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Balancing Flying Capacitor Multilevel Converters
with Coupled Inductors: Multi-Resonant Dynamics

Daniel H. Zhou, Student Member, IEEE and Minjie Chen, Senior Member, IEEE

Abstract—This paper investigates dynamic balancing of flying
capacitor multilevel (FCML) converters with coupled inductors.
Coupled inductors help to reduce the ripple current, accelerate
transient response, and balance the flying capacitors of FCML
converters at steady-state. However, coupled inductors also
change the dynamic balancing properties compared to uncoupled
inductors, and these principles must be understood for robust
design. As an extension of a previously developed feedback
mechanism for understanding the steady-state behaviors of cou-
pled inductors in FCML converters, this paper derives models
of coupled inductor FCML converters in dynamic operation,
revealing several key insights: (i) the multi-resonant behavior of
large-order FCML converters and their dependence on the initial
conditions, (ii) how power dissipation relates to balancing speed,
and (iii) the relation between multiphase and multilevel FCML
balancing. The insights uncovered by this paper can provide
useful guidelines for designing multi-phase self-balanced FCML
converters with coupled inductors.

Index Terms—flying capacitor multilevel converter, coupled in-
ductors, natural balancing, charge balancing, voltage balancing,
multi-resonance

I. INTRODUCTION

F lying capacitor multilevel (FCML) converters [2] are
an important class of converters that leverage interleaved

switching devices to generate multiple switching levels, re-
ducing current ripple and transient response time in sensitive
applications such as CPU voltage regulators [3], [4], envelope
trackers, and power amplifiers [5], [6], especially as the
power level increases [7]–[11]. Compared to traditional buck
converters, FCML converters benefit from replacing inductor
volume with more energy-dense flying capacitors and switches
with lower blocking voltages [12].

However, the advantages of FCML converters are predi-
cated on the flying capacitor voltages being at their balanced
levels. If they are not balanced, the switching levels will be
corrupted, which increases output distortion, switch stress,
and current ripple [13]–[16]. In practice, this limitation has
posed a major barrier to the adoption of FCML converters
despite their theoretical benefits [17]. As a result, considerable
effort has been made to investigate how FCML converters
become unbalanced and what mechanisms can be used to
balance them. FCML balancing is complicated by the fact
that it is a fundamentally higher-order effect, as established in
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Fig. 1. Chart of selected research areas in FCML converter balancing with
selected references. Coupled inductors represent a new branch of techniques
for passively balancing FCML converters which can be used together with
other techniques. Extended from the steady-state discussions in [18], this paper
investigates the dynamic behavior of FCML converters with coupled inductors.

seminal early works such as [13], [15], [16], thus precluding
the use of standard state-space averaging methods. This first
generation of work used frequency domain decomposition of
the switching waveforms to establish the existence of natural
balancing, a property possessed by practical FCML converters
that have parasitic losses. Natural balancing essentially refers
to the process where flying capacitor imbalances dissipate
themselves by the losses they cause in the switches, load, or
output network.

These results, while thorough, were relatively complex, and
the second generation of FCML balancing analyses attempted
to rectify this by using time-domain methods based on “stitch-
ing” piece-wise linear circuit solutions for every switching
state of the converter during a full period [19]–[21]. These
methods produce results consistent with previous frequency
domain analysis and emphasized the importance of the PWM
(pulse-width modulation) switching scheme to the balancing
behavior, thus suggesting the possibility of improving balanc-
ing by optimal sequencing of redundant switch states [21].
Two drawbacks of the time-domain “stitching” methods are
their relative informality and the high computational cost.

The current generation of balancing research has built
upon, formalized, and refined prior results [17], [22]–[31].
These works and others improve the state-space models of
FCML balancing, in addition to proving how balancing loses
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robustnessorfafiflsatnomfinaflconversfionratfiosand wfith
converterswfithanoddnumberofflevefls[30],[31]. Many
practficaflaspectsofFCMLbaflancfing,suchasthefimpact
ofswfitchparasfitfics[24],hfigh-speedoperatfion[8],[32]and
start-up/shut-downdynamfics[33]haveaflsobeenfinvestfigated.
Becauseofthesedeveflopments,FCMLbaflancfinganaflysfisnow
fincfludesthedynamfic(whathappenswhentheflyfingcapacfitors
arenotbaflancedandevoflvetowardsequfiflfibrfium)andsteady-
state(thefimbaflancethatexfistsevenatequfiflfibrfiumduetosome
persfistentdfisturbance)[17],[18],[29],[31].FCMLbaflancfing
aflsospanspassfive,naturafl,anddfissfipatfivemethods,aflongwfith
actfivebaflancfingwhereflyfingcapacfitorvofltagesaremeasured
orestfimatedandactfiveflybaflanced[34],[35].Someofthese
generaflbranchesofresearchareoutflfinedfinFfig.1.
CoupfledfinductorsareaneffectfivetooflforbaflancfingFCML

converters wfith manyfleveflsand manyphasesbygener-
atfingcfircuflatfingcurrentsatsteady-statewhfichcompensate
fordfisturbances[18],[36],whfifleaflsofimprovfingtherfippfle
andtransfientpropertfiesoftheconverter[37]–[39].However,
coupfledfinductorsaflsoaffectthebaflancfingdynamfics,and
fitfisnotfuflflyunderstoodhowthfischangestheconverter’s
behavfiordurfingfimportantcondfitfionssuchasstart-up,shut-
down,andhfigh-speedoperatfion[32].Here,wedevefloptwo
anaflytficaflframeworkstoexpflafinthedynamficsofcoupfled
finductorFCMLbaflancfing:first,a modeflbasedonpower
dfissfipatfionthatproducescflosed-formsoflutfionsforsfimpfle
converters,andsecond,astate-spacemodeflthatcapturesthe
mufltfi-resonantbaflancfingdynamficsofcoupfledfinductorFCML
converters.ThfisworkmakesseveraflcontrfibutfionstoFCML
baflancfingdynamfics,bothwfithandwfithoutcoupfledfinductors,
byfinvestfigatfing:

•Howbaflancfingdynamficscanbeexpflafinedthroughthe
floss-contextandbytrackfingtheaveragepowerbefing
dfissfipatedbecauseofthefimbaflance.

•Thesfimfiflarfityofbaflancfingdynamficsforamufltfiphase
andmufltfifleveflFCMLconverter.

•Howthefinfitfiaflcondfitfionofanunbaflancedconvertercan
dramatficaflflyaffectthebaflancfingdynamficsandspeed.

Therestofthfispaperfisorganfizedasfoflflows:sectfionII
revfiewsthefundamentaflsofcoupfledfinductorFCMLconvert-
ers.SectfionIIIdeveflopsapowerdfissfipatfionmodeflofsfimpfle
FCMLconverters.SectfionIVextendsstate-spacemodeflsof
FCMLconverterbaflancfingtocoupfledfinductors.Ffinaflfly,the
resufltsareexperfimentaflflyverfifiedfinsectfionVandconcfluded
finsectfionVI.

II.REVIEWOFCOUPLEDINDUCTORFCMLCONVERTERS
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Ffig.3. (a)Schematficand(b)dfiagramofatwo-phasecoupfledfinductor
parameterfizedusfingfleakageandmagnetfizfingfinductance.

