1 of ([6]), each
(ad Uy (sly))-module of the form (ad U, (sly)) - K7, for u € —P;,r contains a unique
(up to nonzero scalar multiple) central element which we denote by z»,,. Moreover, the
set {zoul 1 € —P;,“} forms a basis for the center Z(Uq (sly)) of qu (sly). This extends
easily to Uq (sly @ sly) with basis for the center equal to {zp,| u € —(P;,r X P;,r)}.

The arguments in [6] also apply to the (ad U,(sly))-modules of the form
(ad Uy (sIn)) - Kopye(@y/ny Where n € woA‘/C and ¢ € Z. In particular, the
(ad Uy (sly))-module (ad Uy(sly)) - Koyqcay v Tor p € woA‘,\", and ¢ € 7Z con-
tains a unique (up to nonzero scalar multiple) central element of Uq (gly) which we
denote by 23,1 c(1/N)ay - Moreover, it follows from (38) that

Dp+c(l/Nyoy = 22 K(C@N)/N

forallu € woAE and ¢ € Z. Hence, the decomposition of the locally finite subalgebra
in Theorem 7.1 ensures that the set {z3, K(C@N)/N| n e woAT, ¢ € Z) forms a basis
for the center, Z(Uq (aly)), of l}q (aly)-

Recall the decomposition of the locally finite part of U, qz (g) givenin Lemma 7.3. The
arguments in [6] also apply to the (ad U, (s[y))-modules of the form (ad U, (sly)) -

K>y4206,y Where u € wof\j\', and ¢ € N. In particular, the (ad U, (sly))-module
(ad Uy (sIn)) - Kopyqocay for n € wof\ﬁ and ¢ € N contains a unique (up to nonzero

scalar multiple) central element of U, (gly) which we denote by z5,,12.4, - Moreover,
it follows from (38) that

2c
L2u+2coy = L2u K(;)N

forall u e wozA\; and ¢ € N. Hence, the decomposition of the locally finite subalgebra
of qu(g) in Lemma 7.3 ensures that the set {ngKL%fV| w € woATL, c € N} forms a
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basis for the center, Z (U 2(g)) of U 2(g) in Types Al and AIL In the diagonal setting,

the basis looks like {ZZ,LKQCKQZ uw e (woAN) X (woA ),c,c’ € N}. We focus
here on Types Al and AII and use these observations to establish the same results
in the diagonal case. Indeed, the results described so far in this section extend in a
straightforward manner to the center of U, (gly @ gly) with P;,“ replaced by P;,r X P;,r ,
wof\ replaced by wof\+ X wof\;, ¢ replaced by a pair of natural numbers ¢ and ¢/,
and K‘ replaced by KC K¢

N’

The descrlptlon of the b351s for the center of Uq (gly) combined with Lemma 7.3
and the subsequent discussion implies that Z (Ug(g)) = Y, C(¢)z2, where A runs
over elements in woA," in Type AL woA in Type AIl and woA; x woA; in the
diagonal setting.

8.2 Harish-Chandra maps

We start with the Harish-Chandra map defined for the simply connected quantized
enveloping algebra l7 (sln), a projection map based on a direct sum decomposition in
(18], Chapter 3. In partlcular the Harish-Chandra map, ¢ ¢ of the simply connected
version Uq (sly) is the projection onto the first component U O(sly) of the direct sum
decomposition

U, (sly) = U%(sly) @ (G U, (sly) + Uy (sIn)U). (51)

where U%(sly), Ujrr are defined in Sect.2.2 and G~ is the subalgebra generated by
FiK;,i =1,..., N—1(with G its augmentation ideal) as defined in Sect. 7.3. (This
is just [18], (3.3) where the map g is called P.)

Using the simply connected version of U, (gly) introduced in Sect.7.1, we can
extend the above decomposition to

Uy (gly) = Ugly) ® (GTU, (gly) + Uy (aly)U) (52)
where l}o(g[N) is equal to the Laurent polynomial ring C(g)[(K, K(j/lN)w i =
1, ..., N —1]. Note that this direct sum decomposition restricts to a direct sum decom-

position on subalgebras of lyq (gly) including ordinary quantized enveloping algebra
Uy (gly), and more importantly, the special algebra U 5 (g) introduced in Sect. 7.3:

Uz () = Us(g) ® (GTU; (9) + U (@) UY). (53)

As explained in Sect. 7.3, Ug(g) C(@)[Kal A € QN + woA ]. Note also that it is
straightforward to write similar direct sum decompositions for the analogous algebras
in the diagonal setting.

In each of the decompositions (51), (52), (53) for the algebra on the left side, we call
the first summand its Cartan subalgebra. We will denote the projection onto the Cartan
subalgebra for each decomposition as the Harish-Chandra map ¢y . We are using the
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same notation as for the first projection for the well studied Uq (sly) because all these

decompositions lead to compatible projection maps due to obvious inclusions.
Recall that the restricted root system X is the root system with set of simple roots

(xlz, e, 0‘;2:—1 and fundamental weights 51, . .., 7,—1 asdescribed in detail in Sect. 2.5.

Set
A= {Kulp € Ps).

This group is defined in Section 3 of [18] (see the top of page 24 in [18]). Write
C(g)[A] for the group algebra of .A. The Cartan subalgebra U, [(I) (sly) of Uy (sly) isa
subset of the following direct sum decomposition ([18], (3.5))

U2(sly) € C)LAl & C(@[AIC(9)[ Tyl + (54)

where (C(q)[]v"g] is the group algebra associated to the group {K19(u))/2)| # € Pn}.

As in [18] (right after (3.5)), let P be the projection of lVJS (sly) onto (C(q)[fl].
Note that this projection map can be described in the following alternative way:

Sk, Y ek (55)
W W

where p are elements in P}, the c,, are scalars and fi is the restricted weight defined
by u.

Let ¢ denote the projection of lV]q (sly) onto (C(q)[./i] defined by taking the
composition of the Harish-Chandra map ¢g¢ with the projection P. Note that @z ¢
corresponds to PoP of [18] (see beginning of [18] Section 6, especially Lemma 6.1).
The map P is the Harish-Chandra map for the simply connected quantized enveloping
algebra l?q (sly) in this reference.

It should also be noted that a more general restricted Harish-Chandra map is defined
in [18] using a quantum analog of the Iwasawa decomposition. Upon restriction to the
center, this more general restricted Harish-Chandra map agrees with ¢z ¢ (see [18],
Lemma 6.1). Since we are only worried about the image of central elements under the
restricted Harish-Chandra map, we just use ¢ ¢ and do not consider the more general
version.

Using the simply connected version of U, (gly) introduced in Sect.7.1, we can
extend the above decomposition to

U2 (aly) S C@)[Agly)] @ CLA@)IC@IT (gly)el+ (56)

where /1(9[ n) equals the group generated by

e K;forne [:\;5 and K (1,/ny;, for Type Al
o Kjforn e 1}‘{ and K (1/n)4,, for Type All
o Kjforn e AS, K nyi,» K1/ni, in the diagonal case.
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Also T(g[N)g = {K(u+9(u))/2|ﬂ e Q" + woA }. Let P denote the projection of the
Cartan subalgebra U O(g n) onto C(¢)[A ] using the direct sum decomposition (56)
and set oyc = Po ¢Hc- Recall that U 4(gly) is a free module over U (sly) (see
Sect.7.1) and the analogous result holds in the diagonal case. So ’P, vHC, and Py
restrict to projections by the same name for Uq (sly) and Uq (sly x sly).

We can define a monoid that leads to a new polynomial ring. It is derived from the
Cartan subalgebra of U, qz (g) (notation from the beginning of Sect.7.4). This algebra
will be the main focus of the current section. Set

A2={K25L|)»€ Q +w0A }
in Types Al and AIl and

= {Ky;| 2 € (Qy x Q) + (woAy x woAR)}

in the diagonal case. Another way to look at .4, is to view it as a monoid generated
by restricted root system partitions and the images of the K 12 under restriction as well.
This leads to the polynomial ring C(g)[.4>], which by the description of the restricted
weights for each type in Sect. 2.5, satisfies

o C(@)[A2] = C(@)[Kayyi;» Kog; | i = 1,...,n — 1] for Type AL

o C()[A2] = C(@[Kruys;» Koay, | i =1,...,n— 1] for Type AlL

o C(p[A2] = C(@[K2uys;» Kog; 11 =1,...,n — 1] in the diagonal case.

Set (Tp), = {KA+9(A)| A E QN + woA } in Type Al and Type All and (Ty)> =

{Kr+om| A € (QN X QN) + (woA X woA )} in the diagonal case. Recall that

r= (A—0())/2and so Ky; K(ntg(n)) = Koa. It follows that K5, € A>(Ty)>. Hence,
we have the following inclusion

Ug(8) < C(g)[A2] & C(@[AIC@)(Ty)2]+- (57)

We define versions of P and the restricted Harish-Chandra map ¢pc associated to
U qz (g), keeping the notation from the simply connected versions above. In particular,

set P equal to the projection of U,? (g) onto C(g)[.A2] using (57). Just as for Uq (sly),let
¢n ¢ denote the projection of U q2 (g) onto C(g)[.A2] defined by taking the composition

of the Harish-Chandra map ¢y ¢ with the projection P. Once again, we can describe
P using a version of (55) where in this case, x runs over elements in Q; + wOA+ for
Types Al and AIl and in ( Q N X0 N) + (woA+ X woA ) for the diagonal setting.

Recall the description of the center of U, qz (g) given at the end of Sect. 8.1. It follows
that its image in relation to the ordinary Harish-Chandra map is determined by

onc(z) = onc @)K, (58)

and, similarly, for the restricted Harish-Chandra map,
Grc(za) = Guc @)K, = (@ Km (59)

) Birkhauser



4 Page 54 of 86 G. Letzter et al.

where u € —P;,r and u’ € wof\; with 2 = 2u’ + 2 sy and s € N. Moreover, the
final equality in (59) follows from the equality on roots m#jy = &y where m = 1in
Type Al and m = 2 for Type AlI (see Sect.2.5).

Similar results holds in the diagonal setting. In particular, we have

onc(za) = puc(z)KE KZ (60)
and
~ ~ ~ / ~ 2(s+s’
Grc (@) = Guc @) PKEKE ) = guc () K 0™ ©1)

where u € —P,;," X P,;,", u e woA; X woA‘,\", with 2 = 2 + s, + s'@,. The
final equality uses the fact that the restricted weights corresponding to @, and @», are
both equal to 7),,.

