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Abstract

Many problems in high-dimensional statistics appear to have a statistical-computational gap:
a range of values of the signal-to-noise ratio where inference is information-theoretically possi-
ble, but (conjecturally) computationally intractable. A canonical such problem is Tensor PCA,
where we observe a tensor Y consisting of a rank-one signal plus Gaussian noise. Multiple lines
of work suggest that Tensor PCA becomes computationally hard at a critical value of the signal’s
magnitude. In particular, below this transition, no low-degree polynomial algorithm can detect
the signal with high probability; conversely, various spectral algorithms are known to succeed
above this transition. We unify and extend this work by considering tensor networks, orthog-
onally invariant polynomials where multiple copies of Y are “contracted” to produce scalars,
vectors, matrices, or other tensors. We define a new set of objects, tensor cumulants, which
provide an explicit, near-orthogonal basis for invariant polynomials of a given degree. This basis
lets us unify and strengthen previous results on low-degree hardness, giving a combinatorial ex-
planation of the hardness transition and of a continuum of subexponential-time algorithms that
work below it, and proving tight lower bounds against low-degree polynomials for recovering
rather than just detecting the signal. It also lets us analyze a new problem of distinguish-
ing between different tensor ensembles, such as Wigner and Wishart tensors, establishing a
sharp computational threshold and giving evidence of a new statistical-computational gap in
the Central Limit Theorem for random tensors. Finally, we believe these cumulants are valuable
mathematical objects in their own right: they generalize the free cumulants of free probability
theory from matrices to tensors, and share many of their properties, including additivity under
additive free convolution.
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1 Introduction

We will study statistical problems formulated over tensors. Here a tensor T is a p-dimensional
table of real numbers, indexed as Tj, ;, .., With i € {1,...,n} =: [n]. We call p the arity of T,
say that T is a p-ary tensor, and call n the dimension of T. A 1l-ary tensor is an n-dimensional
vector. A 2-ary tensor can be viewed as an n x n matrix or as an n?-dimensional vector, and so on.
A O-ary tensor is a scalar, i.e., a real number. We say that T is symmetric if Tj, i, = Ty(iy),....0(,)
for any permutation o € Sp,. In this case, each entry of T' is specified by a multiset in [n] of size p.
The vector space of symmetric tensors of dimension n and arity p is denoted Sym?(R™).

Many statistical problems of broad interest are modeled with tensor observations, representing
collections of estimates of degree p moments of high-dimensional random variables or p-way inter-
action data such as hypergraphs and generalizations thereof. Often, whether in hypothesis testing
(distinguishing two distributions over tensors) or in estimation (recovering some parameter from a
noisy tensor observation) problems, the distributions of tensors involved are reasonably assumed to
be orthogonally invariant, that is, invariant to simultaneous changes of basis of all tensor “axes.”

Definition 1.1 (Change of basis). For T a tensor of dimension n and Q a (usually but not
necessarily orthogonal) matrixz, we define the tensor Q- T to have entries

p
Q- T)jyp = Z Tiy...sip H Qiv.jr- (1)
t=1

i1 ,esip

Alternatively, we may view Q - T = (QT)®pT where T is viewed as a vector in R™ . This makes
the action of the orthogonal group O(n) or the general linear group GL(n) on (R™)®P a right group
action: R-(Q-T) = (QR)-T, which preserves symmetry and thus is also an action on Sym?(R™).

For T a matrix one may check that Q -7 = Q' TQ coincides with the usual change of basis.

Definition 1.2 (Invariance). A function f : SymP(R™) — R is (orthogonally) invariant if f(Q-T) =
f() for all T € SymP(R™) and all Q € O(n). The law of a random T is (orthogonally) invariant
if QT has the same law for all orthogonal @ € O(n).

Tensor networks are a graphical notation that extends linear algebra to tensors, generalizing
operations like the inner product of vectors, matrix products, and traces. This gives a powerful
language for discussing quantities that would be quite tricky to express in conventional notation
(as we already see above for changes of basis). We will discuss general tensor networks later in
Section 3.1, but we mention now that, aside from changes of basis, the following is an important
class of computations that tensor networks can express.

Definition 1.3 (Graph moments). Let T' € Sym?(R") and G = (V,E) a p-regular graph (not
necessarily simple). Then, we define the G-moment of T as

ma(T) = Z H Tiav) - (2)

i€[n]E veV

where i(0v) denotes the multiset of indices i(e) associated with the edges e incident to v. If G is
the empty graph with V = E = &, then mg(T) = 1.



Figure 1: The graph moment mg(T") where T is a symmetric 3-ary tensor and G = K4. Summing
over all six indices, one on each edge, contracts the graph and yields the scalar (3).

When 7 is symmetric—as it always is here—we do not need to order the edges incident to a vertex.!

Example 1.4. Let G = Ky be the complete graph on four vertices, as shown in Figure 1. Then

mag (T) = Z Tabc Tadf dee Tcef ) (3)
a,b,c,de, f€[n]

Note that this is a homogeneous polynomial, of degree 4, of T'’s entries. In general, mg(T) is a
homogeneous polynomial, of degree |V (G)|, of T'’s entries.

Linear combinations of the tensor networks me(7") are a natural class of scalar functions of a
tensor. In particular, as we will show in Proposition 3.13, they are themselves invariant: mg(Q -
T) = mqg(T) for all Q € O(n). Moreover, by classical invariant theory, they span all invariant
polynomials. As we will discuss in Section 3.1, these linear combinations should therefore be
thought of as the correct “space of spectral algorithms” for computing scalar statistics from tensors,
analogous to the linear spectral statistics 7'+ tr(f(7)) of a matrix 7.

We wish to draw a connection between these algebraic facts and the substantial body of litera-
ture that has developed recently around using low-degree polynomial algorithms for tasks like hy-
pothesis testing and estimation. We leave a detailed discussion to Section 3.4, but simple instances
of this approach are to perform hypothesis testing between two distributions of tensors by com-
puting and thresholding a low-degree polynomial of the observed tensor [HS17, HKP*17, Hop18§],
or estimation by computing an estimator that consists of a vector of low-degree polynomials of
the observation [SW22]. We view the degree of a polynomial as a proxy for the runtime of the
associated algorithm (as, assuming we naively evaluate polynomials without taking advantage of
any special structure, a degree D polynomial in n variables takes time O(n”) to evaluate), and so
the degree of polynomial required for testing or estimation is taken as a measure of the problem’s
complexity.

The goal of this paper is to explore the consequences of the following general observation (formal-
ized for low-degree algorithms in our Proposition 3.22): for hypothesis testing tasks over invariant
tensor distributions, the best low-degree polynomials are invariant themselves, and therefore are
linear combinations of graph moments me(7'). Similarly, the best low-degree estimators are lin-
ear combinations of graph moments with a single “open” edge, which evaluate to vectors rather
than scalars (Proposition 3.24). In addition to giving us a set of tools for reasoning graphically
about low-degree algorithms, this dramatically restricts the space of such algorithms for invariant

'If we considered tensors with complex entries the edges would need to be directed, since the complex inner
product has u*v # v™u in general. For us, T’s entries will always be real, so undirected edges suffice.



problems, and therefore can also reduce the analytical difficulties of proving computational lower
bounds. Indeed, the dimension of the space of low-degree invariant polynomials, corresponding for
degree d to the number of p-regular multigraphs GG on d vertices, does not depend on the tensor
dimension n at alll Moreover, the space spanned by the mg(T') turns out to have a rich algebraic
structure with important ramifications for the computational complexity of statistical problems.
For example, we will see that its dimension (the number of p-regular multigraphs of a given size)
has a direct connection to the tradeoff between signal strength and subexponential runtime of
algorithms for hypothesis testing and estimation.

We will develop a general theory about the spaces of invariant polynomials (and equivariant
vector-valued polynomials, to be used as estimators), extending classical invariant theory to be
directly useful for the analysis of low-degree algorithms. Surprisingly, a central role will be played
by a notion of finite free cumulants for tensors. These generalize aspects of the theory of free prob-
ability for random matrices, and yield an explicit near-orthogonal basis for the space of invariant
polynomials. Using these tools, we will give new results for two examples of invariant statistical
problems over tensors.

First, we will consider the well-studied problem of tensor PCA (principal component analysis),
recovering and unifying previous results on hypothesis testing and giving a new and tight analysis
of estimation. Second, we will study a variation on the newer problem of hypothesis testing between
Wigner and Wishart tensors, adapted to our focus on invariant distributions. Through one lens
this is a relative of the task of tensor decomposition, and through another it is a variation on the
question of distinguishing Erdds-Rényi from geometric random hypergraphs (a hypergraph version
of the problem treated for matrices by [BDER16, BBN20, LMSY22, BB24]). Through yet a third
it is a question about a “computational central limit theorem,” a class of questions to which our
results will apply more generally (a closely related tensor problem was studied by [Mik20], and
similar matrix problems by [BDER16, BBH21]).

Below we first focus on these concrete applications, and then sketch some of the technical ideas
before giving full details in Section 4.

1.1 Main Results

Tensor PCA Our first subject will be a model of random tensors built as follows:
Y = + W, (4)

Here A > 0 is a signal-to-noise ratio, the spike v is chosen from some prior distribution on R”,
and W is a tensor of random noise. This model is known as tensor PCA or the spiked tensor
model [MR14].

In this model, hypothesis testing or detection entails distinguishing the spiked model above from
a null model where Y = W consists only of noise. Estimation or reconstruction entails producing
a vector v = v(Y) that approximates v. A reasonable request is for v to be more correlated with v
than a random guess, i.e., if ||v||?, ||9]|? ~ n, then |(¥,v)| > en for some constant € > 0.

Recall that we are interested in the case where the distributions involved above are orthogonally
invariant. To adhere to this setting, we will assume that v is chosen uniformly from the sphere
Sni(y/n) = {v € R" : ||v]|> = n} and that W is a Wigner random tensor with Gaussian entries.
To keep Y symmetric, we will symmetrize W as follows.



Definition 1.5. For p > 1 and 0 > 0, we write Wig(p,n,c?) for the law of the symmetric tensor
W € SymP(R™) that is given entrywise by

1
Wi,y = N Z Gir1)yrmmin(o) 5)

TES)

~ N(0,0%). We

where G € (R™)®P is an asymmetric tensor whose entries are i.i.d. as Gi, . i
write Wig for Wig(p,n, 1) when these parameters are clear.

P

This is the natural tensor analog of the Gaussian orthogonal ensemble (GOE), which is the matrix
case p = 2. As there, the law Wig(p,n, 0?) is orthogonally invariant. Up to symmetry, the entries
are independent but a few have larger variance, just as in the GOE entries on the diagonal have
twice the variance of the rest. See Appendix B for further details.

Using the tools we develop, we give a new proof of the following result on low-degree polynomial
algorithms. We state this result informally and defer to later the precise notion of “success” of
low-degree polynomials for distinguishing two distributions; see Definition 3.18 and Remark 3.19.
We call Q = Wig the law of the pure noise model, and P the law of Y = \v®P + W with v ~
Unif(S"~(y/n)) and W ~ Wig independently.

Theorem 1.6 (Tensor PCA detection; informal; Theorem 3.3 of [KWB22]). Let D = D(n) € N
have D < \/n/2p?. There are constants ap,b, > 0 such that:

1. If A < apn_p/4D_(p_2)/4, then polynomials of degree at most D cannot distinguish P from Q.

2. If A > bpn—P/4D—(P—2)/4 and D = w(1), then polynomials of degree at most D can distinguish
P from Q.

When p = 2, there is no dependence on D in the thresholds for A, and the result suggests that, on
the scale A = ©(n~/2), the problem transitions from being tractable in polynomial time (which is
indeed achieved by various algorithms) to requiring at least time roughly exp(2(y/n)). When p > 3,
the dependence on D means that there are regimes of A where the problem is tractable but only in
subexponential time exp(O(n?)) for various ¢ € (0,1). In fact, these scalings for low-degree upper
and lower bounds are known (see again [KWB22], which sharpened the results of [HKP*17]) to
hold for D ~ n? for any § € (0,1). Tt is a technical limitation of our results that they are restricted
to D < y/n, as it is only in this regime that the basis of invariants we propose is approximately
orthogonal.

One advantage of our analysis is that it gives an intuitive explanation for the latter subexpo-
nential scaling phenomenon. In particular, the factor of DY s directly related to the number
of non-isomorphic p-regular multigraphs on D vertices, which (see Proposition 5.9) is of the order

DD up to smaller multiplicative factors; the analysis turns out to indicate that this quantity
must be compared with A\*P, leading to the factor of D% P55 = D*°. Per our remarks above,
this is also the dimension of the space of degree D invariant polynomials of a tensor.

We also give a new result for the related reconstruction problem. Since reconstruction is a more
difficult task than detection, it is to be expected that degree D polynomials fail to reconstruct in
the same regime of parameters that they fail to detect per Theorem 1.6. However, actually proving
that low-degree polynomials fail to reconstruct—in a precise sense deferred to Section 3.4—does

not follow from Theorem 1.6, and generally such reconstruction lower bounds are more difficult to



prove than their detection counterparts. The first tools for low-degree reconstruction lower bounds
appeared in [SW22], and this approach can be applied to any additive Gaussian model, which in-
cludes tensor PCA. However, to use this machinery, one needs to bound certain recursively-defined
quantities, and existing analyses tend to be loose by factors involving D. That is to say, we expect
the existing approach of [SW22] would not obtain the precise dependence between A and D in The-
orem 1.6 (likely the exponent on D would be wrong). By using our new machinery in conjunction
with the approach of [SW22], we manage to prove low-degree hardness for reconstruction with the
correct relation between A and D. To our knowledge, this is the first low-degree reconstruction
result (in any model) that achieves the “correct” exponent on D.

Theorem 1.7 (Lower bound for tensor PCA reconstruction; informal). Let D = D(n) € N have
D < \/n/2p?. For all odd p > 3, there is a constant ¢, > 0 such that if X < cpn_p/4D_(p_2)/4, then
polynomials of degree at most D cannot reconstruct x from Y ~ P with positive correlation.

The restriction to odd p makes estimation of the vector v itself well-defined, since for even p,
v = (—v)®P. For even p one may seek to estimate v ® v instead, but this would introduce
considerable additional technicalities into our approach.

Computational central limit theorems and Wigner vs. Wishart The second problem we
consider is inspired by the recent work of [Mik20], who considered a tensor central limit theorem:
given ii.d. tensors X;, how quickly does the distribution of % Z;Zl X converge to a Gaussian
tensor as r increases? That work considered a Wishart tensor model, where each X is the rank-one

tensor x?p with z; a standard Gaussian vector, with “diagonal” entries of the tensor—those indexed

by tuples (i1, ..., 1,) with a repeated entry—zeroed out.? The author showed that r > n?~! suffices
for information-theoretic convergence: past this number of summands, the Wigner and Wishart laws
are close in a suitable distributional distance, and no statistic whatsoever can distinguish them with
high probability.

Earlier work [BDER16] considered the matrix case p = 2, but considered computational conver-
gence: for what scaling of r can a computationally efficient hypothesis test distinguish the Wigner
and Wishart laws? Their answer was r < n3, which coincides with the information-theoretic lower
bound, n??~! = n3. Here we ask: how does computational convergence behave when p > 27?

The distribution studied by [Mik20] is not invariant, and so is not amenable to our tools.
As a substitute, we propose a family of random tensors whose entries are degree p homogeneous
polynomials in Gaussian random variables, just like the x?p above, which our methods can treat
and which we believe should behave similarly to Wishart models.

Definition 1.8. The real Ginibre ensemble Gin(n, 0?) is the law of an (asymmetric) n x n random
matriz Z whose entries are i.i.d. with law N(0,0?).

We write Haar = Haar(n) for the Haar probability measure over the orthogonal group O(n), omit-
ting the n when it is clear from context. The basic idea that will be involved below is that the
distributions Gin(n, 1/n) and Haar(n) behave similarly: both are orthogonally invariant (Proposi-
tion 6.2), and the entries of both are typically O(1/y/n). Moreover, “invariantizing” a tensor by
forming Z - T with Z ~ Gin(n,1/n) makes its entries homogeneous of degree p in the Gaussian
entries of Z, giving an object resembling :L';Z)p from the model of [Mik20].

2This ensures that the limit tensor has centered and independent Gaussian entries, while including diagonal entries
would introduce correlations.



Theorem 1.9 (Lower bound for Wigner vs. Wishart detection; informal). Suppose that p,, are
probability measures on SymP(R™) satisfying the following properties for A ~ pip:

1. For alli € [n]P having a repeated entry, Ay .. i, =0 almost surely.

2. There is a constant C > 0 such that, for alli € [n]P, |A | < C almost surely.

i1 yeeesip
3. ||Al|% = nP almost surely.

Let Z,...,Z, ~ Gin(n,1/n) be i.i.d. and Ay, ..., Ay ~ py, be i.i.d., and write P = Py, for the law
of r—1/2 Z;Zl Zj - Aj. There is a constant a,c > 0 such that the following holds. Suppose that

D = D(n) < \/n/2p? is given and r = r(n) satisfies

nP if p is odd,
> . .
"= e { n3P/2 if p is even

Then, polynomials of degree at most D cannot distinguish Py, .,y from Wig.

