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states and parameters of the governing partial differential equation (PDE) are approximated via
truncated conditional Karhunen-Loéve expansions (cKLEs). Uncertainty in the inverse solution is
quantified via the posterior distribution of cKLE coefficients formulated with independent stan-
dard normal priors and a likelihood containing PDE residuals evaluated over the computational
domain. The maximum a posteriori (MAP) estimate of the cKLE coefficients is found by mini-
mizing a loss function given (up to a constant) by the negative log posterior. The posterior is
sampled by adding zero-mean Gaussian noises into the MAP loss function and minimizing the loss
for different noise realizations. For linear and low-dimensional nonlinear problems, we show that
the rPICKLE posterior converges to the true Bayesian posterior. For high-dimensional non-linear
problems, we obtain rPICKLE posterior approximations with high log-predictive probability. For a
low-dimensional problem, the traditional Hamiltonian Monte Carlo (HMC) and Stein Variational
Gradient Descent (SVGD) methods yield similar (to rPICKLE) posteriors. However, both HMC and
SVGD fail for the high-dimensional problem. These results demonstrate the advantages of rPICKLE
for approximately sampling high-dimensional posterior distributions.

1. Introduction

Inverse uncertainty quantification (IUQ) problems are ubiquitous in the modeling of natural and engineering systems governed by
partial differential equations (PDEs) (e.g., subsurface flow systems, geothermal systems, CO, sequestration, and climate modeling).
IUQ has the same challenges as forward UQ, including the curse of dimensionality (COD), plus additional challenges associated with
the ill-posedness of inverse PDE problems [1,2].

In this work, we are interested in IUQ for the PDE model

L(u(x),yx))=0, xe€Q (€Y

subject to the appropriate boundary conditions, where L is the differential operator acting on the state variable u(x) and the space-
dependent parameter y(x). This PDE can be discretized using a numerical method of choice, or modeled with physics-informed
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machine learning methods such as the physics-informed neural networks (PINNs) [3-5]. In the deterministic inverse setting, point
estimates of y and u were obtained by solving a PDE-constrained optimization problem where the objective function is the sum of
the squared differences between predicted and observed y and u values. Adding regularization, which can be interpreted as prior
knowledge, eliminates the ill-posedness of the inverse problem and leads to the maximum a posteriori (MAP) solution. However,
the PDE-constrained MAP formulation may suffer from the COD. For example, for the diffusion equation model with an unknown
space-dependent diffusion coefficient considered in this work, the MAP computational cost scales as O(n?), where # is the number of
unknown parameters (discrete values of the diffusion coefficient) [6].

Models of natural and engineering systems can have thousands of (unknown) parameters. Several methods have been proposed
for approximating such systems using a smaller number of parameters [7]. These methods include the pilot point method [8,9],
subspace methods using singular value decompositions (SVD) [10], truncated Karhunen-Loéve expansions (KLE) [11], and truncated
conditional KLEs (cKLE) [12]. In the KLE-based approach, the parameter estimation problem is reduced to estimating KLE coefficients.
In [13,6], both the state variable u(x) and space-dependent parameter y(x) were projected onto the cKLE space and the inverse problem
was formulated as a PDE residual least-square minimization problem. This method was termed the physics-informed cKLE (PICKLE)
method. In [6], for a problem with 1000 intrinsic dimensions (the parameter field is represented with a 1000-dimensional truncated
cKLE), it was shown that the PICKLE scales as O(n!-1%) (versus the cubic scaling of MAP). However, MAP and PICKLE do not describe
uncertainty in the estimated parameters.

IUQ problems are commonly formulated in the Bayesian framework [11,14], where the distributions of the unknown parameters
are sought [15,16,12]. When the Bayesian framework is combined with dimension reduction methods, the posterior parameter distri-
bution in the reduced space is estimated, e.g., the distribution of the coefficients in the KLE expansions of parameters fields [11,12].
The posterior can be analytically estimated for linear forward models with Gaussian prior and likelihood models. In more general
scenarios, the posterior computations are intractable [17].

Approximate inference methods either approximate the posterior with a parameterized distribution (variational inference (VI)
methods) or generate a sequence of samples from the posterior (Markov chain Monte Carlo (MCMC) methods) [18]. VI methods opti-
mize parameters in the assumed distribution to minimize the discrepancy between the parameterized and true posterior distributions
based on a specific probabilistic distance metric [19,20]. For example, mean-field VI assumes a fully factorized structure of the pos-
terior distribution [21]. However, such specific structures can yield biased approximations, particularly for the posterior exhibiting
strongly correlated structure [22], which is common in PDE-constrained inversions. Furthermore, mean-field VI commonly underes-
timates the posterior variance, which is undesirable for reliability analysis and risk assessment. Stein Variational Gradient Descent
(SVGD) [23] is a more general variational inference approach that uses a set of particles to approximate the posterior distribution.
SVGD iteratively updates the particle positions by following the functional gradient of the Kullback-Leibler divergence given by a
combination of the weighted gradient of the log-posterior and a kernel-based term. SVGD can better capture complex, multimodal
posterior distributions [24] than the mean-field VI method. However, it is not immune to the COD [25].

MCMC methods aim to construct multiple chains of posterior parameter samples with stationary distributions equal to the target
posterior distribution. However, MCMC, especially the random-walk MCMC, suffers from the COD. One way to accelerate MCMC
is to reduce the auto-correlation of the Markov chains. Hamiltonian Monte Carlo (HMC) reduces this auto-correlation by making
larger jumps in parameter space using simulated Hamiltonian dynamics and is a common choice for Bayesian statistical models
[26,27]. However, there are challenges in applying HMC to high-dimensional IUQ problems; namely, HMC is also not immune to
COD because the increasing number of unknown parameters generally reduces the sampling efficiency of HMC. Furthermore, the
posterior covariance structure could be poorly conditioned [28] because the posterior distribution has vastly different correlations
between different pairs of parameters. This can lead to biased HMC estimates [26,29]. Nonlinearity in the model generally exacerbates
the complexity of the posterior distribution and increases HMC bias.

Randomized MAP [30] and similar randomization methods such as randomized maximum likelihood [31] and randomize-then-
optimize [32] were proposed as alternatives to VI and MCMC methods for posterior sampling. In the randomized MAP method,
a (deterministic) PDE-constrained optimization problem is replaced with a stochastic optimization problem where the randomized
objective function is minimized subject to the same deterministic PDE constraint as in the standard MAP. The randomized MAP
method has the same cubic dependence on the number of unknown parameters as the MAP method. Therefore, it is limited to
low-dimensional problems.

Other commonly used approximate Bayesian inference methods include the iterative ensemble smoother (IES) and ensemble
Kalman filter (KF) methods [33]. These methods can be combined with machine learning surrogates (e.g., Deep Operator Networks
(DeepONets) [34], Fourier neural operator (FNO) [35], and Karhunen-Loéve Deep neural network (KL-DNN) [36]) to reduce the cost
of multiple forward PDE simulations. In [37], a surrogate model was adaptively fine-tuned for near-optimal parameter values with
online data selected during the Bayesian inference process to improve the model accuracy without a significant computational cost
increase.

