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Balancing Flying Capacitor Multilevel Converters
with Coupled Inductors: Multi-Resonant Dynamics
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Abstract—This paper investigates dynamic balancing of flying
capacitor multilevel (FCML) converters with coupled inductors.
Coupled inductors help to reduce the ripple current, accelerate
transient response, and balance the flying capacitors of FCML
converters at steady-state. However, coupled inductors also
change the dynamic balancing properties compared to uncoupled
inductors, and these principles must be understood for robust
design. As an extension of a previously developed feedback
mechanism for understanding the steady-state behaviors of cou-
pled inductors in FCML converters, this paper derives models
of coupled inductor FCML converters in dynamic operation,
revealing several key insights: (i) the multi-resonant behavior of
large-order FCML converters and their dependence on the initial
conditions, (ii) how power dissipation relates to balancing speed,
and (iii) the relation between multiphase and multilevel FCML
balancing. The insights uncovered by this paper can provide
useful guidelines for designing multi-phase self-balanced FCML
converters with coupled inductors.

Index Terms—Aflying capacitor multilevel converter, coupled in-
ductors, natural balancing, charge balancing, voltage balancing,
multi-resonance

I. INTRODUCTION

lying capacitor multilevel (FCML) converters [2] are
an important class of converters that leverage interleaved
switching devices to generate multiple switching levels, re-
ducing current ripple and transient response time in sensitive
applications such as CPU voltage regulators [3], [4], envelope
trackers, and power amplifiers [5], [6], especially as the
power level increases [7]-[11]. Compared to traditional buck
converters, FCML converters benefit from replacing inductor
volume with more energy-dense flying capacitors and switches
with lower blocking voltages [12].

However, the advantages of FCML converters are predi-
cated on the flying capacitor voltages being at their balanced
levels. If they are not balanced, the switching levels will be
corrupted, which increases output distortion, switch stress,
and current ripple [13]-[16]. In practice, this limitation has
posed a major barrier to the adoption of FCML converters
despite their theoretical benefits [17]. As a result, considerable
effort has been made to investigate how FCML converters
become unbalanced and what mechanisms can be used to
balance them. FCML balancing is complicated by the fact
that it is a fundamentally higher-order effect, as established in
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selected references. Coupled inductors represent a new branch of techniques
for passively balancing FCML converters which can be used together with
other techniques. Extended from the steady-state discussions in [18], this paper
investigates the dynamic behavior of FCML converters with coupled inductors.

seminal early works such as [13], [15], [16], thus precluding
the use of standard state-space averaging methods. This first
generation of work used frequency domain decomposition of
the switching waveforms to establish the existence of natural
balancing, a property possessed by practical FCML converters
that have parasitic losses. Natural balancing essentially refers
to the process where flying capacitor imbalances dissipate
themselves by the losses they cause in the switches, load, or
output network.

These results, while thorough, were relatively complex, and
the second generation of FCML balancing analyses attempted
to rectify this by using time-domain methods based on “stitch-
ing” piece-wise linear circuit solutions for every switching
state of the converter during a full period [19]-[21]. These
methods produce results consistent with previous frequency
domain analysis and emphasized the importance of the PWM
(pulse-width modulation) switching scheme to the balancing
behavior, thus suggesting the possibility of improving balanc-
ing by optimal sequencing of redundant switch states [21].
Two drawbacks of the time-domain “stitching” methods are
their relative informality and the high computational cost.

The current generation of balancing research has built
upon, formalized, and refined prior results [17], [22]-[31].
These works and others improve the state-space models of
FCML balancing, in addition to proving how balancing loses
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robustness or fails at nominal conversion ratios and with
converters with an odd number of levels [30], [31]. Many
practical aspects of FCML balancing, such as the impact
of switch parasitics [24], high-speed operation [8], [32] and
start-up/shut-down dynamics [33] have also been investigated.
Because of these developments, FCML balancing analysis now
includes the dynamic (what happens when the flying capacitors
are not balanced and evolve towards equilibrium) and steady-
state (the imbalance that exists even at equilibrium due to some
persistent disturbance) [17], [18], [29], [31]. FCML balancing
also spans passive, natural, and dissipative methods, along with
active balancing where flying capacitor voltages are measured
or estimated and actively balanced [34], [35]. Some of these
general branches of research are outlined in Fig. 1.

Coupled inductors are an effective tool for balancing FCML
converters with many levels and many phases by gener-
ating circulating currents at steady-state which compensate
for disturbances [18], [36], while also improving the ripple
and transient properties of the converter [37]-[39]. However,
coupled inductors also affect the balancing dynamics, and
it is not fully understood how this changes the converter’s
behavior during important conditions such as start-up, shut-
down, and high-speed operation [32]. Here, we develop two
analytical frameworks to explain the dynamics of coupled
inductor FCML balancing: first, a model based on power
dissipation that produces closed-form solutions for simple
converters, and second, a state-space model that captures the
multi-resonant balancing dynamics of coupled inductor FCML
converters. This work makes several contributions to FCML
balancing dynamics, both with and without coupled inductors,
by investigating:

« How balancing dynamics can be explained through the
loss-context and by tracking the average power being
dissipated because of the imbalance.

o The similarity of balancing dynamics for a multiphase
and multilevel FCML converter.

« How the initial condition of an unbalanced converter can
dramatically affect the balancing dynamics and speed.

The rest of this paper is organized as follows: section II
reviews the fundamentals of coupled inductor FCML convert-
ers. Section III develops a power dissipation model of simple
FCML converters. Section IV extends state-space models of
FCML converter balancing to coupled inductors. Finally, the
results are experimentally verified in section V and concluded
in section VL.

