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Abstract
We introduce and study quantum Capelli operators inside newly constructed quantum
Weyl algebras associated to three families of symmetric pairs (Letzter et al. in J
Algebra, 2024). Both the center of a particular quantized enveloping algebra and
the Capelli operators act semisimply on the polynomial part of these quantum Weyl
algebras.We show how to transfer well-known properties of the center arising from the
theory of quantum symmetric pairs to the Capelli operators. Using this information,
we provide a natural realization of Knop-Sahi interpolation polynomials as functions
that produce eigenvalues for quantum Capelli operators.
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1 Introduction

In the mid 1980s, Macdonald introduced a new family of parametrized orthogonal
polynomials, referred to asMacdonald polynomials. These polynomials can be viewed
as generalizations of the orthogonal polynomials that appear as zonal spherical func-
tions for real and p-adic symmetric spaces ([21]). About a decade later, Knop ([10])
and Sahi ([27]) defined parameterized versions of interpolation polynomials (in Type
A) with close connections to Macdonald polynomials. For certain parameters, the
Knop-Sahi interpolation polynomials can be viewed as q-analogs of polynomials
that produce eigenvalues for Capelli operators ([12, 13, 28]). Knop-Sahi interpola-
tion polynomials are referred to by a number of other names in the literature including
interpolationMacdonald polynomials ([26]), quantumCapelli polynomials ([10]), and
shifted Macdonald polynomials ([25]).

Drinfeld and Jimbo discovered quantized enveloping algebras,which areHopf alge-
bra deformations of universal enveloping algebras of Lie algebras, around the same
time as Macdonald initiated the study of his new family of orthogonal polynomials.
Shortly afterwards, the quest began for realizing Macdonald polynomials as zonal
sperical functions on quantum symmetric spaces. This realization was ultimately car-
ried out in a series of papers ([4, 16, 17, 22–24]) where the theory relies on definitions
of quantum symmetric pairs using special coideal subalgebras. They were constructed
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first for classical Lie algebras using generators via L-functionals and solutions to
reflection equations ([21, 24]) and then, in general, via expressions derived from the
Drinfeld-Jimbo generators ([9, 14, 15]).

In this paper, we complete another part of the quantumpicture, namely finding a nat-
ural realization of the Knop-Sahi interpolation polynomials as functions that produce
eigenvalues for quantumCapelli operators. The crucial piece in the story is identifying
quantum Capelli operators, which are invariants with respect to a particular quantized
enveloping algebra, inside three families of newly constructed quantumWeyl algebras
PDθ ([20]). In other words, we formulate and solve the Capelli eigenvalue problem
in the quantum case, thus providing quantum analogs of results in [28]. Similar results
for Capelli operators and their eigenvalues have been obtained in the Lie superalge-
bra setting ([1, 29–31]). We also show that these two quantum realizations, one for
Macdonald polynomials and the other for Knop-Sahi interpolation polynomials, are
closely connected. In particular, we use results from the Macdonald polyomial setting
concerning central elements of the quantized enveloping algebra in order to establish
basic properties of quantum Capelli operators.

The quantum Weyl algebra PDθ is associated to one of the following three
(infinitesimal) symmetric pairs (g, k) where k is the Lie subalgebra fixed by the
involution θ of g:

• (g, k) = (gln, son)
• (g, k) = (gl2n, sp2n)
• (g, k) = (gln ⊕ gln, gln)

We refer to the first pair as Type AI, the second as Type AII, and the third as the Type A
diagonal case, thus matching the language used in the classification of symmetric pairs
via Satake diagrams. These correspond to the Jordan algebras of Hermitian matrices
over R, H, and C in Type AI, Type AII, and the Type A diagonal case respectively.
Indeed, in each case, the Riemannian symmetric spaceG/K can be identified naturally
with the open subset of positive definite Hermitian matrices. We focus on these three
families precisely because the Jordan algebra setting is central in Kostant and Sahi’s
study of Capelli identities, Capelli operators, and interpolation polynomials ([12, 13,
28]).

As explained in [20], the quantum Weyl algebra PDθ is a deformation of the
twisted tensor product of two algebras, the polynomial part Pθ and the constant
coefficient differential part Dθ . The polynomial part Pθ is the algebra of quantized
functions on the space of n×n symmetric matrices for Type AI, n×n skew symmetric
matrices for Type AII, and all n×n matrices in the Type A diagonal case. The algebra
Dθ is isomorphic to the opposite algebra of Pθ .

Let Bθ denote the right coideal subalgebra of Uq(g) which is a quantum analog of
U (k) inside ofU (g) as defined in [15] (see also [9]). Recall that there is a second root
system, called the restricted root system, associated to a symmetric pair g, k. For each
of the symmetric pairs under consideration in this paper, the restricted root system �

is of type An−1. Denote by �+
� the set of partitions of length n realized as weights

associated to �. Note that these partitions defined by � form a subset of the partitions
defined by the root system of g. Thus with respect to this inclusion, elements of �+

�

are also weights for g.
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Let M = Matn in type AI, M = Mat2n in type AII, and M = Matn × Matn in the
diagonal case. Initially, see [20],Pθ is defined as a subalgebra of Bθ -invariants inside
the quantized function algebra Oq(M) on M . Moreover, Pθ inherits a left Uq(g)-
module structure fromOq(M). As a leftUq(g)-module,Pθ is multiplicity free and is
isomorphic to a direct sum of simple highest weight modules L(2λ) where λ ∈ �+

� .
The algebra Pθ can be viewed as a subalgebra of the quantum homogeneous space
Oq [G/K ], which in turn is a subalgebra ofOq [G], where G, K is the symmetric pair
of Lie groups associated to g, k. The algebraDθ also admits a decomposition into left
Uq(g)-modules that is isomorphic to a direct sum of the L∗(2λ), for λ ∈ �+

� where
L∗(2λ) is a left Uq(g)-module dual of L(2λ).

The quantum Weyl algebraPDθ inherits the structure of a left Uq(g)-module via
its construction that is compatible with the module actions on the subalgebrasPθ and
Dθ . ThusPDθ is isomorphic to the direct sumofmodules of the form L(2λ)⊗L∗(2μ)

whereλ,μboth run over partitions in�+
� . Note that L(2λ)⊗L∗(2λ) ∼= End L(2λ). Let

Cλ be the vector corresponding to the identity in L(2λ)⊗L∗(2λ) via this isomorphism.
The space of left Uq(g)-invariants of L(2λ) ⊗ L∗(2μ) is zero if λ �= μ and equal to
the one-dimensional space spanned by Cλ for λ = μ. The quantum Capelli operators
are the elements Cλ, λ ∈ �+

�.

One can define an action of PDθ on Pθ in a manner similar to the action of the
classical Weyl algebra on its polynomial subalgebra. Since Pθ is a Uq(g)-module,
elements of Uq(g) also act on Pθ . These actions lead to Uq(g)-module maps from
PDθ and Uq(g) into End Pθ where the module action for Pθ is the left action
and the module action for Uq(g) is the (left) adjoint action. Let F(Uq(g)) denote
the locally finite subalgebra of Uq(g) with respect to the adjoint action. We define a
Uq(g)-module map that takes certain elements of F(Uq(g)), including most of the
center of Uq(g), to the quantum Weyl algebra that is compatible with the maps into
EndPθ . This enables us to establish the following connection between the center and
the Capelli operators.

Theorem A There is an isomorphism between a polynomial subring Z of the center of
Uq(g) and the algebra generated by the quantum Capelli operators so that the action
of the two agree on Pθ .

In [19], quantum Weyl algebras over m × n matrices where m �= n are studied.
These quantum Weyl algebras come equipped with a left action of Uq(glm) and a
right action of Uq(gln). A key tool in [19] is a mapping of most of the locally finite
subalgebras of Uq(glm) and of Uq(gln) to subalgebras of the quantum Weyl algebra
using very similar arguments to the ones found here.

By [18], there is a Harish-Chandra type map from the center to a subalgebra of
the Cartan subalgebra of Uq(g) so that the image of the center Z(Uq(g)) consists of
invariants with respect to a dotted action of the Weyl group for the restricted root
system. Note that elements of Z(Uq(g)) act semisimply on Pθ with eigenspaces
corresponding to simple modules L(2λ), λ ∈ �+

� . The image of a central element
inside of theCartan subalgebra can be viewed as an eigenvalue function: the eigenvalue
for a central element z on L(2λ) is obtained by evaluating the image of z under this
Harish-Chandra map at λ, or more precisely, at qλ (see Sect. 10.1 for a definition of
this type of evaluation).
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It follows from Theorem A that the eigenvalue functions for quantum Capelli oper-
ators live inside the same subalgebra of the Cartan part and, moreover, inherit the
desired Weyl group invariance property from the center. Write Eλ for the eigenvalue
function associated to the Capelli operator Cλ. We shall see that there is an interpre-
tation for this eigenvalue function as a polynomial in n variables. The explicit map
from Z to the quantum Capelli operators of Theorem A ensures that the degree of Eλ

is equal to |λ|.
Let C(a, g)[x1, . . . , xn] be the polynomial ring in n variables over the field

C(a, g) where a and g are two independent parameters. Given a partition μ =
μ1 ≥ μ2 ≥ μn ≥ 0 and a polynomial P(x1, . . . , xn) in C(a, g)[x1, . . . , xn], set
P(aμ) = P(aμ1 , . . . , aμn ). Knop-Sahi interpolation polynomials introduced in [10]
and [27], also called shifted Macdonald polynomials in the later paper [25], are a
family of polynomials P∗

λ (x; a, g) indexed by partitions λ and contained in this poly-
nomial ring. In addition, they satisfy both an invariance condition and a vanishing
condition. In particular, the element P∗

λ (x; a, g) in C(a, g)[x1, . . . , xn] is the unique
(up to nonzero scalar) polynomial in the x1, . . . , xn of degree |λ| such that

• P∗
λ (x; a, g) is symmetric viewed as a polynomial in the n terms x1g−1, . . . , xng−n

• P∗
λ (aμ; a, g) = 0 for each partition μ �= λ with |μ| ≤ |λ| and P∗

λ (aλ; a, g) �= 0.

These polynomials are defined in a slightly different manner—although it is easy to
convert from one definition to another—in each of [10, 27], and [25]. See Sect. 10.3
for more details and context.

Let H2λ denote the highest weight generating vector for the copy of L(2λ) inside of
Pθ . The algebraPθ has a natural degree function which turns it into a graded algebra.
Using a careful analysis involving the relations ofPDθ , we show thatCλ ·H2μ = 0 for
all H2μ,μ �= λ, of degree less thanor equal to that ofCλ.Moreover,Cλ·H2λ �= 0.These
results are used to show that the polynomials Eλ satisfy the vanishing property, as well
as a nondegeneracy condition, of the Knop-Sahi interpolation polynomials. This leads
to our main result involving the Knop-Sahi interpolation polynomials P∗

λ (x; a, g).

Theorem B For eachλ ∈ �+
� , the polynomialEλ is equal to thepolynomial P∗

λ (x; a, g)
(up to a normalization scalar) where

• (a, g) = (q4, q2) in Type AI
• (a, g) = (q2, q4) in Type AII,
• (a, g) = (q2, q2) in the Type A diagonal case.

It should be noted that the parameters obtained in TheoremB are precisely the same
parameters as those for the realization of Macdonald polynomials as zonal spherical
functions. This is due both to the connection between Macdonald polynomials and
Knop-Sahi interpolation polynomials as well as the relationship between eigenspaces
of Pθ and quantum zonal spherical functions. For more details on this connection,
see Remark 10.6.

An original motivation for this paper was to understand and extend Bershtein’s
results on quantum Capelli operators in [3]. One can view the results in [3] as a
quantum analog of the classical setup relying on a Hermitian symmetric pair of Type
AIII. By [12], Sect. 1, the classical versions of Bershtein’s approach and the Type A
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diagonal case of this paper produce the same Capelli operator eigenvalues. This paper
shows that the same happens in the quantum setting. Indeed, the eigenvalues for the
quantum Capelli operators in the Type A diagonal case of Theorem B match those in
[3]. Note that the fixed Lie subalgebra k in [3] contains the entire Cartan subalgebra
and so the corresponding symmetric pair is maximally compact. An advantage of the
approach here is that the symmetric pairs are explicitly defined so that they are in
maximally split form. This allows us to use the theory of quantum symmetric pairs
and symmetric spaces as developed in [14–17] and [18].

The remainder of this paper is organized as follows. Section2 sets notation for root
systems, quantized enveloping algebras, the three types of symmetric pairs and their
quantum versions. In Sect. 3, we give generators and relations for the quantized func-
tion algebrasOq(MatN ) on N × N matrices and for the three quantum homogeneous
spacesPθ . In Sect. 4, we obtain detailed descriptions of highest weight vectors inside
Pθ with respect to the action of Uq(g) and use them to write down explicit module
decompositions of the quantum homogeneous spaces Pθ .

In Sect. 5, we describe the quantum Weyl algebras PDθ of [20] in terms of gen-
erators and relations. We then define a Uq(g) equivariant action of PDθ on Pθ that
resembles the action for the classical Weyl algebra on the polynomial subalgebra.
Using the relations for PDθ , we analyze the action of the quantum Weyl algebra on
the highest weight vectors H2λ, λ ∈ �+

�, inside of Pθ . This information is used to
determine the action of the Capelli operatorsCλ on highest weight vectors H2μ needed
for the proof of Theorem B.

Section 6 shows how to identify certain elements u of the Cartan subalgebra of
Uq(g) with elements a of PDθ so that u and a agree with respect to their action
on Pθ . The elements of the Cartan subalgebra that have this property are part of
the locally finite subalgebra F(Uq(g)) of Uq(g). The locally finite subalgebra is a
well-studied object for quantized enveloping algebras of semisimple Lie algebras. In
Sect. 7, we give a complete description of F(Uq(g)) by translating the results for the
locally finite part ofUq(slN ) to the glN setting. This allows us to define a mapping ϒ

on almost all of F(Uq(g)) intoPDθ which is compatible with the action onPθ .
Section 8 is devoted to the center of Uq(g) and the image of a special subalgebra

Z of the center (as in Theorem A) to PDθ via ϒ . In order to understand the center,
we state and review specific results from [18] for the center of Uq(slN ) and use them
as a guideline for understanding the center of Uq(glN ) and the related subalgebra Z .
Generators for the image of Z inside End Pθ are identified and the degree of their
image inside ofPDθ are determined. Using the standard Harish-Chandra map and a
restricted version based on those in [18], we explain the dotted restricted Weyl group
invariance for central elements. We further show that both Z and its image under the
restricted Harish-Chandra map are isomorphic to a polynomial ring in n variables.

Quantum Capelli operators, are defined in Sect. 9. Comparing the degree of quan-
tum Capelli operators with the degree of the image of generators of Z under ϒ yields
TheoremA (Theorem 9.6). Eigenvalue functions associated to quantumCapelli opera-
tors are introduced in Sect. 10.2 and their relation to the image of central elements of Z
under the restricted Harish-Chandra map is explained. We show that these eigenvalue
functions satisfy the defining properties of Knop-Sahi polynomials by combining facts
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about the center ofUq(g)with structural properties ofPDθ . This establishes Theorem
B (Theorem 10.5).

2 Quantized enveloping algebras

2.1 Roots and weights

Let N be a positive integer and let ε1, . . . , εN denote a fixed orthonormal basis for
R

N with respect to the standard inner product (·, ·). Let �N denote the root system
of Type AN−1 with positive simple roots αi = εi − εi+1 for i = 1, . . . , N − 1. Write
ω1, . . . , ωN−1 for the fundamental weights associated to �N . Set PN = ∑N−1

i=1 Zωi

equal to the weight lattice and QN = ∑N−1
i=1 Zαi equal to the root lattice. Write

P+
N = ∑N−1

i=1 Nωi for the subset of (non-negative) dominant integral weights and let

Q+
N denote the subset

∑N−1
i=1 Nαi of the root lattice.

Let �N denote the set of vectors λ = λ1ε1 + · · · + λN εN where each λi ∈ Z and
λ1 ≥ λ2 ≥ · · · ≥ λN . Set �+

N equal to the subset of �N consisting of those weights
λ ∈ �N satisfying λ1 ≥ · · · ≥ λN ≥ 0. In other words, elements in �+

N correspond
to the set of partitions (λ1, . . . , λN ). Recall that ε1 +· · ·+ εN is orthogonal to each αi

with respect to the given inner product. Moreover, it is straightforward to check that
the fundamental weight ωi satisfies

ωi = ε1 + · · · + εi − i

N
(ε1 + · · · + εN ) (1)

for each i = 1, . . . , N − 1. Set ω̂i = ε1 + · · · + εi for i = 1, . . . , N and so the
above equality becomes ωi = ω̂i − i

N ω̂N . We refer to the weights ω̂1, . . . , ω̂N as
the fundamental partitions associated to the root system �N . Note that �+

N is the
N-linear span of the fundamental partitions ω̂1, . . . , ω̂N . Note further that P+

N ⊂
�+

N + N(−ω̂N/N ) and, as stated above, P+
N is the N-linear span of the fundamental

weights ωi , i = 1, . . . , N − 1.
Let w0 denote the longest element of the Weyl group in type AN−1. We have

w0αi = −αN−i andw0ε j = εN− j for i = 1, . . . , N −1 and j = 1, . . . , N . It follows
that the set w0�

+
N is the N-linear span of the elements w0ω̂i = εN−i+1 +· · ·+ εN for

i = 1, . . . , N . Moreover, for each i = 1, . . . , N − 1, the image of the fundamental
weight ωi under w0 is w0ωi = εN−i+1 + · · · + εN − i

N (ε1 + · · · εN ). So w0P
+
N is

the N-linear span of w0ω1, . . . , w0ωN−1 which in turn equals the N-linear span of
−ωN−1, · · · . − ω1. Hence w0P

+
N = −P+

N .
Let glN denote the complex general linear Lie algebra consisting of N×N matrices

and let slN be the Lie subalgebra equal to the subspace of N × N matrices with trace
0. Recall that �N is the root system for slN and the finite-dimensional simple slN -
modules are parameterized by their highest weights which are elements of P+

N . For
glN , one uses �N to parameterize the finite-dimensional simple glN -modules. More
generally, the relationship between ωi and ω̂i in (1) will help us translate results from
the slN setting to that of glN . Sometimes it will be useful to just consider the first
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N − 1 partitions. To do this, we set �̂+
N equal to the N-linear span of the first N − 1

partitions ω̂1, . . . , ω̂N−1. Note that �̂+
N + Nω̂N = �+

N . Similarly, w0�̂
+
N is equal to

the N-linear span of the N − 1 partitions w0ω̂i , i = 1, . . . , N − 1.
The root system for glN ⊕glN is just the disjoint union�

(1)
N ∪�

(2)
N of two copies of

the root system for glN and the corresponding Weyl group is just the direct product of
two copies of the Weyl group for �N . Write ε1, . . . , εN for the orthonormal basis for
the first copy of glN and εN+1, . . . , ε2N for the second copy. Set ω̂i = ε1 + · · · + εi
and ω̂i+N = ε1+N +· · ·+ εi+N for i = 1, . . . , N . The longest Weyl group element is
w0×w0 which simply acts asw0 on each copy of�N . Other notions are extended from
glN to glN ⊕ glN in a similar fashion. Sometimes we denote weights for glN ⊕ glN
using a single symbol, say λ. In other instances, we use the sum γ ⊕ γ ′ to represent
the weight γ1ε1 + · · · + γN εN + γ ′

1ε1+N + · · · + γ ′
N ε2N .

2.2 The quantized enveloping algebra

Write e1, . . . , eN−1, f1, . . . , fN−1, hε1, · · · , hεN for the standard Chevalley gen-
erators for glN . For the direct sum glN ⊕ glN , we write ei , fi , hε j where i ∈
{1, . . . , N − 1} ∪ {N + 1, . . . , 2N − 1} and j ∈ {1, . . . , 2N } for the standard gen-
erators. Here, the ei , fi , hε j , i ≤ N − 1, j ≤ N generate the first copy of glN while
ei , fi , hε j , i, j ≥ N + 1 generate the second copy.

Let q be an indeterminate. The quantized enveloping algebraUq(glN ) is an algebra
over C(q) generated by K±1

ε1
, . . . , K±1

εN
, E1, . . . , EN−1, F1, . . . , FN−1 subject to the

algebra relations as stated in [22] (see also [11], Section 10). Note that Kε1 · · · KεN is a
central element ofUq(glN ). Set Ki = Kεi K

−1
εi+1

for i = 1, . . . , N −1. The subalgebra
of Uq(glN ) generated by

K±1
1 , . . . , K±1

N−1, E1, . . . , EN−1, F1, . . . , FN−1

is the quantized enveloping algebra Uq(slN ).

Given an integer linear combination β = ∑N
i=1 β jε j , write Kβ for the product

K β1
ε1 · · · K βN

εN . The algebraUq(glN ) is a Hopf algebra with coproduct 
, counit ε, and
antipode S defined on generators by

• 
(Ei ) = Ei ⊗ 1 + Ki ⊗ Ei , ε(Ei ) = 0 and S(Ei ) = −K−1
i Ei

• 
(Fi ) = Fi ⊗ K−1
i + 1 ⊗ Fi , ε(Fi ) = 0 and S(Fi ) = −Fi Ki

• 
(K ) = K ⊗ K , ε(K ) = 1 and S(K ) = K−1

for i = 1, . . . , N − 1 and for all K = Kβ, β ∈ ∑
j Zε j . It follows from the defining

relations for Uq(glN ) that

KβEi K
−1
β = q(β,αi )Ei and KβFi K

−1
β = q−(β,αi )Fi (2)

for i = 1, . . . , N − 1 and all β ∈ ∑
j Zε j . The subalgebra Uq(slN ) is also a Hopf

algebra using the same coproduct, couinit, and antipode. Given an arbitrary element u
in one of these Hopf algebras, we express the coproduct of u by
(u) = ∑

u(1)⊗u(2).
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We also consider the quantized enveloping algebra of glN ⊕ glN . Note that

Uq(glN ⊕ glN ) ∼= Uq(glN ) ⊗Uq(glN )

as Hopf algebras. Write Ei , Fi , K±1
ε j

, 1 ≤ i ≤ N − 1, 1 ≤ j ≤ N for the generators

of the first copy ofUq(glN ) and Ei , Fi , K±1
ε j

, N +1 ≤ i ≤ 2N −1, N +1 ≤ j ≤ 2N
for the generators of the second copy. Formally, we may identify Ei with Ei ⊗ 1 and
Ei+N with 1⊗ Ei for 1 ≤ i ≤ N − 1 with similar identifications for the Fi and K±1

ε j
.

LetU 0(glN ) denote the subalgebra ofUq(glN ) generated by K±1
ε1

, . . . , K±1
εN

. Sim-
ilarly, we write U 0(glN ⊕ glN ) for the subalgebra of Uq(glN ⊕ glN ) generated by
K±1

ε1
, . . . , K±1

ε2N
. Write U 0(slN ) for U 0(glN ) ∩Uq(slN ) and note that U 0(slN ) is just

the Laurent polynomial ring generated by K±1
i , i = 1, . . . N − 1.

LetU+(glN ) denote the subalgebra ofUq(glN ) generated by E1, . . . , EN−1. Simi-
larly, letU+(glN ⊕glN ) denote the subalgebra ofUq(glN ⊕glN ) generated by Ei , for
i = 1, . . . N−1 and i = N+1, . . . , 2N−1.We frequently drop glN or glN ⊕glN from
the notation and simply write U+ for when the associated Lie algebra can be under-
stood from context. Define the subalgebra U−(glN ) in the same way with each Ei

replaced by Fi and similarly write U− when the associated Lie algebra is understood
from contexs.

In the study of Uq(slN ), it is sometimes necessary to pass to the simply connected
quantized enveloping algebra Ǔq(slN ). This Hopf algebra is an extension of Uq(slN )

obtained by enlarging U 0(slN ) to Ǔ 0(slN ) where Ǔ 0(slN ) is the group algebra gen-
erated by the Kμ where μ is in the weight lattice PN (see for example [6], 3.2.10). In
another words, Ǔq(slN ) is the Hopf algebra generated byUq(slN ) and Ǔ 0(slN )where
the generators of Uq(slN ) and the elements Kβ, β ∈ PN satisfy (2).

Recall that the augmentation ideal of a Hopf algebra H , denoted by H+, is the
kernel of the counit ε. Given a subset M of H , we write M+ for the intersection of M
with H+. For example, we write (Uq(glN ))+ for the augmentation ideal of Uq(glN ).
Similarly, we denote the intersection of U+ with the augmentation ideal of Uq(glN )

by U++ .
We write L(λ) for the simple Uq(glN )-module of highest weight λ. In other

words, L(λ) is generated by a highest weight vector vλ such that Eivλ = 0 for
all i = 1, . . . , N − 1 and Kβvλ = q(β,λ)vλ for all weights β. Recall that L(λ) is
finite-dimensional viewed as a Uq(slN )-module if and only if λ ∈ P+

N and is finite-
dimensional viewed as a Uq(glN )-module if and only if λ ∈ �N . These notions
extend to the setting of Uq(glN ⊕ glN ) in a straightforward manner and we will simi-
larly denote highest weight modules by L(λ)where here λ is understood to be a weight
for glN ⊕ glN .
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2.3 The adjoint action

Given a Hopf algebra H and a two-sided H -bimodule M , the bimodule M admits an
H -module structure via the adjoint action defined by

(ad a)m =
∑

a(1)mS(a(2))

for all a ∈ H and m ∈ M . The locally finite part FH (M) of M is the submodule
consisting of those elements that generate a finite module with respect to the adjoint
action of H . More precisely,

FH (M) = {m ∈ M | dim[(ad H)m] < ∞}.

When M is also a Hopf algebra, the locally finite part FH (M) is a subalgebra of M
([7]). We typically drop H from the notation F(M) when H can be understood from
context.

For H = Uq(glN ), Uq(slN ) or Ǔq(slN ), the adjoint action is determined by the
following formulas:

(ad Ei ) · m = Eim − KimK−1
i Ei

(ad Fi ) · m = FimKi − mFi Ki

(ad K ) · m = KmK−1

for all i = 1, . . . , N −1, K = Kβ for all weights β with Kβ in the specified quantized
enveloping algebra, and m ∈ M . Note that these formulas carry over easily to H =
Uq(glN ⊕ glN ).

2.4 Three symmetric pair families

We are interested in quantum homogeneous spaces associated to three families of
symmetric pairs g, k where k is the Lie subalgebra fixed by the involution θ . Here,
g = gln for the first family, g = gl2n for the second family, and g = gln ⊕ gln for
the third family. Below, we describe the involution for each family and then define the
Drinfeld-Jimbo type generators for the associated quantum analog Bθ of U (gθ ).

For each of the three families, we associate an R-matrix Rg and a solution J to the
reflection equation Rg J1R

t1
g J2 = J2R

t1
g J1Rg where J is an N ×N matrix, J1 = J ⊗ I

and J2 = I ⊗ J , I is the N × N identity matrix and Rt1
g denotes the transpose in

the first column. These R-matrices are closely related to the following matrix R in
MatN × MatN defined by

R =
∑

1≤i≤N

qeii ⊗ eii +
∑

1≤i< j≤N

(eii ⊗ e j j + e j j ⊗ eii ) + (q − q−1)
∑

1≤ j<i≤N

ei j ⊗ e ji

(3)
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where MatN is the space of N × N matrices and the ei j are matrix units. When Rg is

the matrix R, then (Rt1)
i j
kl = rk jil .

Type AI: g = gln and θ is defined by θ(ei ) = − fi , θ( fi ) = −ei and θ(hε j ) =
−hε j each i = 1, . . . , n − 1 and j = 1, . . . , n. Hence k is generated by fi − ei for

i = 1, . . . , n − 1. Passing to the quantum case, Bθ is generated by Fi − Ei K
−1
i , for

i = 1, . . . , n − 1. In this case, Rg = R as defined in (3) with N = n. The associated
solution to the reflection equation is J = In , the n × n identity matrix.

Type AII: g = gl2n and θ is defined by

• θ(ei ) = ei , θ( fi ) = fi , θ(hi ) = hi for i = 1, 3, . . . , 2n − 1.
• θ( fi ) = −[ei−1, [ei+1, ei ]] for i = 2, 4, . . . , 2n − 2.
• θ(hε2i−1) = −hε2i for i = 1, . . . , n.

Hence k is generated by ei , fi , hi , for i = 1, 3, . . . , 2n − 1 and fi − [ei−1, [ei+1, ei ]]
for i = 2, 4, . . . , 2n − 2. Passing to the quantum case, Bθ is generated by

• K±1
i , Ei , Fi for i = 1, 3, . . . , 2n − 1.

• Bi = Fi − q3((ad Ei−1Ei+1) · Ei )K
−1
i = Fi − q3[Ei−1, [Ei+1, Ei ]q ]q K−1

i for
i = 2, 4, . . . , 2n − 2 where [a, b]q denotes the q-commutator ab − qba of a and
b.

In this case, Rg = R as defined in (3) with N = 2n. The associated solution to the
reflection equation is J = ∑n

k=1(e2k−1,2k − qe2k,2k−1).

Type A diagonal case: g = gln ⊕ gln and θ is defined by θ( fi ) = −en+i , θ( fn+i ) =
−ei , and θ(hε j ) = −hεn+ j for i = 1, . . . , n−1 and j = 1, . . . , n and so k is generated
by fi −en+i , fn+i −ei , and hε j −hεn+ j for i = 1, . . . , n−1 and j = 1, . . . , n. Passing
to the quantum case, the corresponding quantum symmetric pair coideal subalgebra
Bθ is generated by

Bi = Fi − qEn+i K
−1
i , Bn+i = Fn+i − qEi K

−1
n+i , and (K−1

ε j
Kεn+ j )

±1

for i = 1, . . . , n−1 and j = 1, . . . , n. In this case, Rg is the 4n2×4n2 block diagonal
matrix with diagonal (R, In2 , In2 , R) were R is the matrix defined by (3) with N = n.
The associated solution to the reflection equation is J = ∑n

k=1(ek,n+k + en+k,k). We
often drop the phrase Type A and simply refer to this family as the diagonal case or
diagonal type.