Note that for z € Z(U,(g)) we actually have z € Uo(g) e U, Uo(g)Ui and so
z-v = @yc(2) - v whenever v is a highest weight vector. Now consider a highest
weight generating vector vpg for the simple module L(28) where 8 € A;. Since B is
a restricted weight, it follows that K3, - vag = Kyj; - vag for all weights 1. Hence

7 28 =@HC(2) - v2p = PHC(2) - Vg

for all z € Z(U,(g)). Since Hyg € Py is a highest weight vector of weight 28 that
generates a U, (g)-module isomorphic to L(28), we also have

z2-Hyg = @uc(z) - Hyp. (62)

Since central elements act as scalars on all finite-dimensional simple U, (g)-modules,
it follows that the restricted Harish-Chandra map can be used to determine the
eigenvalues with respect to the action of Z(U,(g)) on F.

8.3 Dotted Weyl group invariance

Let p denote the half sum of the positive roots for the root system associated to sy
and let W denote the Weyl group for this root system. Define a dotted Weyl group
action on the Cartan subalgebra UOsly) of U, (sly) by ([18], Chapter 3, (3.1):

w o q("”“)Kﬂ = q(p,wu)Kwﬂ

Recall the following well-known result on the image of the center of Uq (sly) under
the ordinary Harish-Chandra map ¢y c:

Theorem 8.1 ([18], Theorem 3.1, see also [6], Lemma 7.17 and 7'1;25) The ordi-
nary Harish-Chandra map @gc defines an isomorphism from Z(U,(sly)) onto
C(@)[K2 % € Py1Ve.
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Note that terms of the form

my =Y g™ Ky (63)
weW

for\ € P 1(," form a basis for the dotted Weyl invariant elements in U O(sly). There will
be times that it is useful to rewrite the above formula using the lowest weight term
woA. In particular, the above formula is equal to

N A
may = Mayor = Z Cl(p wio )KwaOA-
weW

Now the diagonal case is not discussed in [18]. However, it is well-known and
straightforward to check that Theorem 8.1 holds for the simply connected quantized
enveloping algebras of semisimple Lie algebras such as Uq (sl, @ sl,). In this case,
the basis of dotted Weyl invariant elements takes the same form as above with only
difference being A € P]j,' X P]j,' .

Set p = (p — 6(p))/2, the restricted weight associated to p. The dotted action
of Wy, on elements of C(q)[.A] is given by the following formula from [18], p.24 of
Chapter 3:

we q(ﬁ’#)sz — q(ﬁ»wy)szy (64)

forallw € Wy andy € Px.Moreover, by [18] Lemma 3.2, given anelementw € Wy,
there exists w € W so that the restriction of w to X equals w. Thus terms of the form

X 0,2wh
my = 47" Ko
weWy

with A € wg P; are dotted Wy invariants.

Noting that elements of the center Z ((}q (sly)) are invariant under the ordinary
dotted Weyl group action (Theorem 8.1 above) yields the following version of [18],
Chapter 3, Theorem 3.3. Recall the definition of A (see Sect. 8.2) and define the related
group A by

A = {Kyln € Px}

(see [18], middle of page 25).

Theorem 8.2 Given f € Z(l?q (sln)), the element ¢y (f) is a dotted Wy, invariant
element ofC(q)[fi]. Moreover, (Z)HC(Z(Uq (sIn)) is a subring of C(q)[A]V=".

Theorem 8.2 also extends to the diagonal case. First note that the root system in

this case consists of the disjoint union of the root systems for each copy of sl . This
leads to two half sums of the positive roots: p; for the first copy and p; for the second.
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It is also straightforward to check that elements of Wy lift to elements of W x W, the
Weyl group for the root system of sl @ sly. In particular, we have

Wg;

i

= Wo; W, ,; AN Wg,,; = Wa,,; W

for each reflection associated to the simple restricted roots &; or &4, for i =
1,...,n — 1in both cases.
It follows from (63) that sums taken over A = (A1, 2) € Py x Py

M2y 200) = Z q((m,/)2),(211)1%1,2wzlz))K(2w1Al’2w2A2)
(wy,w2)eWxW

form a basis for the dotted invariant elements for images of the center of 0,1 (sl, ®sly)
with respect to the ordinary Harish-Chandra map. Moreover, we can write this as a
product with two factors:

2wk 2wak
Mm@ 2 = mama, = | Y g2 Ky, Y g Koy,
wieW wreW
Note that w; is a product of reflections with respect to the roots oy, ..., ®,—1 and
wy is a product of reflections with respect to 41, - .., @2,—1. Set w; equal to the

product where each wy; is replaced by wg, € Wy. It follows that WA} = wiA;. We
can define w» in a similar fashion. Thus we can rewrite the formula for m 2, 21,) as

2w A 2w\
may,may, = Z C](m ! 1)K211)1)»] Z q(p2 2 2)K2II)2)\2
w1 €Wy wreWyx

Recall that the inner product on the restricted root system in the diagonal case
satisfies (-, )y = 2(-, -). On the other hand, p; = 02 = (o1 + p2)/2 = px. For
i=1,...,n—1,wehavewg A1 = wg; A1 and wg, 0 (A1) = we,,,0 (A1) = 0(Wg; A1) =
0(wg; A1). Hence w16 (A1) = 6(w1A1). Note that this guarantees that (o1, 0 (wA1)) =
0 since w A is in the first copy of Py and so 8(wX) must be in the second. Hence

(p1,2W01A1) = (p1, 2(W1 A1 — O(W141)) = (p1, 4iD1A1)
= (o1, 4wi1r1) = (ps, 2WiA1)x.

Thus we can express my;, as

201
mai, =< Do gl ‘)EKmlxl)K(zwmna(wm))/z))

weWs

211 A
= Z g ‘)EKz(wlxl)(K(zzz;l,\1+29(u71)\1))/2 -1

w1 eWyx
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2001 A
+ Z q(m: wy 1)2K2(i)15»1)
w1 eWs

Hence, 75(m2;”) = Zlf}lEW): 61(’3"2’1“5")E K2(zi)17\i) and a similar result holds for
75(m2)\2). Both of these formulas are dotted Wy invariant and hence the diagonal
case also satisfies the conclusion of Theorem 8.2.

We can translate Theorem 8.1 and Theorem 8.2 to the setting of U, qz (g) where sl
is replaced by gl everywhere as follows. Recall the isomorphism of (ad U, (sly))-
modules, the ﬁrst generated by K»; and the second by K7, where A = ZlN: jl A Wow;
and ) = Z j Aiwow; as given in (43). From the description of the isomorphism in

(44) including the paragraph below this formula, we see that K») K., is in the center

2)J
of Uq (gl). The diagonal case is very similar where here we express A = A(;) + A2n)
where A¢;) = Z?:_ll riwow; and A2,y = 2?2_11 AitnWowj1p. Similarly define A’ with
wow; replaced by wow; for each i.

Theorem 8.3 We have the following analogs of Theorems 8.1 and 8.2 for the algebra
U; (9):
q

(1) The ordinary Harish-Chandra map ¢y c defines an isomorphism from Z (U, qz (9)
onto the dotted W invariants C(q)[K.| A € QN + woAy TIVe in Types Al and
All and onto the dotted W invariants C(q)[K2,| A € (QN X Q ) + (woA"A‘, X
wol y Ve in the diagonal setting.

(i) Given f € Z(qu(g)), the element ¢yc(f) is a dotted Wy invariant element
of C(q)[Ka| 1 € Q"E' + woA;]. Moreover, @Hc(Z(U[?(g)) is a subring of
C(q)[Az]"=e.

Proof Recall that the ordinary Harish-Chandra map is defined via (53) as the projection
onto the Cartan subalgebra of U, 2(g). This Cartan subalgebra is equal to C(q)[ K2 | A €
07 +woA};]in Types Al and AII and C(q)[K2:| A € (QF x Q)+ (woAf, xwoAT)]
in the diagonal setting. Note that the diagonal case follows from the other two so our
focus is entirely on the singleton setting.

Observe that (GiUz(g) + Uz(g)U+) is a two-sided ideal in Uz(g) since
U2 (@G, = G U2 (g) and UJFU2 (9) = U, (g)UJr It follows that the ordinary
Harish-Chandra map defines an algebra homomorphism onto U2 (g). Therefore gpc
restricts to an algebra homomorphism on the subalgebra Z(U 2(g)) We show below
that this map is injective and hence an isomorphism as stated in Theorem 8.3 (i).

Now F (lV]q (sly)) can be written as a direct sum of simple ad-invariant left coideals
of the form (ad U, (sly)) K2, where A € wg P;,r (see (37)). On the other hand, the
same type of decomposition for U, 5(9) in Theorem 7.3 gives us

P @U@y Koy CFUZ @) = P (ad Uylaly) - Kopsasay-

VewgAf VewoAf,seN
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(Note that wof\?\', + Noy = woA;.) As explained right before this theorem,
(ad U, (gly))(K2;) is isomorphic to (ad U,(gly))(Kpy) via the map sending
(ad a) - (K23) to (ad a) - (Ky;) for all a € U,(gly). With respect to this map,
the central element z3) of (ad U, (gly))(K2y) is sent to the central element z5;; of
(ad Uy (gly))(K25). Now @pc(z22) is dotted Weyl invariant. It follows that g ¢ (z2y/)
is also dotted Weyl invariant.

Note that ¢y (z2)/) is an element of the Cartan subalgebra C(q)[Kzu/4y)| ¥ €

Q; and A € wof\x]. Moreover, Q; does not contain any anti-dominant integral
weights and so the only anti-dominant weights come from wof\;. By Theorem 8.1,
{orc(z)| A € woP;,r} forms a basis for the dotted invariants of C(q)[K2,|y €
Py]. Hence, {pgc(z)| A € wof\;} forms a basis for the dotted invariants of
C@)Kayly € Q; + wof\;]wo. Since @y (z2:7) is an element of (ad Uy, (gly)) -
K405 » the only possible dotted Weyl invariant element (up to nonzero scalar) is

Rwwor
may = Moy = Z f](p 0 )K2wwok’-
weW

We get a similar equality for my,5/ 425

2wwor’ 2s
Mool +2sdn = E q(p 0 )KwaoNKa)N
weW

for woA’ € wof\; and s € N. Note that these elements span the image of the center of
U qz (g). Moreover, these terms are linearly independent since they each take the form

Moy iasoy € | 472" Kowgr + Y C(@)Kap | (Kagy)'

B>wo)

Here the inequality below the summation sign refers to the partial order defined by
B >y provided B —y € Q;. This finishes the proof for Theorem 8.3 (i).