In this work, we propose an efficient sampling method for high-dimensional IUQ based on the residual least-square formulation of
the inverse problem. The main ideas of our approach are to add independent Gaussian noise to each term of the objective function in a
residual least-square method and solve the resulting problem for different realizations of the noise terms. The mean and variance of the
noise distributions are chosen so that the ensemble of optimization problem solutions approximates the target posterior distribution.
We test this approach for the PICKLE residual least-square formulation. We apply the “randomized PICKLE” (rPICKLE) method to a
2000-dimensional IUQ problem and demonstrate that it avoids the challenges of sampling complex posterior distributions with ill-
conditioned covariances. Our analysis shows that the distribution of the rPICKLE samples converges to the exact posterior in the linear
case with Gaussian priors. In nonlinear problems, the sampled posterior can deviate from the exact posterior, and these deviations
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can be removed using a Metropolis rejection algorithm. In numerical experiments, we find that such deviations are minor and can be
disregarded.

This paper is organized as follows. In Section 2, we review the PICKLE formulation and present the rPICKLE method for approxi-
mate Bayesian parameter estimation for Eq. (1). In Section 3, we formulate rPICKLE for an IUQ problem arising in groundwater flow
modeling. In Section 4, we test rPICKLE for low-(15) and high-dimensional (2000) parameter estimation problems. A comparison
with HMC and SVGD is provided for the low-dimensional case. Discussion and conclusions are given in Section 5.

2. Randomized PICKLE formulation
2.1. Conditional KLE

Here, we formulate rPICKLE for approximate Bayesian parameter estimation in the PDE model (1). The starting point of rPICKLE
is to model the PDE parameter y(x) and state u(x) in Eq. (1) as random processes y(x,®) and u(x, @), respectively, where @ denotes a

o . I . . Ngbs Ngbs N
point in the corresponding probabilistic outcome space. Given observations u®» = {u;?bS },0y ofuand yobs = { y?bs 1,2, of v, y(x,®)
and u(x,®) can be approximated with truncated cKLEs. For y(x,®), the cKLE takes the form

Ne
Yx®) % 9O =F () + 30\ w0, @
i=1
where J° is the prior mean of y conditioned on y observations and {Aiy }Zﬁ and { l[/’.y (X)}‘Zgl are the leading N, ¢ eigenvalues and

eigenfunctions of the prior covariance of y conditioned on y observations, C; (x,x’). Both 3 and C; (x,x’) reflect the prior knowledge
about y(x) and are obtained via the Gaussian process regression (GPR) equations given in Appendix A. In Eq. (2), £ = [, ....¢ Ni]T isa
vector of random variables with prior independent standard normal distribution. For this prior of &, the (prior) mean and covariance
of j(x,&) are equal, up to the truncation error, to those of y(x,®). Estimating the posterior distribution of &, i.e., the distribution
constrained by the governing PDE, is the goal of rPICKLE.

Similarly, the cKLE of u(x, ®) has the form

NW
u(x, @) & 4(x, M) =T X) + ) /Ay on;, ®3)
i=1

where € is the conditional mean of u and {A 111”1 and {1//;‘(1&)}::”1 are the leading eigenvalues and eigenfunctions of C; (x,x’), which
is the prior covariance of u conditioned on u observations. The prior covariance of u is obtained by Monte Carlo sampling of the
solution of Eq. (1) as described in Appendix A. As in the cKLE of y, {#; }i]i"l are random variables with independent standard normal
prior distribution. The posterior distribution of 7 is estimated as part of the rPICKLE inversion.

2.2. Revisiting PICKLE

We formulate rPICKLE by randomizing the PICKLE loss function. The PICKLE method was presented in [13,6] for solving high-
dimensional inverse PDE problems with unknown space-dependent parameters. In PICKLE, the unknown j(x, E) and #(x, #) fields are
treated as one realization of the random y and u fields, respectively, and & and # are (deterministic) parameters that are found as the
solution of the minimization problem:

&7 =arg rgi_n L) &)
)
_ T B T R P
= argmin - IRE, W5 + 51815 + S+l

where R is the vector of PDE residuals computed on a discretization mesh with a numerical method of choice (finite volume dis-
cretization was used in [13]) and the last two terms are #,-regularization terms with respect to & and #. In Section 2.3, we show
that this PICKLE formulation provides the mode of the joint posterior distribution of & and n given that the likelihood and prior
distributions of £ and n are Gaussian.

Weights w,, w¢, and @, control the relative importance of each term in the loss function. Following [13], we set ®y = w,. This
choice is justified in the Bayesian context because w, and w, are related to the variances of the prior distributions of & and 5, which
are the same and equal to one as stated in Section 2.1. Then, the minimization problem (4) can be re-written as

% .1 = . z -
@) =argmin S IREDIE + SIEI5 + 51l ®)
M

where y = w; /o, = @, /o, is the regularization parameter controlling the relative magnitude of the regularization. The value of y is
selected to minimize the ¢, distance between the PICKLE solutions and reference fields. If the reference fields are unknown, y can be
selected via cross-validation.
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2.3. Bayesian PICKLE

The Bayesian estimate of the posterior distribution of & and 7 in the PICKLE model can be found from the Bayes rule:
_ P& mPE )

J P(Dyes|&. P& mdédn’
where P(&,n) is the joint prior distribution of & and 7. We assume that the prior distributions of £ and n are independent, i.e.,
P(&,n) = P(&)P(). P(D,, &, 1) is the likelihood function, where D, is the collection of PDE residuals. The double integral in the
denominator of Eq. (6) is the normalization coefficient for the posterior distribution to integrate to one.

In PICKLE, cKLEs are conditioned on y and u observations. Therefore, the likelihood function only needs to specify the joint
distribution of PDE residuals. The form of P(D,|&,7) and P(&,7) can be found from the PICKLE loss function L(Z,) by requiring
the PICKLE solution E* and #* to also maximize the posterior probability density P(&,n|D, i.e., by requiring the PICKLE solution
to coincide with the mode of the posterior distribution.

This can be achieved by taking the negative logarithm of both sides of Eq. (6), yielding

P, nIDyes) ©)

res)’

—In[P(&,n|D,.)] = [%L(ﬁ,'l)‘*'c] +1H// P(D, |6, m)P (. md&dn, @

where C is a constant and L(&,n) is the PICKLE loss defined in Eq. (5). The left-hand side of Eq. (7) is the negative logarithm of the
posterior, and we postulated that

—In [P(D,,|EPE )] = %L(& n+C. ©

Since the last term in Eq. (7) is independent of £ and 5, PICKLE solutions & and #* that minimize L(&, ) also maximize P(£, n|D,,;).
We can break down Eq. (8) as

~In[P(D,,,&.m)] = %nmx;m)n% +c), ©
and

1 1
—In[PEm] =S IEl15 + Slimll3 + Co, (10

where C; +C, =C.
In Eq. (9), we can choose C; such that the likelihood is

N
P(D,, &1 = < ) exp (-3 REDTE RED). an

2ro,

where %, = 021 and 62 =y. As desired, this likelihood states that the PDE residuals have zero mean.
Similarly, in Eq. (10), we can choose C, such that the prior is
N N
1 1

n

P, m=

1 _ 1 _
exp (-567%; 16— 50"z ). (12)
2ro 270, 2 2 "
¢ n

where Z,= 621 (62 =1) and z,= 621 (6% = 1). In other words, the prior distribution of & and 7 is independent and standard normal.
Recall that this is consistent with the definition of & and 7 in Section 2.1. With these independent and standard normal prior, the
mean and the covariance of the y and u fields estimated from observations can be recovered, up to the truncation error, from their
cKLEs.