It should be noted that the quantum analog Bθ can also be defined using R-matrices
along with the solutions J to the reflection equation (see [22, 24].) The fact that the
different approaches to defining Bθ yields the same coideal subalgebra follows from
the uniqueness result proved in [14], Sections 5 and 6 (see also [15], Theorem 7.3).

Note that this uniqueness result is up to isomorphism via a Hopf algebra auto-
morphism of Uq(g). Thus one can introduce parameters both in the solutions J to
the reflection equation (see for example [24], Section 3) and in the Drinfeld-Jimbo
generators (see for example [20], Section 5.1). There is a one-to-one correspondence
between the two sets of parameters, thus matching the choice of coideal subalgebra
Bθ in terms of Drinfeld-Jimbo generators and a reflection equation solution J as in the
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above examples. This correspondence can be found in [20], Section 5. (See especially
the set-up in Sect. 5.1, the description of invariant elements in Sect. 5.2, their use in
connecting the parameters in Lemmas 5.1 and 5.2, as well as the discussion at the end
of the Sect. 5.2.)

2.5 Restricted root systems

Write � for the root system generated by the set of positive simple roots for g. By
Sect. 2.1, for Types AI and AII, the set of positive simple roots is {α1, . . . , αN−1}
and the root system � = �N is of type AN−1 where N = n in Type AI
and N = 2n in Type AII. For the diagonal case, the set of positive roots is
{α1, . . . , αn−1} ∪ {αn+1, . . . , α2n−1} where {α1, . . . , αn−1} and {αn+1, . . . , α2n−1}
each separately generate a root system of Type An and together generate a root system
� = �

(1)
n ∪ �

(2)
n .

Note that θ induces an involution, which we also call θ , on the root system�. More
generally, θ can be extended to an involution on

∑N
i=1 Zεi where N = n in Type

AI, and N = 2n in Type AII and the diagonal case. Set β̃ = (β − θ(β))/2 for each
β ∈ ∑N

i=1 Zεi . The set of all β̃ where β runs over elements in �, forms another root
system, called the restricted root system, which we denote by �. For all three families
under consideration, the root system � is of type An−1. We denote the simple roots
for � by α�

1 , . . . , α�
n−1 and explain below how these are related to the simple roots

for �.
The restricted root system is contained in a vector space spanned by orthonormal

basis vectors that live inside the set {β̃| β ∈ ∑n
i=1 Zεi }. We denote this orthonormal

basis by ε�
1 , . . . , ε�

n . Write η1, . . . , ηn−1 for the fundamental weights associated to�

and write η̂1, . . . , η̂n for the fundamental partitions. Let P� denote the weight lattice
and P+

� denote the dominant integral weights defined by the root system �. In other
words P� (resp. P+

� ) is just the set ofZ-linear (resp.N-linear) span of the fundamental
weights η1, . . . , ηn−1. Let �

+
� denote the N-linear span of the fundamental partitions

η̂i , i = 1, . . . , n. Define �̂+
� in a way similar to �̂+

N . In particular, �̂
+
� is the N-linear

span of η̂1, . . . , η̂n−1. We identify the ε�
i , ηi and η̂i with elements of

∑n
i=1 Qεi below

for each of the three families under consideration. With respect to this identification,
it is straightforward to check that the longest element of the Weyl group for � also
acts as the longest element in the restrictedWeyl groupW� . Abusing notation slightly,
we refer to w0 as the longest element of W� with the understanding that w0 is the
restriction of the longest element of the Weyl group for � to restricted weights. In
particular, w0η̂i = ε�

n−i+1 + · · · + ε�
n for each i and for each of the three families.

Type AI: For Type AI, α̃i = (αi − θ(αi ))/2 = αi for each i = 1, . . . , n − 1. Hence
α�
i = α̃i = αi for i = 1, . . . , n − 1 and the set of positive simple roots for the root

system � is just the set {α1, . . . , αn−1}. A similar straightforward computation yields
ε̃i = εi for each i . In other words, the restricted root system � in this case equals �.
Thus ε�

j = ε j , η̂ j = ω̂ j , and ηk = ωk for j = 1, . . . , n and k = 1, . . . , n − 1. Note
further that ω̃k = (ωk − θ(ωk))/2 = ωk and so ηk equals ω̃k , the restricted weight



The Capelli eigenvalue problem for quantum groups Page 13 of 86     4 

associated to ωk . Similarly, η̂k = (ω̂k − θ(ω̂k))/2, the restricted weight associated to
ω̂k , for each k = 1, . . . , n.

Type AII: For Type AII, α̃2i−1 = 0 for i = 1, . . . , n and α̃2 j = (α2 j−1 + 2α2 j +
α2 j+1)/2 for j = 1, . . . , n − 1. The set of positive simple roots for � is {α̃2 j | j =
1, . . . , n − 1} and α�

j = α̃2 j for j = 1, . . . , n − 1. Note that the inner product on �

needs to be scaled differently for the restricted root system. This is because

(α̃2 j , α̃2 j ) = (α2 j−1 + 2α2 j + α2 j+1, α2 j−1 + 2α2 j + α2 j+1)/4 = 1.

Hence the inner product for � takes the form (·, ·)� = 2(·, ·) where (·, ·) is the
usual Cartan inner product for the root system of gl2n . In other words, (·, ·)� is the
normalization of (·, ·) chosen so that (α̃2 j , α̃2 j )� = 2 for each j . Now ε̃2 j = ε̃2 j−1 =
(ε2 j−1 + ε2 j )/2 and so 2(ε̃2i , ε̃2 j ) = δi j . It follows that the corresponding set of
orthonormal vectors is {ε̃2, ε̃4, . . . , ε̃2n} and hence ε�

i = ε̃2i for i = 1 . . . , n. The
fundamental partitions associated to this restricted root system take the form

η̂r = ε�
1 + · · · ε�

r = ε̃2 + · · · + ε̃2r = (ε1 + ε2 + · · · + ε2r )/2 = ω̂2r/2

for r = 1, . . . , n. It follows that the fundamental weights are

ηr = η̂r − (r/n)η̂n = (ε1 + ε2 + · · · + ε2r )/2 − (r/n)(ε1 + ε2 + · · · + ε2n)/2

= ω2r/2

for r = 1, . . . , n − 1. Note also that

(ω̂2 j − θ(ω̂2 j ))/2 = (ε̃1 + · · · + ε̃2 j ) = 2(ε̃2 + ε̃4 + · · · + ε̃2 j ) = 2η̂ j

for each j = 1, . . . , n. Similarly,

(ω̂2 j−1 − θ(ω̂2 j−1))/2 = (ε̃1 + · · · + ε̃2 j−1) = 2(ε̃2 + ε̃4 + · · · + ε̃2 j−2) + ε̃2 j

for j = 1, . . . , n. Hence (ω̂1 − θ(ω̂1))/2 = η̂1 and

(ω̂2 j−1 − θ(ω̂2 j−1))/2 = η̂ j + η̂ j−1

for each j = 2, . . . , n. It follows that (ω1 − θ(ω1))/2 = η1, (ω2 j − θ(ω2 j ))/2 = 2η j

and (ω2 j−1 − θ(ω2 j−1))/2 = η j + η j−1 for j = 2, . . . , n.

Type A diagonal case: For the diagonal case, we have α̃i = (αi + αn+i )/2 = α̃n+i .
Thus the set of positive simple roots for the root system � is {α̃1, · · · , α̃n−1} and
α�
i = α̃i for i = 1, . . . , n−1. Note that (α̃i , α̃i ) = ((αi +αn+i )/2, (αi +αn+i )/2) =

1. Hence, the inner product for the restricted root system in the diagonal case is
(·, ·)� = 2(·, ·). Here, the corresponding orthonormal basis is {ε̃1, . . . , ε̃n} where



    4 Page 14 of 86 G. Letzter et al.

ε̃i = (εi + εn+i )/2 for each i . In particular, we have ε�
i = ε̃i for i = 1, . . . , n. The

fundamental partitions in this case are

η̂r = ε�
1 + · · · + ε�

r = ε̃1 + · · · + ε̃r = (ε1 + ε1+n + · · · + εr + εr+n)/2

for r = 1, . . . , n. It follows that the fundamental weights associated to � satisfy

ηr = η̂r − (r/n)η̂n = (ω̂r + ω̂r+n)/2 − (r/n)(ω̂n + ω̂2n)/2 = ωr/2 + ωr+n/2

for r = 1, . . . , n − 1. We have

(ω̂ j − θ(ω̂ j ))/2 = ε̃1 + · · · + ε̃ j = η̂ j

and, similarly, (ω̂n+ j − θ(ω̂n+ j ))/2 = η̂ j . Thus η j = ω̃ j = ω̃n+ j for j = 1, . . . , n.
A finite-dimensional simple highest weight module is called spherical if it contains

a nonzero Bθ invariant vector, i.e., a vector v such that x · v = ε(x)v for x ∈ Bθ . Note
that 2�+

� = {2λ| λ ∈ �+
�} is a subset of �+

N where N = n in Type AI and N = 2n
in Type AII. Moreover, given γ ∈ �+

N , the module L(γ ) is spherical if and only if
γ = 2λ + sη̂n for some λ ∈ �̂+

� and s ∈ {0, 1} in Type AI and γ = 2λ + 2 sη̂2n for
λ ∈ �̂+

� and s ∈ N in Type AII ([22], (3.12)). (Note that we stick with N instead of Z

since we are considering functions on matrices rather than symmetric spaces G/K .)
The extra assumption in typeAI is because 2�+

� already contains the even nonnegative
multiples of η̂n while all terms of the formNη̂n show up in the description of spherical
modules.

Now consider the diagonal case. For γ, γ ′ ∈ �+
n , L(γ ⊕ γ ′) is spherical if and

only if γ = γ ′. This follows from the classification of spherical modules using sln
instead of gln (see [15], Section 7) along with the fact that weight vectors admitting a
trivial Kεi K

−1
εi+n

action for each i = 1, . . . , n must have weights of the form γ ⊕ γ .

Note that the set of γ ⊕γ with γ ∈ �+
n is precisely 2�+

� . Thus L(γ ⊕ γ ′) is spherical
if and only if γ ⊕ γ ′ = 2λ for some λ ∈ �+

� .

3 Quantized function algebras

3.1 Quantizedmatrix functions

Let MatN denote the space of N × N matrices with basis ei j , 1 ≤ i, j ≤ N . The

matrix R defined by (3) can be written as R = ∑
i, j,k,l r

i j
kl eik ⊗ e jl where

• r iii i = q, r i ji j = 1 for all i, j, with i �= j .

• r i jj i = (q − q−1) for all j < i .

• r i jkl = 0 for all other choices of i, j, k, l.

We can view R as the matrix in MatN × MatN with (i, k) × ( j, l) entry r i jkl . Given a
matrix A ∈ MatN × MatN , write Ats for the transpose in the first term when s = 1
and the second when s = 2. For example, (Rt1)

i j
kl = rk jil .
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The quantized function algebraOq(MatN ) is the bialgebra over C(q) generated by
ti j , 1 ≤ i, j ≤ N where the ti j satisfy the following relations

(i) tki tk j = qtk j tki , tik t jk = qt jk tik (i < j)
(ii) til tk j = tk j til , ti j tkl − tkl ti j = (q − q−1)tk j til (i < k; j < l)

Set T = (ti j ), the N × N matrix with i j entry equal to ti j and set T1 = T ⊗ I and
T2 = I ⊗ T where I is the N × N identity matrix. These relations can be written in
matrix form as RT1T2 = T2T1R, or equivalently, as the set of equations

∑

j,k

rldjk t jatkb =
∑

j,k

tdk tl j r
jk
ab .

for all a, b, d, l. A straightforward computation shows that the map ι defined by

ι(ti j ) = t j i (4)

for all i, j = 1, . . . , n defines an algebra automorphism of Oq(MatN ).
The algebraOq(MatN ) admits the structure of aUq(glN )-bimodule algebra where

the left action is determined by

Ek · ti j = δi−1,k ti−1, j , Fk · ti j = δik ti+1, j , Kεr · ti j = qδir ti j

and the right action by

ti j · Ek = δ jk ti, j+1, ti j · Fk = δ j−1,k ti, j−1, ti j · Kεr = qδ jr ti j

for r = 1, . . . , N , i, j = 1, . . . , N and k = 1, . . . , N − 1. Here, we are using the
notation tuv = 0 for u ∈ {0, N + 1} or v ∈ {0, N + 1}.

LetOq(MatN )op denote the bialgebra with the same coalgebra structure and oppo-
site algebra structure of the bialgebra Oq(MatN ). Write ∂i j , 1 ≤ i, j ≤ N for
the generators of Oq(MatN )op so that the algebra map defined by ti j �→ ∂i j is an
anti-automorphism.

Remark 3.1 Throughout the paper, when there is a risk of confusion, we separate the
subscripts by a comma, e.g., we write ti, j+1 and ∂i−1, j insdead of ti j+1 and ∂i−1 j .

The algebra Oq(MatN )op is also a Uq(glN )-bimodule algebra with action defined
by

Ek · ∂i j = −δikq
−1∂i+1, j , Fk · ∂i j = −δi−1,kq∂i−1, j , Kεr · ∂i j = q−δir ∂i j

and right action defined by

∂i j · Ek = −δ j−1,kq∂i, j−1, ∂i j · Fk = −δ jkq
−1∂i, j+1, ∂i, j · Kεr = q−δ jr ∂i j

for r = 1, . . . , N , i, j = 1, . . . , N and k = 1, . . . , N − 1. Just as for the tuv , we are
using the notation ∂uv = 0 for u ∈ {0, N + 1} or v ∈ {0, N + 1}.
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Let Oq(MatN ) ⊗ Oq(MatN ) denote the algebra generated by two copies of
Oq(MatN ). The first is generated by ti j , 1 ≤ i, j ≤ N and the second is gener-
ated by ti+N , j+N , 1 ≤ i, j ≤ N and ti j commutes with tk+N ,l+N for all i, j, k, l ∈
{1, . . . , N }. Formally, ti j can be identified with ti j ⊗ 1 and ti+N , j+N with 1⊗ ti j . The
algebraOq(MatN )⊗Oq(MatN ) is aUq(glN ⊕glN ) ∼= Uq(glN )⊗Uq(glN )-bimodule
algebra. Here, the left action is given by (g ⊗ h) · (a ⊗ b) = (g · a) ⊗ (h · b) for all
g⊗h ∈ Uq(glN )⊗Uq(glN ) and a⊗b ∈ Oq(MatN )⊗Oq(MatN ). The right action is
defined in the same way with the action on the right instead of the left. Similar notions
apply for the algebra Oq(MatN )op ⊗ Oq(MatN )op.

Consider the three families as described in Sect. 2.4. Set P = Oq(MatN ) in Type
AI with N = n and in Type AII with N = 2n. For the diagonal case, set P =
Oq(Matn) ⊗Oq(Matn). Similarly, setD = Oq(MatN )op in Type AI with N = n and
in Type AII with N = 2n. For the diagonal case, setD = Oq(Matn)op⊗Oq(Matn)op.

3.2 Functions on homogeneous spaces

Let g, k be a symmetric pair corresponding to one of the three families described in
Sect. 2.4. Recall that J is the associated solution to the reflection equation. Write Jr ,s
for the coefficient of ers in J . Define elements xi j and di j by

xi j =
∑

r ,s

tir Jr ,s t js and di j =
∑

r ,s

q−2ŝ∂ir Jr ,s∂ js

for 1 ≤ i, j ≤ N where N = n in Type AI, N = 2n in Type AII and diagonal type,
ŝ = s in Types AI and AII, and for the diagonal type ŝ = s for s ≤ n, and ŝ = s − n
when s ≥ n + 1.

Let Pθ be the subalgebra of P generated by the xi j , 1 ≤ i, j ≤ N , and let Dθ

be the subalgebra of D generated by the di j , 1 ≤ i, j ≤ N . As explained in [22] and
[20], the quantum homogeneous spaceOq [G/K ] associated to g, k is generated byPθ

and powers of quantum determinants. Set X = (xi j )1≤i, j≤N and D = (di j )1≤i, j≤N .
Define X1, X2, D1, and D2 in the same way as T1, T2 (i.e. X1 = X ⊗ I , etc.). The
following theorem summarizes properties of Pθ from [20].

Theorem 3.2 The relations satisfied by the generators xi j of Pθ are determined by
the following equations:

(i) The matrix relation RgX1R
t1
g X2 = X2R

t1
g X1Rg.

(ii) The linear relations xi j = γ x ji for i < j and xab = 0 for all (a, b) ∈ S where

• γ = q in Type AI, γ = −q−1 in Type AII, γ = 1 in the diagonal type
• S is the empty set in Type AI, S = {(i, i), i = 1, . . . , 2n} in Type AII, and
S = {(i, j), 1 ≤ i, j ≤ n} ∪ {(i, j), n + 1 ≤ i, j ≤ 2n} in diagonal type.

Moreover,Pθ is a left Uq(g)-module and (trivial) right Bθ -module subalgebra ofP .

In the diagonal case, it turns out that thematrix relations forPθ reduce to RX̂1 X̂2 =
X̂2 X̂1R where X̂ = (xi, j+n)1≤i, j≤n and R is the matrix defined by (3) with N = n
([20], Lemma 5.12). In particular,Pθ

∼= Oq(Matn) as algebras via the map that sends
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xi, j+n to ti j all 1 ≤ i, j ≤ n. For the other two families, Types AI and AII, explicit
relations are given in [20], Lemma 5.8. Here we provide some of these relations in
special cases that will be needed later in this paper. In particular, for Type AI we have

xenxnn = q2xnnxen and xanxen = qxenxan (5)

for all 1 ≤ a < e < n. Similarly, for Type AII, we have

xa,2nxe,2n = qxe,2nxa,2n (6)

for 1 ≤ a < e < 2n. More generally, it follows from [20], Lemma 5.8 that the defining
relations are q-analogs of commutativity relations and take the form

xi j xkl = qsxkl xi j +
∑

{a,b,c,d}={i, j,k,l}
(q − q−1)wxabxcd (7)

for some integer s and some element w ∈ C[q, q−1] where neither xi j xkl nor xkl xi j
appear in the final sum of the right hand side. It follows from the formulas for the
relations satisfied by the ti j and the fact that Pθ

∼= Oq(Matn) as algebras in the
diagonal case, that (7) holds for the diagonal family as well.

The following result, also from [20], holds forDθ and shows that as an algebra,Dθ

is isomorphic to P
op
θ . In analogy to the situation for Pθ , the map sending di, j+n to

∂i j for 1 ≤ i, j ≤ n defines an isomorphism of Dθ ontoOq(Matn)op for the diagonal
family.

Theorem 3.3 The relations satisfied by the generators di j ofDθ are determined by the
following equations:

(i) The matrix relation RgD2R
t1
g D1 = D1R

t1
g D2Rg.

(ii) The linear relations di j = γ d ji for i < j and dab = 0 for all (a, b) ∈ S where

• γ = q−1 in Type AI, γ = −q in Type AII, γ = 1 in the diagonal type
• S is the empty set in Type AI, S = {(i, i), i = 1, . . . , 2n} in Type AII, and
S = {(i, j), 1 ≤ i, j ≤ n} ∪ {(i, j), n + 1 ≤ i, j ≤ 2n} in diagonal type.

Moreover, Dθ is a left Uq(g)-module and (trivial) right Bθ -module subalgebra of D .

Note that the defining relations forPθ are homogeneous and thusPθ has a natural
degree function defined by deg(xi j ) = 1 for all i, j . Let J be the filtration on Pθ

defined by deg. In particular, for each r , we have

Jr (Pθ ) = {x ∈ Pθ | deg(x) ≤ r}.

Since all the relations for Pθ are homogeneous with respect to degree, Pθ is iso-
morphic to the graded algebra defined by this filtration. Just as forPθ , we can define
a degree function on Dθ such that deg(di j ) = 1 for all i, j . The resulting filtration
yields a graded algebra isomorphic to Dθ . For each r , set Pr

θ equal to the homoge-
neous subspace ofPθ consisting of elements of exactly degree r andDr

θ equal to the
homogeneous subspace of Dθ consisting of elements of exactly degree r .
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The left Uq(g)-module structures can be deduced directly from the left actions of
Uq(g) onP andD . The action of the generators ofUq(g) on the generators ofPθ and
Dθ is explicitly given in [20], Lemma 5.4. As noted in [20], this action can be described
as follows. The vector space spanned by the generators xi j ofPθ forms a simple left
Uq(g)-module generated by a highest weight vector x1r of weight L(ε1 + εr ) where
r = 1 in Type AI, r = 2 in Type AII, and r = n + 1 in the diagonal type. Similarly,∑

i, j C(q)di j is a simple left Uq(g)-module generated by the lowest weight vector
d1r of weight −ε1 − εr where r = 1 in Type AI, r = 2 in Type AII, and r = n + 1
in the diagonal type. Moreover, the action of the Cartan elements on Pθ and Dθ is
determined by

Kεs · xi j = qδis+δ js xi j Kεs · di j = q−δis−δ js di j (8)

for all i, j, s in Types AI and AII and

Kεs · xi, j+n = qδis+δ j+n,s xi, j+n Kεs · di, j+n = q−δis−δ j+n,s di, j+n (9)

for all i, j, s in the diagonal setting.
Note that the isomorphisms Pθ

∼= Oq(Matn) and Dθ
∼= Oq(Matn)op in the diag-

onal setting as described above are actually Uq(gln)-bimodule isomorphisms where
the left action of Uq(gln) on Oq(Matn) (resp. Oq(Matn)op) is the same as the action
of the first copy ofUq(gln) insideUq(gln ⊕gln) onPθ (resp.Dθ ). Similarly, the right
action for Pθ (resp. Dθ ) goes over to the action of the second copy of Uq(gln) on
Oq(Matn) (resp. Oq(Matn)op). (See [20], Lemma 5.12 for details.)

It is well-known that the algebraOq(MatN ) admits a PBW basis using monomials
in the ti j . The next result from [20] shows that the same is true for Pθ . Using the
fact that xi j �→ di j defines an antiautomorphism fromPθ toDθ , the next lemma also
holds for Dθ with each xi j term replaced by di j .

Lemma 3.4 The following monomials form a basis for Pθ where N = n:

(i) Type AI:

xm11
11 xm12

12 · · · xm1n
1n xm22

22 xm23
23 · · · xm2n

2n · · · xmn−1,n−1
n−1,n−1 x

mn−1,n
n−1,n xmnn

nn

(ii) Type AII:

xm12
12 xm13

13 · · · xm1,2n
1,2n xm23

23 xm24
24 · · · xm2,2n

2,2n · · · xm2n−1,2n
2n−1,2n

(iii) Diagonal type:

xm11
1,n+1x

m12
12 · · · xm1n

1,2nx
m21
2,n+1x

m22
2,n+2 · · · xm2n

2,2n · · · xmn1
n,n+1 · · · xmnn

n,2n

as each mi j runs over nonnegative integers. Moreover, we also get a basis if the order
of the monomials in the terms above are reversed.
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3.3 Module structure

It is well-known that Oq(MatN ) admits a decomposition as Uq(glN )-bimodules

Oq(MatN ) ∼=
⊕

λ∈�+
N

L(λ) ⊗ L(λ)∗ (10)

where L(λ) is a leftUq(glN )-module and L(λ)∗ is a rightUq(glN )-module. By restric-
tion, we can also view all these modules as Uq(slN )-modules. Note that Oq(MatN )

contains a nontrivial bi-invariant submodule with respect to the action of Uq(slN ).
In particular, the submodule of Oq(MatN ) consisting of Uq(slN )-bi-invariants
corresponds to

⊕

m∈N
L(mω̂N ) ⊗ L(mω̂N )∗.

Decomposition (10) implies

Oq(MatN ) ⊗ Oq(MatN ) ∼=
⊕

(λ,λ′)∈�+
N×�+

N

L(λ ⊕ λ′) ⊗ L(λ ⊕ λ′)∗ (11)

as Uq(glN ⊕ glN )-bimodules. Moreover, the submodule of Oq(MatN ) ⊗ Oq(MatN )

consisting of Uq(slN ⊕ slN )-bi-invariants is

⊕

m,m′∈N
L(mω̂N ⊕ m′ω̂N ) ⊗ L(mω̂N ⊕ m′ω̂N )∗.

Setting N = n in Type AI and the diagonal case and N = 2n in Type AII, we can
read off of (10) and (11) the Uq(g)-module decomposition of P . It follows from the
description of spherical weights in Sect. 2.5 that the right Bθ -invariants PBθ of P
admits the following decomposition as left Uq(g)-modules:

⊕

λ∈�+
�,s∈{0,1}

L(2λ + sω̂n) in Type AI,

⊕

λ∈�+
�

L(2λ) in Type AII, and

⊕

λ∈�+
�

L(2λ) =
⊕

γ∈�+
n

L(γ ⊕ γ ) in the diagonal type.

By [32] Lemma 5.3, the fact that Pθ is generated by right Bθ -invariant elements
ensures that Pθ is a subalgebra and submodule of PBθ . We see in Sect. 4 that PBθ

agrees with Pθ in both Type AII and the diagonal case while it is slightly larger in
Type AI.
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4 Detailedmodule decompositions

4.1 Quantum determinants

There is a quantum analog of the determinant, denoted by detq(T ), which is a central
element inOq(MatN ). The quantum determinant can be expressed explicitly in terms
of the ti j as

detq(T ) =
∑

s∈Sn

(−q)l(s)ts(1),1 · · · ts(N ),N (12)

and satisfies ι(detq(T )) = detq(T )where ι is the antiautomorphismdefined inSect. 3.1
(see (1.26) of [22]). It is straightforward to check that the quantumdeterminant detq(T )

satisfies detq(T ) · Ki = detq(T ), detq(T ) · Fi = 0 and detq(T ) · Ei = 0 for i =
1, . . . , N − 1. Hence detq(T ) is right invariant with respect to the action of Uq(slN ).
The same is true with respect to the left action of Uq(slN ) and can be easily verified
with a similar computation using the fact that ι(detq(T )) = detq(T ). Hence detq(T ) is
both a right and left invariant element with respect to the action ofUq(slN ). However,
the same is not true upon passing to Uq(glN ). Indeed, we have

detq(T ) · Kεi = Kεi · detq(T ) = qdetq(T ). (13)

Let detq(T ′) be the quantum determinant defined using the elements ti+N , j+N instead
of the ti j viewed as elements of Oq(MatN ) ⊗Oq(MatN ). The properties for detq(T )

carry over to detq(T ′) where each subscript i is replaced by i + N .
Note that the weight of detq(T ) with respect to the action of Uq(glN ) is

ω̂N = ε1 + · · · + εN . Hence by (10), the submodule of Uq(slN )-bi-invariants
inside Oq(MatN ) is the polynomial ring C(q)[detq(T )]. Similarly, the submodule of
Oq(MatN ) ⊗Oq(MatN ) consisting ofUq(slN ⊕ slN )-bi-invariants is the polynomial
ring C(q)[detq(T ), detq(T ′)].
Lemma 4.1 The intersection of C(q)[detq(T )] and Pθ is C(q)[(detq(T ))2] in Type
AI and equals C(q)[detq(T )] in type AII. The intersection of C(q)[detq(T ), detq(T ′)]
and Pθ is C(q)[detq(T ) detq(T ′)] in the diagonal case.
Proof Consider Type AI. Note that any element in Pθ can be written as a linear
combination of monomials, say ti1, j1 · · · tim , jm . Moreover, by the form of the elements
xab, each right index jk must appear an even number of times in a particular monomial.
Thus examining detq(T ), we see that detq(T ) /∈ Pθ since each right index jk shows
up exactly once in ts(1),1 · · · ts(N ),N where N = n in Type AI and N = 2n in Type AII.
The same holds for (detq(T ))m for m odd. On other hand, by Remark 4.12 of [22],
(detq(T ))2 ∈ Pθ . Hence the first assertion for Type AI holds. For Type AII, note that
Remark 4.12 of [22] also shows that detq(T ) ∈ Pθ in this case. This completes the
proof of the first assertion of the lemma.

For the diagonal case, note that detq(T ) detq(T ′) is right invariant with respect to
action ofUq(sln⊕sln) aswell aswith respect to the action of Kεi K

−1
εn+i

for i = 1, . . . , n
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where here we have N = n. Since Bθ is a subalgebra of the algebra generated by both
Uq(sln ⊕ sln) and the Kεi K

−1
εn+i

for i = 1, . . . , n, it follows that detq(T ) detq(T ′)
is an element of PBθ . Now detq(T ) detq(T ′) has weight ω̂n ⊕ ω̂n with respect to
the left action of Uq(gln ⊕ gln) and, moreover, generates a trivial left Uq(sln ⊕ sln)-
module. Hence from the description of PBθ in the diagonal case given in Sect. 3.3,
we see that (detq(T ) detq(T ′))m is a basis vector for the one dimensional left module
L(mω̂n ⊕ mω̂n). Thus PBθ ∩ C(q)[detq(T ), detq(T ′)] = C(q)[detq(T ) detq(T ′)].
Since Pθ ⊆ PBθ , we also have that the intersection Pθ ∩ C(q)[detq(T ), detq(T ′)]
is a subset of C(q)[detq(T ) detq(T ′)].

Now consider the element detq(X) defined by replacing each ti j in the definition of
detq(T ) by xi j , again in the diagonal case. Recall thatPθ is isomorphic as an algebra
andUq(gln)-bimodule toOq(Matn) (see the discussions following Theorems 3.2 and
3.3). It follows that detq(X) is an element of PBθ invariant with respect to the left
action ofUq(sln⊕sln).Moreover, it is straightforward to see that theweight of detq(X)

is ω̂n ⊕ ω̂n . By the previous paragraph, detq(X) must be a nonzero scalar multiple of
detq(T ) detq(T ′). This guarantees the inclusionC(q)[detq(T ) detq(T ′)] ⊆ Pθ which
combined with the previous paragraph yields the desired equality. ��

Set Hn = detq(T ) detq(T ′) in the diagonal case, Hn = detq(T )2 in Type AI, and
Hn = detq(T ) in Type AII. By Lemma 4.1, Hn ∈ Pθ . Moreover, since detq(T ) is a
central element in Oq(Matn) in Type AI, is a central element in Oq(Mat2n) in Type
AII, and is a central element of Oq(Matn) ⊗ Oq(Matn) in the diagonal setting, we
must have Hn is central inPθ .