II. REVIEW OF COUPLED INDUCTOR FCML CONVERTERS

A two-phase, three-level FCML converter with coupled
inductors is shown in Fig. 2. The two FCML phases each have
two pairs of complementary switches and one flying capacitor
with an ideal balanced voltage of half the input voltage. The
switches in one phase are operated with a 180° phase shift
such that two evenly spaced pulses are produced at the switch
nodes, as shown in Fig. 4. The two FCML converters are them-
selves 90° phase shifted from each other, thus producing four
evenly spaced pulses that minimize ripple. This operational
scheme is known as phase-shifted pulse width modulation (PS-
PWM).

transient
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Fig. 2. Schematic of two-phase, three-level FCML converter with coupled
inductors. After a transient unbalances the flying capacitors, they balance back
to equilibrium due to losses in the circuit.
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Fig. 3. (a) Schematic and (b) diagram of a two-phase coupled inductor
parameterized using leakage and magretizing inductance.

The inductors in Fig. 2 are coupled, meaning the windings
share a single core as illustrated in Fig. 3(b). By sharing
the magnetic flux paths between the two phases, the voltage
applied to one coil will affect the current in the other. This
effect is leveraged to present a low inductance during common-
mode transient events and a high inductance to steady-state
ripple current [39], [40]. These inductances are represented by
the leakage (L;) and magnetizing (L) inductances of the cou-
pled inductor. As the inductors are more tightly coupled, the
magnetizing inductance increases. As the leakage inductance
decreases, the transient response is accelerated. However, it
is important to switch all phases with equal phase shift when
using tightly coupled inductors, as failure to do so will present
a very low inductance to some phases at steady-state. In this
work, we assume the inductors are fully coupled, meaning
the magnetizing inductance is infinite and, as shown in the
schematic in Fig. 3(a), the currents in both phases of the
coupled inductor are equal to

dig _ digo _ vr1+r2
dt dt 2L,

This is also shown in the waveforms in Fig. 4.

To analyze the balancing behavior of coupled inductors in
FCML converters with multiple phases and levels, we define
the number of phases as M and the number of flying capacitors
as K, meaning each phase is a (K + 2)-level FCML converter
since each flying capacitor adds one more switching voltage
level in addition to GND and V. We denote the flying

: hase #m, cap #k - k
capacitor voltages as v,g'; ™ <P # o for brevity, Ugy ),

(1)
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Fig. 4. Switching waveforms of the two-phase, three-level FCML converter
in Fig. 2 with PS-PWM and d = 0.125. If the inductors are fully coupled,
the per-phase currents are equal both in average and in ripple.

where m = 1,...,M and k = 1,...,K are the indices
identifying the phase and capacitor. The capacitor closest to
the input source has the index k = 1.

In developing the two models, we make frequent use of the
small-signal imbalance voltages and currents of the FCML
converter [18]. This allows us to focus on the balancing
behavior of interest. In this work, we use tildes to denote
small-signal imbalance components of interest. For an M-
phase, (K + 2)-level converter, there are M x K total flying
capacitors with voltages

.k & ~(m,k
Uigym' ) = Ulg;?ba])anoed + Ulg;rn )7 (2)

split into balanced and unbalanced components. The ideally
balanced voltage of each flying capacitor is

”g;l,’ botanced = Vdcﬁa (3)
which is the voltage that they return to under the influence
of natural balancing. External disturbances such as input
impedances, transient events, or timing mismatches can cause
the flying capacitor voltages to leave equilibrium [17], [18].
More detailed analyses of FCML converter operation can be
found in works such as [2], [14], [18]. [41]. and more detailed
models of coupled inductors can be found in [39].

Fig. 5. Schematic of a three-level FCML converter.

III. POWER DISSIPATION MODEL OF FCML BALANCING
A. Motivation

By studying FCML dynamics, we wish to understand how
the converter transitions from an unbalanced initial condition
to a balanced equilibrium, and what factors affect the speed
and stability of said transition. As introduced in section I,
natural balancing occurs in FCML converters because imbal-
anced flying capacitors cause additional losses in the converter
that balance the system over time. Many factors such as the
switching frequency and inductor quality factor affect the
magnitude of loss and thus the balancing speed; we term
these factors the “loss-context” of the converter. While the
qualitative impact of these factors have been understood from
early studies [2], [16], [42] onward, their quantitative relation
to balancing is less clear since most current dynamic models
are not derived from the root cause of balancing, which is
power dissipation.

In this section, we model FCML balancing dynamics by
directly calculating the power dissipation caused by unbalanc-
ing and the balancing dynamics that result. Using this method,
we reveal the direct analytical link between the loss-context
and balancing speed of simple one- and two-phase three-
level FCML converters, adding depth and support to existing
research results.

B. Assumptions

The analytical methods are tenable only with several im-
portant simplifying assumptions. They are enumerated here,
along with the importance and justification of each.

1) The flying capacitors Cqy are large enough such that
the flying capacitor voltages are approximately constant
in one period. This simplifies the period-by-period dis-
cretization of the dynamics and is valid because practical
converters need small flying capacitor voltage ripple to
maintain a stable switch node voltage level and to protect
the switches from overvoltage. The output capacitance is
assumed to be large enough such that the output voltage
is approximately constant.

2) The quality factor of the inductor is high and the current
ramps up and down approximately linearly. This simpli-
fies the current and loss calculations and is valid because
practical converters usually have high inductor quality
factor for high efficiency.

3) The loss is represented by a winding resistor R,,. The
analysis is limited to loss sources that can be reasonably
represented in this way and is not applicable to, for
example, nonlinear loss sources.
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TABLE I
PLECS SIMULATION OF BALANCING TIME [MS] VS. LARGE SIGNAL
INPUT/OUTPUT CONDITIONS

Vae [V]
L [A] 4 8 12 16
0 120.0 | 120.0 | 120.2 | 120.2
5 1215 | 121.6 | 121.7 | 1218
10 123.0 | 123.1 | 1232 | 1232
15 1245 | 124.6 | 1246 | 1247

4) When analyzing coupled inductor converters, they are
assumed to be fully coupled. This simplifies the equiv-
alent circuits and current calculations. A justification is
provided in section IV-C.