2.4. rPICKLE: randomization of the PICKLE loss function

Computing the double integral in Eq. (6) is computationally intractable for high-dimensional & and 7. In this section, we introduce
the proposed rPICKLE method, which approximately samples the posterior distribution without computing this integral. In rPICKLE,
the PICKLE loss function is randomized as

1 1
L'¢mo.ap=IRED-olf + 71§ - al, (13)
1 2
+ 5l B,

where o, a, and f are independent zero-mean random noise vectors with covariances X, =X, = arzl, Ty =% = I, and =%, = 1,

respectively. Then, the samples of the posterior distribution P(&,|D,.,,) are generated by repeatedly solving the minimization problem

(3% ) =argﬂélinn1f(-’§,'l; o,a,p), 14
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for different realizations of @, a, and f.

The rPICKLE method can be summarized as follows: We draw N, i.i.d. samples of w, a, and g and, for each sample, minimize
the loss (14) to obtain samples (£}, 7;) (i = 1,..., Neys), which approximate the posterior distribution of & and #. Then, we use the
cKLEs (Eq. (2) and (3)) to obtain the samples j(x; 5:‘) and a(x; 11;*) of the predictive posterior distribution of y and u, respectively. The
samples $(x; ;) and 4(x; ;) can be used to compute the distributions of y and u or the leading moments of these distributions. For
example, the first and second moments of the y distribution can be estimated as

NEHS
1 .
Us(X| D) = N I &N, (15)
ens j—|
1 Ne“s
2 ~ Sl EX 2
05(X| D) & N =1 ; P €)= py(XIDye ). (16)

In Section 2.4.1, we analytically show that rPICKLE posterior samples recover the exact posterior of (£,n) for linear problems.
In Section 4.1, for a low-dimensional weakly non-linear problem, we show via comparisons with HMC and SVGD that distributions
approximated with the samples {(g;*,r,;?)}fflﬂs approach the true posterior with increasing N, regardless of the choice of af. In
Section 4.2, we numerically demonstrate for high-dimensional problems that the rPICKLE posterior approximates well the unknown
parameter field. For this problem, we cannot obtain an HMC posterior approximation to validate the rPICKLE ensemble’s convergence
to the true posterior due to the prohibitive computational cost of HMC.

We note that the posterior distribution depends on the choice of arz. If true field y is known, one possible criterion for selecting
the value of af is to minimize the distance between either the MAP estimate yj;op or the mean estimate u;(x|D,,,) and the true
field. Alternatively, when the true field is unknown but some test data {y(x;)} is available, one can select the 03 that maximizes the
log-predictive probability (LPP) of the test data, defined as the sum of the pointwise log-probabilities of the data being observed given
the predictive posterior [38]:

N 2
[15(X;Dyes) — ¥(x))]
LPP=—

Z { 263(x;)

i=1

1 2
+ 3 log[27mﬁ(x,-)]} . 17)

2.4.1. rPICKLE for a linear model

In this section, we prove that rPICKLE samples converge to the exact posterior as N, — oo for linear (with respect to &,7) PDE
residuals of the form R(£,7) = A€ + By —c € RN, with A € RV*Ne B € RV, and ¢ € RV . This proof relies on the fact that the
Bayesian posterior is Gaussian for Gaussian priors on & and 7, and linear R with Gaussian likelihood [38].

First, we find the mean and covariance of the posterior given by Bayes’ rule. Taking the first and second derivatives of both sides
of Eq. (7) with respect to [&,7]7 yields the relationships between the mean Mpos; and covariance %, of the posterior distribution:

Ty-1
ATsS c]‘ 18)

ﬂpasr = Zposz‘ |:BT2—1 c
r

Then, Eq. (7) can be reformulated as:

CRSEACRS
NGRSO ek

Differentiating Eq. (19) twice with respect to [£,7]7 yields the expression for 2 ostt

-1
ATz A+x7 BTZIIA
post = ¢ (20)

-1 —1 —
ATI'B BT B+

Next, we derive the mean and covariance of £* and n* given by rPICKLE (Eq. (13)). For linear R, the randomized minimization
problem (14) is reduced to a linear least-square problem with the solution given by the following system of linear equations:

‘Z_’%’ = [Ag+By- o= A -0 5] + [ - 0)"E; | =0, @D
JaL" Ty-1 T5—1 Ty—1
a—n=[(A§+Bn—c) 2B -o'; B]+[(n—ﬁ) z ]=0, (22)

or

- -1
3 ATZrl(c+a))+E§ a

AT A+ 37! BTZS'A I
; , _ (23)
n* BTZ;I(c+w)+2;1ﬂ :

ATz7'B BTY'B+3!
n

5
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The solution of these equations is:
&l |ATE e+ o)+ 2 e 04
7|~ BTZV_I(C+(0)+Z;_’1[3 ’ (24)

where

-1
AT 1A + 371 BTz1A
— r & r (25)

= “1p -1 -
ATI'B BTE'B+3!

Comparing Egs. (25) and (20) yields £ = % ;. Recall that [, 7*]7 is a function of the random noises (a, f, ). Taking the expectation
of [£*,7*]", we get

e[ _e _2 ATE e+ @) +3
[n*] B B'S (c+o)+2' B

s (AT (e + E[o]) + 3} [E[a]]

BTS¢+ Elo]) + 2, ELB)

=3 (26)

7ATZ;1c] —u
Ty—lo| =
|B X ¢

Comparing Egs. (26) and (18) yields u = p,,,. Next, we prove that X =X, is the covariance of [&*,7*]T. The covariance of

¢ =[&*,1*]"T can be calculated as

pos

EL( - ELEDE - ElED"] (27)

ATz o +3]a
- r & Ty-1 —1 Ty-1 -1
=ZXE [[BTZ,ICO+Z”][$ [A Dy ao+25 a B'E co+2,7 ﬁ] T

M M
=y 11 12] 2,
[le My,

where
My =ATE 'S AE 0" ]+ 25 Elaa ]
M, =B"2 s AE[wo ]
M, =ATS '3 BE[wo ]
My, =B"2 '3 BE[ow” ] + 2;‘ 2;' E[BBT1.
For ¥, =E[lee’ |=%,, X, =E[aa’ | =%, and T, = E(BST) = %, Eq. (27) reduces to
El¢-p¢-w'=227"2=5%,,. 28)

Finally, we note that in rPICKLE, N, samples of { are obtained and used to compute the sample mean and covariance of {. As

N,y — o, the sample mean and covariance converge to their ensemble counterparts.

ens
2.4.2. Metropolis rejection

When the residual R(&,n) is not linear with respect to & and n, rPICKLE samples may deviate from the true posterior. This
deviation, however, can be corrected via Metropolis rejection sampling.
Recall that the random noise vectors », a, and f have an independent joint distribution:

p@,a,p)xexp(-0' = lo—a' T o - ﬂTZEI p). (29)

Next, we define a random vector 6 = R(£*,n*) — @ and assume that there exists an invertible map G : (@, a, f) — (6, £*,n*), where
&* and n* minimize the rPICKLE loss function L". Because p(@, a, ) is known, the joint distribution of (8, £*,%*) can be computed as

(8,8, 1) = p(o, a, B)|det(D)], (30
where f is the probability density function of (5, &*,n*) and J is the Jacobian of the map G defined as
dw,a,p)
j.=2eal) 31)
9(8,&", )

To find this Jacobian, we note that for a general residual function R,

6
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oL"