The proof of (ii) is similar to that of (i). In fact, Pisa projection onto C(g)[.A2] with
kernel the two-sided ideal C(q)[.A2]C(q)[(Ty)2]+ inside the right hand side of (57).
Hence the restricted Harish-Chandra map is an algebra homomorphism of C(q)[.A3]
onto itself and (,ZJHC(Z(Uq2 (g))) is a subalgebra of C(¢q)[.A;]. By the discussion pre-

ceding the lemma relating A and A" and by Theorem 8.1, this image of Z (U, 3 (g)) under
@gc is invariant under the dotted action of Wy. O

8.4 Central generators

In [18], it is shown that oy (Z (Uq (sly)) is isomorphic to the entire ring of invariants
C(g)[A] Wze Indeed we have the following version of [18], Theorem 8.1.
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Theorem 8.4 Given a symmetric pair of Type Al, Type All, or of diagonal type, the
image under the restricted Harish-Chandra map ¢ c(Z(Uy(@)) is isomorphic to the
dotted Wy, invariants, C(q)[A]"=*, of C(q)[Al.

Recall that A = {K»,| u € Px}. Hence C(g)[ Al Ws is a polynomial ring in variables
mzzwom, i =1,...,n — 1. Thus we must show that ¢ c(Z(U,(g)) contains these
generators. We start with an overview of the proof and then fill in more of the details
below. Eventually we will obtain the analog result for Z(U 3 (g)). Consider central
elements defined by

Zi = Lww; fori=1,...,n—1

where 22up0 ; is the central element of (ad U, (sly)) - KZU,W_/ for Types Al and AIlL
For the diagonal case, set

Zi = L2wow; AN Ziyn = wew; fori =1,...,n—1.

In this case the z; is the central element of (ad U, (sl;, ® sl,)) - Kowgw; and z; 4, is the
central element of (ad Uy (sl, @ sl)) - Kowgw;,,- The argument for Theorem 8.4 in
Type Al simply shows that o (z;) = mzzwom fori = 1,...,n—1.The diagonal case
is similar. On the other hand, the proof for Type AII is more difficult. It involves an
inductive argument that first establishes mzzwonj € ¢ac(Z(Uy(g)) for all j < k and

>

. E . . . ~ E
then realizes my;, e asa linear combination of ¢z ¢ (zx)) plus products My won; M 2won;

for j <kandi < k.

Proof of Theorem 8.4, Type Al and Diagonal Type: Note that @; = 7;, the fundamental
restricted weight, fori = 1, ..., n — 1 in both Types. (We can use either z; or z,4; in
the diagonal case.) Since the restricted root system is of Type A,_1, the fundamental
weights 1y, ..., 7,1 are minuscule. In other words, n; # s n for any pair j, k and,
in addition, n; #x O for any j where the inequalities are defined via the partial order:
B >x y provided B — y € QJZr for B,y € P;. Recall that z;,, is the unique up to
nonzero scalar central element in (ad U, (g)) K3, for u € woPgr . When p = wow;
for the two families Type Al and diagonal type under consideration, the image of
PHC (Z2wgw;) 18 in

Kowga, + Y C@Kauwgi+28 = Kowgn + Y C@Kauwgni428 (65
Q3 peQy

up to a nonzero scalar. Since this element is dotted invariant with respect to the
restricted root system, it follows that § 5 ¢ (22wgw;) = mzzwom foreachi. Thus ¢z c(z;),

i=1,...,n—1 are a set of generators for (C(q)[A]WZ‘. O

Proof of Theorem 8.4, Type All: Note that in Sect.2.5 in the final sentence on Type All,
we see that @) = n1. This is the same as part of [18], Lemma 2.4.

Lemma 8.5 ([18], Lemma 2.4 (i) applied to Type AIl) The first fundamental weight
w1 in P;,r restricts to the first fundamental restricted weight @) = 1.
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Since 7, is minuscule and @; = 71, we can use the same argument as used for minus-
cule fundamental restricted weights for Type AI and the diagonal type. In particular
Py

GrC(22ugw) = my,, andsomy, € C(g)[A]"=*.

The next lemma is key in establishing mZZwonk e C(q)[A]"=* fork > 1.

Lemma 8.6 ([18], Lemma 8.8) Assume Type AlIl with ¥ of Type A, —1.

Py

(1) Let k be a positive integer such that 1 < 2k < n. Then M 0na

the set {§(22wgwn)} U Am3, M3, 10 < j <k
(ii) Let k be a positive integer such that 1 <2k+1 <n. Thenm

is in the span of

X
2w0n2k+1

of the set {p(Z2wpwyi1)} Y {mzzwonkij m22w071k+1+j| 0<j<k}

is in the span

We follow the proof of [18], Theorem 8.9 which is the Type AII part of Theorem 8.4 of
this paper. Set R = ¢gc (Z(Uq (sln)). We already showed that meom OHC (Z2wen;)

is in R. The strategy is to use induction based on the assumption that m22wom € R for
1 <i < j. Assume first that j is even, say j = 2k. By the inductive hypothesis, both
and mgjwonw are in R for 1 < i < k. Hence R contains all the products

)
M woni—i M 2wong i

induction argument using (ii) applies to j = 2k 4+ 1 and shows that mzzwmm“ €R
P

=
Mywons—i
for 1 < i < k. By Lemma 8.6 (i), m%zw(mk is in R. A similar

Thus by induction, m isin R for j = 1 (the minuscule element), j takes on all

2wo
even values between 2 anr()i n — 1 by (i), and j takes on all odd integers between 3 and
n — 1 by (ii). O
Note that a consequence of the above result is that C(g)[.4]"=* is a polynomial ring
in the variables ¢gc(z1), ..., ®Hc(Zn—1). The next theorem obtains similar results

for Z(U, q2 (g)). First, we need to define analogs of the z; that rely on partitions in IA\;
instead of the weight lattice P;]’ . In particular, given wow; € wy P;,r with z; = Z2wgw;»
set z; = Zouga; - In other words, the central elements listed above in (1), (ii), (iii) are

converted to elements 7y, ..., Z,—1. There is also an extra generator corresponding to
the element 25,4, = 224, - Explicitly, define the central elements 1, ..., Z, by
() Zi = 22wei; = 22(ens1_i++ey fori =1,...,nin Type Al and the diagonal
case.
(i) Zi = Z2owpm; = 22(eanp1_i+tex) fori =1,...,nin Type AIL
(i) Zi = Zowgar = 220ent1i+ten) AN Zign = 22(egyyy_itten, fOri = 1.0
in the diagonal type.

Recall that Oy N woA;\r, = 0 (see Sect.7.3). The same holds for restricted root
systems. In particular, O N wOA}r =0.

Theorem 8.7 The algebra ¢y (Z(Uq2(g))) equals C(q)[A21V=* and is the polyno-
mial ring on the n variables ¢rgc(Z1), ..., $rc (Zn).

Proof Consider Type AL Recall that z;,, is the unique (up to nonzero scalar) central ele-
mentin (ad U, (9)) K2,,. When u = @y, the element K>, is acentral element. Thus we

have 254, = Ky, Hence §rc(225,) = P o 0rc(220,) = Lyew 4" Kaui
q'° ”“7)|W|K2A in Type AL Thus the algebra generated by goHc(z,) i=1,...,nin
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Type Al contains K55, . A similar statement holds in the diagonal case. In this case,
we can use either the algebra generated by ¢y (z;) fori = 1,..., n or the algebra
generated by ¢yc(Zi4n) fori = 1, ..., n. Both produce the same algebra and that
algebra contains Ky, .

As explained above, the fundamental weights 1y, ..., n,—1 are minuscule. Note
that the same is true for the fundamental partitions 71, ..., j,—1. Moreover, we have
the analog of (65) in the partition setting. Namely, as in the proof of Theorem 8.4 for
Type Al and the diagonal type, ¢y ¢ (22,4;) is an element of

Koy, + Z C(@) Kowoni+28; = Kowgi; + Z C(q)Kawon+28 (66)
peQt BeQt

up to a nonzero scalar. By the discussion preceding the theorem, Q; NwoAL = 0.
Since z,,4, 1 central, its image under ¢ ¢ must be dotted invariant with respect to
Wyx. By (66), the only possible dotted invariant element is mzzwoﬁi up to a nonzero
scalar. Hence the theorem holds in Type Al and the diagonal setting.

Now consider Type AIl. As explained in the proof of Theorem 8.4 for Type AlI, the
first fundamental restricted root 71 is minuscule. Hence, arguing as above, we have
PHC(Z1) = mfwm-

By Lemma 8.6, mzzwom can be written as a linear combination of elements in the
set

~ ¥ ) .
{¢HC(ZZw0w2k)a m2wonk—_,' m2w077k+j| 1 <J< k}

for 1 < 2k < n. Similarly, can be written as a linear combination of

elements in the set

)
M wonas1

~ b )3 .
{wHC(ZZwowzkH)a mzwoﬂk+1—jm2w077k+j| 1 =< J < k}

forl <2k+1<n.

We recall here some formulas involving restricted weights from Sect.2.5. In par-
ticular, wow; = wod; — (j/2n)w2,. As explained in Sect.2.5, 2, = @, and so
won; = woh)j — (j/n)f, for j =1,...,n — 1. Hence

PHC (Z2wow;) = PHC (Z2wei ) K(—jn)in,
foreach j = 1,...,n — 1. Thus we also have

z ) W — X .
mzwoﬂs - mszﬁs K(—S/H)ZTIZn - m2w0ﬁs K(_S/n)wZn

foreachs =1,...,n—1and so
P ) _ 3 ) o A
Mowom—;M2womr j = Mawgi—; ™ 2wo ks ; K (k) /myison K ((—k=j)/m)an
— Py R
- m2w0ﬁk,jm2w0ﬁk+j K(_Zk/")wZn (67)
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for each k and each j with 1 < j < k. Similarly,

) b)) X b)) . R . .
Mwon— ;M 2woms 145 = M 2w ;M 2woinsrr; K (k) /myinn K (—k=1= ) imyivan

)y z
= meOﬁk,jm2w0i)k+1+J~ K((_Zk_l)/”)&&n (68)

for each j with 1 < j < k. Thus a relation of the form

k—1
p) o > b
Mgy = A0PHC (22wowy) + Zalmem?kfj Mowonis;
=

becomes

z
m2w0ﬁ2k K(_Zk/”)UZn
-1

_ - . ) > p> )
= a0@HC 2w ) K (—2k/myiny T Y 4iM3 i Mo ; K2k /myinn -
j=1

Multiplying both sides by K (2x/n)5,, yields

k—1
)

) _ ~ . i X
Mowin = a0@H ¢ (Z2uwgin) + Z 4jM 2o i ;M 2w *
s=1

Hence mé:woﬁzk can be written as a linear combination of elements in the set
{BHC 2o ) Mg My, | 1< J <k} (69)
2wodak /> 2o ;" 2wodkgj ! T =
for 1 < 2k < n. A similar argument shows that m22w0ﬁ2k+1 can be written as a linear
combination of elements in the set
@PHC @owgimss)s Margn Moo, | 1< < k) (70)
2wowk+17> 2wt 2wok g 14! T =

forl <2k+1<n.