C. Model Derivation

Our derivation stems from the observation that three-level
converters generally balance exponentially with a time con-
stant that does not depend on the input voltage level or
output current, as exemplified by the PLECS simulation results
in Table I for a simple three-level converter (Fig. 5) with
fow = 500 kHz, d = 0.25, Cay = 50 uF, L = 1 uH,
R, = 10 mQ2, C, = 100 uF, and an initial 2 V imbalance.
The apparent independence of balancing speed from large
signal conditions suggest that the power dissipation causing
balancing is dependent only on the imbalance magnitude. To
investigate this, we begin by noting the inductor current can be
split into three components shown in Fig. 6: the load current
1, a ripple component #ripple, ~and the current induced by the
unbalanced flying capacitors iy, the latter of which is only
possessed by the unbalanced system. The average value of the
ripple and imbalance component are both assumed to be zero.
The instantaneous loss in the resistor R,, is therefore

PRw (t) = RwiL(t)2 = Ry [Io + iripple(t) + ;L(t)} ? . )

The instantaneous power dissipation changes with time and is
evidently dependent on the large signal conditions. To simplify
the analysis, we discretize the continuous balancing system
into steps of duration 7. We do this by assuming the flying
capacitor voltage is constant over the period T (large Cjy),
then update it at the end of every period using the average
power dissipation over the period. This discretization is valid
since the capacitor balancing dynamics in practical converters
with large Cjy and small losses are much slower than the
period. The average power dissipation in the resistor over a
period is

Pr, (t) = Ry, (iL(t)?), )
where (z(t)) = 7 tt+T x(¢) d¢ is the average of a function
over one period. We expand and simplify eq. (5) to find

- . ~ 2
PR“, (t) = Rw <[Io + Zripple (t) + (t)] >
= Ry I3 + Ry (iripple(t)?) + Ru (i(t)?)
+ 2Ru Lo (isipple (1)) + 2Ru I, (i (1))
+ 2Ry, (irippie ()7L (1) ) - (6)
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Fig. 6. Large- and small-signal components of the inductor current ripple in
a balanced and unbalanced FCML converter.

Eq. (6) can be simplified by noting the average of the
ripple and imbalance components over a period are zero.
Furthermore, (4ipple(t)ir.(£)) = O since the two functions are
orthogonal when averaged over a period. This can be inspected
in Fig. 6; both functions have zero average, are symmetric,
but the ripple current has twice the frequency. Therefore, the
average power dissipation is

Pr,, (t) = RuI? + Ry (isppie (1)) + R (iz(1)?) . (7)

The difference between the average power dissipation in
a balanced (i, =0) and unbalanced (i1, # 0) converter is
Ry, <%L (t)?), which depends only on the imbalanced compo-
nents and not on the steady-state load or ripple. In addition to
the power dissipated in R,,, we see by inspection of Fig. 5,
there are two more power sinks (the load and charging Cly)
and one power source (Vg.) in the converter. During each
period, the power sources and sinks must cancel to

Pin(t) — Pr,, (t) — Pay(t) — Po(t) = 0. @®)

Here, the average output power is
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?o(t) - <Io(dV;lC - ZL(t)Rw)> = d‘/:ic—[o - RwIOQa (9)

and the average input power is

Bu(t) = (Vaciin(1)) = Vae (L + (imgme(t) +i2(0)); ")
where (a:(t)}Z =1 f;x(t) dt. The average power into(ik(l)g
flying capacitor, following from Fig. 6, is

Pay(t) = (vny(t)iny (1))
=y (1) (L) = G 0)$57 )
= gy () (2 <2L(t)>2+dT) , (11)

where vy () = Y + @y (£). Since the flying capacitor sees
the inductor current twice per period in opposite directions and
equal durations, the ripple and load component cancel out in
average. Only the imbalance component causes any average
power transfer to the flying capacitor. Substituting eqs. (7),
(9), (10), and (11) into eq. (8) yields

. t4+dT .
V:ic <Zripple>t - Rw <Zripple (t)2> ( )
- ~ t+dT ~
— 20y (i (t)),  — Ru (ir(t)?* =0
after canceling most terms. Eq. 12 must be satisfied for all
Valugs of the imbalance, even when the converter is balanced
and ¢z, (t) = 0. This implies that

V;lc <iripple>i+dT - Rw <iripple(t)2> )

because the dissipation caused by the ripple current in R,
must be compensated by more power coming from the input. If
we then substitute eq. (12) and (13) into eq. (11), we conclude
that the average power into the flying capacitor is

R, (i (t)?)
{’ﬂy(t)

We now calculate the difference in average power dissipation
between a balanced and unbalanced converter

T
R, (ip(t)?) = %/0 ir(t)%dt

B R,T?d?(3 — 4d)17ﬂy(t)2 B 17ﬂy(t)2 15

B 1212 " Re ' (15)
for d < 0.5 (mirrored for d > 0.5), with details in Appendix I.
Rer = WL&?M) is the effective resistance that takes into
account all relevant loss-context factors: the series resistance
R, switching frequency, duty cycle, and inductance. A final
substitution into (14) yields

13)

Pay(t) = —vpy(t) x (14)

vay (£) X Oy (t)

Ref ’
the average power into the flying capacitor, which depends on
both the balanced and unbalanced components of the flying
capacitor voltage. Having found the average power into the
flying capacitor, we now consider energy stored in it,

Pay(t) = — (16)

1
Eny(t) = §Cﬂyvﬂy(t)2. (17)

The change in energy in flying capacitor energy between
periods is

ArlBny (1)) = Pay(t) x T, (8)

where Ar[Egy(t)] = Eny(t + T) — Egy(t) denotes the
forward difference of a function. Expanding (18) with
egs. (17) and (16) yields

1 vy (t) X Tpy(t)

5O Arfuny (1)) =~ 0 T
‘/;chT[ﬁﬂy(t)} i AT[@ﬂy(t)2] . 72Uﬂy(t) X ﬁﬁy(t)
T T B Chy Refr
Vi dogy(t)  dogy(t)? ~ Vi ony(t) 26ﬂy(t)2
dt dt CayRerr  ChyResr
(19)

Here, we apply the forward approximation of the derivative

% =~ dfl—(tt). The solution for the flying capacitor imbal-

ance voltage that satisfies (19) is

Ty (t) = By (0)e o7 (20)

Eq. (20) implies that the imbalance voltage decays expo-
nentially, matching existing lizterature, with time constant
Tvm=1 = CayRerr = ﬁ*ﬁ—ﬁw)' The dependence on the
loss-context is clear. The balancing time is faster with smaller
flying capacitors or high loss, through low quality factor, lower
switching frequency (leading to higher peak currents), or with
higher duty cycle (such that the flying capacitors are connected
to the output for a longer part of the period.) If we substitute
the parameters used for the simulations in Table I, eq. (20)
predicts a balancing time of 120 ms.