(6)

We emphasize one simple example: consider A a deterministic tensor, with
Aqi,..i, = ¢+ 1{no entry is repeated in i}, (7)

where ¢ = ¢(p,n) is chosen (close but not equal to 1) so that ||A||% = nP. If A were simply the
all-ones tensor 1¢P, then Z - A would have the law of w?p from the above Wishart model. Thus,

we believe it is reasonable to think of A as an invariant surrogate for the law of a:?p with positions
having repeated indices zeroed out. Note also that, as in the latter model, in our model we have
EZ; - Aj = 0 even when p is even, so there is no need to center these terms.

The result suggests that computational central limit theorem convergence (i.e., with respect to
polynomial-time algorithms) in this Wishart-like model occurs once r > n(ZHHp evenh)p/2 - For the
special case of the above choice of A, we may bolster this proposal with a matching upper bound.

Theorem 1.10 (Upper bound for Wigner vs. Wishart detection; informal). Let A be as in (7),
and iy, be the Dirac delta mass on A. Then, in the setting of Theorem 1.9, if r = r(n) satisfies

nP if p is odd,
r< { n3P/2  if p is even }’ (8)

then there is a polynomial of degree D = 3 if p is even and D = 4 if p is odd that can distinguish
Prrn) from Wig.

As in the case of tensor PCA, our diagrammatic approach gives a clear intuitive explanation of the
structure of this threshold. Here, the unusual-seeming dependence on the parity of p arises because
the parity of p controls the smallest possible size of a p-regular multigraph on more than two vertices,
which is 3 when p is even but 4 when p is odd. Our calculations will demonstrate that in this setting
the smallest graphs (or disjoint unions thereof) correspond to the most powerful polynomials for
hypothesis testing, so the above phenomenon accounts for detection being proportionally easier (as
reflected in a larger threshold for r) when p is even.

We note also that the computational threshold r > n(2THP evenh)p/2 e ostablish coincides with
the information-theoretic lower bound r > n?’~! of [Mik20] when p = 2, but is strictly lower
by a polynomial factor once p > 3. In this sense, our result gives initial evidence that testing
Wigner vs. Wishart tensors may exhibit a statistical-computational gap not present in the matrix
case (provided that the information-theoretic lower bound of [Mik20] can be matched by an upper
bound, which to the best of our knowledge is not yet established).



1.2 Main Proof Technique: Tensorial Finite Free Cumulants

The following remarkable objects are at the heart of our approach to analyzing low-degree algo-
rithms for invariant problems.

Theorem 1.11 (Finite free cumulants of a tensor). For any 0 < D < \/n/2p?, there is a collection
of polynomials kg (T) of degree at most D in the indices of a tensor T, indexed by (non-isomorphic)
p-reqular multigraphs on at most D vertices, such that the following hold:

1. (Empty Graph) ka(T) = 1.
(Invariance) The kg are invariant polynomials: kg(Q - T) = ka(T) for all Q € O(n).

(Basis) The kg are a basis for the invariant polynomials of degree at most D.

L

(Approzimate Orthonormality) The Gram matrizc Mg g = Erowig(ka(T)ku(T)], restricted
to those G and H none of whose connected components consist of two vertices connected by
p parallel edges, satisfies

% < Amin(M) < Amax (M) < 2. (9)

5. (Wigner Ezpectations) For any G that is not empty and not a single two-vertex connected
component of the kind described above,

E T) =0. 10
TNWigfiG( ) (10)

6. (Additive Free Convolution) For any S,T € SymP(R™) and G connected,

o B i85+ QT) = 5a(S) + e (T). (11)

Remark 1.12. When D > \/n/2p?, the finite free cumulants exist and satisfy Conditions 1-3 and
5-0, but Condition 4 breaks down. More dramatically, once D > \/n the Gram matriz of the finite
free cumulants no longer has a bounded condition number, so they are no longer approximately
orthogonal. See Appendix C for further details.

Of course, by basic linear algebra over the space of polynomials endowed with inner product (f, g) =
Er~wig[f(T)g(T)], there must exist polynomials satisfying Claims 1-5, and indeed if this were all
we were interested in we could demand exact orthonormality in Claim 4. What is surprising is,
first, that we can identify such polynomials explicitly (analogous to, say, the Boolean Fourier basis
or the Hermite basis, as opposed to arbitrary abstract collections of orthogonal polynomials), and
second, that those same polynomials happen to satisfy the exact algebraic Condition 6.

We will see that these objects are useful tools for the analysis of low-degree polynomial algo-
rithms in models having both invariance and additive structure. Consider the case of hypothesis
testing. The analysis of low-degree polynomials, given an approximate basis of this kind, boils down
to evaluating expectations of kg under the alternative hypothesis—the distribution of Y = Av®P+W

in tensor PCA, or of r—1/2 >oi_1 Z;i - Ai in a computational central limit theorem. But, Claim 6



above gives a powerful tool to handle such situations, as is especially apparent for tensor PCA:
combining Claims 5 and 6, we see that

E kg(M®P + W) =

W %Q”G(Avg’p +Q W) = Exg(MW®) + E ka(W) = Erg(A®P),  (12)

w

and the last expression is simple to compute in closed form (Proposition 5.8). To give some
intuition, the result is equal to leading order to E,mg(Av®P) (generally, the kg are built by a series
of “adjustments” to the corresponding mg), which, even inside the expectation, is easily computed
by hand as AV (@||y||2EG] (Proposition 5.5).

As we have mentioned, there is a deeper mathematical meaning to the kg: as Claim 6 hints
at, the kg are really the correct generalization to tensors of finite free cumulants from the free
probability theory of random matrices. In this regard, our kg are the third step in a chain of
generalizations in the literature, which we review below.

First, the classical cumulants are polynomials Iﬁgl) in the moments of a random variable with
the property that, if A and B are independent scalar random variables, then the cumulant of their
convolution A + B is the sum of their cumulants: k(A + B) = k(A) 4+ x(B). For instance, the first
cumulant is the expectation, and the second cumulant is the variance, for which these additivity
rules are familiar.

Second, the theory of free probability considers the less straightforward question of how addition
affects the spectra of matriz-valued random variables A and B. To make this as tractable as the
scalar case, it is not enough to assume that A and B are independent—the typical spectrum of A+ B
still depends on the extent to which A and B commute. Free probability restricts its attention to
freely independent pairs A, B whose frames of eigenvectors are “maximally uncorrelated” with each
other. For our purposes, we may take this to mean that we are interested in the typical spectrum of
A+Q"BQ = A+ Q- B for Q ~ Haar drawn independently of A and B. The finite free cumulants
lﬁ:g?) then satisfy this additivity property in expectation, [EQH?)(A—F Q-B) = ng) (A)+ /1,22)(3), just
as in Claim 6. They are a relatively recent innovation in free probability [AP18, AGVP23], but a
notion of their limit as n — oo, called just the free cumulants, was crucial to the earlier origins of
the theory (see, e.g., the reference [MS17]).

Given that they satisfy Claim 6, it should now be clear that our kg generalize this notion of
finite free cumulant to tensors. Even for matrices, it seems not to have been noticed previously
that finite free cumulants lead two parallel lives: on the one hand, they are statistics of random
matrices that behave well under freely independent summations; on the other, as our work shows,
they yield a natural, explicit, near-orthogonal basis of invariant functions under the inner product
induced by the Wigner distribution, which for matrices is the Gaussian orthogonal ensemble. Also
interesting is that there is no clear notion of limiting free cumulants for tensors, because there is
also no clear notion of eigenvalues or empirical spectral distribution. Still, finite free cumulants are
sensible and useful objects.

The astute reader will notice that Claim 6 is restricted to connected graphs—a simple issue
that we address in Proposition 4.27—and that Claims 4 and 5 make exceptions for a particular
type of connected component, namely a two-vertex multigraph, which we call a Frobenius pair (see
Section 4.1). The associated cumulant may be viewed as a formal analog of the variance (the second
classical cumulant), and like the variance is always non-negative. To actually use the finite free
cumulants as a basis, we will have to define and work carefully with a suitable re-centering that
accounts for this, which will be one of our main tasks in Section 4.



We also have not said anything about the application of these ideas to estimation, which re-
quires vector-valued functions of a tensor. This turns out to admit a parallel theory concerning
equivariant functions, ones f : SymP(R™) — R™ satisfying f(Q -T) = Q - f(T'), which are spanned
by constructions like mg(7") but where G has an “open” edge corresponding to the vector output.
These modified graph moments also are spanned by a basis of objects similar to the kg. Our lower
bound for reconstruction is obtained by using this basis in conjunction with the existing strategy

of [SW22].

1.3 Related Work

Eigenvalues of tensors There are several reasonable different definitions of eigenvalues and
eigenvalue-eigenvector pairs for tensors [Qi05, Qi07, QCC18]. It is non-trivial to compute these
eigenvalues [CDN14], and, under the common notion of “E-eigenvalues,” typical tensors have ex-
ponentially many eigenvalues in their dimension, per the analysis of the critical points of spherical
spin glass models [ABACl?;, Subl7]. Most importantly, there seems to be no natural analog for
tensors of the spectral decomposition for matrices, making it seemingly impossible in general to
reduce the evaluation of tensor invariants to computations with eigenvalues. This is in contrast to
the matrix setting where the invariants are just power sums of the eigenvalues, tr(T° g) =3, )\f,
and polynomials thereof.

Random tensor theory Aspects of random matrix theory that have been generalized to the
tensor setting® include the derivation of the maximum eigenvalue of a Gaussian random tensor by
a “tensorial power method” [Evn21], a definition of a resolvent, a spectral density, and Wigner’s
semicircle law for Gaussian random symmetric tensors [Gur20], universality of this generalization
of Wigner’s law [Gurl4] (with applications to spherical spin glass models [BGS13]), and Harish-
Chandra-Itzykson—Zuber integrals [CGL23b, CGL23a]. See also the book [Gurl7] for many details.
We will both elaborate on some of these results (see, e.g., our Theorem 5.3 on the scaling of
graph moments of Gaussian random tensors) and will show generalizations to the tensor setting
of aspects of free probability theory, including the notion of free cumulants, properties of additive
free convolution, and Voiculescu’s theorem on the asymptotic freeness of matrices under random
rotation of their eigenvectors.

Very recently, and independently of our work, another approach to free probability for tensors
based on Gurau’s tensor resolvent was proposed in [Bon24]. This line of work differs from our
results in focusing on a coarser collection of invariants which is, in our notation, the sum of the
moments me(7") over all connected G on a given number of vertices.

Tensor PCA Starting with the work of [MR14], the tensor PCA problem is now well-studied. A
variety of different polynomial-time algorithms are known to achieve the scaling A ~ n~—?/4 [MR14,
HSS15, HSSS16, ADGM17, Has20, BCRT20]. While information-theoretically it is possible to
succeed for smaller A [JLM20], we expect that no poly-time algorithm can achieve this due to
lower bounds against low-degree polynomials [HKP*17] and a reduction from a variant of the
planted clique problem [BB20]. Furthermore, various algorithms are known to achieve a particular

3Some works, such as [AHH12], also use the term “random tensor theory” to describe their results, though they
really concern random matrices built out of random tensors, say by taking sample covariances of vectorizations of
these tensors.



Figure 2: On the left, a tensor network defining a 4-index tensor from two copies of a 3-ary tensor;
we sum over all n values of the internal index z. It can be viewed, among other things, as an
n?-dimensional matrix M; ) (k,e)- This matrix is used in a spectral algorithm for tensor PCA
in [HSS15]. On the right, a partial trace where we also sum over i, giving an n-dimensional matrix
M, used by [HSSS16] for another spectral algorithm.

tradeoff between the SNR A and the (super-polynomial but sub-exponential) runtime, when A <
n~P/* [RRS17a, BGGT16, BGL17, WAM19].* The low-degree result of [KWB22] that we recalled
in Theorem 1.6 suggests that this tradeoff cannot be improved. Most closely related to our results,
there is a line of work considering the application of tensor invariants to tensor PCA, using the
“random tensor theory” machinery mentioned above [Gur20, OTR22, OR20, Oue22].

Algorithms using tensor networks and distinct indices Our notion of “tensorial free cumu-
lants” arose from seeking an invariant version of the “distinct-index” tensor networks used in the
recent work [Wei23] on tensor decomposition. In the matrix setting, if A is the adjacency matrix
of a graph, the distinct-index trace

A(z) = Z Ah,izAiz,is T Ail—l:il

215224--51p

distinct
counts self-avoiding walks. This was used previously by [Masl4] in the context of community
detection in the stochastic block model, and by [DHS20] as a variance reduction technique for
estimators and test statistics in matrix PCA. Other previous uses of tensor networks in tensor PCA
include [HSS15], which uses the n2-dimensional matrix M jyk0) = 22 TikzTje- shown in Figure 2
on the left, and [HSSS16] which uses its partial trace on the right. Algorithmic applications of
more elaborate tensor networks can be found in [MW19, DAL"22]. The recent work of [Sem24]
uses similar ideas of optimizing over invariant and equivariant polynomials as well, but, working in
the matrix setting, does not use the graphical tensor network notation.

The graph matrices widely used to analyze the pseudocalibration construction in lower bounds
against the sum-of-squares hierarchy also feature a restriction of similar summations to distinct
indices, and through this give an orthogonal basis for the polynomials invariant under a group
action (in that case the action of the symmetric group). See [BHK'19, GJJ720, PR22, JPRX23]
for applications of pseudocalibration, and Remark 2.3 of [AMP16] for discussion of the orthogonality
properties of graph matrices. Finally, the combinatorial structure of a nearly-orthogonal basis for
a special class of tensor networks arising in [GJJT20] was studied by [JP21].

4Notably, unlike in the matrix case, once p > 3 the tensor analog of power iteration—which may be viewed as
computing a tree-shaped tensor network—performs suboptimally [MR14, WZ24].
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Cumulants in low-degree lower bounds The work of [SW22] also treats reconstruction using
low-degree polynomials, and also encounters a quantity that is referred to as a “cumulant.” Those
quantities are simply the classical (joint) cumulants of scalar random variables. In contrast, our
cumulants are firstly the free cumulants of free probability, and secondly are polynomial functions
of a matrix or tensor, rather than statistics of an entire probability distribution.

2 Notation

We write 1 for the identity matrix, J for the all-ones matrix, and 1 for the all-ones vector (when
it is used in linear-algebraic context). We write n? := n!/(n — b)! for the falling factorial, and use
the less conventional n2 := n!!l/(n — 2b)!! for the falling double factorial.

3 Preliminaries

3.1 Closed Tensor Networks as Invariant Polynomials

First, let us motivate the family of linear combinations of tensor networks as a natural class of
algorithms. For computations over symmetric matrices 7', an important role is played by linear
spectral statistics, the quantities F(T') = > | f(Xi(T)) for some function f: R — R.

The space of all linear spectral statistics is a natural limit of the same space where f are
polynomials. That space admits a more algebraic interpretation: it is the same as the space of all
symmetric polynomials of the eigenvalues of T', which is also the space of all invariant polynomials
of a matrix T: if F(QTQ') = F(T) for all Q € O(n) for a polynomial F, then F must be a
symmetric polynomial of (Ay(T),..., A\, (T)).

In the matrix case, when f(\) is a polynomial, then we have F(T) = tr(f(T)). These are
linear combinations of tr(7), and one may check that tr(T%) = mc, (T), where Cy, is the k-cycle.
In summary, then, the linear spectral statistics for f a polynomial-—a natural class of “spectral
algorithms” over matrices—have two coinciding interpretations: on the one hand, they are all
invariant functions of a matrix 7'; on the other, they are linear combinations of the mg(T) where
T is a 2-regular multigraph.

These interpretations do not depend on the notion of “eigenvalue.” While there is no one clear
definition of eigenvalues for tensors, this algebraic interpretation of linear spectral statistics does
admit a tensorial generalization. In particular, we have:

Definition 3.1 (p-regular multigraphs). Write Gq,, for the set of (non-isomorphic) p-regular multi-
graphs on d unlabelled vertices.

Theorem 3.2. Let R be the ring of invariant polynomials f : SymP(R™) — R. Then R is generated
as a vector space by the polynomials mag(T) over G € | |j~0%dp- In particular, any invariant
homogeneous polynomial f(T) of degree d is a linear combination ), o; ma,(T) for Gi € Gq .

In this sense, we propose that the space of linear combinations of mg(T') should be viewed as the
“right” tensorial generalization of linear spectral statistics. (The analogy between mg (7)) for T a
tensor and mc, (T) = tr(T%) for T a matrix, the latter of which is, up to renormalization, the kth
moment of the empirical spectral distribution of 7', is also why we call the mg(7T) “moments.”)
Theorem 3.2 is a classical result in invariant theory, namely the “First Fundamental Theorem”
for the orthogonal group [Wey46]; see [GW98, §4.3] for a modern treatment, following [ABP73,
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Figure 3: Three examples of mixed moments of tensors. Here U, V', and W have arity 1, 2, and 3
respectively. From left to right, these yield the bilinear form (U, VU), the trilinear form (W, U®3),
and the quantity in (14).

pp. 285-6].5 However, these proofs may be opaque to some readers, and lack graphical panache.
We provide a graphical proof in the style of our other calculations in Appendix A for the reader’s
appreciation.

We can also consider mixed moments of multiple tensors, possibly with different arities:

Definition 3.3. Let T be a set of symmetric tensors, and let G = (V, E) be a multigraph associated
with a function T :'V — T that labels each vertex v € V with a tensor T(v) € T of arity degwv.
Then define the mized moment ma(T) as the contraction

ma(T)= > [ T®)iow - (13)

i€[n]E veV

Example 3.4. Let U, V, and W be tensors of arity 1, 2, and 3 respectively. The rightmost
multigraph G in Figure 3 yields

ma(U, V,W) =Y Vij Wiji Vie Ue, (14)
ijke

which is quadratic in V' and multilinear in W and U.

