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We  pr o p os e  a n d  a n al y z e  a  pr ot o c ol f or  st a bili zi n g  a   m a xi  m all y  e nt a n gl e d  st at e  of t  w o  n o ni nt er a cti n g

q u bits  usi n g  a cti v e  st at e- d e p e n d e nt  f e e d b a c k  fr o  m  a  c o nti n u o us  t  w o- q u bit  h alf- p arit y    m e as ur e  m e nt  i n

c o or di n ati o n   wit h  a  c o n c urr e nt,  n o n c o  m  m uti n g  d y n a  mi c al  d e c o u pli n g  dri v e.    We  d e  m o nstr at e t h at  s u c h

a  dri v e  c a n  b e  si  m ult a n e o us   wit h t h e   m e as ur e  m e nt  a n d  f e e d b a c k,   w hil e  als o  pl a yi n g  a  k e y  p art i n t h e

f e e d b a c k  pr ot o c ol its elf.   We s h o  w t h at r o b ust st a bili z ati o n   wit h  n e ar- u nit  fi d elit y c a n  b e a c hi e v e d e v e n i n

t h e  pr es e n c e  of r e alisti c  n o ni d e aliti es,  s u c h  as ti  m e  d el a y i n t h e f e e d b a c k l o o p, i  m p erf e ct  st at e-tr a c ki n g,

i n e  ffi ci e nt   m e as ur e  m e nts,  d e p h asi n g fr o  m  1/ f - distri b ut e d  q u bit-fr e q u e n c y  n ois e, a n d r el a x ati o n.   We   mit-

i g at e f e e d b a c k- d el a y  err or  b y i ntr o d u ci n g  a f or  w ar d-st at e- esti  m ati o n  str at e g y i n t h e f e e d b a c k  c o ntr oll er

t h at  tr a c ks  t h e  e ff e cts  of  c o ntr ol  si g n als  alr e a d y  i n  tr a nsit.    M or e  g e n er all y,  t h e  st e a d y  st at e  is  gl o b all y

attr a cti v e   wit h o ut t h e  n e e d f or  a n cill as, r e g ar dl ess  of t h e  err or st at e, i n  c o ntr ast t o   m ost  k n o  w n f e e d b a c k

a n d err or- c orr e cti o n s c h e  m es.
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I. I  N  T  R  O  D  U  C  TI  O  N

M a xi  m all y  e nt a n gl e d    m ulti q u bit  st at es  ar e  i  m p ort a nt
r es o ur c es f or q u a nt u  m i nf or  m ati o n pr o c essi n g t as ks.   H o  w-
e v er,  e nt a n gl e d  st at es  d e c o h er e   m or e  r a pi dl y t h a n  si n gl e-
q u bit  st at es,  a n d  s o   m ust  eit h er  b e  g e n er at e d  o n  d e  m a n d
w h e n  n e e d e d  or  st or e d  usi n g  s o  m e  f or  m  of  st a bili z ati o n
t h at  pr e v e nts  d e gr a d ati o n.    Cir c uit- b as e d  q u a nt u  m  err or-
c orr e cti o n  pr ot o c ols  ar e  e x a  m pl es  of  s u c h  a cti v e  e nt a n-
gl e  m e nt  st a bili z ati o n [ 1 ],  b ut  ar e r es o ur c e i nt e nsi v e  si n c e
t h e y  r e q uir e  a d diti o n al  a n cill ar y  q u bits,  p eri o di c  e nt a n-
gli n g  u nit ar y  g at es,  a n d  si n gl e- q u bit   m e as ur e  m e nts.   B at h
e n gi n e eri n g  pr ot o c ols  c a n  st a bili z e  e nt a n gl e  m e nt  [ 2 – 7 ],
b ut  t y pi c all y  r e q uir e  c ust o  m  d e vi c e  d esi g ns  t o  s el e ct  t h e
st at e.

A  n at ur al  n o n u nit ar y t o ol t o c o nsi d er f or s u c h a n e nt a n-
gl e  m e nt  st a bili z ati o n t as k is t h e  dir e ct   m e as ur e  m e nt  of  a

* el e v e ns o   @ us c. e d u

t  w o- q u bit o bs er v a bl e, s u c h as p arit y [8 ,9 ]. P eri o di c or c o n-
ti n u o us   m e as ur e  m e nts  of  s u c h  a n  o bs er v a bl e  c a n  pr e p ar e
[1 0 ]  a n d t h e n st a bili z e [1 1 – 1 3 ] t h e  e nt a n gl e d  ei g e ns p a c es
of t h e   m e as ur e  m e nt a n d c a n p erf or  m   m ulti q u bit o p er ati o ns
[1 4 ,1 5 ],  e v e n  i n  c as es    w h er e  t h e  q u bits  d o  n ot  dir e ctl y
i nt er a ct [1 6 – 2 3 ].  St a bili zi n g a s p e ci fi c st at e, h o  w e v er, g e n-
er all y  r e q uir es  b at h  e n gi n e eri n g  or  a d diti o n al  f e e d b a c k
c o ntr ol [ 2 4 – 2 9 ] t o br e a k t h e s y  m  m etr y of t h e   m e as ur e  m e nt
t o  w ar d t h e d esir e d o ut c o  m e.

I  m pl e  m e nti n g  r o b ust  e nt a n gl e  m e nt  st a bili z ati o n  usi n g
m e as ur e  m e nt  f e e d b a c k  is   c h all e n gi n g  i n   pr a cti c e.    T h e
st a bili z e d  st at e  s h o ul d  n ot  o nl y  b e  a  st e a d y  st at e  u n d er
i d e al c o n diti o ns f or t h e   m e as ur e  m e nt a n d ot h er e n gi n e er e d
d e c o u pli n g  dri v es  [ 3 0 – 3 6 ],  b ut  r e  m ai n  st a bili z e d  i n  t h e
pr es e n c e  of  r e alisti c  n o ni d e aliti es  [ 3 7 ].  S o  m e  d y n a  mi c al
st at es  s u c h  as  si n gl e- q u bit   R a bi  os cill ati o ns  [ 3 8 ]  ar e l ess
s e nsiti v e t o  e n vir o n  m e nt al  n ois e  a n d  s o  c a n  b e   m or e  e as-
il y st a bili z e d,  b ut  e nt a n gl e d st at es  ar e   m or e s us c e pti bl e t o
d e c o h er e n c e,   w hi c h  c a n  dr asti c all y  l o  w er  t h e  a c hi e v a bl e
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st e a d y-st at e e nt a n gl e  m e nt [ 1 6 – 1 8 ].   D y n a  mi c al d e c o u pli n g
c a n  r e d u c e   d e p h asi n g   a n d   pr ol o n g   c o h er e n c e  [ 3 9 – 4 1 ],
b ut  d o es  n ot  pr o d u c e  tr u e  st a bili z ati o n  [ 4 2 ]  a n d  is  t y pi-
c all y s e p ar at e d fr o  m t h e   m e as ur e  m e nt a n d f e e d b a c k.   Ti  m e
d el a ys  i n  t h e  f e e d b a c k  l o o p  [ 4 3 ,4 4 ]  a n d    m e as ur e  m e nt
i n e  ffi ci e n c y  ar e  als o  u n a v oi d a bl e  i n  t h e  l a b or at or y  [4 5 ],
a n d  c a n  b e  dis astr o us  t o  t h e  st a bili z ati o n  fi d elit y  if  n ot
a c c o u nt e d f or i n t h e pr ot o c ol [ 3 3 ,4 6 ,4 7 ].

I n  t his    w or k,    w e  s h o  w  t h at  it  is  p ossi bl e  t o  c o  m bi n e
m e as ur e  m e nt,  a  f e e d b a c k  dri v e,  a n d  a  d y n a  mi c al  d e c o u-
pli n g dri v e si  m ult a n e o usl y t o a c hi e v e r o b ust e nt a n gl e  m e nt
g e n er ati o n  a n d  st a bili z ati o n.    As  a  c as e  st u d y,    w e  r e visit
t h e  si  m pl e   m e as ur e  m e nt-f e e d b a c k  pr ot o c ol i ntr o d u c e d  i n
R ef.  [  3 3 ],    w hi c h  st a bili z es  a    m a xi  m all y  e nt a n gl e d  t  w o-
q u bit    B ell  st at e    wit h  f e e d b a c k  fr o  m  a  h alf- p arit y    m e a-
s ur e  m e nt.   T his  pr ot o c ol   w as  v ul n er a bl e t o  d e p h asi n g t h at
w o ul d    mi x  t h e  t ar g et  st at e    wit h  a  d e g e n er at e    m e as ur e-
m e nt   ei g e nst at e,  t h us   eli  mi n ati n g  st a bilit y.     We   e x p a n d
t h e  pr ot o c ol  t o  i n cl u d e  a  c o n c urr e nt  dri v e  t h at  pr o vi d es
b ot h  d y n a  mi c al  d e c o u pli n g  [ 4 8 – 5 1 ]  a n d  a cts  t o  r e  m o v e
a n  u n d esir e d   fi x e d  p oi nt  of  t h e  d y n a  mi cs.    We  a n al y z e
b ot h  t h e  o pti  m u  m  s etti n gs  a n d  r es ulti n g  p erf or  m a n c e  i n
t h e  pr es e n c e  of  e x p eri  m e nt al  n o ni d e aliti es,  i n cl u di n g  t h e
ti  m e d el a y of t h e f e e d b a c k l o o p,   m e as ur e  m e nt i n e  ffi ci e n c y,
a n d  e n vir o n  m e nt all y  i n d u c e d  r el a x ati o n  a n d  d e p h asi n g.
N ot a bl y,   w e   m o d el e n vir o n  m e nt al d e p h asi n g as   m or e r e al-
isti c  n o n-  M ar k o vi a n  q u bit-fr e q u e n c y  n ois e fr o  m  e n vir o n-
m e nt al  fl u ct u at ors,    wit h  eit h er    w hit e  or  1  / f   n ois e  s p e c-
tr a  [5 2 ],    w hi c h    w e  c o  m p ar e  t o  t h e  st a n d ar d  ( Li n d bl a d)
M ar k o vi a n t e c h ni q u es f or   m o d eli n g d e p h asi n g.

O ur    m o di fi e d  st a bili z ati o n  pr ot o c ol  b e n e fits  fr o  m  t  w o
k e y  i n n o v ati o ns.   First,  o ur  d y n a  mi c al  d e c o u pli n g  dri v e
n ot a bl y  di ff ers  fr o  m  st a n d ar d  a p pr o a c h es  si n c e  it  n eit h er
a cts  o nl y  d uri n g i dl e ti  m es  n or  a cts  o nl y  o n  a u xili ar y s u b-
s p a c es.  I nst e a d,  t h e  d e c o u pli n g  dri v e  is  al  w a ys  o n  as  a
s e c o n d  dri v e t h at  c a n  o pti o n all y  b e  a dj ust e d  b y t h e  f e e d-
b a c k c o ntr oll er.  T his dri v e b ot h r e d u c es d e p h asi n g a n d pr o-
vi d es  a n  a cti v e  p at h  w a y f or st a bili z ati o n  o ut  of  err o n e o us
st at es.  S e c o n d,   w e d e v el o p a f or  w ar d-st at e- esti  m ati o n pr o-
c e d ur e  f or  t h e  f e e d b a c k  c o ntr oll er  t h at  a c c o u nts  f or  t h e
ti  m e  d el a y  i n  t h e  f e e d b a c k  l o o p  b y  a nti ci p ati n g  t h e  e v o-
l uti o n  o c c urri n g  fr o  m  si g n als  alr e a d y  i n  tr a nsit.    We  fi n d
t hr o u g h  n u  m eri c al  si  m ul ati o ns t h at t h e i n cl usi o n  of t h es e
f e at ur es si g ni fi c a ntl y i  m pr o v es t h e p erf or  m a n c e of t h e st a-
bili z ati o n  pr ot o c ol.  F or  d e p h asi n g  fr o  m  1 / f   fl u ct u at ors
n ois e,  i n  p arti c ul ar,  t h e    m o di fi e d  pr ot o c ol  c a n  r o b ustl y
a c hi e v e n e ar- u nit as y  m pt oti c  fi d elit y t o t h e t ar g et st at e i n a
wi d e r a n g e of c o n diti o ns.

II.  S  T  A T  E  S  T  A  BI  LI  Z  A TI  O  N   P  R  O  T  O  C  O  L

As  i n    R efs.  [  1 6 ,3 3 ],  o ur  s yst e  m  is  c o  m p os e d  of  t  w o
q u bits t h at ar e n ot i nt er a cti n g, d es cri b e d b y a j oi nt (s yst e  m)
d e nsit y  o p er at or  ρ s ys (t).   E a c h  q u bit  e x p eri e n c es  e n vir o n-
m e nt al  d e p h asi n g  at a n a v er a g e r at e 2 ,  d et ail e d l at er.   We

ass u  m e  a  r ot ati n g  fr a  m e, i n d e p e n d e nt  c o ntr ol  dri v es,  a n d
c o u pli n g t o  a  c o  m  m o n  h alf- p arit y   m e as uri n g  d e vi c e ( e. g.,
R efs. [  1 0 ,1 3 ,1 6 ]).

T h e   h alf- p arit y   o bs er v a bl e N̂   =   ( σ̂ (1 )
z +  ̂ σ (2 )

z ) /2    h as
t hr e e  ei g e n v al u es: −  1,  0,  a n d  1.   T h e  ei g e n v al u es  −  1  a n d
1  h a v e t h e  e v e n- p arit y  ei g e n v e ct ors  |1 1   a n d  |0 0  , r es p e c-
ti v el y,   w hil e t h e  ei g e n v al u e  0  h as  a  d e g e n er at e  o d d- p arit y
s u bs p a c e  s p a n n e d  b y  |0 1    a n d  |1 0  .   T h e  t  w o  o d d- p arit y
e nt a n gl e d   B ell  st at es,  |ψ ± ≡   (|0 1   ± |  1 0  ) /

√
2  ar e  t h us

pr es er v e d  b y t h e   m e as ur e  m e nt,   w hil e t h e  e v e n- p arit y   B ell
st at es |φ ± ≡   (|0 0   ± |  1 1  ) /

√
2 g et dist ur b e d.

T h e  g o al  of t h e  pr ot o c ol is t o  us e t h e t  w o  si n gl e- q u bit
c o ntr ol  dri v es  a n d  t h e  j oi nt  h alf- p arit y    m e as ur e  m e nt  t o
st a bili z e o n e   m a xi  m all y e nt a n gl e d   B ell st at e:  |ψ + .

T o  us e f e e d b a c k t o a c c o  m plis h t his  g o al,   w e a p pl y c o n-
tr ol  dri v es  t h at  d e p e n d  u p o n  t h e  c oll e ct e d    m e as ur e  m e nt
r e c or d r(t),   w hi c h h as t h e a p pr o xi  m at e f or  m

r(t)dt  =   Tr ( ρ s ys (t) N̂  )dt  +
√

τ  d  W ,    ( 1)

w h er e   d  W 2 =   dt  is a st o c h asti c   Wi e n er i n cr e  m e nt [2 4 ]  a n d
τ  =   1 / 2 η    is a ti  m es c al e s et b y t h e   m e as ur e  m e nt r at e η    ,
gi v e n   e  ffi ci e n c y   η  ∈   [ 0, 1]   a n d    m e as ur e  m e nt- d e p h asi n g
r at e    .   T his  st o c h asti c  pr o c ess   m o d els,  e. g.,  a  h o  m o d y n e
m e as ur e  m e nt  of N̂    aft er  p h as e-s e nsiti v e  a  m pli fi c ati o n  of
t h e i nf or  m ati o n al q u a dr at ur e, t h e n s hifti n g a n d r es c ali n g t o
n or  m ali z e t h e   m e a n si g n al t o t h e ei g e n v al u es  of N̂   [5 3 ].

We  s y n c hr o ni z e  t h e  a p pli e d  si n gl e- q u bit  dri v es  t o  b e
eit h er   c or ot ati n g   or   c o u nt er-r ot ati n g,    ̂σ (1 )

y ±  ̂ σ (2 )
y ≡ Ŷ ± ,

yi el di n g t h e e ff e cti v e t  w o- q u bit  dri v e   H a  milt o ni a ns

Ĥ   (t) = Ŷ + / 2, Ĥ    (t) = Ŷ − / 2,     ( 2)

wit h  a  m plit u d es    a n d    t h at  ar e  g e n er all y  f u n cti o ns  of
ti  m e t, t h e  c oll e ct e d r e c or d r(t −   τ d )  aft er  a  d el a y  τ d fr o  m
t h e f e e d b a c k l o o p, a n d/ or a n esti  m at e d st at e ρ est (t). I  m p or-
t a ntl y,  b ot h N̂   a n d Ĥ   a ct tri vi all y  o n t h e st a bili z e d  |ψ + ,
m e eti n g t h e c o n diti o n f or gl o b al c o n v er g e n c e [  2 5 ,3 7 ].   T h e
c or ot ati n g  dri v e Ĥ   wit h   m at c h e d  dri v e  p h as es  g e n er at es
r ot ati o ns  i n  t h e  {|ψ + , |φ − }  s u bs p a c e  t h at  c o nt ai ns  t h e
t ar g et  st at e |ψ + ,   m a ki n g it t h e f e e d b a c k  dri v e [3 3 ].   T h e
c o u nt er-r ot ati n g  dri v e Ĥ    wit h r el ati v e   π  - p h as e s hift  g e n-
er at es r ot ati o ns i n t h e  {|φ + , |ψ − } s u bs p a c e ort h o g o n al t o
|ψ + ; t h es e r ot ati o ns als o s u p pr ess sl o  wl y v ar yi n g d e p h as-
i n g  n ois e  o n |ψ + ,   m a ki n g t his t h e d y n a  mi c al  d e c o u pli n g
dri v e .

Fi g ur e   1   s h o  ws  a  c o n c e pt u al  s c h e  m ati c   of   h o  w  t h e
t  w o  dri v es  a n d  t h e    m e as ur e  m e nt  b ot h  pr e p ar e  a n d  st a bi-
li z e t h e  e nt a n gl e d  st at e |ψ + .   Aft er  pr e p ari n g t h e  pr o d u ct
st at e |  +, +    =   (|ψ + + |  φ + ) /

√
2, t h e   m e as ur e  m e nt st a bi-

li z es |ψ + at  d e p h asi n g r at e    ,  b ut st o c h asti c all y tr a nsf ers
wit hi n t h e s u bs p a c e   |φ + ↔ |   φ − .   T h e f e e d b a c k dri v e u ni-
t aril y  r ot at es   b et  w e e n  |φ − ↔ |   ψ + at  r at e    ,   b ut  t h e
m e as ur e  m e nt  f e e d b a c k  l a  w  bi as es  t his  r ot ati o n  t o  a c c u-
m ul at e p o p ul ati o n i n   |ψ + .   M e a n  w hil e, d e p h asi n g i n d u c es
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FI  G.  1.     S c h e  m ati c f or st a bili zi n g t h e e nt a n gl e d   B ell st at e  |ψ +

(r e d).   T  w o  n o ni nt er a cti n g  q u bits  ρ s ys (t)  u n d er g o  a  h alf- p arit y
m e as ur e  m e nt   wit h  d e p h asi n g  r at e    ( or a n g e),  yi el di n g  a  n ois y

r e c or d r  a n d st o c h asti c tr a nsf er ˆM r b et  w e e n  |φ + ↔ |   φ − w hil e
st a bili zi n g   |ψ ± .    E n vir o n  m e nt al   d e p h asi n g  at  r at e 2 ( pi n k)

als o  c a us es  st o c h asti c  tr a nsf er Ĥ
2

b et  w e e n   |φ + ↔ |   φ − a n d
|ψ + ↔ |   ψ − .   A c o ntr oll er us es t h e   m e as ur e  m e nt r e c or d t o i nt er-
n all y  tr a c k  a n  esti  m at e d  st at e   ρ est (t),  t h e n  a p pli es  a  f e e d b a c k

dri v e Ĥ    ( bl u e)  aft er  a  d el a y  τ d at r at e    [ρ est (t)] t h at i n d u c es  a
bi as e d tr a nsf er  |φ − → |   ψ + , as   w ell as a  d y n a  mi c al  d e c o u pli n g

dri v e Ĥ    ( p ur pl e) at r at e    [ρ est (t)] t h at st a bili z es |ψ + a n d  |φ −

a n d als o tr a nsf ers  |ψ − ↔ |   φ + .

tr a nsf ers  b et  w e e n |ψ + ↔ |   ψ − a n d  |φ + ↔ |   φ − at  r at e

2 ,   wit h |ψ − i n visi bl e  t o  b ot h    a n d  t h e    m e as ur e  m e nt.
T h us,   |ψ − is  a n  u n d esir e d  fi x e d  p oi nt  of  t h e  pr ot o c ol
s o  f ar.    H o  w e v er,  t h e  d e c o u pli n g  dri v e  u nit aril y  r ot at es
b et  w e e n  |ψ − ↔ |   φ + at a r at e    ; t h e   m e as ur e  m e nt ( at r at e

) a n d c or ot ati n g dri v e ( at r at e    ) t h e n pr o vi d e a p at h fr o  m
|φ + → |   ψ + as  d es cri b e d  a b o v e.   N eit h er  t h e  d e p h asi n g

2 n or t h e d e c o u pli n g    w er e c o nsi d er e d i n   R ef. [  3 3 ],  n or
i n si  mil ar a n cill a-fr e e  pr ot o c ols i n   R efs. [1 0 ,2 2 ,2 3 ,3 1 ].

A.   M o d eli n g t h e f e e d b a c k c o nt r oll e r

Si  m ul ati o ns  of  r e al-ti  m e    m e as ur e  m e nt  f e e d b a c k    m ust
disti n g uis h  b et  w e e n t h e tr u e ( b ut i n a c c essi bl e) st at e  of t h e
s yst e  m  ρ s ys (t)  a n d  t h e  esti  m at e d  st at e  ρ est (t)  b ei n g  i nt er-
n all y  tr a c k e d  b y  t h e  c o ntr oll er,  b ot h  i n di c at e d  i n  Fi g.   1 .
Si  m ul ati o ns   m ust e v ol v e b ot h  ρ s ys (t) t o d et er  mi n e t h e   m e a-
s ur e  m e nt  r e c or d  i n   E q.  ( 1)  a n d  ρ est (t)  t o  d et er  mi n e  t h e
f e e d b a c k dri v es i n   E qs. (  C 1) i n   A p p e n di x C   [4 7 ,5 4 ].

T h e  e v ol uti o n  of t h e i nt er n al  st at e   ρ est (t)  h as t hr e e  k e y
di ff er e n c es.  First, t h e c o ntr oll er d o es n ot k n o  w t h e s p e ci fi c
e n vir o n  m e nt al fl u ct u ati o ns c a usi n g e ns e  m bl e d e c o h er e n c e,
s o  c a n  o nl y  us e  a n  a v er a g e  d e c o h er e n c e    m o d el.  S e c o n d,
t h e  c o ntr oll er  o nl y  h as  t h e  c oll e ct e d  r e c or d  r(t)  u p  t o  a
d el a y  τ d b ef or e t h e  o ut p ut  f e e d b a c k  si g n al   will  r e a c h t h e
s yst e  m  st at e  ρ s ys (t +   τ d ).   T hir d,   w h er e as t h e  s yst e  m  st at e

e v ol v es   wit h  si  m ul ati o n  ti  m e  st e p  dt ,  t h e  c o ntr oll er  esti-
m at e    ρ est (t)  e v ol v es   wit h  ti  m e  st e p  δ t =   n  dt ,   w h er e n  is
s o  m e  i nt e g er.   T his  ti  m e  st e p  is  c all e d  a  “ c o ntr ol  c y cl e ”
a n d r e pr es e nts t h e ti  m e i nt er v al i n   w hi c h t h e c o ntr oll er p er-
f or  ms t h e   B a y esi a n u p d at e, esti  m at es t h e st at e, a n d u p d at es
t h e dri v e t o n es.   Di ff er e nti ati n g t h e t  w o ti  m e st e ps is i  m p or-
t a nt  b e c a us e,   w h er e as dt  m ust  b e   m u c h  s  m all er t h a n  a n y
ot h er si  m ul ati o n ti  m es c al e t o   m ai nt ai n a c c ur a c y of t h e dis-
cr et e st at e u p d at e,  δ t will b e e x p eri  m e nt all y c o nstr ai n e d b y
fi el d- pr o gr a  m  m a bl e  g at e  arr a y  ( F P  G  A)  c o ntr oll er l at e n c y
a n d   m a y b e c o  m p ar a bl e t o ot h er ti  m es c al es (s u c h as a   R a bi
p eri o d).

B.   E v ol uti o n   wit h  d e c o h e r e n c e a n d   m e as u r e  m e nt

We    m o d el  d e p h asi n g  as  st o c h asti c  dis p ersi v e  e n er g y
s hifts fr o  m   w e a kl y c o u pli n g t o a n ois y e n vir o n  m e nt [ 5 2 ]:

Ĥ ω (t) =    ω ( χ 1 (t) σ̂
(1 )
z +   χ 2 (t) σ̂

(2 )
z ) /2.     ( 3)

H er e    χ 1, 2 (t)  ar e  i n d e p e n d e nt  z er o-  m e a n  st o c h asti c  pr o-
c ess es,   w hi c h   w e  g e n er at e   wit h eit h er   w hit e  or  1 / f   p o  w er
s p e ctr al  d e nsiti es t o  e n c o  m p ass t h e t  w o  e xtr e  m es  of  c o  m-
m o nl y  o bs er v e d  fr e q u e n c y  n ois e.  Fr o  m  h er e  o n   w e  r ef er
t o t h es e  as  “  w hit e  n ois e ”  a n d  “ fl u ct u at or  n ois e. ”    We  c al-
i br at e  t h e  a  m plit u d e   ω   s o  t h at  e ns e  m bl e  a v er a gi n g  t h e
fl u ct u ati o ns yi el ds t h e d e p h asi n g r at e fl (  A p p e n di x A  ).

Aft er    m e as uri n g N̂  ,  t h e   o bs er v e d  r e c or d  r(t)  i n    E q.
( 1)  i nt e gr at e d  o v er  a  s  m all  ti  m e  st e p  dt  is   G a ussi a n  dis-
tri b ut e d    wit h    m e a n    Tr( ρ s ys (t) N̂  )  a n d  v ari a n c e  1 / 2 η    dt .
T h e  i n d u c e d  p arti al  c oll a ps e  is  t h us  e n c a ps ul at e d  b y  t h e
Kr a us o p er at or  u p d at e [  4 7 ,5 3 ]

ˆM r(t)dt =   e x p[ η    dt (r(t) N̂   − N̂ 2 / 2 )],     ( 4)

M r(t) [ρ ( t)] = ˆM r(t) ρ ( t) ˆM
†
r(t) / Tr ( ˆM

†
r(t)

ˆM r(t) ρ ( t)).    ( 5)

F or i n e  ffi ci e nt   m e as ur e  m e nts,   η   <  1, t h e  u n c oll e ct e d  p art
of  t h e  si g n al    m ust  b e  a v er a g e d  o v er  as  u n k n o  w n,  c a us-
i n g  r esi d u al    m e as ur e  m e nt  d e p h asi n g.    T his  d e p h asi n g  is
d es cri b e d   wit h a n a d diti o n al j u  m p- n o-j u  m p   Li n d bl a d   m a p.
We   us e  t h e   s a  m e   pr o c e d ur e  t o    m o d el  r el a x ati o n  (   T 1 )
pr o c ess es,  a n d  gr o u p  t h e  m  t o g et h er  i nt o  t h e  si n gl e    m a p
L dt [ρ ( t)] [5 5 ]:

L dt [ρ ( t)] = Ĵ 0 ρ ( t) Ĵ
†
0 +

3

k =  1

( γk dt ) Ĵ k ρ ( t) Ĵ
†
k ( 6)

wit h

Ĵ 0 = 1 −

3

k =  1

( γk dt ) Ĵ
†
k Ĵ k , Ĵ 1, 2 =  ̂ σ (1, 2 )

− /
√

2,

Ĵ 3 = N̂  /
√

2    γ 1, 2 =   1 / T 1 ,    γ 3 =   (1  −   η)    .
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T h e c o  m p osit e u p d at e   m a p f or t h e s yst e  m st at e is t h us

ρ s ys (t +   dt ) =   [U dt ◦ L dt ◦ M r(t)dt ][ρ s ys (t)]    ( 7)

wit h  t h e   u nit ar y   u p d at e, U dt [ρ ( t)] = Û dt ,t ot(t) ρ (t) Û
†
dt ,t ot,

w h er e

Û dt ,t ot =   e x p (dt [Ĥ    (t) + Ĥ    (t) + Ĥ ω (t)]/ i  ),    ( 8)

r e c alli n g t h at    a n d    g e n er all y  d e p e n d  u p o n  ρ est (t).   T his
c o  m pl et el y  p ositi v e   m a p   m ai nt ai ns st at e i nt e grit y  o n it er a-
ti o n a n d is a c c ur at e t o or d er dt ,   w hi c h is c h os e n t o b e   m u c h
s  m all er t h a n a n y ot h er p eri o d i n t h e s yst e  m e v ol uti o n.