The PLECS simulation results in Fig, 7 verify the mathe-
matical derivations with V3. =16 V, I, = 5 A, and the same
component parameters as before. Two parallel simulations are
performed, one with a balanced flying capacitor, and one
with a 2 V starting imbalance. This generates balanced and
unbalanced flying capacitor voltages (vayu(t), vayb(t)) and
inductor currents (i, (t), iz (¢)), the unbalanced versions
of which are plotted. The third plot verifies the average power
formulations of equations (7) and (15). The fourth plot verifies
both sides of the energy step equation (18).

D. Comparison to Coupled Inductors

The power dissipation method also applies to the two-
phase, three-level coupled FCML converter illustrated in Fig. 2
applying the same assumptions as before. For the two-phase
converter, there are two flying capacitors causing an average
power loss

_ R,T2d*(3 — 4d)|[Vwy|® _ [[ayl®

IRy
Rw <ZL (t) > 24Ll2 Reff )

21

where Vg, is a vector of the imbalance voltages and ||.| is
the Euclidean norm. The average power loss over a period
only depends on the normalized imbalance voltage || vy ||. This
is important since it enables us to solve an power-balance
equation by treating ||Vqy||? as the dynamic variable:

[Vay ()l = [[¥ay (0)[|le e (22)

The normalized imbalance of the two-phase converter there-

2AC L} which

fore decays with time constant 7,5 = RoT2 & (3=1d)"
w
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Fig. 7. PLECS simulation verification of key equations in derivation of the
power dissipation model of balancing.

is identical to the one-phase case except depending on the
leakage inductance L; and with a different scaling factor.
The fundamental natural balancing mechanism acting on the
circuits is the same. The leakage inductance can be designed to
be much smaller than the discrete inductance of an uncoupled
converter due to the ripple reduction and cancellation effect of
interleaving and coupling [39]. The maximum ripple across the
duty cycle range of a coupled and uncoupled converter will be
the same if the leakage inductance is designed to be L; = %
[1]. In this case, the ratio between the balancing times is
™M=2 1 (23)
T™=1 8
A two-phase coupled inductor converter can balance eight
times faster than an uncoupled converter without changing
the ripple. Even if the leakage inductance is not minimized,
it can still accelerate the dynamics of a coupled converter
significantly.

By solving for the power dissipation directly, this model
reveals the fundamental mechanism of natural balancing. Our
results confirm those in previous literature [16] and emphasize
the importance of loss on the dynamics: more generally than
just the actual loss source (winding resistance, core loss,
switching loss, etc.), the dynamics depend on the loss-context.
If the condition is lossy, such as a low switching frequency
that generates high peak square currents, the dynamics will be
faster.

The limitation of the power dissipation model is that it
cannot be used for more complex coupled FCML converters.
While they still have the same fundamental balancing mecha-
nism, we cannot generally express the loss as a function of the
normalized imbalance only, and thus cannot write a differential
equation like in eq. (22). This is because there are generally
multiple dynamic modes for more complex converters and
the balancing dynamics depend not only on the normalized
imbalance, but also on the individual voltages. To explore
this phenomenon, we develop a dynamic model based on
formal state-space analysis [41] for coupled inductor FCML
converters in the next section.

IV. MULTI-RESONANT FCML BALANCING DYNAMICS

To address the shortcomings of the power dissipation model,
we develop a more general state-space dynamic model in
this section. Many prior works have developed comprehensive
state-space models for the balancing dynamics of FCML
converters with a single phase [12], [22], [26], [30], which
we we extend coupled inductor FCML converters. Since the
mathematical modifications from uncoupled FCML models in
previous works [41] are minor, the details are contained in
Appendix II. The steps to derive a generalized dynamic model
of an FCML converter typically consists of [41] (i) describing
the switching states, (ii) reducing the circuit to an equivalent
circuit at each switching state, (iii) solving the equivalent
circuit for each sub-period, (iv) combining the sub-period
solutions, and (v) analyzing the dynamics of the combined
solution.

In developing this model, we reveal the multi-resonant
dynamic behavior of larger-order coupled FCML converters
(M > 4), where there exist multiple balancing modes of
drastically different speed that are excited depending on the
initial conditions of the imbalance.

A. State-Space Model for Coupled Inductor FCML Balancing
Dynamics

The main adaptation required from previous models is
the reduction of the coupled inductor circuit. As before, we
assume fully coupled inductors. Fig. 8 shows the reduction of
the full circuit schematic for a given switching state. For a gen-
eralized M-phase, (K +2)-level converter, there will be a total
of 2M (K + 1) switching states, during each of which a set of
flying capacitors are connected to the output (example shown
in (a)). (b) reduces the circuit to its small-signal imbalance
components. Because of the coupled inductor, we must add
step (c), where fully coupled inductors are assumed; therefore,
the current in each phase is equal, and the multiphase circuit
is equivalent to placing all the capacitors in series since they
all charge/discharge with the same current. Finally, the circuit
is reduced to (d) with one equivalent capacitance. Of interest
is the fact that if the inductors are fully coupled, adding more
phases has a very similar effect to adding more levels on the
balancing dynamics. The equivalent circuit is still a sum of
capacitors connected in series.