Example 3.5. Let U and V' be matrices of the same dimension. Then, the mized connected graph
moments of these matrices are the mized traces, tr(UM V% ... UkmVEkm) for k; €; > 1. These are
the quantities to which the concept of freeness in free probability theory pertains; we will see later
that graph moments of tensors admit a generalization of parts of this theory.

A version of Theorem 3.2 also holds for this setting:

Theorem 3.6. Let R be the ring of invariant polynomials f : SymP' (R™) x - -+ x SymP™(R™), in
the sense that f(T1,...,Tn) = f(Q - T1,...,Q -Ty) for all Q@ € O(n). Then, R is generated as a
vector space by the mg(T1, ..., Ty): any invariant homogeneous polynomial f(T1,...,Ty) of degree
d; in T; for each i € [m] is a linear combination of mized moments mg(T1,...,T,,) where each T;
corresponds to d; vertices of G.

We again give a proof in Appendix A, which is essentially identical to that of Theorem 3.2. This
is a non-trivial generalization even in the case d; = 2 of matrices, due to [Pro76], and we give a
simple and unified proof for either setting.

®These results are usually stated for the action of O(n) on all “axes” of a general tensor T € (R,)®P, but by
Proposition A.1 they also immediately apply to invariants of symmetric tensors.
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3.2 Open Tensor Networks as Equivariant Polynomials

We can also consider vector-, matrix-, or tensor-valued functions f(7") whose outputs transform
properly when T is transformed. This will include, for instance, an optimal algorithm for recon-
structing the spike in tensor PCA.

Definition 3.7. Let f be a function from p-ary tensors to £-ary tensors. We say that f is equiv-
ariant if for any T and any orthogonal matriz @Q € O(n),

fQ-T)=Q- f(T),
and similarly if f is a function from multiple tensors to f-ary tensors.

Example 3.8. Let Q be a matriz. If v is a left eigenvector of T, then Q-v = vQ is a left eigenvector
of Q- T = Q'TQ. Thus the output of a spectral algorithm that returns the dominant eigenvector
of a matriz is equivariant.

Given the machinery we have set up, it is easy to generalize Theorem 3.2 to show that the
equivariant polynomials are linear combinations of “open graph” moments where the graph has ¢
open edges; see [Wey46, p.64] and [ABP73, p.286]. These are also known as partial contractions.

Definition 3.9. An t-open multigraph G is a triple (V, E, E") where each edge e € EUE’ is a
multiset e CV with le] =2 if e € E and |e| =1 if e € E', and where |E'| =t. We say E and E'
are the sets of closed and open edges respectively. The degree of a vertex v € V is the total number
of times it appears in EUE', including self-loops in E where it occurs twice. We say G is p-reqular
if every vertex has degree p.

Definition 3.10. Let T € SymP(R"™) and let G = (V, E,E') be a p-regular open multigraph with
|E'| = ¢ open edges. Let i € [n]PYE" denote a labeling of the edges with indices in [n]. Let i(E) and
i(E") denote the labels of the closed and open edges respectively, and as in Definition 1.3 let i(Ov)
denote the multiset of indices i(e) associated with the edges e incident to v. Then, the associated
open graph moment mg(7T) is the following ¢-ary tensor,

ma(Mien = >, ] Tiow-
i(E)e[n)E veV
For a set of tensors T, we similarly define
ma(Miey = Y, [[T®)iow) -
i(E)e[n]E veV
where for eachv € V, T(v) € T has arity degwv.

In words, these partial contractions are graph moments where we sum only over the indices on
closed edges, and leave the indices on open edges as unbound variables.

Example 3.11. We show three 3-regular open multigraphs in Figure 4. The first two have one
open edge each, and the third has two open edges. Thus their partial contractions mg(T)i( gy result
in a vector or matriz. For the first graph we have the partial trace mg(T); = Zj T;j;, and for the
third one we have the matrix

ma(T )i = Z Tijk Tiom Tiron Thomn - (15)

jklmn
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Figure 4: Three open multigraphs whose partial contractions me(T") yield vectors or matrices, i.e.,
l-ary or 2-ary tensors. The first is the vector mqg(T); = Zj Tij;. The third is the matrix mqg(T);:

given by (15).
D @
© 0O -

Figure 5: On the left, conjugating a 3-ary tensor 7" by an orthogonal matrix Q. Each index of
T undergoes the same orthogonal basis change. On the right, for a 2-ary tensor, i.e., a matrix,
this coincides with the usual notion of conjugation Q'7T'Q. Arrows indicate that T’s indices are
contracted with the left index 7 of ;;. Reversing an arrow converts () to its transpose Q.

This is the graph moment G, (T) given by (3) except that i and i’ are open indices rather than
being set equal and summed over. Taking the trace of this matriz closes this loop and yields Gg,(T).

We may already start to glean some of the benefits of this graphical language. For example, it
lets us understand more clearly the change of basis from Definition 1.1.

Remark 3.12. As shown in Figure 5, Q - T consists of placing a copy of Q on each “outward”
edge of T'. Since @ is not symmetric, we place arrows on the edges to indicate which of its indices
18 contracted with an index of T; reversing this arrow swaps Q’s indices and thus converts it to its

transpose Q. In the matriz case p = 2, Q - T corresponds to standard matriz conjugation, since
QTTQ can also be written T - Q¥2:

(Q77Q) | = X Q) Quy = 3T @y Quy = (TG,

Ji
Using this, the proof that graph moments are invariant functions becomes straightforward.

Proposition 3.13. For any T € Sym?(R"™), any multigraph G, and any Q € O(n), ma(Q -T) =
ma(T). The same holds for mized moments ma(T) as in Definition 3.3.

Proof. Since reversing the direction of an edge changes Q to QT, placing outgoing Q’s on the
edges of each vertex creates a pair QQ' on each edge. Since Q is orthogonal, Q" = Q' and

QQT =1. O

Finally, analogous results hold for open graph moments as did for closed ones. First, just as
closed graph moments are invariant, open graph moments are equivariant:

Proposition 3.14. For any T € Sym?(R"), any open multigraph G, and any Q € O(n), ma(Q -
T)=Q -mg(T). The same holds for mized moments mg(T) as in Definition 3.10.

14



Proof. As in Proposition 3.13, placing an outgoing () on the edges of each vertex causes a canceling
pair QQ'T = 1 on each closed edge, and an outgoing @ on each open edge. The latter transform
ma(T) to Q- mg(T). O

And, as for closed graph moments and invariant polynomials, the open graph moments span all
equivariant polynomials.

Theorem 3.15. Let p be an equivariant function from p-ary tensors to £-ary tensors. If f is a
homogeneous polynomial of degree d, then f(T) is a linear combination ), ayme,(T) where the G;
are p-reqular open multigraphs with d vertices and ¢ open edges.

More generally, let f(Th,...,Ty) be an equivariant function that yields (-ary tensors. If p is
a homogeneous polynomial of degree d; in each T;, then is a linear combination of mized moments
ma(T1,...,Ty) where G has £ open edges and each T; corresponds to d; vertices of G.

Once again, we defer a proof to Appendix A.

3.3 Invariant Tensors, Brauer Space, and the Weingarten Function

An important role in our calculations will be played by the subspace of vectors in ([R”)®e that is
invariant under the action of O(n) on this space, i.e., the vectors w such that Q®w = w for all
Q@ € O(n) (not to be confused with our other discussion of invariant polynomials). In our case
we will have ¢ = pd for working with G' € Gg,. This is sometimes called the Brauer space after
Brauer’s early work on its structure.

In particular, his classic results in the representation theory of Lie groups [Bra37] show that this
subspace is spanned by vectors of the following form. Assume / is even; otherwise, since —1 € O(n),
only the zero vector is invariant. Then, for each perfect matching u = {(t1,t}), ..., (ts/2, t2/2)} of
[¢], define

w(l‘)il,--~7ie = H 5’it7it/ (16)

(tt)en

where 0 is the Kronecker delta §; ;; = 1 if ¢ = ¢ and 0 otherwise. In tensor network notation, we can
regard these matching vectors as f-ary tensors consisting of a set of “cups,” each of which ensures
that two indices are identical. Alternatively, one may view them as tensor powers of the identity
matrix, though viewed as a tensor rather than a matrix, i.e. (3.7, e; ® ¢;)®¥/2, subject to various
permutations of the vector axes. Note in particular that the w(u), unlike the tensors discussed
earlier, are not symmetric tensors; indeed, their symmetrizations are all the same, not depending
on the matching u.

For instance, if £ = 6 and p = {(1,3),(2,5),(4,6)} then w(u) =\ \/ \/ ). These vectors are
invariant since, if we apply an orthogonal matrix @ to both indices of a cup, Q and QT meet in
the middle and cancel (just as we will discuss in Proposition 3.13). Brauer’s result cited above is
that these are all of the invariant tensors.

Definition 3.16. For a finite set X, write M(X) for the set of perfect matchings of X.

Proposition 3.17. The subspace of O(n)-invariant tensors in (R™")®* is spanned by the w(p) over
€ M([f]).
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We will also need to work with the orthogonal projection to this invariant subspace. On the one
hand, by general representation theory, this object is just the averaging operator over all rotations,

I, := EQW, (17)

viewed as an operator on ([R")W (equivalently, as a large matrix formed as the Kronecker power).
In particular, I, contains as its entries the moments of the Haar measure over O(n). This gives
an elegant connection between the probability theory of the Haar measure and the representation
theory of O(n).

On the other hand, by elementary linear algebra, Il; is given by some linear combination of
rank one matrices,

M= 3 W, () ® w(w) (18)
v

Indeed, the matrix Wg can be taken to be the Moore—Penrose pseudoinverse of the Gram matrix
of the w(u). Its entries as a function of u, v are known as the (orthogonal) Weingarten function.
In particular, II; therefore admits a diagrammatic description, as a linear combination of op-
erator “switching” one matching to another (the outer products of two matching vectors). For
instance, Iy is the “cupcap”
1\

M =E ==
2 4 Q ® Q n ma
namely the outer product of w({(1,2)}) =\_/ with itself. The normalization 1/n comes from the

fact that )
U -eR-0-n

corresponding to the trace of the identity matrix equaling n. Il is already more complicated:

_ 1 U U VAV, VAV,
= G D=1 [(”“)rm 7T AN
W VY, W

AN e AN T

U L Ny

AN T T A

Fortunately, there is a combinatorial description of the Weingarten function that aids in computing
these coefficients, as we discuss in Appendix C.

3.4 Low-Degree Polynomial Algorithms

The idea to consider polynomials as algorithms for statistical problems with degree as a measure of
complexity first arose from [BHK'19, HS17, HKP*17] and the framework has been subsequently
refined over the years, e.g., by [Hop18, KWB22]; see, for instance, [BEAH'22] for a modern account.
Originally this line of work considered simple “planted versus null” hypothesis testing problems, but
later extensions treated other styles of questions such as estimation [SW22], optimization [GJW24],
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and refutation [KVWX23], as well as more complex testing problems [RSWY23]. The low-degree
polynomial framework has by now found numerous applications and is a leading approach to un-
derstand computational complexity of statistical problems.

We will next specify what it means for a polynomial to solve a detection or reconstruction
problem.

Definition 3.18 (Low-degree advantage).

Ey~pf(Y)
Advep(Q,P):= sup ——oPI0) (19)
feRYl<p  VEv~af(Y)?
Ey ~qf(Y)%#0

Remark 3.19. This notion has been standard since the work of [HS17, HKP' 17, Hop18], where
its boundedness, i.e., Adv<p(Q,P) = O(1), indicates hardness at degree D. The value Adv is also
called the norm of the low-degree likelihood ratio [Hop18] but the terminology Adv avoids defining
likelihood ratios and low-degree projections. While boundedness of Adv does not completely rule out
low-degree polynomials as a test statistic, it means that we cannot use Chebyshev’s inequality to show
that one succeeds. If Adv = w(1), this may suggest success of low-degree tests, but a number of recent
examples show that this is not necessarily the case [BEAH" 22, COGHK™' 22, DMW23, DDL23].

In light of this, one should really define “success” for low-degree tests not in terms of Adv but
by the notion of “strong separation” first coined in [BEAHY 22]. This way, “success” legitimately
implies a high-probability distinguisher, and furthermore “success” can be precluded by showing
Adv = O(1) (or even by bounding a conditional variant of Adv). There is also a related notion of
“weak separation”; again, see [BEAHT 22].

Our Theorem 1.6 (or rather, the formal version Theorem 5.7) will focus on showing Adv is
either O(1) or w(1), but we expect that our proof of Adv = w(1) could be strengthened to a proof of
strong separation.

For reconstruction tasks, success is naturally measured in terms of mean squared error.

Definition 3.20 (Low-degree minimum mean squared error [SW22]).

MMSE<p(P) := inf E Y) — 2| 20
<p(P) feng[r;}%D(LYMHf( ) — x| (20)

Similar to Fact 1.1 of [SW22], this can be equivalently formulated in terms of “correlation”:
MMSE<p(P) = E|jz|*> — Corr<p(P)? (21)
where Corr is defined below.

Definition 3.21 (Low-degree correlation).

Corr<p(P) := sup Eeyyopts F(Y) . (22)

FERYTZ Ey~pllf(Y)|?

Ey ~pllf (V)]0

In tensor PCA we have ||z||? = n, so to rule out non-trivial reconstruction we will aim to show
Corr<p(P)? = o(n).

Finally, to relate low-degree polynomial algorithms to our study of invariant polynomials, we
show that both the advantage and correlation may be restricted to invariant polynomials without
changing their value, provided the underlying distributions have certain invariance properties.
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Proposition 3.22. Suppose that both Q and P are invariant distributions. Then,

Ey~pf(Y)

Adv<p(Q,P) = sup —_— (23)
- fERY]<p V [EYN(Qf(Y)2
[ invariant
Ey~qf(Y)2#0

Proof. Consider f(Y) := EQ~taar(n) f(@ - Y). Then, f is invariant. And, we have

Ef¥Y)=_ E E fQY)= E_f(Y), (24)

Y ~P Q~Haar(n) Y~P Y ~P

by the invariance of P. The same holds for Q with f replaced by f2, and the result follows. O

Remark 3.23. By the same operations on f, one may also show that, outside of the low-degree
framework but under the same assumptions on P and Q, if there is a test statistic achieving given
Type I and II error probabilities, then there is an invariant test statistic achieving the same.

Proposition 3.24. Suppose that P is a distribution over R™ x SymP(R™) such that (x,Y) ~ P has
the same law as (Qx,Q -Y) for any Q € O(n) (that is, so that P viewed as a distribution over
x®Y is invariant). Then,

Correp(P) = sup Eyvy~p(z, f(Y)) (25)

FERY]Z Ev~elfV)[?
f equivariant
Ey ~pllf(Y)]?#£0

Proof. Consider f(Y) := [EQNHWM(H)QT f(Q-Y). fis equivariant, since

fRY)= E  Q'f(QR-Y)=ERQ'f(Q-Y)=Rf(Y). (26)
Q~Haar(n) Q
And we have
E (nf)=_ E E @Qf(QY)
(z,Y)~P Q~Haar(n) (z,Y)~P

=L E (Qz,f(Q-Y))
Q (2,Y)~P

= E (zf(Y)),
(z,Y)~P

and similarly for the denominator,

3 2 T . 2
TP = ElE - QTIQ Y

~Haar(n

< E [E[PHQTf(Q-Y)HQ

QR~Haar(n) Y~

= £ _E |f@-Y)?

Q~Haar(n) Y ~P
= E_If0M)IP
Y ~P
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where we have used Jensen’s inequality followed by the invariance of the marginal distribution of P
on Y. The result then follows. We note here that, because of the inequality in the last calculation,
f can actually have strictly larger objective function in the correlation than f; on the other hand,
the equivariant polynomials are included in the original maximization for the correlation, so the
stated result is in fact an exact formula and not just a bound for Corr<p(P). O]

Remark 3.25. When p is even, the reconstruction problem has an ambiguity since v is only
identifiable up to a sign. In this case we can define g(Y) as returning v ® v, or the entire rank-1
tensor v®P. More generally if we define the accuracy of g as (g(Y),v®P), the same equivariance
argument applies.

4 Tensorial Finite Free Cumulants and Invariant Bases

4.1 Frobenius Pairs

A special role in our techniques will be played by the following multigraph, which is called the
“melon” in high energy physics.%

Definition 4.1. The Frobenius pair F' of degree p is the p-reqular multigraph on two vertices with
p parallel edges connecting the vertices.

We call this the Frobenius pair because the associated graph moment is the Frobenius norm:

mp(T)=Tlh= Y T} . (27)

i1,0ip€[n]

For instance, for a 3-ary tensor we have

(7)
(-3,

@ gk

For 2-ary tensors F' is a 2-cycle, and we recover the matrix case

o T
() = 171} = (T77).
D

For multigraphs that include multiple Frobenius pairs as connected components, we use “Frobenii”
as a plural and urge others to do the same.

As we have mentioned in the Introduction, the issue that Frobenii raise is that they are the
only connected graph moment whose terms are not centered for generic (or, say, Gaussian as in the
Wigner law) tensors 7. This will create an obstruction to orthogonality for our initial definition of
finite free cumulants, which we will need to circumvent with an additional centering operation.