ThefinductorsfinFfig.2arecoupfled,meanfingthewfindfings
shareasfingflecoreasfiflflustratedfinFfig.3(b).Bysharfing
themagnetficfluxpathsbetweenthetwophases,thevofltage
appflfiedtoonecofiflwfiflflaffectthecurrentfintheother.Thfis
effectfisfleveragedtopresentaflowfinductancedurfingcommon-
modetransfienteventsandahfighfinductancetosteady-state
rfippflecurrent[39],[40].Thesefinductancesarerepresentedby
thefleakage(Lfl)andmagnetfizfing(Lµ)finductancesofthecou-
pfledfinductor.Asthefinductorsaremoretfightflycoupfled,the
magnetfizfingfinductancefincreases.Asthefleakagefinductance
decreases,thetransfientresponsefisacceflerated.However,fit
fisfimportanttoswfitchaflflphaseswfithequaflphaseshfiftwhen
usfingtfightflycoupfledfinductors,asfafifluretodosowfiflflpresent
averyflowfinductancetosomephasesatsteady-state.Inthfis
work,weassumethefinductorsarefuflflycoupfled,meanfing
themagnetfizfingfinductancefisfinfinfiteand,asshownfinthe
schematficfinFfig.3(a),thecurrentsfinbothphasesofthe
coupfledfinductorareequaflto

dfiL1
dt
=
dfiL2
dt
=
vL1+vL2
2Lfl

. (1)

ThfisfisaflsoshownfinthewaveformsfinFfig.4.
Toanaflyzethebaflancfingbehavfiorofcoupfledfinductorsfin
FCMLconverterswfithmufltfipflephasesandflevefls,wedefine
thenumberofphasesasM andthenumberofflyfingcapacfitors
asK,meanfingeachphasefisa(K+2)-fleveflFCMLconverter
sfinceeachflyfingcapacfitoraddsonemoreswfitchfingvofltage
fleveflfinaddfitfiontoGNDandVdc. Wedenotetheflyfing
capacfitorvofltagesasv(phase#m,cap#k)fly ,orforbrevfity,v(m,k)fly ,
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Ffig.4.Swfitchfingwaveformsofthetwo-phase,three-fleveflFCMLconverter
finFfig.2wfithPS-PWMandd=0.125.Ifthefinductorsarefuflflycoupfled,
theper-phasecurrentsareequaflbothfinaverageandfinrfippfle.

wherem =1,...,Mandk=1,...,Karethefindfices
fidentfifyfingthephaseandcapacfitor.Thecapacfitorcflosestto
thefinputsourcehasthefindexk=1.
Indeveflopfingthetwomodefls,wemakefrequentuseofthe

smaflfl-sfignaflfimbaflancevofltagesandcurrentsoftheFCML
converter[18].Thfisaflflowsustofocusonthebaflancfing
behavfioroffinterest.Inthfiswork,weusetfifldestodenote
smaflfl-sfignaflfimbaflancecomponentsoffinterest.ForanM-
phase,(K+2)-fleveflconverter,thereareM ×Ktotaflflyfing
capacfitorswfithvofltages

v
(m,k)
fly =v

(m,k)
fly,baflanced+̃v

(m,k)
fly , (2)

spflfitfintobaflancedandunbaflancedcomponents.Thefideaflfly
baflancedvofltageofeachflyfingcapacfitorfis

v(m,k)fly,baflanced=Vdc
K+1−k
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whfichfisthevofltagethattheyreturntounderthefinfluence
ofnaturaflbaflancfing.Externafldfisturbancessuchasfinput
fimpedances,transfientevents,ortfimfingmfismatchescancause
theflyfingcapacfitorvofltagestofleaveequfiflfibrfium[17],[18].
MoredetafifledanaflysesofFCMLconverteroperatfioncanbe
foundfinworkssuchas[2],[14],[18],[41],andmoredetafifled
modeflsofcoupfledfinductorscanbefoundfin[39].

Ffig.5.Schematficofathree-fleveflFCMLconverter.

III.POWERDISSIPATIONMODELOFFCMLBALANCING

A. Motfivatfion

BystudyfingFCMLdynamfics,wewfishtounderstandhow
theconvertertransfitfionsfromanunbaflancedfinfitfiaflcondfitfion
toabaflancedequfiflfibrfium,andwhatfactorsaffectthespeed
andstabfiflfityofsafidtransfitfion.AsfintroducedfinsectfionI,
naturaflbaflancfingoccursfinFCMLconvertersbecausefimbafl-
ancedflyfingcapacfitorscauseaddfitfionaflflossesfintheconverter
thatbaflancethesystemovertfime.Manyfactorssuchasthe
swfitchfingfrequencyandfinductorquaflfityfactoraffectthe
magnfitudeofflossandthusthebaflancfingspeed;weterm
thesefactorsthe“floss-context”oftheconverter. Whfiflethe
quaflfitatfivefimpactofthesefactorshavebeenunderstoodfrom
earflystudfies[2],[16],[42]onward,thefirquantfitatfivereflatfion
tobaflancfingfisflesscflearsfincemostcurrentdynamficmodefls
arenotderfivedfromtherootcauseofbaflancfing,whfichfis
powerdfissfipatfion.
Inthfissectfion,wemodeflFCMLbaflancfingdynamficsby
dfirectflycaflcuflatfingthepowerdfissfipatfioncausedbyunbaflanc-
fingandthebaflancfingdynamficsthatresuflt.Usfingthfismethod,
wereveaflthedfirectanaflytficaflflfinkbetweenthefloss-context
andbaflancfingspeedofsfimpfleone-andtwo-phasethree-
fleveflFCMLconverters,addfingdepthandsupporttoexfistfing
researchresuflts.

B.Assumptfions

Theanaflytficaflmethodsaretenabfleonflywfithseveraflfim-
portantsfimpflfifyfingassumptfions.Theyareenumeratedhere,
aflongwfiththefimportanceandjustfificatfionofeach.

1)TheflyfingcapacfitorsCflyareflargeenoughsuchthat
theflyfingcapacfitorvofltagesareapproxfimateflyconstant
finoneperfiod.Thfissfimpflfifiestheperfiod-by-perfioddfis-
cretfizatfionofthedynamficsandfisvaflfidbecausepractficafl
convertersneedsmaflflflyfingcapacfitorvofltagerfippfleto
mafintafinastabfleswfitchnodevofltagefleveflandtoprotect
theswfitchesfromovervofltage.Theoutputcapacfitancefis
assumedtobeflargeenoughsuchthattheoutputvofltage
fisapproxfimateflyconstant.

2)Thequaflfityfactorofthefinductorfishfighandthecurrent
rampsupanddownapproxfimateflyflfinearfly.Thfissfimpflfi-
fiesthecurrentandflosscaflcuflatfionsandfisvaflfidbecause
practficaflconvertersusuaflflyhavehfighfinductorquaflfity
factorforhfighefficfiency.

3)TheflossfisrepresentedbyawfindfingresfistorRw.The
anaflysfisfisflfimfitedtoflosssourcesthatcanbereasonabfly
representedfinthfiswayandfisnotappflficabfleto,for
exampfle,nonflfinearflosssources.
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TABLE I
PLECS SIMULATION OF BALANCING TIME [MS] VS. LARGE SIGNAL

INPUT/OUTPUT CONDITIONS

Io [A]
Vdc [V]

4 8 12 16

0 120.0 120.0 120.2 120.2
5 121.5 121.6 121.7 121.8

10 123.0 123.1 123.2 123.2
15 124.5 124.6 124.6 124.7

4) When analyzing coupled inductor converters, they are
assumed to be fully coupled. This simplifies the equiv-
alent circuits and current calculations. A justification is
provided in section IV-C.