Note that when either 2k = n or 2k + 1 = n we see that mfwoﬁn is a linear
combination of elements in the set (69) or (70) depending on the parity of n. Thus
arguing by induction as in the proof of Theorem 8.4, Type All, the algebra generated

by ¢uc(Zi), i = 1, ..., n contains the elements m;:woﬁ-’ j =1,...,n. The theorem
J

follows from the facts that wo#), = 7, K>3, is invariant with respect to the dotted
action of Wy, and, thus, my,, 5, is a nonzero scalar multiple of K55, . O

Let Z denote the subring of Z(U q2 (g)) generated by the elements Z, ..., Z,. By the

previous theorem, Theorem 8.7, the image under the restricted Harish-Chandra map
@pc of the algebra generated by Z1, ..., Z, is a polynomial ring with these variables.
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Hence, since Z is commutative, Z1, ..., Z, must also generate a polynomial ring of
rank n. We see that the same is true for the image of Z with respect to T of Corollary
7.5.

Corollary 8.8 The algebra Y (Z) is a polynomial subring of End &Py with variables
Y(z;),i = 1,...,n Moreover, each Y (Z,) is an element in P Dy of degree less than
or equal to 2r.

Proof Recall that m%, = D weWs q P2 MK, foreach o € AT. Note that 7 € QF
forall y € QT. Hence, given A € A; and w € Wy, we have wA € A — Q7. Since
(p, y) is apositive integer fory € Q% sois (5, 7) = (p, 7). Hence, foreach A € AL,
we have

my;, € q'P2I Ky 4 Z 61(’3’2”72@[6172]1(2;\—2%
yeQ+

Let vy be a highest weight generating vector for L(28) where 8 € A;. It follows
that

m3, - vag € (q(’mﬁ’z”(l + q_zC[q_zl)) v2p. (71)

Note thatany a € C(g)[.42]"=* can be expressed as a linear combination a 1m22)»1 +
e 4 asm%:xs where each Ay € AJEF. We argue that there exists B € A‘{ so that
a - vpg # 0. Reordering and multiplying by a nonzero element of C[q] if necessary,
we may assume that [A1| > |A;| foreach2 < j < s,a; € C[g] foreach1 <i <,
and a; = g%+ terms of lower degree in g. It is straightforward to check that there
exists B € A; such that (A1, B1) > (A, By) forall A # A satisfying |A| < |A1]|. Thus
by (71), for a large enough positive integer r, a - va,g = q¢TP+27F1. 22D 1 terms of
degree strictly less than d + (o + 2rB1, 211). Thus a - v # 0 for B = r ;.

Recall that Hyg is a highest weight vector in the U, (g)-module & foreach g € A;.
By (62), z- Hyg = ¢puc(z) - Hyg forall z € Z(U,(g)). By Theorem 8.7, ¢y ¢ defines
an isomorphism from Z onto C(g)[.A2]">*. Hence, by the previous paragraph, given
z€ Z,wecanfind 8 € AJEr so that ¢ (z) - Hyg # 0. It follows that z - Hog # 0. By
Corollary 7.5, Y(z) - Hag = z - Hag and so Y (z) # 0. In other words, Y is injective
upon restriction to Z. This proves the first assertion of this corollary.

For the second assertion, note that z, is in the (ad U, (g))-module generated by
Koey 1 p+-t2ey Where N = nin Type Al and the diagonal case and N = 2n in Type
AIL Hence, by Proposition 6.3, T (Z,) has degree less than or equal to 2r. O

We return to this degree computation in Sect. 9.3. Indeed, Theorem 9.6 establishes
the equality deg(Y'(z,)) = 2r.
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9 Quantum Capelli operators
9.1 Definition and description

The decompositions in Sect.4.4 combined together yield the following module
decomposition and related isomorphisms of left U, (g)-modules:

2% = @ U@ Hy)® (U0 1) = P LeweL e (2

HEEAy nEeAy

where L*(2£) is the left U, (g)-module dual of L(2£). This last isomorphism can
be made concrete by sending Hy,, to a pre-chosen highest weight generating vector
vy, of L(2u). Similarly, HZ*S is sent to a nonzero scalar multiple of U;S, the lowest
weight generating vector for L*(2§) satisfying v%(vzg) = 1. This nonzero scalar is
determined in the next lemma using the bilinear form (-, -) defined by (20) in Sect.5.2.

Recall that there is a natural isomorphism from (L (2u) ® L*(2u)) to End L(2u) as
left U, (g)-modules and so (L(2u) ® L*(2u))Y(® is the one-dimensional subspace
consisting of the scalars. Furthermore, (L(2/1) ® L*(2£))Y4® = 0 for 1 # £. Hence,
the left U, (g)-module invariants of &%y satisty

29,"% = @ @€ew oL ® = @ Lew e L*eu)®.

mEeAt neAt

Uy (9)

g
Let C,, be the basis vector for the space (Uy(g) - Hau) ® (Uq (@) - Hz*ﬂ) cor-
responding to the identity element in End L(2u) via the isomorphism between
(Uq (g) - ng) ® (Uq (g) - H2*H) and L(2u) ® L*(2u) described above. We refer

to the set {C,| 1 € AJEF} as the Capelli operators. Note that the Capelli oper-
ators form a basis for the U,(g) invariant subspace of &%y. Since C, ¢

((Uq (9) - Hap) @ (Uy(g) - HZ*M)), it follows that C,, has degree 2|| in terms of the
filtration 7. In the lemma below, we drop the tensor product notation and simply write
Hy, HZ*IL'
Lemma 9.1 The Capelli operator C,, for ju € A; lies in

(H3,. Hap) ™ Hou H3, + (UT - Hy)(UT - H3). (73)

Moreover C,, - Hyy = Hpy and C,, - Hyy = 0 for || > |A| and p # A.

Proof Recall that >, is a highest weight vector of weight 21 and HZ*M is a lowest
weight vector of weight —2u. Hence

C, € U, (9)- (H2}LH2*M) cWw - H2;1.)(U+ : HZ*M)
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Using the augmentation ideals U, and U T, this simplifies to
Cu € yHy Hy, + (U - Hy)(UT - H3 )

for some scalar y . It follows that (73) is true up to the scalar in front of Hy, H3 .
The projection map  defined in Sect.5.2 can be used to understand the action of
C,, on Hy; In particular we have

Cu - Hy € y Hopmt(H5, Hyo + (US - Hy)mw(UT - Hy, Hao.  (74)
More generally

Cpu - (u- Hy) € y Hyum (Hy, (u - Hp)o+ Y (' - Hy)w((UT - Hy,)(u - Hoa))o
uw'ely

(75)

where the sum is over weight vectors u’ € U, . By Lemma 5.7, if || > |A] and p # 2
then n(Hz*uHQA) = 7r((Ujrr . H;‘M)sz) = 0. Hence C,, - Hy, = 0 for || > |A| and
W # A as desired.

Recall that C, acts as the identity on U, (g) - Ha,,. Hence C,, - Hyy, = Hp,. Hence
by (74), VHQ,;L(JT(HQ*MHZ,LL))O = H,. (Note here we are taking into account that
Uy - Hy, is a sum of terms of weight strictly less than 2u so have no contribution
to Cy, - Hy;,). Recall the definition of the bilinear form (., -) right before Lemma 5.3.
In particular, this is a bilinear form on Dy x Py defined by (d, p) = w(dp)o. Hence

Cpu - Hop = Hoy = y Hou((H3,, Hyw))). Thus y = (H3,, Hapu) ™' O

9.2 Realization as polynomials

We start with the twisting relation between elements in &% and %y . These relationships
will be key to taking products of Capelli operators. Much of the computations involve
vector subspaces of &%y and vector subspaces of Zp of the form

D (Po)y and Y (Do)

v<p v<p
[vi=lul [vl=lul

Here, the inequality v < w means that u — v € Q;. An equality such as |v| = |u|
ensures that the entire subspace of 7 is of degree |u| and thus sits inside ), (Z%).
A similar result holds for the subspaces of Zj.

Recall the relation described in Theorem 5.1. The next lemma provides a version
of this relation using subspaces as described above.
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Lemma9.2 Foralla,b, e, and f, the relation from Theorem 5.1 satisfies

dapXer — ¢ TPt D xrday € G 8acdpr + Y Y (D) Do)y

V<€ctef v <e,tep
=2 =2

(76)

Proof Note that the weight of dyj, is —e, — €5, and the weight of x,r is €, + € r. Hence
the exponent of g preceding x,rdyp satisfies 8, +84e +8pf +0pe = (€4 +€p, €c+€5).
By [20], Lemma 5.4,

—8yj+br.j
Froxij = 8irq % 000m x4 8, %1 11

-1 18,1484
Ey-dij=—(q Sirdig1,j +q T8 d; 1)

Note that if F, - x;; # 0, then the subscripts of x;; increase upon application of
Fy. Similarly, if E, - d;; # 0, the subscripts of d;; increase upon application of E,.
Therefore

dabxef - q(€a+€b’ge+€‘f.)xefdab € qiée} Saeabf + Z Z (P9)v(Dp) v

V<€ctes v <e,tep
=2 =2

as desired. O
The next lemma gives applications of the relation in Lemma 9.2.