The equivalent circuit in Fig. 8(d) is solved for each of
the switching sub-periods, then each sub-period solution is
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Fig. 8. (a) Full schematic for a given switching state, before reduction. (b)
Schematic with only small-signal imbalances. (c) Coupled inductor reduction
into one equivalent phase. (d) Final reduced schematic with only one equiv-
alent capacitance, inductance, and resistance.

combined to produce a discrete state transition matrix that

updates the state variables through a switching period
X(T) = Trnx(0), 24

which we then convert using the forward approximation of the
derivative to derive a continuous model

ax(t) ..
— =~ AX(t 25
a x(t), (25)
where
T
(1,1) S(LK)  o(2.1) SOLK) =
X= [Uﬁy U Uny Uay 7 Umy ”‘]
(26)

is a vector of the state variables. The details of this deriva-
tion are contained in Appendix IL. The internal state-space

Xfasty T=0.208 ms

¢ . Combination , t=1.26 ms

Imbalance Voltage [V]

Fig. 9. Simulation of four-phase, three-level FCML converter balancing from
different initial imbalances, demonstrating multi-resonant properties.

TABLE IT
SIMULATION PARAMETERS OF THE FCML CONVERTER
fow d Ve Chy I, L, Ry
500kHz 05 16V 50 uF Flz,u.H 100xL; 10 mQ2

matrix A reveals the dynamics of FCML converter balancing.
Through eigenanalysis, we can find the modes of imbalance
decay and their relation to the starting imbalance X(0).

B. Effect of Initial Condition on FCML Converter Balancing

Like a higher-order single phase FCML converter, coupled
inductor FCML converters can form damped resonant circuits
when balancing. This happens because the flying capacitors
exchange energy through the coupled inductors. We begin with
the illustrative simulation of a four-phase, three-level converter
with fs = 500 kHz, d = 0.125, Cqy = 50 pF, L; = 62.5 nH,
C, =1 mF, and R,, = 50 m{? in Fig. 9. Eigenanalysis of the
state-space matrix A for this converter reveals the system has
three modes: a fast oscillatory mode with frequency 2.23 kHz
and time constant 0.281 ms, a slow oscillatory mode with
frequency 405 Hz and time constant 3.14 ms, and one quickly
decaying R-L mode that is dominated by the other two.

The two oscillatory modes describe the ways the flying
capacitor voltages can balance. In particular, the time constants
show the time that it takes for the initial imbalance |[vqy, (0)]|
to decay to e~! x its original value. The two time constants are
separated by an order of magnitude, which can have a major
impact on the transient speed of the converter. The cause of
the different balancing times is the initial condition. Depending
on what the initial imbalances vy (0) are, different modes will
be excited, which can result in drastically different balancing
times. Thus, a converter with multiple flying capacitors can
form a multi-resonant system where the initial condition
affects the balancing dynamics.

Fig. 9 verifies the two predicted time constants by setting
the four initial imbalances to those associated with the fast
and slow modes. In both cases, the envelope of the imbalance
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TABLE III
SIMULATED BALANCING TIME WITH COMMON-MODE AND
DIFFERENTIAL-MODE IMBALANCES

# Phases M 1 2 4 6 8 16
Teommon-mode |MS) 60.1 | 7.44 | 1.53 1.29 | 0.61 | 0.061
Tdifferential-mode [Ms] | 60.1 | 7.44 | 30.8 | 41.3 | 46.1 52.2

. 1T/ °T/s 3T/S T/2 5I)8 6T/8 7T/S T
».‘;x _vﬂ[}l’_l] —» _v{f;.ll ot
—?E;] —» +i?‘§x]
% /\
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B
E h / \
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2
= large power loss,
ob fast balancing
\

Ltr >
'_E ~ {;x Ell_ EII_ EII_ 1) 2 Jm —II»«: —IIE ot
5 1) 41 -18.) JEL) 1) Lis.1) fis.1) fin.1y
2
AR >t
<
) small power loss, slow balancing

Fig. 10. Waveforms of an eight-phase converter with d = lﬁ demonstrating
the effect of a fast (common-mode) and slow (differential-mode) initial
condition on the amount of imbalance energy dissipated in a period.

|[Vay(2)|| decays exponentially with the predicted speed. If the
initial condition is a combination of the two, then the decay
is a combination of the two modes.

This analysis also reveals why the power dissipation model
does not work for more complex FCML converters; a multi-
resonant converter has multiple balancing modes. When com-
puting the power dissipation model, we assumed a single expo-

10°L  60.1ms

eigenvalues of slowest balancing times

1 - A
eipenvalues:of fastest:balancing times

2-phase, 7.55 ms
L M=1-phase, 60.1 ms
10 £ [Peak Ripple Fixed M E=2ps

0 s 8 12 16 20 24
Number of Phases M

—
(=1
%
T

Balancing Time [ms]

Fig. 11. Fastest and slowest eigenvalues of the balancing time of multiphase
three-level FCML converters with ripple current held constant as the number
of phases rises using the inductance parameters in Table II. The model pre-
dictions below the switching period T" = 2 us are included for completeness,
but do invalidate the assumptions in Section III-B

_ 120 120 ms (uncoupled, |
E 00| L=1uf) .
[=H]
£ 80¢ 1
=
a0 60 ]
4 [Peak Ripple Fixed M|
g 40 + 1
g 9p | |15 ms (fully coupled, ]
L,=250 nH)
D 1 1 L L
103 102 1071 10° 10! 10?
L
Coupling Ratio ==
L,
Fig. 12. PLECS simulation of balancing time vs. coupling ratio with

parameters in Section III, with maximum per-phase current ripple fixed.

nential balancing mode, which cannot account for conditions
where more than one mode is excited.