C. Model Derivation

Our derivation stems from the observation that three-level
converters generally balance exponentially with a time con-
stant that does not depend on the input voltage level or
output current, as exemplified by the PLECS simulation results
in Table I for a simple three-level converter (Fig. 5) with
fsw = 500 kHz, d = 0.25, Cfly = 50 µF, L = 1 µH,
Rw = 10 mΩ, Co = 100 µF, and an initial 2 V imbalance.
The apparent independence of balancing speed from large
signal conditions suggest that the power dissipation causing
balancing is dependent only on the imbalance magnitude. To
investigate this, we begin by noting the inductor current can be
split into three components shown in Fig. 6: the load current
Io, a ripple component iripple, and the current induced by the
unbalanced flying capacitors ĩL, the latter of which is only
possessed by the unbalanced system. The average value of the
ripple and imbalance component are both assumed to be zero.
The instantaneous loss in the resistor Rw is therefore

PRw(t) = RwiL(t)
2 = Rw

[
Io + iripple(t) + ĩL(t)

]2
. (4)

The instantaneous power dissipation changes with time and is
evidently dependent on the large signal conditions. To simplify
the analysis, we discretize the continuous balancing system
into steps of duration T . We do this by assuming the flying
capacitor voltage is constant over the period T (large Cfly),
then update it at the end of every period using the average
power dissipation over the period. This discretization is valid
since the capacitor balancing dynamics in practical converters
with large Cfly and small losses are much slower than the
period. The average power dissipation in the resistor over a
period is

PRw
(t) = Rw

〈
iL(t)

2
〉
, (5)

where ⟨x(t)⟩ = 1
T

∫ t+T

t
x(ζ) dζ is the average of a function

over one period. We expand and simplify eq. (5) to find

PRw
(t) = Rw

〈[
Io + iripple(t) + ĩL(t)

]2〉
= RwI

2
o +Rw

〈
iripple(t)

2
〉
+Rw

〈̃
iL(t)

2
〉

+ 2RwIo ⟨iripple(t)⟩+ 2RwIo
〈̃
iL(t)

〉
+ 2Rw

〈
iripple(t)̃iL(t)

〉
. (6)
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Fig. 6. Large- and small-signal components of the inductor current ripple in
a balanced and unbalanced FCML converter.

Eq. (6) can be simplified by noting the average of the
ripple and imbalance components over a period are zero.
Furthermore,

〈
iripple(t)̃iL(t)

〉
= 0 since the two functions are

orthogonal when averaged over a period. This can be inspected
in Fig. 6; both functions have zero average, are symmetric,
but the ripple current has twice the frequency. Therefore, the
average power dissipation is

PRw
(t) = RwI

2
o +Rw

〈
iripple(t)

2
〉
+Rw

〈̃
iL(t)

2
〉
. (7)

The difference between the average power dissipation in
a balanced

(̃
iL = 0

)
and unbalanced

(̃
iL ̸= 0

)
converter is

Rw

〈̃
iL(t)

2
〉
, which depends only on the imbalanced compo-

nents and not on the steady-state load or ripple. In addition to
the power dissipated in Rw, we see by inspection of Fig. 5,
there are two more power sinks (the load and charging Cfly)
and one power source (Vdc) in the converter. During each
period, the power sources and sinks must cancel to

Pin(t)− PRw(t)− Pfly(t)− Po(t) = 0. (8)

Here, the average output power is
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Po(t) = ⟨Io(dVdc − iL(t)Rw)⟩ = dVdcIo −RwI
2
o , (9)

and the average input power is

Pin(t) = ⟨Vdciin(t)⟩ = Vdc

(
dIo +

〈
iripple(t) + ĩL(t)

〉t+dT

t

)
,

(10)
where ⟨x(t)⟩ba = 1

T

∫ b

a
x(t) dt. The average power into the

flying capacitor, following from Fig. 6, is

Pfly(t) = ⟨vfly(t)ifly(t)⟩

= vfly(t)
(
⟨iL(t)⟩t+dT

t − ⟨iL(t)⟩(0.5+d)T
0.5T

)
= vfly(t)

(
2
〈̃
iL(t)

〉t+dT

t

)
, (11)

where vfly(t) = Vdc
2 + ṽfly(t). Since the flying capacitor sees

the inductor current twice per period in opposite directions and
equal durations, the ripple and load component cancel out in
average. Only the imbalance component causes any average
power transfer to the flying capacitor. Substituting eqs. (7),
(9), (10), and (11) into eq. (8) yields

Vdc ⟨iripple⟩t+dT
t

−Rw

〈
iripple(t)

2
〉

− 2ṽfly
〈̃
iL(t)

〉t+dT

t
−Rw

〈̃
iL(t)

2
〉
= 0

(12)

after canceling most terms. Eq. 12 must be satisfied for all
values of the imbalance, even when the converter is balanced
and ĩL(t) = 0. This implies that

Vdc ⟨iripple⟩t+dT
t

= Rw

〈
iripple(t)

2
〉
, (13)

because the dissipation caused by the ripple current in Rw

must be compensated by more power coming from the input. If
we then substitute eq. (12) and (13) into eq. (11), we conclude
that the average power into the flying capacitor is

Pfly(t) = −vfly(t)×
Rw

〈̃
iL(t)

2
〉

ṽfly(t)
(14)

We now calculate the difference in average power dissipation
between a balanced and unbalanced converter

Rw

〈̃
iL(t)

2
〉
=

Rw

T

∫ T

0

ĩL(t)
2dt

=
RwT

2d2(3− 4d)ṽfly(t)
2

12L2
=

ṽfly(t)
2

Reff
, (15)

for d ≤ 0.5 (mirrored for d > 0.5), with details in Appendix I.
Reff =

12L2

RwT 2d2(3−4d) is the effective resistance that takes into
account all relevant loss-context factors: the series resistance
Rw, switching frequency, duty cycle, and inductance. A final
substitution into (14) yields

Pfly(t) = −
vfly(t)× ṽfly(t)

Reff
, (16)

the average power into the flying capacitor, which depends on
both the balanced and unbalanced components of the flying
capacitor voltage. Having found the average power into the
flying capacitor, we now consider energy stored in it,

Efly(t) =
1

2
Cflyvfly(t)

2. (17)

The change in energy in flying capacitor energy between
periods is

∆T [Efly(t)] = Pfly(t)× T, (18)

where ∆T [Efly(t)] = Efly(t + T ) − Efly(t) denotes the
forward difference of a function. Expanding (18) with
eqs. (17) and (16) yields

1

2
Cfly∆T [vfly(t)

2] = −
vfly(t)× ṽfly(t)

Reff
× T

Vdc∆T [ṽfly(t)]

T
+

∆T [ṽfly(t)
2]

T
= −

2vfly(t)× ṽfly(t)

CflyReff

Vdc
dṽfly(t)

dt
+

dṽfly(t)
2

dt
≈ −Vdc

ṽfly(t)

CflyReff
− 2

ṽfly(t)
2

CflyReff
(19)

Here, we apply the forward approximation of the derivative
∆T [x(t)]

T ≈ dx(t)
dt . The solution for the flying capacitor imbal-

ance voltage that satisfies (19) is

ṽfly(t) = ṽfly(0)e
− t

CflyReff , (20)

Eq. (20) implies that the imbalance voltage decays expo-
nentially, matching existing literature, with time constant
τM=1 = CflyReff =

12CflyL
2

RwT 2d2(3−4d) . The dependence on the
loss-context is clear. The balancing time is faster with smaller
flying capacitors or high loss, through low quality factor, lower
switching frequency (leading to higher peak currents), or with
higher duty cycle (such that the flying capacitors are connected
to the output for a longer part of the period.) If we substitute
the parameters used for the simulations in Table I, eq. (20)
predicts a balancing time of 120 ms.

The PLECS simulation results in Fig, 7 verify the mathe-
matical derivations with Vdc = 16 V, Io = 5 A, and the same
component parameters as before. Two parallel simulations are
performed, one with a balanced flying capacitor, and one
with a 2 V starting imbalance. This generates balanced and
unbalanced flying capacitor voltages (vfly,u(t), vfly,b(t)) and
inductor currents (iL,u(t), iL,b(t)), the unbalanced versions
of which are plotted. The third plot verifies the average power
formulations of equations (7) and (15). The fourth plot verifies
both sides of the energy step equation (18).