IdL" o 19R Ty—

oy =65 o +E-a)'z! 32)
L o1 K-y 33)
on on

and (£*,77%) is the solution of (aa]; oL 22T = (. Then, G is implicitly expressed as:
orT 1 *
a=X.= : o6+ ¢&
ﬁ:zﬂ% s+ (34)
o=R(&"n") -5

The explicit form of the Jacobian can then be obtained as

[ do  Jo [

06 o0& onm*
Ja Béa Brlx

Ji=| % &
B %%
056  0E°  on*
[ oR oR
-1 % on
= (=% R ey 25(6.fa )" ® (=18

z orT £l z(”—R)T®(2 1) z( )T®(2 16)

" on onog
- —I =
= . 1 (35)
E¥ 2‘ I+Z( ) ®E, 8|
where ® denotes the tensor product and
s |[Z O
— |~
s 2]

The Jacobian J size is (N, + M) X (N, + M), where M = N, :+ N, and N, is the number of cells in the finite volume mesh
where the PDE residuals are evaluated. However, computing |det(J)| only requires computing the determinant of the M X M Schur

complement as
R ,1 oR _10R
det [1+8 QE'6+S < > > =]
[ < or ) o) T

The computational complexity of evaluating |det(J)| is dominated by the computation of the tensor product and the determinant
itself. The tensor product requires computing N, Hessians of size M x M, and computing each Hessian has complexity O(M?), so
the cost of evaluating the argument of the determinant scales as O(M?) with increasing M for fixed N,. Evaluating the determinant
itself has complexity equivalent to that of M X M matrix multiplication [39], which scales as O(M¢), where 2 < ¢ < 3 is the exponent
of the matrix multiplication algorithm employed. Therefore, for fixed N,, the overall cost of computing |det(J)| scales as O(M ).

Having obtained a closed-form expression for |det(J)|, we formulate the Metropolis rejection method for the rPICKLE as shown in
Algorithm 1. First, the kth samples w;, a;, and g, (k =1, ..., N,,) are independently drawn. Then, the kth samples {, = (fz, r]Z) of the
posterior distribution are found as the solution of the rPICKLE minimization problem (14) for (@, &, ) = (@}, o, ;). The first samples
(k = 1) are automatically accepted. The kth sample (k > 1) is accepted or rejected according to the independent Metropolis-Hastings
(IMH) method [40] with acceptance ratio @ given by

) (€)1 }
. eout ) 38
(&1, 6x) =min { (&) -

where 7(-) is a function proportional to the Bayesian posterior and ¢(-) is the proposal density function, defined as

|det(D)| = (37)

q(C)=/f(57§*,fl*)d6

- / pl@. . B)ldet(D)|d5, (39)

where the mapping from (®, a, ) to (&,7,0) is given by Eq. (34). This marginalization is in general computationally prohibitive;
therefore, following [30], we use the following approximate expression for the acceptance ratio:

e |det(J )|/ 40
a(8y_1,6y) ~ min ,W . (40)
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A number g is drawn from the continuous uniform distribution U (0, 1) and the kth sample is accepted if g < a({;,{;_;). Otherwise,
the kth sample is rejected, i.e., {; is replaced with {;_;.

It should be noted that in this IMH algorithm, the proposal function ¢ is not conditioned on the previous sample. However, the
acceptance ratio depends on the previous sample, and the total transition obeys the Markov property. In the case of the linear R
model considered in Section 2.4.1, every proposal is accepted because the determinant of the Jacobian is a constant and independent
of §.

Algorithm 1 Randomized PICKLE Algorithm.

Require: number of samples N
1: fork=1,..., N, do

ens

2:  Sample random noises ;, ~ N'(0,Z,), &, ~ N'(0,Z,), B, ~ N(0,%,)

3: Propose ¢’ = (&*,77*) by optimizing the randomized loss (14)
4: Calculate acceptance ratio a(¢’,{,_;) = min { 1, % }
5: Sample g ~U(0,1)
6: if g <a(¢’,¢,_,) then
7: ¢, < ¢’ (accept ¢’ and set it as the new state)
8: else
9: ¢ < €y (reject ¢’ and copy the old state forward)
10: end if
11: end for

We now briefly discuss the computational complexity of Algorithm 1. The per-sample cost of rPICKLE is dominated by two
operations: (1) minimizing the randomized loss (14), which depends on N,, M, the residual function, and the iterative minimization
algorithm employed, and (2) evaluating | det(J)|. For the trust region reflective algorithm [41], the cost per minimization iteration
scales as follows: For fixed M and increasing N,, this cost is dominated by the evaluation of the Jacobian 0R /9, which scales as
O(N,) if computed using reverse-mode automatic differentiation. This is consistent with [6] where, for the problem described in
Section 3.1, the overall PICKLE computational cost was found to scale as O(N rus). On the other hand, for fixed N, and increasing
M, the cost per minimization iteration is dominated by the solution of a dense M X M linear problem to find the update direction,
which scales as O(M €), where again ¢ is the exponent of the matrix multiplication algorithm employed.

Assuming that the number of iterations does not depend on M, it follows that the cost of the overall minimization process scales
as O(M¢) with increasing M. This scaling is the same as that of the evaluation of |det(J)|. Nevertheless, when performing the tests
presented in Section 4.1 we find empirically that the per-sample wall-clock cost is dominated by the evaluation of |det(J)|, which
indicates that the wall-clock cost of this operation has a higher constant factor than the minimization operation.

The per-sample computational cost of HMC is proportional to the cost of computing the gradient of the log-posterior (which
scales as O(1) for fixed N, and increasing M) times the number L of leapfrog steps per HMC proposal. The scaling of L with
problem dimension d is known to be O(d'/#) for the simplified case of a posterior consisting of independent, identically distributed
components [42]. However, this scaling is not known for a more general case, and the overall HMC computational complexity for
the problem presented in Section 3.1 cannot be established. In Section 4.4 we empirically find that the efficiency of HMC decreases
with increasing M and decreasing o,, so that HMC becomes prohibitively expensive for sufficiently large problems and sufficiently
small o,.

3. Application to the Hanford Site groundwater flow model
3.1. Governing equations

We test the rPICKLE method for a two-dimensional steady-state groundwater flow model described by the boundary value problem
(BVP)

V- (@®Vux)=0 xeQ (41)
POVu(x) - n(x) = g (X) X EIQy (42)
u(x) =up(x) XE€Qp, (43)

where y(x) is the logarithm of the transmissivity field, u(x) is the hydraulic head, 0Q - is the Neumann boundary, 0Qy, is the Dirichlet
boundary, 02 N 0Qp = @, q,r(X) is the prescribed normal flux at the Neumann boundary, n(x) is the unit normal vector, and up(x)
is the prescribed hydraulic head at the Dirichlet boundary. It is common to treat y(x) as a realization of a correlated Gaussian field.
Also, it was found that solving an inverse problem for y instead of transmissivity decreases the level of non-convexity in optimization
problems [43].

We use a cell-centered finite volume (FV) discretization for Egs. (41)-(43) and the two-point flux approximation (TPFA) to compute
residuals in the rPICKLE objective function. The numerical domain Q is discretized into N finite volume cells, and u(x) and y(x) are
approximated via the u = {u,,...,uy } and y = {y,, ..., yn } vectors of their respective values evaluated at the cell centers {x,...,Xy }.