We consider two common cases for initial imbalances: (i)
Common-Mode, where all initial imbalances are equal, such
as during start-up or shut-down, and (ii) Differential-Mode,
where the initial imbalance voltages are equal in magnitude
and alternate in sign, which often results from external distur-
bances [43]. Using the circuit parameters shown in Table II,
which keeps the maximum ripple current equal as the number
of phases changes, we simulate the balancing time with a
purely common-mode and differential imbalance for convert-
ers up to M = 16 phases. Except for the two-phase converter,
which has only one mode, the common-mode time constant
is always much smaller than the differential-mode case. The
reason is illustrated in Fig. 10 with an eight-phase exam-
ple. With a common-mode imbalance, the imbalance current
and associated loss are large, which causes faster balancing.
With a differential-mode imbalance, the switch node voltage
constantly alternates, keeping the imbalance current and loss
small, making the converter balance slower. Common-mode
imbalances excite the leakage inductance and differential-
mode imbalances excite the magnetizing inductance, which we
is much larger for tightly coupled inductors [40]. The current is
therefore much larger and lossier in the former case. As found
before, only the one- and two- phase converters have a single
balancing mode. Adding more phases introduces uncertainty
in the balancing time depending on the imbalance. In the case
that this uncertainty is undesirable, it would be better to use
only a two-phase coupled inductor converter.

The slowest and fastest balancing modes predicted by the
state-space model for for multiphase converters is shown in
Fig. 11, where the maximum ripple current is kept constant
between circuits. The slowest and fastest balancing time con-
stants bound the possible balancing times, and other modes
exist between them. The only converters with a deterministic
balancing time are the one- and two-phase converters. In
summary, the state-space model of coupled inductor FCML
balancing dynamics shows the multi-resonant balancing prop-
erties dependent on the initial condition, and how slow and
fast initial conditions can be predicted from the resultant loss.



SUBMITTED TO IEEE TRANSACTIONS ON POWER ELECTRONICS

—1

i:._. _..._..]:_}_{.
.-.fqgmlr =

Fig. 13. Picture of the four-phase five-level FCML prototype with a four-
phase coupled inductor implemented with PCB windings.

TABLE IV
CirculT PARAMETERS OF THE FCML PROTOTYPE
Parameter/Component Value
Sow 500 kHz
Vic l6 V
Chy 1206 10 pF x 2
Custom Coupled Inductor L; 23 & 192 nH
Custom Coupled Inductor L 230 & 7.44 uH
Two-phase Coupled Inductor Coilcraft PA6605-AL
Discrete Inductor Coilcraft XAR7030-222MEB
Switches EPC2067
Controller EPACE15F23C8

C. Model Limitations

The two balancing models presented in this work cover
many common FCML converters, but they have some impor-
tant limitations. First, the power dissipation model, while use-
ful for relating the loss-context and balancing dynamics, only
works in special circumstances where the loss is dependent
only on the total normalized imbalance and not the specific
imbalance in each flying capacitor. As mentioned before, this
precludes its use for larger-order multi-resonant converters.

The state-space model is applicable to all converter sizes,
but it suffers from elevated computational complexity and
a lack of closed-form solutions. Additionally, the model
assumes highly coupled inductors with high quality factor
to simplify the calculations. As shown in [18], steady-state
balancing analysis of fully-coupled inductors largely applies
to moderately coupled inductors, with a smooth transition to
the uncoupled solution. This occurs because even moderately
coupled inductors share most of the inductive characteristics of
fully coupled inductors. Fig. 12 shows the simulated balancing
time of a two-phase, three-level FCML converter with varying
coupling ratio and the peak ripple fixed. At the coupling
extremities, the results match the model derived in Section IIL.
The balancing time is similar to the fulpf—coupled solution even

with moderate coupling ratios under 7% < 10.

5.8 mm

9“‘&

Fig. 14. Four-phase coupled inductor core using DMR53 material. The core
consists of two identical halves pressed together from both sides of the PCB;
the three-turn windings are formed by the PCB traces.

=275 ps I'r=|61 us
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Fig. 15. Measured balancing time of a two-phase, three-level FCML converter
compared to the power dissipation theoretical model. Each measured point
represents a measurement of the time taken for the normalized imbalance to
reduce to e~ 1 x the starting value.

V. EXPERIMENTAL VERIFICATION

To verify the theoretical balancing dynamics across con-
verters with different numbers of phases, levels, switching
frequencies, and coupling properties, we use the prototype
shown in Fig. 13. The circuit parameters and components
are listed in Table IV and the coupled inductor design is
shown in Fig. 14. To introduce an initial imbalance, the phase
shift between switches are deviated from their nominal values.
This disturbance forces an imbalance voltage on the flying
capacitors that depends on the phase shift applied to each
phase [17], [36]. The disturbances are removed at time ¢t =0
and the flying capacitors dynamically balance to their nominal
values. The balancing time is defined as the time taken for the
normalized imbalance ||Vgy || to decay to e~1x of its starting
value.

First, we verify the power dissipation model by measuring
the balancing time of the two-phase, three-level converter with
tightly coupled inductors and comparing it to the equation
derived in eq. (22). The inductance, capacitance, switching
frequency, and duty cycle are known or readily measured,
but the effective R,, generating loss from the imbalance is
not. To estimate R,,, we compare the power dissipated in
the converter with and without an external imbalance. From
here, we estimate the effective resistance that captures the
imbalance-based loss is R,, = 275 mf2. At each duty cycle
in Fig. 15, the balancing time is measured and plotted against
the analytical model with a good match.
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Fig. 16. Dynamic balancing of flying capacitors with initial conditions
created by timing delays (a) Aty = {73,1,—87,57} ns and (b) Ata =
{—90,—100,—48, 65} ns. Depending on the initial conditions, the voltages
resonate with different frequencies and decay speeds.

Next, we verify the multi-resonant properties of a four-
phase, three-level FCML converter with tightly coupled in-
ductors. Fig. 16 shows balancing from two different initial
conditions caused by external disturbances: (a) a time delay of
Aty = {73,1,—87,57} ns for phases #1 through #4, and (b)
Aty = {—90,—100,—48,65} ns. The first imbalance almost
exclusively contains components of the slowly decaying mode.
The second imbalance contains components of both the fast
and slow modes. The fast mode decays rapidly and oscillates
at a high frequency. The difference between the two time
constants is significant.