4.2 Chains of algebras

Consider the chain of quantized enveloping algebras

Uq(g1) ⊂ Uq(g2) ⊂ · · · ⊂ Uq(gn)

where gr = glr in Type AI, gr = gl2r in Type AII, and gr = glr ⊕ glr in the diagonal
case. This means thatUq(gn) = Uq(gln) in Type AI,Uq(gn) = Uq(gl2n) in Type AII,
and Uq(gn) = Uq(gln ⊕ gln) in the diagonal case. Here Uq(gr ) is identified with the
subalgebra of Uq(gn) generated by Ei , Fi , Kε j where

• i ∈ {1, . . . , r − 1} and j ∈ {1, . . . , r} in Type AI
• i ∈ {1, . . . , 2r − 1} and j ∈ {1, . . . , 2r} in Type AII
• i ∈ {1, . . . , r − 1} ∪ {n + 1, . . . , n + r − 1}, j ∈ {1, . . . , r} ∪ {n + 1, . . . , n + r}
in the diagonal case.

Note that Uq(g1) is just a commutative Laurent polynomial ring over C(q) in Type
AI and the diagonal case. In Type AI, this Laurent polynomial ring is generated by
Kε1 , in the diagonal case, it is generated by Kε1 and Kε2 . In Type AII, Uq(g1) is the
quantized enveloping algebra of gl2 generated by E1, F1, and K±1

ε1
, K±1

ε2
.

Similarly, we have a chain of quantized function algebras

P(g1) ⊂ P(g2) ⊂ · · · ⊂ P(gn) = P
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where P(gr ) ∼= Oq(Matr ) in Type AI, P(gr ) ∼= Oq(Mat2r ) in Type AII, and
P(gr ) ∼= Oq(Matr ) ⊗ Oq(Matr ) in the diagonal case. Moreover, this isomorphism
is an equality for r = n and so P(gn) = P . For r < n, P(gr ) is equal to the
subalgebra of P generated by

• ti j for 1 ≤ i, j ≤ r in Type AI
• ti j for 1 ≤ i, j ≤ 2r in Type AII
• ti j for 1 ≤ i, j ≤ r and n + 1 ≤ i, j ≤ n + r in the diagonal case.

Note that P(gr ) is a Uq(gr )-bimodule and, moreover, this bimodule structure is
compatible with the Uq(g)-bimodule structure on P .

SetBr
θ = Bθ∩Uq(gr ) for r = 1, . . . , n.Note that this gives us a chain of subalgebras

B1
θ ⊂ B2

θ ⊂ · · · ⊂ Bn
θ = Bθ .

For each r , it is straightforward to see that θ restricts to an involution on gr with fixed
Lie subalgebra kr = gθ

r . Thus Br
θ for the right coideal subalgebra of Uq(gr ) that is

a quantum analog of U (kr ). Note that Br
θ belongs to the same family as Bθ with the

only difference being the rank of the underlying Lie algebra gr .
Using Br

θ ,P(gr ), and Uq(gr ), one can define the quantized function algebra
Pθ (gr ) generated by elements x(r)i j where 1 ≤ i, j ≤ r in Type AI, 1 ≤ i, j ≤ 2r
in Type AII, and 1 ≤ i, j − n ≤ r or 1 ≤ i − n, j ≤ r in the diagonal case. Here,
we use the notation xi j for the generators when r = n (i.e. x(n)i j = xi j ). Note that
the difference between x(r)i j and xi j has to do with which tkl are involved in the
expression of these elements in terms of elements of P . For example, in Type AI,

x(r)i j =
r∑

k=1

tik t jk

while

xi j =
n∑

k=1

tik t jk .

Nevertheless, we see from the next lemma that this distinction is not important.

Lemma 4.2 For each r , s with 1 ≤ r < s ≤ n, the map ψr ,s : Pθ (gr ) → Pθ (gs)
defined by ψr ,s(x(r)i j ) = x(s)i j induces an algebra embedding which preserves the
left Uq(gr )-module and (trivial) right Br

θ -module structures.

Proof Note that the relations for both algebras are given by Theorem 3.2. Moreover,
there are two types of relations: linear and quadratic. The linear relations take the form
xab = 0 for various conditions on a, b and xi j = γ x ji for an appropriate scalar γ

and all i, j . Clearly these agree for the two algebras. Hence x(r)ab = 0 if and only if
x(s)ab = 0 and x(r)i j = γ x(r) j i if and only if x(s)i j = γ x(s) j i .

By (7), the quadratic relations correspond to q-analogs of commutativity relations
between two generators, say xi j and xld . Moreover, the only terms showing up in
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these relations are of the form xabxcd where {a, b, c, d} = {i, j, l, d}. Now if i, j and
l, d satisfy the necessary conditions for x(r)i j and x(r)ld to be generators ofPθ (gr ),
then x(r)ab is also a valid generator whenever {a, b} ∈ {i, j, l, d}. In other words,
when i, j, l, d are chosen so that x(r)i j , x(r)ld are among the generators forPθ (gr ),
then the quadratic relations involving x(r)i j and x(r)ld inside Pθ (gr ) take exactly
the same form as the relations satisfied by xi j and xld inside of Pθ . The same holds
with r replaced by s. Thus the quadratic relations satisfied by the x(r)i j of Pθ (gr )
agree with the relations coming from the larger algebraPθ (gs) for the corresponding
elements x(s)i j .

The module structures for both algebras can be deduced directly from the actions of
Uq(g) and Bθ onP and these actions do not depend on r or s. These module actions
agree, which yields the desired module isomorphisms. ��

An immediate consequence of Lemma 4.2 is thatPθ (gr ) is isomorphic to a subal-
gebra and left Uq(gr )-submodule of Pθ (gn) where each generator x(r)i j is mapped
to xi j . Moreover, it is straightforward to see that the embeddings of this lemma are all
compatible with each other and so ψs,m ◦ ψr ,s = ψr ,m for all 1 ≤ r < s < m ≤ n.

4.3 Highest weight generators

Let T(r) be the submatrix of T with entries ti j where 1 ≤ i, j ≤ r in Type AI and
1 ≤ i, j ≤ 2r in Type AII. Similarly, let T(r) be the submatrix of T with entries ti, j
and T ′

(r) be the submatrix of T ′ with entries tn+i,n+ j where again 1 ≤ i, j ≤ r . Set

• Ĥr = (detq T(r))
2 in Type AI

• Ĥr = detq T(2r) in Type AII and
• Ĥr = (detq T(r))(detq T ′

(r)) in the diagonal case.

Note that Ĥr ∈ P(gr ). Moreover, by Lemma 4.1, we have Ĥr ∈ Pθ (gr ). Set Hr =
ψr ,n(Ĥr ) for r = 1, . . . , n.

For each r ,Pθ (gr ) has a natural degree function compatible with the degree func-
tion (related to the filtration J ) on Pθ . In particular, we have deg x(r)i j = 1 for all
r , i, j .

Proposition 4.3 The elements H1, . . . , Hn generate a commutative subring ofPθ that
is isomorphic to a polynomial ring in these variables. Moreover, Hr is a highest weight
vector of weight 2η̂r with respect to the left action of Uq(g) and Hr is a homogeneous
element of degree r in Jr (Pθ ) for r = 1, . . . , n.

Proof Note that detq(T(r)) is a central element of Oq(Matr ) in Type AI, detq T(2r)
is a central element in Oq(Mat2r ) in Type AII and (detq T(r))(detq(T ′

(r)) is a central

element of Oq(Matr ) ⊗ Oq(Matr ) in the diagonal case. Hence Ĥr is in the center
of P(gr ) for r = 1, . . . , n. Also Ĥr commutes with each ψm,r (Ĥm) for m ≤ r .
By induction, we see that ψ2,r (Ĥ1), . . . , ψr−1,r (Ĥr−1), Ĥr generates a commutative
subring of Pθ (gr ). When r = n, this sequence is simply H1, . . . , Hn and so these
elements generate a commutative subring of Pθ (gn).
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The fact that Hr generates a one-dimensional Uq(gr )-module follows from the
definition of Ĥr and properties of quantum determinants (see Sect. 4.1). Moreover,
this module is invariant with respect to the action of Uq(gr ) ∩ Uq(sln) in Type AI,
Uq(gr ) ∩ Uq(sl2n) in Type AII. Similarly, it is invariant with respect to the action of
Uq(gr ) ∩ Uq(sln ⊕ sln) in the diagonal case. In Type AI, Ĥr only contains terms tkl
with 1 ≤ k, l ≤ r . Hence Hr only contains terms xi j for 1 ≤ i, j ≤ r in Type AI. For
Type AII, Hr only contains terms tkl with 1 ≤ k, l ≤ 2r . Hence Hr contains terms
xi j for 1 ≤ i, j ≤ 2r in Type AII. In the diagonal case, Hr contains terms ti, j+n and
ti+n, j with 1 ≤ i, j ≤ r . Thus the xi, j+n and xi+n, j satisfy the same constraints.

The formulas for the left action ofUq(glN ) onOq(MatN ) (in Sect. 3.1) ensure that
Es · ti j = 0 and for all s with s ≥ i . Hence, Es · a = 0 for all a ∈ P(gr ) where s ≥ r
in Type AI and s ≥ 2r in Type AII. In the diagonal case, we have Es · xi, j+n = 0
and Es · xi+n, j = 0 when n ≥ s ≥ r and s ≥ i and when 2n ≥ s ≥ n + r and
s ≥ i + n. This guarantees that Es · Hr = 0 for all Es /∈ Uq(gr ). But we also know
that Es · Ĥr = 0 for all Es ∈ Uq(gr ) because of the left invariant property of Hr with
respect to the action of the subalgebra of Uq(gr ) described above. This proves that
Es · Hr = 0 for all Es ∈ Uq(g).

Consider Type AI. Note that detq(T(r))
2 has weight 2ε1 + · · · + 2εr in terms of

the left action of Uq(gr ). Thus it is straightforward to see from the definitions of Ĥr

and of the restricted weight 2η̂r (see Sect. 2.5) that Ĥr has weight 2η̂r for each r .
The weight of Hr is the same as that of Ĥr , hence by the previous paragraph, Hr is
a highest weight vector of weight 2η̂r with respect to the left action of Uq(g). Now
consider Type AII. In this case, detq(T(2r) has weight ε1 + · · · + ε2r in terms of the
left action of Uq(gr ). Again, as explained in Sect. 2.5, this weight equals 2η̂r . In the
diagonal case, detq(T(r)T ′

(r)) has weight ε1 + · · · + εr + εn+1 + · · · + εn+r . Using the
information in Sect. 2.5, this weight is 2η̂r .

We finish the proof by arguing that the H1, . . . , Hn are algebraically independent
and hence the ring they generate is a polynomial ring in these variables. Suppose

∑

m

amH
m1
1 · · · Hmn

n = 0

where m = (m1, . . . ,mn). Since the monomials Hm1
1 · · · Hmn

n have distinct weights∑
i 2mi η̂i , we can separate the monomials using the action of Uq(g). Thus the above

equality implies

amH
m1
1 · · · Hmn

n = 0

and hence am = 0 each m. ��
We frequently write H2μ for the element Hm1

1 · · · Hmn
n for eachμ = ∑

i mi η̂i , thus
labeling this element by its weight. In particular, by the above proposition, H2μ is a
highest weight vector of weight 2μ with respect to the action of Uq(g) onPθ .
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4.4 Explicit module descriptions

Recall thatPθ is a subalgebra and submodule ofP . The decompositions of Sect. 3.3
ensure that as left Uq(g)-modules, we have the following inclusions

Pθ ⊆

⎧
⎪⎨

⎪⎩

⊕
λ∈�+

�s∈{0,1} L(2λ + sη̂n) in Type AI,
⊕

λ∈�+
�
L(2λ) in Type AII, and

⊕
λ∈�+

�
L(2λ) = ⊕

γ∈�+
n
L(γ ⊕ γ ) in the diagonal type.

(14)

In the next theorem, we obtain a precise decomposition ofPθ into leftUq(g)-modules
and trivial right Bθ -modules.

Theorem 4.4 We have

Pθ =
⊕

λ∈�+
�

(Uq(g)) · H2λ ∼=
⊕

λ∈�+
�

L(2λ) (15)

where (Uq(g)) · H2λ is isomorphic to the simple (left) Uq(g)-module generated by the
highest weight vector H2λ with weight 2λ and is a trivial right Bθ -module.

Proof By Proposition 4.3, H2λ generates a finite-dimensional simple (left) Uq(g)-
module with highest weight 2λ for each λ ∈ �+

� . Thus Uq(g) · H2λ ∼= L(2λ) for
each λ ∈ �� which proves the second part of (15). (In the discussion below, we
identify Uq(g) · H2λ ∼= L(2λ), which means that we view this second part of (15) as
an equality.) Note that

⊕

λ∈�+
�

(Uq(g)) · H2λ ⊆ Pθ .

Hence by (14), we get equality here in Type AII and the diagonal type.
Now consider Type AI and a module of the form L(2λ + sη̂n) with s �= 0. Note

that

L(2λ + sη̂n) ∼= L(2λ)L(sη̂n)

where L(sη̂n) is a trivial one-dimensionalUq(sln)-module inside ofPθ of weight sη̂n
with respect to the left action of Uq(g). By Lemma 4.1, L(sη̂n) must be a multiple of
(detq(T ))2 and so s is an even integer. Thus by (15),

Pθ ⊆
⊕

λ∈�+
�

L(2λ)

in Type AI and the theorem follows. ��
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The entire construction of this section can be transferred to the differential parts
Dθ by using the antiautomorphisms sending P to D = Pop. Let H∗

2μ be the image
of H2μ via this antiautomorphism. A comparison of the action of Uq(g) on P and
on D yields that H∗

2λ is a lowest weight vector of weight −2λ. Hence, we have a
similar decomposition as above for Dθ , again as left Uq(g)-modules and trivial right
Bθ -modules

Dθ
∼= ⊕λ∈�+

�
(Uq(g)) · H∗

2λ.

Note that (Uq(g)) · H∗
2λ can be viewed as the left dual of (Uq(g)) · H2λ.

Remark 4.5 The generators of each module L(2λ) are expressed using formulas in
terms of the ti j for Types AI and AII in [22] (see Lemma 4.10.A), Our approach yields
another concrete identification of these generators that also applies to the diagonal
case. Our methods, which rely directly on quantum determinants also lead to formulas
in the ti j . However, because these highest weight terms are elements of Pθ (gr ) for
various choices of r , it is easier to read off the possible xi j that may appear. This will
be helpful in describing and analyzing the quantum Capelli operators in Sect. 9.1 of
this paper.

5 QuantumWeyl algebras

5.1 Generators and relations

We associate a quantumWeyl algebraPDq(MatN ) with polynomials corresponding
toOq(MatN ) and constant term differentials corresponding toOq(MatN )op as defined
and studied in [2, 3, 32], and [20]. This Weyl algebraPDq(MatN ) is generated by ti j
and ∂i j for 1 ≤ i, j ≤ N . The algebra Oq(MatN ) (resp. Oq(MatN )op) embeds inside
PDq(MatN ) and can be identified with the subalgebra generated by the ti j (resp. ∂i j ).
Moreover, the ti j and ∂i j satisfy the following relation

∂abte f =
∑

r ,l, j,k

(Rt2)rlea(R
t2)

jk
f btr j∂lk + δaeδb f

for all a, b, e, f in {1, . . . , N }. The quantum Weyl algebraPDq(MatN ) inherits the
structure of a Uq(glN )-bimodule from the bimodules Oq(MatN ) and Oq(MatN )op.

We may view Pθ and Dθ as right Bθ invariant subalgebras of PDq(MatN ).
However, together, they generate an algebra inside of PDq(MatN ) that is too large
to be taken for a quantum analog of the Weyl algebra with polynomial part equal to
Pθ . In particular, the subset PθDθ consisting of sums of terms of the form pd with
p ∈ Pθ and d ∈ Dθ is strictly smaller than the subalgebra generated by Pθ and Dθ

(see [20] for more details). Instead, we use the construction of [20] which starts with
a twisted tensor product of Pθ and Dθ and deforms it so as to add constant terms
to some of the relations. The result is the quantum Weyl algebra PDθ associated to
θ for each of the three settings of this paper. As an algebra, PDθ is generated by
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xi j , di j , 1 ≤ i, j ≤ N where N = n in Type AI and N = 2n in Type AII and the
diagonal case. The algebra Pθ (resp. Dθ ) embeds insidePDθ and can be identified
with the subalgebra generated by the xi j (resp. di j ). Moreover, the xi j and di j satisfy
the following relation

dabxe f =
∑

w,r ,x,q,p,m,y,l

(Rt2
g )wr

xq (Rt2
g )

pq
ma(R

t2
g )

xy
f l (R

t2
g )ml

eb xpwdry + q−δe f δaeδb f (16)

for all a, b, e, f ∈ 1, . . . , N . The map Pθ ⊗ Dθ to PDθ defined by multiplication
is a vector space isomorphism of left Uq(g)-modules and (trivial) right Bθ -modules.
Relations (16) in the diagonal case are equivalent to the simpler relations

da,b+nxe, f +n =
∑

r ,l, j,k

(Rt2)rlea(R
t2)

jk
f bxr , j+ndl,k+n + δaeδb f (17)

for all 1 ≤ a, b, e, f ≤ n where here we are taking into account linear relations
satisfied by the di j and by the xi j . In particular, this relation combined with results
from Sect. 3.2 ensure that in the diagonal casePDθ andPDq(Matn) are isomorphic
as algebras via the map sending xi, j+n to ti j and di, j+n to ∂i j for each 1 ≤ i, j ≤ n.
(For additional details, see [20].)

The following result from [20] gives insight into the overall form of the relations
coming from the twisting map.

Theorem 5.1 ([20], Corollary 8.11) For each of the three families, the following
inclusions hold for the quantum Weyl algebra PDθ

dabxe f − qδa f +δae+δb f +δbe xe f dab − q−δe f δaeδb f ∈
∑

(e′, f ′,a′,b′)>(e, f ,a,b)

C(q)xe′ f ′da′b′

for all a, b, e, f ∈ {1, . . . , rank(g)} where
• a ≤ b and e ≤ f in Type AI
• a < b and e < f in Type AII
• a ≤ n < b and e ≤ n < f in diagonal type

and (e′, f ′, a′, b′) > (e, f , a, b) if and only if e′ ≥ e, f ′ ≥ f , a′ ≥ a, b′ ≥ b and at
least one of these inequalities is strict.

It is also helpful for arguments later in the paper to express these relations in special
cases. We do this in the next lemma.

Lemma 5.2 In Type AI and for a < n, we have

(i) danxen = q1+δae xendan − δae
∑

a′>a q
2+δa′n (q−2 −1)xa′nda′n + δae where e < n.

(ii) dnnxe f = qδn f +2δne xe f dnn + q−δe f δneδn f where e ≤ f .

In Type AII and for a < 2n, e < 2n, we have

(iii) da,2nxe,2n = q1+δae xe,2nda,2n − δae
∑

a′>a q
2+δa′,2n (q−2 − 1)xa′,2nda′,2n + δae.
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In the diagonal case,wehave the following relations as given in [19], Remark3.7.4with
the adjustment ∂a,b �→ da,b+n and ta,b �→ xa,b+n. Note that the possible subscripts
of both x and d terms are a, b + n with a = 1, . . . , n and b = 1, . . . , n.

(iv) dc,b+nxe,a+n = xe,a+ndc,b+n if b �= a and c �= e.
(v) dc,b+nxc,a+n = qxc,a+ndc,b+n + ∑

c′>c(q − q−1)xc′,a+ndc′,b+n if b �= a.
(vi) dc,a+nxe,a+n = qxe,a+ndc,a+n + ∑

a′>a(q − q−1)xe,a′+ndc,a′+n if c �= e.
(vii) dc,a+nxc,a+n = q2xc,a+ndc,a+n + q

∑
c′>c(q − q−1)dc′,a+ndc′,a+n

+q
∑

a′>a(q − q−1)xc,a′+ndc,a′+n + 1

Proof Consider TypeAI.Using the explicit formulas for the entries of R (see Sect. 3.1),
(Rt2)ulvn = runvl �= 0 implies that n = l and u = v. Similarly, (Rt2)ulnv = ruv

nl �= 0
implies that n = u and v = l. Moreover, if v < n then (Rt2)vnvn = rvn

vn = 1 and
(Rt2)nv

nv = rnv
nv = 1 while if v = n, then (Rt2)nnnn = q.

Suppose that a and e are both strictly less than n. By the above information about
the entries for R, we get

danxen = (Rt2)nana(R
t2)eaea(R

t2)nnnn(R
t2)enenxendan

+ δae
∑

a′>a

(Rt2)na
′

na′(Rt2)a
′a′

aa (Rt2)nnnn(R
t2)enenxa′nda′n + δae

= q1+δae xendan − δae
∑

a′>a

q2+δa′n (q−2 − 1)xa′nda′n + δae. (18)

This proves (i).
Using (16) and the above information about the entries for R, we see that

dnnxe f = (Rt2)
f n
f n(R

t2)enen(R
t2)

f n
f n(R

t2)enenxe f dnn + q−δe f δneδn f

= q2δn f +2δne xe f dnn + q−δe f δneδn f (19)

for e ≤ f . This proves (ii).
The argument for (iii) is the same as for (i) with n replaced by 2n everywhere. As

stated in the lemma, (iv)-(vii) are directly from [19]. ��
We can define a filtration onPDθ that is compatible with the filtration J induced

by the degree functions on Pθ and Dθ (see Sect. 3.2). We use the same notation,
namely J , to denote this filtration onPDθ . Note that multiplication induces a vector
space isomorphism fromPθ ⊗Dθ to the twisted tensor product ofPθ andDθ . Since
PDθ is a PBW deformation of this twisted tensor product (or one can check directly
from the relations above) PDθ inherits a filtration from J onPθ and Dθ via

Jr (PDθ ) =
∑

u+v=r

Ju(Pθ )Jv(Dθ ).

It follows that

Ju(PDθ )Jv(PDθ ) ⊆ Ju+v(PDθ )
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for all nonnegative integers u and v. Note that the filtration J is preserved by the
action of Uq(g).

5.2 Action on polynomials

Let L be the left ideal of PDθ generated by the elements di j for 1 ≤ i ≤ j ≤ N
where N = n in Type AI and N = 2n in the other two cases. Note thatPDθ admits a
direct sum decompositionPDθ = Pθ ⊕ L. Let π : PDθ → Pθ be the projection
with kernel L and note that the map π is a Uq(g)-module map.

Recall (Sect. 3.2) that Pr
θ equals the homogeneous space of degree r with respect

to the degree filtration J . Similarly, Dr
θ equals the homogeneous space of degree r

with respect to the degree filtration J . Note that P0
θ = C(q) and so Pθ = C(q) ⊕∑

r>0 P
r
θ . This decomposition can be extended toPDθ using the map π . We have

ker π = L =
∑

r>0

PθD
r
θ

and so

PDθ = π(PDθ ) ⊕ L = Pθ ⊕
∑

r>0

PθD
r
θ = C(q) ⊕

∑

r>0

Pr
θ ⊕

∑

r>0

PθD
r
θ

Write (b)0 for the projection of an element in PDθ onto C(q) using this direct sum
decomposition. It follows that (b)0 = 0 for all b ∈ ∑

r>0 P
r
θ ⊕ L.

Define a bilinear form 〈·, ·〉 from Dθ × Pθ to C(q) by

〈d, p〉 = π(dp)0 (20)

where π(dp)0 = (π(dp))0.

Lemma 5.3 The bilinear form 〈·, ·〉 on Dθ × Pθ satisfies

∑
〈u(1) · d, u(2) · p〉 = ε(u)〈d, p〉

for all u ∈ Uq(g), d ∈ Dθ and p ∈ Pθ and hence is (left) Uq(g) invariant.

Proof Write π(dp) = 〈d, p〉 + a where a ∈ ∑
r>0 P

r
θ . Since PDθ is a left Uq(g)-

module, and π is a Uq(g)-module map, we have

u · π(dp) = π(u · dp) =
∑

π((u(1) · d)(u(2) · p)).

Since (b)0 = 0 for all b ∈ ker π = L, we have

(
∑

π((u(1) · d)(u(2) · p))0 = (
∑

(u(1) · d)(u(2) · p))0 (21)
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On the other hand

u · π(dp) = u · (〈d, p〉 + a) = u · (〈d, p〉) + u · a = ε(u)〈d, p〉 + u · a

since 〈d, p〉 is a scalar. Since the action of Uq(g) onPθ preserves degree,
∑

r>0 P
r
θ

is a Uq(g)-module. Thus u · a ∈ ∑
r>0 P

r
θ and so

(ε(u)〈d, p〉 + u · a)0 = ε(u)〈d, p〉. (22)

Putting together (21) and (22) yields the desired property. Thus 〈·, ·〉 is (left) Uq(g)
invariant. ��

Note that the map π defines an action of PDθ on Pθ . In particular, the action of
the element a ∈ PDθ on x ∈ Pθ yields the element π(ax) in Pθ . This action of
PDθ on Pθ can be viewed as a map of algebras, say φ, from PDθ into End Pθ .
(Here we write End Pθ for EndC(q)Pθ which are endomorphisms over the scalars.
The field C(q) is dropped since it can be understood from context.) Given a ∈ PDθ

we frequently write φa for φ(a) in order to make the exposition below clearer. Since
Pθ is a leftUq(g)-module, End Pθ inherits the structure of aUq(g)-bimodule in the
standard way. Thus End Pθ is an (ad Uq(g))-module via

((ad u) · b)(p) =
(∑

u(1)bS(u(2))
)

(p) =
∑

u(1)b
(
S(u(2))(p)

)

for all u ∈ Uq(g), b ∈ End Pθ and p ∈ Pθ .

Proposition 5.4 The map φ is a Uq(g)-module map with respect to the left action on
PDθ and the left adjoint action on End Pθ and so

φu·a = (ad u) · φa (23)

for all a ∈ PDθ and u ∈ Uq(g). Thus the image ofPDθ under φ is an (ad Uq(g))-
submodule of End Pθ .

Proof From the discussion preceding the proposition, we have φa(x) = π(ax) for
a ∈ PDθ and x ∈ Pθ . Hence

φu·a(x) = π((u · a)x) =
∑

π((u(1) · a)(u(2) · (S(u(3)) · x)))
=

∑
u(1) · π(a(S(u(2)) · x)) = ((ad u) · φa)(x),

which completes the proof. ��

5.3 Orthogonality conditions

Section 5.1 asserts that, as an algebra, PDθ is isomorphic to PDq(Matn) in the
diagonal case. Thus the second assertion of the next result is a generalization of [3],
Proposition 1 to include the other two families.
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Proposition 5.5 For each r and s with r �= s, Dr
θ is equal to the vector space dual

of Pr
θ and Dr

θ is orthogonal to Ps
θ with respect to the bilinear form defined by (20).

Moreover, Pθ is a faithful PDθ -module with respect to the action defined above.

Proof Note that the relation between the bilinear form and the action ensures that the
“moreover” part of the proposition is an immediate consequence of the main assertion.
Hence, we focus on proving the duality result.

By Theorem 5.1

Dr+s
θ Ps

θ ⊆
∑

s≥k≥0

Pk
θD

r+k
θ and Dr

θP
r+s
θ ⊆

∑

s≥k≥0

Pr+k
θ Dk

θ

for all r ≥ 0 and s ≥ 0. It follows that (d · p)0 = 0 for d ∈ Dr
θ , p ∈ Ps

θ with r �= s.
By Lemma 3.4, the set of monomials of the form

xm1
e1, f1

xm2
e2, f2

· · · xmr
er , fr

form a PBW basis for Pm
θ where m = m1 + · · · + mr and (e1, f1) > (e2, f2) >

· · · > (er , fr ) where here “ > " is the standard lexicographic ordering (from left to
right).. As explained preceding Lemma 3.4, the analogous result holds for Dθ with
each xi j replaced by di j . Moreover, by Lemma 3.4, we can switch the ordering of the
subscripts and still get a PBW basis. We do this below for Dθ . Consider a sequence
of ordered pairs (e1, f1), . . . , (er , fr ) satisfying

(a, b) ≥ (e1, f1) > (e2, f2) > · · · > (er , fr ).

It follows from Theorem 5.1 that

dabx
m1
e1, f1

xm2
e2, f2

· · · xmr
er , fr

∈ c δa,e1δb, f1x
m1−1
e1. f1

xm2
e2, f2

· · · xmr
er , fr

+ Pm−1
θ +

∑

(a′,b′)≥(a,b)

Pm
θ da′b′

where m = m1 + · · · + mr and c is a nonzero scalar. Hence given h ∈ Dm−1
θ , if

(hdab · xm1
e1, f1

xm2
e2, f2

· · · xmr
er , fr

)0 �= 0

then (a, b) = (e1, f1). Using induction, we obtain

(dskak ,bk d
sk−1
ak−1,bk−1

· · · ds1a1,b1 · xm1
e1, f1

xm2
e2, f2

· · · xmr
er , fr

)0 �= 0

with

(ak, bk) < (ak−1, bk−1) < · · · < (a1, b1)

if and only if r = k, si = mi , ei = ai , and fi = bi for i = 1, . . . , r . This proves the
desired duality result. ��
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5.4 Action on highest weight terms

By Proposition 4.3, the highest weight vector H2μ,μ = ∑
i mi η̂i is homogeneous

of degree
∑

r mrr . Note that this degree is just the size of μ viewed as a partition.
In other words,

∑
r mrr = ∑

r μr = |μ| where μ is expressed as
∑

i μiε
�
i , a linear

combination in terms of the orthonormal basis in the restricted root setting. Moreover,
the action of Uq(g) preserves the degree. Thus for each μ ∈ �+

� , the module Uq(g) ·
H2μ sits inside the homogeneous component Pm

θ of degree m = |μ|. Recall the
definition of the augmentation ideals U++ and U−+ given in Sect. 2.2.