5 A related recursive structure gives the class of “melonic graphs” (the melon among them) that play an important
role in other diagrammatic computations; see, e.g., [Evn21] or Chapter 4 of [Gurl7].
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4.2 Distinct-Index Graph Moments

In order to define tensor cumulants, we first follow recent work [Wei23] that modifies graph moments
by requiring that the indices on the edges be distinct.

Definition 4.2. Given a p-ary symmetric tensor T and a p-regular multigraph G with |E| = b

edges, define
me(T) = > 1 Ziow - (28)
i€m)?  vev
i1,...,4p distinct

where the ! connotes distinctness.

Clearly mi(T) = 0 unless n > b. As with ordinary graph moments, we define mi(T) = 1 if G is
empty.

Remark 4.3. If T is a random tensor whose law is invariant under conjugation by orthogonal
matrices, or even just conjugation by permutation matrices, then every term in the sum arising
from [Em!G(T) is equal. In that case, [Em!G(T) is just the number of distinct tuples of indices, i.e.,
nt=n(n—1)(n—2)---(n—>b+ 1), times the expectation of any one of them.

Requiring distinct indices has an important consequence: except in a Frobenius pair, vertices
cannot have matching edge neighborhoods. To deal with Frobenii we also define a centered version
of m'G as follows.

Definition 4.4. Let T be a p-ary symmetric tensor and let G = (V, E) be a p-regular multigraph
with |E| = b edges. Let U be the set of vertices forming Frobenius pairs, and for a given pair
m={u,v} CU leti(r) =i(0u) =i(v) be the p indices appearing on the edges of m. Then define

mam = > [T Teow IT (7o - 1) | - (29)
i€[n]¥ veV\U Tl
i1,...,%p distinct

This definition centers the Frobenii so that m¢, has zero expectation in the Wigner model for all
G. Recall that we abbreviate Wig(p, n, c?) as Wig when ¢ = 1 and p and n are clear.

Proposition 4.5. Let G be a nonempty p-regular multigraph, and let W ~ Wig. Then

E mé =0.
WmG(W) 0

Proof. We will show that the summand in (29) has zero expectation for each fixed set of indices
i € [n]¥. If G has a connected component which is not a Frobenius pair, then the Wi(ov) in the
first product are all distinct and independent for different v € V' \ W. They are also independent
from the Wj(), which are independent from each other for different Frobenii p.

Thus the expectation is a product of expectations. For any i € [n]P we have EW; = 0, so the
first product has zero expectation if V' \ U is nonempty. For the second products, the p indices in
i(m) are distinct, and therefore E Wf(ﬂ) = 1. Thus the second product has zero expectation if G has
any Frobenii. O
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Note what has happened here. As in Proposition 5.2, the only nonzero contributions to
Eyw mag (W) correspond to even colorings of G’s edges, where vertex neighborhoods i(dv) are re-
peated. By requiring all indices to be distinct, we force the vertex neighborhoods to be distinct,
except on Frobenius pairs where we center the normal distribution.

More generally, in planted models Y = T + W where W is Wigner noise, the expectation of
mg(Y) is simply the distinct-index moment of the signal 7". This addresses one of the drawbacks of
ordinary graph moments, namely that their expectations in the spiked model involves mixed terms
with the signal at some vertices and the noise at others.

Proposition 4.6. For any p-regular multigraph G and T € SymP(R™) we have

E m&G(T+W)=mg(T). (30)
W~Wig
Proof. Fix i € [n]f. Then as in Proposition 4.5, the entries Yiav) at distinct vertices v which
are not part of Frobenius pairs are independent, and have expectation Tj(s,. Similarly, the terms
YZ.%W) — 1 on distinct Frobenius pairs are independent, and have expectation

2 2 2 2
E[(T + W)jimy = 1] = Tty + 2Ti(m) EWigmy) + E[Wiiy] =1 = Tj(ry s

which for a pair 7 = (u,v) is the same as Tj,)Tj9,). Since the expectation of a product of

independent variables is the product of their expectations, we are left with [, Tio0) = m'G(T)
O

Helpfully, these centered distinct-index moments have zero covariance in the Wigner model if
their graphs are nonisomorphic. That is, they are orthogonal with respect to the inner product

(f,9) = Erowig f(T) g(T).
Proposition 4.7. Let G, H be p-reqular multigraphs. If they are not isomorphic, then

C C J—
WN[EWig ma(W)mgG(W) =0.
Proof. With the restriction that the edge indices in each graph are distinct, we have a sum of
products like that in (29), but where i(G) and i(H) are each tuples of distinct indices. (This is not
to be confused with m¢, ;, in which case all |Eg| + |Ey| indices would be distinct.)

Fix i € [n]FeYFr. We will show that if i makes a nonzero contribution to Em& (W)m$, (W),
then G and H are isomorphic. First, if v € Vi is not part of a Frobenius pair, then T;,) appears
exactly once in GG, and similarly if v € Vi is not in a Frobenius pair. Thus each such vertex in G
must be matched with one in H, with corresponding indices on their edges. This establishes an
isomorphism between the components of G with those of H that do not consist of Frobenii.

It remains to prove that G and H have the same number of Frobenii and are hence isomorphic.
Suppose without loss of generality that G has more Frobenii than H does. Then for some Frobenius
pair m = (u,v) in G, the indices i(7) do not appear in H. Since the entries of T" are independent,
this contributes [E[Tf(ﬂ) — 1] = 0 to the product, in which case i’s contribution to Emg (W )m$, (W)
is zero.

Thus if any ¢ makes a nonzero contribution to the inner product, G = H. ]

We can also compute the variances of the centered moments by counting a slightly nontraditional
kind of graph automorphism. These automorphisms will appear again in the inner products of
cumulants.
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Definition 4.8. Let G = (V, E) be a multigraph. Give each edge e € E an arbitrary direction,
and write it as an ordered pair (e1,e2). Then let an edge automorphism be a one-to-one mapping
¢ : E — E such that, for all e,e’ € E, and for each j,j' € {1,2}, ¢(e); = ¢(€')j if and only
if ej = e;-,. In other words, ¢ preserves whether e and €' share their “heads” or their “tails”, or
whether one’s head is the other’s tail. Note that ¢(e) = e means that ¢(e) is either (e1,e2) or
(e2, 1), where the latter reverses e’s direction. Finally, let eAut(G) be the group of such mappings.

Clearly an edge automorphism determines a traditional vertex automorphism, i.e., a mapping
¥V — V such that (¢(u),¢(v)) € E if and only if (u,v) € E. For simple graphs, the equivalence
between the two types of automorphism is one-to-one. This more elaborate definition includes
permuting parallel edges in a multigraph, as well as reversing the direction of a self-loop without
moving its endpoint. In terms of the group Aut(G) of vertex automorphisms, we have

leAut(G)| = 2ftselfloopsin G} e TT 41 x [Aut(G)] . (31)
bundles of t
parallel edges

Proposition 4.9. Let G be a p-regular multigraph with b edges. Then

c 2 b

WN[EWigmG(W) = n’|eAut(G)|. (32)
Proof. First suppose that G has no Frobenii or self-loops. The nonzero contributions to the second
moment consist of even colorings of the disjoint union of two copies of G, but now where the colors
within each copy of G are distinct. The only such colorings are those like Figure 9, where each
edge e on the left copy of G has a counterpart ¢(e) on the right with the same index, and where
each vertex v on the left has a counterpart ¢(v) on the right with the same neighborhood. This
describes a vertex automorphism and a permutation of each bundle of parallel edges. Along with
the n!/(n — b)! distinct labelings of the left copy, we obtain

E meW)?=nt T # x |Aut(G)|.

Wn~Wig bundles of ¢
parallel edges

Now suppose that some vertex v has t self-loops. Their indices can be permuted, but we already
have the factor t! since these count as a bundle of parallel edges. The other effect is that the entry
Tj(y) has variance larger than 1 since some indices are repeated. Specifically, if i(v) contains ¢ pairs

of repeated indices, by Proposition B.1 we have [ETZ.Q(U) = 2!, Taking the product over all vertices

gives the factor 2#{self-loops in G}

Finally we consider the possibility that G contains one or more Frobenii. As in Proposition 4.7,
for each Frobenius pair 7 in the left copy of G, its indices i(7) must appear in a counterpart pair
on the right; otherwise Tj(,) is independent of the other entries, and centering gives a factor of
[E[TZZ(W) 1] = 0. The p parallel edges of 7 and its counterpart can be matched in p! ways, and for
each matching they contribute a factor of

[E[(Tf(ﬂ) - 1)2] ~2,

where we use the fact that Tj) ~ N(0,1). Finally, if we have ¢t Frobenius pairs, they can be
matched with each other in t' Ways and their total contribution is (2p!)t!. But this is also the
number of edge automorphisms of the disjoint union of ¢ Frobenii, so (32) continues to hold. [
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4.3 Finite Free Cumulants and Additive Free Convolution

The orthogonality of the distinct-index graph moments suggests that they are a good basis for the
space of polynomial functions of T" with respect to the Gaussian inner product. However, they are
not invariant with respect to orthogonal basis changes. This motivates the following definition,
where we symmetrize them with random orthogonal rotations.

Definition 4.10. Let T be a symmetric p-ary tensor and let G be a p-regular multigraph. Define
the free cumulant kg (T') as

KG(T) = E [m(@-T)] (33)
and the centered free cumulant s (T') as
K6 (T) = Elmi(@- 1) (34)

where Q) is a Haar-random orthogonal matriz. If G is the empty graph then kg = k¢ = 1.

Remark 4.11. Recall that m(T) and m&(T) are both summations over assignments of distinct
indices to the edges of G. If there are b edges, then there are n® such assignments. After sym-
metrizing T to Q-T and taking the expectation over @ ~ Haar(n), by symmetry each of these terms
will be equal. If we view the original summation as splitting each edge in half and connecting either
end to the matrix e; ® e;, where i is the label that that edge gets in that term of the summation,
then the symmetrization yields an expectation where the ey, ..., e, are replaced by a Haar-random
orthonormal basis of R™. In notation, we may fix i € [n]F an arbitrary distinct index labelling of

the edges, in which case we have

T) =n? T)i(ov)s 35
ka(T) =n ngaarg/@ )iov) (35)
rG(T) = nt E 11 @ Tiowy ] (@ -T)m—1). (36)

@ Haar 1 (G\Frob(G)) FEFrob(G)

These functions k¢ are manifestly invariant, and kg coincides with x¢ unless G' includes one
or more Frobenii. We call them free cumulants because, if p = 2 and G is the cycle of size t, they
coincide—up to an appropriate scaling factor—with the classic free cumulant x; of free probability
in the limit n — oo (e.g. [MFCt19, Eq.27]). If G is a disjoint union of two or more cycles, the
n — oo limit yields the so-called higher-order free cumulants [CMSS06] which [Sem24] used recently
for orthogonally-invariant denoising problems in matrices.

One of the most useful properties of the free cumulants is additivity [NSll]. In classical statis-
tics, cumulants are polynomials x in the moments of a random variable with the property that,
if A and B are independent random variables, then the cumulant of their convolution A + B
is the sum of their cumulants: k(A + B) = k(A) + k(B). For instance, the first, second, and
third cumulants are the expectation x1(A4) = E[A], the variance xa(A4) = E[A?] — E[A]?, and
rk3(A) = E[A3] — 3E[A?] E[A] + 2 E[A]3. The tth cumulant ; is homogeneous in the sense that it is
a linear combination of products of moments with total order .

In the nonabelian setting of free probability (e.g. [MS17]), A and B are matrix-valued random
variables in R™*", and a central question is to determine the typical spectrum of A+ Q" BQ where
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@ € O(n) is a Haar-random orthogonal matrix. (One can also study complex-valued matrices
where R is unitary.) While A + Q" BQ is a random matrix even for fixed A and B, in the limit
n — o0 its empirical spectral distribution converges to a particular probability measure under mild
conditions provided the same convergence holds for A and B. Moreover, this limiting measure is a
function of the limiting spectral distributions of A and B individually. If we call these distributions
a and f respectively, then the limiting law of the spectrum of A 4+ QT BQ is written o B 3 and
called the free convolution of o and . The free cumulants are like the classical cumulants in that
they are polynomials in the moments of a measure, but they are additive with respect to this free
convolution operation rather than ordinary convolution (which is the operation on distributions
induced by addition of independent scalar random variables), i.e.,

re( B B) = k() + ke(B) - (37)

The analogy with classical cumulants is that, since conjugating by () randomizes B’s eigenvectors,
A and Q" BQ are as independent as two matrices can be given their spectra. We say that they are
freely independent.

We call the k¢ free cumulants of a tensor both because they coincide with matrix free cumulants
in the limit n — co when G is a cycle, and because they satisfy an exact additivity property even
for finite n.” The latter is closely related to the additivity property for distinct index moments we
gave in Proposition 4.6.

Proposition 4.12. Let G = (V, E) be a connected p-reqular graph with b = |E| edges, and let A
and B be symmetric p-ary tensors. Let QQ € O(n) be a Haar-random orthogonal matriz. Then

g%G(AJrQ'B) = rG(A) + ka(B). (38)

More generally, if G is not necessarily connected,

b
n2
Q GAUGB=G An-t

ra4(A) kap(B). (39)

Here the sum is over pairs of graphs Ga = (Va, E4) and Gp = (Vp, Ep) such that G = G4 U Gp,
and where by = |E4| and bp = |Ep| with by + bp = b. In particular, G4 and Gp are disjoint
unions of connected components of G.

Proof. We start with connected graphs. We will prove a partial additivity for the distinct-index
moments,

gm‘G(A+Q-B) = mg(A) + ka(B). (40)

Symmetrizing and replacing A with R- A for a Haar-random R, and using the fact that QR is also
Haar-random, yields (38).

First we give a more diagrammatic picture of m'G Extracting a given product of entries in (28)
corresponds to placing a basis vector e; on each edge i—or rather two copies of e;, pointing in each
direction—and contracting these vectors with the tensors at their endpoints as in Figure 6.

"While it seems technical to verify, it is natural to conjecture that in the case p = 2, our ke, for Cy the k-cycle
should be closely related to the finite free cumulants defined by [AP18] in terms of characteristic polynomials.
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Figure 6: A given term in (28) corresponds to placing basis vectors e; on each edge i, and contracting
them with ¢’s endpoints. That is, m!c(7T) is the sum of the diagram on the right over all distinct
tuples eq, e2, e3 in the orthogonal basis.

Expanding m!C;(A + B) gives 2Vl terms, where A appears on some vertices and B appears on
the others. (Except for the distinct-index requirement, these cross-terms are mixed graph moments
as in Definition 3.3.) Call these two sets of vertices V4 and Vp respectively.

Now consider the effect of replacing B with @ - B. This applies the projection operator II, =
E Q% defined in (108) with ¢ = d|Vp|, which is a linear combination of outer products of matching
vectors. However, unlike in the proof of Theorem 3.2, these matchings only apply to the half-edges
incident to vertices in Vp. Since G is connected, if V4 and Vg are both nonempty, there is at
least one edge ¢ in the cut between them. But in each matching contributing to II,, the copy of e;
incident to Vp is matched with e; for some other edge j incident to Vp as shown in Figure 7. Since
(ei,ej) = 0, any such term is zero.

This implies that the only nonzero contributions to mg (A + Q - B) come from the terms where
Va or Vg is empty, i.e., where the vertices are either all labeled with A or all labeled with @ - B.
But these terms are exactly mi,(A4) and kg(B) as stated.

For graphs with multiple connected components, the same argument implies that each com-
ponent is labeled entirely with A or with B. Call the unions of these components G4 and Gp
respectively; then each such partition contributes kg, (A) kg, (B). Since all the indices in G are
distinct, not just those within G4 or G, we need to divide the prefactor n? appearing in kg (see
Remark 4.11) by the analogous prefactors n?4 and n’& for kg, and kg,. This yields (39). O

In fact, this additivity phenomenon is more general and a version of it is enjoyed both by the
centered k¢, and further generalizations thereof. To present this version, it is convenient to work
over a more general family of centered cumulants.

Definition 4.13. Write conn(G) for the set of connected components of G. Given x € Reonn(G)
define

o= X T (Mo ).
icn]¥ Céeconn(G) \veC
Q1 ,...,0p distinct

ke(Tsx) == gmcG(Q T x).

Our definition from earlier is m¢ (1) = m¢,(T'; ) where zc = —1{C' is a Frobenius pair} := —1gyop.

Proposition 4.14 (General additivity after centering). Suppose x = x4 + xp. Then,

b
RG(A+Q-Biz)= Y kG (A za)rG, (Bizp). (41)

: g
GaAUGBp=G
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Figure 7: Illustrating the proof of Proposition 4.12. As in (40), we consider mi (A + Q - B).
Expanding the tensor product creates 2‘V\ cross-terms, where vertices in V4 and Vg are labeled
with A and @ - B respectively. Applying @ to the half-edges of Vg creates a linear combination
of matchings. But if any edge i crosses from V4 to Vp, this matching creates an inner product
between its vector e; with some other e;, contributing (e;, e;). Thus only partitions where V4 and
Vp are unions of connected components of G contribute to m'G(A + @ - B). In particular, if G is
connected then either V4 =V and Vg = @ or vice versa.

The proof is essentially identical to that of Proposition 4.12.