T h e  c o ntr oll er  u p d at e  o  mits t h e  n ois y Ĥ ω a s  u n k n o  w n
a n d  eit h er  r e pl a c es  it    wit h  a n  a v er a g e   Li n d bl a d  d e p h as-
i n g    m a p  (  A p p e n di x  A  5  )  or  o  mits  it  as  n e gli gi bl e  o v er
δ t.  It  li k e  wis e  us es  a   Li n d bl a d    m a p  t o    m o d el  t h e  e ff e cts
of  i  m p erf e ct    m e as ur e  m e nt  e  ffi ci e n c y  a n d  r el a x ati o n.  It
als o  p erf or  ms  a   B a y esi a n  u p d at e  b as e d  o n  t h e    m e as ur e-
m e nt  r e c or d  a v er a g e d  o v er  t h e  c o ntr ol  c y cl e  d ur ati o n    δ t,

i. e., r̃ (t) ≡   (1 / n ) n −  1
m  =  0 r (t −   m dt  ),   w h er e t h e f ull u p d at e is

gi v e n  b y   E qs.  ( 7) a n d  ( 8) wit h   ρ s ys (t +   dt )  →    ρ est (t +   δ t),
r(t) →  ̃ r(t),  a n d dt  →    δ t.

C.   F o r  w a r d esti  m ati o n

B e c a us e  of  t h e  f e e d b a c k  l o o p  d el a y,  t h e    m e as ur e  m e nt
r e c or d  d o es  n ot  r e fl e ct  t h e  e ff e cts  of  t h e  dri v es  o ut p ut
o v er  t h e  p ast   τ d .   T his    w o ul d  c a us e  i n a c c ur at e  c o ntr ol  if
τ d >  δ  t,  as  t h e  s yst e  m    w o ul d  o v er c orr e ct  b y  r e p e at e dl y
tr yi n g  t o  r ot at e  t h e  st at e  b ef or e  t h e  e ff e cts  of  t h os e  r ot a-
ti o ns  c o ul d  b e   m e as ur e d.    We t h er ef or e i  m pl e  m e nt  a  n o v el
f or  w ar d- esti  m ati o n pr ot o c ol t o c orr e ct f or t h e  d el a y.   Aft er
t h e    m e as ur e  m e nt  u p d at e  d es cri b e d  a b o v e,  t h e  c o ntr oll er
t h e n    m a k es  a  s e p ar at e  f or  w ar d  esti  m ati o n  b y  t h e  d el a y
ti  m e τ d .   T his f or  w ar d esti  m ati o n  pr e di cts t h e e ff e cts  of t h e
c o ntr ol  si g n als  alr e a d y  o ut p ut  o v er  t h e  pr e c e di n g  τ d ,  b ut
of  c o urs e  d o es  n ot i n cl u d e  a n y   m e as ur e  m e nt i nf or  m ati o n
t h at t h e c o ntr oll er   w o ul d  n ot  h a v e a c c ess t o.  F or  d et ails  of
t h e  f or  w ar d- esti  m ati o n  pr o c e d ur e,  s e e   A p p e n di x  D  .   T his
ρ est (t +   τ d )  is  us e d  t o  d et er  mi n e  t h e  n e  w  c o ntr ol  si g n als

(t +   δ t) a n d    (t +   δ t) t o o ut p ut,   w hi c h ar e t h e n a d d e d t o
t h e  b u ff er  of e  mitt e d c o ntr ol si g n als  us e d f or f or  w ar d esti-
m ati o n i n f ut ur e c o ntr ol c y cl es.   We s h o  w t h e e ff e cti v e n ess
of t his f or  w ar d- esti  m ati o n  pr o c e d ur e i n  S e c.  III  C b el o  w.

D.   O pti  mi z e d f e e d b a c k

T h e  c h oi c e  of  f e e d b a c k  dri v es    (t)  a n d    (t)  i n   E qs.
(  C 1)  i n   A p p e n di x C   a ff e ct t h e  st a bili z ati o n  e ff e cti v e n ess,
s o   w e c h o os e t h e  m t o e xtr e  mi z e t h e  fi d elit y t o  |ψ + ,

F [ρ est (t)] =    ψ + | ρ est (t) |ψ + ,    ( 9)

aft er o n e ti  m e st e p  δ t. I  m p osi n g t h e c o n diti o ns ∂ F [ρ est (t +
δ t)]/ ∂    =   0  a n d  ∂ F [ρ est (t +   δ t)]/ ∂    =   0 yi el ds

2 o pt [ρ ]δ t =   t a n
−  1 [ 2  R e( ρ φ + ,ψ − ) /( ρ φ + −   ρ ψ  − )],     ( 1 0)

2 o pt [ρ ]δ t =   t a n
−  1 [ 2  R e( ρ ψ + ,φ − ) /( ρ ψ  + −   ρ φ − )],     ( 1 1)

usi n g t h e  n ot ati o n  ρ ψ  ,φ =    ψ  | ρ  |φ    a n d  ρ ψ =   ρ ψ  ,ψ . I nt u-
iti v el y, f e e d b a c k  c o e  ffi ci e nts  ar e   w ei g ht e d c o h er e n c es  f or
t h e s u bs p a c es i n   w hi c h t h e dri v es a n d   m e as ur e  m e nt a ct. I n
t h e li  mit  of   m e as ur e  m e nt  str e n gt h   m u c h l ar g er t h a n  ot h er
n ois e  s c al es,  t his  str at e g y  pr o d u c es  a  st e a d y  st at e  t h at  is
s elf- h e ali n g f or ar bitr ar y err or  o p er at ors.

We  als o  c o nsi d er  a  d y n a  mi c al  d e c o u pli n g  (  D  D)  str at-
e g y   wit h  a n  al  w a ys- o n  c o nst a nt  dri v e o pt → D  D .   T his
si  m pli fi c ati o n  gi v es  l ess-t h a n- o pti  m al  fi d elit y  i n  t h e  n e xt
ti  m e st e p,  b ut  k e e ps t h e  dri v e  a g n osti c t o st at e  esti  m ati o n
err ors,   w hil e i n cr e asi n g  d e c o u pli n g  fr o  m  d e p h asi n g  ( p ar-
ti c ul arl y f or  fl u ct u at or  n ois e) a n d still e n a bli n g t h e cr u ci al
tr a nsf er  |ψ − → |   φ + .   T h e  f e e d b a c k  dri v e Ŷ + ,  h o  w e v er,
dist ur bs t h e t ar g et st at e  |ψ + , s o t h e  o pti  m al  dri v e o pt i s
n e c ess aril y  st at e  d e p e n d e nt  e v e n i n t his  si  m pli fi e d  pr ot o-
c ol.   As s h o  w n  b el o  w, t his tr a d e- o ff  of l o c al  o pti  m alit y f or
e n h a n c e d d e c o u pli n g is b e n e fi ci al i n s o  m e cir c u  mst a n c es.

III.   N  U   M  E  RI  C  A  L  SI   M  U  L  A TI  O  N S

We  first  c o  m p ar e  pr ot o c ols   wit h  di ff er e nt  c o  m bi n ati o ns
of  f e e d b a c k  a n d  c o u nt er-r ot ati n g  dri v es  a cr oss  t hr e e  dif-
f er e nt n ois e e n vir o n  m e nts: p ur e  fl u ct u at or n ois e,  fl u ct u at or
n ois e  c o  m bi n e d   wit h  T 1 d e c a y,  a n d  p ur e   w hit e  n ois e.   T o
c o  m p ar e i n a st a n d ar d   w a y a cr oss  n ois e e n vir o n  m e nts,   w e
d e fi n e t h e d e p h asi n g r at e 2 as f oll o  ws: I n t h e c as e of p ur e
fl u ct u at or  or  p ur e   w hit e  n ois e, t h e t ot al  d e p h asi n g  r at e is
si  m pl y 2 = fl , i. e., all n o n  m e as ur e  m e nt-i n d u c e d d e p h as-
i n g is d u e t o a v er a g e d  fl u ct u ati o ns,   wit h fl c ali br at e d s e p-
ar at el y (  A p p e n di x  A  4  ).   We ass u  m e t h at T 1 →    ∞    f or b ot h.
I n t h e c as e of  fl u ct u at or n ois e c o  m bi n e d   wit h T 1 d e c a y, t h e
d e p h asi n g is  s plit  e v e nl y  b et  w e e n t h e  fl u ct u ati o n-i n d u c e d
a n d  T 1 -i n d u c e d d e p h asi n g, s u c h t h at 2 = fl +   1 / 2 T 1 a n d

fl =   1 / 2 T 1 = 2 / 2,   wit h  T 1 d e c a y d es cri b e d b y   E q.  ( 6).

A.   O pti  m al f e e d b a c k st r at e g y

Fi g ur e  2  s h o  ws t h e ti  m e- d e p e n d e nt t ar g et-st at e  fi d elit y
fr o  m    E q.  ( 9)  aft er  e ns e  m bl e- a v er a gi n g   N   =   1 0 0 0  si  m-
ul at e d  tr aj e ct ori es   p er  c ur v e,    wit h  ti  m e   t ∈   [ 0, 1 5 0]  µ  s
dis cr eti z e d  i nt o   bi ns   dt  =   1   ns,   a n d   p ar a  m et ers 2 =
1 / 5 0   µ  s −  1 ,    =   1  µ  s −  1 ,  η  =   0. 5,  a n d   τ d =   5 0 0  ns.    We
n ot e t h at t h es e  v al u es  ar e   w ell   wit hi n t h e  st at e  of t h e  art
i n  t h e  s u p er c o n d u cti n g  q u bit  c o  m  m u nit y,    wit h  r e c e ntl y
a c hi e v e d  e  ffi ci e n ci es  of   η   >  0. 7  [ 5 6 ,5 7 ]  a n d  d e p h asi n g
r at es  of  1/ 3 0 0   µ  s −  1 [5 8 ].    T h e  f e e d b a c k  d el a y  ti  m e  is
c o nstr ai n e d  b y  t h e  tr a v el  ti  m e  f or  si g n als  t o  e nt er  a n d
l e a v e t h e  cr y ost at  a n d  b y  pr o c essi n g ti  m e, l e a di n g t o t y p-
i c al  d el a y ti  m es  of  2 0 0 – 4 0 0  ns [3 8 ].   Dri v es    a n d    ar e
u p d at e d e v er y  δ t =   1 0- ns c o ntr ol c y cl e. I n  Fi gs.  2( a) – 2( c) ,
w e c o  m p ar e t hr e e str at e gi es usi n g o pt i n   E q. ( 1 1):

( 1) o pt ( ρ )  a n d    =   0,  a  pr ot o c ol  ori gi n all y  pr es e nt e d
i n   R ef. [3 3 ];
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( 2) o pt ( ρ ) a n d D  D ,   w h er e a c o nst a nt c o u nt er-r ot ati n g
dri v e a cts as si  m ult a n e o us d y n a  mi c al d e c o u pli n g a n d f e e d-
b a c k;

( 3) o pt ( ρ )   a n d o pt ( ρ ),    w h er e  t h e   c o u nt er-r ot ati n g
dri v e c h oi c e is l o c all y o pti  m al [ E q.  ( 1 0)].

We c o  m  m e nt o n t h es e i n t ur n.
( 1)   N o c o u nt er-r ot ati n g dri v e.  — I n t h e pr es e n c e of e n vi-

r o n  m e nt al  n ois e, t h e  c or ot ati n g f e e d b a c k  dri v e    is i n a d-
e q u at e  f or  r o b ust  st a bili z ati o n,  r e g ar dl ess   of  t h e   n ois e
s p e ctr u  m  ( 1 / f   v ers us   w hit e)  or  t y p e  ( p ur e  d e p h asi n g  or
d e p h asi n g a n d  T 1 ).   D e c o h er e n c e  p o p ul at es |ψ − ,   w hi c h is
i n disti n g uis h a bl e  fr o  m  |ψ + u n d er  t h e    m e as ur e  m e nt  a n d
i n a c c essi bl e t o t h e c or ot ati n g  dri v e.

( 2) Si  m ult a n e o us   D  D a n d f e e d b a c k.  — F or 1 / f  fl u ct u at or
n ois e [ Fi g.  2( a) ],   w hi c h c a us es a n o n e x p o n e nti al s h ort-ti  m e
d e p h asi n g (  A p p e n di x  A  ), a st at e- a g n osti c c o nst a nt d e c o u-
pli n g   dri v e  si  m ult a n e o us    wit h  t h e   c or ot ati n g  f e e d b a c k
is  as y  m pt oti c all y  t h e  b est  str at e g y,  a c hi e vi n g  n e ar- u nit
fi d elit y .   T h e  s a  m e  a p pr o a c h  l e a ds  t o  s u b o pti  m al  s at ur at-
i n g  fi d eliti es f or  fl u ct u at or  n ois e  pl us T 1 d e c a y [ Fi g.  2( b) ]
or  p ur e    w hit e  n ois e  d e p h asi n g  [ Fi g.   2( c) ].   T h es e  r es ults
m a k e s e ns e i n li g ht of k n o  w n d e c o u pli n g pr o p erti es of 1  / f
n ois e a n d   w hit e n ois e [ 5 9 ] (  A p p e n di x A  ).   Wit h   w hit e n ois e
d e p h asi n g or r el a x ati o n, t h e   D  D dri v e   m a k es t h e  |ψ − p o p-
ul ati o n a c c essi bl e t o t h e r est of t h e f e e d b a c k l o o p ( e n a bli n g
s o  m e  st a bili z ati o n),  b ut  tr u e  d y n a  mi c al  d e c o u pli n g  d o es
n ot o c c ur.

( 3)  L o c all y  o pti  m al f e e d b a c k.  — F or  n ois e e n vir o n  m e nts
wit h  a   w hit e  c o  m p o n e nt [ Fi gs.   2( b)  a n d  2( c) ],  t h e l o c all y
o pti  m al f e e d b a c k  o n  b ot h  c or ot ati n g  a n d  c o u nt er-r ot ati n g
dri v es  is  as y  m pt oti c all y  t h e  b est  str at e g y .   F urt h er  m or e,
t h e  q u alit ati v e si  mil ariti es  b et  w e e n  fi d elit y ti  m e s eri es f or
t h e  t  w o  n ois e  e n vir o n  m e nts  i  m pli es  t h at  t h e  T 1 d e c a y  is
m ai nl y disr u pti v e vi a its c o ntri b uti o n of 1  / 2 T 1 t o t h e o v er-
all  d e p h asi n g r at e 2 ,   w hi c h   m a k es s e ns e  gi v e n t h at  d e c a y
of i n di vi d u al  q u bit  p o p ul ati o ns  fr o  m  |1   → |   0    is  a  n o n-
e x cit ati o n- c o ns er vi n g    m a p  a n d  c a n  t h er ef or e  b e  d et e ct e d
b y  t h e    m e as ur e  m e nt  a n d  s u bs e q u e ntl y  c orr e ct e d  b y  t h e
f e e d b a c k.  F urt h er  m or e, si n c e   w e   m o d el T 1 usi n g   Li n d bl a d
m a ps, t h e s p e ctr u  m of t h e e ff e cti v e d e p h asi n g c o ntri b uti o n
is   w hit e,   w hi c h f urt h er  e x pl ai ns t h e  si  mil ariti es   wit h  p ur e
w hit e  n ois e.   T h e  pr ot o c ol  p erf or  ms    w ell,  p arti c ul arl y  at
s h ort ti  m es, f or  p ur e  1 / f   fl u ct u at ors,  b ut is as y  m pt oti c all y
s u b o pti  m al if t h er e is n o br o a d b a n d  n ois e.

Fi g ur es   2( d) – 2(f)   s h o  w  h o  w  d e cr e asi n g    m e as ur e  m e nt
e  ffi ci e n c y   η   a n d  i n cr e asi n g  ti  m e  d el a y   τ d a ff e cts  st a bi-
li z ati o n  i n  t h e  t hr e e  n ois e  e n vir o n  m e nts,  usi n g  t h e  b est
f e e d b a c k  str at e g y  f or  e a c h  e n vir o n  m e nt,  as  d et er  mi n e d
a b o v e.    N ot a bl y,  f or   fl u ct u at or  n ois e,  d e cr e asi n g   η   o nl y
sl o  ws  d o  w n t h e st a bili z ati o n ( d u e t o t h e r es ulti n g  d e cr e as e
i n   m e as ur e  m e nt r at e η    ), b ut d o es n ot d e cr e as e t h e as y  m p-
t oti c fi d elit y. F or   w hit e n ois e, as   w ell as f or fl u ct u at or n ois e
pl us  T 1 d e c a y, t h e as y  m pt oti c  fi d elit y is a st e a d y st at e t h at
b al a n c es t h e   m e as ur e  m e nt r at e  η    a n d  d e p h asi n g r at e 2 ,

( a)

( b)

( c)

( d)

( e)

(f)

fl u ct u at or  n oi s e

fl u ct u at or  n oi s e  + T 1   d e c a y

w hit e  n oi s e

FI  G.  2.     Fi d elit y F (t)  of  t h e  e ns e  m bl e- a v er a g e d  st at e  ( N   =
1 0 0 0 tr aj e ct ori es) t o t ar g et  |ψ + , c o  m p ar e d a cr oss di ff er e nt f e e d-
b a c k  pr ot o c ols  ( a) –( c)  a n d  a p p ar at us  p ar a  m et ers  ( d) –(f).    T h e
e ns e  m bl e  is  i niti ali z e d  i n  st at e  |  +, +    a n d  e v ol v es  u n d er  o pti-
m al  c or ot ati n g   dri v e o pt, 0 ( ρ )  a n d  s p e ci fi e d  c o u nt er-r ot ati n g
dri v e    .   E x c e pt   w h er e s p e ci fi e d, si  m ul ati o ns  us e   m e as ur e  m e nt-
d e p h asi n g r at e    =   1  µ  s −  1 ,  e n vir o n  m e nt al- d e p h asi n g r at e 2 =
1 / 5 0   µ  s −  1 ,  f e e d b a c k  l o o p   d el a y  τ d =   0. 5   µ  s,  a n d    m e as ur e-
m e nt e  ffi ci e n c y   η  =   0. 5. ( a) –( c)   C o  m p aris o n of t hr e e d e c o u pli n g
str at e gi es,   w h er e    is  eit h er  ( 1)  o ff,  ( 2)  a  c o nst a nt D  D / 2 π   =
2 5    M  H z  si  m ult a n e o us    wit h o pt, 0 ,  or  ( 3)  a n  o pti  mi z e d  st at e-
d e p e n d e nt dri v e o pt ( ρ ) si  m ult a n e o us   wit h o pt, 0 . F or d e p h asi n g
fr o  m p ur e 1/ f  fl u ct u at or n ois e i n ( a), si  m ult a n e o us f e e d b a c k a n d
t h e  c o nst a nt  c o u nt er-r ot ati n g  ( d e c o u pli n g)  dri v e  a c hi e v e  n e ar-
u nit  fi d elit y  as y  m pt oti c all y.  F or  fl u ct u at or  n ois e  pl us   T 1 d e c a y
i n  ( b), t h e  st at e- d e p e n d e nt  c o u nt er-r ot ati n g  dri v e is   m ost  e ff e c-
ti v e  b ut s at ur at es t o i  m p erf e ct st a bili z ati o n.  P ur e   w hit e  n ois e ( c)
mirr ors t his r es ult   wit h l o  w er  fi d eliti es. ( d) –(f)   C o  m p aris o n   wit h
di ff er e nt   m e as ur e  m e nt e  ffi ci e n ci es  η  a n d f e e d b a c k l o o p d el a ys  τ d ,
usi n g t h e b est c o ntr ol str at e g y f or e a c h n ois e t y p e.  F or 1 / f  n ois e
i n ( d),  str at e g y ( 2) ( c o nst a nt D  D ) is  a p pli e d,  a n d  n o ni d e aliti es
ar e  o bs er v e d  t o  sl o  w  d o  w n  st a bili z ati o n   wit h o ut  d e gr a di n g  t h e
as y  m pt oti c  n e ar- u nit  fi d elit y.  F or  fl u ct u at or  n ois e  pl us  T 1 d e c a y
i n  ( e)  a n d   w hit e  n ois e i n  (f),  as y  m pt oti c  fi d eliti es  d e p e n d  o n  η
a n d  τ d .

s o it  dir e ctl y  d e p e n ds  o n  η .   T h es e r es ults ar e i n a gr e e  m e nt
wit h  ot h er   w or k s h o  wi n g t h at   D  D is   m ost e ff e cti v e a g ai nst
n o n  w hit e (ti  m e- c orr el at e d)  n ois e [ 4 8 ].

We  n ot e  t h at  t h e  l o c all y  o pti  m al  pr ot o c ol  att e  m pts  t o
o pti  mi z e  fi d elit y  i n  t h e  n e xt  ti  m e  st e p,  b ut  ass u  m es  t h at
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t h e  d e c o h er e n c e  r at e is  c o nst a nt.   H o  w e v er,  a  str o n g  c o n-
st a nt   D  D dri v e gr e atl y r e d u c es t h e e ff e cti v e d e p h asi n g r at e
i n t h e  c as e  of  sl o  w ( 1/ f )  n ois e.    We i n cl u d e t his  e ff e ct i n
o ur  esti  m at e  of  t h e  st at e’s  d e p h asi n g  (s e e   A p p e n di x   A  5
f or  d et ails).    W h e n  1/ f   d e p h asi n g  is  d o  mi n a nt,  t his    D  D
a p pr o a c h is  gl o b all y  o pti  m al;   w h e n   w hit e  n ois e  or  r el a x-
ati o n  is  si g ni fi c a nt,  t h e    D  D  is  l ess  e ff e cti v e  a n d  s o  t h e
l o c all y  o pti  m al  pr ot o c ol  is  als o  gl o b all y  o pti  m al.  F ut ur e
w or k  c o ul d  e x pl or e    w h et h er  h y bri d  str at e gi es  c o ul d  b e
o pti  m al  f or  di ff er e nt  r ati os  of  sl o  w  a n d  f ast  d e c o h er e n c e;
f or i nst a n c e, a l o c all y  o pti  m al pr ot o c ol   wit h p eri o di c   D  D.

B.   O pti  mi zi n g c o nt r ol  p a r a  m et e rs

Fi g ur e  3  s h o  ws as y  m pt oti c fi d eliti es at t =   1 5 0  µ  s, a g ai n
a p pl yi n g t h e b est str at e g y f or e a c h n ois e e n vir o n  m e nt.   T h e
l eft  p a n els,  Fi gs. 3( a) – 3( c) , s  w e e p t h e  b est str at e g y’s   m ai n
c o ntr ol  p ar a  m et er  [    f or D  D a n d    f or o pt ( ρ )]  v ers us
t h e  o v er all  d e p h asi n g  r at e 2 .    As  n ot e d  pr e vi o usl y,  f or
p ur e fl u ct u at or or   w hit e n ois e [ Fi gs.  3( a)  a n d  3( c) ], d e p h as-
i n g  is   e ntir el y   d u e  t o   fl u ct u ati o ns  ( 2 = fl ),    w h er e as
f or  fl u ct u at or  n ois e  pl us  T 1 d e c a y  [ Fi g.  3( b) ],  d e p h asi n g
is  e v e nl y  s plit  b et  w e e n  fl u ct u ati o n  a n d  T 1 c o ntri b uti o ns
( 1/ 2 T 1 = fl = 2 / 2).  Fi x e d  p ar a  m et ers  ar e  τ d =   0. 5  µ  s
a n d    =   1   µ  s −  1 f or  fl u ct u at ors.   T h e  ri g ht  p a n els,  Fi gs.
3( d) – 3(f) , s  w e e p t h e   m e as ur e  m e nt r at e    v ers us t h e f e e d-
b a c k l o o p  d el a y  τ d f or e a c h  n ois e e n vir o n  m e nt,   wit h  fi x e d

2 =   1 / 5 0. 0   µ  s −  1 ,  η  =   0. 5,  a n d 0 / 2 π   =   2 5    M  H z  f or
fl u ct u at ors.

Si  mil arl y   t o    Fi g.    2 ,     w e    o bs er v e   t h at   t h e    p ur e
fl u ct u at or   n ois e   e n vir o n  m e nt   s h o  ws   t h e   hi g h est   st a-
bili z ati o n   fi d eliti es,     wit h F (tf )   > 0. 9 8   f or   a n y 2 ∈
[ 1/ 1 0 0. 0, 1 / 1 0. 0]    µ  s −  1 aft er   o pti  mi zi n g   t h e   c o u nt er-
r ot ati n g  dri v e  str e n gt h 0 .  Si  mil arl y,  hi g h  fi d eliti es  ar e
p ossi bl e f or all l o o p d el a ys  τ d ∈   [ 0. 1, 5. 0] µ  s aft er o pti  mi z-
i n g  o v er    . I n  p arti c ul ar,   w e  hi g hli g ht  a n  o pti  m al  fi d elit y
of F =   0. 9 9 9 9   wit h c o ntr ol p ar a  m et ers    =   5. 7 6  µ  s −  1 a n d

0 / 2 π   =   2 5. 0   M  H z, o p er ati n g at l o o p d el a y  τ d =   0. 5 2  µ  s
a n d  d e p h asi n g  r at e 2 =   1 / 5 0. 0   µ  s −  1 .    W hil e  fl u ct u at or
n ois e pl us  T 1 d e c a y a n d   w hit e  n ois e e n vir o n  m e nts  d e  m o n-
str at e l o  w er  fi d eliti es,   w e  n ot e t h at  o pti  mi zi n g  o v er   m e a-
s ur e  m e nt str e n gt h    still l e a ds t o hi g h fi d eliti es f or r e alisti c
e x p eri  m e nt al p ar a  m et ers: usi n g   m e as ur e  m e nt str e n gt h    =
1 0. 0  µ  s −  1 w hil e  o p er ati n g  at 2 =   1 / 5 0. 0  µ  s −  1 a n d  τ d =
0. 5 2   µ  s,  o pti  m al  fi d eliti es  a c hi e v e d  ar e F =   0. 9 5  ( fl u c-
t u at or  n ois e  pl us  T 1 d e c a y)  a n d F =   0. 9 2  (  w hit e  n ois e).
T his  f e e d b a c k  d el a y  is  a c hi e v a bl e    wit h    m o d er n  F P  G  A-
b as e d  c o ntr oll ers,   w hi c h   w e  h a v e t est e d  a n d  v eri fi e d   wit h
pl a c e h ol d er  c al c ul ati o ns  o n  a    Q u a nt u  m    M a c hi n es’    O P  X
c o ntr oll er; all  ot h er  p ar a  m et ers ar e   w ell   wit hi n t h e c urr e nt
st at e of t h e art.