D. Comparison to Coupled Inductors

The power dissipation method also applies to the two-
phase, three-level coupled FCML converter illustrated in Fig. 2
applying the same assumptions as before. For the two-phase
converter, there are two flying capacitors causing an average
power loss

Rw

〈̃
iL(t)

2
〉
=

RwT
2d2(3− 4d)∥ṽfly∥2

24L2
l

=
∥ṽfly∥2

Reff
, (21)

where ṽfly is a vector of the imbalance voltages and ∥.∥ is
the Euclidean norm. The average power loss over a period
only depends on the normalized imbalance voltage ∥ṽfly∥. This
is important since it enables us to solve an power-balance
equation by treating ∥ṽfly∥2 as the dynamic variable:

∥ṽfly(t)∥ = ∥ṽfly(0)∥e
− t

CflyReff (22)

The normalized imbalance of the two-phase converter there-
fore decays with time constant τM=2 =

24CflyL
2
l

RwT 2d2(3−4d) , which
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Ffig.7. PLECSsfimuflatfionverfificatfionofkeyequatfionsfinderfivatfionofthe
powerdfissfipatfionmodeflofbaflancfing.

fisfidentficafltotheone-phasecaseexceptdependfingonthe
fleakagefinductanceLflandwfithadfifferentscaflfingfactor.
Thefundamentaflnaturaflbaflancfingmechanfismactfingonthe
cfircufitsfisthesame.Thefleakagefinductancecanbedesfignedto
bemuchsmaflflerthanthedfiscretefinductanceofanuncoupfled
converterduetotherfippflereductfionandcanceflflatfioneffectof
finterfleavfingandcoupflfing[39].Themaxfimumrfippfleacrossthe
dutycycflerangeofacoupfledanduncoupfledconverterwfiflflbe
thesamefifthefleakagefinductancefisdesfignedtobeLfl=

L
M2

[1].Inthfiscase,theratfiobetweenthebaflancfingtfimesfis

τM=2
τM=1

=
1

8
. (23)

Atwo-phasecoupfledfinductorconvertercanbaflanceefight
tfimesfasterthananuncoupfledconverterwfithoutchangfing
therfippfle.Evenfifthefleakagefinductancefisnotmfinfimfized,
fitcanstfiflflaccefleratethedynamficsofacoupfledconverter
sfignfificantfly.

Bysoflvfingforthepowerdfissfipatfiondfirectfly,thfismodefl
reveaflsthefundamentaflmechanfismofnaturaflbaflancfing.Our
resufltsconfirmthosefinprevfiousflfiterature[16]andemphasfize
thefimportanceofflossonthedynamfics:moregeneraflflythan
justtheactuaflflosssource(wfindfingresfistance,corefloss,
swfitchfingfloss,etc.),thedynamficsdependonthefloss-context.
Ifthecondfitfionfisflossy,suchasaflowswfitchfingfrequency
thatgenerateshfighpeaksquarecurrents,thedynamficswfiflflbe
faster.

Theflfimfitatfionofthepowerdfissfipatfionmodeflfisthatfit
cannotbeusedformorecompflexcoupfledFCMLconverters.
Whfifletheystfiflflhavethesamefundamentaflbaflancfingmecha-
nfism,wecannotgeneraflflyexpresstheflossasafunctfionofthe
normaflfizedfimbaflanceonfly,andthuscannotwrfiteadfifferentfiafl
equatfionflfikefineq.(22).Thfisfisbecausetherearegeneraflfly
mufltfipfledynamficmodesformorecompflexconvertersand
thebaflancfingdynamficsdependnotonflyonthenormaflfized
fimbaflance,butaflsoonthefindfivfiduaflvofltages.Toexpflore
thfisphenomenon,wedeveflopadynamfic modeflbasedon
formaflstate-spaceanaflysfis[41]forcoupfledfinductorFCML
convertersfinthenextsectfion.

IV. MULTI-RESONANTFCMLBALANCINGDYNAMICS

Toaddresstheshortcomfingsofthepowerdfissfipatfionmodefl,
wedeveflopa moregeneraflstate-spacedynamfic modeflfin
thfissectfion.Manyprfiorworkshavedeveflopedcomprehensfive
state-space modeflsforthebaflancfingdynamficsofFCML
converterswfithasfingflephase[12],[22],[26],[30],whfich
weweextendcoupfledfinductorFCMLconverters.Sfincethe
mathematficaflmodfificatfionsfromuncoupfledFCMLmodeflsfin
prevfiousworks[41]aremfinor,thedetafiflsarecontafinedfin
AppendfixII.Thestepstoderfiveageneraflfizeddynamficmodefl
ofanFCMLconvertertypficaflflyconsfistsof[41](fi)descrfibfing
theswfitchfingstates,(fifi)reducfingthecfircufittoanequfivaflent
cfircufitateachswfitchfingstate,(fififi)soflvfingtheequfivaflent
cfircufitforeachsub-perfiod,(fiv)combfinfingthesub-perfiod
soflutfions,and(v)anaflyzfingthedynamficsofthecombfined
soflutfion.
Indeveflopfingthfis modefl, wereveaflthe mufltfi-resonant
dynamficbehavfiorofflarger-ordercoupfledFCMLconverters
(M ≥ 4),wherethereexfist mufltfipflebaflancfing modesof
drastficaflflydfifferentspeedthatareexcfiteddependfingonthe
finfitfiaflcondfitfionsofthefimbaflance.

A.State-SpaceModeflforCoupfledInductorFCMLBaflancfing
Dynamfics

The mafinadaptatfionrequfiredfromprevfious modeflsfis
thereductfionofthecoupfledfinductorcfircufit.Asbefore,we
assumefuflflycoupfledfinductors.Ffig.8showsthereductfionof
thefuflflcfircufitschematficforagfivenswfitchfingstate.Foragen-
eraflfizedM-phase,(K+2)-fleveflconverter,therewfiflflbeatotafl
of2M(K+1)swfitchfingstates,durfingeachofwhfichasetof
flyfingcapacfitorsareconnectedtotheoutput(exampfleshown
fin(a)).(b)reducesthecfircufittofitssmaflfl-sfignaflfimbaflance
components.Becauseofthecoupfledfinductor,wemustadd
step(c),wherefuflflycoupfledfinductorsareassumed;therefore,
thecurrentfineachphasefisequafl,andthemufltfiphasecfircufit
fisequfivaflenttopflacfingaflflthecapacfitorsfinserfiessfincethey
aflflcharge/dfischargewfiththesamecurrent.Ffinaflfly,thecfircufit
fisreducedto(d)wfithoneequfivaflentcapacfitance.Offinterest
fisthefactthatfifthefinductorsarefuflflycoupfled,addfingmore
phaseshasaverysfimfiflareffecttoaddfingmorefleveflsonthe
baflancfingdynamfics.Theequfivaflentcfircufitfisstfiflflasumof
capacfitorsconnectedfinserfies.
TheequfivaflentcfircufitfinFfig.8(d)fissoflvedforeachof
theswfitchfingsub-perfiods,theneachsub-perfiodsoflutfionfis
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Ffig.8.(a)Fuflflschematficforagfivenswfitchfingstate,beforereductfion.(b)
Schematficwfithonflysmaflfl-sfignaflfimbaflances.(c)Coupfledfinductorreductfion
fintooneequfivaflentphase.(d)Ffinaflreducedschematficwfithonflyoneequfiv-
aflentcapacfitance,finductance,andresfistance.

combfinedtoproduceadfiscretestatetransfitfionmatrfixthat
updatesthestatevarfiabflesthroughaswfitchfingperfiod

x̃(T)=Tfuflflx(0), (24)

whfichwethenconvertusfingtheforwardapproxfimatfionofthe
derfivatfivetoderfiveacontfinuousmodefl

d̃x(t)

dt
≈Ãx(t), (25)

where

x̃= ṽ
(1,1)
fly ··· ṽ

(1,K)
fly ṽ

(2,1)
fly ··· ṽ

(M,K)
fly f̃iL

T

vffly
(1,1)vffly

(2,1)vffly
(3,1)vffly

(4,1)

xfast, τ=0.258 ms

xsflow, τ=3.17 ms

Combfinatfion , τ=1.26 ms

f=410 Hz

(26)
fisavectorofthestatevarfiabfles.Thedetafiflsofthfisderfiva-
tfionarecontafinedfinAppendfixII.Thefinternaflstate-space

Ffig.9.Sfimuflatfionoffour-phase,three-fleveflFCMLconverterbaflancfingfrom
dfifferentfinfitfiaflfimbaflances,demonstratfingmufltfi-resonantpropertfies.