Proposition 4.12 is recovered as the special case © = x4 = xp = 0, which is formally pleasing
but not useful for analyzing low-degree polynomials, because one of the free cumulants is the
symmetrized distinct index Frobenius pair ), jistinet (€ - T)ZZ, which is non-zero for any non-zero
tensor. But, by choosing x,x 4, and xp prudently, we may arrange for even the expected centered
free cumulants with GG including Frobenii to vanish exactly.

In particular, when we are using this with B ~ Wig, then it is most natural to take xp = x =
—1gop and x4 = 0, because of the following.

Proposition 4.15. For any G, Ew~wigka(W) = 0.

Proof. By orthogonal invariance of the law Wig, we have Ew wigkG(W) = Ew~wigmg (W), and
the result then follows from Proposition 4.5. 0

However, for other applications other ways of “distributing” the correction = are also useful, as
we will see in Section 6 on computational central limit theorems and distinguishing Wigner from
Wishart tensors.

4.4 Graph Moment Expansion of Finite Free Cumulants

Since the kg are invariant, by Theorem 3.2 they must admit an expansion in the graph moments
myr. Below we give an explicit such expansion, which will also prove useful below.

Definition 4.16 (Graph Weingarten function). Say that a perfect matching p of [dp] realizes a
p-regular multigraph G on d unlabelled vertices if, when p is viewed as a graph on [dp] and the sets
of vertices {1,...,p},{p+1,...,2p} and so forth are each identified into a single vertex, then the
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resulting graph is isomorphic to G. For two p-regular graphs G, H on a vertices, we write

Wee m = Z Wg,.- (42)
w realizes G

v realizes H

As a convention, if G and H have different numbers of vertices, we set Wgg = 0.

To attend to the normalizations that will appear in the calculations below, the following will
be useful.

Proposition 4.17. The number of matchings realizing G € Ga,p is pld!/|eAut(G)|.
Proof. We may expand the claimed quantity as

pled! d! pl?

= M N . * (43)
|eAUt(G)| ‘AUt(G” 2#{self—loopb in G} Hbundlcs of t parallel edges in G ¢

Here the first term is the number of permutations of vertices that map any matching realizing G
to another different matching realizing G, and the second term is the same for permutations of
half-edges around each vertex. O

Lemma 4.18. For any p-reqular multigraph G with d vertices and b edges,

nb
ka(T) = i leAut(G)] - > Weg ymu(T). (44)
H

The sum may be taken over all p-reqular multigraphs H, but only those with d vertices will con-
tribute.

Proof. The graph moments may be defined in terms of matching vectors: if p is a matching realizing
G, then mq(T) = (T®? w(p)). To be more explicit, for i € [n]P?, call i compatible with u if i
is constant on each pair matched under p. Then, w(p) = > e;, which recovers
Definition 1.3 of mg(T).

Let us describe a variant of this for the distinct index moments. We say that ¢ is distinctly
compatible with u if i is compatible with p and if ¢ is distinct on distinct pairs in p: that is, the
level sets of ¢ are exactly the pairs in p. Then if we define

di= Y e

4 distinctly
compatible with p

1 compatible with

then by the same token we have
| |
mg(T) = (T, w' ().
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Moreover, in the symmetrization we may take the adjoint of the application of ) and find
mg(Q - T)

( ' ()

(T99,Q" - w'(w)

(T, Q%P (u))

— Z 5<T®d7 Q®dp€i>

¢ distinctly
compatible with p

X
Q
3

I

O

~
®
<Y

OF OfF OfF OF

and using that every term is equal and does not depend on i (as may be seen by multiplying @ by
a permutation matrix),

= nb ((T%4, Q%%e,,)

where we write e, = e; for some choice of i = i(;) compatible with p. Next, substituting in the
Weingarten function expression for I1; (see Appendix C) gives

=t Y We,, (w(p), eu) (T, w(v))
P,V

and we have (w(p), e,) = 1{p = p}, so this reduces to
=nt Y Wg,, (T%, w(v))
v

= nb Z Wgu,l/ magu) (T)7

where, as before, G(v) is the graph resulting from identifying groups of p vertices suitably in v. We
notice that a given my (7)) appears many times in this formula, once for each v such that H = G(v),
i.e., for each v that realizes H. We can give a proper expansion of kg(T') in graph moments by
combining these terms,

:nb§< > ng,,) mu(T).

v realizes H

This expansion does not depend on the choice of u realizing G. Indeed, this independence even
holds over the inner summations giving the coefficient of each mg(T'): choosing a different p does
not affect the terms in this summation, since Wg, , = Wg_, -, for a permutation 7 of the indices
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being matched. By Proposition 4.17, we may then rewrite

b
n7
T = -
w6(T) #{p : p realizes G} ;WgG,HmH( )
nt
— W - leAut(G)| - ZWgG,HmH(T),
ldd! —
as claimed. ]

Lastly, let us derive the simple relationship between the k¢, and the x¢.

Proposition 4.19. For any p-reqular multigraph G on d vertices and b edges,

kM) = > (=) —b+plS)P ke 5 (T). (45)
SCFrob(G)

Proof. Expanding the product in the definition of mg(T), we have

m&(T) = Y ()P0 —b+p|SNEE me 5(T), (46)
SCFrob(G)

since there are p|S| indices in the summation forced to be distinct from the others but otherwise
playing no rule in the summands. Projecting each side to invariant polynomials (by averaging over
@ the value applied to @ - T') gives the result. O

4.5 Inner Products and Approximate Orthogonality

We now turn to computing the inner products Eywigk (W) (W), which will show that the s,
form an approximately orthogonal basis for the invariant polynomials. We first establish a simple
preliminary.

Proposition 4.20. Suppose |V(G)| > |V(H)|. Then, Ewwigmg(W)myg(W) = 0 unless G and
H are isomorphic, and

E m&WimgW)= E m&(W)2 =nb- [eAut(G)). 47
B maWImG(W) = | E - m(W)? =t [eAut(G) (a7)
The proof is a simple extension of the argument for Propositions 4.7 and 4.9 on the values of
Ew~wigm&(W)m$, (W), as changing m$; to my does not change the value of these inner products.

The following is the main calculation of the inner products we are interested in. In fact, these
inner products are very close to the values of the graph Weingarten function.

Lemma 4.21. For G, H € Gg,, if |V(G)| # |V (H)|, then Ew~wigkG(W)s5 (W) = 0. If |[V(G)| =
|V(H)| =d, then

e oy (2
WN[EVVig K’G( )RH( ) - p'dd‘

. [eAut(G)| - [eAut(H)| - Weg gr- (48)
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Proof. Suppose without loss of generality that |V (G)| > |V(H)|. We have

E (WG (W
WwWigHG( )EE (W)
= (U -WymG(V-W
o E MU Wm (VW)
U,V ~Haar
= E m&W)ym§(V-W
(W) (VW)
V ~Haar
_ c (W) KS (W
WN[EWigmG( JEE (W)

and using Proposition 4.19 followed by Lemma 4.18, we find

= > D)= pISPEEL E mE (WG s (W)

SCFrob(H) W~Wig
b
n- c
= Y (-)¥lm-» +msy>@7d' leAut(H \ S)| > We s x SE m&(W)mg (W)
SCFrob(G) pa: 7 ~Wig

By Proposition 4.20, we immediately find that all terms are zero unless |V (G)| = |V(H)|. If this
holds, then all terms with S # @ are zero, and among those the only non-zero term has K = G,
and we are left with simply

b
77?/7 C
= g leAut(D) ;ngﬂ B, TEV)m(0)

(1)
= iy *1eAUHG)] - leAut(H)| - Weg, i1

completing the proof. O

Finally, we may construct a nearly orthonormal basis by normalizing these polynomials as
follows.

Definition 4.22. For each G a p-reqular multigraph, define

kG(T) = mﬁ&(T}. (49)

For the sake of simplicity, we do not try to exactly normalize these polynomials to have norm 1.
On the other hand, they obey the following conditioning property.

Lemma 4.23. If [V(G)| # |V(H)|, then EwwighG(W)rS, (W) = 0. Let M € RI94»*%4» have
entries Mg g = [EWNWigf%(W)/%;(W). Suppose that d < \/n/2p®. Then,

< Amin(M) < )\max(M) <2. (50)

N
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Proof. By Lemma 4.21,

y V/]eAut(G)[ - [eAut(H)]
‘ pldd]

Mg g =n Wee b (51)
The result then follows by the result of Corollary C.4 on the conditioning of the graph Weingarten
function. ]

Roughly, the idea of the normalization in Definition 4.22 is that Wg =< n~%/21, so if we want
the diagonal of M in the proof above to be roughly constant, we must make the diagonal entries
normalized by #{u realizes G} for each G, which is given in terms of |eAut(G)| in Proposition 4.17.
See also Remark C.3 for an argument showing that the upper bound on d is necessary for such a
condition to hold.

4.6 Advantage Bound for Invariant Detection Problems

Using the tools developed above, we derive the following general bound on the advantage between
the Wigner tensor law and any invariant distribution, which for the purposes of applications to
hypothesis testing is the final prize of our work with finite free cumulants.

Corollary 4.24. Let P be any probability measure on symmetric tensors that is orthogonally in-
variant. Suppose that D < \/n/2p?. Then,

D 2
. 9 _ 1 1 c
AdVSD(W1g7 lP) - Z npd/2 Z \eAut(G)\ YHE[P HG(Y) ) (52)

where the sum is over p-reqular multigraphs up to isomorphism.

Concretely, the constant in an upper bound may be taken to be 2, and the constant in a lower
bound to be § exp(—3) > 1.

Proof. Recall that, by Proposition 3.22, under these assumptions we have the formula for the
advantage

Eypf(Y
Adv<p(Wig,P) = sup vorf/(Y) . (53)
FERY]<p Ew~wigf (W)
f invariant
Ew ~wigSf (W)25£0

By Lemma 4.23, the /% over G € Gop U --- UGy, are a basis for the invariant polynomials in
R[Y]<p. Thus, consider f in the optimization stated, and write the expansion

M= 3 ag-r&(T). (54)

GeGo,pU--UGa,p

Again by Lemma 4.23, we have

1 1
Slal? =5 Y ek <Ewewe/W)P<2 > aq=20alt (55

GGgo,p‘—l"'ugd,p Gego,pU"'ngd,p
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Define

Be = E_rg(Y). (56)
Y ~P
Then, we have by linearity
YE[Pf(Y) - <Oé,,3>, (57)

and thus by basic linear algebra, with lower and upper bound constants % and 2 respectively,

2
Adv<p(Wig,P)? < | sup {a, B)
= lall20 Il

= [|8|?
2
=3 (£ )

and substituting in the normalization of /%,

nbe 1 ’
= 2 R oA (6] (sEerem)

D 2
npd/2 1 ( )
_ . — | E k&Y
Z (npd/Z)z Gg leAut(G)| \y~p ()

d=0 d,p

and finally by Proposition D.1 on the falling factorial,

as stated, with lower and upper bound constants exp(—%) and 1, respectively, in the last step. [

At a high level, this bound is making the following reasonable claim: the Exg,(Y) are quantities
that are zero when Y ~ Wig, and their magnitude for a given distribution—a kind of “cumulant
distance” between a distribution and the Wigner law—controls the difficulty of hypothesis testing
against a Wigner null hypothesis. Let us give some more intuition about what “critical scaling” of
the cumulants—around the threshold of computational hardness—this implies.

As we will see, in the models we will consider all cumulants Ex%(T") with |V(G)| = d will have
roughly the same size. The number of p-regular multigraphs on d vertices, as we will see later in
Proposition 5.9, grows roughly as |G4p| = d°@ for fixed d. Thus, in order for the advantage to be
bounded, it will suffice to have |Exg&(T)| < nP%*/poly(d), as then the sum will be a truncation of
a convergent geometric series. This is sensible: recall that the cumulant is a sum of n?%2 centered
terms (as this is the number of labellings of the edges of G by [n]), so n?%* is the “usual” value of
the cumulants of a law P whose entries are on the same scale as Wig.
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4.7 Bases for Vector-Valued Equivariant Polynomials

Finally, we develop some parallel theory for the case of equivariant polynomials and open multi-
graphs. For the sake of simplicity, we only work with 1-open multigraphs, i.e., ones with a single
open edge. Similar results should hold for general t-open multigraphs, albeit with more elaborate
combinatorics. We will be brisk in our presentation, as the ideas are similar to the case of closed
multigraphs.

We slightly abuse notation and reuse the notations mg,m!c;,mg, kG, K¢, and Gg,. However,
to remind the reader that we are working with vector-valued functions and open multigraphs, we
replace “G” with “G —”, a visual indication of the one “loose” or “dangling” edge on a 1-open
multigraph. We also use:

Definition 4.25 (l-open p-regular multigraphs). Write Gq,—, for the set of (non-isomorphic)
1-open p-regular multigraphs on d unlabelled vertices. Equivalently, these may be viewed as multi-
graphs on d + 1 vertices, all of which have degree p except for one, which has degree p — 1.

Remark 4.26 (Arity parity). In order for Gq,— to not be empty, pd must be odd, and in particular
p, the tensor arity, must be odd.

For G € Gg4p—, we write mg—, : Sym?(R") — R” for the ordinary l-open graph moments
previously defined in Definition 3.10. We also write my, ,(T) € R" for the same quantities with all
indices in the summation involved restricted to be distinct: letting ey be the open edge of G,

! .
ma (M= > ] Tiow- (58)
jeME  veV
J(eo)=i
J1,-.-,Jp distinct

Note that this restriction means that the summation defining m'G _,(T'); depends on i, since all
other indices in this summation must be different than i. We similarly define the centered version
of these summations, where our handling of Frobenius pairs only affects connected components
other than the one containing eg:

meL (D= Y I Tow [I T2 -0 (59)
j€[n)F veV (G\Frob(G)) FeFrob(G)
J(eo)=i
J1,---,Jp distinct
We likewise define the symmetrized versions kg_, and x¢_,. Note here that, as we used previ-
ously in Proposition 3.24 on the low-degree correlation, the “right” mapping from a general function
to an equivariant one is f(T') — Egmpaar @' f(Q - T). Indeed, 1-open graph moments, being equiv-
ariant already, are easily checked to be unchanged by this operation. For the other two quantities,
we define analogs of the closed cumulants, which we call I-open finite free cumulants:

KG—(T) = QN%%T Q' 'mg,(Q-T),
kG- (T) = ngaar QTmcGa(Q -T).

We now derive analogs of our results for closed graph moments and the associated finite free
cumulants for these quantities. First, we give the analogous additivity property. A general state-
ment like Proposition 4.14 holds, but we will not need it, so for the sake of simplicity we restrict
our attention to the following special case.
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Proposition 4.27. For any G € Ggq,—, and A, B € Sym?(R"),

b—1
ni
L ’{G’—>(A+QB) = Z ba—1 b ’{GA%(A)’%GB(B)a (60)
Q~Haar n2A—-n’B
G=G UG
Ga fcx);lenB
Gp closed
b—1
ni
E hes(A+Q -B)= Y kG, (A)ka, (B). (61)
Q~Haar nA—-n’B 4
G=G UG
Ga f(x);lenB
Gp closed

Again, the proof is a simple variation on that of Proposition 4.12.
Next, we describe the expansion of each of the kg, and k{,_, in open graph moments.

Definition 4.28. For G € Gq,—,, write chop(G) for the (closed) graph formed by deleting the open
edge of G. This is a graph where every vertex has degree p, except for one vertex (the one that used
to be the only endpoint of the open edge in G) that has degree p — 1.

We will need some generalizations of the ideas discussed previously involving the Weingarten
function. First, note that the notion of a matching realizing a graph is sensible for a graph with
any fixed degree sequence: for a graph GG with degree sequence p1,...,pq, we may similarly say
that © € M([p1 + -+ + pg]) realizes G if G is isomorphic to the graph formed by identifying
{1,....;1}, {p1 + 1,...,p1 + p2}, and so forth in u. Accordingly, the graph Weingarten function
of Definition 4.16 may be generalized to graphs with arbitrary specified degree sequence, and in
particular Wgpo0(@) chop(r) 18 defined for G, H € G4, Lastly, the notion of edge automorphisms
from Definition 4.8 is still valid for graphs that are not p-regular, and we may again make sense of
eAut(chop(G)) for G € Ggp—,. With these tools in hand, we may formulate:

Proposition 4.29. For G € Gy, the number of matchings realizing chop(G) is = (p—1)!(d -
1)!/leAut(chop(G))]|.

Proof. The proof is the same as for Proposition 4.17, except that permutations of vertices must
preserve the unique vertex of degree p — 1, and permutations of the half-edges around this vertex
contribute (p — 1)! rather than p!. O

Lemma 4.30. For any G € Gq,-, with d vertices and b edges (including the open edge),

nb— 1

ﬁG%(T) - p!d—l(p _ 1)'(d _ 1)' ’ ]eAut(chop(G))| ’ ;Wgchop(G),chop(H)mHﬁ(T)' (62)

Proof. As in Lemma 4.18, we think in terms of matchings. We will use the notations w(u) and
w'(p) used there for tensors associated to matchings .