. . NObs X Nobs
For the inverse problem, we assume there are N;’bs observations of y, y°Ps = { yl‘.’bs}’_fl , and Nlj’bs observations of u, u®? = {u:?bs}’_j‘l .
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Fig. 1. Reference (a) high-dimensional yy, and (b) low-dimensional y, ;, log-transmissivity fields and the corresponding reference (c) high-dimensional uy, and (d)
low-dimensional u; ;, hydraulic head fields. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

3.2. Hanford Site case study

The rPICKLE method is tested for estimating subsurface parameters at the Hanford Site, a U.S. Department of Energy site situated
on the Columbia River in Washington state. We use Egs. (41)-(43) to describe the two-dimensional (depth-averaged) groundwater
flow at the Hanford Site. The ground truth transmissivity field is taken from a previous calibration study reported in [44]. Following
[6], we employ an unstructured quadrilateral mesh with N = 1475 cells to compute PDE residuals.

Fig. 1a shows the ground truth y(x) field. To retain 95% of the variance of this field, a 1000-term cKLE (N, = 1000) is needed. We
denote the ground truth y field as the high-dimensional or yyp field. In the following, we will show that such high dimensionality in
combination with relatively small o, reduces the efficiency of HMC, resulting in prohibitively large computational costs.

To enable a comparison between rPICKLE and baseline approximate Bayesian inference methods (HMC and SVGD), we generate a
lower-dimensional (smoother) y field y; , via iterative local averaging of yyp. Such averaging reduces the variance and increases the
correlation length of the field [45] and, therefore, reduces the dimensionality of the inverse problem. At the kth iteration, for the ith

FV element, we calculate the geometric mean of y;k) over the adjacent j elements and assign this value to y§k+1). Here, yyp = yk=0)

and y; p = y*=39, We find that a 10-term cKLE of y; ; retains 95% of the total variance of this field.

We generate the hydraulic head fields uyp, and u;, corresponding to the yyp and y; fields by solving the Darcy flow equation
with the Dirichlet and Neumann boundary conditions from the calibration study [44] using the previously described FV method.
Fig. 1 shows the yyp and y; , fields and the corresponding u fields. In the PICKLE representation, we set N, = 1000 and N, =5 in
cKLEs of uyp, and u; py, respectively, to retain no less than 95% of the total variance of the hydraulic head field.

The Hanford Site calibration study [44] provides coordinates of 558 wells, with some of these wells located within the same FV
cells. In this work, we only allow a single well per cell resulting in 323 wells. We assume that N;’bs observations of u and N;’bs

9
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Table 1
Values of 62 and / for different cases.

o2 i

Yipy N®=10 0369 0419
yups NJ®=50 3185  0.038
yups NJ® =100 3236  0.035
yups NS =200 2821 0.029

observations of y are available. The locations of these observations are randomly selected from the well locations. The measurements
of y and u at the selected locations are drawn from the yyp, and uyp fields for the high-dimensional case and the y; r, and v p, fields
for the low-dimensional case.

The HMC, SVGD, and rPICKLE algorithms are implemented in TensorFlow 2 and TensorFlow-Probability. These implementations
are publicly available at https://github.com/geekyifei/Bayesian_PICKLE_Hanford.git. All simulations are performed using an Intel®
Xeon® Gold 6230R workstation.

3.3. Prior mean and covariance models of y and u

Following [6], for the log-transmissivity field y(x), we select the 5/2-Matérn type prior covariance kernel:

- ) -
Cy(x,x’;a,1>=az<1+\ﬁ”" Xy 3 =X >exp<_\ﬁ”"1—"”>, (44)

/ 3 12

where ¢ and / are the standard deviation and correlation length of y(x) found by minimizing the negative marginal log-likelihood
function of the y(x) measurements [38]. In Table 1, we summarize the values of 62 and [ for different examples in Section 4. We find
that the iterative local averaging reduces the variance and increases the correlation length of the low-dimensional field.

Then, the cKLE of y is constructed by first computing the mean and covariance of y conditioned on the y measurements using
GPR (Egs. (A.1) and (A.2)), and then evaluating the eigenvalues and eigenfunctions by solving the eigenvalue problem (A.3).

Next, we generate Ny number of realizations of the stochastic y field by independently sampling {5,}1.;1 from the normal

distribution and solving Egs. (41)—(43) for each realization of y using the FV method described above. The ensemble of u solutions
is used to compute the (ensemble) mean and covariance of u using Egs. (A.4) and (A.5). Then, the mean and covariance of u are
conditioned on u observations using the GPR equations. Finally, the cKLE of « in Eq. (3) is constructed by performing the eigenvalue
decomposition of the conditional covariance of u, i.e., by solving the eigenvalue problem similar to Eq. (A.3). In this work, we set
Ny =5,000.

4. Numerical results
4.1. Low-dimensional problem

We first present results for the low-dimensional case with the ground truth y field given by y; . We assume that 10 y and u
observations are available. The locations of the observations are randomly selected from the well locations. We use the posterior
distributions sampled via HMC and SVGD, and the PICKLE-estimated MAP to benchmark the rPICKLE method with and without
Metropolization. As stated earlier, we set a? = cf’ = 1. The joint problem of minimizing the rPICKLE loss over ¢ and n and maximizing

the LPP of the true field over o-r2 is computationally challenging. Instead, we compute the inverse solutions for several values of o'r2 in
the range [107%, 1] and select the o-f producing the largest LPP. We also study the effect of o-f on uncertainty in the inverse solution
and the performance of HMC, SVGD, and rPICKLE.

For rPICKLE, we compute N,,, = 10* samples by solving the rPICKLE minimization problem (13) for N, different realizations
of ®, a, and B. In Section 4.3, we show that this number of samples is sufficient for the first two moments of the rPICKLE-sampled
posterior distribution to converge. For HMC, we initialize three dispersed Markov chains over the parameter space. We set the number
of HMC burn-in steps to 2 x 10* and the number of samples to N,,, = 10* as the stopping criterion. We employ the No-U-Turn
Sampler (NUTS) HMC method [46], which adaptively determines the number of integration steps taken within one HMC iteration.
Furthermore, we use the dual averaging algorithms [46] to determine the optimal step size for NUTS to maintain a reasonable
acceptance rate. Following [47], we set the target acceptance rate to 70%. For SVGD, we randomly initialize N,,s =2 x 103 particles
from an isotropic normal distribution. Here, we must use a smaller ensemble size than in rPICKLE and HMC due to memory constraints
during SVGD computations, which require operations with matrices of dimension equal to the ensemble size. The Adam optimizer
[48] is used to update the particle positions with the learning rate set to 1 x 1073. The radial basis function is used as the kernel
function, with correlation length determined automatically during sampling following the so-called median trick [23].

Fig. 2 depicts the marginal and bivariate distributions of the first and last three components of the & vector computed from HMC
and rPICKLE with and without Metropolization using kernel density estimation (KDE) for o-r2 =10"* and 1072. It can be seen that
the distributions produced by the three different methods are similar. We also find that the marginal and bivariate distributions are
approximately symmetric. For o2 = 107, the bivariate distributions are narrower than for 62 = 1072, i.e., stronger physical constraints
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Fig. 2. Bivariate joint and marginal distributions of the first (first column) and last (second column) three components of £ obtained from HMC, rPICKLE, and rPICKLE
with Metropolization for the low-dimensional case. The black cross symbols and lines indicate the coordinates of the mode of the joint posterior distribution computed
from PICKLE. The top and bottom rows show results for 62 = 10~? and 107, respectively.

result in more certain predictions. Also, we see that for smaller af, the bivariate distributions exhibit stronger correlations between
the & components. These correlations are much stronger for the first three components of £ than for the last three components.