TABLEII
SIMULATIONPARAMETERSOFTHEFCMLCONVERTER

fsw d Vdc Cfly Lfl Lµ Rw

500kHz 0.5 16V 50µF 1
M 2
µH 100×Lfl 10mΩ

matrfixAreveaflsthedynamficsofFCMLconverterbaflancfing.
Throughefigenanaflysfis,wecanfindthemodesoffimbaflance
decayandthefirreflatfiontothestartfingfimbaflancex̃(0).

B.EffectofInfitfiaflCondfitfiononFCMLConverterBaflancfing

Lfikeahfigher-ordersfingflephaseFCMLconverter,coupfled
finductorFCMLconverterscanformdampedresonantcfircufits
whenbaflancfing.Thfishappensbecausetheflyfingcapacfitors
exchangeenergythroughthecoupfledfinductors.Webegfinwfith
thefiflflustratfivesfimuflatfionofafour-phase,three-fleveflconverter
wfithfsw=500kHz,d=0.125,Cfly=50µF,Lfl=62.5nH,
Co=1mF,andRw=50mΩfinFfig.9.Efigenanaflysfisofthe
state-spacematrfixAforthfisconverterreveaflsthesystemhas
threemodes:afastoscfiflflatorymodewfithfrequency2.23kHz
andtfimeconstant0.281ms,asflowoscfiflflatorymodewfith
frequency405Hzandtfimeconstant3.14ms,andonequfickfly
decayfingR-Lmodethatfisdomfinatedbytheothertwo.
Thetwooscfiflflatorymodesdescrfibethewaystheflyfing
capacfitorvofltagescanbaflance.Inpartficuflar,thetfimeconstants
showthetfimethatfittakesforthefinfitfiaflfimbaflance∥̃vfly(0)∥
todecaytoe−1×fitsorfigfinaflvaflue.Thetwotfimeconstantsare
separatedbyanorderofmagnfitude,whfichcanhaveamajor
fimpactonthetransfientspeedoftheconverter.Thecauseof
thedfifferentbaflancfingtfimesfisthefinfitfiaflcondfitfion.Dependfing
onwhatthefinfitfiaflfimbaflances̃vfly(0)are,dfifferentmodeswfiflfl
beexcfited,whfichcanresufltfindrastficaflflydfifferentbaflancfing
tfimes.Thus,aconverterwfithmufltfipfleflyfingcapacfitorscan
forma mufltfi-resonantsystem wherethefinfitfiaflcondfitfion
affectsthebaflancfingdynamfics.
Ffig.9verfifiesthetwopredfictedtfimeconstantsbysettfing
thefourfinfitfiaflfimbaflancestothoseassocfiatedwfiththefast
andsflowmodes.Inbothcases,theenveflopeofthefimbaflance
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TABLEIII
SIMULATEDBALANCINGTIME WITHCOMMON-MODEAND

DIFFERENTIAL-MODEIMBALANCES

#PhasesM 1 2 4 6 8 16

τcommon-mode[ms] 60.1 7.44 1.53 1.29 0.61 0.061

τdfifferentfiafl-mode[ms] 60.1 7.44 30.8 41.3 46.1 52.2
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Ffig.10. Waveformsofanefight-phaseconverterwfithd= 1
16
demonstratfing

theeffectofafast(common-mode)andsflow(dfifferentfiafl-mode)finfitfiafl
condfitfionontheamountoffimbaflanceenergydfissfipatedfinaperfiod.

∥̃vfly(t)∥

efigenvaflues of sflowest baflancfing tfimes

efigenvaflues of fastest baflancfing tfimes

60.1ms

Peak Rfippfle Ffixed

M=1-phase, 60.1 ms

2-phase,7.55ms

T = 2 µs

decaysexponentfiaflflywfiththepredfictedspeed.Ifthe
finfitfiaflcondfitfionfisacombfinatfionofthetwo,thenthedecay
fisacombfinatfionofthetwomodes.

Thfisanaflysfisaflsoreveaflswhythepowerdfissfipatfionmodefl
doesnotworkformorecompflexFCMLconverters;amufltfi-
resonantconverterhasmufltfipflebaflancfingmodes.Whencom-
putfingthepowerdfissfipatfionmodefl,weassumedasfingfleexpo-

Ffig.11.Fastestandsflowestefigenvafluesofthebaflancfingtfimeofmufltfiphase
three-fleveflFCMLconverterswfithrfippflecurrenthefldconstantasthenumber
ofphasesrfisesusfingthefinductanceparametersfinTabfleII.Themodeflpre-
dfictfionsbeflowtheswfitchfingperfiodT=2µsarefincfludedforcompfleteness,
butdofinvaflfidatetheassumptfionsfinSectfionIII-B

Peak Rfippfle Ffixed

15 ms(fuflfly coupfled, 
Lfl=250nH)

120 ms(uncoupfled, 
L = 1 uH)

.

Ffig.12. PLECSsfimuflatfionofbaflancfingtfimevs.coupflfingratfio wfith
parametersfinSectfionIII,wfithmaxfimumper-phasecurrentrfippflefixed.

nentfiaflbaflancfingmode,whfichcannotaccountforcondfitfions
wheremorethanonemodefisexcfited.

Weconsfidertwocommoncasesforfinfitfiaflfimbaflances:(fi)
Common-Mode,whereaflflfinfitfiaflfimbaflancesareequafl,such
asdurfingstart-uporshut-down,and(fifi)Dfifferentfiafl-Mode,
wherethefinfitfiaflfimbaflancevofltagesareequaflfinmagnfitude
andaflternatefinsfign,whfichoftenresufltsfromexternafldfistur-
bances[43].UsfingthecfircufitparametersshownfinTabfleII,
whfichkeepsthemaxfimumrfippflecurrentequaflasthenumber
ofphaseschanges,wesfimuflatethebaflancfingtfimewfitha
pureflycommon-modeanddfifferentfiaflfimbaflanceforconvert-
ersuptoM =16phases.Exceptforthetwo-phaseconverter,
whfichhasonflyonemode,thecommon-modetfimeconstant
fisaflwaysmuchsmaflflerthanthedfifferentfiafl-modecase.The
reasonfisfiflflustratedfinFfig.10wfithanefight-phaseexam-
pfle. Wfithacommon-modefimbaflance,thefimbaflancecurrent
andassocfiatedflossareflarge,whfichcausesfasterbaflancfing.
Wfithadfifferentfiafl-modefimbaflance,theswfitchnodevofltage
constantflyaflternates,keepfingthefimbaflancecurrentandfloss
smaflfl,makfingtheconverterbaflancesflower.Common-mode
fimbaflancesexcfitethefleakagefinductanceanddfifferentfiafl-
modefimbaflancesexcfitethemagnetfizfingfinductance,whfichwe
fismuchflargerfortfightflycoupfledfinductors[40].Thecurrentfis
thereforemuchflargerandflossfierfintheformercase.Asfound
before,onflytheone-andtwo-phaseconvertershaveasfingfle
baflancfingmode.Addfingmorephasesfintroducesuncertafinty
finthebaflancfingtfimedependfingonthefimbaflance.Inthecase
thatthfisuncertafintyfisundesfirabfle,fitwoufldbebettertouse
onflyatwo-phasecoupfledfinductorconverter.