Lemma 9.3 Given a weight vector X»,, of weight 2y in Py and a weight vector D_»,,
of weight —2u in Dy, we have

D_2, X2y — g X, Dy, € Z Z (Zo)v(Do)—v + Ti2pi+12y1—2(P D).

v<y V' <2u
W=yl v =2pu

Moreover,

Yo @ D P S D (P Y. (Do) + Topiiny-2(P Do)

v<2p V' <2y V' <2y v<2p
vI=12u| =2y =2y [vI=12u|

Proof Consider first a term of the form d, 7, X, h Xg,,h,- Using (76) as the term d,.__ ¢,
is moved to the right gives us

(ees+€f376gl+6g2)

ey, £, Xg1,j1Xg2.hr = 4 Xgy,hideg, £, Xg2,ha

+ Z Z (P9)v(Do) —vXgy s + C(@)X gy 1y

V<é€g +5h1 V/<€es +eg,
[v|=2 V=2
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_ (€ogF€fs € +ER F€gyF€R,)
=g o Tt T TR T o)y X gy ho ey, f

+ Z Z xgl,h1(<@0)p(99)_vz

V<€gyt€pn, V/<€6’x +€ £
[v|=2 [V|=2

+ Z Z (P9)v(Do) v Xgy.hy

V<€g e v <ep e
[v]=2 V=2

+ C(@)xgp.ny + Cl@)xgy 1y
From the relations satisfied by the generators for &y (see Theorem 3.2 and for-

mula (7)) we see that (Z9)2y, (Pp)2n = (Pp)2y+2:.. Similarly (Zg) 2y (Zg)-2s. =
(Z9)—2y—2:,- Hence

Z Xg1,m (Po)v € Z (P9)v

V<€gyt€p, V<€g +€p +e€gy €y
v|=2 Iv|=

On the other hand,

> Do)y

v <é€ps e
V=2

is spanned by linearly independent vectors of the form d,s with weight v/ =€, + €
which is strictly less than €, + €,. Applying (76) results in

Y D) vxem S Y., Y. (Pa) () +Clg).

v <e€pg ey, Y =€gyTehy v <o ey
V=2 ly|=2 V=2
Hence
S (P Y. (Do)vxem > > (P Do)y
V=€g ten v/<€€x tefs V=€gyteny Tegy Feny V/<€e,r tefy
[v|=2 [v'|=2 [v|=4 V=2
+ Z (@9)1)-
V<€g; +e/,1
[v]=2
Therefore

(€eg+e€ s €9y +€n +€g5+€ny)
deg. f,Xg1 . Xgyhy — q @ ST MTERTDII 0 Xy hydey, f,

= > Y @@+ Y, (Do)

VE€gy ey Teg e v <eo te gy V<€ ten
[v|=4 v |=2 [v]=2
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Note that this final term is in 1 (£ %) while the other terms are in J3(Z Zy).

We now turn our attention in applying such computations to the main assertion of
the lemma. Since D_5, is a weight vector, it can be written as a sum of products
dey, fidey, 1 - - - de,, f, and each summand has the same terms with the only difference
being reordering. Moreover, since the weight of d,;, is —€; — €p, the weight —2u of
D_5, equals >} —€,, — €5,.. A similar analysis applies to X», using elements x4y,
instead of d,;. Repeated applications of (9.2), moving one term of the form d,, . to
the right after the previous one, yields the desired formula.

The argument for the “moreover" part is similar. Start with a weight vector D of

weight —v in the vector space Y v<u (%y)—, and a weight vector X of weight v’
[v|=12ul

in the vector space ) /5, (Z%).. Repeated applications of (76) yields
v'|=[2y|

DX —g®?)XD e Z (Po)w Z (Do) —» + T2pi+1291-2(P Do)

A<V <2y A<v<2u
=2y [v|=12p]

Since

XD e Z (Pg) Z (Zo)—v

V' <2y v<2u
=2y [v|=[2p]

it follows that

DX e Z (P9)v Z (Do) —v + T2ui+12y1—2(LP Do)

v <2y v<2u
=2y [v|=12p]

This holds for all weight vectors D € }_ <2, (Zp)—vand X € 3 o, (Pp)y.0O
[vI=12ul V' |=12y|

Note that an obvious application of Lemma 9.3 isto D_5,, = Hz*u and X», = Hp,,.
In this case, we get

Hj, H>y — q(z“’z”)szHz*ﬂ € Z Z (Po)v( Do) —v + T2l +12y1—2(P Do)

v<2y Vv <2u
Wi=12y| |V |=[2u|

(77

The next lemma gives another formulation for the Capelli operators described in
Lemma 9.1.

Lemma 9.4 The Capelli operator C,, for u € A;S satisfies

Cpo — (H3,p Hop) ™ Hoy Hy\ € > (P0)(Zo) -
v<2p
[v]=[2u]
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Proof It follows from Lemma 9.1 that the vector C,, is an element of
(H3,. Hyy) " Hoy Hy, + (U5 - Hy)(UT - H3)
Recall that Hz*u is a lowest weight vector and equals a sum of products

de, f1dey, f - - - dey, 1, Moreover, each summand has the same terms with the only dif-
ference being reordering. Note that the weight of d,;, is —e, — €;. Hence, the weight

—2p of Hy, isequal to —2u1iy — -+ = 2u;1); = Y —€o; — €. Similarly, Hy,, is
a highest weight vector equal to a a sum of the same products except that each d,  ,
is replaced with x,,  fori =1, ..., s and so the weight is 2 instead of —2pu.

By definition of H, we must have u € A;. Recall that v < 2u means that
2u—v € Q;. Taking the restricted version of 24 — v means that 2 — vV € Q;.

As explained in Sect.7.3, Ox N woA%r = 0. Since woQyx = QOyx, we also have
Os N A'EF = 0. Hence

HyHy ¢ Y (Po)(Zo) .

v<2u,v' <2r

forany u, A € A;E.

Contributions to (U, - Hp,,) take the form of repeated applications of generators
Fy, ..., Fyto Hy,. Since Hy, € ()2, we see that (UL - Hyy,) C Zv<2u(<@9)v~
Note that all these contributions must lie in degree |2u| since the action of U, (g) on
Py preserves degree. Hence

UL Hy) S Y (Do
v<2p
[vI=[2u|

The same reasoning yields

U5 -H5) S Y. (Do)
v<2u
v=2p|

Putting these two inclusions together yields

U5 -Hy)UT-H3 ) C >0 Y (Do) Do)y

v<2pu  v'<2u
WI=12ul v |1=2u]

Since C,, € (P2 2¢)Y4® | we can just consider those summands with v = v’ in the
above formula. The lemma follows. O

It is worth noting that the intersection of PPY4®  with the space
(U . qu) (U +. Hi;) is one-dimensional. Indeed, by Lemma 9.1 the Capelli
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operator C,, is a basis vector for this space. As a consequence, we have

T (P2% D) S C@Cu+ Y C@Cw + Tapu2(22% D). (78)

’

I =l

Proposition 9.5 Consider a Capelli operator C,, of degree 21 where
p=mf+ - +mji;

with || = Zij=1 mj j. It follows that

7 !
M Hi
C,=a, ,CH...cH E a,C.'-..C. ap.
H B>y fin + K= nj +ao
[/ <|pl

where a,, ;, = g2 (HZ{:] (Has,, H;ﬁi)_M)’ w = win + -+ w'i; and every
ay and ag are scalars

Proof Setc,,, = (H}

5,00 Hop) ™ (Hj

2y sz)_l. Using (77) we see that that

CuCy — Cuy HopH Hoy Hyy € Y (P9)o(Do) v Y (Po)a(Do) 1. (19)

v<2p A<2y
[v|=[2p| [Al=12y 1

Switching the order of Hj M and H3), using (77) gives us

CuCy — Cuyq ) Hyy Hoy Hy Hy, € Hoy | > > (Po)o(Zo)—v | H3,
U<2]/ V/<2M
Wi=2y1 |v'|=2ul

+ Hop (Tppi+2y1-2(P P0)) Hy,
+ Y (@@ Y (D) Do) -a

v<2u A<2u
v=12p| [A1=12p|

Note that Hp (T2uj+2y1-2(F Z6)) Hy,, S TDajpul+212y]-2- Also

Hyy, Z (P < Z (P)y4y and

A<2y vV <2u42y
[A1=12y| [v-+v'|=2u+2y|
*
S @ywHy, S D (Do)
N<2u v+ <2u+2y
A =12ul [v+v/|=[20+2y |
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Hence

Hy( Y Y (P @o)-nH, S > (Pa)vsr (Do)
v<2y V<2u v+ <2u42y
WI=1271 v |=2u v+ |=2u+2y |

(80)

We now look at the other terms that show up in the formula for C,C,, . By Lemma
9.3 we have

Y @ Y, Pav= Y. (P Y, (Do) -v+ Ty -2(PP).

v<2p V' <2y V' <2y v<2u
[vI=12u| =2y WV |=12y| [v|=[2p]
Therefore

Z (Z0)v(Zo) -y Z (Z0)v (Do) v
v<2p v/ <2y
v|=[2pl W' I=lyl
S YD (P @) Do) (Do) -y + Tappuitaizy-2(P D).

v<2pu  V'<2y
WI=12ul v/ |=2y |

From the relations satisfied by the generators for &% (see Theorem 3.2 and formula
(7)) we see that (Z),(P)v = (F) v+ Similarly (Zp) - (Do) v = (Do) —v—v'-
Hence

> (P02 (Pa)o (Do) -2(Do) 2 + Tiultivi—2(P Do)

VI oy
vl=lpl W =ly|

c Z (Z9)2v+20 (Do) —2v—2v + Dppui+212y|-2(P Do).

v+v' <p+y
[v+v'|=[u+tyl

This formula combined with (79) and (80) gives us

CuCy = cuyq® ™ (Hyp Hyy)(HS, HE) € D (Po)avian (Do) —av—2v

v+ <p+y
v+v'|=lu+yI

+ D2pul+2p2y1-2(L Do)

By Proposition 4.3, the elements H, and H,,, commute with each other and the
same holds for HZ*M and H2*y where u, y are arbitrary weights. Moreover, by weight
considerations discussed immediately following Proposition 4.3, Hy,, Hy, = Ha; 12y
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and Hj, Hy = Hj ., .ByLemma 9.4, up toanonzero scalar Cyy, is an element
of the form

H2/4+2y H2*l/-+2l/ + Z (ﬂ9)2v+2u/(-@9)—2v—2v’-

v+v <u+y
v+v'|=lut+y|

Hence by considering the top-degree terms of C,, Cy,, and C,,, we obtain

CuCy — cuyq® ¥ Cruiy € Jrpui212y1-2(2 De).