If p is a matching of [pd — 1] = [2(b — 1)] realizing chop(G), then mg_(T); = (T®4, w(p) @ e;),
and my,_, (T); = (T%,w' (1) ® e;). Following the argument from Lemma 4.18, we find

tiG—(T); = > E (T, (Q%" ej) @ ¢;)
L Q~Haar
7 distinctly

compatible with p
= ”E<T®d7 (Hpa-1€4) ® €;)
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and by the Weingarten formula,
= nb_ilz Wgy,u<T®da w(l/) & €i>

= nb_il Z Wg,u,z/mG(V)% (T)lv

and the rest of the calculations proceed identically to Lemma 4.18. O

The following is the analog of Proposition 4.19 for 1-open multigraphs, and follows from exactly
the same simple expansion.

Proposition 4.31. For any p-reqular open multigraph G on d vertices and b edges,

koL (M) = Y (=1 —b+p|S)EE k5 (T). (63)
SCFrob(G)

Proposition 4.32. Suppose that G and H are 1-open p-reqular multigraphs with |V (G)| > |V (H)|.
Then, Ewwig(mg_, (W), mu_(W)) =0 unless G and H are isomorphic, and

e () man () = B (V) (V) = - eAut(chop(G)L. (00
Lemma 4.33. Suppose that G and H are 1-open p-regular multigraphs. If |V(G)| # |V (H)|, then
Euvmwig {5, (W), 5, (W) = 0. IF[V(G)] = V(H)| = d, then

WN[EWig@iCGH(W), K- (W)

nb*—lnb
TP (p—1)(d—1)!

2b—1

’ ‘eAUt(ChOp(G)” ’ |eAut(chop(H))] ’ Wgchop(G),chop(H)'

If the overall scaling factor of n appears unusual, the reader may consider, at an intuitive level,
that while the inner product of two closed graph moments each on b edges has 2b edges, the inner
product of two 1-open graph moments each on b edges only has 2b — 1 edges, since the two open
edges “fuse” to become one.

Proof. We again proceed similarly to the closed case in Lemma 4.21. Suppose without loss of
generality that |V (G)| > |V(H)|. We have:

E (rg(W), k5 (W))
W~Wig
= E_(Q'mg(Q W), R my(R-W))
W~Wig
Q,R~Haar

= B (M@ QT W), QRTmy(R-Q" - W)
Q,R~Haar

— E (m&(W),QTm5(Q - W)
W~Wig
Q~Haar

= B mG0) k(W)
~Wig

35



and, using Lemma 4.30 and Proposition 4.31,

brg—1
= ~ D)% (n = by + p|S|EEL n
e, U G a1
|eAut(ch0p(H))\ ’ Z Wgchop(H\S),chop(K) WN[ENg<mCG—>(W)v mKﬁ(W»
K 1

Here, by Proposition 4.32 all terms are zero unless |V (G)| = |[V(H)|. In that case, only the term
K = G and S = & contributes, and we are left with

= p!d_l(p — 1)'(d — 1)| ’ |eAUt(Ch0p(G))| ’ |eAUt(ChOp(H))‘ ’ Wgchop(G),chop(H)>
completing the calculation. O

Lastly, as in the closed case, we construct a nearly orthonormal basis with respect to this inner
product.

Definition 4.34. For each G a p-regular 1-open multigraph having b edges, define

_ nb/?

’{CG’—>(T) = nt - \/\eAut(chop(G))| kG (T). (65)

—

Lemma 4.35. If [V(G)| # [V(H)|, then Ewwig(rG_, (W), 55 (W)) = 0. Let M € R94r—*9d.r-
have entries

Ma, i1 = Ewnwig (kg (W), 15, (W)). (66)
Suppose that d < \/W Then,
1
5 S Amin(M) S )\maX(M) S 2. (67)

In particular, the kg (T') are linearly independent as vectors of polynomials.

Proof. By Lemma 4.33, we have

v V/JeAut(chop(G))[ - [eAut(chop(H))]
p!d_l(p _ 1)|(d _ 1)| gChOp(G),ChOp(H)'

Mgy =n (68)

The result then follows by Corollary C.5, where we observe that b = (pd +1)/2 for G € Ggp—,. O

5 Application 1: Tensor PCA

5.1 Warmup: Detection with Individual Graph Moments

Before proceeding to the analysis of general low-degree polynomials, let us consider the simpler
question of whether individual graph moments mq(7") can distinguish between the two distributions
associated with tensor PCA. In order to do this, we will need to understand how these moments
behave under both the null and planted distributions.
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The question for the null model is perhaps of independent interest, and we will see that it holds
some surprises already. Recall that, for £ = 2 and G = Cy a cycle of length ¢, classical random
matrix theory tells us that

1
T~Wi£§(2,n,1)[mG(T)] = TNG[EE(n) [tr(Te)] = <1 +0 (n)) 1{¢ even} Cat(¢/2) nt/2 1 (69)

where Cat(t) = tJ%l (Qtt) is the t'th Catalan number. What is the tensor analog of this calculation?

Definition 5.1. Let G = (V, E) be a p-regular graph. For C a finite set of colors, let o : E — C be
an edge coloring. We call o an even coloring if, among the o(0v) over v € V, viewed as multisets
of colors, each multiset occurs an even number of times. We write cmax(G) for the largest possible
number of colors in an even edge coloring of G. For o an even edge coloring, suppose that the
distinct colorings of meighborhoods (i.e., the multisets o(Ov) over vertices v) occurring in o are
Ni,..., Ny, where N; occurs f; € 2N times. Also, write c;j(N;) for the number of times that j € C
occurs in N;. We call the weight of o the quantity

m

w(o) = [J(fi = DU e ()72, (70)

i=1 jec
Proposition 5.2. Define
Winax (G) == > w(o), (71)
o even edge coloring of G
o (E)|=cmax(G)
where the sum is over non-isomorphic edge colorings with the given number of colors. Then,

e e = (1406 (1) ) @) (72

TNWig(pﬂ?’vl

Actually, as we show in Propositions B.13 and B.14, any maximum even edge coloring ¢ has w(o) =
1 (that is, no vertex is adjacent to several edges of the same color, and every colored neighborhood
occurs exactly twice). Therefore, wmax(G) is purely a counting problem of a particular type of
coloring.

Proof. We expand the definition of the tensor moment and use linearity:

E maT= > E]]Tiow (73)

T~Wig(p,n,1) i€mE  veV

= Z nww(o’) (74)

o even edge coloring of G

<1 +0¢ (i)) > nl” Bl (o), (75)

o even edge coloring of G

and extracting the leading order contribution completes the proof. Here we sum over all non-
isomorphic even edge colorings o; labeling the colors of such colorings by distinct values in [n]
enumerates all i € [n]¥ that contribute to the sum. O
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Figure 8: Examples of legal edge colorings for the matrix case p = 2. In the cycle of length 2 there
is one legal coloring with two distinct colors (up to permutations of the colors) recovering the fact
that tr A% = Zij AijjAj = n?. There are two legal colorings of the cycle of length 4: the one on
the left, for instance, corresponds to the term ), ik Aij A Ag;Aji. There are five legal colorings of
the cycle of length 6. Each coloring corresponds to the matching of vertices shown below it, where
we show the pairs of vertices with the same neighborhoods: these matchings are the non-crossing
partitions familiar in combinatorial free probability [NS06]. This recovers the leading behavior

tr AY = Cat(¢£/2)n*/>*! where Cat(t) = 1,2,5,... is the tth Catalan number.

As an aside, we mention the following ancillary result. Despite this characterization, unlike in
the matrix case, and perhaps surprisingly, it is difficult in general to compute even the scaling of a
given moment of a Wigner tensor for large n.

Theorem 5.3. [t is NP-hard to decide whether cymax(G) > ¢ given ¢ > 0 and a regular graph G.

We give a proof in Appendix B.
In particular, we may understand the scaling of variances of mqg(T') as follows.

Corollary 5.4. For any G, for W ~ Wig, Varmg(W) > nZG

Proof. First, note that, in general, mg(T)mpg(T) = meug(T), where U denotes disjoint union of
graphs. Thus

E meW)?= E mqueW)= "Bl (o). 76
W~Wig ( ) W~Wig . ( ) o even colozri;g of GUG ( ) ( )

On the other hand, we have

2
( E mG(W)> = > nl?El (o) (77)

Wn~Wig o even coloring of G

which is at most the sum of the terms in (76) where each colored vertex neighborhood occurs
at least twice within one of the two copies of G. There is another coloring in the summation
n (76), which is not of this kind: it is the coloring that colors every edge in one copy of G
with a different color, and then repeats the same coloring on the other copy of G. This is an
even coloring which uses |E(G)| colors, and which is not cancelled in computing Varmg(W) =
Ew~wig ma(W)? — (Ew~wig ma(W))?. See Figure 9 for an illustration. O
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For the planted model, we are interested in the special case of rank one tensors. On these,
evaluating the graph moments is easy:

Proposition 5.5. Let v®P be the pth tensor power of v: that is, vf?pm iy = VirVig "~ Vi, Then if
G = (V,E), we have mg(v®) = ||v|?El = |jv|[PIV].

Proof. The summation over the index associated to each edge gives a factor of (v,v) = ||v[|* on
each edge, for a total of ||v||?/Zl. Since G is p-regular, |E| = p|V|/2. O

We now sketch an argument of [OTR22] that no single graph moment can solve the detection
problem for tensor PCA below the conjectured threshold.

Proposition 5.6. Let G be a p-reqular graph. If X < n~P/4, then

Y[E[P ma(Y) — Y[EQ mg(Y)‘ < /}Ygémg(Y). (78)

Proof Sketch. Suppose G has d vertices and b edges. First we consider the expected difference in
mq between the two models. If Y = Av®P + W, then expanding mq(Y') creates 2¢ terms, including
cross-terms where the spike A\v®P appears at some vertices and the noise W appears at others. For
some graphs these cross-terms can be neglected [OTR22]. In this proof sketch we look only at the
contribution of the all-spike term. By Proposition 5.5 this is A%n’, since we get a factor of A at
each vertex and a factor of [v|> = n on each edge.

On the other hand, by Corollary 5.4, we have Varmg(Y) > n’. Comparing the spike’s contri-
bution to the expectation with the standard deviation in the null model, we see that m fails as a
test statistic whenever

Ainb < nb/?. (79)

But since G is p-regular, we have b = pa/2. Then (79) becomes
)\anpa/2 < npa/47
and solving for X gives A < n~P/4 as stated. O

This argument is tight for some graphs [OTR22]. However, while graph moments are fascinating,
for general G they are not ideal quantities to prove upper and lower bounds on problems such as
tensor PCA, for three reasons:

1. By Theorem 5.3, even computing how the expectations of mg(W) scales with n in the null
model W ~ Wig is computationally hard.

2. As discussed above, the expectation of ma(Y) in spiked models involves cross-terms where
the spike appears at some vertices and the noise appears at others. These mixed moments
are often nonzero, making precise calculations combinatorially challenging.

3. Different graph moments mqg and mpy can be correlated in the Wigner model, even when G
and H are non-isomorphic. This raises the possibility that, while the variance of any one graph
moment is too large to beat the threshold, it might be possible to construct linear combina-
tions of small graphs that cancel out much of each others’ variance. Indeed, Proposition 5.6
applies to graphs of any size, even where a grows with n, but there are subexponential-time
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Figure 9: Even colorings of the disjoint union of two copies of K4 where each vertex is matched to
its counterpart. The colors or indices i, j, k, £, m,n in one copy must match their counterparts, but
within each copy these indices can range freely over [n]. Thus they contribute n% to the variance
of T54 when T is a Wigner random tensor.

algorithms of growing degree that succeed even when A < n~?/* [BGG*16, BGL17, WAM19)
(see also [RRS17b] for analogous algorithms for random XOR-~SAT). Low-degree algorithms
matching this performance must somehow involve linear combinations of many graph mo-
ments.

We therefore proceed to full lower bounds against low-degree polynomials, now leaning on the
machinery we have developed based on finite free cumulants, which will allow us to circumvent all
of these difficulties.

5.2 Detection with General Low-Degree Polynomials: Proof of Theorem 1.6

Before proceeding, let us state the formal version of Theorem 1.6 that we will prove here. Recall
we are in the setting where Q = Wig and P the spiked tensor model Y = \v®P + W.

Theorem 5.7 (Low-degree analysis for tensor PCA detection). Let D = D(n) € N have D <
/n/2p%. There are constants a,,by, > 0 such that:

1. If A < apn P/AD= =2/ then Adv<p(Q = Wig,P) = O(1).
2. If N> byn P/AD=P=2/% gnd D = w(1), then Adv<p(Q = Wig, P) = w(1).

First we compute the expectation of a graph cumulant in the spiked model. In fact, the cumulant
of v®P is the same as its ordinary graph moment mg(v®?) given by Proposition 5.5 with a correction
term.

Proposition 5.8. Let v € R". If G = (V, E) with |V| = a and |E| = b, then
b

®py _ My y2b
kG (veP) (n+2b—2)9”v” -

Proof. Recall that rg(T) = Egmg(Q - T), and that Q - v® = (Q - v)®P. Since Q is Haar-random,
u = @ - v is uniformly chosen from the sphere of radius ||v||. As in Proposition 5.5, we have a copy
of u on the outgoing half-edges of each vertex. But rather than the inner product (u,u) = |[v||?> on
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each edge, we have (u, e)(e, u) = (e,u)? where e is the basis vector associated with that edge. Since
all n® tuples of distinct indices will contribute the same expectation, we can fix an orthogonal basis

et,...,ep and write
b

k(W) =nt E] (e, u)?. (80)
=1

u .

We can write this product as an inner product of tensors,

b b ®2
[UEH<€7;7U>2 = <<® ei> , [Eu®2b> . (81)

i=1 =1

Since E, u®? is fixed under conjugation by any @ € O(n), it lies in the trivial subspace of R®??,
As in the proof of Theorem 3.2, this implies that it is a linear combination of matchings of the 2b
half-edges, each of which corresponds to a “rewiring” of G a la the configuration model. Moreover,
by symmetry, all of these matchings have equal weight. Using the representation theory of the
orthogonal group (e.g. [MR11]) we can obtain

‘Qb

£ _ J

u TL(TL + 2)(” + 4) T (TL + 2b B 2) I’y matc%g of [2b]

Wy . (82)

This is analogous to Isserlis’s or Wick’s theorem for the Gaussian measure [Iss18, Wic50] where the
denominator would simply be n?.

However, since the e; are orthogonal, any matching p that partners one with another yields a
zero inner product. Thus the only nonzero contribution to (81) comes from the matching given
by the original wiring of G, where for each i € [b] the two copies of e; in (), e;)®? are matched
with each other. That matching contributes [[,(e;, e;) = 1 to (81), and combining this with (80)
and (82) gives

nn—1)n—-2)---(n—>b+1) nb
re (™) = [[v]* — = Il —m—— .
nn+2)(n+4)---(n+2b—2) (n+2b—2)2
This correction factor is roughly e~(%/ 2*/nand in any case is 1 — O(b%/n). O

Proposition 5.9. The number of (non-isomorphic, unlabelled) p-regular multigraphs on d vertices
s asymptotically as d — oo

d
(pd — 1)!! p(p"? b2 po
1Gap| ~ Tl ~A We 2 d 2 . (83)

We also have the concrete upper bound:

(pd — 1! 1 —ps2 ,2=2\4
\%Ms—7@gfs(&+pwdz). (84)
Proof. The asymptotics follow from the proof of [Bol82], repeated without the restriction to simple
graphs, and Stirling’s approximation. The initial upper bound follows since every p-regular multi-
graph on d vertices corresponds to at least d!p!? perfect matchings of [pd], as in the configuration
model. The second bound follows by a non-asymptotic version of Stirling’s approximation. O
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Proof of Theorem 5.7. We begin by computing the centered cumulants under P:

E ka(T) = E kG (MEP + W)
T~P v~Unif (8”1 (y/n))
W~Wig

= E ka(W)+ E kG (A®P)
W~Wig v~Unif (5" ~1(y/n))

= E ke (A®P) (Proposition 4.15)
v~Unif(S"—1(y/n))

= \ppd/2 (Proposition 5.8)

Now, substituting this into Corollary 4.24,

1 1
A o P) = - hy2d,,pd —
dvep(Wig,P) = Y DY [eAut(G)]
d=0 [V(G)|=d

D

d
< Z d! ()\an/2> #{p-regular multigraphs on d vertices}
d=0

and bounding the number of p-regular multigraphs by Proposition 5.9, we have

d — 1)
d! ()\2np/2) (pd T 1)

IN

d pdprd/2
2 _p/2\" P
(xenr’?) (d/e)

M 1= £

IN

()\2 . ep+lpfp/2d(p72)/2np/2> I ’

IS8
i
o

and the result follows since, under the stated assumptions and by a suitable choice of the constant
ap, the quantity being raised to a power will be, say, smaller than 1/2. For the lower bound, we
may use our asymptotic formula for the advantage and use that a positive proportion of d-regular
multigraphs are simple and almost all have trivial automorphism group (see, e.g., [Bol82]). O

We elaborate on a remark from the Introduction: the factor of d°= % in the final summation
governs the tradeoff between the power of detection algorithms and their subexponential runtime
budget. In our calculation, this quantity has a clear and direct source: it is just the asymptotic
value of the number of non-isomorphic p-regular multigraphs (Proposition 5.9), and therefore also
the dimension of the space of degree d invariant polynomials.

5.3 Reconstruction with Low-Degree Polynomials

We first state the formal result we will show.