Thesflowestandfastestbaflancfingmodespredfictedbythe
state-spacemodeflforformufltfiphaseconvertersfisshownfin
Ffig.11,wherethemaxfimumrfippflecurrentfiskeptconstant
betweencfircufits.Thesflowestandfastestbaflancfingtfimecon-
stantsboundthepossfibflebaflancfingtfimes,andothermodes
exfistbetweenthem.Theonflyconverterswfithadetermfinfistfic
baflancfingtfimearetheone-andtwo-phaseconverters.In
summary,thestate-spacemodeflofcoupfledfinductorFCML
baflancfingdynamficsshowsthemufltfi-resonantbaflancfingprop-
ertfiesdependentonthefinfitfiaflcondfitfion,andhowsflowand
fastfinfitfiaflcondfitfionscanbepredfictedfromtheresufltantfloss.
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Ffig.13. Pfictureofthefour-phasefive-fleveflFCMLprototypewfithafour-
phasecoupfledfinductorfimpflementedwfithPCBwfindfings.

TABLEIV
CIRCUITPARAMETERSOFTHEFCMLPROTOTYPE

Parameter/Component Vaflue

fsw 500kHz
Vdc 16V
Cfly 120610µF×2

CustomCoupfledInductorLfl 23&192nH
CustomCoupfledInductorLµ 230&7.44uH
Two-phaseCoupfledInductor CofiflcraftPA6605-AL

DfiscreteInductor CofiflcraftXAR7030-222MEB
Swfitches EPC2067
Controflfler EP4CE15F23C8

C. ModeflLfimfitatfions

Thetwobaflancfingmodeflspresentedfinthfisworkcover
manycommonFCMLconverters,buttheyhavesomefimpor-
tantflfimfitatfions.Ffirst,thepowerdfissfipatfionmodefl,whfifleuse-
fuflforreflatfingthefloss-contextandbaflancfingdynamfics,onfly
worksfinspecfiaflcfircumstanceswheretheflossfisdependent
onflyonthetotaflnormaflfizedfimbaflanceandnotthespecfific
fimbaflancefineachflyfingcapacfitor.Asmentfionedbefore,thfis
precfludesfitsuseforflarger-ordermufltfi-resonantconverters.

Thestate-spacemodeflfisappflficabfletoaflflconvertersfizes,
butfitsuffersfromeflevatedcomputatfionaflcompflexfityand
aflackofcflosed-formsoflutfions. Addfitfionaflfly,the modefl
assumeshfighflycoupfledfinductorswfithhfighquaflfityfactor
tosfimpflfifythecaflcuflatfions.Asshownfin[18],steady-state
baflancfinganaflysfisoffuflfly-coupfledfinductorsflargeflyappflfies
tomoderateflycoupfledfinductors,wfithasmoothtransfitfionto
theuncoupfledsoflutfion.Thfisoccursbecauseevenmoderatefly
coupfledfinductorssharemostofthefinductfivecharacterfistficsof
fuflflycoupfledfinductors.Ffig.12showsthesfimuflatedbaflancfing
tfimeofatwo-phase,three-fleveflFCMLconverterwfithvaryfing
coupflfingratfioandthepeakrfippflefixed.Atthecoupflfing
extremfitfies,theresufltsmatchthemodeflderfivedfinSectfionIII.
Thebaflancfingtfimefissfimfiflartothefuflfly-coupfledsoflutfioneven
wfithmoderatecoupflfingratfiosunder

Lµ
Lfl
<10

5.
8 
m
m

.

Measured

Anaflytficafl Modefl 
wfith Rw= 275 mΩ

vffly2vffly1 vffly1vffly2
τ=275 µs τ=61 µs

Ffig.14.Four-phasecoupfledfinductorcoreusfingDMR53materfiafl.Thecore
consfistsoftwofidentficaflhaflvespressedtogetherfrombothsfidesofthePCB;
thethree-turnwfindfingsareformedbythePCBtraces.

Ffig.15. Measuredbaflancfingtfimeofatwo-phase,three-fleveflFCMLconverter
comparedtothepowerdfissfipatfiontheoretficaflmodefl.Eachmeasuredpofint
representsameasurementofthetfimetakenforthenormaflfizedfimbaflanceto
reducetoe−1×thestartfingvaflue.

V.EXPERIMENTALVERIFICATION

Toverfifythetheoretficaflbaflancfingdynamficsacrosscon-
verterswfithdfifferentnumbersofphases,flevefls,swfitchfing
frequencfies,andcoupflfingpropertfies,weusetheprototype
shownfinFfig.13.Thecfircufitparametersandcomponents
areflfistedfinTabfleIVandthecoupfledfinductordesfignfis
shownfinFfig.14.Tofintroduceanfinfitfiaflfimbaflance,thephase
shfiftbetweenswfitchesaredevfiatedfromthefirnomfinaflvaflues.
Thfisdfisturbanceforcesanfimbaflancevofltageontheflyfing
capacfitorsthatdependsonthephaseshfiftappflfiedtoeach
phase[17],[36].Thedfisturbancesareremovedattfimet=0
andtheflyfingcapacfitorsdynamficaflflybaflancetothefirnomfinafl
vaflues.Thebaflancfingtfimefisdefinedasthetfimetakenforthe
normaflfizedfimbaflance∥̃vfly∥todecaytoe

−1×offitsstartfing
vaflue.
Ffirst,weverfifythepowerdfissfipatfionmodeflbymeasurfing
thebaflancfingtfimeofthetwo-phase,three-fleveflconverterwfith
tfightflycoupfledfinductorsandcomparfingfittotheequatfion
derfivedfineq.(22).Thefinductance,capacfitance,swfitchfing
frequency,anddutycycfleareknownorreadfiflymeasured,
buttheeffectfiveRw generatfingflossfromthefimbaflancefis
not.ToestfimateRw,wecomparethepowerdfissfipatedfin
theconverterwfithandwfithoutanexternaflfimbaflance.From
here,weestfimatetheeffectfiveresfistancethatcapturesthe
fimbaflance-basedflossfisRw =275mΩ.Ateachdutycycfle
finFfig.15,thebaflancfingtfimefismeasuredandpflottedagafinst
theanaflytficaflmodeflwfithagoodmatch.
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Ffig.16. Dynamficbaflancfingofflyfingcapacfitorswfithfinfitfiaflcondfitfions
createdbytfimfingdeflays(a)∆t1={73,1,−87,57}nsand(b)∆t2=
{−90,−100,−48,65}ns.Dependfingonthefinfitfiaflcondfitfions,thevofltages
resonatewfithdfifferentfrequencfiesanddecayspeeds.

Next,weverfifythemufltfi-resonantpropertfiesofafour-
phase,three-fleveflFCMLconverterwfithtfightflycoupfledfin-
ductors.Ffig.16showsbaflancfingfromtwodfifferentfinfitfiafl
condfitfionscausedbyexternafldfisturbances:(a)atfimedeflayof
∆t1={73,1,−87,57}nsforphases#1through#4,and(b)
∆t2={−90,−100,−48,65}ns.Thefirstfimbaflanceaflmost
excflusfiveflycontafinscomponentsofthesflowflydecayfingmode.
Thesecondfimbaflancecontafinscomponentsofboththefast
andsflowmodes.Thefastmodedecaysrapfidflyandoscfiflflates
atahfighfrequency.Thedfifferencebetweenthetwotfime
constantsfissfignfificant.