Restricting our attention to U, (g)-invariant elements gives us

W, (@)
CuCy — g™ Cpuyy € Toppisany1-2(PZy ). (81)

Set o = mfy + -+ +m;n; and u' = min + - —}—m’jﬁj for u' # 1 and
|i/| < || Using the above analysis and the fact that (22 Z4)V4(® is just the sum of
one-dimensional subspaces of Capelli operators, we get

13 M
Cu—apuChl - Cyl e > ClCy
I < ]

where a, , = g2V ( 2/=1 (Hap, Hz*ﬁi)_ug). Indeed the right hand side is the

o . U, .. .
contribution to the lower degree terms in J2p2, 422y |-2(Z 2, "(g)). Continuing this
process yields

/ /
Kj Z M Hj
Cy=a CIA”CA a C.'--.C. a
H H ™ iy nj + el nj +ao
[ 1<lul

where each a, and aq are scalars. Thus the proof of the proposition is complete. O

Since ¢,y = ¢y, and g2 = g@7:2 the reader can follow the calculations
in the previous proposition to conclude that C,,C,, = C, C,, for all choices of . and
v, Hence the subalgebra generated by Cj,, ..., Cﬁj is commutative. Note that this
commutativity can be verified more conceptually, as follows: as a & Zg-module, Fy
is faithful. Furthermore, the operators C;, commute with the multiplicity-free U, (g)-
action on %y, hence they act by scalars on the irreducible components. Consequently,
the C,, are simultaneously diagonalizable.

9.3 The center and Capelli operators
Recall the definition of the subring Z generated by the central elements 2, ..., Z,

living inside U, 3(g) from Sect. 8.4. The next theorem relates this subalgebra Z of the
center to the algebra of Capelli operators via the mapping Y of Corollary 7.5.
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Theorem 9.6 The U, (g)-module algebra map Y defines an algebra isomorphism from
the polynomial subring Z of Z(U, (12 (9)) to the algebra coinciding with the vector space
spanned by the Capelli operators. Moreover, deg Y (Z,) = 2r forr =1,...,n

Proof Setc, = Y (Z,) forr =1,...,n. By Corollary 8.8, the cy, ..., ¢, generate the
polynomial ring in &%y isomorphic to Z via Y. Also, degc, < 2r for each r. In
terms of the degree filtration 7, this means that ¢, € Jo, (£ @g 4 (g)).

We argue by induction on j that

C@ler,....cjl=C@ICy,, ..., C4] (82)

for j = 0,...,n and also show that degc; = 2j for j = 1,..., n. Note that the
equality of algebras holds for j = 0 simply because both sides of (82) are just the
scalars. Now assume that (82) is true for some j satisfying j > 0. By Corollary 8.8,
C(q@)[c1, ..., cy] is a polynomial ring with n variables. In particular, the elements
c1, ..., cy are algebraically independent. Hence c11 ¢ C(g)[c1, ..., ;]

Recall that the elements Z,,r = 1,...,n are in the center of U, (g). Also, by
the definition of the Capelli operators (see the discussion preceding Lemma 9.1),
deg Gy, = 2lf}j+1] = 2j + 2. By Corollary 7.5, ¢, € 9@5’1(9) for each r. It
follows that ¢ 1 is an element of

U,
a1 €CQOCh, + Y. C@QCu+ 722y, ®3)
[l=j+1,u#0 1

By Lemma 9.1, each of the Capelli operators in the sum (C(q)C,]l o T
Zlul=j+1,u7&ﬁj+1 C(q)Cy has degree 2u = 2j + 2. Furthermore, this is also true
for the entire sum because each Capelli operator C,, belongs to a subspace of the form
(U™ H,)(U™ H) of degree 2, for distinct values of y¢. Hence deg(cj+1) = 2(j +1).

Consider a term of the form C,, where |u| = 2j + 2, i # 7;41. Since C,, has
degree 2j + 2 but y % 741, we must have

p=mf+ - +mji;

with Zf: ymii = j + 1. In particular, the coefficient of 7; | in u is zero. Moreover
the same is true for 7j; for s > j + 1 because, with this assumption, the degree of

Cj, =2s > 2(j + 1). Using (83) we see that

¢jr1 —aCy,., € C@ICsy. ... Cy 1= C@let. ..., ¢;] (84)

for some nonzero scalar a. Assertion (82) now holds for j+ 1 replacing j. By induction,
this is true for j = n. Hence the elements C, , . .., C;, are algebraically independent.

Now consider C, with A arb1trary Since 7y ..., 7, form a basis for A;, we can
write A = A1) + Aafj2 + - - - Apfin. By Proposmon 9.5,

Cy =a,,CH...CM 4 > aer/]-~-Ck'//+a
A= Gatg fin M4 nj 0-
IV <Il
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Hence Cj, € C(q)[Cj,, ..., C;, 1. Thus the vector space spanned by the Capelli oper-

ators equals the polynomial algebra C(q)[Cj,, ..., Cj, 1. The theorem follows from

the fact that this polynomial algebra is equal to C(g)[c1, . .., cx]. O

10 Eigenvalues of Capelli operators
10.1 Definition and degree

We will be using a polynomial algebra in the restricted root setting to study the eigen-
values of the Capelli operators. This will help us in realizing the eigenvalues from two
perspectives: as dotted Weyl invariants and as symmetric polynomials. The second
point of view helps in the identification of the eigenvalues with Knop-Sahi interpolation
polynomials in Sect. 10.3.

Descriptions of the restricted weights can be found in Sect.2.5. The restricted root
system for each family is of type A,,_1 and the elements eiE fori =1,...,n form
a fixed orthonormal basis for the vector space that naturally contains A,_;. Hence
passing to the corresponding elements in the Cartan subalgebra, we see that K 27 for

i =1, ..., n are algebraically independent. Therefore,

(C(q)[Kzglz, K2€zz’ ooy Koex] (85)
is a polynomial ring with variables K, SRR Kyex. Moreover, symmetric polynomi-
als in

C(q)[g_lKZGF’ g_zKZeZZ’ ce g_nKZGnZ]

can be identified with C(g)[.42]"=* for an appropriate choice of g (see Lemma 10.1).

Set g7! = ¢~% in Type AI and the diagonal case, and set g~! = ¢~* in Type

AlL Let x1, ..., x, be indeterminates and consider the algebra isomorphism « from

C@)x1,...,xn] to (C(q)[g_lKklz, ..., 8 "K,.x] defined by k(x;) = g7/ K, =
n J

forall j = 1,...,n. Let S, is the symmetric group acting on the polynomial ring

C(q)[x1, - . ., x,] by permuting the elements x1, ..., x,.

Lemma 10.1 We have k (C(q)[x1, . .., x,157) = C(q)[A2]"V=".

Proof Recall that p is the half sum of the positive roots for the root system of gly.
Note that for each i we have (p, €;) = (N —2i — 1)/2. Now returning to the restricted
root cases under consideration, we set N = n. Fori =1, ..., n, we have

5 2¢Z 5.2&: .
P2 Kyn = P2 Kag = 2K,

— ql’l—zi—leei — qn—Zi—leei): — qn_l(q_ziKzeiZ)
for Type Al,
59¢2 5 ¢ . .
q(pv25i )KZGI.Z — q(PsZGI)Kzgi — q(ﬂlsz)‘F(PZ,fern)Kinz

W Birkhauser



The Capelli eigenvalue problem for quantum groups Page 75 of 86 4

— qnfzif]Kze[): — qnfl (qul KZE[E)
in the diagonal case and
50T . . . _4i _4i
q(p,Zei )KZEi): — q(P,Zezl)KZEi): — q(ﬂ,szhl-&-ez,)KkiE — q2n 4i K25i): _ q2n (q 4i KZEi):)

in Type AIL In all of the cases the right hand side is of the form ¢¢(g ™' K 2%) Wheree €

{n —1, 2n}, i.e., the exponent e is{ independent of i. Thus, (C(q)[Az]WE‘ is the algebra
of symmetric polynomials in g7 K, = fori =1, ..., n. Indeed from formula (64) it

follows that the reflection s B in Wy, corresponding to 8 k= € — 61§+1 corresponds

, J
to the transposition (j, k) € S,. O

Let B €Y., C@)C. = 22,"” and z € Z such that B = T (2). Set £(B) =
@nc(z). By Theorem 8.7, £(B) is an element of C(g)[.A2]"=*. Alternatively, we can
use Lemma 10.1 with its identiﬁcation of C(g)[Az] Wze with the algebra of symmetric
polynomials inside of C(g)[g™' Ky zli =1,...,n].

It follows from Theorem 8.7, ICorollary 8.8, Theorem 9.6 and Lemma 10.1
that £ defines an algebra isomorphism from ,@@g 1@ C(LAY= =
C(q)[g_iK26’_2| i=1,..., n]S". Recall that as a vector space,

CIAN"=* = > Clgm3,,

+
AEAS

Set Stab(wgn;) = {w € Wg| wwon; = won;}. Given A = mjwo#)| +- - - +muwon, €

wOAJgr seta, = []i_, aﬁ;ﬁi where a5 = q(ﬁlwof’”IStab(woﬁ,-)l. The next lemma

takes a closer look at the ring of dotted Wy -invariants.

Lemma 10.2 There is an algebra isomorphism V from C(q)[A2]"=* 1o
C(@)[Kauwgl » € AL] which sends

) mp > my mi . el
b(meoﬁl) (m2w017n) to ba}‘KZwoﬁl K2w0f7n

for each .. = mjwony + - -+ + muwon, € woAJEr and all scalars b € C(q).