Theorem 5.10 (Low-degree lower bound for tensor PCA reconstruction). Let D = D(n) € N have
D < \/n/2p?. For all odd p > 3, there is a constant ¢, > 0 such that if X < cpn_p/4D_(p_2)/4, then
Corr<p(P)? = O(y/n), and therefore MMSE<p(P) = n — O(yv/n).
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Remark 5.11 (Better-than-random reconstruction). The O(y/n) scaling of the correlation even
in the computationally hard regime is perhaps surprising, since a uniformly random estimator v €
S"=L(\/n) achieves squared correlation with the signal v € S"1(\/n) of (v,0)2/|9]|* = O(1) with
high probability. Indeed, estimation slightly better than this is always possible: consider the estimator
v = 0(Y) formed by the open graph moment ma—(Y) where G is the graph on one vertexr with
(p—1)/2 self-loops and one open edge (for p odd). This is a linear function, so mg_, (M@ +W) =
Mol|P~ v+ ma_ (W) = MnP=D2p 4 mag_(W). Let us write g := mq_,(W). This is independent of
v and distributed roughly as N (0, n(p_l)/QI). Thus, proceeding heuristically, the squared correlation
18 typically

<’U,5>2 B A2pptl

13]2 7 A2np 4 n+1)/2°

(85)

When A\ < nP/4, the first term in the denominator is smaller than the second, so this is roughly
XN2n®tD/2 which when X ~ nP/* becomes as large as n'/2, as claimed. Indeed, once \ > n~P~1/4
this expression is (n), so this simple estimator achieves linear correlation.

We begin with a number of preliminaries. We will use the following analog of Proposition 5.9
for counting open multigraphs.

Proposition 5.12. The number of (non-isomorphic, unlabelled) 1-open p-regular multigraphs on
d vertices is bounded by

(pd — 2)! p+1 ~-1/24%5%\"
Gar-| < gy < (7 =) 02T (36)
Proof. The initial upper bound follows first by associating a 1-open multigraph to a closed multi-
graph with all vertices having degree p except for one having degree p — 1. The total number of

edges in this graph is pdT_l, and the remaining bounds follow as in Proposition 5.9. 0

Proposition 5.13. For any I-open p-regular multigraph G and any T € Sym?(R"),

b—1
n—-—
E kG, (WP +T) = MBpbBge, (T).  (87)
o Unif(S 1 () GcguGB nbA=t (n + 2bg — 2)b:3 A=
G4 open
Gp closed

Proof. We combine Proposition 4.27 with Proposition 5.8:

® nt=L ®
C C
| 4T = Y e (Eray (o)) rt (D)
v~Unif(S"—1(y/n)) G=GALIGp n n= \v
G 4 open
G p closed
b—1 bp
n = nL
= —_— )\dB * bB KC (T)
ba—1_1b b Ga—=\" )
GG;JGB neA—n~t (n+2bg —2)= 4
G 4 open
G p closed
and simplifying gives the stated result. O
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Proposition 5.14. For any I1-open p-reqular multigraph G,
b

nb

E PN O VNN g ) IS —— L 88

UNUnif(S”_l(\/ﬁ))< G%( )> (TL + 2b — 2)2 ( )
W~Wig

Proof. Proceeding similarly to the above using Proposition 4.27 with respect to the randomness in
W,

L (v, Ko, (WP + W)
v~Unif (8”1 (y/n))
W~Wig
b=l i
== [E 7,{/8 W U, K}G )\’U D
vanif(Snﬁl(\/ﬁ)) G:GzA:uGB nba=lpbs GB( )< AH( )>

W~ Wig A open

B closed

where the only non-zero term is when B = &, so that
= E (v, kG (A™P))
v~Unif(S"—1(y/n))

=\ E (v, kg (VEP))
v~Unif(S"—1(y/n))

=\ E (v, mg_, (0%P))
v~Unif (5" —1(y/n))

and now the same calculations as in Proposition 5.8 apply, giving
n—b AP
(n+2b—2)%

which is the final result. O

)

Proof of Theorem 5.10. Recall that we are interested in producing an upper bound on the corre-
lation, which we may restrict to equivariant polynomials without loss of generality by Proposi-

tion 3.24. A §
COI’I‘SD(U)) = su (U,Y)N[P<'U, f( )>

P .
rerylz,  VEvepf(Y)]?

f equivariant
Ev~pllf(Y)]*#0

Congldir a particular equivariant f. By Theorem 3.15 and Lemma 4.35, it admits an expansion in

(89)

C
the w¢,_,,
nbc/2

T) =Y agrs (T) = agrG_, (T). 90
f( ) ; G Ga( ) ZG:an-\/|eAut(chop(G)| Gha ( ) ( )

where the sum is over p-regular l-open multigraphs on at most D vertices. We now apply the
technique of [SW22], using Jensen’s inequality to give a lower bound on the norm of f:

E_IIFY)I* = E 1F O + W) (91)
Y~P v~Unif (8"~ 1 (/1))
W~Wig
2
> E FOWP ) (92)
W~Wig ||u~Unif(Sn—1(y/n))
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We can write the inner quantity as:

E FOwP +W)
v~Unif(S"—1(y/n))
> il (W 4+ 1)
= ag E K¢ P + T
G n% . \/leAut(chop(G))|  v~Unif(Sn—1(ym)) o
nbg/Q an—l g b
= ag ABnBre (T)
; n . \/|eAut(chop(G))| GGZAuGB nba=1(pn 4 2bp — 2)28 A
G 4 open
G;clgsed
nba/2 1 de b
= ag NEnPB e (T)
; (n —bg + 1) - /|eAut(chop(G))] G=GaiCs nba=l(n 4+ 2bp — 2)b:3 A=
G 4 open
G;clgsed
_ Z nba/2 e n4., /leAut(chop(G a))| Mz pbe e (T
o (n—bg+1)- V/|eAut(chop(G))| G=GauCs nba/2pba=l(n 4 2bp — 2)b:B Ga=
G 4 open
GBAcchzsed

1
2 g 1) eRw @

Z (n—ba+ 1)\/|eAut(chop(GA))| )\dBn?’bB/Qn/c\(T).

bp Gpa—
G=GAlIGp (n+2bp —2)=
G 4 open
G closed

Switching the order of summations, we find that we can write

E o JO0 W) =Y (Lo R (T) =) (2 RG,HaH> Fas(T).  (93)

v~Unif(S"~1(y/n)) G G H

Here, R is an upper-triangular matrix when graphs are ordered by increasing number of vertices,
with rows and columns indexed by Gy U--- U Gp,—. More specifically, we have Rg g # 0 only
when a subset of the connected components of H yield G. When this is so, then the entries of L
are given by

Rgr =coH- . AdH\G, (94)

bma

n—bg+1 leAut(chop(G))| n3bmG/2
n—byg+1 leAut(chop(H))| (n+ 2 — 2)

where cg g is the number of ways that it is possible to choose the connected components of G' out

of those of H (i.e., the product of (Zg ég;

the number of times C' occurs in G and likewise for my(C)).

) over all connected components C' of G, where mg(C) is

Now, using Lemma 4.33 on the near-orthonormality of the /if;/:, we find

1

E_IFOIP > Sl Ral* = Sa " (R R)o. (95)

Y ~P

N —
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We define and rewrite using Proposition 5.14

Ba = E 'U,KZ/C\ %P + W
UNUmf(sn—}(ﬁ))< & )
W~Wig
— nbc/2 an )\danG
n . /|eAut(chop(G))| (n+ 2bg — Q)b:G
_ ne/? A

(n + 2bg — 2)%2/[eAut(chop(G))|

We have Rg g =1 for all G, so R is invertible. For our bound on the correlation, we then may
compute

<Oé,ﬁ>2 T 1412
Corr<p(P)? < 2sup ~——= =2|R" B|> (96)
- a#0 HRO[‘P

Let us compute the inverse v := RT_IB . RT is lower triangular and its diagonal is identically equal
to 1, so we may compute the inverse recursively by back substitution:

v =PBu— Y Ranve. (97)
G<H
We may bound both the entries of 5 and of R as:

an /2 AdG

<
1Bal S V/]eAut(chop(G))]

(/)"
V/JeAut(chop(G))]

_p=2\dc
< pl/4 (CPD ) )
o \/\eAut(chop(G))]’

1/4

bm\a/2 \dm\c

‘CG7HTL

)
j
e (n/4)
)

_p=2\9H\C
CG.H (CpD 4 > .

Thus inductively we have, with C(|conn(H)|) denoting the number of distinct chains of subsets of
the connected components of H,

el < 1Bul+ ) |1Raul - el
G<H
< pi/a_ Cllconn(H)]) (ch—L’Q)dH
V/[eAut(chop(H))]
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and bounding the number of chains using Proposition D.2,

n1/43Conn(H)|(|Conn(H)’)!< D_pT2>dH
VleAut(chop(H))[ \7 '

Note that every closed connected component of any H € G4, must have size at least 2 since
p is odd, and only the open connected component can have size 1. Therefore, the number of
connected components, if there are d vertices, is at most 1 + d ! %. Also, if ¢q, ..., ¢y are the
frequencies with which various closed connected components happen in GG, then, since permutations
of connected components are automorphisms and the “chop” operation does not affect the closed
components of a graph,

leAut(chop(H))| > Hci!. (98)

More specifically, suppose the total number of connected components of size 2 in H is £. There are
% non-isomorphic connected p-regular graphs on two vertices (two vertices with an odd number
of edges between them and a suitable number of loops on the ends). Suppose the numbers of these

components are 1, ..., Cp41)/2- We then have by a convexity argument

(p+1)/2 90 o 9 ¢
leAut(chop(H))| > H ¢l > ( >' > <()E> . (99)

p+1 e(p+1

We may organize the calculation of the norm of « according to the number of connected com-
ponents k, and the sizes a1 of the open component and as, ..., a; of the closed components:

D

i
77 £ 023" (0 7) Z 9kt
d=1 k=

> (ot

a;>1
az,...,ax>2
a1+ag+-+ar=d

—{z:a;=2}| k
Fap = 2}|> |ga1,p%| H |gai,p|

1=2

and in bounding the sizes of the sets of graphs by Propositions 5.9 and 5.12, let us replace 012, with
a larger c;, that absorbs constants depending only on p, so that we obtain

d+1
D 2 k
_o\d . p—2
<023 (D7) | 9Gapnl + D0 KE S ia =2 [T
d=1 k=2 a1>1 =1

az,...,ax>2
a1+ao+-+ap=d
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Here, again by a convexity argument, the choice of a; that maximizes the expression in the inner
sum will have the forma; =1, a2 = -+ - = as11 = 2, as+2 =ap_1=3,a = d 3k+s+5. The
value of a term with these choices is at most 32 4s5d"7 (d 3k+5+5) Since d"7 > s, to maximize
this bound we take s as large as possible, i.e., s = k: — 2. Thus we may bound, again replacing cp
with c;’ and absorbing a constant depending only on p,

d+1
D
_a\d 2
< n1/22 <CZD_pT> d+zk,2 —(k=2) 4732 2 (d—2k+3) Z 1
d=1 a1 >1
az,...,ax>2

a1+ag+-+ap=d

Here, the remaining sum is at most the number of integer partitions of d, which per Proposition D.3
is of order exp(O(v/d)). We have k!/(k — 2)¥=2 < k? < d?, and kld-®=2F < kFd—* < 1. Putting
everything together, we find

< nl/2z ( " 0(1/f> (1 i dg(p—2)+3> _

Finally, for c;’ sufficiently small, the remaining summation is bounded by a series of the form
S go1(1 — €)4dX for some constant K, which is a convergent series. Thus we find Corr<p(P)? <
2|17]|2 = O(n'/?), completing the proof. O

6 Application 2: Distinguishing Wigner from Wishart Tensors

We first state the result we will prove formally (combining the upper and lower bound claims from
the Introduction in Theorems 1.9 and 1.10).

Theorem 6.1 (Low-degree analysis for Wigner vs. Wishart detection). Suppose that ., are prob-
ability measures on SymP(R™) satisfying the following properties for A ~ pu,:

1. For alli € [n]P having a repeated entry, A;, . ;, =0 almost surely.
2. There is a constant C > 0 such that, for all i € [n]P, [As . ;| < C almost surely.
3. ||Al|% = nP almost surely.

Let Zy,...,Z, ~ Gin(n,1/n) be i.i.d. and Ay, ..., Ar ~ py be i.i.d., and write P = Py, , for the law
of r—1/2 Z;Zl Zj - Aj. There is a constant a,c > 0 such that the following holds. Suppose that

D = D(n) < \/n/2p? is given and r = r(n) satisfies

n?  if p is odd, }

3, .
n2?  if p is even

r>apc- { (100)

Then, Adv<p(Q = Wig, P,, () = O(1).
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Further, suppose that p, is supported on a single tensor A having all entries with no repeated
indices in their position equal to ¢ = c¢(p,n) > 0. Let D = 3 if p is even and D = 4 if p is odd, and

suppose that r = r(n) satisfies
n?  if p is odd,
< . 101
" { n2P if p is even } (101)
Then, Adv<p(Q = Wig, Py, () = w(1).
We establish some preliminary facts about the Ginibre ensemble.

Proposition 6.2. Gin(n, c?) is orthogonally invariant: if Z ~ Gin(n,c?) and Q € O(n), then QZ
and ZQ both again have the law Gin(n, o?).

Corollary 6.3. For any random tensor T, the law of Z - T when Z ~ Gin(n,1/n) independently
of T is orthogonally invariant.

A version of the Weingarten formula for [EQNHaM(n)QW (see Appendix C) also holds for tensor
powers of Z ~ Gin(n,c?). In fact, the formula is simpler: it only contains the leading order terms
of the Weingarten formula.

Proposition 6.4. [EZNGin(n?Ug)ZM = > w(p) @w(p).
Proof. The result follows directly from an application of the Isserlis—Wick formula. O
This simple fact implies remarkable simplifications for the cumulants of a tensor formed as Z - T.

Corollary 6.5. Let G be a p-regular multigraph on d vertices. Then,
/2

ka(Z-T) = —=mqg(T). 102
Z~Gin(n,1/n) c( ) npd/2 a(T) (102)

Moreover, let G := G\ Frob(G) be G with all Frobenii removed. Then,
nt 2 2 [Frob(G)|
a(Z-T)= )(||T||7 — nP)rre . 103
Pl 2 T) = T meo (DT~ ) (103)

Proof. Write b := pd/2 as usual. For the first claim, we observe by Corollary 6.3 that

E ka(Z-T) = E me(Z - T)
Z~Gin(n,1/n) Z~Gin(n,1/n)
= E Z <€§2 ® - ® 6;8;2, T®d 7®pdy
Z~Gin(n,1/n) i1,...,0p distinct
1 .
== Z Z(ef? ®- - ® 622, T®w () @ w(p)) (Proposition 6.4)

i1,...,0p distinct p

and here only the matching that corresponds to the one of equal indices in the first term in the
inner product contributes, whereby

1
== >, ma(D)
i1,...,4p distinct
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as claimed. For the second result, we first expand by definition over subsets of Frobenii, and then
use the first result on each term:

E Ke(Z - T) = D)8 — b4 plspPEl E K Z-T
Z~Gin(n,1/n) G( ) Z ( ) ( p’ D Z~Gin(n,1/n) G\S( )

SCFrob(G)
5] g2
= Z (_1) ( b+p’S’)p nb—plS] G\S(T)
SCFrob(G)

and by multiplicativity of the ordinary graph moments,

—plS]
=meo (T) Z (=1)SI(n — b+ p|s|ESL plS|™ = p\S|(HT” )|Frob(@)] ||
SCFrob(G)

and writing f := |Frob(G)| and introducing s := |S|, we have

f nl’*ﬁ
=g (1) 3 (1) 0= v+ pop (i

s=0
f
B n—b+ps) n! 1 9\ fes
=m0 3 (]) 0 G g e (T
nb f
= " mgo (T 2() S(IT|2)
S=
nb

= MG (O (ITF — n?)!

by the binomial theorem, completing the proof. O

Proof of Theorem 6.1. We first express the expectations of the centered cumulants of P in terms
of those of Gin(n,1/n) - u, and evaluate the latter using Corollary 6.5:

1 <
=1

T~P Z;~Gin(n,1/n)
Aj~p
r

nt . (1 1
- Z b1 by [E H kg, \/;ZZ ' A17 _;1Frob
Tl e Zimcjzgiybl/n) Pl

=r=2 N bH kG, (Z - A)

Giu-uG=c " ZNG‘“(ZV"

b
- Zr—d/2 Z H [E mG‘O) (HAH2 _ np)IFrob(Gi)l_

b
n
G1U--UG-=G i= 1

We make a few observations.

50



First, if G contains any self-loops, then some GEO)

For this ¢, by our assumption that A is zero on entries with repeated indices, we have m

contains a self-loop in every term of the sum.
0 (4)=0
almost surely. Thus the entire sum is zero, so Er~p £& (1) = 0 whenever G has self—loopé.

Second, and similarly, if G contains any Frobenii, then some exponent of ||A||% — n? is positive
in each term in the sum. By our assumption we have ||A[|% —n? = 0 almost surely when A ~ y, so
Er~p kG (T) = 0 whenever G has any Frobenii as well.