C.   O pti  m alit y  of f o r  w a r d esti  m ati o n

We  n ot e t h at a c c o u nti n g f or ti  m e  d el a y i n  o ur st at e esti-
m at e is  ess e nti al t o t h e  s u c c ess  of t h es e  pr ot o c ols.  If t h e

( a)

( b)

( c)

( d)

( e)

(f)

FI  G.  3.      As y  m pt oti c  fi d elit y F of t h e  e ns e  m bl e- a v er a g e d st at e
(N   =   1 0 0 0 tr aj e ct ori es) t o t ar g et  |ψ + at  tf =   1 5 0  µ  s,   wit h c ol or
dis pl a y e d  o n  a  l o g  s c al e.   T h e  o pti  m al  pr ot o c ol  f or  e a c h  n ois e
t y p e is us e d.   E x c e pt   w h er e s p e ci fi e d as a s  w e e p v ari a bl e, p ar a  m-
et ers  d ef a ult t o  η  =   0. 5,  τ d =   0. 5  µ  s,    =   1  µ  s −  1 , 0 / 2 π   =   2 5
M  H z, 2 =   1 / 5 0. 0  µ  s −  1 . ( a)  Fl u ct u at or  n ois e is   miti g at e d   wit h

D  D ,  s  w e e pi n g t h e  c o u nt er-r ot ati n g  dri v e  str e n gt h 0 ,  f or  dif-
f er e nt  d e p h asi n g  r at es 2 ∈   [ 0. 0 1, 0. 1]  µ  s −  1 .   N e ar- u nit  fi d elit y
(  >  0. 9 9 )  is  a c hi e v e d  f or  a n y  d e p h asi n g  r at e   wit h  a  s u  ffi ci e ntl y
f ast  d e c o u pli n g  dri v e 0 . ( b)  Fl u ct u at or  n ois e  pl us T 1 d e c a y a n d
( c)   w hit e  n ois e  ar e   miti g at e d  usi n g o pt , s  w e e pi n g t h e   m e as ur e-
m e nt r at e    f or di ff er e nt 2 . Fi d eliti es ar e i  m pr o v e d   wit h str o n g er
m e as ur e  m e nts (l ar g er    ),  b ut l a g  b e hi n d t h e  fi d eliti es  o bs er v e d
f or  fl u ct u at ors a n d D  D . ( d) –(f)   M e as ur e  m e nt r at e    is s  w e pt f or
di ff er e nt f e e d b a c k l o o p d el a y ti  m es  τ d f or ( d)  fl u ct u at or n ois e, ( e)
fl u ct u at or  n ois e  pl us   T 1 d e c a y,  a n d (f)   w hit e  n ois e.   All  d e  m o n-
str at e  st a bili z ati o n  fi d eliti es  t h at  ar e  r e  m ar k a bl y  r o b ust  t o  l o o p
d el a y,   wit h s h ort  d el a ys s h o  wi n g l ar g e  o pti  m al    ( u p t o  1 0 µ  s −  1

i n t h e r a n g e s  w e pt) a n d l o n g  d el a ys  n e c essit ati n g s  m all er    .  F or
t h e r e alisti c all y a c hi e v a bl e 2 =   1 / 5 0. 0  µ  s −  1 a n d  τ d =   0. 5 2  µ  s,
o pti  m al fi d eliti es a c hi e v e d ar e ( d) F =   0. 9 9 9 9 at    =   5. 7 6  µ  s −  1 ,
( e) F =   0. 9 5 at    =   1 0. 0  µ  s −  1 , a n d (f) F =   0. 9 2 at 1 0. 0  µ  s −  1 .

r a  w ti  m e- d el a y e d  st at e is  us e d i n   E qs.  ( 1 0)  a n d  ( 1 1),   w e
s e e o nl y i nst a bilit y as t h e c o ntr oll er “ o v er c orr e cts, ” dri vi n g
t h e  s yst e  m   w h e n  pr e vi o usl y  e  mitt e d t o n es   w o ul d  alr e a d y
r ot at e t o t h e t ar g et  st at e.   O ur f or  w ar d- esti  m ati o n  pr ot o c ol
a d dr ess es  t his  iss u e.    H o  w e v er,  t h e  b e h a vi or  is  r e  mi nis-
c e nt  of  a  cl assi c al  f e e d b a c k  c o ntr oll er    wit h  a  f e e d b a c k
g ai n  t h at  is  t o o  l ar g e,    w hi c h  s u g g ests  a  si  m pl er  pr ot o-
c ol:  t ur n  d o  w n  t h e  str e n gt h  of  t h e  f e e d b a c k  dri v es.    We
t est e d  t his  d eli b er at e    w e a k e ni n g  of  t h e  f e e d b a c k  dri v es
s u c h  t h at    = o pt ( δ t/    t).  I n  t his  si  m pl er  pr ot o c ol,  t h e
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n o n-f or  w ar d- esti  m at e d (ti  m e- d el a y e d)  st at e is  us e d  as t h e
st at e  esti  m at e,  a n d    t is  a  fr e e  p ar a  m et er   w h os e  o pti  m al
v al u e d e p e n ds o n ot h er s yst e  m ti  m es c al es.

T hr e e  esti  m ati o n  str at e gi es  ar e  c o  m p ar e d i n  Fi g.   4  f or
di ff er e nt  l o o p   d el a ys   τ d a n d    m e as ur e  m e nt  r at es    :   n o
f or  w ar d  esti  m ati o n   wit h    t =   δ t ( n o  att e n u ati o n),  n o f or-
w ar d  esti  m ati o n   wit h t h e  att e n u ati o n    t/ δ t o pti  mi z e d f or
e a c h  ( τ d ,   )  c o n fi g ur ati o n,  a n d  f or  w ar d  esti  m ati o n    wit h

t =   δ t.   T h e  first  c as e  l e a ds  t o  c o  m pl et e    mi xi n g  of  t h e
st at e,  r es ulti n g  i n  a  ti  m e- a v er a g e d  fi d elit y  of  0. 2 5.   T his
s h o  ws  t h at  s o  m e  c orr e cti o n  f or  f e e d b a c k  d el a y  is  ess e n-
ti al.    T h e  s e c o n d  c as e   — n o  f or  w ar d  esti  m ati o n,  b ut    wit h
att e n u at e d  dri v e   — pr o vi d es  r eli a bl e  st a bili z ati o n,  b ut  t h e
as y  m pt oti c  fi d elit y  a c hi e v a bl e  ( a v er a g e d  o v er  t h e  i nt er-
v al [ 1 0 0, 1 5 0]  µ  s t o r e d u c e  n ois e) is  g e n er all y l o  w er t h a n
f or t h e f or  w ar d esti  m ati o n. I n  p arti c ul ar,   w e  n ot e t h at t u n-
i n g  o v er  t h e  c o ntr oll a bl e  p ar a  m et er    i n di c at es  f or  w ar d
esti  m ati o n  as  o pti  m al f or  all  τ d t est e d, r e d u ci n g i n fi d elit y
b y  a b o ut  2 0  %  c o  m p ar e d t o t h e  att e n u at e d  dri v e  pr ot o c ol.
T h us,  d u e t o t h e l o  w  c o  m p ut ati o n al  o v er h e a d  of  f or  w ar d
esti  m ati n g t h e st at e,   w e s el e ct e d f or  w ar d esti  m ati o n as t h e
o pti  m al  esti  m ati o n str at e g y f or t h e  d at a  pr es e nt e d i n  Fi gs.
2  a n d  3 ,   w h er e,  f or  si  m pli cit y,    t =   δ t  w as  us e d  f or  all
f or  w ar d- esti  m ati o n si  m ul ati o ns;  o pti  mi zi n g  o v er t h e f e e d-
b a c k att e n u ati o n   w hil e still usi n g f or  w ar d esti  m ati o n c o ul d
f urt h er i  m pr o v e  fi d elit y.

T h e  att e n u ati o n-  wit h o ut-f or  w ar d- esti  m ati o n  str at e g y  is
sli g htl y si  m pl er a n d s o   m a y  b e  pr ef err e d i n a n e x p eri  m e nt
w h er e c o  m p ut ati o n al o v er h e a d is t h e li  miti n g f a ct or, at t h e
c ost of l o  w er  fi d elit y. I n a si  mil ar att e  m pt at si  m pli fi c ati o n,
w e als o e x pl or e d a v ersi o n of t h e pr ot o c ol   wit h q u asili n e ar
f e e d b a c k,   w h er e  t h e  f e e d b a c k  si g n al  at  ti  m e  t is  li n e arl y
pr o p orti o n al t o t h e   m e as ur e  m e nt si g n al  r(t) (s e e   A p p e n di x
C  4  ).   T h e  pr o p orti o n alit y  c o nst a nt  d eri v e d  d e p e n ds  o n t h e
pri or st at e esti  m at e, s o it is  n ot tr u e li n e ar f e e d b a c k.   H o  w-
e v er,   w hil e t h e li n e ar  f e e d b a c k is  q u alit ati v el y  si  mil ar t o
t h e  o pti  m al  f e e d b a c k  f or  st a bl e  tr aj e ct ori es,  o n  a v er a g e,
it  d o es  n ot  pr o d u c e  r o b ust  st a bili z ati o n,   w hi c h   w e  a g ai n
attri b ut e t o t h e  fi nit e ti  m e d el a y (s e e   A p p e n di x  C  5  ).

I  V.   C  O  N  C  L  U SI  O  N   A  N  D   DI S  C  U S SI  O  N

We h a v e pr es e nt e d a n d si  m ul at e d a pr ot o c ol t h at r eli a bl y
g e n er at es a n d st a bili z es a n e nt a n gl e d st at e of t  w o n o ni nt er-
a cti n g  q u bits  u n d er r e alisti c  e x p eri  m e nt al  c o n diti o ns   wit h
d e p h asi n g fr o  m v ari o us r e alisti c n ois e e n vir o n  m e nts.   M or e
g e n er all y, i n t h e li  mit of   m e as ur e  m e nt str e n gt h   m u c h l ar g er
t h a n  ot h er  n ois e  s c al es,  o ur  pr ot o c ol  pr o d u c es  a  st e a d y
st at e  t h at  is  s elf- h e ali n g  f or  ar bitr ar y  err or  o p er at ors  a n d
wit h o ut  t h e  us e  of  a n cill as.   T h e  s u c c ess  hi n g es  o n  t  w o
k e y i n n o v ati o ns  of  o ur  pr ot o c ol.  First,   w e  us e  a  dri v e t h at
b ot h  pr o vi d es  d y n a  mi c al  d e c o u pli n g  a n d  tr a nsf ers  p o p u-
l ati o n  o ut  of  a n  u n d esir e d  fi x e d  p oi nt  of  t h e  d y n a  mi cs,
w or ki n g c o n c urr e ntl y   wit h t h e f e e d b a c k dri v e.  S e c o n d,   w e
d e v el o p  a  f or  w ar d- esti  m ati o n  pr ot o c ol  f or  t h e  f e e d b a c k

FI  G.  4.      E ns e  m bl e  fi d eliti es  a v er a g e d fr o  m  1 0 0 t o  1 5 0   µ  s  ar e
c o  m p ar e d  o n  a  l o g  s c al e  f or  di ff er e nt    m e as ur e  m e nt  r at es    (x
a xis),  l o o p  d el a y  ti  m es  τ d ( c ol or),  a n d  st at e  esti  m ati o n  str at e-
gi es ( o p a q u e  v ers us tr a nsl u c e nt) f or t h e  fl u ct u at or  pl us  T 1 n ois e
e n vir o n  m e nt   wit h 2 =   1 / 5 0. 0  µ  s −  1 , η  =   0. 5,  δ t =   1 0 ns.   W h e n
c o ntr ol  d o es  n ot  t a k e  ti  m e  d el a y  i nt o  a c c o u nt,  fi d elit y  is  cl os e
t o t h e  p ur el y   mi x e d c as e F =   0. 2 5 ( d as h e d li n es).  F or  w ar d esti-
m ati o n r es ults i n  hi g h er  fi d eliti es f or all f e e d b a c k l o o p  d el a ys   τ d

aft er  o pti  mi zi n g  o v er t h e  c o ntr ol  p ar a  m et er    ,   wit h t y pi c al i n fi-
d elit y  r e d u cti o n  of  a b o ut  2 0  %,  d e  m o nstr ati n g t h e  o pti  m alit y  of
t h e pr ot o c ol.

c o ntr oll er t h at  c o  m p e ns at es  f or l o o p  d el a y,   w hi c h  c a n  b e
us e d t o i  m pr o v e ot h er f e e d b a c k c o ntr ol pr ot o c ols.   T o g et h er
t h es e  pr o vi d e  e vi d e n c e  t h at  c o nti n u o us  f e e d b a c k  c o ntr ol
c a n  a c hi e v e  c a p a biliti es  b e y o n d    w h at  c a n  b e  r e pli c at e d
wit h  dis cr et e ( pr oj e cti v e)   m e as ur e  m e nt  a n d  g at es,  e v e n i n
t h e pr es e n c e of r e alisti c n o ni d e aliti es.

We  n ot e  t h at,   w hil e  o ur  si  m ul ati o ns  t a k e  i nt o  a c c o u nt
m a n y e x p eri  m e nt al n o ni d e aliti es, t h er e ar e still a p pr o xi  m a-
ti o ns   w e  h a v e   m a d e.    We tr e at t h e  q u bits  as tr u e t  w o-l e v el
s yst e  ms,    w hil e  s u p er c o n d u cti n g  q u bits  ar e  oft e n    w e a kl y
a n h ar  m o ni c.    We  n ot e  t h at  t h e  b a n d  wi dt h  of  o ur  dri v es
( 2/ δ t =   5 0    M  H z)  is  s  m all   c o  m p ar e d  t o  t y pi c al   a n h ar-
m o ni cit y  of  a  tr a ns  m o n  ( a p pr o xi  m at el y  2 0 0    M  H z),  a n d
s o  t his   ass u  m pti o n   a p p e ars  j usti fi e d.     We  i g n or e   str a y
q u bit- q u bit  c o u pli n g,    w hi c h  c a n  b e  eli  mi n at e d  i n    m a n y
ar c hit e ct ur es  vi a   m ulti p at h  c o u pli n g  ( e. g.,   R ef.  [ 6 0 ]).    We
i g n or e cl assi c al c o ntr ol cr osst al k,   w hi c h c a n  b e eli  mi n at e d
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t hr o u g h  pr o p er  c ali br ati o n.    We  als o  i g n or e  t h e  e ff e cts  of
fi nit e  r e a d o ut  c a vit y  b a n d  wi dt h  (i. e.,   w e    m a k e  t h e  “ b a d-
c a vit y ”  a p pr o xi  m ati o n  of    M ar k o vi a nit y)  a n d  t h e  e ff e cts
of  a n i  m pr o p erl y t u n e d   m e as ur e  m e nt t h at  c a n  disti n g uis h
|0 1    fr o  m |1 0    (i. e.,   w e  ass u  m e  a  p erf e ct  h alf- p arit y   m e a-
s ur e  m e nt).   T h es e l ast ass u  m pti o ns ar e t h e   m ost  di  ffi c ult t o
a c hi e v e  e x p eri  m e nt all y.  F ut ur e   w or k  c o ul d  e x a  mi n e  pr o-
t o c ol  p erf or  m a n c e   w h e n t h e y  ar e r el a x e d, f or  e x a  m pl e  b y
m o d eli n g  c a vit y  e v ol uti o n  dir e ctl y  as  a  tr u n c at e d  F o c k
s p a c e  a n d  i n cl u di n g  as y  m  m etri c    m e as ur e  m e nt  r at es  f or
|0 1   fr o  m |1 0  .

E xt e nsi o ns   of   o ur     w or k   c o ul d   o pti  mi z e   tr a d e- o ffs
b et  w e e n  l o c all y  o pti  m al  f e e d b a c k  a n d  d y n a  mi c al  d e c o u-
pli n g   b as e d   o n   n ois e   s p e ctr a,   o pti  mi z e   t h e   f or  w ar d-
esti  m ati o n   pr ot o c ol,   a n d   e x pl or e   t h e   i  m p a ct   of   n o n-
M ar k o vi a n    m o d els  of  r el a x ati o n.  F urt h er  m or e,  o ur    w or k
c a n  b e  g e n er ali z e d  t o  pr ot o c ols  st a bili zi n g  ot h er  e nt a n-
gl e d st at es, i n cl u di n g st at es   wit h hi g h er n u  m b ers of q u bits.
T h e  g e n er ali z ati o n  r e q uir es t hr e e  c o  m p o n e nts:  ( 1)  a j oi nt
m e as ur e  m e nt  t h at   h as  t h e  t ar g et  e nt a n gl e d  st at e  as  a n
ei g e nst at e;  ( 2)  c o  m bi n e d  si n gl e- q u bit  dri v es  t h at  r ot at e
t o  w ar d t his t ar g et st at e fr o  m a n e nt a n gl e d st at e t h at is n ot a
m e as ur e  m e nt ei g e nst at e (i n  o ur c as e t h e c or ot ati n g  dri v e);
( 3)  c o  m bi n e d si n gl e- q u bit  dri v es t h at  h a v e t h e t ar g et st at e
as  a n  ei g e nst at e,  b ut  r ot at e  all  ot h er  d e g e n er at e   m e as ur e-
m e nt  ei g e nst at es t o  n o n ei g e nst at e  e nt a n gl e d st at es (i n  o ur
c as e t h e c o u nt er-r ot ati n g dri v e).   We l e a v e t h e ri g or o us g e n-
er al  a n al ysis  of t his  cl ass  of  pr ot o c ols t o f ut ur e   w or k,  b ut
n ot e t h at it   w o ul d b e fr uitf ul t o c o  m p ar e pr ot o c ols o bt ai n e d
i n  t his   w a y  t o  pr ot o c ols  o bt ai n e d  vi a    m or e  g e n er al  r ei n-
f or c e  m e nt  l e ar ni n g  or  gr a di e nt  d es c e nt    m et h o ds  [6 1 ,6 2 ].
A p pl yi n g    m a c hi n e-l e ar ni n g    m et h o ds  t o   fi n di n g  o pti  m al
e nt a n gl e  m e nt- g e n er ati o n  pr ot o c ols  c o ul d  g ui d e t h e  c h oi c e
of  g e n er ali z e d    m e as ur e  m e nts,    w hil e  i d e ntif yi n g  s p e ci fi c
f e at ur es  of t h e  pr ot o c ols  ( e. g., t h e t hr e e  c o  m p o n e nts  pr e-
vi o usl y    m e nti o n e d)  c o ul d  r estri ct  t h e  o pti  mi z ati o n  s p a c e
t o  r e d u c e  c o  m p ut ati o n al  o v er h e a d  of    m a c hi n e  l e ar ni n g.
We  a nti ci p at e t h at  o ur r es ults   will  g ui d e f ut ur e  st u di es  of
a n al o g  c o nti n u o us    m e as ur e  m e nt  f e e d b a c k  pr ot o c ols  a n d
pr o vi d e  a n  e x p eri  m e nt al  r o a d  m a p  f or  i  m pl e  m e nti n g  f ast
di git al  pr o c essi n g   w hil e c o  m p e ns ati n g f or f e e d b a c k d el a y.

A  C  K  N  O   W  L  E  D  G   M  E  N  T S

E.  M. L.- F.  t h a n ks  t h e    m e  m b ers  of    Q  N L  f or  f a cilit at-
i n g t his c oll a b or ati o n.  S.  G. t h a n ks   Arj e n d u  P att a n a y a k f or
h el pf ul  c o n v ers ati o ns  a b o ut  t h e  s yst e  m- esti  m at e  disti n c-
ti o n i n  q u a nt u  m  f e e d b a c k  c o ntr ol  a n d   Vi n a y   Tri p at hi  f or
dis c ussi o ns of si  m ul ati n g 1 / f  n ois e usi n g  fl u ct u at ors.  S.  G.
als o a c k n o  wl e d g es f u n di n g fr o  m t h e   Gr a d u at e F ell o  ws hi ps
f or S T E  M   Di v ersit y.   T his   w or k   w as s u p p ort e d b y t h e   O  N  R
u n d er    Gr a nt    N o.    N 0 0 0 1 4- 2 1- 1- 2 6 8 8,  b y    R es e ar c h    C or p
u n d er    C ottr ell   S c h ol ars hi p   2 7 5 5 0,   b y    N S F-  B S F   u n d er
Gr a nt   A  w ar d   N o.  1 9 1 5 0 1 5, a n d  b y   A  R  O/ L P S  u n d er   Gr a nt
A  w ar d   N o.   W 9 1 1  N F- 2 2- 1- 0 2 5 8.

A P P  E  N  DI  X   A:   M  O  D  E  LI  N  G   D  E P  H  A SI  N  G

We  us e d  t hr e e  di ff er e nt  si  m ul ati o n    m et h o ds  t o    m o d el
d e p h asi n g.

( 1)  Li n d bl a d.  We us e ti  m e- dis cr et e a n d c o  m pl et el y p os-
iti v e   Kr a us    m a ps  t o  i  m pl e  m e nt    M ar k o vi a n  d e p h asi n g  or
d e c a y f or i n di vi d u al tr aj e ct ori es   w h e n   m or e  d et ail e d   m o d-
eli n g is n ot n e e d e d.

( 2)  Fl u ct u at or   n ois e.   As  a    m or e   p h ysi c all y  r e alisti c
d e p h asi n g   m o d el,   w e si  m ul at e a  b at h  of  u n c orr el at e d t  w o-
l e v el fl u ct u at ors t h at ar e dis p ersi v el y c o u pl e d t o e a c h q u bit.
T h e  r a n d o  m  s  wit c h es  of  t h e  fl u ct u at ors    m a k e  t h e  q u bit
fr e q u e n ci es  st o c h asti c  pr o c ess es    wit h  1/ f   n ois e  s p e ctr a,
l e a di n g  t o   n o n e x p o n e nti al   d e c o h er e n c e    w h e n  e ns e  m bl e
a v er a g e d.

( 3)  M ar k o vi a n   w hit e  n ois e.   F or c o  m p aris o n t o t h e  fl u c-
t u at or    m o d el,   w e  als o  si  m ul at e  a   w hit e  n ois e  fl u ct u ati o n
m o d el    w h er e  t h e   q u bit  fr e q u e n ci es   b e c o  m e    M ar k o vi a n
st o c h asti c  pr o c ess es,  l e a di n g  t o  e x p o n e nti al  d e c o h er e n c e
of   Li n d bl a d t y p e   w h e n e ns e  m bl e a v er a g e d.

We n o  w s u  m  m ari z e t h e t h e or eti c al b a c k gr o u n d a n d i  m pl e-
m e nt ati o n f or e a c h   m o d el a n d s h o  w n u  m eri c all y si  m ul at e d
e x a  m pl es.

1. Li n d bl a d  d e c o h e r e n c e

We   si  m ul at e   a v er a g e-s e ns e   d e c o h er e n c e   usi n g   t h e
“j u  m p- n o-j u  m p ”    m et h o d  f or    mi ni  m all y  u nr a v eli n g  c o n-
ti n u o us   Li n d bl a d  e v ol uti o n i nt o  dis cr et e-ti  m e,  c o  m pl et el y
p ositi v e   m a ps (s e e, e. g.,   E qs. ( 9) a n d ( 1 0) of   R ef. [ 5 5 ]):

ρ ( t) →    ρ ( t +   dt )  = Ĵ 0 ρ ( t) Ĵ
†
0 +

n

k =  1

( γk dt ) Ĵ k ρ ( t) Ĵ
†
k (  A 1)

wit h

Ĵ 0 = 1 −

n

k =  1

( γk dt ) Ĵ
†
k Ĵ k .     (  A 2)

T his  u nr a v eli n g    m o d els  r ar e  e v e nts  t h at  o c c ur  t hr o u g h
o n e  of  n  a v ail a bl e  c h a n n els,   m o d el e d  b y   Kr a us  o p er at ors
{ Ĵ k }

n
k =  1 wit h r at es   γ k , s u c h t h at t h e pr o b a bilit y of o n e e v e nt

i n  a s h ort  d ur ati o n dt  a p pr o xi  m at es  γ k dt .   T h e  c orr es p o n d-
i n g  n o n e v e nt   Kr a us  o p er at or Ĵ 0 f oll o  ws fr o  m t h e  p ositi v e
o p er at or- v al u e d   m e as ur e ( P  O  V  M) n or  m ali z ati o n c o n diti o n

1 = Ĵ 2
0 +   ( γk dt ) Ĵ

†
k Ĵ k .   T h e t ot al  u p d at e t h e n  a v er a g es  o v er

all  n  +   1 e v e nt p ossi biliti es, ass u  mi n g a l a c k of k n o  wl e d g e
r e g ar di n g   w hi c h e v e nt  o c c urr e d.   Usi n g t h es e ti  m e- dis cr et e
Kr a us    m a ps  g u ar a nt e es  t h at  t h e  e v ol uti o n  of  e a c h  ti  m e
st e p  is  c o  m pl et el y  p ositi v e,  s o  is  l ess  err or  pr o n e  t h a n
n aï v el y a p pl yi n g g e n eri c n u  m eri c al i nt e gr ati o n   m et h o ds t o
t h e   Li n d bl a d  di ff er e nti al  e q u ati o n.   T h e  us u al  c o nti n u o us
Li n d bl a d  e q u ati o n  c a n  b e  r e c o v er e d  b y  t a ki n g  t h e  li  mit
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dt  →    0  of  t his  dis cr et e  u p d at e,    wit h  t h e  a nti c o  m  m ut at or
t er  m arisi n g fr o  m n o n e v e nts.

W hil e    w e  e  m p h asi z e  fl u ct u at or  a n d    w hit e  n ois e    m o d-
els  of  d e p h asi n g  as  t h e    m or e  p h ysi c all y  r e alisti c    m o d els
f or  e a c h  s a  m pl e d  e v ol uti o n  tr aj e ct or y,  t his  pr e a v er a g e d
Li n d bl a d  d e c o h er e n c e   m o d el is  a n  e  ffi ci e nt   w a y t o   m o d el
t h e  e x p e ct e d  e ns e  m bl e- a v er a g e d  d e p h asi n g  e v ol uti o n  b y
a p pl yi n g it t o  e a c h i n di vi d u al tr aj e ct or y i nst e a d,  a c k n o  wl-
e d gi n g  t h e  a bs e n c e  of    m or e  d et ail e d  k n o  wl e d g e  of  t h e
fl u ct u ati o n   m e c h a nis  m f or t h at tr aj e ct or y. I n  p arti c ul ar,   w e
us e  t his  cr u d e  e ns e  m bl e- a v er a g e d    m o d el  of  t h e  d e p h as-
i n g  i n  pr oj e ct e d  f or  w ar d-ti  m e  esti  m ati o ns  of  t h e  s yst e  m
st at e  t o   c o  m p e ns at e  f or   si g n al   pr o p a g ati o n   d el a y   a n d
m a xi  mi z e  r e al-ti  m e  f e e d b a c k  p erf or  m a n c e.  F or  t his  p ur-
p os e, si n gl e- q u bit e n vir o n  m e nt al d e p h asi n g usi n g   E q.  (  A 1)
us es  t h e  p h as e-j u  m p  o p er at or Ĵ  =  ̂ σ z /

√
2    wit h  r at e 2 .

Si  mil arl y,  r esi d u al  e ns e  m bl e  d e p h asi n g  d u e  t o  i n e  ffi ci e nt
m e as ur e  m e nt  (s e e    A p p e n di x    B  2   b el o  w)  us es  t h e  j u  m p
o p er at or Ĵ  = N̂  /

√
2   wit h  o bs er v a bl e N̂   =   ( σ̂ (1 )

z +  ̂ σ (2 )
z ) /2

a n d  r at e   (1  −   η)    ,    w h er e    is  t h e   e ns e  m bl e- a v er a g e d
m e as ur e  m e nt- d e p h asi n g  r at e,    η  ∈   [ 0, 1]  is  t h e    m e as ur e-
m e nt  e  ffi ci e n c y,  a n d N̂    is  t h e  h alf- p arit y  o p er at or  b ei n g
m e as ur e d.