Proof As explained in Sect. 8.2 (see the discussion preceding the inclusion (57)),

C(q)[szO;“ RN szoﬁn] - (C(q)[AQ]
By Lemma 10.1 and its proof, K5 = Ky.s leeE NP Ky = . It follows that
n—i+ n—i+! n

Kaugiy € C@IKyex | 1i=1,...n] but Kpyyj, & C@IKys  1i=2....n]
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Hence, the elements Kowop; fori = 1,...,n are algebraically independent and
C(@)[Kawyp; | 1 = 1,...,n] is a polynomial ring in n variables K2y5,5 - - - » Kowgs, -
Moreover,

(C(q)[KZwokl woA € U)()A;] = (C(q)[KZw()ﬁl PR KZU)Qﬁ,l]'

By the proof of Corollary 8.8,

P — (P, 2wwon;) . . . .
Moo = Z q Y Kouwgi; € Gwoi; Kowes; + C(@) Koy +28-
weWy ﬂEQE

As explained in Lemma 8.6, Oy N woA'ZF = 0. Hence

> C@Kaupiy 428 | N C@I[Kaugal 2 € AL =0.
BeQ}

m;

Now consider A = mjwoi; + - - + muwon, € AL. Note that [\, Ko,

On the other hand,

= Ko,

n
l_[(szoﬁiJrﬁi "= Kaitp

i=1

andifforatleastone 1 <i <nwehavem; > Oandg§; € Q;,thenﬁ =7 mifi€
Q;. It follows that

(mZZwoﬁn)ml "'(mzzwofzn)mn =a Ko + Z C(@)Kanrp
BeQ¥

In other words, A = mjwon; + - -+ + muwo7, is the unique partition in woAJEr that

appears in the expanded expression for (mfwofn)ml e (mzzwoﬁ )™ as given above.
n

Hence there is a vector space isomorphism, which we refer to as 1V, from C(gq)[A3] Wye
to C(@)[Kaugrl A € A;E] which sends bmzzwoA t0 bay Koy, for each A € A;. We
prove that the map ) also defines an algebra isomorphism. To see this, we consider
the product

b b . p) b .
((’/’1211)0151)”11 o (m2woﬁn)m ) <(m2woﬁ1 L (m2woﬁn)u )
where Y 7, m;f; = A and ) 7_, uin; = w. This product equals

)m1+M1 .. (mz . )mn+ﬂn

D)
(meo i 2woy

m
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Now

me o (mE )™ D Y U DY 7
<(m2w0m) (m2w0nn) )V<(m2w0711) (m2w0n,,)
= Auor KZLU())»aw();LKZLUU[,L

= awo)\awouszo)\ Kwop.

n n n
m; i mi+ i
= (H awoﬁ,-) <H “wof,,) Kowor) = (l—[ Loy ) Koot
i=1

i=1 i=1
mi+u Mp~+in
— P e (m2
=V ((m2wof71) (meonn) ) :

Hence the map V is a vector space isomorphism that also preserves multiplication.
Thus V defines an algebra isomorphism from C(g)[A>]"=* to C@)[Kaugrl A € AJZF]
as stated in the lemma. O

Recall there is a filtration 7 on & Zj. It is inherited by & @ Us(®) and thus carried

over by the isomorphism &£ to C(g)[g 1K2€lz, e 8 KZenZ] The induced filtration
produces the “filtration degree" which we denote by 7deg. Note that an element y in
PP, 1@ pas filtration degree ¢ provided

U, U,
yeT(27"") and y ¢ T (27"

By Lemma 6.1 and Corollary 7.5, T(Kzez) € Zukl C(g)xijdi and hence
JdegKy.x = 2. Moreover, applying the reflection S5, as in the previous lemma,
we see that K,z = 5. KZEZ Since the action of U (g) on PPy preserves the
Jdeg, we get JdegK, .z =2alli.

Given A € AJLE, let £, be the polynomial in C(g)[x1, ..., x,] such that

k(&) = E(Ch). (86)

We claim that £; is a symmetric polynomial. Indeed C;, € (2 Z¢)Y4® Thus £(C;) €
C(q)[A21"=*. By (86), k(&}) € C(q)[.A2]"=*. Now Lemma 10.1 tells us that

& € (C(q)[xl, - ,xn]S”.

Note that it makes sense to talk about the degree of &, using the standard total

degree function for C(g)[xy, ..., x,]. (We emphasize that degx; = 1 for all i.) We
refer to this degree as the polynomial degree” and denote it by pdeg.
Since Jdeg(mzwo77 ). (m2w0 Yty = ‘j7deg(1(2w0771 . Km" ) it follows

that the algebra isomorphism V of Lemma 10.2 preserves the ﬁltratlon degree. The
same holds for the polynomial degree.

Lemma 10.3 For each A € A;, the polynomial degree of £, is |\|.
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Proof We begin by showing pdeg &5, =i fori = 1, ..., n. The reader should observe
that we already know that |7);| = i. This will establish a special case of the lemma. By
Theorem 9.6 and its proof, we have a concurrence of algebras

C(Q)[Clv crc C]] = (C(‘])[Cﬁl, M) Cﬁ]]

for j =1, ..., n. We also have (see Theorem 9.6, formula (84))
Cj — ajCﬁj S (C(q)[Cﬁl, ceey Cﬁj—l] = (C(q)[cl, ey Cj_l] (87)

for nonzero scalars a;.

Recall that £ defines an algebra isomorphism from (22 Z4)Y4(® to the ring of dotted
invariants (C(q)[.Az]W9' which equals symmetric polynomials in (C(q)[g_i K, s|i=
1,...,nl '

Applying the algebra isomorphism £ to (87) yields

E(cj) — ajE(C;,j) e C(@l&(er), ..., E(cj—1].
We show

CQIE(CD), -, ECD] = C@Imyy oMy my o] (88)

foralll <s <n.

Consider Type Al and the diagonal case. As explained in the proof of Theorem
8.7, E(ci) = Puc(Zi) = mzzwoﬁ,- (up to a nonzero scalar multiple) fori = 1, ..., n.
This proves (88) for these two types. For Type AlL first note that Z; = 23, for
s = 1,...,n. The proof of Theorem 8.7 shows that m> is a (nonzero) linear

D . 2wo ok
combination of elements in the set

~ ~ ) > .
m . m . <
{ch(sz), 2woi_j 2w()r;k+j|1 =J< k}

for 1 < 2k < n. Similarly, mzzw()amﬂ is a linear combination of elements in the set

RPN > p -
~ ~ <
{¢HC(22k+l)a Mywoie_; Mawoipsrs ;11 = J < k}

for1 <2k + 1 < n. Hence

) ) _ 3
nk€(c) — Z b2km2w0ﬁk—jm2w0ﬁk+j = Mook
1<j<k

for scalars t»; and by, and

X X _ X
Bi1€(Cok41) — Z b2k+lm2w0ﬁk—jm2w0ﬁk+l+j = Mowofiogs

1<j<k
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for scalars fx+1 and bogy1.

Note that here we are using the facts that m > and m> . are elements of
2wo k- 2wok+j
) ) )
(C(q)[mZWOf/l T Mougiy o mszﬁZk—l]
and, similarly, m and m> are elements of
2w Tk— 2w0ik+1+
b ) b))
C(q)[meoﬁl Moy o m2W0ﬁ2k]

for 1 < j < k. Since mzzwoi; is algebraically independent with elements in the poly-
) b .
nomial ring (C(q)mzwm71 ST e ], the coefficient a; must be nonzero.

This proves (88) in Type AIL
Note that by the above analysis, there exists a polynomial f; ins — 1 variables and
a nonzero scalar ¢; such that

by by
g(C_y) - fS(mzw()ﬁl PRI mzwoﬁ ) =Itsm 2w0;7
foralls =1, ..., n. For type Al and the diagonal case, f; is identically equal to zero.
In Type AIL, f;((E(cy), ..., E(cs—1)) is a sum of products of the form
em> . mr . fors=2kandl1<j <k
2wollk—j  2W0Nk+j
e m> fors =2k+land1 < j < k.

2wolk—j" 2W0Mk+1+)

Each of these products has polynomial degree less s and filtration degree less than 2s.
We have

= L) — P2 = .
tsmzw();]s - asg(cwonx) =&(cs) — fs (mzwo,”“a s m2woﬁH) - asg(cwons)
x x b
T Ps (m2woﬁ1 Mgy oo m2woﬁs>

for some polynomial py(m2 . R C(@)mZ . m> . mE .
SN 2wy 7 2wm7 2woi” T 2w’ 7T T 2wolls—1 7

It follows that
_ x x x x

as€(Cuyj,) = IsMpuos, — Ps (m2wof11 TSR meOﬁs—l)

Since
Jdeg (mfwm%) =25 = jdeg(Cwo;h)
we must have

gdeg (ps (3055 s, )) <25 (89)
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We can write ps(x1,...,Xs—1) as a sum Zu auxﬁ“ . ~xfj‘ll. Hence

e 5 5 K1 5 Ms—1
as&( wOﬁs) - tSmeoﬁx - Za“ Mooy B R TP ’
w

By Lemma 10.2, the algebra isomorphism V applied to the above yields

V(asE(Cyyi,)) =V <tsm22w0ﬁx> - Zaﬂv ((m§w0ﬁ1>ﬂl (mfwoﬁs,l)m_l)

m
= 15 Kougi, — ZaM(KM)oﬁl)m T (szOﬁA'—l)MS_l
m

Moreover, as discussed before this lemma, ) preserves both the filtration and the
polynomial degree. Hence

Jdeg (Z a(m3, )" - (m?w()%l)”“)
I
= Jdeg Y ap(Kyugi )" -+ (Ko, )"
w
= max, Jdeg ((KZwOﬁl)“‘ e (KZwOﬁS,l)MS*]) .
Now each term (Ky,,5,)%! - - - (Koygs,_, )~ has filtration degree
2py HApa+ -+ 2(s — Dps—a

which must be less than or equal to 25 by (89). Similarly, the polynomial degree of
(Koo)' (Kougi, )" s

1+ 2u2 4+ (s — Dpg—1

which is less than or equal to s by the previous computation. Hence

) ) D)
pdeg(ps (m2w0ﬁ1 P Mg -+ s Mgy )

=max, (w1 +2u2 + -+ (s — Dug—1) <2s

E ~
2wo)s

Since pdeg(m ) = s, it follows that
pdeg&(Cypi,) = 5.

In other words, pdeg€(Cy,5,) =i foralli =1, ..., n as desired.
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We now turn to arbitrary A and determine the polynomial degree of £(C)). By
Proposition 9.5 and Theorem 9.6,

Cr = arsCyl -+ €3 + Z a ~-~Cx} + a
A fin M A
[V ]<|A|

where A = A1 +Xafa + - - - ApMly and ay 3, ay, and ap are all scalars with a, ) # 0.

Since it is a product and the polynomial degree of a product is a sum of the degree of
the factors, we have

n n
pdeg (CQ; .. -cgj) = pdeg C}' + - +pdeg €} = > Miliil = Y ki = |A].
i=1 i=1
’ )\/_
A similar argument applied to each summand in 3,/ _ 3 a;L/Cgl1 e Cﬁjf yields
deg| 3 avC! ) <
paeg A il e .

nj
A/ <|Al

Also, pdeg ap = 0. Hence the polynomial degree of &, = £(C,) satisfies

pdeg £(Cy) = pdeg( 21‘ C;‘:) =|Al.