Fig. 2 also shows the coordinates of the joint posterior mode given by the PICKLE solution. The coordinates of the modes of the
marginal and bivariate distributions obtained from HMC and rPICKLE are close to the coordinates of the joint distribution mode. It
should be noted that unless the posterior is Gaussian, the coordinates of the modes of marginal distributions and the corresponding
coordinates of the joint distribution mode may not coincide.

We proceed to discuss the Bayesian estimates of y. For af = 1072, Fig. 3 shows the estimated mean yﬁ(xle) fields, the absolute
differences between the mean and the reference field |y — yﬁ(x|Dm)|, the standard deviations ayA(x|Dm), and the coverage plots
obtained from the four methods. The coverage plots indicate locations where the reference solution falls within the predicted 95%
credibility interval, with zero and one values representing whether the reference field is outside or inside the credibility interval,
respectively. We summarize in Table 2 the results obtained from the four methods in terms of the relative #, error and 7, error
between the predicted mean and the reference y p, fields, the LPP of the reference field, and the percentage of coverage (percentage
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Fig. 3. The low-dimensional y field estimated from (a) HMC, (b) SVGD, (c) rPICKLE, and (d) rPICKLE with Metropolization for orz = 1072: (first column) the posterior
mean estimates; (second column) the point errors in the predicted mean with respect to the reference y, ;, field; (third column) the posterior standard deviation of y;
and (fourth column) the coverage of the reference field with the 95% credibility interval.

of nodes where the reference solution is within the 95% credibility interval) for Grz =1075, 1074, 1072, 10~1, and 10°. For a given
value of o-f, HMC and rPICKLE produce posterior mean estimates close to the PICKLE MAP estimate, and similar LPPs and coverages.
This indicates that (i) the HMC and rPICKLE sampled distributions converge to the same posterior (note that in Section 2.4.1, we
only prove the convergence of rPICKLE in the linear case), and (ii) Metropolization makes the posterior more descriptive of the
reference field, i.e., it yields larger LPP and smaller £, error, but the improvements are less than 1%. We also find that, for this
problem, the total acceptance rate for Metropolization is above 95%, which agrees with the findings in [49,30] that the acceptance
rate in randomized algorithms is, in general, very high. It should be noted that Metropolization requires the estimation of a Jacobian
determinant that becomes computationally expensive for high-dimensional problems. For this reason, in the high-dimensional case
presented in Section 4.2 we do not perform Metropolization and accept all samples generated by the rPICKLE algorithm. SVGD also
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Table 2

Summary of rPICKLE, Metropolized rPICKLE (Metro-rPICKLE), HMC, SVGD, and
PICKLE results for the low-dimensional problem with different values of af. Shown
are the relative 7, and £, errors in the estimated y field with respect to y, j,, the LPP,
and the percentage of coverage of y, ;, by the 95% confidence interval. Note that the
PICKLE solution only provides MAP and LPP.

af Method ¢, error ¢, error LPP Coverage
10° PICKLE 8.05x 1073  3.14x107" - -
HMC 8201072  3.15x 107" 6972 92%
SVGD 8.11x107%  3.14x10°" 6523 85%
rPICKLE 8.08x 107  3.14x 107" 6971 92%
Metro-rPICKLE ~ 7.92x 1073 3.15x 10" 6984 92%
107! PICKLE 7.28x1073  3.06x107" - -
HMC 7.55x 1073 3.07x107" 7206 90%
SVGD 732x107%  3.06x 107" 6935 86%
rPICKLE 7.35x 1073 3.08x 107! 7226 90%
Metro-rPICKLE ~ 7.17x 1073 3.04x10°" 7240 90%
1072 PICKLE 590x 1073 250x 107" - -
HMC 6.33x107%  2.85x 10" 7561 89%
SVGD 621x107%  2.67x107" 7196 86%
rPICKLE 6.03x107%  2.60x10"" 7564 89%
Metro-rPICKLE ~ 591x 107 2.50x 107" 7546 89%
10*  PICKLE 7.14x 107 330x10°" - -
HMC 725x107  340x 107" 21314 41%
SVGD 726x 1073 341x107"  —21947 40%
rPICKLE 7.17x 1073 333x10°"  -20725 41%
Metro-rPICKLE ~ 7.17x 1073 3.32x10"! -20232 41%
1075 PICKLE 9.36x107%  4.62x107" - -
HMC 936x107°  4.63x10°" 275219  16%
SVGD 937x107%  4.64x 107" -283043  16%
rPICKLE 937x107°  4.62x107' 277842  16%
Metro-rPICKLE ~ 9.37x 1073 4.62x107!  -282418  16%

results in a posterior mean close to the PICKLE MAP estimate. However, it yields slightly smaller LPP and coverage than HMC and
rPICKLE.

Table 2 shows that the point errors and the relative ¢, errors are the smallest across all methods when arz =1072. We find that the
LPPs are also the largest for this value of arz. This indicates that o-rz = 1072 provides the posterior that best describes the true field. We
also note that the PICKLE 7, and ¢, errors are also smallest for y = o'r2 = 1072, which indicates this value also provides the optimal
regularization for this problem.

Finally, we find that in this low-dimensional problem, the runtime of rPICKLE (i.e., the time to obtain a solution of the rPICKLE
minimization problem) is independent of the value of arz. For all considered values of arz, the runtime per sample was approximately
0.02 seconds. On the other hand, the HMC runtime is found to increase with decreasing o-r2 from 1.12 seconds per sample for arz =1
to 2.01 for o> = 1075. The SVGD runtime increases with decreasing o2 from 2.33 seconds per sample for o> = 1 to 4.35 for o> = 107.

4.2. High-dimensional problem

Here, we present results for the high-dimensional case where the reference y field is given by yyp. First, we estimate the posteriors
for different values of arz (1074, 1072, and 10~!) given 100 observations of the yup field. Then, we estimate posteriors for different
values of N;’bs (50, 100, and 200) given ‘7r2 =10"* to study the dependence of the posterior on the number of y measurements. In all

examples in this section, we assume that Nl‘;bs =323, i.e., u measurements are available at all wells.

Based on the results in the previous section, we do not perform Metropolis rejection in rPICKLE. We find that for this high-
dimensional problem, the HMC step size, computed from the dual averaging step size adaptation algorithm (which is designed to
maintain a prescribed acceptance rate) becomes extremely small. As a result, for some values of arz, the HMC implementation fails to
reach the stopping criterion after running for more than 30 days. For comparison, rPICKLE generates the same number of samples in 4
to 5 days depending on Grz (around 30-40 seconds per sample). The posterior obtained from SVGD is very close to the (Gaussian) prior
distribution, and its mean deviates significantly from the PICKLE MAP estimate. Therefore, for the high-dimensional case, we only
present the rPICKLE and PICKLE results. We attribute HMC’s large computational time to the high condition number of the posterior
covariance matrix, which we find to increase with increasing dimensionality and decreasing Urz_ We investigate this dependence in
detail in Section 4.4.