Proposition 5.6 For all μ and γ in �+
� with μ �= γ , the space Uq(g) · H2μ is equal

to the Uq(g)-module dual of Uq(g) · H∗
2μ and orthogonal to Uq(g) · H∗

2γ with respect
to the bilinear form defined by (20). Moreover,

〈H∗
2μ, H2μ〉 �= 0

whereas

〈E · H∗
2μ, H2μ〉 = 0 = 〈H∗

2μ, F · H2μ〉

for all E ∈ U++ and F ∈ U−+ .

Proof Let μ ∈ �+
� and set m = |μ|. Since the left action of Uq(g) preserves degree,

both Pm
θ and Dm

θ are left Uq(g)-modules. By Lemma 5.3, the dualities of vector
spaces in Proposition 5.5 are actually dualities of left Uq(g)-modules.

Note that there is only one way to express a weightμ ∈ �+
� as a linear combination

of the η̂r . This means thatUq(g)·H2μ is the unique simplemodule with highest weight
2μ inside the decomposition ofPθ , and thus inside ofPm

θ . Similarly,Uq(g) · H∗
2μ is

the unique simple module with lowest weight −2μ inside the decomposition of Dθ ,
and thus inside of Dm

θ . Hence, by the previous paragraph, Uq(g) · H2μ is equal to the
Uq(g)-module dual of Uq(g) · H∗

2μ with respect to bilinear form defined by (20).
Since H∗

2μ is a lowest weight generating vector for Uq(g) · H∗
2μ, it follows that

Uq(g) · H∗
2μ = H∗

2μ ⊕U++ · H∗
2μ.

The fact that H2μ is a highest weight vector combined with the Uq(g) invariance of
the bilinear form 〈·, ·〉 (Lemma 5.3) ensures that H2μ is perpendicular toU++ ·Dθ . The
argument showing H∗

2μ is perpendicular toU−+ ·Pθ follows in a similar fashion. This
completes the proof of the proposition. ��

Note that by the above proposition, the pairing 〈H∗
2μ, H2μ〉 is nonzero. It follows

that the projection, π(H∗
2μH2μ), which can be viewed as the action of H∗

2μ ∈ PDθ

on H2μ ∈ Pθ , is nonzero. In the next result, we obtain more information for when
such a pairing and related projections are possibly nonzero.

Lemma 5.7 Given μ and γ in �+
� such that |γ | ≥ |μ| and μ �= γ , we have

π((Uq(g) · H∗
2γ )(Uq(g) · H2μ)) = 0.
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Proof Note that for μ = ∑
i mi η̂i , all elements of Uq(g) · H2μ are homogeneous

elements of Pθ of degree
∑

i imi . The analogous assertion holds for Uq(g) · H2γ
with μ replaced by γ . We argue that

(Uq(g) · H∗
2γ )(Uq(g) · H2μ) ∈ L (24)

if |γ | > |μ|. It follows from the defining relations ofPDθ that when we move the di j
terms to the right past the xi j terms in the expression of the left hand side of (24) we
end up with an expression of the form

∑
j u jv j where each v j is in D

r j
θ and each u j

is inP
w j
θ and r j − w j = |γ | − |μ|. In other words, the relations cancel out the same

number of xi j and di j terms. If |γ | is strictly greater than |μ|, then each v j has degree
at least 1 and so each u jv j is in

∑
i, j PDθdi j = L. This proves (24) for |γ | > |μ|.

Now assume that |γ | = |μ| but γ �= μ. The same argument as in the previous
paragraph yields an expression for (Uq(g) · H∗

2γ )(Uq(g) · H2μ) of the form
∑

j u jv j

with each v j is inD
r j
θ , each u j is inP

w j
θ and r j − w j = 0. It follows that π((Uq(g) ·

H∗
2γ )(Uq(g) · H2μ)) ∈ C(q). By Proposition 5.6, the two irreducible Uq(g) modules

Uq(g) · H∗
2γ and Uq(g) · H2μ with γ �= μ are not dual to each other. It follows that

(Uq(g) · H∗
2γ )(Uq(g) · H2μ) does not contain a copy of the trivial representation and

hence its image under π vanishes. The lemma now follows. ��

6 Action of Cartan elements

6.1 Special Cartan elements

We turn our attention to understanding the action of the various elements of the Cartan
subalgebra on the generators of Pθ and then identifying them with elements of the
appropriate quantum Weyl algebra.

Lemma 6.1 Let N = n in Type AI, N = 2n in Type AII and N ∈ {n, 2n} in the
diagonal type. The element (K2εN − 1)/(q2 − 1) acts the same onPθ as the element
X inPDθ where

X =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(q3 + q)xnndnn + ∑n−1
a=1 xandan in Type AI

(
∑2n−1

a=1 xa,2nda,2n) in Type AII

∑n
a=1 xn,a+ndn,a+n in diagonal type (N = n)

∑n
a=1 xa,2nda,2n in diagonal type (N = 2n)

In other words, ((K2εN − 1)/(q2 − 1)) · a = π(Xa) for all a ∈ PDθ where X is
given by the above formula depending on type.

Proof The action of K2εN onPθ is given on a basis for the degree 1 space, J1(Pθ ),
by the formula in (8), namely, K2εN · xi j = q2δi N+2δ j N xi j for all valid choices of i, j
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in Types AI and AII and K2εN · xi, j+N = q2δi N+2δ j N xi, j+N in the diagonal setting.
By Section 3.2, (see also [20], Section 5.2) the value for N is given by

• i, j = 1, . . . , N , N = n and i ≤ j in Type AI
• i, j = 1, . . . , 2n, N = 2n, and i < j in Type AII,
• i, j = 1, . . . , N , N = n in the diagonal case.

Note that in the diagonal case, we are taking advantage of the fact that xi, j+n = xi+n, j

for all i = 1, . . . , n, j = 1, . . . , n (see [20], Section 5.2). For all three types, we use
the description of the monomials that form a basis for Pθ in Lemma 3.4 using the
reverse order described at the end of the lemma.

We start with the Type AI case. By Lemma 3.4, we can express a basis for Pθ by
considering all terms of the form

xsnnnx
sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb

where si ∈ N for all i = 1, . . . , n, and e j , f j ∈ N with e j ≤ f j < n for all
j = 1, . . . , b. Applying (K2εN − 1)/(q2 − 1) to a typical basis element yields

(K2εN − 1)

(q2 − 1)
· (xsnnnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb )

= (q4sn+2sn−1+···+2s1 − 1)

(q2 − 1)
(xsnnnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb ) (25)

Now let’s see what happens when we consider the projection
π(Xxsnnnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb ) where X = (q3 + q)xnndnn +

∑n−1
a=1 xandan . We proceed by evaluating each summand of X and its action on

xsnnnx
sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb . The following two formulas are special cases of

Lemma 5.2 (ii):

dnnxnn = q4xnndnn + q−1 (26)

and

dnnxe f = q2δ f n xe f dnn (27)

for e ≤ f and e < n.
Starting with the first summand of X applied to the first term of the basis gives us

(q3 + q)xnndnnxnn = (q3 + q)xnn(dnnxnn) = q4x2nndnn + q−1xnn

where here we have used (26). Similarly, with another application of (26), we have

(q3 + q)xnndnnx
2
nn = (q3 + q)xnndnnx

2
nn = (q3 + q)((q4x2nndnn)xnn + q−1x2nn)

= (q3 + q)(q4x2nn(dnnxnn) + q−1x2nn)

= (q3 + q)(q8x3nndnn + q−1(q4 + 1)x2nn).
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By induction, repeatedly using (26), we have

(q3 + q)xnndnnx
sn
nn = (q3 + q)

(
q4sn xnnx

sn
nndnn + q−1(q4(sn−1) + · · · + 1)xsnnn

)

= (q3 + q)

(

q4sn xnnx
sn
nndnn + q−1 (q4sn − 1)

(q4 − 1)
xsnnn

)

Note that (q3 + q)q−1 = q2 + 1 and so

(q3 + q)q−1 (q4sn − 1)

(q4 − 1)
= (q4sn − 1)

(q2 − 1)

Hence

(q3 + q)xnndnnx
sn
nn = (q3 + q)q4sn xnnx

sn
nndnn + (q4sn − 1)

(q2 − 1)
xsnnn .

Now consider (q3 + q)xnndnn applied to a basis term for Pθ of the form
xsnnnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb where each e j ≤ f j < n. By (27),

dnnx
sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb = q(2sn−1+···+2s1)xsn−1

n−1,n · · · xs11,nxe1, f1 · · · xeb, fbdnn .

This is an element of Pθdnn which is a subset of L. Hence

((q3 + q)xnndnn)(x
sn
nnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb )

= (q4sn − 1)

(q2 − 1)
xsnnnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb + L.

We turn our attention to the other summands of X . Note that relation (5) in Sect. 3.2
satisfied by the xi j ensures that

xbnxnn = q2xnnxbn and xanxbn = q(1−δab)xbnxan (28)

for all a ≤ b < n. Meanwhile, by Lemma 5.2 (ii),

denxbn = q2δbn xbnden

for e �= b and

denxbn = qxbnden (29)

for e �= b, e < n, b < n. Using (29) to move den to the right and then (28) to move
xen to the right results in

xenden(x
sn
nnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb )
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= q2sn+sn−1+···+se+1xenx
sn
nnx

sn−1
n−1,n · · · xse+1

e+1,ndenx
se
en · · · xs11nxe1, f1 · · · xeb, fb )

= q4sn+2sn−1···+2se+1xsnnnx
sn−1
n−1,n · · · xse+1

e+1,n(xenden)x
se
en · · · xs11nxe1, f1 · · · xeb, fb )

The following formula is from Lemma 5.2(ii):

denxen = q2xenden −
∑

a′>e

q2+δa′n−δen (q−2 − 1)xa′nda′n + 1 (30)

for e < n. Note further that da′nx
se
en · · · xs11nxe1, f1 · · · xeb, fb ∈ Pθda′n for a′ > e where

here we are using (27) for a′ = n and (29) for e < a′ < n. Arguing as we did for the
first summand of X using here (30) instead of (26), we get

(xenden)x
se
en · · · xs11nxe1, f1 · · · xeb, fb )

= (q2(se−1)+2(se−2)+···+1)xseen · · · xs11nxe1, f1 · · · xeb, fb + L

= (q2se − 1)

(q2 − 1)
xseen · · · xs11nxe1, f1 · · · xeb, fb + L

Hence

xenden(x
sn
nnx

sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb )

= q4sn+2sn−1···+2se+1
(q2se − 1)

(q2 − 1)
xsnnnx

sn−1
n−1,n · · · xse+1

e+1,nx
se
en · · · xs11nxe1, f1 · · · xeb, fb + L

It follows that the sum of the coefficients of xsnnnx
sn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb in the

projection under π of X times this term is

(q2 − 1)−1

(
n∑

i=1

q4sn+2sn−1+···+2si+1(q2si − 1)

)

= (q2 − 1)−1
(
q4sn+2sn−1+···+2s2+2s1 − 1

)

This agrees with the action of (K2εN − 1)/(q2 − 1) on the monomial term above as
given in (25) at the beginning of this proof.

The argument in Type AII is exactly the same where we omit any terms involving
dnn and xnn and replace n with 2n everywhere. Indeed, Lemma 5.1 (iii) for Type AII
is basically the same as Lemma 5.1(i) for Type AI. The only differences are replacing
n in Lemma 5.1(i) with 2n in Type AII and insisting that all xi j that appear for Type
AII satisfy i < j (instead of i ≤ j for Type AI). Also, the monomials that form a
basis of Pθ in Type AII can be viewed as a subset of those for Pθ in Type AI. This
monomial basis consists of terms of the form

xsn−1
n−1,n · · · xs11,nxe1, f1 · · · xeb, fb
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where each eb < fb < n. Using the same argument as for TypeAI shows that the action
of (K2εN − 1)/(q2 − 1) on this monomial term is the same as in the projection under
π of X = ∑2n−1

e=1 xenden applied to this term. In particular, both give the following
coefficient for the above monomial: (q2 − 1)−1(q2sn−1+2sn−2+···+2s1 − 1).

Now consider the diagonal case. Using Lemma 3.4, we consider two basis forPθ ,
the first associated to N = n and the second to N = 2n. In particular, the first is
straight from Lemma 3.4 with the order reversed and consists of all monomials of the
form

xm2n
n,2nx

m2n−1
n,2n−1 · · · xmn+1

n,n+1xe1, f1+n · · · xeb, fb+n

where si ∈ N for all i = 1, . . . , n, and e j , f j ∈ N with e j ≤ f j < n for all
j = 1, . . . , b. The second basis consists of all monomials of the form

xsnn,2nx
sn−1
n−1,2n · · · xs11,2nxe1, f1+n · · · xeb, fb+n

with ei < n for i = 1, . . . , b. Here, we are taking advantage of the fact that in the
diagonal case,Pθ is isomorphic as an algebra toOq [Matn] via the map xi, j+n �→ ti j
and the relations satisfied by the ti j (see the beginning of Sect. 3.1) allow us to choose
a different ordering of the terms xi, j+n and get a new basis.

By (9), it follows that (K2εn − 1)/(q2 − 1) applied to the first kind of basis term is

(K2εn − 1)

(q2 − 1)
· xm2n

n,2nx
m2n−1
n,2n−1 · · · xmn+1

n,n+1xe1, f1+n · · · xeb, fb+n

= (q2mn+2mn−1+···2m1 − 1)

(q2 − 1)
xm2n
n,2nx

m2n−1
n,2n−1 · · · xmn+1

n,n+1xe1, f1+n · · · xeb, fb+n

Using (9) again and the second family of basis elements gives us

(K2ε2n − 1)

(q2 − 1)
· xsnn,2nx

sn−1
n−1,2n · · · xs11,2nxe1, f1+n · · · xeb, fb+n

= (q2sn+2sn−1+···2s1 − 1)

(q2 − 1)
xsnn,2nx

sn−1
n−1,2n · · · xs11,2nxe1, f1+n · · · xeb, fb+n

We show that the image under the projection map π of X = ∑n
a=1 xn,a+ndn,a+n

applied to a typical term in the first kind of basis yields the same result as applying
(K2εn − 1)/(q2 − 1). Using the relations forPDθ as given in Lemma 5.2 (iv)–(vii),
we get

xn,a+ndn,a+nxe, f +n ∈
∑

a′≥a

Pθdn,a′+n ⊂ L

whenever f < n or e < a. Hence, by induction,

xn,a+ndn,a+nxe1, f1+n · · · xeb, fb+n ∈
∑

a′≥a

Pθdn,a′+n ⊂ L
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for any choice of (e1, f1), . . . , (eb, fb) with e j ≤ f j < n each j = 1, . . . , b. On the
other hand, by Lemma 5.2 (v)

∑

a<e

xn,a+ndn,a+nxn,e+n = qxn,a+nxn,e+ndn,a+n

and so

∑

a<e

xn,a+ndn,a+nx
me
n,e+n =

∑

a<e

qme xn,a+nx
me
n,e+ndn,a+n

Using the relations (i) satisfied by the xa,b+n and derived from those satisfied by the
ta,b given at the beginning of Sect. 3.1, we have

xn,a+nxn,e+n = qxn,e+nxn,a+n

for a < e. Hence

∑

a<e

(xn,a+ndn,a+n)x
me
n,e+n = q2me xme

n,e+n(xn,a+ndn,a+n). (31)

Repeatedly using relation (vii) of Lemma 5.2, we have

xn,a+ndn,a+nx
ma
n,a+n = q2ma xma

n,a+ndn,a+n + (q2ma − 1)

(q2 − 1)
xma
n,a+n +

∑

a′≥a

Pθdn,a′+n .

(32)

(Note that the argument here is very similar to the same type of calculation used in
Type AI and Type AII). Using both (31) and (32) and arguing as was done for Type
AI and Type AII yields

n∑

a=1

xn,a+ndn,a+nx
sn
n,2nx

mn−1
n,2n−1 · · · xm1

n,1+nxe1, f1+n · · · xer , fr+n

=
n∑

a=1

q2mn+···+2ma+1
(q2ma − 1)

(q2 − 1)
xsnn,2nx

mn−1
n,2n−1 · · · xm1

n,1+nxe1, f1+n · · · xer , fr+n

+
∑

a

Pθdn,a+n

= (q2mn+2mn−1+···2m1 − 1)

(q2 − 1)
xm2n
n,2nx

m2n−1
n,2n−1 · · · xmn+1

n,n+1xe1, f1+n · · · xeb, fb+n + L.

This completes the proof for the N = n case.
A similar argument shows that applying the projection map π to X =∑n
a=1 xa,2nda,2n times a typical basis element of the second kind yields the same

result as applying (K2ε2n − 1)(q2 − 1)−1. ��
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6.2 Relationships between Cartan elements

In the next lemma, we write K2εr+···+2εN in terms of elements in the (ad Uq(g))-
module generated by K2εr+1+···+2εN and K2εN where N is either n or 2n depending
on g. This is the crucial step in showing that K2εr+···+2εN acts the same as an element
inPDθ on Pθ .

A key set of tools in the proof of the next lemma are Lusztig’s braid group auto-
morphisms Ti . We use the formulas from [11], Section 6.2.2 forUq(slN ). The images
of Et , Ft , and Kt under Ts are

Ts(Et ) =
{

(−1)Es Et + q−1Et Es ast = −1
Et ast = 0

Ts(Ft ) =
{

(−1)Ft Fs + qEs Et ast = −1
Ft ast = 0

Ts(Kt ) = KsK
−ast
t

where ast is the s, t entry in the Cartan matrix for Uq(slN ).
Set βs,t = αs + αs+1 + · · · + αt for r ≤ s < t ≤ N − 1 and write Kβs,t for

KsKs+1 · · · Kt . These automorphisms are used to define root vectors ([11], Section
6.2.3) as follows. Set

Eβs,t = TsTs+1 · · · Tt−1(Et ) and Fβs,t = TsTs+1 · · · Tt−1(Ft ). (33)

Note that Eβs,t has weight βs,t and Fβs,t has weight −βs,t . These notions are extended
to s = t with βs,s = αs , Eβs,s = Es , and Fβs,s = Fs .

Lemma 6.2 We have the following equalities

(ad Er Er+1 · · · EN−2EN−1)K2εN = (1 − q−2)(−1)N−1−r Eβr ,N−1K2εN (34)

and

(ad FN−1FN−2 · · · Fr ) · K2εr+1+···+2εN

= (1 − q2)(−1)N−1−r Fβr ,N−1Kβr ,N−1K2εr+1+···+2εN (35)

where N = n, r = 1, . . . , n in Type AI, N = 2n and r = 1, . . . , 2n for Type AII, and
the two options N = n, r = 1, . . . , n and N = 2n, r = n + 1, . . . , 2n in the diagonal
case. Moreover,

K2εr+···2εN = (q − q−1)q2(Eβr ,N−1K2εN )(Fβr ,N−1Kβr ,N−1K2εr+1+···+2εN )

− (q − q−1)(Fβr ,N−1Kβr ,N−1K2εr+1+···+2εN )(Eβr ,N−1K2εN )

+ K2εr+1+···+2εN K2εN
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Proof Straightforward calculations show that

(ad EN−1) · K2εN = (1 − q−2)EN−1K2εN

and

(ad EN−2EN−1) · K2εN = (1 − q−2)(EN−2EN−1 − q−1EN−1EN−2)K2εN

= −TN−2(EN−1)K2εN .

Now assume that

(ad Es+1 · · · EN−2EN−1)K2εN = (1 − q−2)(−1)N−2−sTs+1 · · · TN−2(EN−1)K2εN .

It follows that

(ad Es Es+1 · · · EN−2EN−1) · K2εN

= (1 − q−2)(−1)N−2−s

(
EsTs+1 · · · TN−2(EN−1) − q−1Ts+1 · · · TN−2(EN−1)EsK2εN

)

= (1 − q−2)(−1)N−1−sTsTs+1 · · · TN−2(EN−1)K2εN

Hence, by induction, we have

(ad Er Er+1 · · · EN−2EN−1)K2εN = (1 − q−2)(−1)N−1−r Tr Tr+1 · · · TN−2(EN−1)K2εN .

Thus (34) follows from this equality combined with the definition of Eβr ,N−1 in (33).
We have a similar result for the F ′

j s. In particular, we have

(ad Fr ) · K2εr+1+···+2εN = Fr K2εr+1+···+2εN Kr − K2εr+1+···+2εN Fr Kr

= (1 − q2)Fr Kr K2εr+1+···+2εN

and

(ad Fr+1Fr ) · K2εr+1+···+2εN = (1 − q2)(ad Fr+1) · Fr Kr K2εr+1+···+2εN

= (1 − q2) (Fr+1Fr Kr Kr+1

−Fr Kr Fr+1Kr+1) K2εr+1+···+2εN

= (1 − q2) (Fr+1Fr − qFr Fr+1) Kr+1Kr K2εr+1+···+2εN

= (1 − q2)(−1)Tr (Fr+1)Kβr ,r+1K2εr+1+···+2εN

Now assume that for s > r + 2, we have

(ad Fs−1 · · · Fr+2Fr+1) · K2εr+1+···+2εN

= (1 − q2)(−1)s−2−r Tr+1 · · · Ts−2(Fs−1)Kβr+1,s−1K2εr+1+···+2εN
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Since Tk+1(Fr ) = Fr for k > r , it follows that

(ad Fs−1 · · · Fr+1Fr ) · K2εr+1+···+2εN

= (1 − q2)(−1)s−2−r (Tr+1 · · · Ts−2(Fs−1)Fr − qFr Tr+1 · · · Ts−2(Fs−1))

Kr Kβr+1,s−1K2εr+1+···+2εN

= (1 − q2)(−1)s−1−r (Tr Tr+1 · · · Ts−2(Fs−1))Kβr ,s−1K2εr+1+···+2εN

Hence, by induction, we have

(ad FN−1FN−2 · · · Fr ) · K2εr+1+···+2εN

= (1 − q2)(−1)N−1−r (Tr Tr+1 · · · TN−2(FN−1))Kβr ,N−1K2εr+1+···+2εN .

Thus (35) follows from this equality combined with the definition of Fβr ,N−1 in (33).
Using the fact that the Ti are algebra automorphisms of Uq(slN ), it follows that

Eβr ,N−1 , Fβr ,N−1 and K±1
βr ,N−1

generate a subalgebra isomorphic toUq(sl2). Therefore,
the commutator

[Eβr ,N−1 , Fβr ,N−1 ] = (q − q−1)−1(Kβr ,N−1 − K−1
βr ,N−1

)

Hence

q2(Eβr ,N−1K2εN )(Fβr ,N−1Kβr ,N−1K2εr+1+···+2εN )

− (Fβr ,N−1Kβr ,N−1K2εr+1+···+2εN )(Eβr ,N−1K2εN )

= (Eβr ,N−1Fβr ,N−1 − Fβr ,N−1Eβr ,N−1)Kβr ,N−1K2εr+1+···+2εN K2εN

= (q − q−1)−1(K 2
βr ,N−1

− 1)K2εr+1+···+2εN K2εN .

Note that 2βr ,N−1 = 2αr + · · · + 2αN−1 = 2εr − 2εN . Thus the above simplifies to

(q − q−1)−1(K2εr+2εr+1+···+2εN − K2εr+1+···+2εN K2εN ).

The final assertion of the lemma now follows. ��

6.3 Acting as quantumWeyl algebra elements

Let ψ denote the map from Uq(g) to End Pθ that agrees with the action of Uq(g) on
Pθ . We show that ψ(K2εr+···+2εm ) agrees with the image under φ of an element of
PDθ . Moreover, we determine the degree of these elements using the degree function
defined in Sect. 5.1.

Proposition 6.3 The image ψ(K2εr+···+2εN ) of K2εr+···+2εN inside End Pθ is equal
to the image φar for some ar ∈ PDθ where

• N = n, r = 1, . . . , n in Type AI
• N = 2n and r = 1, . . . , 2n for Type AII
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• N = n, r = 1, . . . , n and N = 2n, r = n + 1, . . . , 2n in the diagonal case.

Moreover, deg ar ≤ 2(N − r + 1).

Proof By Lemma 6.1, ψ(K2εN ) = φaN for an appropriate element aN ∈ PDθ .
Moreover, one sees from the formulas forψ(K2εN ) given in this lemma that deg aN =
2 = 2(N − N + 1). Now assume that for some r ≤ N , ψ(K2εr+1+···+2εN ) = φar+1

for an element ar+1 of degree at most 2(N − r) where N = n in Type AI, N = 2n in
Type AII, and N = n or N = 2n in the diagonal case with N − n ≤ r ≤ N − 1.

By Lemma 6.2, K2εr+···+2εN is a linear combination of products of the form xy
where x ∈ (ad Uq(g)) · K2εN and y ∈ (ad Uq(g)) · K2εr+1+···+2εN . Since φ(PDθ ) is
a subalgebra and, by Proposition 5.4, an (adUq(g))-submodule of EndPθ , it follows
that ψ(K2εr+···+2εN ) ∈ φ(PDθ ), and so the lemma follows by induction.

We now turn our attention to understanding the degree assertion at the conclusion of
the lemma. As explained above, deg aN = 2. Now assume that deg ar+1 ≤ 2(N−(r+
1)+1). It follows that deg(ar+1aN ) = deg(ar+1)+deg(aN ) ≤ 2(N−(r+1)+1)+2 =
2(N − r + 1). Since the filtration J is preserved by the action ofUq(g), we also have
deg(Eβr ,N−1K2εN ) = 2 and deg(Fβr ,N−1K2εr+1+···+2εN ) ≤ 2(N − r). By Lemma 6.2,

(Eβr ,N−1Fβr ,N−1 − Fβr ,N−1Eβr ,N−1)Kβr ,N−1K2εr+1+···+2εN K2εN

= (q − q−1)−1(K 2
βr ,N−1

− 1)K2εr+1+···+2εN K2εN ≤ 2(N − r + 1)

= (q − q−1)−1(K2εr+2εr+1+···+2εN − K2εr+1+···+2εN K2εN ).

Therefore,

K2εr+2εr+1+···+2εN = (q − q−1)(K2εr+2εr+1+···+2εN − K2εr+1+···+2εN ) + K2εr+1+···+2εN

and so deg ar ≤ 2(N − r + 1) which equals 2(2n − r + 1) in Type AII and equals
2(n − r + 1) in Type AI and the diagonal case. The final assertion of the proposition
now follows by induction. ��

It will follow from later results in this paper that this inequality is actually an
equality. This is because Theorem 9.6 shows that the Uq(g)-module generated by the
image of K2εr+···+2εN inPDθ contains a central element of degree 2(N − r + 1).

7 The locally finite subalgebra

7.1 The simply connected case

In [7] and [8], a complete description of the locally finite subalgebra of Uq(slN ) as
a direct sum of (ad Uq(slN ))-modules is given. This result is then generalized to the
simply connected quantized enveloping algebra (see Sect. 2.2) in [8] (see also [6], 7.1).
In particular, we have

F(Uq(slN )) =
⊕

λ∈−P+
N ∩Q

(ad Uq(slN )) · K2λ. (36)
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and

F(Ǔq(slN )) =
⊕

λ∈−P+
N

(ad Uq(slN )) · K2λ. (37)

Note that −P+
N = {−λ| λ ∈ P+

N } = {w0λ| λ ∈ P+
N } = w0P

+
N which is just the

N-linear span of the w0ωi , i = 1, . . . , N − 1. More concretely,

−P+
N =

{

a1ε1 + · · · + aN εN

∣
∣
∣

N∑

i=1

ai = 0, ai+1 − ai ∈ N, ai ∈ 1

N
Z

}

,

and

−P+
N ∩ Q =

{

a1ε1 + · · · + aN εN

∣
∣
∣ ai ∈ Z, a1 ≤ · · · ≤ aN ,

N∑

i=1

ai = 0

}

.

As explained in Sect. 2.1, the fundamentalweightωi is equal to ω̂i = ε1+· · ·+εi plus a
scalar multiple of ω̂N = ε1+· · ·+εN while its image underw0, namelyw0ωi , is equal
to εN−i +· · ·+εN−1 plus a scalar multiple of ω̂N = ε1+· · ·+εN .We see from (1) that
this scalar is i/N (for both ωi and w0ωi ) which is not an integer and so, the simply
connected quantized enveloping algebra Ǔq(slN ) is not a subalgebra of Uq(glN ).
However, the two algebras are closely related. For instance, we can extendUq(glN ) in
a similar manner to the construction of Ǔq(slN ) so that the resulting algebra contains
both Ǔq(slN ) and Uq(glN ). To do this, we set C = C[K±1

ω̂N
] and Č = C[K±1

ω̂N /N ], and
define Ǔq(gln) = Uq(gln)⊗C Č. The algebra Ǔq(glN ) can be given a Hopf structure by
insisting that Kω̂N /N satisfies the same formulas for coproduct, counit, and antipode
as an element K ∈ Uq(glN ) (as given in Sect. 2.2).

Recall that the subalgebra U 0(slN ) of Uq(slN ) is extended to the subalgebra
Ǔ 0(slN ) of the simply connected quantized enveloping algebra Ǔq(slN ). Moreover
Ǔ 0(slN ) is equal to

C(q)[Kλ| λ ∈ PN ].

This is the unital C(q)-algebra generated by the elements in square brackets described
with set-builder notation. It can be viewed as aLaurent polynomial ringwith generators
K±1

ω1
, . . . , K±1

ωN−1
.