2.   N o n-   M a r k o vi a n  fl u ct u at o r  n ois e

T h e  fl u ct u at or  a p pr o a c h t o si  m ul ati n g  d e p h asi n g  p ost u-
l at es  a  s et  of N   t  w o-l e v el  s yst e  ms,  e a c h  of   w hi c h  dis p er-
si v el y i nt er a cts   wit h t h e  q u bit t o  cr e at e cl assi c al t el e gr a p h
n ois e.    T h e  t  w o-l e v el  s yst e  ms  r a n d o  ml y  s  wit c h  b et  w e e n
t h eir  t  w o  st at es  i n  a   P oiss o n  pr o c ess    wit h  c h ar a ct eris-
ti c  r at es  {γ i}

N
i=  1 .   T h e  r at es  ar e  distri b ut e d  l o g  u nif or  ml y

b et  w e e n   mi ni  m u  m a n d   m a xi  m u  m fr e q u e n ci es ( γ 1 , γ N ), i. e.,

l o g
γ i

γ 1
=

i −   1

N   −   1
l o g

γ N

γ 1
=  ⇒    γ i =   γ 1

γ N

γ 1

(i−  1 ) /(N  −  1 )

.

(  A 3)

B e c a us e   t his    distri b uti o n   is    e x p o n e nti all y     w ei g ht e d
t o  w ar ds  l o  w  fr e q u e n ci es,  t h e  r es ulti n g  fl u ct u ati o ns  h a v e
n o ntri vi al t e  m p or al c orr el ati o ns, l e a di n g t o n o n-  M ar k o vi a n
fr e q u e n c y  n ois e t h at  g o es  b e y o n d si  m pl e   M ar k o vi a n ( e. g.,
Li n d bl a d)   m o d els  of  d e p h asi n g.   T his  b e h a vi or  b ett er r e p-
r es e nts t h e e x p eri  m e nt all y o bs er v e d c orr el ati o ns c a us e d b y
t  w o-l e v el  s yst e  ms  o n- c hi p,    w hi c h  ar e  a  c o  m  m o n  s o ur c e
of   d e p h asi n g  i n  s u p er c o n d u cti n g   q u bit  s yst e  ms.   Si  m u-
l ati n g  d e p h asi n g    wit h  fl u ct u at or  n ois e  i n  t his    w a y  g e n-
er at es  a   (1 / f ) α p o  w er  s p e ctr al  d e nsit y  ( P S  D)  [ 6 3 – 6 6 ],
w hi c h  is  i n   q u alit ati v e   a gr e e  m e nt    wit h   e x p eri  m e nt all y
m e as ur e d  P S  D,  p arti c ul arl y  i n  c as es   w h er e  t h e  d e vi c e  is
c h ar g e-  or  fl u x- n ois e  s e nsiti v e [ 6 3 ,6 7 – 6 9 ].   T o i  m pl e  m e nt
t h e  e nt a n gl e  m e nt- g e n er ati o n  e x p eri  m e nt, i n t h e   m ai n t e xt
w e  c o nsi d er  a  fl u x-t u n a bl e  q u bit  d esi g n    m a y  b e  n e c es-
s ar y t o e n gi n e er t h e d esir e d j oi nt   m e as ur e  m e nt   — as i n   R ef.
[1 3 ]   —i n   w hi c h c as e   w e s h o ul d e x p e ct 1/ f  fl u x n ois e t o b e
r el e v a nt.

F or t h e  si  m ul ati o ns i n t h e   m ai n t e xt,   w e  g e n er at e  e a c h
st o c h asti c  t el e gr a p h  n ois e  r e ali z ati o n    wit h  t h e  f oll o  wi n g
pr o c e d ur e.

( 1)    We   d e fi n e   N   =   2 0   fr e q u e n ci es   {γ i =   2 π  fi}   dis-
tri b ut e d l o g u nif or  ml y b et  w e e n (f1 , fN ) =   (5 k  H z, 5 0   M  H z )
a c c or di n g t o   E q.  (  A 3).

( 2)   F or  e a c h  γ i,    w e  d e fi n e  a  fl u ct u at or  t o  b e  a  cl as-
si c al  st o c h asti c  pr o c ess  s i(t)  t h at  t a k es  t h e  bi n ar y  v al u es
−  1   or   1  f or  all   t ∈   [ 0, tf ]  u p  t o  t h e  si  m ul ati o n  d ur ati o n
tf .    E a c h   fl u ct u at or  r a n d o  ml y  s  wit c h es  b et  w e e n  its  t  w o
v al u es  as  a  P oiss o n  pr o c ess   wit h  c h ar a ct eristi c  s  wit c hi n g
r at e γ i,  st arti n g fr o  m  a n  e q ui pr o b a bl y r a n d o  m i niti al  st at e
s i(0 ) =   ±  1.

F or  e  ffi ci e nt  si  m ul ati o n,    w e  us e  t h e  f a ct  t h at  t h e
d ur ati o ns   b et  w e e n  r a n d o  m  s  wit c h es   of   a   P oiss o n   pr o-

c ess ar e e x p o n e nti all y distri b ut e d,  T (i)
j ∼   E x p ( γ i), i. e.,   wit h

pr o b a bilit y    d e nsit y    f u n cti o n    p (T (i)
j ) =   γ i e x p (−  γ iT

(i)
j ).

T h us,    w e   first   s a  m pl e  t h e   r a n d o  m   d ur ati o ns   b et  w e e n

s  wit c h es  u ntil  t h e  t ot al  d ur ati o n, j =  1 T (i)
j ,  e x c e e ds  t h e

d esir e d   si  m ul ati o n   d ur ati o n   tf .     We  t h e n   c o nstr u ct  t h e
st o c h asti c  pr o c ess  s i(t)  as  a  pi e c e  wis e- c o nst a nt  f u n cti o n

t h at   fli ps  si g n   aft er   e a c h   d ur ati o n  T (i)
j i n  t h e  s a  m pl e d

s e q u e n c e, st arti n g fr o  m  s i(0 ).
( 3)   Fi n all y,    w e  c o nstr u ct  t h e  t ot al  st o c h asti c  pr o c ess

t h at  a ff e cts  e a c h  q u bit  fr e q u e n c y  b y  a v er a gi n g  t h e  e ff e ct
of all  N   =   2 0  fl u ct u at ors.   T h e r es ulti n g st o c h asti c  pr o c ess
χ ( t) =   (1 / N  ) N

i=  1 s i(t) h as z er o   m e a n a n d a  P S  D   wit h a n
a p pr o xi  m at e 1 / f  d e p e n d e n c e, as v eri fi e d i n  Fi g.  5 .

T h e  si  m ul at e d  fl u ct u at or  e n v el o p es   m o d ul at e t h e  q u bit
fr e q u e n ci es i n t h e e ff e cti v e   H a  milt o ni a n

Ĥ fl u ct (t) =
ω

2
χ 1 (t) σ̂

1
z +

ω

2
χ 2 (t) σ̂

2
z ,     (  A 4)

w h er e   χ 1, 2 (t)  ar e i n d e p e n d e nt  fl u ct u at or  pr o c ess es  g e n er-
at e d   wit h t h e a b o v e pr o c e d ur e,   w hil e  ω  is a ( c o nst a nt) c h ar-
a ct eristi c fr e q u e n c y t h at s ets t h e str e n gt h  of t h e  dis p ersi v e
fr e q u e n c y  fl u ct u ati o ns.

N ot a bl y, aft er e ns e  m bl e a v er a gi n g, t h es e fr e q u e n c y fl u c-
t u ati o ns  pr o d u c e  a  c h ar a ct eristi c  d e c a y  e n v el o p e  t h at  is
disti n ct  fr o  m t h e  p ur el y  e x p o n e nti al  d e c a y  of    M ar k o vi a n
( Li n d bl a d)  d e p h asi n g    m o d els,  as  c a n  b e  s e e n  i n  Fi g.  5 ,
wit h   q u a dr ati c   d e c a y  at  s  m all  ti  m es  r at h er  t h a n  li n e ar
d e c a y.   H o  w e v er,  at l o n g er ti  m es t h e  fl u ct u at or  c o h er e n c e
d e c a y   m or e  cl os el y  a p pr o xi  m at es  e x p o n e nti al  d e c a y,   wit h
t h e  fl u ct u ati o n  str e n gt h ω   i n dir e ctl y  s etti n g  a  c h ar a ct eris-
ti c  d e c a y r at e 2 t h at  c a n  b e  c o  m p ar e d t o t h e  e x p o n e nti al
d e c a y  r at e  of    M ar k o vi a n  d e p h asi n g   m o d els.    We  d es cri b e
h o  w  t o  c ali br at e  t h e  s c ali n g  fr e q u e n c y   ω    t o  a c hi e v e  a
d esir e d 2 i n   A p p e n di x A  4   b el o  w.

0 2 4 0 2 2- 9
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Ti  m e  s eri e s  c o  m p ari s o n

( a)

P o  w er  s p e ctr al  d e n sit y  c o  m p ari s o n

( b)

FI  G.  5.      C o  m p aris o n  of  t h e  t e  m p or al  a n d  s p e ctr al  c h ar a ct er-
isti cs  of    w hit e  n ois e  a n d  fl u ct u at or  n ois e.  ( a)   T h e    w hit e  n ois e
pr o c ess (t o p) is st ati o n ar y a n d s elf-si  mil ar at di ff er e nt ti  m es c al es,
as s h o  w n i n t h e i ns et c o  m p aris o n,   w hil e t h e  fl u ct u at or n ois e pr o-
c ess ( b ott o  m) is t e  m p or all y  c orr el at e d a n d t h us   m or e str u ct ur e d.
( b)   T h e  P S  D  of   w hit e  n ois e is fr e q u e n c y i n d e p e n d e nt,   w hil e t h e
P S  D  of  o ur s a  m pl e d  fl u ct u at or  n ois e  h as a p pr o xi  m at el y  1 / f   fr e-
q u e n c y  d e p e n d e n c e  ( bl u e  fit  c ur v e)  b et  w e e n  0. 1  a n d  2 5    M  H z,
wit h r oll- o ff i nt o a fl at s p e ctr u  m at b ot h hi g h a n d l o  w fr e q u e n ci es.
N ot e t h at t h e  p o  w er s p e ctr a  h a v e  b e e n s  m o ot h e d   wit h  a   m o vi n g
wi n d o  w a v er a g e of   wi dt h 5 0    f   =   1   M  H z f or vis u al cl arit y.

3.   M a r k o vi a n   w hit e  n ois e

F or   c o  m p aris o n     wit h   t h e   n o n-  M ar k o vi a n   fl u ct u at or
m o d el,    w e   als o   e x pli citl y   si  m ul at e     M ar k o vi a n   (  w hit e
n ois e)  fl u ct u ati o ns t h at  pr o d u c e  p ur el y  e x p o n e nti al  d e c a y

of  t h e   e ns e  m bl e- a v er a g e d   c o h er e n c e.    Usi n g  t h e   s a  m e
H a  milt o ni a n  as i n   E q.   (  A 4),  e a c h  st o c h asti c  e n v el o p e χ k

is i nst e a d  s a  m pl e d  at  dis cr et e ti  m es  t   =   t0 +    dt  fr o  m  a
z er o-  m e a n   G a ussi a n  distri b uti o n,  χ k (t  ) ∼   N or  m  (0,  τ / dt )
wit h  v ari a n c e    τ / dt   c h ar a ct eri z e d  b y  a  ti  m es c al e   τ   a n d
t h e  ti  m e  dis cr eti z ati o n  dt .    T h e  r es ulti n g  e n v el o p e  f u n c-
ti o ns  χ k (t)  ar e  t h e n    M ar k o vi a n  r a n d o  m  pr o c ess es    wit h
a  pi e c e  wis e- c o nst a nt  str u ct ur e  t h at  li  mit  t o    w hit e  n ois e
pr o c ess es s atisf yi n g    χ k (t) χ k (t )   =   τ δ ( t −   t )  i n t h e ti  m e-
c o nti n u u  m li  mit  dt  →    0.   T h e e x p o n e nti al d e c a y r at e of t h e
e ns e  m bl e a v er a g e d   Bl o c h r a di us i n t h e  x -y  pl a n e is t h e n

2 =
t

t0

[ω χ k (t)][ω χ k (t )]  dt   =
1

2
ω 2 τ    =  ⇒    ω   =

2 2

τ
.

(  A 5)

We n u  m eri c all y c o n fir  m t his s c ali n g of t h e d e c a y r at e   wit h
ω   i n  Fi g. 7( b)  i n t h e  n e xt s u bs e cti o n.  F or si  m pli cit y i n t h e
si  m ul ati o ns,   w e  c h o os e  τ  =   dt  t o  b e t h e s a  m e  as t h e ti  m e
st e p d ur ati o n,   m a ki n g t h e s a  m pl e d  χ k h a v e u nit v ari a n c e.

4.   C ali b r ati n g t h e  fl u ct u ati o n st r e n gt h f o r a t a r g et
d e p h asi n g r at e

T o  f airl y  c o  m p ar e  d e p h asi n g  ti  m es c al es  pr o d u c e d  b y
t h e  di ff er e nt  n ois e    m o d els,    w e  n u  m eri c all y  c ali br at e  t h e
d e p e n d e n c e  b et  w e e n  t h e  n ois e  str e n gt h  p ar a  m et er   ω   i n
H a  milt o ni a n    (  A 4)  a n d  a  r at e 2 t h at  c h ar a ct eri z es  t h e
d e p h asi n g  e n v el o p e.  I  m p ort a ntl y,  t h e  str e n gt h   ω    is  n ot
dir e ctl y    m e as ur a bl e  e x p eri  m e nt all y,    w hil e  t h e  e ns e  m bl e-
a v er a g e d  d e c a y  pr o fil e  of t h e  c o h er e n c e  c a n  b e  o bs er v e d
i n  a   R a  ms e y  e x p eri  m e nt.   C ali br ati n g  ω   as  a  f u n cti o n  of
t h e  c h ar a ct eristi c  r at e 2 t h us  b ett er  c o n n e cts  o ur  si  m u-
l at e d n ois e   m o d els t o e x p eri  m e nt al o bs er v ati o n.   M or e o v er,
m at c hi n g  e ff e cti v e  d e c a y r at es i n t h e  a bs e n c e  of f e e d b a c k
is criti c all y i  m p ort a nt t o   m e a ni n gf ull y c o  m p ar e a n d ass ess
t h e p erf or  m a n c e of e a c h f e e d b a c k pr ot o c ol i n t h e   m ai n t e xt.

A  s u btl e  c o  m pli c ati o n    wit h  est a blis hi n g  a    m e a ni n gf ul
r at e  c o  m p aris o n is t h at,   w hil e  e x p o n e nti al  d e c a y is   m e  m-
or yl ess   wit h  a  c o nst a nt  d e c a y r at e 2 ,  fl u ct u at or  n ois e  h as
a  t e  m p or all y  str u ct ur e d  d e c a y  t h at  is  q u a dr ati c  f or  s h ort
ti  m es  a n d  e x p o n e nti al  at  l at e  ti  m es,  s o  a n y  fit  t o  p ur el y
e x p o n e nti al   d e c a y  is   pr o bl e  m ati c.    T his   n o n-  M ar k o vi a n
b e h a vi or  aris es  fr o  m  t h e  e x p o n e nti al    m e  m or y  k er n el  of
t h e  fl u ct u at or  n ois e ti  m e c orr el ati o ns a n d is  pr e cis el y   w h at
m a k es it p ossi bl e t o d y n a  mi c all y d e c o u pl e fr o  m s h ort-ti  m e
l o  w-fr e q u e n c y  fl u ct u at or  n ois e e x p eri  m e nt all y ( e. g.,  usi n g
a  s pi n- e c h o    mi d g at e).   N e v ert h el ess,   w e  c a n  still  i d e ntif y
a  c h ar a ct eristi c  r at e 2 t h at  s ets  t h e  ti  m e  s c al e  of  t h e
t ot al  d e c a y  pr o fil e  a n d  r e d u c es  t o  t h e  e x p o n e nti al  d e c a y
r at e i n t h e   M ar k o vi a n li  mit,   w hi c h is s u  ffi ci e ntl y  cl os e f or
t h e  p ur p os es  of t h e   m ai n t e xt.    M ost i  m p ort a ntl y,   w e  c o n-
fir  m t h at t h e f e e d b a c k  pr ot o c ol  fi d elit y r es ults i n t h e   m ai n
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S T  A  BI LI ZI  N  G   T   W  O-  Q  U  BI T   E  N T  A  N  G L E  M E  N T. . . P  H  Y S.   R E  V.   A P P LI E  D  2 1,  0 2 4 0 2 2 ( 2 0 2 4)

( a)

( b)

( c)

Fl u ct u at or fit  p ar a  m et er  Γ 2 / γ g e o  m   v ers us  v ar yi n g ω / γ g e o  m

Fl u ct u at or fit  p ar a  m et er   β   v ers us  v ar yi n g ω

Fl u ct u at or   R a  ms e y  d e c a y,  v ar yi n g   ω  ∈   ( 0. 2 5,  1. 0) r a d /  s

FI  G.  6.    ( a)   R a  ms e y  d e c a y c ur v es f or  fl u ct u at ors   wit h  di ff er e nt
c h oi c es  of  fr e q u e n c y  drift  a  m plit u d e  ω  ,  fit  t o  a  t  w o- p ar a  m et er
str et c h e d   e x p o n e nti al   d e c a y,   x (t; 2 , β )  =   e x p (−  ( 2 t)

β ).   ( b)
R el ati o n   b et  w e e n   drift  a  m plit u d es    ω    a n d  t h e   d e p h asi n g  r at e
p ar a  m et er 2 ,    w hi c h  is   fit  t o   a   p o  w er  l a  w   us e d  t o  s et  t h e
t ar g et  d e p h asi n g  r at es  i n  t h e    m ai n  t e xt.    T h e  fr e q u e n c y  r ef er-
e n c e   γ g e o  m =

√
γ 1 γ N =   (2 π ) 5 0 0   k  H z  is  t h e   g e o  m etri c    m e a n

of  t h e   N   =   2 0  l o g- distri b ut e d   fl u ct u at or  fr e q u e n ci es  b et  w e e n
γ 1 / 2 π   =   5   k  H z  a n d   γ N / 2 π   =   5 0    M  H z.  ( c)    R el ati o n  b et  w e e n
drift a  m plit u d es  ω   a n d t h e d e p h asi n g p o  w er p ar a  m et er  β .

t e xt  ar e  n ot  artif a cts  of  a n y   mis c ali br ati o n  of  o ur  fl u ct u a-
t or    m o d els,  b ut  ar e  i nst e a d  f u n d a  m e nt al  t o  t h e  c h oi c e  of
ti  m e- d e p e n d e nt f e e d b a c k.

Si n c e    w e   c a n   cr u d el y  t hi n k   of  t h e   fl u ct u at or   n ois e
s p e ctr u  m  as  a    mi xt ur e  of  1 / f   a n d    w hit e  n ois e,    w e  c a n

p ost ul at e  a    m e a n  d e c a y  pr o fil e  al o n g  a  “str et c h e d  e x p o-
n e nti al ” t h at i nt er p ol at es  b et  w e e n t h e t  w o.   T o  c ali br at e  ω  ,
w e si  m ul at e   R a  ms e y e x p eri  m e nts as f oll o  ws:   w e i niti ali z e
e ns e  m bl es  of si n gl e- q u bit  |  +x   st at es  u n d er g oi n g  fl u ct u a-
t or  or   w hit e  n ois e,  s  w e e p t h e  p ar a  m et er ω   o v er t h e r a n g e
[ 0. 2 5, 1]/ µ  s  f or  fl u ct u at or  n ois e  a n d  [ 1, 5] / µ  s  f or    w hit e
n ois e,  e xtr a ct  t h e  e ns e  m bl e- a v er a g e d   Bl o c h  c o or di n at e   x
as  a f u n cti o n  of ti  m e,  a n d  fit t h e r es ulti n g  d e c a y  c ur v es t o
a str et c h e d- e x p o n e nti al f u n cti o n,

x (t) =   e x p (−  ( 2 t)
β ), (  A 6)

c h ar a ct eri z e d b y b ot h a r at e 2 a n d a di  m e nsi o nl ess p o  w er
β .   T h e  p o  w er  β   =   1  c orr es p o n ds  t o  p ur el y  e x p o n e nti al
d e c a y,   w hil e t h e s h ort-ti  m e d e c a y a nti ci p at e d f or 1 / f  n ois e
s h o ul d  b e  q u a dr ati c   wit h  β   =   2,  s u g g esti n g t h at  a n  a v er-
a g e  fit  f or  β   will  b e  s o  m e  w h er e  b et  w e e n  1  a n d  2  f or t h e
f ull  fl u ct u at or n ois e d e c a y pr o fil e.   E q u ati o n (  A 6) is a c o  m-
m o n e x p eri  m e nt al  c h oi c e f or  fitti n g  n o n e x p o n e nti al  d e c a y
wit h a si n gl e r at e  p ar a  m et er a n d  fits t h e  br o a d str u ct ur e  of
o ur si  m ul at e d d e c a y c ur v es r e as o n a bl y   w ell.   M or e o v er, t h e
e xtr a ct e d r at es 2 f or  n o n e x p o n e nti al  d e c a y  ar e  als o  v er y
cl os e t o t h e r at es o bt ai n e d fr o  m n aï v e e x p o n e nti al fits t o t h e
s a  m e  d at a,   w hi c h s u p p orts t h e  us e  of t h e  o bt ai n e d 2 as  a
r e as o n a bl e c o  m p aris o n t o p ur el y e x p o n e nti al  d e c a y r at es.

F or t h e fl u ct u at or n ois e   m o d el, t h e str et c h e d e x p o n e nti al
fits s h o  w n i n  Fi g.  6( a)  d et er  mi n e t h e r el ati o ns hi p  b et  w e e n
ω   a n d 2 s h o  w n i n  Fi g. 6( b) ,   w hi c h h as t h e p ol y n o  mi al  fit

2

γ g e o  m
=   0. 1 2

ω

γ g e o  m

1. 5 5

( fl u ct u at or  n ois e).     (  A 7)

F or t his fit,   w e c h o os e t h e r ef er e n c e r at e t o b e t h e g e o  m etri c
m e a n  of t h e l o g- u nif or  ml y-s p a c e d  fl u ct u at or  fr e q u e n ci es,
γ g e o  m =

√
γ 1 γ N =   e x p[ (1 / N  ) i l o g γ i] =   (2 π )( 5 0 0 k  H z )

=   π / µ  s,  yi el di n g  t h e  s  w e pt  p ar a  m et er  r a n g e  ω / γ g e o  m ∈
[ 1/ 4 π  ,  1/ π ].    Ot h er  c h oi c es  of  fr e q u e n c y  r ef er e n c e    will
s c al e t h e pr ef a ct or of t h e  fit, b ut   will n ot c h a n g e t h e d e p e n-
d e n c e  o n  ω  .   T h e  n u  m eri c al r es ults f or t h e  pr ef a ct or ( 0. 1 2)
a n d  p o  w er  ( 1. 5 5)  g e n er all y  d e p e n d  o n  ot h er  p ar a  m et ers
t h at    w e  k e e p  c o nst a nt  i n  o ur  si  m ul ati o ns,  li k e  t h e  n u  m-
b er  of  fl u ct u at ors  N   a n d t h e  n u  m b er  of fr e q u e n c y  d e c a d es
d  =   l o g1 0 ( γm a x / γ mi n )  s p a n n e d  a b o ut  t h e    m e a n  γ g e o  m ,  b ut
t h es e  a d diti o n al  d e p e n d e n ci es  ar e  n ot  i  m p ort a nt  f or  t h e
r es ults  of t h e   m ai n t e xt.   T h e  r el ati o ns hi p  b et  w e e n  ω   a n d
t h e p o  w er β  is als o s h o  w n i n Fi g. 6( c)  a n d is a p pr o xi  m at el y
li n e ar, β (  ω)  =   1. 0 7  +   0. 4 7 (  ω / γ g e o  m ).

F or  t h e    w hit e   n ois e   fl u ct u ati o n    m o d el,  t h e  str et c h e d
e x p o n e nti al  fits  s h o  w n  i n  Fi g.  7( a)  yi el d  t h e  r el ati o ns hi p
b et  w e e n  ω   a n d 2 s h o  w n i n  Fi g.  7( b) ,   wit h  a  p ol y n o  mi al
fit

2 dt  =   0. 4 9 (  ωdt )
1. 9 9 (  w hit e  n ois e),     (  A 8)

w hi c h  c o n fir  ms  t h e  d e p e n d e n c e  e x p e ct e d  fr o  m   E q.   (  A 5)
wit h  t h e  n ois e  ti  m es c al e  c h oi c e  of   τ  =   dt .  Si  mil arl y,  t h e

0 2 4 0 2 2- 1 1
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( a)

( b)

( c)

W hit e  n ois e fit  p ar a  m et er  Γ 2  dt   v ers us  v ar yi n g ω  dt

W hit e  n ois e   R a  ms e y  d e c a y,  v ar yi n g    ω  ∈   ( 1. 0,  5. 0) r a d /  s

W hit e  n ois e fit  p ar a  m et er    β   v ers us  v ar yi n g ω

FI  G.  7.    ( a)   R a  ms e y d e c a y c ur v es f or   w hit e n ois e   wit h di ff er e nt
c h oi c es  of  fr e q u e n c y  drift  a  m plit u d e  ω  ,  fit  t o  a  t  w o- p ar a  m et er
str et c h e d   e x p o n e nti al   d e c a y,   x (t; 2 , β )  =   e x p (−  ( 2 t)

β ).   ( b)
R el ati o n   b et  w e e n   drift  a  m plit u d es    ω    a n d  t h e   d e p h asi n g  r at e
p ar a  m et er 2 ,   w hi c h is  fit t o  a  p o  w er l a  w  us e d t o  s et t h e t ar g et
d e p h asi n g r at es i n t h e   m ai n t e xt.   T h e   w hit e  n ois e  c h ar a ct eristi c
ti  m e τ  =   dt  =   1 0  ns is  s et t o t h e  si  m ul ati o n ti  m e  st e p  d ur ati o n
f or c o n v e ni e n c e. ( c)   R el ati o n b et  w e e n drift a  m plit u d es ω   a n d t h e
d e p h asi n g p o  w er p ar a  m et er  β .   E x p o n e nti al d e c a y c orr es p o n ds t o
t h e  p o  w er β   =   1,  c o n fir  m e d  b y t h e   w hit e  n ois e  fit  u p t o  s  m all
d e vi ati o ns d u e t o  fit i  m p erf e cti o ns.

p o  w er  β  is c o nsist e nt   wit h t h e e x p o n e nti al- d e c a y p o  w er of
1, as s h o  w n i n  Fi g.  7( c) .