Evenflooseflyormoderateflycoupfledfinductorsstfiflflyfiefldma-
jorfimprovementsfinrfippfle,transfientresponse,andsfize,whfifle
havfinggreaterrobustnesstosfingfle-phasefafiflurethantfightfly
coupfledfinductors.Sfimfiflarfly,thedynamficbaflancfingbehavfior
changesdependfingonthecoupflfingratfio.Ffig.17(a)showsthe
flyfingcapacfitorsbaflancfingfromanfinfitfiaflfimbaflancecreated
byaunfiformdeflayof-140nsfineachphase.Theuncoupfled
finductorshaveL=8.2µHandswfitchfingfrequencyfisreduced
to100kHz.Thecoupfledfinductorshavesfimfiflarfleakage
finductanceandacoupflfingratfio

Lµ
Lfl
=0.89

Uncoupfled (L=8.2 µH)

Coupfled (Lµ/Lfl=0.89), Phase #1
Phase #2

Phase #3
Phase #4

,sfignfificantfly
flowerthanthetfightflycoupfledfinductorsusedbefore.Asa
resuflt,theoscfiflflatfionsaredampedandtheflyfingcapacfitors

Coupfled
(Lµ/Lfl=0.89)

Uncoupfled
(L=8.2 µH)

(a)

(b)

Ffig.17.(a)Fflyfingcapacfitorbaflancfingand(b)rfippfleoffour-phaseFCML
converterwfithfsw=100kHz.Wfithflooseflycoupfledfinductors,thedynamfic
baflancfingfisdampedandtherfippflefisreducedcomparedtouncoupfled
finductorswfithfinductanceL=8.2µ

d = 32.4% d = 67.5%

symmetry about d=50%

Hequafltothefleakagefinductance.

Ffig.18. Baflancfingtfimeofnormaflfizedfimbaflanceoffour-phaseconverter
acrossdutycycflerange.

baflancequfickfly.Thetfimeconstantfissfimfiflartotheuncoupfled
finductorssfincethefleakagefinductancefisaflsoapproxfimatefly
8.2µH.Ffig.17(b)showstheaverageper-phaserfippflecurrent
oftheuncoupfledandflooseflycoupfledconverters.Therefore,
thepartfiaflflycoupfledfinductorscansfimufltaneousflyfimprovethe
rfippfleandsteady-statefimbaflancewfithoutnegatfiveflyaffectfing
thebaflancfingspeedsoflongasthefleakagefinductancefiskept
constant.
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phase#1, #2, #3, #4

Cffly1(nom. 12 V)

Cffly2(nom. 8 V)

Cffly3(nom. 4 V)

(a)

Normaflfized 
fimbaflance 

12 ×vfflyfimbaflances

τ= 3.68 ms

4.20 V

1.55 V

(b)

(c)

Ffig.19. (a)Rawswfitchnodevofltage measurementandsampflfing,(b)
finferenceofflyfingcapacfitorvofltagesfromswfitchnodesampfles,and(c)
conversfiontofimbaflancecomponentsandnormaflfizedfimbaflance.

Acrossthedutycycflerange,thebaflancfingtfimeofafour-
phaseconverterhasamorecompflextrend,asshownfinFfig.18.
Thebaflancfingtfimefisstfiflflsymmetrficaboutd=0.5

fastest:
1.8 ms

sflowest:
8.0 ms

,and
twooutflyfingpofintsareaflfignedwfithsfinguflarfitfiesofcoupfled
finductorbaflancfingoffour-phaseconverters[18].

Asthenumberofphases,flevefls,andflyfingcapacfitors

fsw= 250 kHz

fsw= 1 MHz

fsw= 500 kHz

(a)

(b)

Ffig.20. (a)Hfistogramofexperfimentaflflymeasuredbaflancfingtfimeatd=
0.125and(b)wfithdfifferentswfitchfingfrequencfies.

fincreases,thecompflexfityofthebaflancfingdynamficsfincreases.
Tomeasurethe12flyfingcapacfitorvofltagesforourfour-phase,
five-fleveflprototype,weestfimatethemfromthevofltagepuflses
attheswfitchnodes.ThfisfisfiflflustratedfinFfig.19(a).Lfikewfith
thefour-phase,three-fleveflcase,thecapacfitorsstartfimbaflanced
andthenoscfiflflatetothefirbaflancedfleveflsat1/4,1/2,and3/4
ofthefinputvofltage,asshownfinFfig19(b).Ffinaflfly,wefind
thebaflancfingtfimefinFfig.19(c).

Weuse MonteCarfloanaflysfistostudythebaflancfingdy-
namficsoftheflargerconverter.InFfig.20(a),theconverterfis
operatedatfsw=500kHzandd=0.125wfitharandom
phaseshfiftbefingappflfiedtoeachofthesetofswfitches
between±7.2°over50trfiafls.Duetothemufltfi-resonanceof
theconverter,thebaflancfingtfimevarfieswfideflybetween1.8ms
and8ms.Thefinfitfiaflcondfitfionssfignfificantflyfimpacthowfast
acoupfledFCMLconverterbaflances.Next,Ffig.20(b)shows
thedfistrfibutfionofbaflancfingtfimeswfiththeconverteroperatfing
atd=0.375andthreeswfitchfingfrequencfies,wfiththesame
randomphaseshfiftoneachsetofswfitches.Thebaflancfing
tfimeagafinvarfieswfideflyfrommfinfimumtomaxfimum,and
thebaflancfingtfimefincreasesasthefrequencyfincreases.Thfis
verfifiesthescaflfingofbaflancfingtfimewfithfrequency,and
morefundamentaflfly,thefactthatbaflancfingdependsonthe
magnfitudeofflossthatthefimbaflancegenerates.



SUBMITTED TO IEEE TRANSACTIONS ON POWER ELECTRONICS

VI. CONCLUSION

This paper develops dynamic models for coupled inductor
FCML converter balancing. A model based on power dissipa-
tion is used for simple FCML converters to produce closed-
form results that emphasize the importance of the loss-context
on the balancing speed. A generalized state-space model is
extended for coupled inductors of any number of phases
and levels that reveals the multi-resonant behavior of FCML
converter balancing, where the initial conditions determine the
speed of balancing. Finally, the theoretical models are verified
with detailed dynamic balancing experiments on FCML pro-
totypes with varying switching frequencies, inductances, and
numbers of phases and levels.
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APPENDIX I: DERIVATION OF POWER DISSIPATION
BALANCING MODEL

We restrict our analysis to three-level converters. There are
generally 4M sub-periods, each with a different switching
state. During each state, the inductor current is linearly ramped
up or down by the connected flying capacitors. Because the
starting current in each sub-period depends on the changes
that occur in the preceding sub-periods, we define the current
in each sub-period sequentially as

ĩL, j(t) =


S1ṽfly

Ll
t− ĩoffset j = 1

ĩL, j−1 |t=d∗T +
Sjṽfly

Ll
t j odd, j ̸= 1

ĩL, j−1 |t=dremT +
Sjṽfly

Ll
t j even.

(27)

The switch state vector Sj is defined in Appendix II. The
current in sub-period #1 ramps due to the connected flying
capacitors, defined by S1ṽfly, minus a starting offset ĩoffset.
The current in every subsequent sub-period is the current at
the end of the previous sub-period plus a ramp. All the sub-
period currents are assumed to start at t = 0 for simplicity. The
initial condition for eq. (27) is found by setting the average
inductor current to zero

j=4M∑
j=1

∫ tj

0

ĩL,j(t)dt = 0 (28)

and solving for the necessary offset current ĩoffset which we
substitute into eq. (27). The average power loss incurred in an
unbalanced converter compared to a balanced converter is

Rw

〈
iL(t)

2
〉
=

Rw

T

j=4M∑
j=1

∫ tj

0

ĩj(t)
2dt


=

RwT
2

L2
l

×X (d, ṽfly(t)) . (29)

The loss is a function of the duty cycle and flying ca-
pacitor voltages, which we represent with the function X .
For a single-phase, three-level converter with d < 0.5
(mirrored for d ≥ 0.5), the function is

XM=1 =
d2(3− 4d)ṽfly(t)

2

12
. (30)

For a two-phase, three-level converter with d < 0.5, it is

XM=2 =
d2(3− 4d)

[
(ṽfly,1(t))

2 + (ṽfly,2(t))
2
]

24

=
d2(3− 4d)∥ṽfly(t)∥2

24
. (31)

APPENDIX II: DERIVATION OF STATE-SPACE MODEL

To derive a generalized dynamic model for the flying
capacitor voltages, we first define the relevant variables. If
there are M phases and K flying capacitors per phase, there
are M ×K flying capacitor voltages

ṽfly =
[
ṽ
(1,1)
fly ṽ

(1,2)
fly · · · ṽ

(1,K)
fly ṽ

(2,1)
fly · · · ṽ

(M,K)
fly

]T
.