Table 3 summarizes the relative ¢/, and ¢, errors, LPP, and coverage of the rPICKLE estimates of y for o'r2 =10"%,1072,and 10°!.
The smallest rPICKLE errors and the largest LPP are achieved for arz = 1072. However, we find that the LPP is more sensitive to arz
than the £, error—#, errors vary by less than 7% for the considered orz values, while LPP values change by more than 100%. Also,
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Table 3

Summary of rPICKLE and PICKLE results for the high-dimensional problem for the
priors based on different numbers of y observations and zrf. Shown are the relative 7,
and ¢, errors in the estimated y field with respect to the reference field, the LPP, and
the percentage of coverage of y, , by the 95% confidence interval.

Nobs Method  r¢, error iy error  LPP Coverage
o’rz =10""

100 PICKLE 1.08x 107" 438x10° - -
rPICKLE  1.11x 107" 4.41x10° 1730 87%
62=10"2

100 PICKLE 1.01x107"  4.14x10° - -
rPICKLE  1.04x 107" 4.13x10° 2032 82%
o’rz =10"*

50 PICKLE 191x107"  649x10° - -
rPICKLE  1.71x 107" 650x10°  —2792  65%

100 PICKLE 126x 107" 6.14x10° - -
rPICKLE  1.10x 107" 5.33x10° 1070 67%

200 PICKLE 791x1072  534x10° - -

rPICKLE  7.99x 1072  538x10° 5220 75%

the #, error is 1% smaller for 62 = 10~ than for o2 = 10~! but the LPP is 70% larger for 6> = 107! than for ¢ = 10~%. Errors in the
PICKLE and rPIKCLE predictions of y are very similar, and °'r2 = 1072 also provides the best value of the regularization coefficient for
PICKLE, i.e., the PICKLE error is smallest for y = arz =102

Fig. 4 depicts the marginal and bivariate distributions of the first and last three components of & for arz =10"! and 102. Compared
with the low-dimensional case, we observe that the posterior of the first three components is more non-symmetric and correlated.
The posterior distributions become narrower as arz becomes smaller. The modes of these distributions have non-zero coordinates
(while the prior distributions are centered at zero). On the other hand, the last three terms have symmetric marginal distributions
approximately centered at zero and circular-shaped bi-variate distributions, the latter indicating the lack of cross-correlation. Fig. 4
also shows the coordinates of the joint posterior mode obtained from PICKLE. They slightly deviate from the coordinates of the
marginal and bivariate modes because of the non-Gaussianity of the posterior.

Fig. 5 shows the rPICKLE estimate of the posterior mean of y, the absolute point difference between the mean and reference
yup(x) fields, the posterior standard deviation of y(x), and the coverage for o-r2 =102 and arz =10~*. We see significant differences
in rPICKLE predictions for different o-rz. Errors in the predictions with arz =10"* are in general larger than in the predictions with
Grz = 102 with the maximum point error being 50% larger. As expected, the posterior standard deviations are generally larger in
the prediction with the larger o-rz. However, the maximum pointwise standard deviation is larger for the smaller arz. We also see that
(Trz = 1072 produces a better coverage-the reference yup field is within the confidence interval in 82% of all predicted locations versus
65% for o2 = 1072. We also note that the LPP for ¢ = 107 is -2792, which is significantly smaller than that for o> = 1072 (2032).

Next, we study the inverse rPICKLE solution as a function of N;}’bs. Fig. 6 shows the estimates of y obtained with rPICKLE for

N;’bs =50 and 200 and o-f = 107*. The estimates for N;’bs =100 are given in Fig. 5. Table 3 summarizes the relative £, and ¢
errors, LPP, and the percent of coverage of the corresponding posteriors. As N;"’S increases, the posterior mean becomes closer to
Yup, and the posterior variance of y decreases. The LPP increases with N;"’S, indicating that the posterior distribution better fits the
true field. Also, we see that for all values of N;"’S the coverage for the yyp field is adequate, with the best coverage (75%) achieved
for N 9% = 200.

4.3. Convergence of rPICKLE and HMC with the ensemble size

Next, we examine the convergence properties of rPICKLE and HMC estimates with increasing N, for the low- and high-

—b
dimensional cases. For the i-th component of the & vector, we analyze the relative mean &, (m) (b=rPICKLE or HMC):

6 (m)
RE[; (m) = (45)
' 5 (Nens)
and relative standard deviation, crg (m):
b (m)
Ry (m)=|—o/|, (46)
% 62 (Nens)
as functions of the ensemble size m (Ng,s = =10* is the maximum ensemble size). Fig. 7 shows the dependence of R_b (m) and R b (m)

on m for the low-dimensional case (i = 1 and 10) and the high-dimensional case (i = 1 and 100). Here, we set 0' =102 and 10‘4
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Fig. 4. Bivariate joint and marginal distributions of the first (first column) and last (second column) three components of & obtained from rPICKLE for the high-
dimensional case. The black cross symbols and lines indicate the coordinates of the mode of the joint posterior distribution computed from PICKLE. The top and
bottom rows show results for 67 = 10~! and 102, respectively.

For the high-dimensional case, the number of y observations for the high-dimensional case is set to N ;’bs =100, and we only show
the convergence of rPICKLE because of the prohibitively large computational time of HMC.

For the low-dimensional case, Fig. 7 shows that the convergence properties of HMC and rPICKLE are similar. We also find that
in both methods, the required number of samples for mean and variance to reach asymptotic values increases with ¢,. Furthermore,
we see that in rPICKLE, the required number of samples is not significantly affected by the dimensionality, which is to be expected
because the rPICKLE samples are generated independently.

It should be noted that, as shown in Section 4.4, the condition number of the posterior covariance increases with decreasing o,.
The increasing condition number decreases the time step in the HMC algorithm. As a result, we find that the computational time
of HMC to get a set number of samples increases with decreasing o,. On the other hand, the computational time of rPICKLE is not
significantly affected by the value of o,.
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4.4. HMC performance for low- and high-dimensional problems

In this section, we investigate the effect of o'r2 and problem dimensionality on the efficiency of HMC.

As mentioned earlier, for certain values of arz, the HMC does not reach the stopping criterion (10* samples) after more than 30
days of running the code. For comparison, rPICKLE generates 10* samples in 4 to 5 days depending on the value of of. For the
low-dimensional case, rPICKLE takes approximately 4 minutes to generate the same number of samples for all considered o'r2 while
the computational time of HMC varies from 3 to 6 hours depending on the af value.

The increase in HMC computational time is mainly due to smaller time steps in the Hamiltonian dynamics equation integration
required to maintain a desirable acceptance rate in the dual averaging algorithm. It was shown in [50,28] that the large condition
number of the posterior covariance matrix leads to decreasing HMC performance. Here, we demonstrate that the condition number
increases with increasing problem dimension (M = N, et Nﬂ) and decreasing o-f.