T h es e  fit  e q u ati o ns  c a n  t h e n  b e  i n v ert e d  t o  o bt ai n  t h e
c o n v ersi o n  fr o  m 2 t o ω   us e d  f or  t h e  si  m ul ati o ns  i n  t h e

m ai n t e xt:

ω ( 2 ) =   3. 9 γ g e o  m
2

γ g e o  m

0. 6 5

( fl u ct u at ors),     (  A 9 a)

ω ( 2 ) =
2 2

dt
(  w hit e  n ois e). (  A 9 b)

5.   E ff e cti v e  d e p h asi n g r at e   wit h c o nst a nt  d y n a  mi c al
d e c o u pli n g   R a bi  d ri v e

I n  a d diti o n  t o  c ali br ati n g  t h e  r el ati o ns hi p  b et  w e e n  t h e
fl u ct u ati o n   a  m plit u d e   ω    i n    H a  milt o ni a n  (  A 4)   a n d  t h e
r es ulti n g c h ar a ct eristi c d e p h asi n g r at e 2 ,   w e als o c ali br at e
t h e  e ff e cti v e  d e p h asi n g  r at e e ff o bs er v e d i n t h e  pr es e n c e
of  a  d y n a  mi c al  d e c o u pli n g  dri v e.   T his is  a p pli c a bl e t o t h e
“si  m ult a n e o us   D  D a n d f e e d b a c k ” pr ot o c ol i n t h e   m ai n t e xt,
w h er e    ( ρ )  = D  D i s  c o nst a nt  a n d  a cts  t o  d e c o u pl e  t h e
s yst e  m fr o  m sl o  w  fl u ct u ati o ns. I n t h e c as e of a si n gl e q u bit
u n d er g oi n g  d e p h asi n g   wit h  n o  f e e d b a c k,  a  c o nst a nt   R a bi
dri v e    σ̂ y / 2 ar o u n d t h e  y  a xis ort h o g o n al t o t h e fr e q u e n c y
fl u ct u ati o n   z  a xis   ̂σ z will    miti g at e  t h e  e ns e  m bl e  d e p h as-
i n g  b y  r e d u ci n g  t h e  n et  ti  m e  t h at  t h e  q u bit  c o h er e n c e  is
a ff e ct e d b y fr e q u e n c y fl u ct u ati o ns.   T h e e ff e cti v e d e p h asi n g
r at e 0 < e ff < 2 will b e r e d u c e d i n pr o p orti o n t o t h e r ati o

/ 2 of  d e c o u pli n g  a n d  b ar e  d e p h asi n g ti  m es c al es.   T h e
e ff e cti v e n ess  of  s u c h  a  d e c o u pli n g t e c h ni q u e  d e p e n ds  o n
t h e s h ort-ti  m e  b e h a vi or  of t h e e ns e  m bl e  d e p h asi n g,   w hi c h
is  li n e ar  f or  e x p o n e nti al  d e c a y  b ut  h as  sl o  w er  q u a dr ati c
d e p e n d e n c e f or fl u ct u at or- b as e d d e p h asi n g.   T h us, t his si  m-
pl e  d y n a  mi c al  d e c o u pli n g t e c h ni q u e is  si g ni fi c a ntl y   m or e
e ff e cti v e at   miti g ati n g c o h er e n c e d e c a y f or  fl u ct u at or n ois e
t h a n f or   w hit e n ois e.

K n o  wi n g  t h e  e x p e ct e d  e ff e cti v e  d e p h asi n g e ff i n  t h e
pr es e n c e  of  a  d e c o u pli n g   R a bi  dri v e is i  m p ort a nt  f or  o ur
f e e d b a c k   pr ot o c ol  i n  t h e    m ai n  t e xt.    T h e  f or  w ar d  st at e
esti  m ati o n  us e d  t o  c o  m p e ns at e  f or  f e e d b a c k  d el a y  us es
a n  e ff e cti v e  d e p h asi n g    Li n d bl a d  t er  m  i n  t h e   filt er  (s e e
A p p e n di x    D   b el o  w),    w hi c h    m ust  us e  a n  a c c ur at e  e ff e c-
ti v e  d e p h asi n g  r at e t h at  a c c o u nts  f or t h e  dri v e.  I n cl u di n g
t his  e ff e cti v e  e ns e  m bl e  d e p h asi n g  i n  t h e  f or  w ar d  esti  m a-
ti o n  i  m pr o v es  t h e  st at e-tr a c ki n g  fi d elit y  a n d,  as  a  r es ult,
t h e f e e d b a c k st a bili z ati o n  p erf or  m a n c e.

Fi g ur e   8  s h o  ws  t h e  e ff e cti v e  d e p h asi n g  r at e e ff f or  a
s  w e e p  of  d e c o u pli n g   R a bi a  m plit u d es    a n d  b ar e  d e p h as-
i n g r at es 2 f or a si n gl e q u bit.   B e c a us e t h e q u bit st at e v e c-
t or is r ot ati n g i n t h e x -z  pl a n e  o n  a v er a g e, t h e  p urit y [i. e.,
P   =   Tr ρ 2 =   (1  +   r 2 ) /2   wit h  r 2 =   x 2 +   y 2 +   z 2 ] is  us e d t o
e xtr a ct  a ti  m e  c o nst a nt.  Si n c e t h e  dri v e  g e n er all y  d e c o u-
pl es  fr o  m t h e  sl o  w  n ois e  c o  m p o n e nts  c o ntri b uti n g t o t h e
n o n e x p o n e nti al  d e c a y, a si n gl e p ar a  m et er  fit is s u  ffi ci e nt:

P (t) =
1  +   e x p (−  2 e ff t)

2
.     (  A 1 0)

F or    =   0, e ff = 2 , as e x p e ct e d.
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FI  G.  8.      R ati o  of t h e  e ff e cti v e  q u bit  d e p h asi n g  r at e e ff t o t h e
b ar e r at e 2 i n t h e  pr es e n c e  of a c o nst a nt  d e c o u pli n g   R a bi  dri v e

σ̂ y / 2.    T h e  q u bit  fr e q u e n c y  fl u ct u ati o ns   ω χ (  t) σ̂ z / 2   h a v e  t h e
a  m plit u d e  ω   c ali br at e d t o  pr o d u c e t h e  e ns e  m bl e- d e p h asi n g r at e

2 i n t h e  a bs e n c e  of t h e  d e c o u pli n g  dri v e,  b as e d  o n  Fi gs.  6( b)
a n d  7( b) .   T h e s  m all-ti  m e q u a dr ati c d e p e n d e n c e of t h e  fl u ct u at or-
b as e d  d e p h asi n g  dr a  m ati c all y i n cr e as es t h e  e ff e cti v e n ess  of t h e
d e c o u pli n g   dri v e,    wit h  t h e   e ff e cti v e   d e p h asi n g  r at e   d e cr e as-
i n g  as  r o u g hl y  1/    .  I n  c o ntr ast,  f or    w hit e  n ois e,  t h e  e ff e cti v e
d e p h asi n g  dr o ps  t o e ff = 2 / 2  f or  a n y  n o n z er o    d u e  t o  t h e
s yst e  m  st at e  s p e n di n g  a p pr o xi  m at el y  h alf t h e ti  m e  cl os e t o t h e
d e p h asi n g-i  m  m u n e  z  a xis.

F or    w hit e   n ois e,    / 2 >   1 / 2   yi el ds  t h e  as y  m pt oti c
li  mit e ff / 2 →    1 / 2,  as  s h o  w n  i n  Fi g.   8   a n d  pr e di ct e d
fr o  m  t h e   w hit e  n ois e  c orr el at or   χ k (t) χ k (t )   =   τ δ ( t −   t )
[7 0 ].   T h e i nt uiti o n  b e hi n d t his li  mit is t h at,  u n d er  a  c o n-
st a nt   R a bi  dri v e, t h e  q u bit s p e n ds  a b o ut  h alf its ti  m e  n e ar
t h e z  a xis,   w h er e it is i  m  m u n e t o  σ̂ z r ot ati o ns, s o  d e p h as es
at h alf t h e r at e.

I n c o ntr ast, f or  fl u ct u at ors, t h er e ar e   m u c h l ar g er r e d u c-
ti o ns i n e ff as    is i n cr e as e d.   As s h o  w n i n Fi g. 8 , f or l ar g er

/ 2 1, t h e r at e e ff d e c a ys as r o u g hl y 2 /    :

e ff / 2 =   0. 0 9 ( γ g e o  m / 2 )
0. 7 1 ( 2 /    )

1. 1 (  A 1 1)

wit h  t h e    ( γ g e o  m / 2 )   pr ef a ct or   a c c o u nti n g  f or  t h e 2 -
d e p e n d e nt i nt er c e pts o n t h e l o g-l o g  pl ot.

T his  1 /    b e h a vi or  all o  ws e ff t o  b e c o  m e  ar bitr aril y
s  m all f or  a l ar g e  e n o u g h  d e c o u pli n g  dri v e.  F or  si  m pli cit y
a n d a c c ur a c y,   w e us e t h e n u  m eri c al r es ults s h o  w n i n  Fi g.  8
t o c ali br at e e ff i n t h e st at e-tr a c ki n g  filt er  us e d i n t h e   m ai n
t e xt.

A P P  E  N  DI  X   B:   M  E  A S  U  R  E   M  E  N  T   M  O  D  E  L

We   us e   a    B a y esi a n   u p d at e     m o d el   of   ti  m e-st e p p e d
s e q u e nti al   w e a k   m e as ur e  m e nts t o  d es cri b e t h e  b a c k a cti o n
of t h e j oi nt c o nti n u o us   m e as ur e  m e nt  o n t h e t  w o- q u bit s ys-
t e  m.  F or c o  m pl et e n ess,   w e  bri e fl y r e vi e  w t h e ess e nti als  of
t his   m et h o d.

I n   t h e   ti  m e- c o nti n u u  m   li  mit,   t h e     m o nit ori n g   of   a n
o bs er v a bl e N̂   wit h a h o  m o d y n e r e a d o ut   will pr o d u c e a n or-
m ali z e d  si g n al   r(t)  t h at  a p pr o xi  m at es  a  st o c h asti c    Wi e n er
pr o c ess

r(t)dt  =   Tr ( ρ s ys (t) N̂  )dt  +
√

τ  d  W    (  B 1)

wit h    Wi e n er  i n cr e  m e nt   d  W 2 =   dt  ( ass u  mi n g  t h e  It ô  pi c-
t ur e)   a n d   a   c h ar a ct eristi c    m e as ur e  m e nt  ti  m es c al e  τ  =
1 / 2    η   r el at e d  t o  t h e  e ns e  m bl e    m e as ur e  m e nt- d e p h asi n g
r at e    t hr o u g h t h e   m e as ur e  m e nt  e  ffi ci e n c y η  ∈   [ 0, 1] (s e e
A p p e n di x   B  2   b el o  w).   T his  a p pr o xi  m ati o n is t h e  f o u n d a-
ti o n of st o c h asti c  S c hr ö di n g er e q u ati o n or   m ast er e q u ati o n
m et h o ds f or  d es cri bi n g  c o nti n u o us   m e as ur e  m e nt.   A v er a g-
i n g t his r e a d o ut f or a d ur ati o n dt  yi el ds a   G a ussi a n r a n d o  m
v ari at e

r i =
ti+  dt

ti

r (t )
dt

dt
=   Tr ( ρ iN̂  ) +

τ

dt
ξ i (  B 2)

wit h  v ari a n c e   τ / dt ,   writt e n  h er e i n t er  ms  of its   m e a n   wit h
a d diti v e  z er o-  m e a n   G a ussi a n  n ois e  ξ i wit h  u nit  v ari a n c e,
i. e., ξ i ∼ N (0, 1 ),   w hi c h c a n b e e  ffi ci e ntl y s a  m pl e d n u  m er-
i c all y.    T h e  o bs er v a bl e  e x p e ct ati o n  v al u e    wit h  t h e  st at e
ρ i =   ρ s ys (ti)  a p pr o xi  m at el y  d et er  mi n es t h e   m e a n  v al u e  of
t h e  si g n al  o v er  t h e  ti  m e  bi n  of    wi dt h  dt .    T his  r el ati o n
als o   m a k es it  cl e ar t h at t h e   m e as ur e  m e nt ti  m es c al e  τ  r e p-
r es e nts  t h e  i nt e gr ati o n  ti  m e  r e q uir e d  t o  a c hi e v e  a   u nit
si g n al-t o- n ois e r ati o.

I n t h e l a b or at or y, t h e  fi nit e  b a n d  wi dt h  of t h e si g n al a n a-
l y z er  dis cr eti z es  t h e  ti  m e  a xis  i nt o  bi ns  dt   i n  t his    w a y,
m a ki n g  t h e   o bs er v e d  r e a d o ut  si g n al    m or e  a c c ur at el y  a
dis cr et e  r e a d o ut  ti  m e  s eri es   r  = {  r 1 , . . . , r i, . . . , r n }  wit h
a p pr o xi  m at el y    G a ussi a n  r a n d o  m   v ari at es.    T his  r a n d o  m
ti  m e s eri es   will  d et er  mi n e t h e   m e as ur e  m e nt  b a c k a cti o n  o n
t h e  s yst e  m.  I n  ot h er    w or ds,  f or  a  si  m ul ati o n    wit h  ti  m e
v e ct or  t = {  t1 , t2 , . . . , tn }, t h e  st at e  e v ol uti o n   will  b e  c o  m-
pl et el y   d et er  mi n e d   b y  t h e  r a n d o  ml y  s a  m pl e d    G a ussi a n
n ois e  ξ  = {  ξ 1 , ξ 2 , . . . , ξ n }  c o  m bi n e d   wit h t h e i niti al  c o n di-
ti o n ρ 0 a n d f ull  k n o  wl e d g e  of t h e  u nit ar y,  dissi p ati v e,  a n d
m e as ur e  m e nt e v ol uti o n.

T o  o bt ai n t h e  st at e tr aj e ct or y   ρ  = {  ρ 1 , ρ 2 , . . . , ρ n }  fr o  m
ξ ,   w e  us e t h e  dis cr et e   B a y esi a n  filt er [5 3 ]  pr es e nt e d i n t h e
m ai n t e xt,

ρ i+  1 = L i
Û i ˆM ri ρ i ˆM

†
r i Û

†
i

Tr ( ˆM
†
r i

ˆM ri ρ i)
.    (  B 3)

H er e, L i is a   Kr a us   m a p r e pr es e nti n g t ot al a v er a g e d e p h as-
i n g  ( d u e  t o,  e. g.,  t h e  i  m p erf e ct    m e as ur e  m e nt  e  ffi ci e n c y
dis c uss e d i n   A p p e n di x  B  2   b el o  w), Û i i s  a  u nit ar y  r e pr e-
s e nti n g t h e c o h er e nt e v ol uti o n b et  w e e n ti  m es ti a n d  ti +   dt ,
a n d ˆM ri i s  t h e    m e as ur e  m e nt    Kr a us  o p er at or  t h at  i  m pl e-
m e nts  t h e    m e as ur e  m e nt  b a c k a cti o n  a n d  d e p e n ds  o n  t h e
s a  m pl e d  r i as  d es cri b e d  b el o  w.   T h e  s et  of ˆM ri o v er  all
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p ossi bl e   r i f or  ms  a    G a ussi a n  P  O  V  M    wit h  c o  m pl et e n ess
c o n diti o n,

∞

−   ∞

d r |c (r)|2 ˆM †
r

ˆM r =
dt

2 π τ

∞

−   ∞

d r e −  dt (r− N̂  )2 / 2 τ = Î

(  B 4)

wit h  a n   r- d e p e n d e nt  n or  m ali z ati o n  |c (r)|2 f a ct or t h at  c a n-
c els i n t h e st at e u p d at e of   E q.  (  B 3).

1.   D e ri v ati o n  of t h e   m e as u r e  m e nt o p e r at o r

T o   d eri v e  t h e    m e as ur e  m e nt   o p er at or  s p e ci fi c  t o   o ur
s et u p  dir e ctl y fr o  m t h e  c orr es p o n d e n c e  pri n ci pl e,   w e st art
fr o  m  t h e  st a n d ar d  f or  m  of  a    m e as ur e  m e nt    Kr a us  o p er a-
t or f or N̂   =   ( σ̂ (1 )

z +  ̂ σ (2 )
z ) /2 t h at  ass o ci at es t h e  ei g e ns p a c e

pr oj e cti o n  o p er at ors  f or  its  t hr e e  ei g e n v al u es  of   −  1, 0, 1
wit h  t h eir  c orr es p o n di n g  c o n diti o n al  r e a d o ut  li k eli h o o ds
[4 7 ,5 3 ],

c (r) ˆM r =    P (r|0 0 ) |0 0    0 0 |   +    P (r|1 1 ) |1 1    1 1 |

+   P (r|0 1, 1 0 )(|0 1    0 1 |   + |1 0    1 0 |),    (  B 5)

a nti ci p ati n g a st at e-i n d e p e n d e nt f a ct or  c (r) t h at   will c a n c el.

B y c o nstr u cti o n, t h e P  O  V  M c o n diti o n    dr  |c (r)|2 ˆM
†
r ˆM r =

Î  t h e n  f oll o  ws  fr o  m t h e  n or  m ali z ati o n  of  e a c h li k eli h o o d
distri b uti o n.

F or  a  c ali br at e d r e a d o ut  r  a v er a g e d  o v er  a ti  m e  bi n  dt ,
t h e r e a d o ut li k eli h o o d  distri b uti o ns,

P (r|0 0 )  =
dt

2 π τ
e x p    −

dt

2 τ
(r −   1 ) 2 ,    (  B 6 a)

P (r|1 1 )  =
dt

2 π τ
e x p    −

dt

2 τ
(r +   1 ) 2 ,     (  B 6 b)

P (r|0 1, 1 0 )  =
dt

2 π τ
e x p    −

dt

2 τ
r 2 ,    (  B 6 c)

ar e e a c h   G a ussi a n   wit h v ari a n c e  τ / dt  c e nt er e d at a n ei g e n-
v al u e  of N̂    f or  e a c h  ei g e ns p a c e,  ass u  mi n g  t h e  q u a nt u  m
c o  m p uti n g c o n v e nti o n  σ̂ z = |  0    0 |   − |1    1 |.   T h us,

ˆM r =   e (dt / 4 τ )( 2 r−  1 ) |0 0    0 0 |   + e −  (dt / 4 τ )( 2 r+  1 ) |1 1    1 1 |

+   (|0 1    0 1 |   + |1 0    1 0 |), (B  7 a )

c (r) =
dt

2 π τ

1 / 4

e −  (dt / 4 τ ) r 2 (  B 7 b)

ar e t h e f or  ms of t h e st at e- d e p e n d e nt   Kr a us o p er at or ˆM r a n d
t h e  st at e-i n d e p e n d e nt  n or  m ali z ati o n  c o e  ffi ci e nt  c (r)  t h at
will  c a n c el  i n  t h e  st at e  u p d at e.    Writt e n  i n  t er  ms  of  t h e

B ell b asis, t his   m e as ur e  m e nt o p er at or h as t h e us ef ul cl os e d
f or  m

ˆM r = |  ψ + ψ + |   + |ψ − ψ − |

+   e −  dt / 4 τ c os h
r dt

2 τ
(|φ + φ + |   + |φ − φ − |

+   si n h
r dt

2 τ
(|φ + φ − |   + |φ − φ + |)

t h at  d e p e n ds  dir e ctl y  o n  t h e    m e as ur e d  o p er at or  a n d  its
s q u ar e,

N̂   =
σ̂ (1 )

z +  ̂ σ (2 )
z

2
= |  φ + φ − |   + |φ − φ + | ,    (  B 8 a)

N̂ 2 = |  φ + φ + |   + |φ − φ − | , (  B 8 b)

N̂ 3 = N̂  . (  B 8 c)

N ot e  t h at  t his  st at e- d e p e n d e nt  p art  c a n  als o  b e    writt e n
c o  m p a ctl y as

ˆM r =   e x p[ (dt / 2 τ )( r N̂   − N̂ 2 / 2 )],     (  B 9)

i n  a gr e e  m e nt    wit h  t h e  e x p e ct e d  f or  m   of  t h e    G a ussi a n
P  O  V  M  i n    E q.   (  B 4).    U nli k e  f or  si n gl e- q u bit  o bs er v a bl e
m o nit ori n g  ( e. g.,   R ef.  [  4 7 ]),  t h e  r-i n d e p e n d e nt  q u a dr ati c
t er  m   wit h N̂ 2 i s n o ntri vi al f or t h e st at e u p d at e si n c e it pi c ks
o ut t h e  r el e v a nt  pr oj e cti o n  f or t h e  s u bs p a c e i n   w hi c h t h e
m e as ur e  m e nt a cts.

2. I n e  ffi ci e nt   m e as u r e  m e nt

I n  a  p erf e ctl y  e  ffi ci e nt   m e as ur e  m e nt, t h e  di giti z e d   m e a-
s ur e  m e nt r e c or d is i nf or  m ati o n all y c o  m pl et e, s o aft er c o n-
diti o ni n g  t h e  st at e   o n  t h e  i nf or  m ati o n  i n  t h e  c oll e ct e d
r e c or d  n o  i nf or  m ati o n  is  l ost  a n d  t h e  st at e  r e  m ai ns  p ur e.
H o  w e v er,  a  r e al    m e as ur e  m e nt  a p p ar at us  is  n ot  p erf e ctl y
e  ffi ci e nt d u e t o si g n al l oss d uri n g tr a nsit, as   w ell as a d e gr a-
d ati o n  of  t h e  r e  m ai ni n g  i nf or  m ati o n  i n  t h e  si g n al  fr o  m
a d diti o n al  n ois e  d u e  t o  t h er  m al  i nt er a cti o ns,  el e ctr o ni cs
n ois e, or t h e a  m pli fi c ati o n c h ai n.

T h e  o v er all    m e as ur e  m e nt  e  ffi ci e n c y  c a n  b e  c h ar a ct er-
i z e d    wit h  a  p ar a  m et er  η  ∈   [ 0, 1],  s u c h  t h at  η  =   1  c orr e-
s p o n ds t o p erf e ctl y e  ffi ci e nt   m e as ur e  m e nt   wit h n o i nf or  m a-
ti o n l oss, η  =   0  c orr es p o n ds t o t ot al i nf or  m ati o n l oss,  a n d
0  <  η   <   1 is a p arti all y e  ffi ci e nt   m e as ur e  m e nt.   A n y l oss of
i nf or  m ati o n  i n cr e as es  t h e    m e as ur e  m e nt  ti  m e  τ  =   1 / 2    η
n e e d e d t o i nt e gr at e t h e  si g n al t o  a c hi e v e  a  u nit  si g n al-t o-
n ois e  r ati o.   T h e    m e as ur e  m e nt  o p er at or  i n   E q.   (  B 9)  t h us
alr e a d y a c c o u nts f or t his l oss t hr o u g h t h e p ar a  m et er  τ .

H o  w e v er,  a n y l ost i nf or  m ati o n   will  b e  e ff e cti v el y  a v er-
a g e d  o v er i n tr aj e ct or y  v ali d ati o n t o  m o gr a p h y,   w hi c h   will
pr o d u c e  a d diti o n al  e ns e  m bl e- a v er a g e   d e p h asi n g.  I n  t h e
li  mit   of  η  =   0    wit h   n o  c oll e ct e d  si g n al,  t h e   b est  esti-
m at e  o n e  c a n  cl ai  m  is  t h e  e ns e  m bl e- a v er a g e d  e v ol uti o n,
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w hi c h, f or   M ar k o vi a n  n ois e, s h o ul d  b e i n a c c or d a n c e   wit h
a   Li n d bl a d    m ast er  e q u ati o n.   T h us,    w e  i n cl u d e  t h e  a d di-
ti o n al  e ns e  m bl e  d e p h asi n g  fr o  m i nf or  m ati o n l oss i n  e a c h
tr aj e ct or y  vi a  t h e   Li n d bl a d    m a p  i n   E q.  (  A 1),  usi n g Ĵ  =
N̂  /

√
2  as t h e   m e as ur e d  o p er at or   wit h  a r esi d u al  e ns e  m bl e

m e as ur e  m e nt- d e p h asi n g r at e   (1  −   η)    ,

L [ρ ] =   (1  −   η)( dt    / 2 )( N̂  ρ N̂  ) + Ĵ 0 ρ Ĵ
†
0 ,     (  B 1 0 a)

Ĵ 0 = 1 −   (1  −   η)( dt    / 2 ) N̂ 2 .     (  B 1 0 b)

A P P  E  N  DI  X   C:   D  E  RI  V A TI  O  N   O F   F  E  E  D  B  A  C  K
P  R  O  T  O  C  O  L S

T h e f e e d b a c k t as k is t o a p pl y a c o ntr ol  dri v e t h at   m a xi-
mi z es t h e fi d elit y t o t h e t ar g et st at e   |ψ + ,   w hil e   mi ni  mi zi n g
t h e  fi d elit y    wit h  t h e  i n visi bl e  st at e  |ψ − .  S u c h  a  c o ntr ol
dri v e    will  b e  g e n er at e d  b y  t h e  c o-  a n d  c o u nt er-r ot ati n g
dri v e   H a  milt o ni a ns  d e fi n e d i n t h e   m ai n t e xt,

Ĥ (t) =
Ŷ +

2
, Ĥ   (t) =

Ŷ −

2
,    (  C 1)

w h er e Ŷ ± ≡  ̂ σ 1
y ±  ̂ σ 2

y a n d  t h e  fr e q u e n ci es    a n d    c a n
g e n er all y  d e p e n d  u p o n  t h e  ti  m e   t,  t h e  d el a y e d  a n d  n or-
m ali z e d   m e as ur e  m e nt r e c or d   r(t −   τ d ), a n d/ or t h e q u a nt u  m
st at e esti  m at e ρ est (t).

We  us e t h e  st a n d ar d (  U hl  m a n n)  d e fi niti o n f or t h e  st at e
fi d elit y,

F ( σ , ρ )  ≡   Tr
√

σ  ρ
√

σ
2

,    (  C 2)

w hi c h,  f or  a  p ur e t ar g et  st at e   σ   = |  ψ    ψ  | a n d  esti  m at e d
st at e ρ  =   ρ est , si  m pli fi es t o

F ψ ≡ F (|ψ    ψ  | , ρ est ) =    ψ  |ρ est |ψ    ,    (  C 3)

a n d c a n b e i nt er pr et e d as t h e p o p ul ati o n of  ρ est i n t h e t ar g et
st at e |ψ    .