10.2 Vanishing and non-vanishing properties

By Proposition 4.3 and Theorem 4.4, H;, has weight 2p1 with u € AJEr as a left
U, (g)-module. Hence

Ky - Hoy = "2 Hy,
for all K, in the Cartan subalgebra of U,(g). We expand w as a sum of the form

n = (M]E]Z + -4 une,)l:). Now consider the action of K, s on H, where 261-2 is
the weight described in Sect. 2.5 for all three types of symmetric pairs. We have

)
K2eiZ - Hyy = g% Hy,.
From the expansion yu = (/MelE 4+ 4+ ,unenz) it follows that

(2eZ 22 .
K2€Z . H2[,L — q/’Ll (zei ,26,- )qu — qtﬂl qu’
i
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where t = 4 in Type Al and t+ = 2 in Types All and the diagonal case. Hence

K (x;) - HZ;L = g_iqtui HZ;L-

Since « is an algebra homomorphism, if P is any polynomial in C(g)[x1, ..., x,] then
K(P) - Hy = P(g7'q"™1, -+ g7"q" ") Hays.

Thus
k(&) - Ho = (g7 'q™, -+ 87"q" ") Hay.

Givenaweight 4 = (1€ +- - -+ 1,€2) and apolynomial P in C(g)[x1, ..., x,],
set P(g*) = P(q™1, ..., q""). By (86)

k(&) = gx(g*IKklz, e 8 Koex)

for each A in AL. Set &(¢™") = E (g 1g™M, ..., g7 g"n).
Consider Hy,, € Y for u € A'E". Recall Lemma 9.1 which describes the action of
a Capelli operator, say C; on H,. Hence

Gy - Hyy = E(Cy) - Hyy = Ex(q"™*) Hayy.

Proposition 10.4 For each A, i € AT, the eigenvalue function E; satisfy

i) &g =1forri=pn
(i) Ex(g™) =0 for u # kand || < |A|

where t = 4 in Type AL, and t = 2 in Types All and the diagonal case.

Proof 1t follows from the discussion preceding the proposition that &, (¢'*)Ha, =
C;. - Hyp,, for all choices of A and p with |A] > |u|. Hence (i) and (ii) are equivalent
to the analogous assertions with &, (¢'**) replaced by C;, - Ha,,. The proposition now
follows from Lemma 9.1 (with the roles of © and A switched). m]

10.3 Knop-Sahi interpolation polynomials

LetC(a, g)[x1, - . ., x,] be the polynomial in n variables over the field C(a, g) where a
and g are two independent parameters. Given a partition ;t = 1 > po > u, > 0and
a polynomial P(xy, ..., x,) in C(a, g)[x1, ..., xs], set P(a*) = P(a™', ..., a"").
Knop-Sahi interpolation polynomials introduced in [10] and [27], also called shifted
Macdonald polynomials in the later paper [25]. They are a family of polynomials
P/\* (x;a, g), indexed by partitions A. In addition, they satisfy both an invariance
condition and a vanishing condition. In particular, the element Pf (x;a,g) in
C(a, g)[x1, ..., x,]is the unique (up to nonzero scalar) polynomial in the x, ..., x,
of degree |A| such that
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° Pf (x; a, g) is symmetric viewed as a polynomial in the n terms x g’1 R 78

e PY(a";a, g) = 0 for each partition pu 7# A with |u| < |A] and Pl*(ak; a,g) #0.

Here, we are following Onkoukov’s aproach [25]. In particular, these polynomials

are symmetric with respect to the choice of variables x; g;” Vi=1,-,n(see page
149 of [25] which is part of the introduction). The polynomials in [27] (defined in
the introduction via conditions (1) and (2)) are symmetric in the x1, ..., x,. Hence

these are recovered from the one’s defined here by a change of variables. Also, we are
using the simpler vanishing condition of Sahi [27] and Knop [10] because it is less
complicated. The stronger one, which is the one used by Onkounkov (see [25] (1.3))
is actually shown to be equivalent to the simpler vanishing condition given above (See
[10], Section 4).

Note that in [25], the initial formulation for the polynomials above is such that they
are unique up to nonzero scalar multiple. Later, a normalization is provided (Section
4 of [25], see equality (4.3)) so that these polynomials can be given precisely without
worrying about a scalar factor. The papers [27] and [9] normalize these polynomials in
a different way as compared to what is done in this paper. Namely, they assume that the
symmetric polynomial m,_ associated to the partition A appears in the polynomial at A
with coefficient equal to 1. Here, we normalize by assuming the eigenvalue functions
&) arise from elements corresponding to the identity in the appropriate U, (g)-module.
This choice is equivalent to the condition & (¢"*) = 1 of Proposition 10.4.

Theorem 10.5 For each A, the polynomial &) (x1, ..., x,) evaluated at x; = K, x is

equal to ¢, Py (x; a, g) where ¢; = Pf(ak; a,g) " and

e (a,8) = (¢* q%) in Type Al
e (a,8) = (¢ q*) in Type All, and
e (a,g) = (¢°, q?) in the diagonal type.

Proof Setg = g in Type Al and the diagonal case and set g = ¢* in Type AIL By The-
orem 8.7 and Theorem 9.6, &, (K, SRR Ky nz) is in the dotted Weyl group invariants
of C(¢)[A2]. By Lemma 10.1, the dotted invariants in C(g)[.4;] equals the symmetric
polynomials in (C(q)[g_leei):l i =1,...,n]. It follows that g?»(KzeF’ ce KzeE) is
a symmetric polynomial in the variables

g_leélz, ey g_"Kzenz.

The same claim is true when we replace each K, = with x; and so & (x1, ..., x,)
satisfies the same invariance property as P;(x; a,lg) = Pj(x1,...,x,) with this
particular choice of g.

Now set a = ¢* in Type Al and a = ¢? in Type All and the diagonal case. By
Proposition 10.4 (ii), &, (a*) = 0 for each partition p # A with || < |A|. Hence &,
satisfies the same vanishing property as P;"(x; a, g). By Lemma 10.3, the degree of
&, is |A|. Thus &, must be a nonzero scalar multiple of P"(x; a, g) for each A. The
fact that this nonzero scalar is ¢, follows from the fact that £, (a*) = 1 which is just
Proposition 10.4 (i). m|
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Remark 10.6 Recall that O, (SLy) can be obtained from O, (Maty) by modding out
by det, —1. Let x be a Hopf algebra automorphism of U, (g). Set G = SL,, in Type
Al, G = SLy, in Type All, and G = SL, x SL, in the diagonal case. The space
of zonal spherical functions H := H, (5,),8, associated to the pair x (By), By are the
left x (By) invariants and right By invariants of O,[G] (see [16]). By [16] Theorem
4.2, there is a map from O, [G] to functions on U 0 50 that for the correct choice of
X, the image of 'H, (5,) 5, is a subring of Wy invariants. Moreover, for this choice
of x, a special basis ¢;, A € P+ (®) can be identified with a family of Macdonald
polynomials P (x; a, g) where both a and g are powers of g (see [17], Appendix A).
The values of a and g for the three families of this paper are

e (a,g) = (¢* ¢*) in Type Al,
e (a,8) = (¢% ¢*) in Type Al and
e (a,g) = (¢°, ¢?) in the diagonal type.

These are the same parameters that appear in the identification of the quantum Capelli
eigenvalues with interpolation polynomials in Theorem 10.5. This connection between
the realization of zonal spherical functions as Macdonald polynomials and quantum
Capelli operators as Knop-Sahi interpolation polynomials mirrors the classical situa-
tion. Indeed, these parameters agree because in terms of a particular natural grading,
the top degree term of Knop-Sahi interpolation polynomials are precisely Macdonald
polynomials with the same parameters (see for example [27], Theorem 1.1).

11 Appendix: Commonly used notation

We list here commonly used symbols and notation along with the first section (post
the introduction) in which each item appears.

Section 2.1: ¢;, o, w;, DN, Py, ON, P;'/_, Qx, Ay, A;, [A\x, @;, WO, w(,P[-\",_, woA T,
woA Y, gly. sy, (). y ® Y/

Section 2.2: ¢;, fi, he;, Ke;, Ug(gly), Ki, Ei, Fi, Ug(sly), Kg, A, €, S, Uo(g[N),
U(gly @ gly), UGsIn), UT(gly), Ut (gly @ gly), UT, U™, Uy(sly), U(gly),
U%sly), U, L(3)

Section 2.3: (ad a), F (M), (ad E;), (ad F;), (ad K)

Section 2.4: g, 0, ¢, By, J, Ry, Ry, R, B;, Type AL Type All, diagonal case
Section 2.5: @, 8, =, al.z, eiz, ni, i, woni, Ps, P;, A;, ZA\}' Ws, (-, -)s, spherical
Section 3.1: Maty, Oq (Maty), Oq (Maty)°P, eij, }’IZ, R, tijs Oijs L, tivN, j+N» 11, T2,
P.D

Section 3.2: J, , Xij, d,’j, 989, Py, gzgp’ Dy, ﬂ,yg, @5

Section 4.1: det, (T), «(det, (T), dety (T"), H,

Section 4.2: g,, Uq(gr), P(9r), By, Po(gr), x()ijs Yrs

Section 4.3: 1:1,, H;, Hy,

Section 4.4: HZ*M

Section 5.1: 9 ,(Maty), &P, J- (X D)

Section 5.2: £, 7, (b)o, (-, -), ¢, Pa
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Section 5.4: ||

Section 6.2: Ty, B; ;

Section 6.3: 14 5

Section 7.1: U, (sln), Uy (aly), Koyy/ns &
Section 7.2: F (U, (gly)

Section 7.3: U7 (gly), Uy (gly). G, UZ (gly @aly), F(UZ(gly)), F (U7 (gly @galy))
Section 7.4: qu(g), T

Section 8.1: 22, Z(Uy (5In)). 22,4206y - Z(U2(9))
Section 8.2: prc, G, A, To, (Tp)2, P, e, Aa
Section 8.3: p, wo, may, p, Moyys, We, m%, A
Section 8.4: Z;, 225, Z.

Section 9.1: ¢;, C,,.

Section 9.2: C;,, Y ve2u (Do)—v, 3. v<2p (Po)v
[vI=[2p| [vI=[2p|
Section 10.1: «, &, &, P(¢"),V

Section 10.3: P,"(x; a, g)
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