As explained in Sect. 2.2, U 0(glN ) is the Laurent polynomial ring with generators
K±1

εi
for i = 1, . . . , N . It is straightforward to see that U 0(glN ) can be viewed as the

Laurent polynomial ring in K±1
ω̂i

, i = 1, . . . , N where ω̂i = ε1 + · · · + εi . is the i th

fundamental partition. By (1), ωi = ω̂i − (i/N )ω̂N for i = 1, . . . , N − 1. Thus

Z(ω̂N/N ) +
N−1∑

i=1

Zωi = Z(ω̂N/N ) +
N−1∑

i=1

Zω̂i .
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Hence Ǔ 0(glN ), which is generated over C(q) by K±1
ω̂i

⊗ 1 and 1 ⊗ K(1/N )ω̂N is
isomorphic to

C(q)[(Kω̂i K
−1
(i/N )ω̂N

)±1, (K(1/N )ω̂N )±1| i = 1, · · · , N − 1].

Here we have dropped the tensor symbol between the Kω̂i and K(1/N )ω̂N for bet-
ter readability. Since ω̂1, ω̂2, . . . ω̂N−1 are linearly independent, the elements
Kω̂i for i = 1, · · · , N − 1 are algebraically independent. Adding (1/N )ω̂N to
the list keeps the linear independence property in place. Hence Kω̂i K

−1
(i/N )ω̂N

, i =
1, · · · , N −1 are also algebraically independent. Moreover, Ǔ 0(glN ) is a free module
over C(q)[(Kω̂i K

−1
(i/N )ω̂N

)±1| i = 1, · · · , N − 1] with generators (K(1/N )ω̂N )±1.

It follows from (1) that the map ζ from Ǔq(slN ) to Ǔq(glN ) defined by

• ζ(Kωi ) = Kω̂i K
−1
(i/N )ω̂N• ζ(Ei ) = Ei ⊗ 1

• ζ(Fi ) = Fi ⊗ 1

for i = 1, . . . , N − 1 defines an injective algebra homomorphism. Since Kω̂N is in
the center of Uq(glN ), and, similarly, Kω̂N /N is in the center of Ǔq(glN ), we have

(ad Uq(slN )) · uK s
ω̂N /N = [(ad Uq(slN )) · u]Ks

ω̂N /N (38)

for any s ∈ Z and any u ∈ Uq(glN ). Moreover, by the discussion above, Ǔq(glN ) is a
free Ǔq(slN )-module with basis Ks

ω̂N /N , s ∈ Z. Hence

Ǔq(glN ) =
⊕

s∈Z
Ǔq(slN )Ks

ω̂N /N (39)

In what follows we set

M̌N = {2λ + sω̂N/N | λ ∈ w0P
+
N , s ∈ Z}

and

MN = {2λ + sω̂N/N | λ ∈ w0�̂
+
N , s ∈ Z}.

More concretely, we have

M̌N =
{

N∑

i=1

aiεi
∣
∣
∣ ai ∈ (1/N )Z, ai+1 − ai ∈ 2N,

N∑

i=1

ai = 0

}

,

and

MN =
{

N∑

i=1

aiεi
∣
∣
∣ ai ∈ (1/N )Z, ai+1 − ai ∈ 2N

}

.
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Theorem 7.1 The locally finite subalgebra of Ǔq(glN ) admits the following decom-
position into a direct sum of (ad Uq(glN ))-modules

F(Ǔq(glN )) =
⊕

μ∈MN

(ad Uq(glN )) · Kμ =
⊕

λ∈w0P
+
N , s∈Z

[(ad Uq(glN )) · K2λ]Ks
ω̂N /N .

(40)

Similarly, the locally finite subalgebra of Ǔq(glN ⊕ glN ) can be written as

F(Ǔq(glN ⊕ glN ))

=
⊕

λ∈(w0P
+
N )×(w0P

+
N ),s,s′∈Z

(ad Uq(glN ⊕ glN )) · K2λ+sω̂N /N+s′ω̂2N /N

=
⊕

λ∈(w0P
+
N )×(w0P

+
N ),s,s′∈Z

(ad Uq(glN ⊕ glN )) · K2λK
s
ω̂N /N K

s′
ω̂2N /N . (41)

Moreover, the above equalities all hold with (ad Uq(glN )) replaced by (ad Ǔq(glN )),
(adUq(slN )), or (ad Ǔq(slN ))and (adUq(glN⊕glN )) replacedby (ad Ǔq(glN⊕glN )),
(ad Uq(slN ⊕ slN )), or (ad Ǔq(slN ⊕ slN ))

Proof Note that (41) follows directly from (40). Hence we focus on proving the
first equality (40). Since Kω̂N is central, the adjoint action respects the direct sum
decomposition in (39). Hence

F(Ǔq(glN )) =
⊕

s∈Z
F(Ǔq(slN ))Ks

ω̂N /N (42)

Thus (40) follows from (37),(38), and (42).
The final assertion follows from the facts that the adjoint action of additional ele-

ments of the form Kμ in these Hopf algebras is semisimple with the same eigenspaces
as that of the original Cartan subalgebra of Uq(slN ). Thus the action of these extra
elements preserve the decomposition into (ad Uq(slN ))-modules. ��

7.2 The ordinary enveloping algebra case

We use Theorem 7.1 in order to understand the locally finite part of the ordinary
enveloping algebraUq(glN ) and not just its simply connected version. By [7], Lemma
6.1, Kβ admits a locally finite action if and only if (β, αi ) is a nonpositive even integer
for i = 1, . . . , N −1. (Here, we are taking into account the slightly different definition
of the quantized enveloping algebra used in [7]). For the Ǔq(slN ) setting, this criteria
translates to K2λ ∈ F(Ǔq(slN )) if and only if λ ∈ −P+

N .
Recall that �̂+

N equals the N-linear span of the first N − 1 partitions ω̂1, . . . , ω̂N−1

(see Sect. 2.1) and that �̂+
N + Nω̂N = �+

N . Similarly, since w0ω̂N = ω̂N , we have
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w0�̂
+
N + Nω̂N = w0�

+
N . Moreover, both of these can be viewed as direct sums since

ω̂N is linearly independent with the basis for �̂+
N . We have

Kβ ∈ F(Uq(glN ))

and so

(ad Uq(glN )) · Kβ ⊂ F(Uq(glN ))

if and only if β = 2γ + sω̂N for some γ ∈ w0�̂
+
N and s ∈ Z. Here, we use Z instead

of N since Kω̂n and its inverse are both in Uq(glN ).
Consider λ = ∑N−1

i=1 λiw0ωi and λ′ = ∑N−1
i=1 λiw0ω̂i . We have the following

(ad Uq(slN ))-module isomorphism

(ad Uq(slN )) · K2λ ∼= (ad Uq(slN )) · K2λ′ (43)

via the map sending (ad a) · K2λ to (ad a) · K2λ′ for all a ∈ Uq(slN ). Note that both
K2λ and K2λ′ are elements of Ǔq(glN ) but they are not equal. Indeed, they differ by a
power of Kω̂N /N which is a central element. Thus we can ignore this difference when
analyzing the adjoint module structure. Hence the adjoint action of Uq(slN ) on K2λ

for λ = ∑N−1
i=1 λiw0ωi ∈ w0P

+
N agrees with the adjoint action ofUq(slN ) on Kλ′ for

λ′ = ∑N−1
i=1 λiw0ω̂i ∈ w0�̂N .

Using (43), we get an isomorphism of (ad Uq(slN ))-modules

⊕

λ∈w0P
+
N

(ad Uq(slN )) · K2λ ∼=
⊕

λ′∈−w0�̂
+
N

(ad Uq(slN )) · K2λ′ . (44)

By (37), the left hand side is just F(Ǔq(slN )). On the other hand, the right hand side
is contained inF(Uq(glN )). (Moreover, this equality holds for (ad Uq(slN )) replaced
by (ad Uq(glN )) in (44) since the result is the same vector space.) We can further
enlarge the right hand side so that it is isomorphic to F(Uq(glN )). This uses the fact
that U 0(glN ) is a free module over C(q)[K±1

λ | λ ∈ w0�̂
+
N ] with basis Ks

ω̂N
, s ∈ N,

alongwith the basic facts about the adjoint submodule (adUq(slN ))·K2λ of the locally
finite part of Uq(slN ).

Theorem 7.2 The locally finite subalgebra of Uq(glN ) admits the following decom-
position into a direct sum of (ad Uq(glN ))-modules

F(Uq(glN )) =
⊕

μ∈M̌N

(ad Uq(glN )) · Kμ =
⊕

λ∈w0�̂
+
N , s∈Z

[(ad Uq(glN )) · K2λ]Ks
ω̂N

.

(45)
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Similarly, the locally finite subalgebra of Uq(glN ⊕ glN ) can be written as

F(Uq(glN ⊕ glN )) =
⊕

λ∈(w0�̂
+
N )×(w0�̂

+
N ),s,s′∈Z

(ad Uq(glN ⊕ glN )) · K2λ+sω̂N+s′ω̂2N

=
⊕

λ∈(w0�̂
+
N )×(w0�̂

+
N ),s,s′∈Z

[(ad Uq(glN ⊕ glN )) · K2λ]Ks
ω̂N

K s′
ω̂2N

(46)

Proof Note that (46) follows directly from (45). Moreover, the third (rightmost) equal-
ity in (45) follows from (38). Hence, we establish the theorem by proving the first
equality of (45).

Since Uq(glN ) is a Hopf subalgebra of Ǔq(glN ), it follows that

F(Uq(glN )) = Uq(glN ) ∩ F(Ǔq(glN )).

Using formula (1), for λ ∈ w0P
+
N , we have

λ =
N−1∑

i=1

λiw0ωi =
N−1∑

i=1

λiw0ωi − (1/N )ω̂N

Thus (40) of Theorem (7.1) is equivalent to

F(Ǔq(glN )) =
⊕

λ∈w0�̂
+
N , s∈Z

(ad Uq(glN )) · K2λ+(s/N )ω̂N .

If (s/N ) ∈ Z, then K2λ+(s/N )ω̂N ∈ Uq(glN ) and hence (adUq(glN )) ·K2λ+(s/N )ω̂N ⊆
F(Uq(glN ). Thus

⊕

λ∈w0�̂
+
N ,s∈Z

(ad Uq(slN )) · K2λ+sω̂N ⊆ F(Uq(glN )).

On the other hand, if (s/N ) /∈ Z then K2λ+(s/N )ω̂N /∈ Uq(glN ). Therefore, we have a
strict inclusion

(ad Uq(glN )) · K2λ+(s/N )ω̂N ∩ F(Uq(glN )) � (ad Uq(glN )) · K2λ+(s/N )ω̂N . (47)

As explained in [15] (see [5], Theorem 3.9 and Corollary 3.10), (ad Uq(slN )) · K2λ is
simple as an ad-invariant left coideal for each λ ∈ P+

N and hence so is (ad Uq(glN )) ·
K2λ. By (43) and (38), (adUq(glN ))·K2λ′+(s/N )ω̂N is isomorphic to (adUq(glN ))·K2λ

as an ad-invariant left coideal where λ = ∑N−1
i=1 λiw0ωi and λ′ = ∑N−1

i=1 λiw0ω̂i .
In particular, for each λ′ ∈ w0�̂

+
N and s ∈ Z, (ad Uq(glN )) · K2λ′+(s/N )ω̂N is also a

simple ad-invariant left coideal. Since these ad-invariant left coideals are simple and
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holds for s/N /∈ Z, this guarantees that the left hand side of (47) is equal to zero. The
theorem follows. ��

7.3 A special subalgebra

Let U 2
q (glN ) denote the subalgebra of Uq(glN ) generated by

Ei , Fi Ki , K
2
i for i = 1, . . . , N − 1 and K2w0ω̂ j for j = 1, . . . , N .

Recall (Sect. 2.1) that Q+
N is the N-linear span of the positive simple roots. Note that

Ei Fi Ki − q−2Fi Ki Ei is a scalar multiple of (K 2
i − 1). Set U 0

2 (glN ) = U 2
q (glN ) ∩

U 0(glN ). It follows that U 0
2 (glN ) equals the polynomial ring

U 0
2 (glN ) = C(q)[K 2

i , K2w0ω̂ j | i = 1, . . . , N − 1, j = 1, . . . , N ]
= C(q)[K2λ| λ ∈ Q+

N + w0�
+
N ] (48)

One checks from the formulas for the comultiplication 
 given in Sect. 2.2 that
U 2
q (glN ) is a left coideal subalgebra ofUq(glN ).Moreover, the formulas for the adjoint

action (Sect. 2.3) ensure that U 2
q (glN ) is an (ad Uq(glN ))-submodule of Uq(glN ). It

further follows that

U 2
q (glN ) ⊆

⊕

λ∈Q+
N+w0�

+
N

U+G−K2λ (49)

where G− is the subalgebra of Uq(glN ) generated by Fi Ki for i = 1, . . . , N − 1.
Since QN is the root lattice, it has a nontrivial intersectionwith the dominant integral

weights P+
N , as well as their image, w0P

+
N , under w0. However, QN ∩ w0�

+
N = 0

since elements of QN are of the form
∑N

i=1 aiεi with
∑N

i=1 ai = 0, but the sum of
coefficients of a nonzero element of w0�

+
N is positive.

Set F(U 2
q (glN )) equal to the locally finite part of U 2

q (glN ).

Lemma 7.3 The space F(U 2
q (glN )) equals the intersection U 2

q (glN ) ∩ F(Uq(glN )).

HenceF(U 2
q (glN )) is a left coideal subalgebra ofF(Uq(glN )) and has the direct sum

decomposition

F(U 2
q (glN )) =

⊕

λ∈w0�
+
N

(ad Uq(glN )) · K2λ =
⊕

λ∈w0�̂
+
N ,s∈N

(ad Uq(glN )) · K2λ+2sω̂N .

(50)

Proof Since U 2
q (glN ) is a subalgebra ofUq(glN ), it follows that the locally finite part

ofU 2
q (glN ) is the intersection ofU 2

q (glN ) with the locally finite part ofUq(glN ). This

proves the first assertion. The second equality follows from the fact that w0�
+
N =

w0�̂
+
N + Nω̂N .
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Since both U 2
q (glN ) and F(Uq(glN )) are left coideal subalgebras of Uq(glN ), so

is their intersection. Hence we can write F(U 2
q (glN )) = U 2

q (glN ) ∩F(Uq(glN )) as a
direct sum of simple ad-invariant left coideals. As explained in the proof of Theorem
7.2, these simple ad-invariant left coideals take the form

(ad Uq(glN ))K2λ+sω̂N

where λ ∈ �̂+
N and s ∈ N. Moreover, arguing as in the proof of Theorem 7.2,

(ad Uq(glN ))K2λ+sω̂N ⊂ F(U 2
q (glN ))

if and only if K2λ+sω̂N ∈ F(U 2
q (glN )). Thus K2λ+sω̂N must be an element ofU 2

q (glN )

and generates a locally finite ad-invariant simple module by applying (adUq(glN )) as
explained at the beginning of Sect. 7.2. It follows that 2λ+sω̂N ∈ 2w0�̂

+
N +2Nω̂N =

2w0�
+
N . ��

Define U 2
q (glN ⊕ glN ) as the subalgebra of Uq(glN ⊕ glN ) generated by

Ei , Fi Ki , K 2
i , for i = 1, . . . , N − 1 and i = N + 1, · · · , 2N − 1, K2ω̂N , and K2ω̂2N

(indeed K2ω̂ j for j �= N , 2N can be expressed as a product of K2ω̂N , Kω̂2N , and the

K 2
j ). Note thatU

2
q (glN ⊕ glN ) can be identified withU 2

q (glN ) ⊗U 2
q (glN ). Using this

identification, Lemma 7.3 ensures that analogous results holds for U 2
q (glN ⊕ glN ).

7.4 Mapping to the quantumWeyl algebra

Set U 2
q (g) equal to U 2

q (gln) in Type AI, U 2
q (gl2n) in Type AII, and U 2

q (gln ⊕ gln)
in the diagonal case. For Type AII, note that K2ωN = K4ηN . This would suggest
that we need a slightly larger algebra in order to get the correct image under the
restricted Harish-Chandra map in Sect. 8. However, the arguments in this case show
that K2ηN = KωN is also in this algebra. By Lemma 7.3 and subsequent discussion,
we have that F(U 2

q (g)) = F(Uq(g)) ∩U 2
q (g) in all three cases.

By Proposition 5.5,Pθ is a faithfulPDθ -module. It follows that φ is an injective
algebra map and so as algebras, PDθ is isomorphic to φ(PDθ ). This allows us to
define an algebra map directly from F(U 2

q (g)) to PDθ that is compatible with the
action onPθ . In the discussion below, we directly identify the image under φ with an
element of PDθ , thus dropping the notation φ going forward.

Theorem 7.4 The imageψ(F(U 2
q (g)) inEndPθ is an (adUq(g))-submodule algebra

of PDθ .

Proof By Lemma 6.1 and Lemma 6.2, ψ(K ) ∈ PDθ for K = K2εi+···+2εN for
i = 1, . . . , N where N = n in Type AI and N = 2n in Type AII. For the diagonal
case, ψ(K ) ∈ PDθ for K = K2εi+···+2εn and K = K2εi+n+···+2ε2n for i = 1, . . . , n.
The proof now follows from the fact that for each of the three families,F(U 2

q (g)) is an
(ad Uq(g))-module generated by these elements, F(U 2

q (g)) is an algebra (this is just
Lemma 7.3), that ψ is an (ad Uq(g))-module algebra map, and that, by Proposition
5.4, PDθ is an (ad Uq(g))-submodule algebra of End Pθ . ��
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We have the following consequence of the previous theorem which relies on
Proposition 5.4 relating Uq(g)-module structures.

Corollary 7.5 There is a unique Uq(g)-module algebra homomorphism ϒ from
F(U 2

q (g)) toPDθ such that

ϒ(a) = ψ(a) and ϒ((ad u) · a) = u · ϒ(a)

for all a ∈ F(U 2
q (g)) and u ∈ Uq(g) where the module structure on F(U 2

q (g)) is
defined by the (left) adjoint action and the module structure onPDθ comes from the
left action.

8 The center of Uq(g) and related algebras

8.1 Basis for the center

We recall here basic properties ofUq(slN ) and its center (a good reference is [6]) and
then transfer these results to other settings of interest. By Section 7.1 of ([6]), each
(ad Uq(slN ))-module of the form (ad Uq(slN )) · K2μ for μ ∈ −P+

N contains a unique
(up to nonzero scalar multiple) central element which we denote by z2μ. Moreover, the
set {z2μ| μ ∈ −P+

N } forms a basis for the center Z(Ǔq(slN )) of Ǔq(slN ). This extends

easily to Ǔq(slN ⊕ slN ) with basis for the center equal to {z2μ| μ ∈ −(P+
N × P+

N )}.
The arguments in [6] also apply to the (ad Uq(slN ))-modules of the form

(ad Uq(slN )) · K2μ+c(ω̂N /N ) where μ ∈ w0�
+
N and c ∈ Z. In particular, the

(ad Uq(slN ))-module (ad Uq(slN )) · K2μ+cω̂N /N for μ ∈ w0�
+
N and c ∈ Z con-

tains a unique (up to nonzero scalar multiple) central element of Ǔq(glN ) which we
denote by z2μ+c(1/N )ω̂N . Moreover, it follows from (38) that

z2μ+c(1/N )ω̂N = z2μK
c
(ω̂N )/N

for allμ ∈ w0�
+
N and c ∈ Z. Hence, the decomposition of the locally finite subalgebra

in Theorem 7.1 ensures that the set {z2μKc
(ω̂N )/N | μ ∈ w0�

+
N , c ∈ Z} forms a basis

for the center, Z(Ǔq(glN )), of Ǔq(glN ).

Recall the decomposition of the locally finite part ofU 2
q (g) given in Lemma 7.3. The

arguments in [6] also apply to the (ad Uq(slN ))-modules of the form (ad Uq(slN )) ·
K2μ+2cω̂N where μ ∈ w0�̂

+
N and c ∈ N. In particular, the (ad Uq(slN ))-module

(ad Uq(slN )) · K2μ+2cω̂N for μ ∈ w0�̂
+
N and c ∈ N contains a unique (up to nonzero

scalar multiple) central element ofUq(glN )which we denote by z2μ+2cω̂N . Moreover,
it follows from (38) that

z2μ+2cω̂N = z2μK
2c
ω̂N

for allμ ∈ w0�̂
+
N and c ∈ N. Hence, the decomposition of the locally finite subalgebra

of U 2
q (g) in Lemma 7.3 ensures that the set {z2μK 2c

ω̂N
| μ ∈ w0�̂

+
N , c ∈ N} forms a
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basis for the center, Z(U 2
q (g)), of U 2

q (g) in Types AI and AII. In the diagonal setting,

the basis looks like {z2μK 2c
ω̂n
K 2c′

ω̂2n
μ ∈ (w0�̂

+
N ) × (w0�̂

+
N ), c, c′ ∈ N}. We focus

here on Types AI and AII and use these observations to establish the same results
in the diagonal case. Indeed, the results described so far in this section extend in a
straightforwardmanner to the center ofUq(glN ⊕glN )with P+

N replaced by P+
N ×P+

N ,
w0�̂

+
N replaced by w0�̂

+
N × w0�̂

+
N , c replaced by a pair of natural numbers c and c′,

and Kc
ω̂N

replaced by Kc
ω̂N

K c′
ω̂2N

.

The description of the basis for the center of Ǔq(glN ) combined with Lemma 7.3
and the subsequent discussion implies that Z(U 2

q (g)) = ∑
λ C(q)z2λ where λ runs

over elements in w0�
+
n in Type AI, w0�

+
2n in Type AII and w0�

+
n × w0�

+
n in the

diagonal setting.

8.2 Harish-Chandramaps

We start with the Harish-Chandra map defined for the simply connected quantized
enveloping algebra Ǔq(slN ), a projection map based on a direct sum decomposition in
[18], Chapter 3. In particular, the Harish-Chandra map, ϕHC of the simply connected
version Ǔq(slN ) is the projection onto the first component Ǔ 0(slN ) of the direct sum
decomposition

Ǔq(slN ) = Ǔ 0(slN ) ⊕ (G−+Ǔq(slN ) + Ǔq(slN )U++ ). (51)

where Ǔ 0(slN ),U++ are defined in Sect. 2.2 and G− is the subalgebra generated by
Fi Ki , i = 1, . . . , N −1 (withG−+ its augmentation ideal) as defined in Sect. 7.3. (This
is just [18], (3.3) where the map ϕHC is called P .)

Using the simply connected version of Uq(glN ) introduced in Sect. 7.1, we can
extend the above decomposition to

Ǔq(glN ) = Ǔ 0(glN ) ⊕ (G−+Ǔq(glN ) + Ǔq(glN )U++ ) (52)

where Ǔ 0(glN ) is equal to the Laurent polynomial ring C(q)[(Kω̂i K
−1
(i/N )ω̂N

)±1| i =
1, . . . , N−1]. Note that this direct sum decomposition restricts to a direct sum decom-
position on subalgebras of Ǔq(glN ) including ordinary quantized enveloping algebra
Uq(glN ), and more importantly, the special algebra U 2

q (g) introduced in Sect. 7.3:

U 2
q (g) = U 0

2 (g) ⊕ (G−+U 2
q (g) +U 2

q (g)U++ ). (53)

As explained in Sect. 7.3, U 0
2 (g) = C(q)[K2λ| λ ∈ Q+

N + w0�
+
N ]. Note also that it is

straightforward to write similar direct sum decompositions for the analogous algebras
in the diagonal setting.

In each of the decompositions (51), (52), (53) for the algebra on the left side, we call
the first summand its Cartan subalgebra. We will denote the projection onto the Cartan
subalgebra for each decomposition as the Harish-Chandra map ϕHC . We are using the
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same notation as for the first projection for the well studied Ǔq(slN ) because all these
decompositions lead to compatible projection maps due to obvious inclusions.

Recall that the restricted root system � is the root system with set of simple roots
α�
1 , . . . , α�

n−1 and fundamentalweightsη1, . . . , ηn−1 as described in detail inSect. 2.5.
Set

Ǎ = {Ku |μ ∈ P�}.

This group is defined in Section 3 of [18] (see the top of page 24 in [18]). Write
C(q)[Ǎ] for the group algebra of Ǎ. The Cartan subalgebra Ǔ 0

q (slN ) of Ǔq(slN ) is a
subset of the following direct sum decomposition ([18], (3.5))

Ǔ 0
q (slN ) ⊆ C(q)[Ǎ] ⊕ C(q)[Ǎ]C(q)[Ťθ ]+ (54)

where C(q)[Ťθ ] is the group algebra associated to the group {K(μ+θ(μ))/2)| μ ∈ PN }.
As in [18] (right after (3.5)), let P̃ be the projection of Ǔ 0

q (slN ) onto C(q)[Ǎ].
Note that this projection map can be described in the following alternative way:

∑

μ

cμKμ �→
∑

μ

cμKμ̃ (55)

where μ are elements in P+
N , the cμ are scalars and μ̃ is the restricted weight defined

by μ.
Let ϕ̃HC denote the projection of Ǔq(slN ) onto C(q)[Ǎ] defined by taking the

composition of the Harish-Chandra map ϕHC with the projection P̃ . Note that ϕ̃HC

corresponds to P̃ ◦P of [18] (see beginning of [18] Section 6, especially Lemma 6.1).
The mapP is the Harish-Chandra map for the simply connected quantized enveloping
algebra Ǔq(slN ) in this reference.

It should also be noted that amore general restricted Harish-Chandramap is defined
in [18] using a quantum analog of the Iwasawa decomposition. Upon restriction to the
center, this more general restricted Harish-Chandra map agrees with ϕ̃HC (see [18],
Lemma 6.1). Since we are only worried about the image of central elements under the
restricted Harish-Chandra map, we just use ϕ̃HC and do not consider the more general
version.

Using the simply connected version of Uq(glN ) introduced in Sect. 7.1, we can
extend the above decomposition to

Ǔ 0
q (glN ) ⊆ C(q)[Ǎ(glN )] ⊕ C(q)[Ǎ(glN )]C(q)[Ť (glN )θ ]+ (56)

where Ǎ(glN ) equals the group generated by

• Kη̂ for η ∈ �̂+
� and K(1/N )η̂n for Type AI

• Kη̂ for η ∈ �̂+
� and K(1/N )η̂2n for Type AII

• Kη̂ for η ∈ �̂+
� , K(1/N )η̂n , K(1/N )η̂2n in the diagonal case.



The Capelli eigenvalue problem for quantum groups Page 53 of 86     4 

Also Ť (glN )θ = {K(μ+θ(μ))/2|μ ∈ Q+ + w0�
+
N }. Let P̃ denote the projection of the

Cartan subalgebra Ǔ 0
q (glN ) onto C(q)[Ǎ] using the direct sum decomposition (56)

and set ϕ̃HC = P̃ ◦ ϕHC . Recall that Ǔq(glN ) is a free module over Ǔq(slN ) (see
Sect. 7.1) and the analogous result holds in the diagonal case. So P̃ , ϕHC , and ϕ̃HC

restrict to projections by the same name for Ǔq(slN ) and Ǔq(slN × slN ).
We can define a monoid that leads to a new polynomial ring. It is derived from the

Cartan subalgebra of U 2
q (g) (notation from the beginning of Sect. 7.4). This algebra

will be the main focus of the current section. Set

A2 = {K2λ̃| λ ∈ Q+
N + w0�

+
N }

in Types AI and AII and

A2 = {K2λ̃| λ ∈ (Q+
N × Q+

N ) + (w0�
+
N × w0�

+
N )}

in the diagonal case. Another way to look at A2 is to view it as a monoid generated
by restricted root system partitions and the images of the K 2

i under restriction as well.
This leads to the polynomial ring C(q)[A2], which by the description of the restricted
weights for each type in Sect. 2.5, satisfies

• C(q)[A2] = C(q)[K2w0η̂i , K2α̃i | i = 1, . . . , n − 1] for Type AI.
• C(q)[A2] = C(q)[K2w0η̂i , K2α̃2i | i = 1, . . . , n − 1] for Type AII.
• C(q)[A2] = C(q)[K2w0η̂i , K2α̃i | i = 1, . . . , n − 1] in the diagonal case.
Set (Tθ )2 = {Kλ+θ(λ)| λ ∈ Q+

N + w0�
+
N } in Type AI and Type AII and (Tθ )2 =

{Kλ+θ(λ)| λ ∈ (Q+
N × Q+

N ) + (w0�
+
N × w0�

+
N )} in the diagonal case. Recall that

λ̃ = (λ−θ(λ))/2 and so K2λ̃K(λ+θ(λ)) = K2λ. It follows that K2λ ∈ A2(Tθ )2. Hence,
we have the following inclusion

U 0
q (g) ⊆ C(q)[A2] ⊕ C(q)[A2]C(q)[(Tθ )2]+. (57)

We define versions of P̃ and the restricted Harish-Chandra map ϕ̃HC associated to
U 2
q (g), keeping the notation from the simply connected versions above. In particular,

set P̃ equal to the projection ofU 0
q (g) ontoC(q)[A2] using (57). Just as for Ǔq(slN ), let

ϕ̃HC denote the projection ofU 2
q (g) ontoC(q)[A2] defined by taking the composition

of the Harish-Chandra map ϕHC with the projection P̃ . Once again, we can describe
P̃ using a version of (55) where in this case, μ runs over elements in Q+

N +w0�
+
N for

Types AI and AII and in (Q+
N × Q+

N ) + (w0�
+
N × w0�

+
N ) for the diagonal setting.

Recall the description of the center ofU 2
q (g) given at the end of Sect. 8.1. It follows

that its image in relation to the ordinary Harish-Chandra map is determined by

ϕHC (z2μ) = ϕHC (z2μ′)K 2s
ω̂N

(58)

and, similarly, for the restricted Harish-Chandra map,

ϕ̃HC (z2μ) = ϕ̃HC (z2μ′)K 2s
ω̂N

= ϕ̃HC (z2μ′)K 2ms
η̂N

(59)



    4 Page 54 of 86 G. Letzter et al.

where μ ∈ −P+
N and μ′ ∈ w0�̂

+
N with 2μ = 2μ′ + 2 sω̂N and s ∈ N. Moreover, the

final equality in (59) follows from the equality on roots mη̂N = ω̂N where m = 1 in
Type AI and m = 2 for Type AII (see Sect. 2.5).