Even loosely or moderately coupled inductors still yield ma-
jor improvements in ripple, transient response, and size, while
having greater robustness to single-phase failure than tightly
coupled inductors. Similarly, the dynamic balancing behavior
changes depending on the coupling ratio. Fig. 17(a) shows the
flying capacitors balancing from an initial imbalance created
by a uniform delay of -140 ns in each phase. The uncoupled
inductors have L = 8.2 pH and switching frequency is reduced
to 100 kHz. The coupled inductors have similar leakage
inductance and a coupling ratio %;i = 0.89, significantly
lower than the tightly coupled inductors used before. As a
result, the oscillations are damped and the flying capacitors

3-
— Coupled (L,/1,;=0.89), Phase #1
2. 2 Phase #2
® l Phase #3
= Phase #4
~ 0
2
g
3

2
o/
Sl Uncoupled (L=8.2 pH)

T 0w w0 e s 100 120

Time [ms]
(@)

1000
=)
£ 800 / \ f[ h‘
] -
2 600 Incouple
= \ '
5]
i \
& 200 Cpupled
& Y (L,/L,=0.89)

0
0 0.25 0.5 0.75 1

Duty Cycle d
(b)

Fig. 17. (a) Flying capacitor balancing and (b) ripple of four-phase FCML
converter with fo = 100 kHz. With loosely coupled inductors, the dynamic
balancing is damped and the ripple is reduced compared to uncoupled
inductors with inductance L = 8.2 uH equal to the leakage inductance.

symmetry about d=50%

6 a=34% T T d=615%
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=
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Fig. 18. Balancing time of normalized imbalance of four-phase converter
across duty cycle range.

balance quickly. The time constant is similar to the uncoupled
inductors since the leakage inductance is also approximately
8.2 pH. Fig. 17(b) shows the average per-phase ripple current
of the uncoupled and loosely coupled converters. Therefore,
the partially coupled inductors can simultaneously improve the
ripple and steady-state imbalance without negatively affecting
the balancing speed so long as the leakage inductance is kept
constant.
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Fig. 19. (a) Raw switch node voltage measurement and sampling, (b)

inference of flying capacitor voltages from switch node samples, and (c)
conversion to imbalance components and normalized imbalance.

Across the duty cycle range, the balancing time of a four-
phase converter has a more complex trend, as shown in Fig. 18.
The balancing time is still symmetric about d = 0.5, and
two outlying points are aligned with singularities of coupled
inductor balancing of four-phase converters [18].

As the number of phases, levels, and flying capacitors
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Fig. 20. (a) Histogram of experimentally measured balancing time at d =
0.125 and (b) with different switching frequencies.

increases, the complexity of the balancing dynamics increases.
To measure the 12 flying capacitor voltages for our four-phase,
five-level prototype, we estimate them from the voltage pulses
at the switch nodes. This is illustrated in Fig. 19(a). Like with
the four-phase, three-level case, the capacitors start imbalanced
and then oscillate to their balanced levels at 1/4, 1/2, and 3/4
of the input voltage, as shown in Fig 19(b). Finally, we find
the balancing time in Fig. 19(c).

We use Monte Carlo analysis to study the balancing dy-
namics of the larger converter. In Fig. 20(a), the converter is
operated at fi, = 500 kHz and d = 0.125 with a random
phase shift being applied to each of the set of switches
between £7.2° over 50 trials. Due to the multi-resonance of
the converter, the balancing time varies widely between 1.8 ms
and 8 ms. The initial conditions significantly impact how fast
a coupled FCML converter balances. Next, Fig. 20(b) shows
the distribution of balancing times with the converter operating
at d = 0.375 and three switching frequencies, with the same
random phase shift on each set of switches. The balancing
time again varies widely from minimum to maximum, and
the balancing time increases as the frequency increases. This
verifies the scaling of balancing time with frequency, and
more fundamentally, the fact that balancing depends on the
magnitude of loss that the imbalance generates.
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VI. CONCLUSION

This paper develops dynamic models for coupled inductor
FCML converter balancing. A model based on power dissipa-
tion is used for simple FCML converters to produce closed-
form results that emphasize the importance of the loss-context
on the balancing speed. A generalized state-space model is
extended for coupled inductors of any number of phases
and levels that reveals the multi-resonant behavior of FCML
converter balancing, where the initial conditions determine the
speed of balancing. Finally, the theoretical models are verified
with detailed dynamic balancing experiments on FCML pro-
totypes with varying switching frequencies, inductances, and
numbers of phases and levels.
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APPENDIX I: DERIVATION OF POWER DISSIPATION
BALANCING MODEL

We restrict our analysis to three-level converters. There are
generally 4M sub-periods, each with a different switching
state. During each state, the inductor current is linearly ramped
up or down by the connected flying capacitors. Because the
starting current in each sub-period depends on the changes
that occur in the preceding sub-periods, we define the current
in each sub-period sequentially as

Sty =1
L gt lemarr + 252t jodd, j #1
i, -1 lt=denT + S vﬂyt J even.

— Zoffset

ir, ;(t) = (27)

The switch state vector S; is defined in Appendix II. The
current in sub-period #1 ramps due to the connected flying
capacitors, defined by S;Vgy, minus a starting offset Toffset-
The current in every subsequent sub-period is the current at
the end of the previous sub-period plus a ramp. All the sub-
period currents are assumed to start at ¢ = O for simplicity. The
initial condition for eq. (27) is found by setting the average
inductor current to zero

j=4M

Z / ZLJ dt—O

and solving for the necessary offset current zoffset which we
substitute into eq. (27). The average power loss incurred in an
unbalanced converter compared to a balanced converter is

(28)

j=4M
Rw <ZL( = T Z / Zj
Ry T2
= L2 x X (d, Vay(t)) . (29)

The loss is a function of the duty cycle and flying ca-
pacitor voltages, which we represent with the function X.
For a single-phase, three-level converter with d < 0.5
(mirrored for d > 0.5), the function is

d*(3 — 4d) gy ()?

X 1 =
M=1 B (30)
For a two-phase, three-level converter with d < 0.5, it is

d*(3 — 4d) [(Oay.10)* + (Tny20)?]