F or  c o nst a nt    a n d    , t h e  u nit ar y  e v ol uti o n  g e n er at e d
b y  t h e  c o ntr ol   H a  milt o ni a n Ĥ   + Ĥ    i n  is ol ati o n  o v er  a
ti  m e i nt er v al dt  is

Û ,   ,dt =   e −  i( Ŷ + + Ŷ − )dt / 2

=   e −  i(   +    ) σ̂ y dt / 2 ⊗   e −  i(   −    ) σ̂ y dt / 2

=   (|ψ + ψ + |   + |φ − φ − |) c os (   dt )

+   (|ψ + φ − |   − |φ − ψ + |) si n(   dt )

+   (|φ + φ + |   + |ψ − ψ − |) c os (    dt )

+   (|φ + ψ − |   − |ψ − φ + |) si n(    dt ),

w h er e   w e n ot e t h e f oll o  wi n g  us ef ul   B ell st at e i d e ntiti es:

Ŷ +

2 i
= |  ψ + φ − |   − |φ − ψ + | ,    (  C 4 a)

Ŷ +

2

2

= |  ψ + ψ + |   + |φ − φ − |,     (  C 4 b)

Ŷ +

2

3

=
Ŷ +

2
, (  C 4 c)

Ŷ −

2 i
= |  φ + ψ − |   − |ψ − φ + | ,     (  C 4 d)

Ŷ −

2

2

= |  φ + φ + |   + |ψ − ψ − |,    (  C 4 e)

Ŷ −

2

3

=
Ŷ −

2
. (  C 4f)

T h es e i d e ntiti es i  m pl y t h e p artiti o n  of u nit y

Î  =
Ŷ +

2

2

+
Ŷ −

2

2

= |  φ + φ + |   + |φ − φ − |   + |ψ + ψ + |   + |ψ − ψ − | .
(  C 5)

F or c o  m pl et e n ess,   w e als o n ot e t h at t h es e o p er at ors ar e p art
of t  w o  n at ur al  s ets  of  P a uli-li k e t  w o- q u bit  o p er at ors.   T h e
ot h er t  w o i n t h e  {|ψ + , |φ − } s u bs p a c e ar e

X̂ +

2
=

σ̂ (1 )
z σ̂ (2 )

x +  ̂ σ (1 )
x σ̂ (2 )

z

2
= |  ψ + φ − |   + |φ − ψ + | ,

(  C 6 a)

Ẑ +

2
=

σ̂ (1 )
z σ̂ (2 )

z −  ̂ σ (1 )
x σ̂ (2 )

x

2
= |  φ − φ − |   − |ψ + ψ + | ,

(  C 6 b)

X̂ +

2
,
Ŷ +

2
=   2 i

Ẑ +

2
( a n d c y cli c p er  m.),     (  C 6 c)

w hil e  t h e  ot h er  t  w o  i n  t h e  ort h o g o n al   {|ψ − , |φ + }  s u b-
s p a c e ar e

X̂ −

2
=

σ̂ (1 )
z σ̂ (2 )

x −  ̂ σ (1 )
x σ̂ (2 )

z

2
= |  ψ − φ + |   + |φ + ψ − | ,

(  C 7 a)

Ẑ −

2
=   −

σ̂ (1 )
z σ̂ (2 )

z +  ̂ σ (1 )
x σ̂ (2 )

x

2
= |  ψ − ψ − |   − |φ + φ + | ,

(  C 7 b)

X̂ −

2
,

Ŷ −

2
=   2 i

Ẑ −

2
( a n d c y cli c p er  m.).     (  C 7 c)

We n o  w bri e fl y d eri v e t  w o str at e gi es f or s etti n g t h e c o n-
tr ol fr e q u e n ci es    a n d    s o t his c o ntr ol u nit ar y   m a xi  mi z es
t h e t ar g et  fi d elit y.
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1.   O pti  m al f e e d b a c k   wit h o ut   m e as u r e  m e nt o r
d e p h asi n g

We  c a n   d eri v e  a  f e e d b a c k   pr ot o c ol  if    w e  ass u  m e  a
k n o  w n i niti al  esti  m at e d  st at e  ρ est fr o  m   w hi c h  a n  o pti  m al
dri v e  c a n  b e  i nf err e d.    T h e  u p d at e d  st at e  esti  m at e  aft er

a p pl yi n g a c o ntr ol dri v e is  ρ est = Û ,   ,δ t ρ est Û
†

,   ,δ t,   w hi c h
s h o ul d  b e  c o  m p ar e d  t o  t h e  st at es  |ψ ± .  F or  a  p ur e  t ar-
g et st at e  σ   = |  ψ    ψ  | a n d t h e  p ost- c o ntr ol- esti  m at e d st at e
ρ  =   ρ est , t h e st at e  fi d elit y h as t h e f or  m

F ψ ≡ F (|ψ    ψ  | , ρ est )

=    ψ  |ρ est |ψ

=    ψ  |Û ,   ,δ tρ est Û
†

,   ,δ t|ψ    .    (  C 8)

T h e st at e fi d eliti es t o  |ψ ± f oll o  wi n g a c o ntr ol dri v e Û ,   ,δ t

ar e t h us

F ψ  + (   ) = 1
2
( ρψ  + +   ρ φ − +   ( ρψ  + −   ρ φ − ) c os (2    dt )

+   2  R e ( ρ ψ  +  ,φ − ) si n(2    δ t)),    (  C 9 a)

F ψ  − (    ) = 1
2
( ρψ  − +   ρ φ + +   ( ρψ  − −   ρ φ + ) c os (2    δ t)

−   2  R e ( ρ φ +  ,ψ  − ) si n(2    δ t)),     (  C 9 b)

w h er e   ρ ψ  ± =    ψ ± |ρ est |ψ ± , ρ φ ± =    φ ± |ρ est |φ ± , ρ ψ  +  ,φ − =
ψ + |ρ est |φ − ,  a n d ρ φ +  ,ψ  − =    φ + |ρ est |ψ − ar e t h e r el e v a nt

p o p ul ati o ns  a n d  c o h er e n c es  of  t h e  pr e- c o ntr ol- esti  m at e d
st at e  ρ est .   B e c a us e |ψ + is i n v ari a nt  u n d er Ĥ    ,  a n d |ψ −

u n d er Ĥ    ,  t h eir  r es p e cti v e  fi d eliti es  ar e  o nl y  a ff e ct e d  b y
o n e of t h e t  w o dri v e p ar a  m et ers,    or    .

E xtr e  mi zi n g    t h es e    fi d eliti es    usi n g    t h e    c o n diti o ns
d F ψ  + / d    =   0  =   d F ψ  − / d    t h e n  d et er  mi n es t h e  o pti  m al
st at e- esti  m at e- d e p e n d e nt  c o nst a nt  dri v es  t o  a p pl y  o v er  a
si n gl e c o ntr ol c y cl e δ t,

t a n[ 2 o pt, 0 ( ρest ) δ t] =   2 o pt, 0 ( ρest ) δ t + O ( δ t3 )

=
2  R e ρ ψ  +  ,φ −

ρ ψ  + −   ρ φ −
,     (  C 1 0 a)

t a n[ 2 o pt ( ρest ) δ t] =   2 o pt ( ρest ) δ t + O ( δ t3 )

=
2  R e ρ φ +  ,ψ  −

ρ φ + −   ρ ψ  −
.     (  C 1 0 b)

B e c a us e t h e ri g ht- h a n d si d es  of  b ot h e x pr essi o ns ar e O (1 )
i n δ t,   w hi c h its elf is  a n i nt e g er   m ulti pl e  of dt , t h e  ar ct a n-
g e nt is  n ot e x p a n d e d i n c al c ul ati o ns  of o pt, 0 , o pt u s e d i n
si  m ul ati o ns.    N ot e  t h at,  u nli k e  st at e- esti  m at e-i n d e p e n d e nt
li n e ar  f e e d b a c k  s c h e  m es  ( e. g.,   R ef.  [4 7 ]), t h e  dri v e Ŷ +

i n h er e ntl y  disr u pts t h e t ar g et  st at e i n  o ur  pr ot o c ol,   w hi c h
f or c es t h e  d e p e n d e n c e  o n  a st at e  esti  m at e t o  a c hi e v e  o pti-
m al f e e d b a c k c o ntr ol.   T his  o pti  m al f e e d b a c k  dri v e a p pli es
w h e n t h e   m e as ur e  m e nt b a c k a cti o n is i g n or e d or n e gli gi bl e.
I n  p arti c ul ar, t h e  b asi c r at e o pt, 0 will  a c q uir e  c orr e cti o ns

w h e n a c c o u nti n g f or t h e   m e as ur e  m e nt pr o p erl y, as d et ail e d
i n t h e n e xt s e cti o n.

F or c o  m pl et e n ess,   w e als o n ot e t h at t h es e o pti  m a c a n b e
writt e n i n t er  ms of t h e o bs er v a bl es i n   E qs.   (  C 6))  a n d (  C 7)),

o pt, 0 ( ρest ) δ t =
1
2

t a n−  1 (C + ( ρest )),     (  C 1 1 a)

o pt ( ρest ) δ t =
1
2

t a n−  1 (C − ( ρest )),     (  C 1 1 b)

w h er e

C + ( ρ )  =
2  R e ρ ψ  +  ,φ −

ρ ψ  + −   ρ φ −
=   −

X̂ +

Ẑ +

,     (  C 1 2 a)

C − ( ρ )  =
2  R e ρ φ +  ,ψ  −

ρ φ + −   ρ ψ  −
=   −

X̂ −

Ẑ −

.     (  C 1 2 b)

2.   O pti  m al f e e d b a c k   wit h   m e as u r e  m e nt  b ut  n o
d e p h asi n g

W h e n   c o n c urr e ntl y     m o nit ori n g   a n   o bs er v a bl e N̂   =
( σ̂ (1 )

z +  ̂ σ (2 )
z ) /2, t h e f e e d b a c k c o ntr ol   will g e n er all y d e p e n d

u p o n  t h e   d el a y e d   a n d   n or  m ali z e d    m e as ur e  m e nt  r e c or d
r(t −   τ d ).   As  a   mi ni  m al f e e d b a c k  pr ot o c ol, t h e  c or ot ati n g
dri v e s h o ul d d e p e n d o n t h e r e c or d a n d a st at e esti  m at e  ρ est ,

(t) =    [r(t −   τ d ), ρ est (t)],     (  C 1 3)

w hil e  t h e  c o u nt er-r ot ati n g  dri v e  c a n  b e  k e pt  c o nst a nt  or
i n d e p e n d e ntl y  o pti  mi z e d  t o  t h e o pt ( ρest )  i n   E q.  (  C 1 1 b).
C o  m bi ni n g  t h e  c o ntr ol  dri v e  i n   E q.   (  C 4 a)  wit h  t h e    m e a-
s ur e  m e nt  o p er at or  ass o ci at e d   wit h  r(t −   τ d )  yi el ds  a  c o  m-
p osit e u p d at e o p er at or f or t h e   m e as ur e  m e nt i nt er a cti o n a n d
e v ol uti o n   wit h  d el a y ti  m e  τ d pl us a f oll o  wi n g c o ntr ol ti  m e
st e p δ t of Û ,   ,δ t,r Û τ d +  δ t ˆM r .

T h e  ti  m e  d el a y   τ d c o  m pli c at es  t h e  a n al ysis,  si n c e  t h e
st at e  g e n er all y  e v ol v es  b et  w e e n    w h e n  t h e    m e as ur e  m e nt
is  p erf or  m e d  a n d    w h e n  t h e  f e e d b a c k  c o ntr ol  is  a p pli e d.
Disti n g uis hi n g  t h e  c o ntr ol  c y cl e  ti  m e  st e p    δ t  fr o  m  t h e
e v ol uti o n  ti  m e  st e p  dt   r es ults  i n  a  si  mil ar  c o  m pli c ati o n,
si n c e  e v e n  a  τ d =   0  s yst e  m    will  u n d er g o  e v ol uti o n  t h at
g o es  u n c orr e ct e d f or  a n i nt er v al  δ t.   H o  w e v er,  as  a n i niti al
a p pr o xi  m ati o n,   w e  c a n  t a k e  t h e  z er o- d el a y  li  mit  τ d →    0
b y  i g n ori n g  t h e  i nt er  m e di at e  e v ol uti o n Û τ d +  δ t b ef or e  t h e
c o ntr ol, a n d t a k e t h e c o ntr oll er l at e n c y t o  b e  n e gli gi bl e  b y
s etti n g  δ t =   dt .  I n t his  z er o- d el a y  c as e, t h e  fi d elit y t o t h e
t ar g et st at e |ψ + aft er a   m e as ur e  m e nt- a n d- c o ntr ol ti  m e st e p
dt  h as t h e f or  m

F ψ  + =
ψ + | Û ,   ,dt ,r ˆM r ρ est ˆM

†
r Û

†
,   ,dt ,r |ψ +

Tr[ ˆM
†
r ˆM r ρ est ]

.     (  C 1 4)

Tr e ati n g t h e  p ar a  m et er    as t u n a bl e  a n d  usi n g t h e  s h ort-
h a n d n ot ati o n ˆM    = Û ,   ,dt ,r ˆM r f or t h e c o  m p osit e o p er at or,
t h e e xtr e  mi z ati o n c o n diti o n f or t his  fi d elit y b e c o  m es
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∂ F ψ  +

∂
=   0  =   2  R e   φ − | ˆM   ρ est ˆM † |ψ + . (  C 1 5)

Usi n g t h e   B ell st at e i d e ntiti es

ˆM † |ψ + =   c os (   dt ) |ψ + si n(   dt )e −  dt / 4 τ c os h
r dt

2 τ
|φ − +   si n h

r dt

2 τ
|φ + , (  C 1 6 a)

ˆM † |φ − =   −   si n(   dt ) |ψ + +   c os (   dt )e −  dt / 4 τ c os h
r dt

2 τ
|φ − +   si n h

r dt

2 τ
|φ + ,     (  C 1 6 b)

t h e  fi d elit y c o n diti o n e v al u at es t o a c o  m bi n ati o n  of c o  m p o n e nts of ρ est :

2  R e   φ − | ˆM   ρ est ˆM † |ψ + =   −   si n(2    dt )  ρ ψ  +

+   2 c os (2    dt )e −  dt / 4 τ c os h
r dt

2 τ
R e  ρ ψ  +  ,φ − +   si n h

r dt

2 τ
R e  ρ φ +  ,ψ  +

+   si n(2    dt )e −  dt / 2 τ c os h 2 r dt

2 τ
ρ φ − +   si n h 2 r dt

2 τ
ρ φ + +   si n h

r dt

τ
R e  ρ φ +  ,φ − .     (  C 1 7)

S etti n g t his t o z er o,   w e c a n t h e n s ol v e dir e ctl y f or t h e o pti  m al dri v e:

t a n(2 o pt dt )  =
2 e −  dt / 4 τ [ c os h(r dt/ 2 τ ) R e  ρ ψ  +  ,φ − +   si n h(r dt/ 2 τ ) R e  ρ φ +  ,ψ  + ]

ρ ψ  + −   e −  dt / 2 τ [ c os h2 (r dt/ 2 τ ) ρ φ − +   si n h 2 (r dt/ 2 τ ) ρ φ + +   si n h(r dt/ τ ) R e  ρ φ +  ,φ − ]

=
2  R e ρ ψ  +  ,φ −

ρ ψ  + −   ρ φ −
+

r dt

2 τ

2  R e ρ ψ  +  ,φ +

ρ ψ  + −   ρ φ −
+

4  R e ρ ψ  +  ,φ − R e  ρ φ +  ,φ −

( ρψ  + −   ρ φ − ) 2

−
dt

4 τ

R e  ρ ψ  +  ,φ −

ρ ψ  + −   ρ φ −
−

4  R e ρ ψ  +  ,φ + R e  ρ φ +  ,φ − +   2  R e ρ ψ  +  ,φ − ( ρφ + −   ρ φ − )

( ρψ  + −   ρ φ − ) 2
−

2  R e ρ ψ  +  ,φ − (2  R e ρ φ +  ,φ − ) 2

( ρψ  + −   ρ φ − ) 3

+ O (dt 3 / 2 ). (  C 1 8)

H er e t h e s e c o n d e q u alit y  us es   (r dt) 2 =   τ dt .
I d e ntif yi n g t h e  first t er  m as t h e r es c al e d c o h er e n c e C + ( ρ )  d et er  mi ni n g t h e   m e as ur e  m e nt-fr e e r at e o pt, 0 i n   E q. (  C 1 1 a)

a n d r e c alli n g t h at  τ  =   1 / 2    η , t his s ol uti o n c a n b e r e  writt e n i n t h e f or  m

o pt dt  =
1

2
t a n−  1 C + ( ρest ) +   2 η    P ( ρ est ) r dt +   η    Q  ( ρ est )

dt

2
(  C 1 9)

wit h t h e c h ar a ct eristi c st at e- esti  m at e- d e p e n d e nt f a ct ors

P ( ρ est ) =
R e  ρ ψ  +  ,φ +

ρ ψ  + −   ρ φ −
+   C + ( ρest )

R e  ρ φ +  ,φ −

ρ ψ  + −   ρ φ −
, (  C 2 0 a)

Q  ( ρest ) =   −
C + ( ρest )

2
+

4  R e ρ ψ  +  ,φ + R e  ρ φ +  ,φ − +   2  R e ρ ψ  +  ,φ − ( ρφ + −   ρ φ − )

( ρψ  + −   ρ φ − ) 2
+

2  R e ρ ψ  +  ,φ − (2  R e ρ φ +  ,φ − ) 2

( ρψ  + −   ρ φ − ) 3
.     (  C 2 0 b)

T h e  d o  mi n a nt t er  ms  ar e t h e   m e as ur e  m e nt-fr e e  r at e   C + ( ρ ),  of  or d er  1,  f oll o  w e d  b y t h e   w hit e  n ois e t er  m  of  or d er dt 1 / 2

i n r dt  =   2  R e ρ φ +  ,φ − dt  +   d  W /
√

2    η .   E x p a n di n g t h e ar ct a n g e nt  a b o ut t h e O (1 ) t er  m C + ( ρest ) a n d  k e e pi n g t er  ms  of  or d er
dt 3 / 2 gi v es

o pt dt  ≈
1

2
t a n−  1 (C + ( ρest )) +

η    P ( ρ est ) r dt

1  +   C + ( ρest ) 2
= o pt, 0 ( ρest ) +   η

P ( ρ est )

1  +   C + ( ρest ) 2
r dt.     (  C 2 1)
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T h us, i n c or p or ati n g t h e   m ost r e c e nt   m e as ur e  m e nt i nf or-
m ati o n    r dt  l e a ds  t o  a  li n e ar  c orr e cti o n,    m ulti pli e d  b y  a
st at e- d e p e n d e nt  f a ct or.  I n  t h e  c as e    w h er e  t h e  c o h er e n c e
ρ ψ  +  ,φ − i s  b ei n g  c o nsist e ntl y  a n d  s u c c essf ull y r ot at e d i nt o
t h e ρ ψ + p o p ul ati o n,  C + ( ρest ) ≈   0 a n d t h e f e e d b a c k is li n e ar
u p t o t h e st at e esti  m ati o n f or  P ( ρ est ):

o pt dt  ≈   η    P ( ρ est ) r dt.     (  C 2 2)

N ot e  t h at    P ( ρ est )   c a n  als o   b e    writt e n  i n  t er  ms   of  t h e
o p er at ors i n   E qs.  (  C 6)), (  C 7)), a n d (  B 8))  as

P ( ρ est ) =   −
X̂ + N̂   + N̂ X̂ +

4 Ẑ +

+
2 X̂ + N̂

Ẑ +
2

.     (  C 2 3)

T his   m e a ns t h at t h e t  w o d o  mi n a nt t er  ms d e p e n d   m ai nl y o n
t h e pr e  m e as ur e  m e nt c o h er e n c e X̂ + a n d t h e   m e as ur e  m e nt-
dist ur b e d  c o h er e n c e X̂ + N̂   + N̂ X̂ + / 2,  b ot h    w ei g ht e d  b y
p o p ul ati o n  bi as Ẑ + i n  t h e  s u bs p a c e.   T his  f urt h er    m oti-
v at es t hi n ki n g  of   E q.  (  C 2 2) as t h e  o pti  m al  dri v e   w h e n t h e
f e e d b a c k  is  o n  tr a c k:  gi v e n  a n  i niti al  c o n diti o n  ρ 0 wit h
X̂ + =   0,  t h e  dri v e  f oll o  wi n g  a    m e as ur e  m e nt    will  j ust

b e  P ( ρ 0 ) =   −  ( X̂ + N̂   + N̂ X̂ + ) /4 Ẑ + .  Si n c e t his  dri v e is
o pti  m al, it s h o ul d r ot at e all   m e as ur e  m e nt- dist ur b e d c o h er-
e n c e  i nt o   |ψ + ,  t h us  r est ori n g X̂ + =   0  u ntil  t h e  n e xt
m e as ur e  m e nt.   H o  w e v er,  t h e  i ntr o d u cti o n  of  n o ni d e aliti es
(ti  m e  d el a y  a n d  fl u ct u at or  or   w hit e  n ois e)   m a y  c a us e t h e
tr aj e ct or y  t o  d e vi at e  fr o  m  t his  o pti  m al  f e e d b a c k,    m a ki n g
t h e C + ( ρest ) t er  ms criti c al t o t h e f e e d b a c k s u c c ess.   T his is
e x pl or e d f urt h er i n   A p p e n di x  C  5   b el o  w.

3.   O pti  m al f e e d b a c k   wit h   m e as u r e  m e nt a n d  d e p h asi n g

T h e  pr e c e di n g  s e cti o n  n e gl e ct e d  t h e  a v er a g e  d e p h as-
i n g  o c c urri n g  d uri n g t h e ti  m e  st e p dt  pri or t o t h e  c o ntr ol
b ei n g  a p pli e d.    H o  w e v er,  t his  d e p h asi n g  c a n  b e  r e a dil y
i n cl u d e d  i n  pri n ci pl e.  Si n c e  t h e  s p e ci fi cs  of  t h e  d e p h as-
i n g  ar e  u n k n o  w n  t o  t h e  f e e d b a c k  c o ntr oll er,  t h e  fi d elit y
o pti  mi z ati o n c o n diti o n  of   E q.  (  C 1 5) s h o ul d  b e   m o di fi e d t o

∂ F ψ  +

∂
=   0  =   2  R e   φ − | L dt ( ˆM   ρ est ˆM † ) |ψ + (  C 2 4)

wit h t h e  a v er a g e  d e p h asi n g   m o d el e d  b y  a   Li n d bl a d  st at e
u p d at e

L dt ( ρ )  =
dt 2

2
( σ̂ (1 )

z ρ  ̂σ (1 )
z +  ̂ σ (2 )

z ρ  ̂σ (2 )
z )

+
(1  −   η) dt

2
N̂  ρ N̂   + Ĵ 0 ρ Ĵ

†
0 ,     (  C 2 5 a)

Ĵ 2
0 = 1 −

dt 2

2
(2 ) −

(1  −   η) dt

2
N̂ 2 ,     (  C 2 5 b)

w hi c h  i n cl u d es  b ot h  t h e  e ff e cti v e  si n gl e- q u bit  d e p h asi n g
a n d t h e r esi d u al   m e as ur e  m e nt  d e p h asi n g  d u e t o i  m p erf e ct

e  ffi ci e n c y  η   <  1.   H o  w e v er, i n cl u di n g t his  d e p h asi n g  o v er
t h e  si n gl e ti  m e  st e p dt  will  o nl y  a d d  c orr e cti o ns  of  or d er
dt   t o  t h e  d et er  mi nisti c  f e e d b a c k  f u n cti o n  Q  ( ρ est )  i n   E q.
(  C 1 9),    w hi c h  is  alr e a d y  s u b d o  mi n a nt,  s o  t h e  d e p h asi n g
c orr e cti o ns c a n als o b e s af el y n e gl e ct e d.

4.   Li n e a r f e e d b a c k st o c h asti c  S c h r ö di n g e r e q u ati o n

Ass u  mi n g i d e all y  e  ffi ci e nt li n e ar  f e e d b a c k i n t h e  f or  m
of   E q.   (  C 1 9),    w e  c a n  als o  d eri v e  a n  e ff e cti v e  st o c h asti c
S c hr ö di n g er  e q u ati o n t h at  d es cri b es t h e f e e d b a c k  d y n a  m-
i cs. F or si  m pli cit y, c o nsi d er f e e d b a c k dri v es of t h e   mi ni  m al
f or  m

(t) =    P ( ρ est )r(t),    =    c ,     (  C 2 6)

wit h   a   c o  m  m o n   s c ali n g   c o nst a nt    s et  t o    m at c h  t h e
e ns e  m bl e- a v er a g e    m e as ur e  m e nt- d e p h asi n g  r at e.   F or  t h e
c or ot ati n g   dri v e,   t h e   t u n a bl e   st at e- esti  m at e- d e p e n d e nt
f u n cti o n  P ( ρ est )   s c al es  t h e    m e as ur e  m e nt  r e c or d,   a g ai n
ass u  mi n g   z er o  ti  m e   d el a y  f or   c o n v e ni e n c e,    w hil e  t h e
str e n gt h  of  t h e  c o u nt er-r ot ati n g  dri v e  c a n  b e  r el ati v el y
t u n e d   wit h t h e di  m e nsi o nl ess c o nst a nt c .

F oll o  wi n g  t h e  f or  m  of  t h e  u p d at e  i n    E q.   (  C 1 4),  t h e
r e n or  m ali z e d st at e aft er  b ot h   m e as ur e  m e nt a n d t h e  u nit ar y
f e e d b a c k dri v e is

|ψ (  t +   dt )   =
Û ,   ,dt ,r ˆM r

ψ  | ˆM
†
r ˆM r |ψ

|ψ    .     (  C 2 7)

I n t his  z er o- d el a y  c as e,  usi n g t h e   w hit e  n ois e  a p pr o xi  m a-
ti o n f or t h e r e a d o ut i n   E q. (  B 1), t h e f or  m  of t h e   m e as ur e-
m e nt  o p er at or  i n   E q.    (  B 9),  a n d  t h e  f or  m  of  t h e  c o ntr ol
u nit ar y i n   E q.  (  C 4 a) yi el ds t h e f oll o  wi n g c o  m p osit e u p d at e
m a p t o or d er   dt , r e c alli n g t h at (r  dt) 2 =   τ  dt  + O (dt 3 / 2 ):

Û ,   ,dt ,r ˆM r

ˆM
†
r ˆM r

≈ Î  +   (r  dt)
N̂   − N̂

2 τ
+    P

Ŷ +

2 i

+   dt    c
Ŷ −

2 i
+

P

2

Ŷ +

2 i
( N̂   − N̂   )

−
dt

2

N̂ 2 +   2 N̂ N̂    −   3 N̂ 2

4 τ

−   τ (   P ) 2 Ŷ +

2 i

2

. (  C 2 8)

Aft er  s u bstit uti n g t h e   w hit e  n ois e r el ati o n   r  dt  = N̂   dt  +√
τ  d  W   a n d    writi n g  t h e    m e as ur e  m e nt  ti  m e  τ  =   1 / 2    i n

t er  ms  of t h e  d e p h asi n g r at e    , ass u  mi n g  p erf e ct e  ffi ci e n c y
η  =   1,  t his  yi el ds  a  st o c h asti c  S c hr ö di n g er  e q u ati o n  t h at
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i n cl u d es (i nst a nt a n e o us a n d p erf e ctl y e  ffi ci e nt) f e e d b a c k:

d  |ψ    =
2

d  W   ( N̂   − N̂   ) −   i
P

2
Ŷ + |ψ

−   i
2

dt   c Ŷ − +
P

2
Ŷ + ( N̂   + N̂   )   |ψ

−
2

dt
( N̂   − N̂   ) 2

2
+

P 2

8
Ŷ 2

+ |ψ    .     (  C 2 9)

5.   C o r r es p o n d e n c e of  d et e r  mi nisti c a n d
r e c o r d- d e p e n d e nt f e e d b a c k

T h e  o pti  m al  pr ot o c ols  d eri v e d  i n   A p p e n di c es   C  1   a n d
C  2   ar e e q ui v al e nt  u n d er a s p e ci al c h oi c e  of st at e esti  m at e.
I n p arti c ul ar,   E q. (  C 1 4) c a n b e r e arr a n g e d as

F ψ  + =    ψ + | Û ,   ,dt ,r

ˆM r ρ est ˆM
†
r

Tr[ ˆM
†
r ˆM r ρ est ]

Û
†

,   ,dt ,r |ψ +

=    ψ + | Û ,   ,dt ,r ρ est Û
†

,   ,dt ,r |ψ + ,     (  C 3 0)

w hi c h  is  e q ui v al e nt  t o  usi n g  t h e   B a y esi a n- u p d at e d  st at e
ρ est f or t h e  d et er  mi nisti c  f e e d b a c k i n   E q.  (  C 8).   T h us, t h e
o pti  m al  f e e d b a c k  t h at  i n cl u d es  t h e  li n e ar  f e e d b a c k  t er  m
[ E q. (  C 1 9)] is i  m pli citl y r e ali z e d b y a p pl yi n g d et er  mi nisti c
f e e d b a c k [ E q. (  C 1 1 a)]  o n t h e   B a y esi a n- u p d at e d st at e.

T his   h as  i  m p ort a nt   pr a cti c al  c o ns e q u e n c es.    T h e  f a ct
t h at  t h e    m e as ur e  m e nt- d e p e n d e nt  f e e d b a c k  r e q uir es  st at e
tr a c ki n g    miti g at es  its  p ot e nti al  a d v a nt a g e  o v er  t h e  d et er-
mi nisti c  f e e d b a c k.  I n  a  st at e-i n d e p e n d e nt li n e ar  f e e d b a c k
pr ot o c ol s u c h  as t h at  of   R ef. [ 3 8 ], f e e d b a c k  c a n  b e i  m pl e-
m e nt e d i n  h ar d  w ar e,  eli  mi n ati n g  c o  m p ut ati o n al  o v er h e a d.
H o  w e v er,  si n c e  st at e  esti  m ati o n is r e q uir e d   wit h  b ot h t h e
r e c or d- d e p e n d e nt  a n d r e c or d-i n d e p e n d e nt  e x pr essi o ns   w e
d eri v e d, it is  o pti  m al t o c o  m p ut e t h e c o  m p ut ati o n all y si  m-
pl er  d et er  mi nisti c  e x pr essi o n  i n   E q.   (  C 8)  aft er  p erf or  m-
i n g  t h e   B a y esi a n  u p d at e.  I n  t his  c as e,  t h e  r e c or d  d e p e n-
d e n c e e nt ers t h e f e e d b a c k i  m pli citl y t hr o u g h t h e   B a y esi a n
u p d at e.