Similar results holds in the diagonal setting. In particular, we have

ϕHC (z2μ) = ϕHC (z2μ′)K 2s
ω̂n
K 2s′

ω̂2n
(60)

and

ϕ̃HC (z2μ) = ϕ̃HC (z2μ′)P̃(K 2s
ω̂n
K 2s′

ω̂2n
) = ϕ̃HC (z2μ′)K 2(s+s′)

η̂n
(61)

where μ ∈ −P+
N × P+

N , μ′ ∈ w0�
+
N × w0�

+
N with 2μ = 2μ′ + sω̂n + s′ω̂n . The

final equality uses the fact that the restricted weights corresponding to ω̂n and ω̂2n are
both equal to η̂n .

Note that for z ∈ Z(Uq(g)) we actually have z ∈ U 0(g) ⊕ U−+U 0(g)U++ and so
z · v = ϕHC (z) · v whenever v is a highest weight vector. Now consider a highest
weight generating vector v2β for the simple module L(2β) where β ∈ �+

� . Since β is
a restricted weight, it follows that K2μ · v2β = K2μ̃ · v2β for all weights μ. Hence

z · v2β = ϕHC (z) · v2β = ϕ̃HC (z) · v2β

for all z ∈ Z(Uq(g)). Since H2β ∈ Pθ is a highest weight vector of weight 2β that
generates a Uq(g)-module isomorphic to L(2β), we also have

z · H2β = ϕ̃HC (z) · H2β. (62)

Since central elements act as scalars on all finite-dimensional simpleUq(g)-modules,
it follows that the restricted Harish-Chandra map can be used to determine the
eigenvalues with respect to the action of Z(Uq(g)) onPθ .

8.3 DottedWeyl group invariance

Let ρ denote the half sum of the positive roots for the root system associated to slN
and let W denote the Weyl group for this root system. Define a dotted Weyl group
action on the Cartan subalgebra Ǔ 0(slN ) of Ǔq(slN ) by ([18], Chapter 3, (3.1):

w ◦ q(ρ,μ)Kμ = q(ρ,wμ)Kwμ

Recall the following well-known result on the image of the center of Ǔq(slN ) under
the ordinary Harish-Chandra map ϕHC :

Theorem 8.1 ([18], Theorem 3.1, see also [6], Lemma 7.17 and 7.1.25) The ordi-
nary Harish-Chandra map ϕHC defines an isomorphism from Z(Ǔq(slN )) onto
C(q)[K2λ|λ ∈ PN ]W◦.
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Note that terms of the form

m2λ =
∑

w∈W
q(ρ,2wλ)K2wλ (63)

for λ ∈ P+
N form a basis for the dottedWeyl invariant elements in Ǔ 0(slN ). There will

be times that it is useful to rewrite the above formula using the lowest weight term
w0λ. In particular, the above formula is equal to

m2λ = m2w0λ =
∑

w∈W
q(ρ,ww0λ)K2ww0λ.

Now the diagonal case is not discussed in [18]. However, it is well-known and
straightforward to check that Theorem 8.1 holds for the simply connected quantized
enveloping algebras of semisimple Lie algebras such as Ǔq(sln ⊕ sln). In this case,
the basis of dotted Weyl invariant elements takes the same form as above with only
difference being λ ∈ P+

N × P+
N .

Set ρ̃ = (ρ − θ(ρ))/2, the restricted weight associated to ρ. The dotted action
of W� on elements of C(q)[Ǎ] is given by the following formula from [18], p.24 of
Chapter 3:

w • q(ρ̃,μ)K2γ = q(ρ̃,wγ )K2wγ (64)

for allw ∈ W� and γ ∈ P� .Moreover, by [18] Lemma3.2, given an element w̃ ∈ W� ,
there exists w ∈ W so that the restriction of w to � equals w̃. Thus terms of the form

m�
2λ =

∑

w∈W�

q(ρ̃,2wλ)K2wλ

with λ ∈ w0P
+
� are dotted W� invariants.

Noting that elements of the center Z(Ǔq(slN )) are invariant under the ordinary
dotted Weyl group action (Theorem 8.1 above) yields the following version of [18],
Chapter 3, Theorem 3.3. Recall the definition of Ǎ (see Sect. 8.2) and define the related
group A by

A = {K2u |μ ∈ P�}

(see [18], middle of page 25).

Theorem 8.2 Given f ∈ Z(Ǔq(slN )), the element ϕ̃HC ( f ) is a dotted W� invariant

element of C(q)[Ǎ]. Moreover, ϕ̃HC (Z(Ǔq(slN )) is a subring of C(q)[A]W�•.

Theorem 8.2 also extends to the diagonal case. First note that the root system in
this case consists of the disjoint union of the root systems for each copy of slN . This
leads to two half sums of the positive roots: ρ1 for the first copy and ρ2 for the second.
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It is also straightforward to check that elements of W� lift to elements of W ×W , the
Weyl group for the root system of slN ⊕ slN . In particular, we have

wα̃i = wαi wαn+i and wα̃n+i = wαn+i wαi

for each reflection associated to the simple restricted roots α̃i or α̃n+i , for i =
1, . . . , n − 1 in both cases.

It follows from (63) that sums taken over λ = (λ1, λ2) ∈ P+
N × P+

N

m(2λ1,2λ2) =
∑

(w1,w2)∈W×W

q((ρ1,ρ2),(2w1λ1,2w2λ2))K(2w1λ1,2w2λ2)

form a basis for the dotted invariant elements for images of the center of Ǔq(sln ⊕sln)
with respect to the ordinary Harish-Chandra map. Moreover, we can write this as a
product with two factors:

m(2λ1,2λ2) = m2λ1m2λ2 =
⎛

⎝
∑

w1∈W
q(ρ1,2w1λ1)K2w1λ1

⎞

⎠

⎛

⎝
∑

w2∈W
q(ρ2,2w2λ2)K2w2λ2

⎞

⎠

Note that w1 is a product of reflections with respect to the roots α1, . . . , αn−1 and
w2 is a product of reflections with respect to αn+1, . . . , α2n−1. Set w̃1 equal to the
product where each wαi is replaced by wα̃i ∈ W� . It follows that w̃1λ1 = w1λ1. We
can define w̃2 in a similar fashion. Thus we can rewrite the formula for m(2λ1,2λ2) as

m2λ1m2λ2 =
⎛

⎝
∑

w̃1∈W�

q(ρ1,2w̃1λ1)K2w̃1λ1

⎞

⎠

⎛

⎝
∑

w̃2∈W�

q(ρ2,2w̃2λ2)K2w̃2λ2

⎞

⎠

Recall that the inner product on the restricted root system in the diagonal case
satisfies (·, ·)� = 2(·, ·). On the other hand, ρ̃1 = ρ̃2 = (ρ1 + ρ2)/2 = ρ� . For
i = 1, . . . , n−1,wehavewα̃i λ1 = wαi λ1 andwα̃i θ(λ1) = wαi+nθ(λ1) = θ(wαi λ1) =
θ(wα̃i λ1).Hence w̃1θ(λ1) = θ(w̃1λ1). Note that this guarantees that (ρ1, θ(w̃1λ1)) =
0 since w̃1λ1 is in the first copy of PN and so θ(w̃1λ1) must be in the second. Hence

(ρ1, 2w̃1λ1) = (ρ1, 2(w̃1λ1 − θ(w̃1λ1)) = (ρ1, 4w̃1λ̃1)

= (ρ̃1, 4w̃1λ̃1) = (ρ�, 2w̃1λ̃1)�.

Thus we can express m2λ1 as

m2λ1 =
( ∑

w̃1∈W�

q(ρ�,2w̃1λ̃1)� K2(w̃1λ̃1)
K(2w̃1λ1+2θ(w̃1λ1))/2)

)

=
⎛

⎝
∑

w̃1∈W�

q(ρ�,2w̃1λ̃1)� K2(w̃1λ̃1)
(K(2w̃1λ1+2θ(w̃1λ1))/2 − 1

⎞

⎠
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+
⎛

⎝
∑

w̃1∈W�

q(ρ�,2w̃1λ̃1)� K2(w̃1λ̃1)

⎞

⎠ .

Hence, P̃(m2λ1) = ∑
w̃1∈W�

q(ρ̃1,2w̃1λ̃1)� K2(w̃1λ̃1)
and a similar result holds for

P̃(m2λ2). Both of these formulas are dotted W� invariant and hence the diagonal
case also satisfies the conclusion of Theorem 8.2.

We can translate Theorem 8.1 and Theorem 8.2 to the setting of U 2
q (g) where sl

is replaced by gl everywhere as follows. Recall the isomorphism of (ad Uq(slN ))-
modules, the first generated by K2λ and the second by K2λ′ where λ = ∑N−1

i=1 λiw0ωi

and λ′ = ∑N−1
i=1 λiw0ω̂i as given in (43). From the description of the isomorphism in

(44) including the paragraph below this formula, we see that K2λK
−1
2λ′ is in the center

of Ǔq(glN ). The diagonal case is very similar where here we express λ = λ(n) +λ(2n)

where λ(n) = ∑n−1
i=1 λiw0ωi and λ(2n) = ∑n−1

i=1 λi+nw0ωi+n . Similarly define λ′ with
w0ωi replaced by w0ω̂i for each i .

Theorem 8.3 We have the following analogs of Theorems 8.1 and 8.2 for the algebra
U 2
q (g):

(i) The ordinary Harish-Chandra map ϕHC defines an isomorphism from Z(U 2
q (g))

onto the dotted W invariants C(q)[K2λ| λ ∈ Q+
N + w0�

+
N ]W◦ in Types AI and

AII and onto the dotted W invariants C(q)[K2λ| λ ∈ (Q+
N × Q+

N ) + (w0�
+
N ×

w0�
+
N )]W◦ in the diagonal setting.

(ii) Given f ∈ Z(U 2
q (g)), the element ϕ̃HC ( f ) is a dotted W� invariant element

of C(q)[K2λ| λ ∈ Q+
� + w0�

+
�]. Moreover, ϕ̃HC (Z(U 2

q (g)) is a subring of

C(q)[A2]W�•.

Proof Recall that the ordinaryHarish-Chandramap is defined via (53) as the projection
onto theCartan subalgebra ofU 2

q (g). This Cartan subalgebra is equal toC(q)[K2λ| λ ∈
Q+

N+w0�
+
N ] in TypesAI andAII andC(q)[K2λ|λ ∈ (Q+

N×Q+
N )+(w0�

+
N×w0�

+
N )]

in the diagonal setting. Note that the diagonal case follows from the other two so our
focus is entirely on the singleton setting.

Observe that (G−+U 2
q (g) + U 2

q (g)U++ ) is a two-sided ideal in U 2
q (g) since

U 0
2 (g)G−+ = G−+U 0

2 (g) and U++U 0
2 (g) = U 0

2 (g)U++ . It follows that the ordinary
Harish-Chandra map defines an algebra homomorphism onto U 0

2 (g). Therefore ϕHC

restricts to an algebra homomorphism on the subalgebra Z(U 2
q (g)). We show below

that this map is injective and hence an isomorphism as stated in Theorem 8.3 (i).
NowF(Ǔq(slN )) can be written as a direct sum of simple ad-invariant left coideals

of the form (ad Uq(slN ))K2λ where λ ∈ w0P
+
N (see (37)). On the other hand, the

same type of decomposition for U 2
q (g) in Theorem 7.3 gives us

⊕

λ′∈w0�̂
+
N

(ad Uq(glN )) · K2λ′ ⊂ F(U 2
q (g)) =

⊕

λ′∈w0�̂
+
N ,s∈N

(ad Uq(glN )) · K2λ′+2sω̂N .
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(Note that w0�̂
+
N + Nω̂N = w0�

+
N .) As explained right before this theorem,

(ad Uq(glN ))(K2λ) is isomorphic to (ad Uq(glN ))(K2λ′) via the map sending
(ad a) · (K2λ) to (ad a) · (K2λ′) for all a ∈ Uq(glN ). With respect to this map,
the central element z2λ of (ad Uq(glN ))(K2λ) is sent to the central element z2λ′ of
(adUq(glN ))(K2λ). Now ϕHC (z2λ) is dottedWeyl invariant. It follows that ϕHC (z2λ′)
is also dotted Weyl invariant.

Note that ϕHC (z2λ′) is an element of the Cartan subalgebra C(q)[K2(λ′+γ )| γ ∈
Q+

N and λ′ ∈ w0�̂
+
N ]. Moreover, Q+

N does not contain any anti-dominant integral
weights and so the only anti-dominant weights come from w0�̂

+
N . By Theorem 8.1,

{ϕHC (z2λ)| λ ∈ w0P
+
N } forms a basis for the dotted invariants of C(q)[K2γ |γ ∈

PN ]. Hence, {ϕHC (z2λ′)| λ′ ∈ w0�̂
+
N } forms a basis for the dotted invariants of

C(q)[K2γ |γ ∈ Q+
N + w0�̂

+
N ]W◦. Since ϕHC (z2λ′) is an element of (ad Uq(glN )) ·

K2w0λ′ , the only possible dotted Weyl invariant element (up to nonzero scalar) is

m2λ′ = m2w0λ′ =
∑

w∈W
q(ρ,2ww0λ

′)K2ww0λ′ .

We get a similar equality for m2w0λ′+2sŵN

m2w0λ′+2sω̂N =
∑

w∈W
q(ρ,2ww0λ

′)K2ww0λ′K 2s
ω̂N

forw0λ
′ ∈ w0�̂

+
N and s ∈ N. Note that these elements span the image of the center of

U 2
q (g). Moreover, these terms are linearly independent since they each take the form

m2λ′+2sω̂N ∈
⎛

⎝q(ρ,2w0λ
′)K2w0λ′ +

∑

β>w0λ′
C(q)K2β

⎞

⎠ (K2ω̂N )s .

Here the inequality below the summation sign refers to the partial order defined by
β > γ provided β − γ ∈ Q+

N . This finishes the proof for Theorem 8.3 (i).
The proof of (ii) is similar to that of (i). In fact, P̃ is a projection ontoC(q)[A2]with

kernel the two-sided ideal C(q)[A2]C(q)[(Tθ )2]+ inside the right hand side of (57).
Hence the restricted Harish-Chandra map is an algebra homomorphism of C(q)[A2]
onto itself and ϕ̃HC (Z(U 2

q (g))) is a subalgebra of C(q)[A2]. By the discussion pre-
ceding the lemma relating λ and λ′ and by Theorem 8.1, this image of Z(U 2

q (g)) under
ϕ̃HC is invariant under the dotted action of W� . ��

8.4 Central generators

In [18], it is shown that ϕ̃HC (Z(Ǔq(slN )) is isomorphic to the entire ring of invariants
C(q)[A]W�•. Indeed we have the following version of [18], Theorem 8.1.
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Theorem 8.4 Given a symmetric pair of Type AI, Type AII, or of diagonal type, the
image under the restricted Harish-Chandra map ϕ̃HC (Z(Uq(g)) is isomorphic to the
dotted W� invariants, C(q)[A]W�•, of C(q)[A].
Recall thatA = {K2μ| μ ∈ P�}. HenceC(q)[A]W�• is a polynomial ring in variables
m�

2w0ηi
, i = 1, . . . , n − 1. Thus we must show that ϕ̃HC (Z(Uq(g)) contains these

generators. We start with an overview of the proof and then fill in more of the details
below. Eventually we will obtain the analog result for Z(U 2

q (g)). Consider central
elements defined by

zi = z2w0ωi for i = 1, . . . , n − 1

where z2w0ω j is the central element of (ad Uq(slN )) · K2w0ω j for Types AI and AII.
For the diagonal case, set

zi = z2w0ωi and zi+n = z2w0ωi for i = 1, . . . , n − 1.

In this case the zi is the central element of (ad Uq(sln ⊕ sln)) · K2w0ωi and zi+n is the
central element of (ad Uq(sln ⊕ sln)) · K2w0ωi+n . The argument for Theorem 8.4 in
Type AI simply shows that ϕ̃HC (zi ) = m�

2w0ηi
for i = 1, . . . , n−1. The diagonal case

is similar. On the other hand, the proof for Type AII is more difficult. It involves an
inductive argument that first establishes m�

2w0η j
∈ ϕ̃HC (Z(Uq(g)) for all j < k and

then realizes m�
2wηk

as a linear combination of ϕ̃HC (zk)) plus products m�
2w0η j

m�
2w0ηi

for j < k and i < k.

Proof of Theorem 8.4, Type AI and Diagonal Type: Note that ω̃i = ηi , the fundamental
restricted weight, for i = 1, . . . , n − 1 in both Types. (We can use either zi or zn+i in
the diagonal case.) Since the restricted root system is of Type An−1, the fundamental
weights η1, . . . , ηn−1 are minuscule. In other words, η j �>� ηk for any pair j, k and,
in addition, η j �>� 0 for any j where the inequalities are defined via the partial order:
β >� γ provided β − γ ∈ Q+

� for β, γ ∈ P+
� . Recall that z2μ is the unique up to

nonzero scalar central element in (ad Uq(g))K2μ for μ ∈ w0P
+
� . When μ = w0ωi

for the two families Type AI and diagonal type under consideration, the image of
ϕ̃HC (z2w0ωi ) is in

K2w0ω̃i +
∑

β∈Q+
�

C(q)K2w0ω̃i+2β = K2w0ηi +
∑

β∈Q+
�

C(q)K2w0ηi+2β (65)

up to a nonzero scalar. Since this element is dotted invariant with respect to the
restricted root system, it follows that ϕ̃HC (z2w0ωi ) = m�

2w0ηi
for each i . Thus ϕ̃HC (zi ),

i = 1, . . . , n − 1 are a set of generators for C(q)[A]W�•. ��
Proof of Theorem 8.4, Type AII: Note that in Sect. 2.5 in the final sentence on Type AII,
we see that ω̃1 = η1. This is the same as part of [18], Lemma 2.4.

Lemma 8.5 ([18], Lemma 2.4 (i) applied to Type AII) The first fundamental weight
ω1 in P+

N restricts to the first fundamental restricted weight ω̃1 = η1.
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Since η1 is minuscule and ω̃1 = η1, we can use the same argument as used for minus-
cule fundamental restricted weights for Type AI and the diagonal type. In particular
ϕ̃HC (z2w0ω1) = m�

2w0η1
and so m�

2w0η1
∈ C(q)[A]W�•.

The next lemma is key in establishing m�
2w0ηk

∈ C(q)[A]W�• for k > 1.

Lemma 8.6 ([18], Lemma 8.8) Assume Type AII with � of Type An−1.

(i) Let k be a positive integer such that 1 ≤ 2k ≤ n. Then m�
2w0η2k

is in the span of

the set {ϕ̃(z2w0ω2k )} ∪ {m�
2w0ηk− j

m�
2w0ηk+ j

| 0 ≤ j < k}.
(ii) Let k be a positive integer such that 1 ≤ 2k+1 ≤ n. Then m�

2w0η2k+1
is in the span

of the set {ϕ̃(z2w0ω2k+1)} ∪ {m�
2w0ηk− j

m�
2w0ηk+1+ j

| 0 ≤ j < k}.
We follow the proof of [18], Theorem 8.9 which is the Type AII part of Theorem 8.4 of
this paper. Set R = ϕ̃HC (Z(Ǔq(slN )).We already showed thatm�

2w0η1
= ϕ̃HC (z2w0η1)

is in R. The strategy is to use induction based on the assumption that m�
2w0ηi

∈ R for
1 ≤ i < j . Assume first that j is even, say j = 2k. By the inductive hypothesis, both
m�

2w0ηk−i
and m�

2w0ηk+i
are in R for 1 ≤ i < k. Hence R contains all the products

m�
2w0ηk−i

m�
2w0ηk+i

for 1 ≤ i < k. By Lemma 8.6 (i), m�
2w0η2k

is in R. A similar

induction argument using (ii) applies to j = 2k + 1 and shows that m�
2w0η2k+1

∈ R.

Thus by induction, m�
2w0η j

is in R for j = 1 (the minuscule element), j takes on all
even values between 2 and n − 1 by (i), and j takes on all odd integers between 3 and
n − 1 by (ii). ��

Note that a consequence of the above result is thatC(q)[A]W�• is a polynomial ring
in the variables ϕ̃HC (z1), . . . , ϕ̃HC (zn−1). The next theorem obtains similar results
for Z(U 2

q (g)). First, we need to define analogs of the zi that rely on partitions in �̂+
N

instead of the weight lattice P+
N . In particular, given w0ωi ∈ w0P

+
N with zi = z2w0ωi ,

set ẑi = z2w0ω̂i . In other words, the central elements listed above in (i), (ii), (iii) are
converted to elements ẑ1, . . . , ẑn−1. There is also an extra generator corresponding to
the element z2w0ω̂n = z2ω̂n . Explicitly, define the central elements ẑ1, . . . , ẑn by

(i) ẑi = z2w0ω̂i = z2(εn+1−i+···+εn) for i = 1, . . . , n in Type AI and the diagonal
case.

(ii) ẑi = z2w0ω̂i = z2(ε2n+1−i+···+ε2n) for i = 1, . . . , n in Type AII.
(iii) ẑi = z2w0ω̂i = z2(εn+1−i+···+εn) and ẑi+n = z2(ε2n+1−i+···+ε2n) for i = 1, . . . , n

in the diagonal type.

Recall that QN ∩ w0�
+
N = 0 (see Sect. 7.3). The same holds for restricted root

systems. In particular, Q� ∩ w0�
+
� = 0.

Theorem 8.7 The algebra ϕ̃HC (Z(U 2
q (g))) equals C(q)[A2]W�• and is the polyno-

mial ring on the n variables ϕ̃HC (ẑ1), . . . , ϕ̃HC (ẑn).

Proof ConsiderTypeAI.Recall that z2μ is the unique (up to nonzero scalar) central ele-
ment in (adUq(g))K2μ.Whenμ = ω̂n , the element K2ω̂n is a central element. Thuswe
have z2ω̂n = K2ω̂n . Hence ϕ̃HC (z2ω̂n ) = P̃ ◦ ϕHC (z2ω̂n ) = ∑

w∈W q(ρ,wη̂)K2wη̂n =
q(ρ,wη̂)|W |K2η̂n in Type AI. Thus the algebra generated by ϕ̃HC (ẑi ), i = 1, . . . , n in
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Type AI contains K2η̂n . A similar statement holds in the diagonal case. In this case,
we can use either the algebra generated by ϕ̃HC (ẑi ) for i = 1, . . . , n or the algebra
generated by ϕ̃HC (ẑi+n) for i = 1, . . . , n. Both produce the same algebra and that
algebra contains K2η̂n .

As explained above, the fundamental weights η1, . . . , ηn−1 are minuscule. Note
that the same is true for the fundamental partitions η̂1, . . . , η̂n−1. Moreover, we have
the analog of (65) in the partition setting. Namely, as in the proof of Theorem 8.4 for
Type AI and the diagonal type, ϕ̃HC (z2w0ω̂i ) is an element of

K2w0η̂i +
∑

β∈Q+
�

C(q)K2w0η̂i+2βi = K2w0η̂i +
∑

β∈Q+
�

C(q)K2w0ηi+2β (66)

up to a nonzero scalar. By the discussion preceding the theorem, Q+
� ∩ w0�

+
� = 0.

Since z2w0ω̂i is central, its image under ϕ̃HC must be dotted invariant with respect to
W� . By (66), the only possible dotted invariant element is m�

2w0η̂i
up to a nonzero

scalar. Hence the theorem holds in Type AI and the diagonal setting.
Now consider Type AII. As explained in the proof of Theorem 8.4 for Type AII, the

first fundamental restricted root η1 is minuscule. Hence, arguing as above, we have
ϕ̃HC (ẑ1) = m�

2w0η̂1
.

By Lemma 8.6, m�
2w0η2k

can be written as a linear combination of elements in the
set

{ϕ̃HC (z2w0ω2k ),m
�
2w0ηk− j

m�
2w0ηk+ j

| 1 ≤ j < k}

for 1 < 2k ≤ n. Similarly, m�
2w0η2k+1

can be written as a linear combination of
elements in the set

{ϕ̃HC (z2w0ω2k+1),m
�
2w0ηk+1− j

m�
2w0ηk+ j

| 1 ≤ j < k}

for 1 < 2k + 1 ≤ n.
We recall here some formulas involving restricted weights from Sect. 2.5. In par-

ticular, w0ω j = w0ω̂ j − ( j/2n)ω̂2n . As explained in Sect. 2.5, 2η̂n = ω̂2n and so
w0η j = w0η̂ j − ( j/n)η̂n for j = 1, . . . , n − 1. Hence

ϕ̃HC (z2w0ω j ) = ϕ̃HC (z2w0ω̂ j )K(− j/n)ω̂2n

for each j = 1, . . . , n − 1. Thus we also have

m�
2w0ηs

= m�
2w0η̂s

K(−s/n)2η̂2n = m�
2w0η̂s

K(−s/n)ω̂2n

for each s = 1, . . . , n − 1 and so

m�
2w0ηk− j

m�
2w0ηk+ j

= m�
2w0η̂k− j

m�
2w0η̂k+ j

K((−k+ j)/n)ω̂2n K((−k− j)/n)ω̂2n

= m�
2w0η̂k− j

m�
2w0η̂k+ j

K(−2k/n)ω̂2n (67)
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for each k and each j with 1 ≤ j < k. Similarly,

m�
2w0ηk− j

m�
2w0ηk+1+ j

= m�
2w0η̂k− j

m�
2w0η̂k+1+ j

K((−k+ j)/n)ω̂2n K((−k−1− j)/n)ω̂2n

= m�
2w0η̂k− j

m�
2w0η̂k+1+ j

K((−2k−1)/n)ω̂2n (68)

for each j with 1 ≤ j < k. Thus a relation of the form

m�
2w0η2k

= a0ϕ̃HC (z2w0ω2k ) +
k−1∑

j=1

a jm
�
2w0ηk− j

m�
2w0ηk+ j

becomes

m�
2w0η̂2k

K(−2k/n)η̂2n

= a0ϕ̃HC (z2w0ω̂2k )K(−2k/n)η̂2n +
l−1∑

j=1

a jm
�
2w0η̂k− j

m�
2w0η̂k+ j

K(−2k/n)η̂2n .

Multiplying both sides by K(2k/n)η̂2n yields

m�
2w0η̂2k

= a0ϕ̃HC (z2w0ω̂2k ) +
k−1∑

s=1

a jm
�
2w0η̂k− j

m�
2w0η̂k+ j

.

Hence m�
2w0η̂2k

can be written as a linear combination of elements in the set

{ϕ̃HC (z2w0ω̂2k ),m
�
2w0η̂k− j

m�
2w0η̂k+ j

| 1 ≤ j < k} (69)

for 1 < 2k ≤ n. A similar argument shows that m�
2w0η̂2k+1

can be written as a linear
combination of elements in the set

{ϕ̃HC (z2w0ω̂2k+1),m
�
2w0η̂k− j

m�
2w0η̂k+1+ j

| 1 ≤ j < k} (70)

for 1 < 2k + 1 ≤ n.
Note that when either 2k = n or 2k + 1 = n we see that m�

2w0η̂n
is a linear

combination of elements in the set (69) or (70) depending on the parity of n. Thus
arguing by induction as in the proof of Theorem 8.4, Type AII, the algebra generated
by ϕ̃HC (ẑi ), i = 1, . . . , n contains the elements m�

2w0η̂ j
, j = 1, . . . , n. The theorem

follows from the facts that w0η̂n = η̂n , K2η̂n is invariant with respect to the dotted
action of W� and, thus, m2w0η̂n is a nonzero scalar multiple of K2η̂n . ��

Let Z denote the subring of Z(U 2
q (g)) generated by the elements ẑ1, . . . , ẑn . By the

previous theorem, Theorem 8.7, the image under the restricted Harish-Chandra map
ϕ̃HC of the algebra generated by ẑ1, . . . , ẑn is a polynomial ring with these variables.
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Hence, since Z is commutative, ẑ1, . . . , ẑn must also generate a polynomial ring of
rank n. We see that the same is true for the image of Z with respect to ϒ of Corollary
7.5.

Corollary 8.8 The algebra ϒ(Z) is a polynomial subring of End Pθ with variables
ϒ(ẑi ), i = 1, . . . , n. Moreover, each ϒ(ẑr ) is an element inPDθ of degree less than
or equal to 2r .

Proof Recall that m�
2λ = ∑

w∈W�
q(ρ̃,2wλ)K2wλ for each λ ∈ �+

�. Note that γ̃ ∈ Q+
for all γ ∈ Q+. Hence, given λ ∈ �+

� and w ∈ W� , we have wλ ∈ λ − Q+. Since
(ρ, γ ) is a positive integer for γ ∈ Q+ so is (ρ̃, γ̃ ) = (ρ, γ̃ ). Hence, for each λ ∈ �+

� ,
we have

m�
2λ ∈ q(ρ̃,2λ)K2λ +

∑

γ∈Q+
q(ρ̃,2λ)−2

C[q−2]K2λ−2γ .

Let v2β be a highest weight generating vector for L(2β) where β ∈ �+
� . It follows

that

m�
2λ · v2β ∈

(
q(ρ̃+2β,2λ)(1 + q−2

C[q−2])
)

v2β. (71)

Note that any a ∈ C(q)[A2]W�• can be expressed as a linear combination a1m�
2λ1

+
· · · + asm�

2λs
where each λs ∈ �+

� . We argue that there exists β ∈ �+
� so that

a · v2β �= 0. Reordering and multiplying by a nonzero element of C[q] if necessary,
we may assume that |λ1| ≥ |λ j | for each 2 ≤ j ≤ s, ai ∈ C[q] for each 1 ≤ i ≤ s,
and a1 = qd+ terms of lower degree in q. It is straightforward to check that there
exists β1 ∈ �+

� such that (λ1, β1) > (λ, β1) for all λ �= λ1 satisfying |λ| ≤ |λ1|. Thus
by (71), for a large enough positive integer r , a · v2rβ = qd+(ρ̃+2rβ1,2λ1)+ terms of
degree strictly less than d + (ρ̃ + 2rβ1, 2λ1). Thus a · v2β �= 0 for β = rβ1.