Xy—2 =
24
d?(3 — 4d)||vay (1)]|?
_ EE= )l an

24

APPENDIX II: DERIVATION OF STATE-SPACE MODEL

To derive a generalized dynamic model for the flying
capacitor voltages, we first define the relevant variables. If
there are M phases and K flying capacitors per phase, there
are M x K flying capacitor voltages

(1,1 ~(1,2) T

Vay = [Uﬂy Ty ~(1,K) @(271) ~(M K)

Uy fly T Uy (32;

Ideally, the state vector vy, = O if there are no imbalances.
The full state vector, defined below as X, also includes one
state for the inductor current for each phase:

- Vi
X:|:".’y:|7
L

The flying capacitor voltages are connected differently during
each switching state of the converter. To represent these
changes, we define a switch state vector ®; for each switching
state as

®; = 2"

(33)

(1,K+1) (2,1)
<I>j <I>j

(I);M,KH)J ’
) 34)
where @™ i the state of switch (m, k") for switching state
j and is either 1 (ON) or 0 (OFF). j =1,2,...,2M (K +1)
denotes the switching state. From the switch state vector, we
can determine how (or if) each flying capacitor is connected
to the output during a given switching state. We let the flying
capacitor state vector be
S](M,K)j ’
(35

where the flying capacitor with index (m, k) has connection

(1,1) (1,2) (1,K) (2,1)
Sj Sj SJ' Sj

(m,k) _ x(m,k+1) (m,k)
S; =, — o, (36)
during sub-period j. If both adjacent switches have the same

state, the capacitor is disconnected with S mk) 0. I not,

S; (mk) — = +1, representing the orientation of the flying capac-
1t0r The sum of all the flying capacitor voltages connected to
the output is

~(1 1)

M K ,Df(ll :2)
ﬁsumzzzsmk) pimk) :Sj y (37
m=1 k=1
~(M K)
Yiy

We now write the differential equations of the circuit, starting
with the flying capacitors,

~(m7k) ~
dog, _ _glmk) 1 oig (38)
dt I Cay M’
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where the connection state SJ(-m’k) determines if the capacitor
charges or discharges. After the reduction in Fig. 8, we write
the equation for the output network as

di

Uqum Ll d

Assuming at least one flying capacitor is connected to the
output, we take the derivative of eq. (39) and substitute

egs. (37) and (38) into it, obtaining

tL Ruir =0 (39)

N(m k) 97
(mk _ d 17, dZ7L .
Z ZS Lig = Fogy =0
m=1k=1
d%i;, R dEL (m,k)
Ry 3 ] ~0
a2 L, dt Llcﬂy oY Zlkzl‘
dQ’LL d
dt2 +a¥+bm—0, (40)
where
a= &;b L 41)

Ll - MLl (Cﬂy/nj) '

M

Here, the term n; = 3.~ | k 1 ‘S(m K1 is the number of

flying capacitors connected to the output during sub-period j,
regardless of orientation. Equation (40) has the solution

EL(t) = e 3t

where wy = %\/4b— a? and k; and k, are constants. kp is
found by setting ¢ = 0 for the beginning of the sub-period,
k1 = 11,(0). Next, taking the derivative of eq. (42) and setting

[k1 cos(wqt) + ko sin(wgt)] , (42)

it equal to the initial change in inductor current d“(o), we
solve for ko as
dir (0 a 1 . ~
L) — s+ s = - [ (©) — R (0]
1 a
ky = ——0um(0) — — . (43
2 Llwdvsum( ) % dZL( ) (43)

Substituting the constants into into eq. (42), we find the
solution for the inductor current in terms of the initial states

ir(t) = a(t)osum(t) + B(t)ir(0), (44)

where

1
at) = ol

B0) = 2 [cosant) = 5 st

e~ 2t sin(wyt),

(45)

If no flying capacitors are connected to the output, the inductor
current simply decays exponentially through the resistance as
R,

ir(t) =i (0)e i *. We solve for the flying capacitor voltages
by integrating the solution for the inductor current:

S(m,k)
J i dt
" MCyy / ‘L

= A(t)Baum(0) + B(t)ig,

~é’;n k) (t) _

where

sin(wqt) | + da,

d

“47)
s(mb)

“3ra, /P04
S(nn,k)

= L e %tsin(wgt) + do.

Mcﬂdee sin(wgt) + da

The constant ks absorbs the constants d; and dy in eq. (46)
and is solved for at t = 0 as

B(t) +dy =

(48)

~(m,k 1 ~
ks = 3" (0) 4 =T 0)
Substituting eq. (49) into eq. (46), we find the solution for the
flying capacitor voltage is

(49)

oy () = o (0) + [A(t) + ” Bam(0) + B(£)i1,(0).
’ (50)
Equation (44) and eq. (50) are used to update the inductor
current and flying capacitor voltages from the initial states
during a sub-period. In these equations, the time ¢ refers to
the time elapsed from when the sub-period begins at ¢ = 0.
Therefore, if we substitute ¢ = At;, where At; is the duration
of the sub-period, equations (44) and eq. (50) give the states at
the end of the sub-period. Since an update equation exists for
all the state variables, we can write a state transition equation

x(At) = Tj(At;)x(0), (51)

where T;(At) is the transition matrix for sub-period j. Note
that the sub-period transition matrix is only dependent on the
switch states and the other coefficients do not need to be
recomputed. By computing the state transition matrix for every
sub-period and multiplying them together in the order they
occur, we can update the state variables from the beginning to
the end of a period as

2M(K+1)
x(T) = I Ti(at) | x(0) = Tax(0).  (52)
j=1
where At; is the sub-period duration
A a*T J odd 53)
/ (mfd”)T j even

To perform continuous-time analysis on the dynamic model,
we use an approximation of the derivative assuming the
balancing dynamics are much slower than the switching
frequency. In this work, we use the second order central
approximation of the derivative,

dx —Trun” + 8Ty — 8T + (Tfull_l)Qx(t)
i 127

= Ax(t).
(54)

The continuous-time state matrix A determines the flying

capacitor voltage balancing dynamics of the converter.
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