(32)
Ideally, the state vector ṽfly = 0 if there are no imbalances.
The full state vector, defined below as x̃, also includes one
state for the inductor current for each phase:

x̃ =

[
ṽfly

ĩL

]
, (33)

The flying capacitor voltages are connected differently during
each switching state of the converter. To represent these
changes, we define a switch state vector Φj for each switching
state as

Φj =
[
Φ

(1,1)
j · · · Φ

(1,K+1)
j Φ

(2,1)
j · · · Φ

(M,K+1)
j

]
,

(34)
where Φ(m,k′))

j is the state of switch (m, k′) for switching state
j and is either 1 (ON) or 0 (OFF). j = 1, 2, . . . , 2M(K + 1)
denotes the switching state. From the switch state vector, we
can determine how (or if) each flying capacitor is connected
to the output during a given switching state. We let the flying
capacitor state vector be

Sj =
[
S
(1,1)
j S

(1,2)
j · · · S

(1,K)
j S

(2,1)
j · · · S

(M,K)
j

]
,

(35)
where the flying capacitor with index (m, k) has connection

S
(m,k)
j = Φ

(m,k+1)
j − Φ

(m,k)
j (36)

during sub-period j. If both adjacent switches have the same
state, the capacitor is disconnected with S

(m,k)
j = 0. If not,

S
(m,k)
j = ±1, representing the orientation of the flying capac-

itor. The sum of all the flying capacitor voltages connected to
the output is

ṽsum =
M∑

m=1

K∑
k=1

S
(m,k)
j ṽ

(m,k)
fly = Sj


ṽ
(1,1)
fly

ṽ
(1,2)
fly

...
ṽ
(M,K)
fly

 (37)

We now write the differential equations of the circuit, starting
with the flying capacitors,

dṽ
(m,k)
fly

dt
= −S

(m,k)
j

1

Cfly

ĩL
M

, (38)
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where the connection state S
(m,k)
j determines if the capacitor

charges or discharges. After the reduction in Fig. 8, we write
the equation for the output network as

ṽsum − Ll
dĩL
dt

−Rw ĩL = 0. (39)

Assuming at least one flying capacitor is connected to the
output, we take the derivative of eq. (39) and substitute
eqs. (37) and (38) into it, obtaining

M∑
m=1

K∑
k=1

S
(m,k)
j

dṽ
(m,k)
fly

dt
− Ll

d2ĩL
dt2

−Rw
dĩL
dt

= 0

d2ĩL
dt2

+
Rw

Ll

dĩL
dt

+
1

LlCflyM
ĩL

M∑
m=1

K∑
k=1

∣∣∣S(m,k)
j

∣∣∣ = 0

d2ĩL
dt2

+ a
dĩL
dt

+ b̃iL = 0, (40)

where

a =
Rw

Ll
; b =

1

MLl (Cfly/nj)
. (41)

Here, the term nj =
∑M

m=1

∑K
k=1

∣∣∣S(m,k)
j

∣∣∣ is the number of
flying capacitors connected to the output during sub-period j,
regardless of orientation. Equation (40) has the solution

ĩL(t) = e−
a
2 t [k1 cos(ωdt) + k2 sin(ωdt)] , (42)

where ωd = 1
2

√
4b− a2 and k1 and k2 are constants. k1 is

found by setting t = 0 for the beginning of the sub-period,
k1 = ĩL(0). Next, taking the derivative of eq. (42) and setting
it equal to the initial change in inductor current dĩL(0)

dt , we
solve for k2 as

dĩL(0)

dt
= −a

2
k1 + k2ωd =

1

Ll

[
ṽsum(0)−Rw ĩL(0)

]
k2 =

1

Llωd
ṽsum(0)−

a

2ωd
ĩL(0). (43)

Substituting the constants into into eq. (42), we find the
solution for the inductor current in terms of the initial states

ĩL(t) = α(t)ṽsum(t) + β(t)̃iL(0), (44)

where

α(t) =
1

ωdLl
e−

a
2 t sin(ωdt),

β(t) = e−
a
2 t

[
cos(ωdt)−

a

2ωd
sin(ωdt)

]
.

(45)

If no flying capacitors are connected to the output, the inductor
current simply decays exponentially through the resistance as
ĩL(t) = ĩL(0)e

Rw
Ll

t. We solve for the flying capacitor voltages
by integrating the solution for the inductor current:

ṽ
(m,k)
fly (t) = −

S
(m,k)
j

MCfly

∫
ĩL dt

= A(t)ṽsum(0) +B(t)̃iL(0) + k3, (46)

where

A(t) + d1 = −
S
(m,k)
j

MCfly

∫
α(t) dt

=
S
(m,k)
j

nj
e−

a
2 t

[
cos(ωdt) +

a

2ωd
sin(ωdt)

]
+ d1,

(47)

B(t) + d2 = −
S
(m,k)
j

MCfly

∫
β(t) dt

= −
S
(m,k)
j

MCflyωd
e−

a
2 t sin(ωdt) + d2. (48)

The constant k3 absorbs the constants d1 and d2 in eq. (46)
and is solved for at t = 0 as

k3 = ṽ
(m,k)
fly (0) +

1

nj
ṽsum(0). (49)

Substituting eq. (49) into eq. (46), we find the solution for the
flying capacitor voltage is

ṽ
(m,k)
fly (t) = ṽ

(m,k)
fly (0) +

[
A(t) +

1

nj

]
ṽsum(0) +B(t)̃iL(0).

(50)
Equation (44) and eq. (50) are used to update the inductor
current and flying capacitor voltages from the initial states
during a sub-period. In these equations, the time t refers to
the time elapsed from when the sub-period begins at t = 0.
Therefore, if we substitute t = ∆tj , where ∆tj is the duration
of the sub-period, equations (44) and eq. (50) give the states at
the end of the sub-period. Since an update equation exists for
all the state variables, we can write a state transition equation

x(∆t) = Tj(∆tj)x(0), (51)

where Tj(∆t) is the transition matrix for sub-period j. Note
that the sub-period transition matrix is only dependent on the
switch states and the other coefficients do not need to be
recomputed. By computing the state transition matrix for every
sub-period and multiplying them together in the order they
occur, we can update the state variables from the beginning to
the end of a period as

x(T ) =

2M(K+1)∏
j=1

Tj(∆tj)

x(0) = Tfullx(0). (52)

where ∆tj is the sub-period duration

∆tj =

{
d∗T j odd(

1
M(K+1) − d∗

)
T j even

. (53)

To perform continuous-time analysis on the dynamic model,
we use an approximation of the derivative assuming the
balancing dynamics are much slower than the switching
frequency. In this work, we use the second order central
approximation of the derivative,

dx

dt
≈ −Tfull

2 + 8Tfull − 8Tfull
−1 + (Tfull

−1)2

12T
x(t) = Ax(t).

(54)
The continuous-time state matrix A determines the flying
capacitor voltage balancing dynamics of the converter.
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