Recall that H2β is a highestweight vector in theUq (g)-modulePθ for eachβ ∈ �+
� .

By (62), z · H2β = ϕ̃HC (z) · H2β for all z ∈ Z(Uq(g)). By Theorem 8.7, ϕ̃HC defines
an isomorphism from Z onto C(q)[A2]W�•. Hence, by the previous paragraph, given
z ∈ Z , we can find β ∈ �+

� so that ϕ̃HC (z) · H2β �= 0. It follows that z · H2β �= 0. By
Corollary 7.5, ϒ(z) · H2β = z · H2β and so ϒ(z) �= 0. In other words, ϒ is injective
upon restriction to Z . This proves the first assertion of this corollary.

For the second assertion, note that ẑr is in the (ad Uq(g))-module generated by
K2εN+1−r+···+2εN where N = n in Type AI and the diagonal case and N = 2n in Type
AII. Hence, by Proposition 6.3, ϒ(ẑr ) has degree less than or equal to 2r . ��

We return to this degree computation in Sect. 9.3. Indeed, Theorem 9.6 establishes
the equality deg(ϒ(ẑr )) = 2r .
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9 Quantum Capelli operators

9.1 Definition and description

The decompositions in Sect. 4.4 combined together yield the following module
decomposition and related isomorphisms of left Uq(g)-modules:

PDθ =
⊕

μ,ξ∈�+
�

(
Uq(g) · H2μ

) ⊗
(
Uq(g) · H∗

2ξ

) ∼=
⊕

μ,ξ∈�+
�

L(2μ) ⊗ L∗(2ξ) (72)

where L∗(2ξ) is the left Uq(g)-module dual of L(2ξ). This last isomorphism can
be made concrete by sending H2μ to a pre-chosen highest weight generating vector
v2μ of L(2μ). Similarly, H∗

2ξ is sent to a nonzero scalar multiple of v∗
2ξ , the lowest

weight generating vector for L∗(2ξ) satisfying v∗
2ξ (v2ξ ) = 1. This nonzero scalar is

determined in the next lemma using the bilinear form 〈·, ·〉 defined by (20) in Sect. 5.2.
Recall that there is a natural isomorphism from (L(2μ)⊗L∗(2μ)) to End L(2μ) as

left Uq(g)-modules and so (L(2μ) ⊗ L∗(2μ))Uq (g) is the one-dimensional subspace
consisting of the scalars. Furthermore, (L(2μ)⊗L∗(2ξ))Uq (g) = 0 forμ �= ξ . Hence,
the left Uq(g)-module invariants ofPDθ satisfy

PD
Uq (g)

θ
∼=

⊕

μ,ξ∈�+
�

(L(2μ) ⊗ L∗(2ξ))Uq (g) =
⊕

μ∈�+
�

(L(2μ) ⊗ L∗(2μ))Uq (g).

Let Cμ be the basis vector for the space
(
Uq(g) · H2μ

) ⊗
(
Uq(g) · H∗

2μ

)Uq (g)

cor-

responding to the identity element in End L(2μ) via the isomorphism between
(
Uq(g) · H2μ

) ⊗
(
Uq(g) · H∗

2μ

)
and L(2μ) ⊗ L∗(2μ) described above. We refer

to the set {Cμ| μ ∈ �+
�} as the Capelli operators. Note that the Capelli oper-

ators form a basis for the Uq(g) invariant subspace of PDθ . Since Cμ ∈(
(Uq(g) · H2μ) ⊗ (Uq(g) · H∗

2μ)
)
, it follows that Cμ has degree 2|μ| in terms of the

filtrationJ . In the lemma below, we drop the tensor product notation and simply write
H2μH∗

2μ.

Lemma 9.1 The Capelli operator Cμ for μ ∈ �+
� lies in

〈H∗
2μ, H2μ〉−1H2μH

∗
2μ + (U−+ · H2μ)(U++ · H∗

2μ). (73)

Moreover Cμ · H2μ = H2μ and Cμ · H2λ = 0 for |μ| ≥ |λ| and μ �= λ.

Proof Recall that H2μ is a highest weight vector of weight 2μ and H∗
2μ is a lowest

weight vector of weight −2μ. Hence

Cμ ∈ Uq(g) · (H2μH
∗
2μ) ⊆ (U− · H2μ)(U+ · H∗

2μ).
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Using the augmentation ideals U−+ and U++ , this simplifies to

Cμ ∈ γ H2μH
∗
2μ + (U−+ · H2μ)(U++ · H∗

2μ)

for some scalar γ . It follows that (73) is true up to the scalar in front of H2μH∗
2μ.

The projection map π defined in Sect. 5.2 can be used to understand the action of
Cμ on H2λ In particular we have

Cμ · Hλ ∈ γ H2μπ(H∗
2μH2λ)0 + (U−+ · H2μ)π((U++ · H∗

2μH2λ)0. (74)

More generally

Cμ · (u · H2λ) ∈ γ H2μπ(H∗
2μ(u · H2λ))0 +

∑

u′∈U−+

(u′ · H2μ)π((U++ · H∗
2μ)(u · H2λ))0

(75)

where the sum is over weight vectors u′ ∈ U−+ . By Lemma 5.7, if |μ| ≥ |λ| andμ �= λ

then π(H∗
2μH2λ) = π((U++ · H∗

2μ)H2λ) = 0. Hence Cμ · H2λ = 0 for |μ| ≥ |λ| and
μ �= λ as desired.

Recall that Cμ acts as the identity on Uq(g) · H2μ. Hence Cμ · H2μ = H2μ. Hence
by (74), γ H2μ(π(H∗

2μH2μ))0 = H2μ. (Note here we are taking into account that

U−+ · H2μ is a sum of terms of weight strictly less than 2μ so have no contribution
to Cλ · H2μ). Recall the definition of the bilinear form 〈·, ·〉 right before Lemma 5.3.
In particular, this is a bilinear form on Dθ × Pθ defined by 〈d, p〉 = π(dp)0. Hence
Cμ · H2μ = H2μ = γ H2μ(〈H∗

2μ, H2μ〉)). Thus γ = 〈H∗
2μ, H2μ〉−1. ��

9.2 Realization as polynomials

Westartwith the twisting relation between elements inPθ andDθ . These relationships
will be key to taking products of Capelli operators. Much of the computations involve
vector subspaces of Pθ and vector subspaces of Dθ of the form

∑

ν<μ
|ν|=|μ|

(Pθ )ν and
∑

ν<μ
|ν|=|μ|

(Dθ )−ν

Here, the inequality ν < μ means that μ − ν ∈ Q+
N . An equality such as |ν| = |μ|

ensures that the entire subspace ofPθ is of degree |μ| and thus sits inside J|μ|(Pθ ).
A similar result holds for the subspaces of Dθ .

Recall the relation described in Theorem 5.1. The next lemma provides a version
of this relation using subspaces as described above.
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Lemma 9.2 For all a, b, e, and f , the relation from Theorem 5.1 satisfies

dabxe f − q(εa+εb,εe+ε f )xe f dab ∈ q−δe f δaeδb f +
∑

ν<εe+ε f
|ν|=2

∑

ν′<εa+εb
|ν′|=2

(Pθ )ν(Dθ )−ν′ .

(76)

Proof Note that the weight of dab is −εa − εb and the weight of xe f is εe + ε f . Hence
the exponent of q preceding xe f dab satisfies δa f +δae+δb f +δbe = (εa +εb, εe+ε f ).

By [20], Lemma 5.4,

Fr · xi j = δir q
−δr j+δr , j−1xi+ j, j + δ jr xi, j+1

Er · di j = −(q−1δir di+1, j + q1−δri+δr ,i−1δ jr di, j+1).

Note that if Fr · xi j �= 0, then the subscripts of xi j increase upon application of
Fr . Similarly, if Er · di j �= 0, the subscripts of di j increase upon application of Er .
Therefore

dabxe f − q(εa+εb,εe+ε f )xe f dab ∈ q−δe f δaeδb f +
∑

ν<εe+ε f
|ν|=2

∑

ν′<εa+εb
|ν′|=2

(Pθ )ν(Dθ )−ν′ .

as desired. ��
The next lemma gives applications of the relation in Lemma 9.2.

Lemma 9.3 Given a weight vector X2γ of weight 2γ inPθ and a weight vector D−2μ
of weight −2μ in Dθ , we have

D−2μX2γ − q(2μ,2γ )X2γ D−2μ ∈
∑

ν<γ

|ν′|=|γ |

∑

ν′<2μ
|ν′|=|2μ|

(Pθ )ν(Dθ )−ν′ + J|2μ|+|2γ |−2(PDθ ).

Moreover,

∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν

∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′ ⊆
∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′
∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν + J|2μ|+|2γ |−2(PDθ )

Proof Consider first a term of the form des , fs xg1,h1xg2,h2 . Using (76) as the term des , fs
is moved to the right gives us

des , fs xg1, j1xg2,h2 = q(εes+ε fs ,εg1+εg2 )xg1,h1des , fs xg2,h2

+
∑

ν<εg1+εh1|ν|=2

∑

ν′<εes+ε fs
|ν′|=2

(Pθ )ν(Dθ )−ν′xg2,h2 + C(q)xg2,h2
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= q(εes+ε fs ,εg1+εh1+εg2+εh2 )xg1,h1xg2,h2des , fs

+
∑

ν<εg2+εh2|ν|=2

∑

ν′<εes+ε fs
|ν′|=2

xg1,h1(Pθ )ν(Dθ )−ν′

+
∑

ν<εg1+εh1|ν|=2

∑

ν′<εes+ε fs
|ν′|=2

(Pθ )ν(Dθ )−ν′xg2,h2

+ C(q)xg2,h2 + C(q)xg1,h1

From the relations satisfied by the generators for Pθ (see Theorem 3.2 and for-
mula (7)) we see that (Pθ )2γ (Pθ )2λ = (Pθ )2γ+2λ. Similarly (Dθ )−2γ (Dθ )−2λ =
(Dθ )−2γ−2λ′ . Hence

∑

ν<εg2+εh2|ν|=2

xg1,h1(Pθ )ν ⊆
∑

ν<εg1+εh1+εg2+εh2|ν|=4

(Pθ )ν

On the other hand,

∑

ν′<εes+ε fs
|ν′|=2

(Dθ )−ν′

is spanned by linearly independent vectors of the form def with weight ν′ = εe + ε f

which is strictly less than εes + ε fs . Applying (76) results in

∑

ν′<εes+ε fs
|ν′|=2

(Dθ )−ν′xg2,h2 ⊆
∑

γ≤εg2+εh2|γ |=2

∑

ν′<εes+ε fs
|ν′|=2

(Pθ )−γ (Dθ )−ν′ + C(q).

Hence

∑

ν<εg1+εh1|ν|=2

(Pθ )ν
∑

ν′<εes+ε fs
|ν′|=2

(Dθ )ν′xg2,h2 ⊆
∑

ν≤εg1+εh1+εg2+εh2|ν|=4

∑

ν′<εes+ε fs
|ν′|=2

(Pθ )ν(Dθ )ν′

+
∑

ν<εg1+εh1|ν|=2

(Pθ )ν .

Therefore

des , fs xg1,h1xg2,h2 − q(εes+ε fs ,εg1+εh1+εg2+εh2 )xg1,h1xg2,h2des , fs

⊆
∑

ν≤εg1+εh1+εg2+εh2|ν|=4

∑

ν′<εes+ε fs
|ν′|=2

(Pθ )ν(Dθ )ν′ +
∑

ν<εg1+εh1|ν|=2

(Pθ )ν .
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Note that this final term is in J1(PDθ ) while the other terms are in J3(PDθ ).
We now turn our attention in applying such computations to the main assertion of

the lemma. Since D−2μ is a weight vector, it can be written as a sum of products
de1, f1de2, f2 . . . des , fs and each summand has the same terms with the only difference
being reordering. Moreover, since the weight of dab is −εa − εb, the weight −2μ of
D−2μ equals

∑s
i −εei − ε fi . A similar analysis applies to X2γ using elements xab

instead of dab. Repeated applications of (9.2), moving one term of the form dei , fi to
the right after the previous one, yields the desired formula.

The argument for the “moreover" part is similar. Start with a weight vector D of
weight −ν in the vector space

∑
ν<μ

|ν|=|2μ|
(Dθ )−ν and a weight vector X of weight ν′

in the vector space
∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′ . Repeated applications of (76) yields

DX − q(2ν,2ν′)XD ∈
∑

λ′<ν′<2γ
|ν′|=|2γ |

(Pθ )λ′
∑

λ<ν<2μ
|ν|=|2μ|

(Dθ )−λ + J|2μ|+|2γ |−2(PDθ )

Since

XD ∈
∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′
∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν

it follows that

DX ∈
∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′
∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν + J|2μ|+|2γ |−2(PDθ )

This holds for all weight vectors D ∈ ∑
ν<2μ

|ν|=|2μ|
(Dθ )−ν and X ∈ ∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′ . ��

Note that an obvious application of Lemma 9.3 is to D−2μ = H∗
2μ and X2γ = H2γ .

In this case, we get

H∗
2μH2γ − q(2μ,2γ )H2γ H

∗
2μ ∈

∑

ν<2γ
|ν′|=|2γ |

∑

ν′<2μ
|ν′|=|2μ|

(Pθ )ν(Dθ )−ν′ + J|2μ|+|2γ |−2(PDθ ).

(77)

The next lemma gives another formulation for the Capelli operators described in
Lemma 9.1.

Lemma 9.4 The Capelli operator Cμ for μ ∈ �+
� satisfies

Cμ − 〈H∗
2μ, H2μ〉−1H2μH

∗
2μ ∈

∑

ν<2μ
|ν|=|2μ|

(Pθ )ν(Dθ )−ν
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Proof It follows from Lemma 9.1 that the vector Cμ is an element of

〈H∗
2μ, H2μ〉−1H2μH

∗
2μ + (U−+ · H2μ)(U++ · H∗

2μ)

Recall that H∗
2μ is a lowest weight vector and equals a sum of products

de1, f1de2, f2 . . . des , fs . Moreover, each summand has the same terms with the only dif-
ference being reordering. Note that the weight of dab is −εa − εb. Hence, the weight
−2μ of H∗

2μ is equal to −2μ1η̂1 − · · · − 2μ j η̂ j = ∑s
i −εei − ε fi . Similarly, H2μ is

a highest weight vector equal to a a sum of the same products except that each dei , fi
is replaced with xei , fi for i = 1, . . . , s and so the weight is 2μ instead of −2μ.

By definition of H2μ we must have μ ∈ �+
� . Recall that ν < 2μ means that

2μ − ν ∈ Q+
N . Taking the restricted version of 2μ − ν means that 2μ − ν̃ ∈ Q+

� .
As explained in Sect. 7.3, Q� ∩ w0�

+
� = 0. Since w0Q� = Q� , we also have

Q� ∩ �+
� = 0. Hence

H2μH
∗
2λ /∈

∑

ν<2μ,ν′<2λ

(Pθ )ν(Dθ )−ν′ .

for any μ, λ ∈ �+
� .

Contributions to (U−+ · H2μ) take the form of repeated applications of generators
F1, . . . , Fn to H2μ. Since H2μ ∈ (Pθ )2μ we see that (U−+ · H2μ) ⊆ ∑

ν<2μ(Pθ )ν .
Note that all these contributions must lie in degree |2μ| since the action of Uq(g) on
Pθ preserves degree. Hence

(U−+ · H2μ) ⊆
∑

ν<2μ
|ν|=|2μ|

(Pθ )ν .

The same reasoning yields

(U++ · H∗
2μ) ⊆

∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν .

Putting these two inclusions together yields

(U−+ · H2μ)(U++ · H∗
2μ) ⊂

∑

ν<2μ
|ν|=|2μ|

∑

ν′<2μ
|ν′|=|2μ|

(Pθ )ν(Dθ )−ν′ .

Since Cμ ∈ (PDθ )
Uq (g), we can just consider those summands with ν = ν′ in the

above formula. The lemma follows. ��
It is worth noting that the intersection of PDUq (g) with the space

(
U− · H2μ

) (
U+ · H∗

2μ

)
is one-dimensional. Indeed, by Lemma 9.1 the Capelli
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operator Cμ is a basis vector for this space. As a consequence, we have

J2|μ|(PDUq (g)) ⊆ C(q)Cμ +
∑

μ′ �=μ

|μ′|=|μ|

C(q)Cμ′ + J2|μ|−2(PDUq (g)). (78)

Proposition 9.5 Consider a Capelli operator Cμ of degree 2μ where

μ = m1η̂1 + · · · + m j η̂ j

with |μ| = ∑ j
i=1 m j j . It follows that

Cμ = aμ,μC
μ1
η̂1

· · ·Cμn
η̂n

+
∑

|μ′|<|μ|
aμ′C

μ′
1

η̂1
· · ·Cμ′

j

η̂ j
+ a0.

where aμ,μ = q(2μ,2μ)
(∏ j

i=1〈H2η̂i , H
∗
2η̂i

〉−μ′
i

)
, μ′ = μ′

1η̂1 + · · · + μ′η̂ j and every

aμ′ and a0 are scalars

Proof Set cμ,γ = 〈H∗
2μ, H2μ〉−1〈H∗

2γ , H2γ 〉−1. Using (77) we see that that

CμCγ − cμ,γ H2μH
∗
2μH2γ H

∗
2γ ∈

∑

ν<2μ
|ν|=|2μ|

(Pθ )ν(Dθ )−ν

∑

λ<2γ
|λ|=|2γ |

(Pθ )λ(Dθ )−λ. (79)

Switching the order of H∗
2μ and H2γ using (77) gives us

CμCγ − cμ,γ q
(2μ,2γ )H2μH2γ H

∗
2μH

∗
2γ ∈ H2μ

⎛

⎜
⎜
⎜
⎝

∑

ν<2γ
|ν′|=|2γ |

∑

ν′<2μ
|ν′|=|2μ|

(Pθ )ν(Dθ )−ν′

⎞

⎟
⎟
⎟
⎠

H∗
2γ

+ H2μ(J|2μ|+|2γ |−2(PDθ ))H
∗
2γ

+
∑

ν<2μ
|ν|=|2μ|

(Pθ )ν(Dθ )−ν

∑

λ<2μ
|λ|=|2μ|

(Pθ )λ(Dθ )−λ.

Note that H2μ(J|2μ|+|2γ |−2(PDθ ))H∗
2γ ⊆ J2|2μ|+2|2γ |−2. Also

H2μ

∑

λ<2γ
|λ|=|2γ |

(Pθ )λ ⊆
∑

ν+ν′<2μ+2γ
|ν+ν′|=|2μ+2γ |

(Pθ )ν+ν′ and

∑

λ′<2μ
|λ′|=|2μ|

(Dθ )−λ′ H∗
2γ ⊆

∑

ν+ν′<2μ+2γ
|ν+ν′|=|2μ+2γ |

(Dθ )−ν−ν′ .
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Hence

H2μ(
∑

ν<2γ
|ν|=|2γ |

∑

ν′<2μ
|ν′|=|2μ|

(Pθ )ν(Dθ )−ν′)H∗
2γ ⊆

∑

ν+ν′<2μ+2γ
|ν+ν′|=|2μ+2γ |

(Pθ )ν+ν′(Dθ )−ν−ν′ .

(80)

We now look at the other terms that show up in the formula for CμCγ . By Lemma
9.3 we have

∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν

∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′ =
∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν′
∑

ν<2μ
|ν|=|2μ|

(Dθ )−ν + J|2μ|+|2γ |−2(PDθ ).

Therefore

⎛

⎜
⎜
⎝

∑

ν<2μ
|ν|=|2μ|

(Pθ )ν(Dθ )−ν

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎝

∑

ν′<2γ
|ν′|=|γ |

(Pθ )ν′(Dθ )−ν′

⎞

⎟
⎟
⎟
⎠

⊆
∑

ν<2μ
|ν|=|2μ|

∑

ν′<2γ
|ν′|=|2γ |

(Pθ )ν(Pθ )ν′(Dθ )−ν(Dθ )−ν′ + J2|2μ|+2|2γ |−2(PDθ ).

From the relations satisfied by the generators for Pθ (see Theorem 3.2 and formula
(7)) we see that (Pθ )ν(Pθ )ν′ = (Pθ )ν+ν′ . Similarly (Dθ )−ν(Dθ )−ν′ = (Dθ )−ν−ν′ .
Hence

∑

ν<μ
|ν|=|μ|

∑

ν′<γ

|ν′|=|γ |

(Pθ )2ν(Pθ )2ν′(Dθ )−2ν(Dθ )−2ν′ + J|μ|+|γ |−2(PDθ )

⊆
∑

ν+ν′<μ+γ

|ν+ν′|=|μ+γ |

(Pθ )2ν+2ν′(Dθ )−2ν−2ν′ + J2|2μ|+2|2γ |−2(PDθ ).

This formula combined with (79) and (80) gives us

CμCγ − cμ,γ q
(2μ,2γ )(H2μH2γ )(H∗

2μH
∗
2γ ) ∈

∑

ν+ν′<μ+γ

|ν+ν′|=|μ+γ |

(Pθ )2ν+2ν′(Dθ )−2ν−2ν′

+ J2|2μ|+2|2γ |−2(PDθ ).

By Proposition 4.3, the elements H2μ and H2μ′ commute with each other and the
same holds for H∗

2μ and H∗
2γ where μ, γ are arbitrary weights. Moreover, by weight

considerations discussed immediately following Proposition 4.3, H2μH2γ = H2μ+2γ
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and H∗
2μH

∗
2γ = H∗

2μ+2γ . By Lemma 9.4, up to a nonzero scalar Cμ+γ is an element
of the form

H2μ+2γ H
∗
2μ+2γ +

∑

ν+ν′<μ+γ

|ν+ν′|=|μ+γ |

(Pθ )2ν+2ν′(Dθ )−2ν−2ν′ .

Hence by considering the top-degree terms of Cμ, Cγ , and Cμ+γ , we obtain

CμCγ − cμ,γ q
(2μ,2γ )Cμ+γ ∈ J2|2μ|+2|2γ |−2(PDθ ).

Restricting our attention to Uq(g)-invariant elements gives us

CμCγ − cμ,γ q
(2μ,2γ )Cμ+γ ∈ J2|2μ|+2|2γ |−2(PD

(Uq (g))

θ ). (81)

Set μ = m1η̂1 + · · · + m j η̂ j and μ′ = m′
1η̂1 + · · · + m′

j η̂ j for μ′ �= μ and

|μ′| ≤ |μ|. Using the above analysis and the fact that (PDθ )
Uq (g) is just the sum of

one-dimensional subspaces of Capelli operators, we get

Cμ − aμ,μC
μ1
η̂1

· · ·Cμ j

η̂ j
∈

∑

|μ′|<|μ|
C(q)Cμ′

where aμ,μ = q(2μ,2μ)
(∏ j

i=1〈H2η̂i , H
∗
2η̂i

〉−μ′
i

)
. Indeed the right hand side is the

contribution to the lower degree terms in J2|2μ|+2|2γ |−2(PD
Uq (g)

θ ). Continuing this
process yields

Cμ = aμ,μC
μ1
η̂1

· · ·Cμ j

η̂ j
+

∑

|μ′|<|μ|
aμ′C

μ′
1

η̂1
· · ·Cμ′

j

η̂ j
+ a0

where each aμ′ and a0 are scalars. Thus the proof of the proposition is complete. ��
Since cμ,γ = cγ,μ and q(2μ,2γ ) = q(2γ,2μ), the reader can follow the calculations

in the previous proposition to conclude that CμCγ = CγCμ for all choices of μ and
γ , Hence the subalgebra generated by Cη̂1 , . . . ,Cη̂ j is commutative. Note that this
commutativity can be verified more conceptually, as follows: as aPDθ -module,Pθ

is faithful. Furthermore, the operators Cμ commute with the multiplicity-free Uq(g)-
action onPθ , hence they act by scalars on the irreducible components. Consequently,
the Cμ are simultaneously diagonalizable.

9.3 The center and Capelli operators

Recall the definition of the subring Z generated by the central elements ẑ1, . . . , ẑn
living inside U 2

q (g) from Sect. 8.4. The next theorem relates this subalgebra Z of the
center to the algebra of Capelli operators via the mapping ϒ of Corollary 7.5.
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Theorem 9.6 TheUq(g)-module algebra mapϒ defines an algebra isomorphism from
the polynomial subring Z of Z(U 2

q (g)) to the algebra coinciding with the vector space
spanned by the Capelli operators. Moreover, degϒ(ẑr ) = 2r for r = 1, . . . , n.

Proof Set cr = ϒ(ẑr ) for r = 1, . . . , n. By Corollary 8.8, the c1, . . . , cn generate the
polynomial ring in PDθ isomorphic to Z via ϒ . Also, deg cr ≤ 2r for each r . In

terms of the degree filtration J , this means that cr ∈ J2r (PD
Uq (g)

θ ).
We argue by induction on j that

C(q)[c1, . . . , c j ] = C(q)[Cη̂1 , . . . ,Cη̂ j ] (82)

for j = 0, . . . , n and also show that deg c j = 2 j for j = 1, . . . , n. Note that the
equality of algebras holds for j = 0 simply because both sides of (82) are just the
scalars. Now assume that (82) is true for some j satisfying j > 0. By Corollary 8.8,
C(q)[c1, . . . , cn] is a polynomial ring with n variables. In particular, the elements
c1, . . . , cn are algebraically independent. Hence c j+1 /∈ C(q)[c1, . . . , c j ].

Recall that the elements ẑr , r = 1, . . . , n are in the center of Uq(g). Also, by
the definition of the Capelli operators (see the discussion preceding Lemma 9.1),

degCη̂ j+1 = 2|η̂ j+1| = 2 j + 2. By Corollary 7.5, cr ∈ PD
Uq (g)

θ for each r . It
follows that c j+1 is an element of

c j+1 ∈ C(q)Cη̂ j+1 +
∑

|μ|= j+1,μ�=η̂ j+1

C(q)Cμ + J2 j (PD
Uq (g)

θ ). (83)

By Lemma 9.1, each of the Capelli operators in the sum C(q)Cη̂ j+1 +∑
|μ|= j+1,μ�=η̂ j+1

C(q)Cμ has degree 2μ = 2 j + 2. Furthermore, this is also true
for the entire sum because each Capelli operator Cμ belongs to a subspace of the form
(U−Hμ)(U+H∗

μ) of degree 2μ, for distinct values ofμ. Hence deg(c j+1) = 2( j+1).
Consider a term of the form Cμ where |μ| = 2 j + 2, μ �= η̂ j+1. Since Cμ has

degree 2 j + 2 but μ �= η̂ j+1, we must have

μ = m1η̂1 + · · · + m j η̂ j

with
∑ j

i=1 mi i = j + 1. In particular, the coefficient of η̂ j+1 in μ is zero. Moreover
the same is true for η̂s for s > j + 1 because, with this assumption, the degree of
Cη̂s = 2s > 2( j + 1). Using (83) we see that

c j+1 − aCη̂ j+1 ∈ C(q)[Cη̂1 , . . . ,Cη̂ j ] = C(q)[c1, . . . , c j ] (84)

for somenonzero scalara. Assertion (82) nowholds for j+1 replacing j . By induction,
this is true for j = n. Hence the elementsCη̂1 , . . . ,Cη̂n are algebraically independent.

Now consider Cλ with λ arbitrary. Since η̂1 . . . , η̂n form a basis for �+
� , we can

write λ = λ1η̂1 + λ2η̂2 + · · · λn η̂n . By Proposition 9.5,

Cλ = aλ,λC
λ1
η̂1

· · ·Cλn
η̂n

+
∑

|λ′|<|λ|
aλ′C

λ′
1

η̂1
· · ·Cλ′

j

η̂ j
+ a0.
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Hence Cλ ∈ C(q)[Cη̂1 , . . . ,Cη̂n ]. Thus the vector space spanned by the Capelli oper-
ators equals the polynomial algebra C(q)[Cη̂1 , . . . ,Cη̂n ]. The theorem follows from
the fact that this polynomial algebra is equal to C(q)[c1, . . . , cn]. ��

10 Eigenvalues of Capelli operators

10.1 Definition and degree

We will be using a polynomial algebra in the restricted root setting to study the eigen-
values of the Capelli operators. This will help us in realizing the eigenvalues from two
perspectives: as dotted Weyl invariants and as symmetric polynomials. The second
point of viewhelps in the identificationof the eigenvalueswithKnop-Sahi interpolation
polynomials in Sect. 10.3.

Descriptions of the restricted weights can be found in Sect. 2.5. The restricted root
system for each family is of type An−1 and the elements ε�

i for i = 1, . . . , n form
a fixed orthonormal basis for the vector space that naturally contains An−1. Hence
passing to the corresponding elements in the Cartan subalgebra, we see that K2ε�

i
for

i = 1, . . . , n are algebraically independent. Therefore,

C(q)[K2ε�
1
, K2ε�

2
, . . . , K2ε�

n
] (85)

is a polynomial ring with variables K2ε�
1
, . . . , K2ε�

n
. Moreover, symmetric polynomi-

als in

C(q)[g−1K2ε�
1
, g−2K2ε�

2
, . . . , g−nK2ε�

n
]

can be identified with C(q)[A2]W�• for an appropriate choice of g (see Lemma 10.1).
Set g−1 = q−2 in Type AI and the diagonal case, and set g−1 = q−4 in Type
AII. Let x1, . . . , xn be indeterminates and consider the algebra isomorphism κ from
C(q)[x1, . . . , xn] to C(q)[g−1K2ε�

1
, . . . , g−nK2ε�

n
] defined by κ(x j ) = g− j K2ε�

j

for all j = 1, . . . , n. Let Sn is the symmetric group acting on the polynomial ring
C(q)[x1, . . . , xn] by permuting the elements x1, . . . , xn .