F or   c o  m pl et e n ess,    w e   c o  m p ar e   si  m ul ati o ns   of   t  w o
a p pr o a c h es i n Fi g.  9 .   T h e l eft c ol u  m n d e pi cts d et er  mi nisti c
f e e d b a c k,   w hi c h us es o nl y t h e o pt, 0 t er  m fr o  m   E q. (  C 1 1 a).
T h e  ri g ht  c ol u  m n  d e pi cts  r e c or d- pr o p orti o n al  f e e d b a c k,
w hi c h us es o nl y t h e  first t er  m i n   E q.   (  C 2 0 a), i. e.,

P ( ρ est ) =
R e  ρ ψ  +  ,φ +

ρ ψ  + −   ρ φ −
+

2  R e ρ ψ  +  ,φ − R e  ρ φ +  ,φ −

( ρψ  + −   ρ φ − ) 2

≈
R e  ρ ψ  +  ,φ +

ρ ψ  + −   ρ φ −
. (  C 3 1)

T his is  c h os e n  o n t h e  b asis t h at t h e  c o h er e n c e   R e ρ ψ + ,φ −

a n d  t h e    m e as ur e d N̂    ar e  pr o p orti o n al  t o
√

ρ φ − a n d  s o
b e c o  m e s  m all  n e ar  |ψ + . I n cl u di n g r, t h e  n ois e   will  d o  m-
i n at e  o v er  d et er  mi nisti c  t er  ms  i n   E q.  (  C 1 9),  s o o pt dt  ≈

( a) ( b)

( c) ( d)

FI  G.  9.     Fi d elit y F (t)   t o  t ar g et  |ψ + ,   c o  m p ari n g   d et er  mi n-
isti c  f e e d b a c k o pt, 0 ( ρ )  (l eft)  t o  r e c or d- pr o p orti o n al  f e e d b a c k

o pt, 1 ( ρ )  =   η    P ( ρ )r  (ri g ht),   wit h  1/ f   n ois e 2 =   1 / 5 2  µ  s −  1 ,

D  D / 2 π   =   1 0    M  H z,   η  =   1 / 2,   τ d =   5 0 0  ns,  a n d    =   1   µ  s −  1 .
( a),( b)    O v erl ai d  e ns e  m bl e  of  1 0 0  tr aj e ct ori es  (tr a nsl u c e nt  p ur-
pl e)  hi g hli g hti n g  o n e  tr aj e ct or y  ( d ar k  p ur pl e)  a n d  t h e  e ns e  m-
bl e   a v er a g e  ( bl a c k).    D et er  mi nisti c  f e e d b a c k  i n  ( a)  st a bili z es
t h e  e ns e  m bl e    m e a n  o v er  ti  m e,    w hil e  pr o p orti o n al  f e e d b a c k  i n
( b)    wit h  a  d el a y e d  r e c or d  r(t −   τ d )  d o es  n ot  r eli a bl y  st a bili z e
all  tr aj e ct ori es.  ( c),( d)    C o  m p aris o n  of  t h e  d et er  mi nisti c  dri v e

o pt, 0 [ρ ( t)]/ η    r(t −   τ d ) s c al e d b y t h e d el a y e d r e c or d ( bl a c k) a n d
t h e e n v el o p e P [ρ ( t −   τ d )] us e d i n pr o p orti o n al f e e d b a c k   wit h n o
f or  w ar d esti  m ati o n ( a q u a).  F or  d et er  mi nisti c f e e d b a c k i n ( c), t h e
dri v e o pt, 0 i s  c o  m p ut e d  a n d  us e d t o  g et t h e  hi g hli g ht e d tr aj e c-
t or y i n ( a)  first, t h e n P   is  c o  m p ut e d f or t h at  o bs er v e d tr aj e ct or y
a n d s h o  ws cl os e a gr e e  m e nt t o t h e d et er  mi nisti c e n v el o p e (i ns et).
F or  pr o p orti o n al f e e d b a c k i n ( d), t h e  P   is  c o  m p ut e d  a n d  us e d t o
g et t h e hi g hli g ht e d a n d st a bili z e d tr aj e ct or y i n ( b) first, t h e n o pt, 0

i s c o  m p ut e d, b ut s h o  ws p o or a gr e e  m e nt.

η    P [ρ ] r dt  s o l o n g  as t h e  f e e d b a c k  r e  m ai ns  cl os e t o t h e
o pti  m al tr aj e ct or y.

T h e  d et er  mi nisti c f e e d b a c k i n  Fi g.   9( a)  st a bili z es   m or e
r eli a bl y t h a n t h e  pr o p orti o n al  f e e d b a c k i n  Fi g.  9( b) .   T his
m a k es s e ns e gi v e n t h at t h e d et er  mi nisti c f e e d b a c k i n cl u d es
t h e  z er o- or d er t er  m   w hil e  als o i n cl u di n g  r e c or d i nf or  m a-
ti o n i  m pli citl y,   w h er e as t h e pr o p orti o n al f e e d b a c k e x cl u d es
t h e  z er o- or d er t er  m. I nt er esti n gl y, f or t h e  hi g hli g ht e d tr a-
j e ct or y st a bili z e d   wit h d et er  mi nisti c f e e d b a c k, t h e f or  w ar d-
esti  m at e d  dri v e o pt, 0 [ρ est (t)]/ η    r(t −   τ d )  s c al e d  b y  t h e
d el a y e d  r e c or d i n  Fi g.  9( c)  ( bl a c k) is i n  cl os e  a gr e e  m e nt
wit h t h e   P [ρ est (t −   τ d )] t h at   w o ul d h a v e b e e n c al c ul at e d f or
t h at tr aj e ct or y wit h o ut f or  w ar d esti  m ati o n  ( a q u a).  T his s u p-
p orts t h e i nt uiti o n t h at t h e  d et er  mi nisti c f e e d b a c k i  m pli c-
itl y i n cl u d es t h e r e c or d i nf or  m ati o n, a n d als o c o n fir  ms t h at
t h e  pr o p orti o n al  t er  m  is  t h e  d o  mi n a nt  e ff e ct    m ost  of  t h e
ti  m e.   H o  w e v er, f or a tr aj e ct or y st a bili z e d   wit h pr o p orti o n al
f e e d b a c k  o nl y, t h e  us e d  P   i n  Fi g. 9( d)  ( a q u a)  s h o  ws  p o or
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a gr e e  m e nt    wit h  t h e  dri v e o pt, 0 / η    r  ( bl a c k)  t h at    w o ul d
h a v e  b e e n  c al c ul at e d.   T his  s u g g ests  t h at  t h e  i nfr e q u e nt,
l ar g e dis cr e p a n ci es b et  w e e n o pt, 0 a n d  P  i n Fi g. 9( c)  r e pr e-
s e nt  n o nli n e ar  c orr e cti o ns t h at  ar e  criti c al t o t h e f e e d b a c k
s u c c ess.   Wit h o ut t h es e l ar g e c orr e cti o ns i n t h e pr o p orti o n al
f e e d b a c k c as e, t h e d et er  mi nisti c pr ot o c ol al  w a ys pr e di cts a
l ar g e  c orr e cti o n t o r et ur n t o t h e   m or e st a bl e r e gi  m e   w h er e
pr o p orti o n al f e e d b a c k b e c o  m es r eli a bl e.

A P P  E  N  DI  X   D: I   M P  R  O  VI  N  G   F  E  E  D  B  A  C  K
C  O  N  T  R  O  L   WI  T  H   F  O  R   W A  R  D  S  T  A T  E

E S  TI   M  A TI  O  N

T h e  f e e d b a c k  c o ntr ol  d eri v e d  i n  t h e  pr e vi o us  s e cti o n
i g n or e d t h e ti  m e  d el a y τ d b et  w e e n   w h e n t h e   m e as ur e  m e nt
r e c or d  is  c oll e ct e d  a n d  t h e  c o ntr ol  is  a p pli e d.    H o  w e v er,
i n  pr a cti c e,  t his  ti  m e  l a g  is  n e c ess ar y  f or  i nf or  m ati o n  t o
tr a v el  b et  w e e n t h e s yst e  m  a n d   m e as ur e  m e nt  a p p ar at us, s o
c o n c urr e nt  s yst e  m  e v ol uti o n    will  t a k e  pl a c e  d uri n g  t his
d el a y  t h at  s h o ul d  n ot  b e  n e gl e ct e d  i n  t h e  st at e  esti  m at e
ρ est b ei n g  us e d t o  pr e di ct t h e f e e d b a c k  c o ntr ol t h at s h o ul d
b e  a p pli e d.    T h us,  t h e  a p pli e d  f e e d b a c k  c o ntr ol  s h o ul d
a nti ci p at e    w h at  t h e   f ut ur e  st at e  will  b e,  a c c o u nti n g  f or
t h e  e v ol uti o n  b et  w e e n   w h e n t h e   m e as ur e  m e nt i nt er a cti o n
o c c urr e d  i n  t h e  p ast  t o  pr o d u c e  t h e  c oll e ct e d  r e c or d  a n d
w h e n t h e f e e d b a c k si g n al r e a c h es t h e s yst e  m.

W hil e  u nit ar y  c o ntr ol  dri v es  ar e  k n o  w n  a n d    m a y  b e
r e a dil y  a c c o u nt e d  i n  s u c h  a  f or  w ar d  esti  m ati o n  of  t h e
f ut ur e  st at e,  ot h er  t y p es  of  e v ol uti o n  li k e    m e as ur e  m e nt
a n d  fl u ct u ati o ns  ar e  n ot  k n o  w n  d uri n g t h e  d el a y.   As s u c h,
t h e  b est  esti  m at e  o n e  c a n    m a k e  f or  t h e  e v ol uti o n  d uri n g
t h e  d el a y  is  t h e  m e a n  e v ol uti o n    t h at  a v er a g es  o v er  t h e
u n k n o  w ns a n d us es t h e i nf or  m ati o n a b o ut   w h at dri v es h a v e
alr e a d y  b e e n  o ut p ut  b y  t h e  c o ntr oll er  b ut  h a v e  n ot  y et
arri v e d at t h e s yst e  m.

T h e f e e d b a c k l o o p ti  m e d el a y  τ d b et  w e e n   w h e n t h e   m e a-
s ur e  m e nt    mi cr o  w a v e  fi el d  i nt er a cts    wit h  t h e  s yst e  m  a n d
w h e n t h e c orr es p o n di n g f e e d b a c k c o ntr ol  fi el d r e a c h es t h e
s yst e  m c a n b e br o k e n i nt o t hr e e c o n c e pt u al  p arts,

τ d =   τ s→   c +   τ c +   τ c →   s , (  D 1)

w h er e   τ s→   c i s  t h e  ti  m e  of  fli g ht  f or  t h e  r e a d o ut  t o    m a k e
it  t hr o u g h  t h e    m e as ur e  m e nt  c h ai n  t o  t h e  c o ntr oll er,  τ c is
t h e  ti  m e  it  t a k es  f or  t h e  c o ntr oll er  t o  c o  m p ut e  t h e  f e e d-
b a c k t o a p pl y, a n d  τ c →   s i s t h e ti  m e  of  fli g ht f or t h e c o ntr ol
si g n al  t o  r e a c h  t h e  s yst e  m.    T h us,  t h e  c o ntr oll er  s h o ul d
u n d erst a n d  t h e  r e a d o ut  r e c ei v e d  at  ti  m e   t  as  r(t −   τ s→   c ),
m e a ni n g it r e fl e cts i nf or  m ati o n i n t h e s yst e  m st at e at a ti  m e
τ s→   c i n t h e  p ast,  b ut it s h o ul d iss u e a c o ntr ol si g n al t h at is
a p pr o pri at e f or t h e f ut ur e s yst e  m st at e  ρ ( t −   τ s→   c +   τ d ) =
ρ ( t +   τ c +   τ c →   s ).   H o  w e v er, t his  disti n cti o n is u ni  m p ort a nt
f or t h e c o ntr oll er,   w hi c h c a n o p er at e   wit h a s hift e d i nt er n al
cl o c k ti  m e  t →    t +   τ s→   c s o t h at its i nt er n al  t is   m at c h e d t o
t h e ti  m e  of t h e   m e as ur e  m e nt i nt er a cti o n   wit h t h e  p ast s ys-
t e  m  st at e,  i n   w hi c h  c as e  it  c a n  ass u  m e  t h at  it  r e c ei v es  a

si g n al r(t) a n d   m ust o ut p ut a f e e d b a c k si g n al f or t h e f ut ur e
st at e ρ ( t +   τ d ) a f ull d el a y ti  m e  τ d i n t h e f ut ur e.

Ot h er  t h a n  t his  f ull  d el a y  ti  m e   τ d ,  t h e  o nl y  i  m p ort a nt
ti  m es c al e  f or  t h e  f e e d b a c k  is  t h e  pr o c essi n g  ti  m e  of  t h e
c o ntr oll er τ c .   T his ti  m e s ets t h e   mi ni  m u  m d ur ati o n r e q uir e d
t o c h a n g e t h e  o ut p ut f e e d b a c k c o ntr ol si g n al.   W h er e as t h e
r e a d o ut of t h e s yst e  m is   m o d el e d as a dis cr et e pr o c ess   wit h
ti  m e  st e p dt  a c c or di n g t o   E q.  (  B 2), t h e r e a d o ut  pr o c ess e d
b y  t h e  c o ntr oll er  is  b u ff er e d  a n d  a v er a g e d  i n  l ar g er  bi ns
of  d ur ati o n  τ c t o  pr o d u c e t h e  v al u es  ̃r (t).  I n t his   w a y,  n o
si g n al is l ost  d uri n g t h e  pr o c essi n g ti  m e,  b ut t h e c o ntr oll er
is  n e v ert h el ess r estri ct e d t o  o ut p utti n g a si g n al t h at is ti  m e
st e p p e d i nt o  bi ns  n o  fi n er t h a n its  pr o c essi n g ti  m e  τ c .  F or
t h e  p ur p os es  of t his   w or k,   w e  ass u  m e t h at t his  pr o c essi n g
ti  m e is   w h at s ets t h e o v er all c o ntr ol ti  m e st e p δ t =   τ c i n t h e
a n al ysis.

Wit h  t h e  s hift e d  cl o c k,  t h e  f e e d b a c k  c o ntr oll er  s h o ul d
tr a c k a n i nt er n al st at e esti  m at e ρ est (t) c orr es p o n di n g t o t h e
a ct u al s yst e  m st at e  ρ s ys (t) t h at pr o d u c e d t h e r e c ei v e d r e a d-
o ut   ̃r (t).  It  s h o ul d  t h e n  ass u  m e  t h at  t h e  f e e d b a c k  si g n al
will  b e  a p pli e d t o t h e  a p pr o pri at e   f or  w ar d  esti  m at e of t h e
s yst e  m st at e,

ρ est (t +   τ d ) =

τ d / δ t

k =  0

E δ t(t +   k δ t)[ρ est (t)],     (  D 2 a)

E δ t(tk ) = L δ t ◦ U δ t(tk ), (  D 2 b)

t h at   h as   b e e n   e v ol v e d  f or  w ar d   b y    τ d / δ t    ti  m e   st e ps
δ t,  i n cl u di n g  b ot h  k n o  w n  u nit ar y  d y n a  mi cs U δ t(tk )[·] =

Û δ t(tk )(·) Û
†
δ t(tk )  f or  t h e  dri v es  t h at   w er e  alr e a d y  s e nt  b y

t h e c o ntr oll er  d uri n g t h e  pr e c e di n g τ d (  w hi c h  h a v e  n ot  y et
arri v e d at t h e s yst e  m) a n d t h e a v er a g e d e o c h er e n c e L δ t t h at
is a nti ci p at e d  d uri n g e a c h ti  m e st e p δ t o v er t h e  d el a y ti  m e
τ d .

I n  pr a cti c e, t h e  a v er a g e  d e c o h er e n c e is r el ati v el y  s  m all
if  t h e  d el a y  τ d is  s u  ffi ci e ntl y  s h ort,  s o  c a n  b e  n e gl e ct e d
as  a n i niti al  a p pr o xi  m ati o n. I n t his  c as e, t h e f or  w ar d  esti-
m ati o n is  e ntir el y  d et er  mi n e d  b y t h e  s e q u e n c e  of  c o ntr ol
u nit ari es f or t h e  dri v es t h at t h e c o ntr oll er  h as alr e a d y s e nt.
Si n c e  t h e  u nit ar y  g e n er at ors Ŷ ± c o  m  m ut e,  t h e  c o ntr oll er
o nl y  n e e ds  t o  s a v e  a  r u n ni n g  b u ff er  s u  m  of  t h e  e  mitt e d
dri v es,  (    (t),    (t −   δ t), . . . ,    (t −   τ d ))  a n d  (    (t),    (t −
δ t), . . . ,    (t −   τ d )), fr o  m   w hi c h it  c a n  k e e p r u n ni n g  s u  ms

τ d a n d τ d o v er  e a c h  b u ff er  b y  s u btr a cti n g  t h e  ol d est
a n d  a d di n g t h e  n e  w est   w h e n t h e  b u ff er is  u p d at e d  at  e a c h
ti  m e st e p.  T h e f or  w ar d- esti  m ati o n u nit ar y o p er at or us e d f or
si  m ul ati o ns i n t h e   m ai n t e xt is t h e n si  m pl y

Û τ d =   e x p (−  i( τ d
Ŷ + + τ d

Ŷ − ) δ t/ 2 )    (  D 3)

wit h t h e c orr es p o n di n g cl os e d f or  m i n   E q.   (  C 4 a).   T his s ort
of  b u ff eri n g  a n d  c al c ul ati o n is str ai g htf or  w ar d  a n d f ast  o n
a n  F P  G  A c o ntr oll er.

0 2 4 0 2 2- 2 0



S T  A  BI LI ZI  N  G   T   W  O-  Q  U  BI T   E  N T  A  N  G L E  M E  N T. . . P  H  Y S.   R E  V.   A P P LI E  D  2 1,  0 2 4 0 2 2 ( 2 0 2 4)

[ 1]    D a ni el   A.   Li d ar a n d   T o d d   A.   Br u n, Q u a nt u  m   Err or   C orr e c-
ti o n (  C a  m bri d g e   U ni v ersit y  Pr ess,   C a  m bri d g e, 2 0 1 3).

[ 2]   S h y a  m   S h a n k ar,     Mi c h a el     H atri d g e,    Z a ki    L e g ht as,     K.
M.   Sli  w a,    A nir ut h    N arl a,    Uri    V o ol,   St e v e n    M.    Gir vi n,
L ui gi  Fr u n zi o,   M a z y ar   Mirr a hi  mi,  a n d   Mi c h el   H.   D e v or et,
A ut o n o  m o usl y st a bili z e d e nt a n gl e  m e nt b et  w e e n t  w o s u p er-
c o n d u cti n g q u a nt u  m bits,  N at ur e   5 0 4 , 4 1 9 ( 2 0 1 3).

[ 3]    M.   E.   Ki  m c hi- S c h  w art z,   L.   M arti n,   E.  Fl uri n,   C.   Ar o n,   M.
K ul k ar ni,   H.   E.   T ur e ci, a n d I.  Si d di qi,  St a bili zi n g e nt a n gl e-
m e nt vi a s y  m  m etr y-s el e cti v e b at h e n gi n e eri n g i n s u p er c o n-
d u cti n g q u bits,  P h ys.   R e v.   L ett.  1 1 6 , 2 4 0 5 0 3 ( 2 0 1 6).

[ 4]   F.   T a c c hi n o,    A.    A u ff è v es,    M.  F.  S a nt os,  a n d    D.    G er a c e,
St e a d y  st at e  e nt a n gl e  m e nt  b e y o n d  t h er  m al  li  mits,   P h ys.
R e v.   L ett.   1 2 0 , 0 6 3 6 0 4 ( 2 0 1 8).

[ 5]   S h e n g-li   M a,   Xi n- k e   Li,   Xi n- y u   Li u, Ji- k u n   Xi e,  a n d  F u-li
Li, St a bili zi n g   B ell st at es of t  w o s e p ar at e d s u p er c o n d u cti n g
q u bits vi a q u a nt u  m r es er v oir e n gi n e eri n g,  P h ys.   R e v.   A  9 9 ,
0 4 2 3 3 6 ( 2 0 1 9).

[ 6]   S h e n g-li     M a,   Ji n g     Z h a n g,     Xi n- k e     Li,     Ya-l o n g     R e n,
Ji- k u n     Xi e,     Mi n g-t a o     C a o,   a n d    F u-li     Li,     C o u pli n g-
m o d ul ati o n –  m e di at e d   g e n er ati o n   of  st a bl e   e nt a n gl e  m e nt
of  s u p er c o n d u cti n g  q u bits  vi a  dissi p ati o n,  E ur o p h ys.   L ett.
1 3 5 , 6 3 0 0 1 ( 2 0 2 1).

[ 7]    Al a n    C.   S a nt os  a n d    R.    B a c h el ar d,    G e n er ati o n  of    m a xi-
m all y  e nt a n gl e d  l o n g-li v e d  st at es    wit h  gi a nt  at o  ms  i n  a
w a v e g ui d e,   P h ys.   R e v.  L ett.  1 3 0 , 0 5 3 6 0 1 ( 2 0 2 3).

[ 8]    R us k o   R us k o v  a n d   Al e x a n d er   N.   K or ot k o v,   E nt a n gl e  m e nt
of  s oli d-st at e  q u bits  b y    m e as ur e  m e nt,   P h ys.   R e v.   B   6 7 ,
2 4 1 3 0 5 ( 2 0 0 3).

[ 9]    N at h a n  S.    Willi a  ms  a n d   A n dr e  w   N.  J or d a n,   E nt a n gl e  m e nt
g e n esis  u n d er  c o nti n u o us  p arit y   m e as ur e  m e nt,  P h ys.   R e v.
A   7 8 , 0 6 2 3 2 2 ( 2 0 0 8).

[ 1 0]    D.   Rist e,    M.   D u k als ki,   C.   A.    Wats o n,   G.  d e   L a n g e,    M.  J.
Ti g g el  m a n,   Ya   M.   Bl a nt er,   K.   W.   L e h n ert,   R.   N.  S c h o ut e n,
a n d   L.   Di  C arl o,   D et er  mi nisti c  e nt a n gl e  m e nt  of  s u p er c o n-
d u cti n g q u bits b y p arit y   m e as ur e  m e nt a n d f e e d b a c k,  N at ur e
5 0 2 , 3 5 0 ( 2 0 1 3).

[ 1 1]  J os e p h   K er c k h o ff,   H e n dr a  I.   N ur di n,   D  mitri  S.  P a vli c hi n,
a n d    Hi d e o    M a b u c hi,    D esi g ni n g  q u a nt u  m    m e  m ori es    wit h
e  m b e d d e d c o ntr ol:  P h ot o ni c cir c uits f or a ut o n o  m o us  q u a n-
t u  m err or c orr e cti o n, P h ys.   R e v.  L ett.  1 0 5 , 0 4 0 5 0 2 ( 2 0 1 0).

[ 1 2]    R a zi e h    M o hs e ni ni a,  Ji n g   Ya n g,  Irf a n  Si d di qi,   A n dr e  w   N.
J or d a n, a n d J usti n   Dr ess el,   Al  w a ys- o n q u a nt u  m err or tr a c k-
i n g   wit h c o nti n u o us  p arit y   m e as ur e  m e nts, Q u a nt u  m   4 ,  3 5 8
( 2 0 2 0).

[ 1 3]    Willi a  m  P.   Li vi n gst o n,   M a c hi el  S.   Bl o k,   E  m  m a n u el  Fl uri n,
J usti n   Dr ess el,   A n dr e  w   N. J or d a n, a n d Irf a n Si d di qi,   E x p er-
i  m e nt al d e  m o nstr ati o n of c o nti n u o us q u a nt u  m err or c orr e c-
ti o n, N at.   C o  m  m u n.   1 3 , 2 3 0 7 ( 2 0 2 2).

[ 1 4]   S.   H a c o h e n-  G o ur g y,   L.  P.   G ar cí a- Pi nt os,   L.  S.    M arti n,  J.
Dr ess el,  a n d I.  Si d di qi,  I n c o h er e nt  q u bit  c o ntr ol  usi n g t h e
q u a nt u  m   Z e n o e ff e ct,  P h ys.   R e v.  L ett.  1 2 0 , 0 2 0 5 0 5 ( 2 0 1 8).

[ 1 5]    E.   Bl u  m e nt h al,   C.    M or,    A.    A.    Diri n g er,   L.  S.    M arti n,  P.
L e  w all e,    D.    B ur g art h,    K.    B.    W h al e y,  a n d   S.    H a c o h e n-
G o ur g y,   D e  m o nstr ati o n  of  u ni v ers al  c o ntr ol  b et  w e e n  n o n-
i nt er a cti n g q u bits usi n g t h e q u a nt u  m   Z e n o e ff e ct, n pj   Q u a n-
t u  m I nf. 8 , 1 ( 2 0 2 2).

[ 1 6]    Ni c ol as   R o c h,    M olli e   E.  S c h  w art z,  F eli x    M ot z oi,   C hrist o-
p h er   M a c kli n,   R aj a  m a ni   Vij a y,   A n dr e  w   W.   E d di ns,   Al e x a n-
d er   N.   K or ot k o v,   K.   Bir gitt a    W h al e y,   M o h a n  S ar o v ar,  a n d

Irf a n  Si d di qi,   O bs er v ati o n  of   m e as ur e  m e nt-i n d u c e d  e nt a n-
gl e  m e nt  a n d  q u a nt u  m tr aj e ct ori es  of r e  m ot e s u p er c o n d u ct-
i n g q u bits, P h ys.   R e v.   L ett.  1 1 2 , 1 7 0 5 0 1 ( 2 0 1 4).

[ 1 7]   F eli x    M ot z oi,    K.    Bir gitt a    W h al e y,  a n d    M o h a n   S ar o v ar,
C o nti n u o us j oi nt     m e as ur e  m e nt    a n d    e nt a n gl e  m e nt    of
q u bits   i n   r e  m ot e   c a viti es,    P h ys.    R e v.     A    9 2 ,   0 3 2 3 0 8
( 2 0 1 5).

[ 1 8]    C hristi a n   Di c k el, J. J.    Wes d or p,   N.   K.   L a n gf or d,  S.  P eit er,
R a  mir o   S a g asti z a b al,    Al ess a n dr o    Br u n o,    B e n    Cri g er,   F.
M ot z oi,   a n d    L.    Di  C arl o,    C hi p-t o- c hi p   e nt a n gl e  m e nt   of
tr a ns  m o n   q u bits   usi n g   e n gi n e er e d     m e as ur e  m e nt   fi el ds,
P h ys.   R e v.   B  9 7 , 0 6 4 5 0 8 ( 2 0 1 8).

[ 1 9]  J os e p h    K er c k h o ff,    L u c    B o ut e n,    A n dr e  w   Sil b erf ar b,  a n d
Hi d e o    M a b u c hi,  P h ysi c al    m o d el  of  c o nti n u o us  t  w o- q u bit
p arit y   m e as ur e  m e nt i n  a  c a vit y-  Q E  D  n et  w or k,  P h ys.   R e v.
A   7 9 , 0 2 4 3 0 5 ( 2 0 0 9).

[ 2 0]    Ar e e y a    C h a nt asri,    M olli e    E.    Ki  m c hi- S c h  w art z,    Ni c ol as
R o c h, Irf a n  Si d di qi,  a n d   A n dr e  w   N.  J or d a n,   Q u a nt u  m tr a-
j e ct ori es a n d t h eir st atisti cs f or r e  m ot el y e nt a n gl e d q u a nt u  m
bits,  P h ys.   R e v.   X  6 , 0 4 1 0 5 2 ( 2 0 1 6).