In theory, the posterior covariance can be computed directly from posterior samples obtained, for example, from rPICKLE. Here,
we focus on a priori estimates of the posterior covariance that can be used as a criterion for using HMC. To obtain an a priori estimate
of Z,,;, we employ the Laplace approximation and approximate the posterior covariance via the inverse of the Hessian of the log

posterior. We start by approximating the log-posterior (6) using the Taylor expansion around the MAP (which we assume is known
from PICKLE) as

log P(¢|D,,,) ~log P({*|D

res)
2@ =8 (VY Iog PEID )l )E — ¢, 7)

where ¢* is the MAP, and VVlog P(¢ [Dyes)lg=¢> is the Hessian, which we compute by automatic differentiation, evaluated at the
MAP. The first-order term in Eq (47) vanishes because the log P gradient at the MAP point is zero. The right-hand side of Eq. (47)
is equivalent, up to a constant, to the log probability density of a Gaussian distribution. Under the Laplace assumption, the posterior
distribution can be approximated with a Gaussian distribution, the mean of which is given by the MAP. The covariance is found by
the inverse of the Hessian evaluated at the MAP point, i.e., (VVlog P({|D,.,)| €=C*)_1'

Fig. 8 shows the eigenvalues (arranged in descending order) of the approximated posterior covariance for the low- and high-
dimensional cases with o-r2 =10"2 and 107*. The red dashed lines indicate eigenvalues of the prior covariance (all eigenvalues are
equal to one because of the diagonal form of the prior covariance and unit prior variances of the parameters). In the low-dimensional
problem, the condition numbers are approximately 21 for arz =102 and 1760 for Grz =107*. In the high-dimensional problem, the
condition numbers are ~ 2 x 107 for arz =102 and 2 x 10° for a'r2 =10"%.

Larger condition numbers indicate the presence of a stronger correlation between the components of the estimated £. Also, the
eigenvalues 4; of X, are proportional to the variances 0'[2 of the posterior marginal distributions of the &; components of £. Therefore,
a large condition number indicates a large range of Giz values, which gives rise to geometrically pathological features of the posterior
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Fig. 8. Covariance spectrum corresponding to the Laplace approximated posterior for (a) y, , and (b) yy, for o-f =10"% and 1072, The red dashed line represents the
covariance structure informed by the normal prior.

parameter space (e.g., high curvature in the corners of equal-density posterior manifolds). The increase in correlation and the range
of 6’.2 with arz and N, can be seen in Figs. 2 and 4. These geometric complexities reduce the efficiency of HMC [29].

5. Discussions and conclusions

We presented the rPICKLE method for approximate sampling of high-dimensional Bayesian posterior distributions of unknown
parameters. The rPICKLE is derived by randomizing the PICKLE objective function. In the Bayesian framework, the prior distribu-
tion expresses prior knowledge about the modeled system. In the application of rPICKLE to the diffusion (Darcy) equation with an
unknown space-dependent diffusion coefficient (transmissivity of an aquifer), it is assumed that the log-diffusion coefficient y(x) has
a Gaussian prior with mean and covariance estimated from y measurements. This prior model determines the eigenfunctions in the
cKLE expansion of y and the Gaussian prior distribution of the parameters £ in this cKLE. We note that it is also possible to choose
different prior distributions, such as the H! seminorm prior [51], for £. The formulation of randomized methods for such priors will
be the subject of future work.

The likelihood function is defined by assuming a Gaussian error model for the PDE residuals, with error variance arz. This variance
then becomes a free parameter controlling the posterior distribution. We study the effect of crz on the difference between the true field
and the posterior mean and on the LPP of the true field. We demonstrated that PICKLE provides the mode of the posterior distribution
if the PICKLE regularization coefficient y is set to arz. Because the PICKLE-based mode estimation does not require posterior sampling,
choosing o-r2 =y to minimize the distance from the posterior mode to the true field is computationally straightforward. Generally,
there is no guarantee that Grz selected according to this criterion would also maximize the LPP. However, we found that for considered
problems, Grz minimizing the distance between the posterior mean and mode also maximizes the LPP of the posterior distribution. We
also found that LPP is more sensitive to arz than the distance between the mode and data. Therefore, LPP should also be considered
when selecting arz.

The robustness of rPICKLE was demonstrated by estimating the log-transmissivity field of a Hanford Site groundwater flow model
with 2000-dimensional cKLE representations of the parameter and state variables. We found that rPICKLE produces posteriors with
the mean close to the PICKLE MAP estimate for a wide range of values of af. On the other hand, HMC did not reach the stopping
criterion (10* samples) after running for more than 1 month. For comparison, our rPICKLE implementation generated the same
number of samples in 4 to 5 days depending on the value of o-rz.

To compare rPICKLE and HMC, we considered a lower-dimensional problem where the parameters and states were represented
with 10-dimensional cKLE parameters. For this problem, we found an excellent agreement between rPICKLE and HMC. We also
found that the y predictions given by the posterior mean of rPICKLE and HMC are close to the PICKLE MAP estimate. For this low-
dimensional problem, rPICKLE generated 10* samples in approximately 4 minutes regardless of the considered values of o-rz. The HMC
time was found to increase from = 3 hours for o-f =1 to = 6 hours for Urz = 1077. The efficiency of HMC is known to decrease with
the increasing condition number of the posterior covariance matrix. We demonstrated that for the considered problem, the condition
number increases with increasing dimensionality and decreasing af, which explains the observed trend in HMC computational time.
In summary, our results demonstrate the advantage of rPICKLE for high-dimensional problems with strict physics constraints (small
values of 62).
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Appendix A. Gaussian process regression and the conditional covariance

Nobs
Given observations { yObS}l L

negative marginal log-likelihood function [38]. Then, we set the prior distribution of y(x) to QP(}C(X),C;(X, x’)), where the mean

we estimate the parameters in the covariance function Cy(x, x’) in Eq. (44) by minimizing the

3°(x) and covariance C; (x,x") are computed using the Gaussian process regression (GPR) equations:

¥® =¢,xC;’ yobs (A1)
c _ —1 ’
Cy(x,x )= Cy(x,x )— cy(x)Cy ¢, (x). (A.2)
obs obs
Here, the superscript ¢ denotes that Gaussian distribution is conditioned on the y measurements, C, € RNy is the observation

obs obs IxN9Ps
covariance matrix with the elements C, ;) = C,(x; ), and ¢, (x) € Ry

C,(x,x°%).
y i
The eigenfunctions and eigenvalues of Eq. (2) are obtained by solving the following eigenvalue problem:

is the covariance vector with the elements ¢,; =

/C;(x,x')wiy(x’)dx' = /lfl//iy(x') i=1,..,N;. (A.3)

This eigenvalue problem is solved on the mesh used to generate the training dataset and compute residuals in the minimization
problem. As such, the eigenvalue problem reduces to the eigendecomposition in the finite-dimensional vector space. In the KLE of y,
we use N, terms corresponding to N, largest eigenvalues. The selection criterion for N, is given in [6].

The mean #°(x) and covariance Co(x, x’) in the KLE of u are computed as the solutions of the (stochastic) Eq. (1) with the stochastic
y field whose mean and covariance are given by Egs. (A.1) and (A.2). We do not use a parameterized covariance function to model
u because the random field for u is generally not stationary and parameterized covariance functions do not enforce the physical
constraint.

Here we use the Monte Carlo (MC) simulations to compute the mean and covariance of u. We randomly draw an ensemble of Ny
cKLE coefficients {¢; }’,}i“fc from WN(0,1) and use Eq. (2) to generate as many realizations of y. Then, for each realization y; we solve
Eq. (1) to get Ny solutions u; on the finite volume mesh. Then, the mean solution vector u and the covariance matrix C, of u are
computed as

1 Nme
= —— u;, (A.4)
NMCll
Nyc
C, = - -’ A5
u NMC—IZ[U u]fu; —u]”. (A.5)

The GPR equations are used to condition the mean and covariance of u on the u measurements yielding u‘(x) and C; (x,x’). Finally,
the eigenvalue and (discretized on the finite volume mesh) eigenfunctions are obtained via the eigenvalue decomposition of C¢(x,x’).
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