Lemma 10.1 We have κ(C(q)[x1, . . . , xn]Sn ) = C(q)[A2]W�•.
Proof Recall that ρ is the half sum of the positive roots for the root system of glN .
Note that for each i we have (ρ, εi ) = (N −2i −1)/2. Now returning to the restricted
root cases under consideration, we set N = n. For i = 1, . . . , n, we have

q(ρ̃,2ε�
i )K2ε�

i
= q(ρ̃,2ε̃i )K2ε̃i = q(ρ,2εi )K2εi

= qn−2i−1K2εi = qn−2i−1K2ε�
i

= qn−1(q−2i K2ε�
i
)

for Type AI,

q(ρ̃,2ε�
i )K2ε�

i
= q(ρ̃,2ε̃i )K2ε̃i = q(ρ1,εi )+(ρ2,εi+n)K2ε�

i
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= qn−2i−1K2ε�
i

= qn−1(q−2i K2ε�
i
)

in the diagonal case and

q(ρ̃,2ε�
i )K2ε�

i
= q(ρ,2ε̃2i )K2ε�

i
= q(ρ,ε2i−1+ε2i )K2ε�

i
= q2n−4i K2ε�

i
= q2n(q−4i K2ε�

i
)

in TypeAII. In all of the cases the right hand side is of the form qe(g−i K2ε�
i
)where e ∈

{n−1, 2n}, i.e., the exponent e is independent of i . Thus, C(q)[A2]W�• is the algebra
of symmetric polynomials in g−i K2ε�

i
for i = 1, . . . , n. Indeed from formula (64) it

follows that the reflection sβ̃ j,k
inW� corresponding to β̃ j,k = ε�

j −ε�
k+1 corresponds

to the transposition ( j, k) ∈ Sn . ��

Let B ∈ ∑
μ C(q)Cμ = PD

Uq (g)

θ and z ∈ Z such that B = ϒ(z). Set E(B) =
ϕ̃HC (z). By Theorem 8.7, E(B) is an element of C(q)[A2]W�•. Alternatively, we can
use Lemma 10.1 with its identification ofC(q)[A2]W�• with the algebra of symmetric
polynomials inside of C(q)[g−i K2ε�

i
| i = 1, . . . , n].

It follows from Theorem 8.7, Corollary 8.8, Theorem 9.6 and Lemma 10.1

that E defines an algebra isomorphism from PD
Uq (g)

θ to C(q)[A2]W�• =
C(q)[g−i K2ε�

i
| i = 1, . . . , n]Sn . Recall that as a vector space,

C(q)[A2]W�• =
∑

λ∈�+
�

C(q)m�
2w0λ

Set Stab(w0η̂i ) = {w ∈ W� | ww0η̂i = w0η̂i }. Given λ = m1w0η̂1+· · ·+mnw0η̂n ∈
w0�

+
� set aλ = ∏n

i=1 a
mi
w0η̂i

where aw0η̂i = q(ρ̃,2w0η̂i )|Stab(w0η̂i )|. The next lemma
takes a closer look at the ring of dotted W�-invariants.

Lemma 10.2 There is an algebra isomorphism V from C(q)[A2]W�• to
C(q)[K2w0λ| λ ∈ �+

�] which sends

b(m�
2w0η̂1

)m1 · · · (m�
2w0η̂n

)mn to baλK
m1
2w0η̂1

· · · Kmn
2w0η̂n

for each λ = m1w0η̂1 + · · · + mnw0η̂n ∈ w0�
+
� and all scalars b ∈ C(q).

Proof As explained in Sect. 8.2 (see the discussion preceding the inclusion (57)),

C(q)[K2w0η̂1 , . . . , K2w0η̂n ] ⊂ C(q)[A2].

By Lemma 10.1 and its proof, K2w0η̂i = K2ε�
n−i+1

K2ε�
n−i+2

· · · K2ε�
n
. It follows that

K2w0η̂i ∈ C(q)[K2ε�
n−i+1

| i = 1, . . . n] but K2w0η̂i /∈ C(q)[K2ε�
n−i+1

| i = 2, . . . , n]
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Hence, the elements K2w0η̂i for i = 1, . . . , n are algebraically independent and
C(q)[K2w0η̂i | i = 1, . . . , n] is a polynomial ring in n variables K2w0η̂1 , . . . , K2w0η̂n .
Moreover,

C(q)[K2w0λ| w0λ ∈ w0�
+
�] = C(q)[K2w0η̂1 , . . . K2w0η̂n ].

By the proof of Corollary 8.8,

m�
2w0η̂i

=
∑

w∈W�

q(ρ̃,2ww0η̂i )K2ww0η̂i ∈ aw0η̂i K2w0η̂i +
∑

β∈Q+
�

C(q)K2w0η̂i+2β.

As explained in Lemma 8.6, Q� ∩ w0�
+
� = 0. Hence

⎛

⎜
⎝

∑

β∈Q+
�

C(q)K2w0η̂i+2β

⎞

⎟
⎠ ∩ C(q)[K2w0λ| λ ∈ �+

�] = 0.

Now consider λ = m1w0η̂1 + · · · + mnw0η̂n ∈ �+
� . Note that

∏n
i=1 K

mi
2w0η̂i

= K2λ.
On the other hand,

n∏

i=1

(K2w0η̂i+βi )
mi = K2λ+β

and if for at least one 1 ≤ i ≤ nwe havemi > 0 and βi ∈ Q+
� , then β = ∑n

i=1 miβi ∈
Q+

� . It follows that

(m�
2w0η̂1

)m1 · · · (m�
2w0η̂n

)mn = aλK2λ +
∑

β∈Q+
�

C(q)K2λ+β

In other words, λ = m1w0η̂1 + · · · + mnw0η̂n is the unique partition in w0�
+
� that

appears in the expanded expression for (m�
2w0η̂1

)m1 · · · (m�
2w0η̂n

)mn as given above.

Hence there is a vector space isomorphism, whichwe refer to asV , fromC(q)[A2]W�•
to C(q)[K2w0λ| λ ∈ �+

�] which sends bm�
2w0λ

to baw0λK2w0λ for each λ ∈ �+
� . We

prove that the map V also defines an algebra isomorphism. To see this, we consider
the product

(
(m�

2w0η̂1
)m1 · · · (m�

2w0η̂n
)mn

) (
(m�

2w0η̂1
)μ1 · · · (m�

2w0η̂n
)μn

)

where
∑n

i=1 mi η̂i = λ and
∑n

i=1 μi η̂i = μ. This product equals

(m�
2w0η̂1

)m1+μ1 · · · (m�
2w0η̂n

)mn+μn
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Now

V
(
(m�

2w0η̂1
)m1 · · · (m�

2w0η̂n
)mn

)
V

(
(m�

2w0η̂1
)μ1 · · · (m�

2w0η̂n
)μn

)

= aw0λK2w0λaw0μK2w0μ

= aw0λaw0μK2w0λKw0μ

=
(

n∏

i=1

ami
w0η̂i

) (
n∏

i=1

aμi
w0η̂i

)

K2w0(λ+μ) =
(

n∏

i=1

ami+μi
w0η̂i

)

K2w0(λ+μ)

= V
((

m�
2w0η̂1

)m1+μ1 · · ·
(
m�

2w0η̂n

)mn+μn
)

.

Hence the map V is a vector space isomorphism that also preserves multiplication.
Thus V defines an algebra isomorphism from C(q)[A2]W�• to C(q)[K2w0λ| λ ∈ �+

�]
as stated in the lemma. ��

Recall there is a filtration J onPDθ . It is inherited byPD
Uq (g)

θ and thus carried
over by the isomorphism E to C(q)[g−1K2ε�

1
, . . . , g−nK2ε�

n
]. The induced filtration

produces the “filtration degree" which we denote by J deg. Note that an element y in

PD
Uq (g)

θ has filtration degree t provided

y ∈ Jt (PD
Uq (g)

θ ) and y /∈ Jt−1(PD
Uq (g)

θ )

By Lemma 6.1 and Corollary 7.5, ϒ(K2ε�
n
) ∈ ∑

i jkl C(q)xi j dkl and hence
J degK2ε�

n
= 2. Moreover, applying the reflection sβ̃in as in the previous lemma,

we see that K2ε�
i

= sβ̃in K2ε�
n
. Since the action of Uq(g) on PDθ preserves the

J deg, we get J degK2ε�
i

= 2 all i .

Given λ ∈ �+
� , let Eλ be the polynomial in C(q)[x1, . . . , xn] such that

κ(Eλ) = E(Cλ). (86)

We claim that Eλ is a symmetric polynomial. IndeedCλ ∈ (PDθ )
Uq (g). Thus E(Cλ) ∈

C(q)[A2]W�•. By (86), κ(Eλ) ∈ C(q)[A2]W�•. Now Lemma 10.1 tells us that

Eλ ∈ C(q)[x1, . . . , xn]Sn .

Note that it makes sense to talk about the degree of Eλ using the standard total
degree function for C(q)[x1, . . . , xn]. (We emphasize that deg xi = 1 for all i .) We
refer to this degree as the “polynomial degree” and denote it by pdeg.

Since J deg(m�
2w0η̂1

)m1 · · · (m�
2w0η̂n

)mn ) = J deg(Km1
2w0η̂1

· · · Kmn
2w0η̂n

) it follows
that the algebra isomorphism V of Lemma 10.2 preserves the filtration degree. The
same holds for the polynomial degree.

Lemma 10.3 For each λ ∈ �+
� , the polynomial degree of Eλ is |λ|.
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Proof We begin by showing pdeg Eη̂i = i for i = 1, . . . , n. The reader should observe
that we already know that |η̂i | = i . This will establish a special case of the lemma. By
Theorem 9.6 and its proof, we have a concurrence of algebras

C(q)[c1, . . . , c j ] = C(q)[Cη̂1 , . . . ,Cη̂ j ]

for j = 1, . . . , n. We also have (see Theorem 9.6, formula (84))

c j − a jCη̂ j ∈ C(q)[Cη̂1 , . . . ,Cη̂ j−1 ] = C(q)[c1, . . . , c j−1] (87)

for nonzero scalars a j .
Recall thatE defines an algebra isomorphism from (PDθ )

Uq (g) to the ring of dotted
invariants C(q)[A2]Wθ• which equals symmetric polynomials in C(q)[g−i K2ε�

i
| i =

1, . . . , n].
Applying the algebra isomorphism E to (87) yields

E(c j ) − a jE(Cη̂ j ) ∈ C(q)[E(c1), . . . , E(c j−1)].

We show

C(q)[E(c1), . . . , E(cs)] = C(q)[m�
2w0η̂1

,m�
2w0η̂2

, . . . ,m�
2w0η̂s

] (88)

for all 1 ≤ s ≤ n.
Consider Type AI and the diagonal case. As explained in the proof of Theorem

8.7, E(ci ) = ϕ̃HC (ẑi ) = m�
2w0η̂i

(up to a nonzero scalar multiple) for i = 1, . . . , n.
This proves (88) for these two types. For Type AII, first note that ẑs = z2w0ω̂s for
s = 1, . . . , n. The proof of Theorem 8.7 shows that m�

2w0η̂2k
is a (nonzero) linear

combination of elements in the set
{
ϕ̃HC (ẑ2k),m

�
2w0η̂k− j

m�
2w0η̂k+ j

|1 ≤ j < k
}

for 1 ≤ 2k ≤ n. Similarly, m�
2w0ω̂2k+1

is a linear combination of elements in the set

{
ϕ̃HC (ẑ2k+1),m

�
2w0η̂k− j

m�
2w0η̂k+1+ j

|1 ≤ j < k
}

for 1 ≤ 2k + 1 ≤ n. Hence

t2kE(ck) −
∑

1≤ j<k

b2km
�
2w0η̂k− j

m�
2w0η̂k+ j

= m�
2w0η̂2k

for scalars t2k and b2k and

t2k+1E(c2k+1) −
∑

1≤ j<k

b2k+1m
�
2w0η̂k− j

m�
2w0η̂k+1+ j

= m�
2w0η̂2k+1
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for scalars t2k+1 and b2k+1.
Note that here we are using the facts that m�

2w0η̂k− j
and m�

2w0η̂k+ j
are elements of

C(q)[m�
2w0η̂1

,m�
2w0η̂2

, . . . ,m�
2w0η̂2k−1

]

and, similarly, m�
2w0η̂k− j

and m�
2w0η̂k+1+ j

are elements of

C(q)[m�
2w0η̂1

,m�
2w0η̂2

, . . . ,m�
2w0η̂2k

]

for 1 ≤ j < k. Since m�
2w0η̂s

is algebraically independent with elements in the poly-

nomial ring C(q)m�
2w0η̂1

,m�
2w0η̂2

, · · · ,m�
2w0η̂s−1

], the coefficient as must be nonzero.
This proves (88) in Type AII.

Note that by the above analysis, there exists a polynomial fs in s − 1 variables and
a nonzero scalar ts such that

E(cs) − fs(m
�
2w0η̂1

, . . . ,m�
2w0η̂s−1

) = tsm
�
2w0η̂s

for all s = 1, . . . , n. For type AI and the diagonal case, fs is identically equal to zero.
In Type AII, fs((E(c1), . . . , E(cs−1)) is a sum of products of the form

• m�
2w0η̂k− j

m�
2w0η̂k+ j

for s = 2k and 1 ≤ j < k

• m�
2w0η̂k− j

m�
2w0η̂k+1+ j

for s = 2k + 1 and 1 ≤ j < k.

Each of these products has polynomial degree less s and filtration degree less than 2s.
We have

tsm
�
2w0η̂s

− asE(Cw0η̂s ) = E(cs) − fs
(
m�

2w0η̂1
, . . . ,m�

2w0η̂s−1

)
− asE(Cw0η̂s )

+ ps
(
m�

2w0η̂1
,m�

2w0η̂2
, . . . ,m�

2w0η̂s

)

for somepolynomial ps(m�
2w0η̂1

, . . . ,m�
2w0η̂s−1

) ∈ C(q)[m�
2w0η̂1

,m�
2w0η̂2

, . . . ,m�
2w0η̂s−1

].
It follows that

asE(Cw0η̂s ) = tsm
�
2w0η̂s

− ps
(
m�

2w0η̂1
,m�

2w0η̂2
, . . . ,m�

2w0η̂s−1

)
.

Since

J deg
(
m�

2w0η̂s

)
= 2s = J deg(Cw0η̂s )

we must have

J deg
(
ps

(
m�

2w0η̂1
, . . . ,m�

2w0η̂s−1

))
≤ 2s. (89)
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We can write ps(x1, . . . , xs−1) as a sum
∑

μ aμx
μ1
1 · · · xμs−1

s−1 . Hence

asE(Cw0η̂s ) = tsm
�
2w0η̂s

−
∑

μ

aμ

(
m�

2w0η̂1

)μ1 · · ·
(
m�

2w0η̂s−1

)μs−1
.

By Lemma 10.2, the algebra isomorphism V applied to the above yields

V(asE(Cw0η̂s )) = V
(
tsm

�
2w0η̂s

)
−

∑

μ

aμV
((

m�
2w0η̂1

)μ1 · · ·
(
m�

2w0η̂s−1

)μs−1
)

= ts K2w0η̂s −
∑

μ

aμ(K2w0η̂1)
μ1 · · · (K2w0η̂s−1)

μs−1

Moreover, as discussed before this lemma, V preserves both the filtration and the
polynomial degree. Hence

J deg

(
∑

μ

aμ(m�
2w0η̂1

)μ1 · · · (m�
2w0η̂s−1

)μs−1

)

= J deg
∑

μ

aμ(K2w0η̂1)
μ1 · · · (K2w0η̂s−1)

μs−1

= maxμJ deg
(
(K2w0η̂1)

μ1 · · · (K2w0η̂s−1)
μs−1

)
.

Now each term (K2w0η̂1)
μ1 · · · (K2w0η̂s−1)

μs−1 has filtration degree

2μ1 + 4μ2 + · · · + 2(s − 1)μs−1

which must be less than or equal to 2s by (89). Similarly, the polynomial degree of
(K2w0η̂1)

μ1 · · · (K2w0η̂s−1)
μs−1 is

μ1 + 2μ2 + · · · + (s − 1)μs−1

which is less than or equal to s by the previous computation. Hence

pdeg(ps(m
�
2w0η̂1

,m�
2w0η̂2

, . . . ,m�
2w0η̂s−1

))

= maxμ(μ1 + 2μ2 + · · · + (s − 1)μs−1) ≤ 2s

Since pdeg(m�
2w0η̂s

) = s, it follows that

pdegE(Cw0η̂s ) = s.

In other words, pdegE(Cw0η̂i ) = i for all i = 1, . . . , n as desired.
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We now turn to arbitrary λ and determine the polynomial degree of E(Cλ). By
Proposition 9.5 and Theorem 9.6,

Cλ = aλ,λC
λ1
η̂1

· · ·Cλn
η̂n

+
∑

|λ′|<|λ|
aλ′C

λ′
1

η̂1
· · ·Cλ′

j

η̂ j
+ a0

where λ = λ1η̂1 +λ2η̂2 +· · · λn η̂n and aλ,λ, aλ′ , and a0 are all scalars with aλ,λ �= 0.
Since it is a product and the polynomial degree of a product is a sum of the degree of
the factors, we have

pdeg
(
Cλ1

η̂1
· · ·Cλn

η̂n

)
= pdeg Cλ1

η̂1
+ · · · + pdeg Cλn

η̂n
=

n∑

i=1

λi |η̂i | =
n∑

i=1

λi i = |λ|.

A similar argument applied to each summand in
∑

|λ′|<|λ| aλ′C
λ′
1

η̂1
· · ·Cλ′

j

η̂ j
yields

pdeg

⎛

⎝
∑

|λ′|<|λ|
aλ′C

λ′
1

η̂1
· · ·Cλ′

j

η̂ j

⎞

⎠ < |λ|.

Also, pdeg a0 = 0. Hence the polynomial degree of Eλ = E(Cλ) satisfies

pdeg E(Cλ) = pdeg
(
Cλ1

η̂1
· · ·Cλn

η̂n

)
= |λ|.

��

10.2 Vanishing and non-vanishing properties

By Proposition 4.3 and Theorem 4.4, H2μ has weight 2μ with μ ∈ �+
� as a left

Uq(g)-module. Hence

Kλ · H2μ = q(λ,2μ)H2μ

for all Kλ in the Cartan subalgebra of Uq(g). We expand μ as a sum of the form
μ = (μ1ε

�
1 + · · · + μnε

�
n ). Now consider the action of K2ε�

i
on H2μ where 2ε�

i is
the weight described in Sect. 2.5 for all three types of symmetric pairs. We have

K2ε�
i

· H2μ = q(2ε�
i ,2μ)H2μ.

From the expansion μ = (μ1ε
�
1 + · · · + μnε

�
n ) it follows that

K2ε�
i

· H2μ = qμi (2ε�
i ,2ε�

i )H2μ = qtμi H2μ,
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where t = 4 in Type AI, and t = 2 in Types AII and the diagonal case. Hence

κ(xi ) · H2μ = g−i qtμi H2μ.

Since κ is an algebra homomorphism, if P is any polynomial inC(q)[x1, . . . , xn] then

κ(P) · H2μ = P(g−1qtμ1 , · · · , g−nqt un )H2μ.

Thus

κ(Eλ) · H2μ = Eλ(g
−1qtμ1 , · · · , g−nqt un )H2μ.

Given aweightμ = (μ1ε
�
1 +· · ·+μnε

�
n ) and a polynomial P inC(q)[x1, . . . , xn],

set P(qμ) = P(qtμ1 , . . . , qtμn ). By (86)

κ(Eλ) = Eλ(g
−1K2ε�

1
, . . . , g−nK2ε�

n
)

for each λ in �+
� . Set Eλ(qtμ) = Eλ(g−1qtμ1 , . . . , g−nqtμn ).

Consider H2μ ∈ Pθ for μ ∈ �+
� . Recall Lemma 9.1 which describes the action of

a Capelli operator, say Cλ on H2μ. Hence

Cλ · H2μ = E(Cλ) · H2μ = Eλ(q
tμ)H2μ.

Proposition 10.4 For each λ,μ ∈ �+
� , the eigenvalue function Eλ satisfy

(i) Eλ(qtμ) = 1 for λ = μ

(ii) Eλ(qtμ) = 0 for μ �= λ and |μ| ≤ |λ|
where t = 4 in Type AI, and t = 2 in Types AII and the diagonal case.

Proof It follows from the discussion preceding the proposition that Eλ(qtμ)H2μ =
Cλ · H2μ for all choices of λ and μ with |λ| ≥ |μ|. Hence (i) and (ii) are equivalent
to the analogous assertions with Eλ(qtμ) replaced by Cλ · H2μ. The proposition now
follows from Lemma 9.1 (with the roles of μ and λ switched). ��

10.3 Knop-Sahi interpolation polynomials

LetC(a, g)[x1, . . . , xn] be the polynomial in n variables over the fieldC(a, g)where a
and g are two independent parameters. Given a partition μ = μ1 ≥ μ2 ≥ μn ≥ 0 and
a polynomial P(x1, . . . , xn) in C(a, g)[x1, . . . , xn], set P(aμ) = P(aμ1 , . . . , aμn ).
Knop-Sahi interpolation polynomials introduced in [10] and [27], also called shifted
Macdonald polynomials in the later paper [25]. They are a family of polynomials
P∗

λ (x; a, g), indexed by partitions λ. In addition, they satisfy both an invariance
condition and a vanishing condition. In particular, the element P∗

λ (x; a, g) in
C(a, g)[x1, . . . , xn] is the unique (up to nonzero scalar) polynomial in the x1, . . . , xn
of degree |λ| such that
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• P∗
λ (x; a, g) is symmetric viewed as a polynomial in the n terms x1g−1, . . . , xng−n .

• P∗
λ (aμ; a, g) = 0 for each partition μ �= λ with |μ| ≤ |λ| and P∗

λ (aλ; a, g) �= 0.

Here, we are following Onkoukov’s aproach [25]. In particular, these polynomials
are symmetric with respect to the choice of variables xi g

−1
i , i = 1, · · · , n (see page

149 of [25] which is part of the introduction). The polynomials in [27] (defined in
the introduction via conditions (1) and (2)) are symmetric in the x1, . . . , xn . Hence
these are recovered from the one’s defined here by a change of variables. Also, we are
using the simpler vanishing condition of Sahi [27] and Knop [10] because it is less
complicated. The stronger one, which is the one used by Onkounkov (see [25] (1.3))
is actually shown to be equivalent to the simpler vanishing condition given above (See
[10], Section 4).

Note that in [25], the initial formulation for the polynomials above is such that they
are unique up to nonzero scalar multiple. Later, a normalization is provided (Section
4 of [25], see equality (4.3)) so that these polynomials can be given precisely without
worrying about a scalar factor. The papers [27] and [9] normalize these polynomials in
a different way as compared to what is done in this paper. Namely, they assume that the
symmetric polynomial mλ associated to the partition λ appears in the polynomial at λ
with coefficient equal to 1. Here, we normalize by assuming the eigenvalue functions
Eλ arise from elements corresponding to the identity in the appropriateUq(g)-module.
This choice is equivalent to the condition Eλ(qmλ) = 1 of Proposition 10.4.

Theorem 10.5 For each λ, the polynomial Eλ(x1, . . . , xn) evaluated at xi = K2ε�
i
is

equal to cλP∗
λ (x; a, g) where cλ = P∗

λ (aλ; a, g)−1 and

• (a, g) = (q4, q2) in Type AI,
• (a, g) = (q2, q4) in Type AII, and
• (a, g) = (q2, q2) in the diagonal type.

Proof Set g = q2 in TypeAI and the diagonal case and set g = q4 in TypeAII. ByThe-
orem 8.7 and Theorem 9.6, Eλ(K2ε�

1
, . . . , K2ε�

n
) is in the dottedWeyl group invariants

ofC(q)[A2]. By Lemma 10.1, the dotted invariants inC(q)[A2] equals the symmetric
polynomials in C(q)[g−1K2ε�

i
| i = 1, . . . , n]. It follows that Eλ(K2ε�

1
, . . . , K2ε�

n
) is

a symmetric polynomial in the variables

g−1K2ε�
1
, . . . , g−nK2ε�

n
.

The same claim is true when we replace each K2ε�
i
with xi and so Eλ(x1, . . . , xn)

satisfies the same invariance property as P∗
λ (x; a, g) = P∗

λ (x1, . . . , xn) with this
particular choice of g.

Now set a = q4 in Type AI and a = q2 in Type AII and the diagonal case. By
Proposition 10.4 (ii), Eλ(aμ) = 0 for each partition μ �= λ with |μ| ≤ |λ|. Hence Eλ

satisfies the same vanishing property as P∗
λ (x; a, g). By Lemma 10.3, the degree of

Eλ is |λ|. Thus Eλ must be a nonzero scalar multiple of P∗
λ (x; a, g) for each λ. The

fact that this nonzero scalar is cλ follows from the fact that Eλ(aλ) = 1 which is just
Proposition 10.4 (i). ��
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Remark 10.6 Recall that Oq(SLN ) can be obtained from Oq(MatN ) by modding out
by detq −1. Let χ be a Hopf algebra automorphism of Uq(g). Set G = SLn in Type
AI, G = SL2n in Type AII, and G = SLn × SLn in the diagonal case. The space
of zonal spherical functionsH := Hχ(Bθ ),Bθ

associated to the pair χ(Bθ ),Bθ are the
left χ(Bθ ) invariants and right Bθ invariants of Oq [G] (see [16]). By [16] Theorem
4.2, there is a map from Oq [G] to functions on U 0 so that for the correct choice of
χ , the image of Hχ(Bθ ),Bθ

is a subring of W� invariants. Moreover, for this choice
of χ , a special basis ϕλ, λ ∈ P+(�) can be identified with a family of Macdonald
polynomials Pλ(x; a, g) where both a and g are powers of q (see [17], Appendix A).
The values of a and g for the three families of this paper are

• (a, g) = (q4, q2) in Type AI,
• (a, g) = (q2, q4) in Type AII, and
• (a, g) = (q2, q2) in the diagonal type.

These are the same parameters that appear in the identification of the quantum Capelli
eigenvalueswith interpolation polynomials in Theorem10.5. This connection between
the realization of zonal spherical functions as Macdonald polynomials and quantum
Capelli operators as Knop-Sahi interpolation polynomials mirrors the classical situa-
tion. Indeed, these parameters agree because in terms of a particular natural grading,
the top degree term of Knop-Sahi interpolation polynomials are precisely Macdonald
polynomials with the same parameters (see for example [27], Theorem 1.1).

11 Appendix: Commonly used notation

We list here commonly used symbols and notation along with the first section (post
the introduction) in which each item appears.
Section 2.1: εi , αi , ωi , �N , PN , QN , P

+
N , Q+

N , �N , �
+
N , �̂

+
N , ω̂i , w0, woP

+
N , w0�

+
N ,

w0�̂
+
N , glN , slN , (·, ·), γ ⊕ γ ′

Section 2.2: ei , fi , hεi , Kε j , Uq(glN ), Ki , Ei , Fi , Uq(slN ), Kβ , 
, ε, S, U 0(glN ),

U 0(glN ⊕ glN ), U 0(slN ), U+(glN ), U+(glN ⊕ glN ), U+, U−, Ǔq(slN ), U 0(glN ),
Ǔ 0(slN ), U++ , L(λ)

Section 2.3: (ad a), F(M), (ad Ei ), (ad Fi ), (ad K )

Section 2.4: g, θ, k, Bθ , J , Rg, R
t1
g , R, Bi , Type AI, Type AII, diagonal case

Section 2.5: �, β̃, �, α�
i , ε

�
i , ηi , η̂i , w0η̂i , P� , P

+
� , �+

� , �̂
+
� , W� , (·, ·)� , spherical

Section 3.1:MatN ,Oq(MatN ),Oq(MatN )op, ei j , r
i j
kl , R

ts , ti j , ∂i j , ι, ti+N , j+N , T1, T2,
P,D
Section 3.2: Jr ,s , xi j , di j , PBθ ,Pθ ,P

op
θ , Dθ , Jr ,Pr

θ , D
r
θ

Section 4.1: detq(T ), ι(detq(T ), detq(T ′), Hn

Section 4.2: gr , Uq(gr ),P(gr ), Br
θ ,Pθ (gr ), x(r)i j , ψr ,s

Section 4.3: Ĥr , Hi , H2μ
Section 4.4: H∗

2μ
Section 5.1: PDq(MatN ), PDθ , Jr (PDθ )

Section 5.2: L, π , (b)0, 〈·, ·〉, φ, φa
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Section 5.4: |μ|
Section 6.2: Ts , βs,t

Section 6.3: ψ

Section 7.1: Ǔq(slN ), Ǔq(glN ), K(ω̂N )/N , ζ
Section 7.2: F(Uq(glN )

Section 7.3:U 2
q (glN ),U 0

2 (glN ),G−,U 2
q (glN ⊕glN ),F(U 2

q (glN )),F(U 2
q (glN ⊕glN ))

Section 7.4: U 2
q (g), ϒ

Section 8.1: z2μ, Z(Ǔq(slN )), z2μ+2cω̂N , Z(U 2
q (g))

Section 8.2: ϕHC , G−, Ǎ, Ťθ , (Tθ )2, P̃ , ϕ̃HC , A2
Section 8.3: ρ, w◦, m2λ, ρ̃, m2w0λ, w•, m�

2λ, A
Section 8.4: ẑi , z2w0ŵ, Z .
Section 9.1: ci , Cμ.
Section 9.2: Cη̂i ,

∑
ν<2μ

|ν|=|2μ|
(Dθ )−ν ,

∑
ν<2μ

|ν|=|2μ|
(Pθ )ν

Section 10.1: κ , E , Eλ, P(qμ), V
Section 10.3: P∗

λ (x; a, g)
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