[ 2 1]   S.    H a c o h e n-  G o ur g y  a n d    L.  S.    M arti n,    C o nti n u o us    m e a-
s ur e  m e nts f or c o ntr ol of s u p er c o n d u cti n g q u a nt u  m cir c uits,
A d v.  P h ys.:   X   5 , 1 8 1 3 6 2 6 ( 2 0 2 0).

[ 2 2]    L ei g h  S.   M arti n a n d   K.   Bir gitt a   W h al e y,  Si n gl e-s h ot  d et er-
mi nisti c   e nt a n gl e  m e nt   b et  w e e n   n o n-i nt er a cti n g   s yst e  ms
wit h li n e ar o pti cs,   Ar  Xi v: 1 9 1 2. 0 0 0 6 7   ( 2 0 1 9).

[ 2 3]   P hili p p e    L e  w all e,    C yril    El o u ar d,   a n d    A n dr e  w    N.   J or-
d a n,   E nt a n gl e  m e nt- pr es er vi n g li  mit  c y cl es fr o  m s e q u e nti al
q u a nt u  m    m e as ur e  m e nts  a n d  f e e d b a c k,   P h ys.   R e v.   A   1 0 2 ,
0 6 2 2 1 9 ( 2 0 2 0).

[ 2 4]    H.   M.   Wis e  m a n a n d   G. J.   Mil b ur n, Q u a nt u  m   M e as ur e  m e nt
a n d   C o ntr ol  (  C a  m bri d g e   U ni v ersit y  Pr ess,   C a  m bri d g e,   N  Y,
U S  A, 2 0 1 0).

[ 2 5]   S.   G.  S c hir  m er a n d   Xi a oti n g   Wa n g,  St a bili zi n g  o p e n  q u a n-
t u  m  s yst e  ms  b y    M ar k o vi a n  r es er v oir  e n gi n e eri n g,  P h ys.
R e v.   A   8 1 , 0 6 2 3 0 6 ( 2 0 1 0).

[ 2 6]    C o nst a nti n    Brif,    R aj    C h a kr a b arti,   a n d    H ers c h el    R a bit z,
C o ntr ol  of  q u a nt u  m  p h e n o  m e n a:  P ast,  pr es e nt  a n d  f ut ur e,
N e  w. J.  P h ys.   1 2 , 0 7 5 0 0 8 ( 2 0 1 0).

[ 2 7]  Ji n g    Z h a n g,    Y u- xi    Li u,    R e-  Bi n g    W u,    K urt  J a c o bs,  a n d
Fr a n c o   N ori,   Q u a nt u  m f e e d b a c k:   T h e or y, e x p eri  m e nts, a n d
a p pli c ati o ns,  P h ys.   R e p.  6 7 9 , 1 ( 2 0 1 7).

[ 2 8]    G.  d e   L a n g e,    D.    Rist e,    M.  J.   Ti g g el  m a n,    C.   Ei c hl er,   L.
T or n b er g,   G.  J o h a nss o n,   A.    Wallr a ff,   R.   N.  S c h o ut e n,  a n d
L.    Di  C arl o,    R e v ersi n g  q u a nt u  m  tr aj e ct ori es    wit h  a n al o g
f e e d b a c k, P h ys.   R e v.  L ett.  1 1 2 , 0 8 0 5 0 1 ( 2 0 1 4).

[ 2 9]    Cl é  m e nt   S a yri n,  I g or    D ots e n k o,    Xi n g xi n g    Z h o u,    Br u n o
P e a u d e c erf,    T h é o    R y b ar c z y k,   S é b asti e n    Gl e y z es,   Pi err e
R o u c h o n,   M a z y ar   Mirr a hi  mi,   H a dis   A  mi ni,   Mi c h el   Br u n e,
J e a n-  Mi c h el   R ai  m o n d, a n d S er g e   H ar o c h e,   R e al-ti  m e q u a n-
t u  m f e e d b a c k pr e p ar es a n d st a bili z es p h ot o n n u  m b er st at es,
N at ur e   4 7 7 , 7 3 ( 2 0 1 1).

[ 3 0]    N a o ki   Ya  m a  m ot o,   K oji   Ts u  m ur a,  a n d  S hi nji   H ar a,  F e e d-
b a c k  c o ntr ol  of  q u a nt u  m  e nt a n gl e  m e nt i n  a t  w o-s pi n  s ys-
t e  m, A ut o  m ati c a   4 3 , 9 8 1 ( 2 0 0 7).

[ 3 1]    M a z y ar    Mirr a hi  mi  a n d    R a  m o n    Va n    H a n d el,   St a bili zi n g
f e e d b a c k  c o ntr ols  f or  q u a nt u  m  s yst e  ms,  SI  A  M  J.   C o ntr ol
O pti  m.   4 6 , 4 4 5 ( 2 0 0 7).

[ 3 2]    N a o ki    Ya  m a  m ot o,    H e n dr a  I.    N ur di n,    M att h e  w   R.  J a  m es,
a n d I a n   R.  P et ers e n,   A v oi di n g  e nt a n gl e  m e nt  s u d d e n  d e at h

0 2 4 0 2 2- 2 1

https://doi.org/10.1038/nature12802
https://doi.org/10.1103/PhysRevLett.116.240503
https://doi.org/10.1103/PhysRevLett.120.063604
https://doi.org/10.1103/PhysRevA.99.042336
https://doi.org/10.1209/0295-5075/ac2b5c
https://doi.org/10.1103/PhysRevLett.130.053601
https://doi.org/10.1103/PhysRevB.67.241305
https://doi.org/10.1103/PhysRevA.78.062322
https://doi.org/10.1038/nature12513
https://doi.org/10.1103/PhysRevLett.105.040502
https://doi.org/10.22331/q-2020-11-04-358
https://doi.org/10.1038/s41467-022-29906-0
https://doi.org/10.1103/PhysRevLett.120.020505
https://doi.org/10.1038/s41534-022-00594-4
https://doi.org/10.1103/PhysRevLett.112.170501
https://doi.org/10.1103/PhysRevA.92.032308
https://doi.org/10.1103/PhysRevB.97.064508
https://doi.org/10.1103/PhysRevA.79.024305
https://doi.org/10.1103/PhysRevX.6.041052
https://doi.org/10.1080/23746149.2020.1813626
https://arxiv.org/abs/1912.00067
https://doi.org/10.1103/PhysRevA.102.062219
https://doi.org/10.1103/PhysRevA.81.062306
https://doi.org/10.1088/1367-2630/12/7/075008
https://doi.org/10.1016/j.physrep.2017.02.003
https://doi.org/10.1103/PhysRevLett.112.080501
https://doi.org/10.1038/nature10376
https://doi.org/10.1016/j.automatica.2006.12.008
https://doi.org/10.1137/050644793


S  A  C  H  A   G  R E E  N FI E L  D  et al. P  H  Y S.   R E  V.   A P P LI E  D  2 1,  0 2 4 0 2 2 ( 2 0 2 4)

vi a   m e as ur e  m e nt  f e e d b a c k  c o ntr ol i n  a  q u a nt u  m  n et  w or k,
P h ys.   R e v.   A  7 8 , 0 4 2 3 3 9 ( 2 0 0 8).

[ 3 3]    L ei g h    M arti n,  F eli x    M ot z oi,   H a n h a n   Li,    M o h a n  S ar o v ar,
a n d   K.   Bir gitt a   W h al e y,   D et er  mi nisti c g e n er ati o n of r e  m ot e
e nt a n gl e  m e nt   wit h  a cti v e  q u a nt u  m f e e d b a c k,  P h ys.   R e v.   A
9 2 , 0 6 2 3 2 1 ( 2 0 1 5).

[ 3 4]    L.   C.   G.   G o vi a,   A.   Li n g e nf elt er,  a n d   A.   A.   Cl er k,  St a bi-
li zi n g  t  w o- q u bit  e nt a n gl e  m e nt  b y    mi  mi c ki n g  a  s q u e e z e d
e n vir o n  m e nt,  P h ys.   R e v.   R es.  4 , 0 2 3 0 1 0 ( 2 0 2 2).

[ 3 5]    Trist a n    Br o  w n,    E  m er y    D o u c et,    Di e g o    Rist è,    G uil h e  m
Ri b eill,   K at ari n a   Ci c a k,  J o e   A u  m e nt a d o,   R a y  Si  m  m o n ds,
L u k e   G o vi a,   Ar c h a n a   K a  m al, a n d   L e o n ar d o   R a n z a ni,   Tr a d e
o ff-fr e e  e nt a n gl e  m e nt  st a bili z ati o n  i n  a  s u p er c o n d u cti n g
q utrit- q u bit s yst e  m,  N at.   C o  m  m u n.   1 3 , 3 9 9 4 ( 2 0 2 2).

[ 3 6]    E.   D o u c et,   L.   C.   G.   G o vi a,  a n d   A.   K a  m al,  S c al a bl e  e nt a n-
gl e  m e nt  st a bili z ati o n   wit h    m o d ul ar  r es er v oir  e n gi n e eri n g,
Pr e pri nt  Ar  Xi v: 2 3 0 1. 0 5 7 2 5   ( 2 0 2 3).

[ 3 7]   F eli x    M ot z oi,    Eli    H al p eri n,    Xi a oti n g    Wa n g,    K.    Bir gitt a
W h al e y,  a n d  S o p hi e  S c hir  m er,   B a c k a cti o n- dri v e n,  r o b ust,
st e a d y-st at e  l o n g- dist a n c e  q u bit  e nt a n gl e  m e nt  o v er  l oss y
c h a n n els,  P h ys.   R e v.   A  9 4 , 0 3 2 3 1 3 ( 2 0 1 6).

[ 3 8]    R.   Vij a y,   C.    M a c kli n,   D.   H.  Sli c ht er,  S.  J.    We b er,   K.    W.
M ur c h,   R.   N ai k,   A.   N.   K or ot k o v, a n d I.  Si d di qi,  St a bili zi n g
R a bi os cill ati o ns i n a s u p er c o n d u cti n g q u bit usi n g q u a nt u  m
f e e d b a c k, N at ur e   4 9 0 , 7 7 ( 2 0 1 2).

[ 3 9]    Bi b e k   P o k h ar el,    N a  mit    A n a n d,    B e nj a  mi n   F ort  m a n,  a n d
D a ni el    A.   Li d ar,    D e  m o nstr ati o n  of  fi d elit y  i  m pr o v e  m e nt
usi n g  d y n a  mi c al  d e c o u pli n g   wit h  s u p er c o n d u cti n g  q u bits,
P h ys.   R e v.   L ett.  1 2 1 , 2 2 0 5 0 2 ( 2 0 1 8).

[ 4 0]    Vi n a y   Tri p at hi,    H u o   C h e n,    M ost af a    K h e zri,    K a-   Wa    Yi p,
E.    M.   L e v e ns o n- F al k,  a n d    D a ni el    A.   Li d ar,  S u p pr essi o n
of  cr osst al k  i n  s u p er c o n d u cti n g   q u bits   usi n g   d y n a  mi c al
d e c o u pli n g,  P h ys.   R e v.   A p pl.  1 8 , 0 2 4 0 6 8 ( 2 0 2 2).

[ 4 1]    Bi b e k   P o k h ar el  a n d    D a ni el    A.    Li d ar,    D e  m o nstr ati o n  of
al g orit h  mi c q u a nt u  m s p e e d u p,  P h ys.   R e v.   L ett.  1 3 0 , 2 1 0 6 0 2
( 2 0 2 3).

[ 4 2]    K a v e h    K h o dj ast e h,    T á  m as    Er d él yi,   a n d    L or e n z a    Vi ol a,
Li  mits  o n  pr es er vi n g  q u a nt u  m  c o h er e n c e  usi n g   m ulti p uls e
c o ntr ol,  P h ys.   R e v.   A  8 3 , 0 2 0 3 0 5 ( 2 0 1 1).

[ 4 3]    K e nji    K as hi  m a  a n d    N a o ki    Ya  m a  m ot o,    C o ntr ol  of  q u a n-
t u  m s yst e  ms d es pit e f e e d b a c k d el a y, I E E E   Tr a ns.   A ut o  m at.
C o ntr.   5 4 , 8 7 6 ( 2 0 0 9).

[ 4 4]    Ya n a n    Li u,    D a o yi    D o n g,   S e n    K u a n g,  I a n    R.   P et ers e n,
a n d     Hi d e hir o     Y o n e z a  w a,     T  w o-st e p   f e e d b a c k   pr e p ar a-
ti o n  of  e nt a n gl e  m e nt  f or  q u bit  s yst e  ms    wit h  ti  m e  d el a y,
A ut o  m ati c a   1 2 5 , 1 0 9 1 7 4 ( 2 0 2 1).

[ 4 5]    H a dis   A  mi ni,   R a  m   A.  S o  m ar aj u,  I g or   D ots e n k o,   Cl é  m e nt
S a yri n,     M a z y ar     Mirr a hi  mi,   a n d   Pi err e    R o u c h o n,   F e e d-
b a c k st a bili z ati o n of dis cr et e-ti  m e q u a nt u  m s yst e  ms s u bj e ct
t o  n o n- d e  m oliti o n    m e as ur e  m e nts    wit h  i  m p erf e cti o ns  a n d
d el a ys,  A ut o  m ati c a   4 9 , 2 6 8 3 ( 2 0 1 3).

[ 4 6]    C h arl e n e   A h n,   A n dr e  w   C.   D o h ert y, a n d   A n dr e  w J.   L a n d a hl,
C o nti n u o us q u a nt u  m err or c orr e cti o n vi a q u a nt u  m f e e d b a c k
c o ntr ol,  P h ys.   R e v.   A  6 5 , 0 4 2 3 0 1 ( 2 0 0 2).

[ 4 7]    T a yl or    L e e   P atti,    Ar e e y a    C h a nt asri,    L uis   P e dr o    G ar cí a-
Pi nt os,   A n dr e  w   N. J or d a n, a n d J usti n   Dr ess el,   Li n e ar f e e d-
b a c k st a bili z ati o n  of  a  dis p ersi v el y   m o nit or e d  q u bit,  P h ys.
R e v.   A   9 6 , 0 2 2 3 1 1 ( 2 0 1 7).

[ 4 8]    D a ni el    A.   Li d ar,  i n  Q u a nt u  m  I nf or  m ati o n  a n d   C o  m p ut a-
ti o n f or   C h e  mistr y (J o h n   Wil e y   & S o ns,   Lt d,   H o b o k e n,   NJ),
p. 2 9 5.

[ 4 9]   S o u  m y a  Si n g h a    R o y,   T.  S.    M a h es h,  a n d    G.  S.    A g ar  w al,
St ori n g e nt a n gl e  m e nt of n u cl e ar s pi ns vi a   U hri g d y n a  mi c al
d e c o u pli n g,  P h ys.   R e v.   A  8 3 , 0 6 2 3 2 6 ( 2 0 1 1).

[ 5 0]    R.     L. o    Fr a n c o,     A nt o ni o     D’  Arri g o,     Gi us e p p e    F al ci,
Gi us e p p e    C o  m p a g n o,   a n d    Elis a b ett a   P al a di n o,   Pr es er v-
i n g   e nt a n gl e  m e nt   a n d   n o nl o c alit y   i n   s oli d-st at e   q u bits
b y   d y n a  mi c al   d e c o u pli n g,    P h ys.     R e v.     B    9 0 ,   0 5 4 3 0 4
( 2 0 1 4).

[ 5 1]    Tr e v or    M c  C o urt,   C h arl es    N eill,    K e n n y   L e e,   C hris    Q ui n-
t a n a,    Y u    C h e n,   J uli a n    K ell y,   J e ffr e y     M ars h all,    V.    N.
S  m el y a ns ki y,    M. I.   D y k  m a n,   Al e x a n d er   K or ot k o v,  a n d   Et
Al,   L e ar ni n g  n ois e  vi a  d y n a  mi c al  d e c o u pli n g  of  e nt a n gl e d
q u bits,  P h ys.   R e v.   A  1 0 7 , 0 5 2 6 1 0 ( 2 0 2 3).

[ 5 2]    E.  P al a di n o,   Y.   M.   G al p eri n,   G.  F al ci,  a n d   B.   L.   Alts h ul er,
1/f n ois e: I  m pli c ati o ns f or s oli d-st at e q u a nt u  m i nf or  m ati o n,
R e v.   M o d.  P h ys.   8 6 , 3 6 1 ( 2 0 1 4).

[ 5 3]    Al e x a n d er    N.    K or ot k o v,    Q u a nt u  m    B a y esi a n  a p pr o a c h  t o
cir c uit   Q E  D   m e as ur e  m e nt,  Ar  Xi v: 1 1 1 1. 4 0 1 6   ( 2 0 1 1).

[ 5 4]   S.  S.  S zi g eti,  S. J.   A dl o n g,   M.   R.   H us h,   A.   R.   R.   C ar v al h o,
a n d  J.  J.   H o p e,   R o b ust n ess  of  s yst e  m- filt er  s e p ar ati o n  f or
t h e  f e e d b a c k  c o ntr ol   of  a   q u a nt u  m   h ar  m o ni c   os cill at or
u n d er g oi n g  c o nti n u o us  p ositi o n    m e as ur e  m e nt,   P h ys.   R e v.
A   8 7 , 0 1 3 6 2 6 ( 2 0 1 3).

[ 5 5]    M ost af a     K h e zri,    J usti n     Dr ess el,    a n d     Al e x a n d er     N.
K or ot k o v,   Q u bit   m e as ur e  m e nt  err or  fr o  m  c o u pli n g   wit h  a
d et u n e d  n ei g h b or i n cir c uit   Q E  D,  P h ys.   R e v.   A  9 2 ,  0 5 2 3 0 6
( 2 0 1 5).

[ 5 6]    A.  E d di ns, J.   M.   Kr ei k e b a u  m,   D.   M.   T o yli,  E.   M.  L e v e ns o n-
F al k,   A.   D o v e,    W.  P.   Li vi n gst o n,   B.   A.   L e vit a n,   L.   C.   G.
G o vi a,   A.   A.   Cl er k,  a n d  I.  Si d di qi,   Hi g h- e  ffi ci e n c y    m e a-
s ur e  m e nt  of  a n  arti fi ci al  at o  m  e  m b e d d e d  i n  a  p ar a  m etri c
a  m pli fi er,  P h ys.   R e v.   X  9 , 0 1 1 0 0 4 ( 2 0 1 9).

[ 5 7]   F.   L e c o c q,   L.   R a n z a ni,   G.   A.  P et ers o n,   K.   Ci c a k,   X.   Y. Ji n,
R.    W.  Si  m  m o n ds,  J.    D.   T e uf el,  a n d  J.    A u  m e nt a d o,   E  ffi-
ci e nt  q u bit   m e as ur e  m e nt   wit h  a  n o nr e ci pr o c al   mi cr o  w a v e
a  m pli fi er,  P h ys.   R e v.  L ett.  1 2 6 , 0 2 0 5 0 2 ( 2 0 2 1).

[ 5 8]    Al e x a n d er   P.     M.   Pl a c e,   et   al. ,    N e  w    m at eri al   pl atf or  m
f or s u p er c o n d u cti n g tr a ns  m o n  q u bits   wit h  c o h er e n c e ti  m es
e x c e e di n g   0. 3     millis e c o n ds,   N at.     C o  m  m u n.    1 2 ,   1 7 7 9
( 2 0 2 1).

[ 5 9]    G or e n   G or d o n,   G ers h o n   K uri z ki, a n d   D a ni el   A.  Li d ar,   O pti-
m al  d y n a  mi c al  d e c o h er e n c e  c o ntr ol  of  a  q u bit,   P h ys.   R e v.
L ett.  1 0 1 , 0 1 0 4 0 3 ( 2 0 0 8).

[ 6 0]   F ei    Ya n,  P hili p    Kr a nt z,    Y o u n g k y u  S u n g,    M ort e n    Kj a er-
g a ar d,   D a ni el   L.   C a  m p b ell,   T err y  P.   Orl a n d o,  Si  m o n   G us-
t a vss o n,  a n d    Willi a  m   D.   Oli v er,   T u n a bl e  c o u pli n g  s c h e  m e
f or i  m pl e  m e nti n g  hi g h- fi d elit y t  w o- q u bit  g at es,  P h ys.   R e v.
A p pl.   1 0 , 0 5 4 0 6 2 ( 2 0 1 8).

[ 6 1]    Ri c c ar d o   P or otti,    A nt oi n e    Essi g,    B e nj a  mi n    H u ar d,   a n d
Fl ori a n    M ar q u ar dt,   D e e p r ei nf or c e  m e nt l e ar ni n g f or  q u a n-
t u  m  st at e  pr e p ar ati o n   wit h   w e a k  n o nli n e ar   m e as ur e  m e nts,
Q u a nt u  m   6 , 7 4 7 ( 2 0 2 2).

[ 6 2]    Ri c c ar d o  P or otti,    Vitt ori o  P e a n o,  a n d  Fl ori a n    M ar q u ar dt,
Gr a di e nt- as c e nt   p uls e   e n gi n e eri n g    wit h  f e e d b a c k,    P  R  X
Q u a nt u  m   4 , 0 3 0 3 0 5 ( 2 0 2 3).

0 2 4 0 2 2- 2 2

https://doi.org/10.1103/PhysRevA.78.042339
https://doi.org/10.1103/PhysRevA.92.062321
https://doi.org/10.1103/PhysRevResearch.4.023010
https://doi.org/10.1038/s41467-022-31638-0
https://arxiv.org/abs/2301.05725
https://doi.org/10.1103/PhysRevA.94.032313
https://doi.org/10.1038/nature11505
https://doi.org/10.1103/PhysRevLett.121.220502
https://doi.org/10.1103/PhysRevApplied.18.024068
https://doi.org/10.1103/PhysRevLett.130.210602
https://doi.org/10.1103/PhysRevA.83.020305
https://doi.org/10.1109/TAC.2008.2010969
https://doi.org/10.1016/j.automatica.2020.109174
https://doi.org/10.1016/j.automatica.2013.06.012
https://doi.org/10.1103/PhysRevA.65.042301
https://doi.org/10.1103/PhysRevA.96.022311
https://doi.org/10.1103/PhysRevA.83.062326
https://doi.org/10.1103/PhysRevB.90.054304
https://doi.org/10.1103/PhysRevA.107.052610
https://doi.org/10.1103/RevModPhys.86.361
https://arxiv.org/abs/1111.4016
https://doi.org/10.1103/PhysRevA.87.013626
https://doi.org/10.1103/PhysRevA.92.052306
https://doi.org/10.1103/PhysRevX.9.011004
https://doi.org/10.1103/PhysRevLett.126.020502
https://doi.org/10.1038/s41467-021-22030-5
https://doi.org/10.1103/PhysRevLett.101.010403
https://doi.org/10.1103/PhysRevApplied.10.054062
https://doi.org/10.22331/q-2022-06-28-747
https://doi.org/10.1103/PRXQuantum.4.030305


S T  A  BI LI ZI  N  G   T   W  O-  Q  U  BI T   E  N T  A  N  G L E  M E  N T. . . P  H  Y S.   R E  V.   A P P LI E  D  2 1,  0 2 4 0 2 2 ( 2 0 2 4)

[ 6 3]    E.  P al a di n o,   Y.   M.   G al p eri n,   G.  F al ci,  a n d   B.   L.   Alts h ul er,
1/f n ois e: I  m pli c ati o ns f or s oli d-st at e q u a nt u  m i nf or  m ati o n,
R e v.   M o d.  P h ys.   8 6 , 3 6 1 ( 2 0 1 4).

[ 6 4]    H u o   C h e n a n d   D a ni el   A.   Li d ar,   H  O  Q S T:   H a  milt o ni a n o p e n
q u a nt u  m s yst e  m t o ol kit,  C o  m  m u n.  P h ys.   5 , 1 1 2 ( 2 0 2 2).

[ 6 5]    Vi n a y   Tri p at hi,   H u o   C h e n,   Eli   L e v e ns o n- F al k,  a n d   D a ni el
A.    Li d ar,     M o d eli n g  l o  w-   a n d   hi g h-fr e q u e n c y   n ois e  i n
tr a ns  m o n    q u bits     wit h   r es o ur c e- e  ffi ci e nt     m e as ur e  m e nt,
Ar  Xi v: 2 3 0 3. 0 0 0 9 5   ( 2 0 2 3).

[ 6 6]    K a   Wa   Yi p,   O p e n-s yst e  m   m o d eli n g  of  q u a nt u  m a n n e ali n g:
T h e or y a n d a p pli c ati o ns,  Ar  Xi v: 2 1 0 7. 0 7 2 3 1   ( 2 0 2 1).

[ 6 7]  J o n as     B yl a n d er,   Si  m o n     G ust a vss o n,   F ei     Ya n,   F u  mi ki
Y os hi h ar a,   K h alil   H arr a bi,   G e or g e  Fit c h,   D a vi d   G.   C or y,
Yas u n o b u    N a k a  m ur a,   J a  w- S h e n    Ts ai,   a n d     Willi a  m    D.
Oli v er,   N ois e  s p e ctr os c o p y t hr o u g h  d y n a  mi c al  d e c o u pli n g
wit h a s u p er c o n d u cti n g fl u x q u bit,   N at. P h ys.   7 , 5 6 5 ( 2 0 1 1).

[ 6 8]    R.   Tr a p p e n,  et  al. ,   D e c o h er e n c e  of  a t u n a bl e  c a p a citi v el y
s h u nt e d  fl u x q u bit,  Ar  Xi v: 2 3 0 7. 1 3 9 6 1   ( 2 0 2 3).

[ 6 9]   F.   Y os hi h ar a,   K.   H arr a bi,   A.   O.   Nis k a n e n,   Y.   N a k a  m ur a,
a n d J.  S.   Ts ai,   D e c o h er e n c e  of  fl u x  q u bits  d u e t o  1 / f   fl u x
n ois e,  P h ys.   R e v.  L ett.  9 7 , 1 6 7 0 0 1 ( 2 0 0 6).

[ 7 0]    D a ni el   Li d ar, O p e n   Q u a nt u  m S yst e  ms   ( u n p u blis h e d).

0 2 4 0 2 2- 2 3

https://doi.org/10.1103/RevModPhys.86.361
https://doi.org/10.1038/s42005-022-00887-2
https://arxiv.org/abs/2303.00095
https://arxiv.org/abs/2107.07231
https://doi.org/10.1038/nphys1994
https://arxiv.org/abs/2307.13961
https://doi.org/10.1103/PhysRevLett.97.167001

	I. INTRODUCTION
	II. STATE STABILIZATION PROTOCOL
	A. Modeling the feedback controller
	B. Evolution with decoherence and measurement
	C. Forward estimation
	D. Optimized feedback

	III. NUMERICAL SIMULATIONS
	A. Optimal feedback strategy
	B. Optimizing control parameters
	C. Optimality of forward estimation

	IV. CONCLUSION AND DISCUSSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: MODELING DEPHASING
	1. Lindblad decoherence
	2. Non-Markovian fluctuator noise
	3. Markovian white noise
	4. Calibrating the fluctuation strength for a target dephasing rate
	5. Effective dephasing rate with constant dynamical decoupling Rabi drive

	B. APPENDIX B: MEASUREMENT MODEL
	1. Derivation of the measurement operator
	2. Inefficient measurement

	C. APPENDIX C: DERIVATION OF FEEDBACK PROTOCOLS
	1. Optimal feedback without measurement or dephasing
	2. Optimal feedback with measurement but no dephasing
	3. Optimal feedback with measurement and dephasing
	4. Linear feedback stochastic Schrödinger equation
	5. Correspondence of deterministic and record-dependent feedback

	D. APPENDIX D: IMPROVING FEEDBACK CONTROL WITH FORWARD STATE ESTIMATION