Lastly, let us consider the case where G has neither self-loops nor Frobenii. We may bound
the ordinary graph moments naively by using our assumption that the entries of A ~ u are almost
surely uniformly bounded by a constant C' > 0. This implies

mg(4)] < V@B, (104)

since m@(A) is a sum of n!F(@)| terms, each of which is a product of |V (G)| factors of size at most
C. Using this, we find

|T[ng(T)| <Ol N
~ G1U-+ UG, =G
< Crdnbr—d/2+\conn(G)|

where we have used that the number of partitions G1U- - -UG, = G is just the number of assignments
of each connected component of G to one of r bins, or rlcom (@)l

Since G has no self-loops or Frobenii, it has no connected components on two vertices. Note
that, depending on the parity of p, the smallest possible size of a connected component in G will
differ: when p is even then it is 3, but when p is odd then it is 4. This will ultimately lead to the
different thresholds depending on the parity of p in our result. Let us give this number a name:

3 if p is even, } (105)

§=¢) ‘:{ 4 if pis odd

Substituting the above bound into Corollary 4.24, we find

D
AdVSD(Wiga [P) 5 Z(C2T_1np/2)d Z T2|conn(G)|
d=0 Gean,
[V(K)|>£ for all Keconn(G)

d/¢

l
(CQT_lTLp/Z)dZ Z TQZH‘gai’p

(=1 é<a1<-<ap =1
a1+-+ap=d

NE

<

IS
Il
o

and using Proposition 5.9, we have

d/¢

D /

P=2,.

< Z(CZGerlpfp/Qrflnp/Z)d Z Z 7“2[ H a; )

= (=1 ¢<ar<<ap =1
ar+--+ag=d

[e=]

o1



and a convexity argument shows that the inner product over a; is maximized when a3 = --- =
ag—1 =& and ap = d — (£ — 1)§&. We may therefore continue bounding

/¢
(C2ep+1p—l’/2§pz;2r_1np/2)d Z Z 2t (=18

¢=1¢{<a1<-<ay
a1+-+ap=d

<

Mo

I§
=)

Now, since d < D < n'/2 by assumption, while r > n? (provided we choose a,c > 1), we have
r2 > nb while d¢ < d* < n?, sor? > d¢ and the largest term of the remaining sum is the one where
¢ =d/¢. Using Proposition D.3 to bound the number of terms in the sum, we find

(CerHp_p/zf%r_lnp/Q)d . exp(O(\/g))TQd/gdg

WE

<

.
i

0

° _ d
<S (c2ep+1p—1’/2g¥ exp(O(1/Vd)) - r—“—%)np/?) .
d=0

[NIiS]

Thus we find that, provided that r > a,n '5%2, the base of the exponent in the above series will
be strictly smaller than 1, so the sum will converge and and the proof will be complete. When p is
even, then £ = 3 and the exponent of n in the condition above is 3p/2, while when p is odd, then
¢ = 4 and the exponent is p, so this gives precisely the stated result in both cases.

Finally, for the upper bound, note that for this choice of deterministic A we have mg(A) =<

nlE(@! for each G, since each term in the sum in mg(A) is equal and close to 1. We thus have for
any G on d vertices that
E KCG(T) - n@r—d/Qﬂconn(G)\ (106)
T~P

by the same calculations as above. Let us take d = £ € {3,4} and G any connected p-regular graph
on & vertices (say, a triangle with every edge repeated p/2 times when p is even, or a complete
graph on 4 vertices with each edge of one perfect matching repeated p— 2 times and the other edges
occurring once when p is odd). We have |conn(G)| = 1. By Corollary 4.24, we may lower bound
the advantage by the contribution of just the term corresponding to this graph G, which, since it
is of constant size, has |eAut(G)| = O(1), so

2
Adv<p(Wig, P) = n~P/2 (T[E[P %(T))

> n—pﬁ/Q(nM)QT—E-F?
and using Proposition D.1 on the falling factorials gives
> 2 p/2,

which diverges by our assumption both when p is even and when p is odd. ]

Remark 6.6. It appears difficult to substantially relax the assumption that ||Al|% = nP exactly.
Indeed, considering terms corresponding to G consisting only of Frobenii, if we had a bound ||| A||%—
nP| < K (or, speaking more roughly, if the typical scale of this difference is K) then we see that
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our bounds would yield |Ex&,(T)| < CnP¥2 K42 and this would be the best bound we can achieve
regardless of the value of r. Thus even if K is a constant this would not give an O(1) bound on the
advantage. It would be more natural to assume that ||A||% —nP is centered and O(nP)-subgaussian,
say, in our result, but (at least with a naive bounding strategy as we have taken) such an assumption
would therefore not suffice to control the above terms when D = w(1). The same issue arises with
relaxing the assumption that the diagonal entries of A ~ i are exactly zero.
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A Characterizations of Invariants

Our goal in this Appendix is to give diagrammatic proofs of Theorems 3.2, 3.6, and 3.15. We
first discuss the first two Theorems on invariant polynomials. Recall that we say that a function
f o Sym?P(R") — R is invariant if, for all T € SymP(R") and all Q@ € O(n), f(Q -T) = f(T).
Similarly, a function f : Sym?*(R™) x SymP?(R") x ... x Sym?"(R"™) — R is invariant if, for any
symmetric tensors 17, ..., T, of arity pi, ..., py, respectively, f(T1,...,Ty) = f(Q-Th,...,Q-Ty)
for all Q € O(n).

A priori, restricting 7" to Sym”(R™) could weaken the definition of invariance. There are indeed
polynomials that are invariant on symmetric tensors but not on general tensors: for instance, for
2 x 2 matrices, the function m?%; + 2m?, + m2, is the Frobenius norm || M||% and hence invariant,
but only if M is symmetric. However, the following proposition shows that we can always replace
such a polynomial with one that is invariant on general tensors by symmetrizing over O(n). In
what follows we will identify invariant polynomials with this symmetrized version.

Proposition A.1. Suppose f is an invariant polynomial. Then there is a polynomial g of the same

degree which coincides with f on Sym?(R™) and which is invariant on all tensors, i.e., g(Q - T) =
g(T) for all T € (R™)®P.

Proof. Let g(T) = Eq f(Q - T'), where the expectation is over the Haar measure on O(n). O

Next, we show Theorem 3.2, which says that any invariant polynomial is a linear combination of
graph moments. This generalizes a similar fact for matrices: the invariant polynomials of a matrix
are precisely the symmetric polynomials of its eigenvalues. These in turn can be written in terms
of spectral moments, or equivalently traces of T’s matrix powers.

Theorem A.2. Let R be the ring of polynomials f : Sym?(R™) — R in the entries of a matriz
so that, for any orthogonal matriz Q, f(T) = f(QTTQ). Then R is generated by the polynomials
me(T) = tr(T) for £ > 0. In particular, any invariant homogeneous polynomial f(T) of degree d
is a linear combination of graph moments ), cyma,(T') where each G; is a disjoint union of cycles
with a total of d vertices.

Example A.3. For instance, f(T) = (tr T)% tr(T?) tr(T3), which is a polynomial of degree 7, is
ma(T) where G is the 2-reqular multigraph 88©I>o

Proof of Theorem 3.2. We illustrate the proof in Figure 10. First note that any polynomial f of
degree d in a p-ary tensor T can be written as an inner product between T®? and a vector of
coefficients C', which we can also view as a dp-ary tensor.

Now, if f is invariant, it remains the same if we place a copy of any orthogonal matrix Q' on
each of the dp edges of T®?. But this is equivalent to applying Q¥ to C: that is,

FQT-T) = QT -T%,C) = (T%1,Q - C) = (1%, QP C) = (T%%,C) = f(T).

Since f(T) = (T%®?%, Q®¥C) for any Q € O(n), we can symmetrize C' by taking the expectation
over the Haar measure, obtaining

f(T) = <T®da Hdpc> ) (107)

where
= E Q%, 108
¢ Qeo(n)Q (108)
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Figure 10: The proof of Theorem 3.2. Any homogeneous polynomial of degree d can be written
as the inner product of T®¢ with a dp-ary tensor of coefficients C. By hypothesis the function is
unchanged if we symmetrize these coefficients by conjugating them with a Haar-random orthogonal
matrix (. But their image under the projection operator E Q¥ is a linear combination of matching
vectors, each of which induces a multigraph connecting the copies of T'.

the projection operator that we discussed in Section 3.3. Specifically, II; projects onto the trivial
subspace under the action of O(n), i.e., the set of vectors w € (R")®* such that QT -w = Q®w = w
for all @ € O(n). As we present there, it follows from representation theory that II; may be
written I, = 3, Wg, ,w(p) @ w(v) for some Wg, , € R, p, v perfect matchings of [¢], and w(u)
the indicator vector of pairs of indices being equal under the matching p.

Since the image of II; is spanned by the w(u), the symmetrized coefficients I14,C in (107) are a
linear combination »_ , a,w(p). But for each 4, (T®4,w(p)) is exactly a graph moment mg,)(T),
where G () is the multigraph G(p) formed by matching the dp half-edges of its vertices according
to p. (The reader may be familiar with the configuration model of random graphs [MR95] where

w is uniformly random.) Thus
T) =) aume(T
o

as illustrated in Figure 10. This completes the proof for invariant polynomials f(T") of a single
p-ary tensor. ]

Proof of Theorem 3.6. For invariant polynomials of multiple tensors f(77,...,T,,), if p is homoge-
neous of degree d; in each T; and each T; has arity k;, we can write it as an inner product

f(Ty,... . Ty) = <(§Ti®di,c> :
=1

where the tensor of coefficients C' has total arity £ = >, d;k;. The argument then goes through as
before; see Figure 11 for an example. O

Again by similar arguments, we may also prove Theorem 3.15 on equivariant polynomials and open
graph moments.
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Figure 11: Generalizing the argument of Theorem 3.2 to mixed moments. The inner product of
UV ®V W with the matching vector shown gives the multigraph on the right in Figure 3 and
the mixed moment (14).

Proof of Theorem 3.15. Let W be an f-ary tensor of indeterminates. Then if f(7T) is f-ary and

equivariant, the inner product P = (f(7),W) is an invariant function of 7" and W. Simi-
larly, if f(Th,...,T) is equivariant, then F = (f(T1,...,T,), W) is an invariant function of
(Th,..., T, W

If f(T) is a homogeneous polynomial, then F(T, W) is a homogeneous polynomial of degree 1
in W, i.e., which is multilinear in W’s entries. By Theorem 3.2, F' is a linear combination of mixed
moments mg (T, W) where W corresponds to a single vertex w of degree ¢ and G’s other vertices
have degree p. Then each entry of f(7) is a partial derivative of F(T,W) by the corresponding
entry of W,

OF (T, W)
Taking this partial derivative removes W’s vertex from G, leaving a p-regular open multigraph

G\ {w} with |F| = ¢ open edges. This completes the proof for f(7"), and mutatis mutandis for
f(Th, ..., Tn). O

F(T)ieny =

B Properties of Wigner Tensors

B.1 Basic Properties

We give some further properties of T' ~ Wig(p, n,0?). As a result of symmetrizing over all permu-
tations 7, the entries of T have different variances depending on the pattern of repetitions in their
indices. Specifically, their variance is equal to the size of their stabilizer subgroup, i.e., the number
of permutations in Sy which leave them unchanged.

Proposition B.1. Let T ~ Wig(p,n,0?). For a given sequence of indices i = (i1, ...,i,) € [n]P
and j € [n], let ¢;(i) be the number of times j appears in i. Then

T, ~N|0,0° ch(i)!

J=1

Proof. Write m = [[7_; ¢;(i)!. Then m is the number of permutations 7 such that 7 (i) = 4, and
the number of distinct 7(i) contributing to 7; in (5) is p!/m. For each of these the same G ;
appears m times in (5), multiplying its variance by m?. Since the G (i) are independent, we then
have Var T; = (o2 /p!) x (p!/m) x m? = o>m. O

This ensemble is orthogonally invariant, and for p = 2 we recover the Gaussian orthogonal
ensemble of random matrix theory.
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Proposition B.2. For T ~ Wig(p,n,0?), for any Q € O(n), Q - T has the same law as T. In
particular, T ~ Wig(2,n,1) has the law of the standard n x n Gaussian orthogonal ensemble, with
Tij =Ty ~ N(O, 1+ 5z‘j)~

B.2 Hardness of Computing Moments

In this section, we give the proof of Theorem 5.3 on the hardness of computing the expected graph
moments of a Wigner tensor. In the course of developing the tools for the proof, we will find various
useful reinterpretations of the quantities involved in the moments.

Definition B.3. Let V be a finite set, p: V — N a degree sequence, and G(V,p) the set of graphs
(with loops and parallel edges allowed) on V' such that each v € V' has degree p(v). G, H € G(V,p)
are related by a switching if there is a pair of distinct edges {v,w},{v',w'} € E(G) such that H is
formed by replacing both of these edges with the edges {v,v'}, {w,w'}. We view G(V,p) as a graph,
where G ~ H if G and H are related by a switching.

The switching distance between G and H, denoted dswitenh(G, H), is the distance between G and
H in G(V,p), or equivalently the minimum number of switchings required to reach H from G.

We note that the degree sequence is preserved by the switching operation, so we must restrict our
attention to a fixed degree sequence for the switching distance to be defined. Even so, it is not
obvious that the switching distance is finite, but this is indeed the case. Also, we emphasize that,
unlike with the sets G4, in the main text, we are working with labelled graphs here.

Proposition B.4 (Lemma 1 of [Hak63]). Whenever G(V,p) is non-empty, then it is connected.

Remark B.5 (Loops and parallel edges). We will rely on the results of the works [Hak63, Wil99,
BM18], which variously work with not G(V,p) but the induced subgraph on the vertez set consisting
either of simple graphs or loopless multigraphs (with parallel edges allowed). However, implicit in
their results are the following facts:

1. The induced subgraphs of G(V,p) on both simple graphs and on loopless multigraphs are con-
nected.

2. There is a path between simple graphs (respectively, loopless multigraphs) G, H € G(V,p) of
minimum length passing through only simple graphs (respectively, loopless multigraphs); that
is, the distance between G and H in the induced subgraph on simple graphs (respectively,
loopless multigraphs) equals the distance in G(V,p).

Thus we will rephrase their results over G(V,p) without further comment.

Moreover, we may always reduce switching distance computations from a sequence of possibly
large degrees to the case p = 1, which corresponds to sets of perfect matchings.

Definition B.6. For G € G(V,p), let V' be a set of size Y oy p(v), which we view as consisting
of vgy, for a € V and b € [p(a)]. We say that a perfect matching p € G(V', 1) realizes G if G is

obtained from identifying vzhl, R (a) into a single vertex for each a.

In other words, p realizes GG if G would be obtained from p under the configuration model; this is
in somewhat different language the same definition used in the main text in constructing the graph
Weingarten function.
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Proposition B.7. dgsywiten (G, H) = min{dswiten (1, i) © pa realizes G, realizes H}.

Definition B.8. For G and H defined on the same verter set, we write GANH for the graph
containing the symmetric difference of the edge sets G and H, where if G has a edges between i
and j and H has b edges between i and j, then GAH has |a — b| edges between i and j. We view
this graph as being colored, where, in the above setting, if a > b then the edges between i and j are
blue, and otherwise they are red.

A symmetric circuit in such a colored graph is a closed walk of even length alternating between
red and blue edges. A symmetric circuit partition is a partition of the edges into symmetric circuits.
We denote the number of circuits in the largest symmetric circuit partition by circ(G, H).

The following useful fact shows that the (minimum) switching distance is essentially equivalent
to the maximum circuit partition.

Proposition B.9 (Theorem 2.5 of [Wil99], Theorem 22 of [BM18)). dswiten(G, H) = 5| E(GAH)|—
circ(G, H).

The proofs cited above treat simple and loopless graphs, respectively, but the same argument
extends straightforwardly to graphs with loops as well. One way to see this is to use Proposition B.7
to rephrase the computation of dgyitcn (G, H) as a similar computation of matchings realizing G and
H, which are simple graphs and to which the results of [Wil99] apply.

Corollary B.10. dsyiteh (G, H) < |E(G)| = |E(H)].
Proof. The result follows since |E(GAH)| =2|E(G — H)| < 2|E(G)|. O

We now move towards relating the switching distance to the quantities involved in the Wigner
moments; in particular, we will relate it to the exponent cyax(G), which we recall satisfied:

i Ey MW~ (€, (109)

Definition B.11. For p a constant and |V| even, denote by F = F(V,p) C G(V,p) the subset of
multigraphs that consist of a disjoint union of Frobenii of degree p.

Our first main result is that the exponent cpax(G) may be computed through the minimum
switching distance to a set of Frobenii.

Lemma B.12. For any p-reqular G, cmax(G) = |E(G)| — dswitch (G, F).-

We note that, while F and G refer to sets of labelled graphs, the quantities being computed here
do not depend on the labelling, since F is invariant under permutations of the vertex labels.

Proof. Let v = |V(G)|, identify V(G) with [v], and let u be a perfect matching realizing G. View
the vertex set of p as [v] X [p], so that (v,1),..., (v,p) are the “expanded” vertex set corresponding
to v € V. To any even edge coloring of G we may associate a perfect matching  of [v] and perfect
matchings 7y; ;3 of [p] for each {i,j} € K, so that vertices matched in x have the same edge colors
in their neighborhoods, and ny; ;; is a matching between half-edges of the same color incident with
¢ and with 7. We may view p’ := |_|{i7j}e,i Ny as a matching on the same vertex set as p. The
number of colors in the given edge coloring of G is at most the number of cycles into which g LI p/
decomposes; conversely, there is an even edge coloring of G with precisely this number of edge
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colors, formed by assigning a different color to the edges of G corresponding to the edges of u lying
in each cycle.

But, the possible i/ described above are precisely the matchings that realize a graph of (p-
regular) Frobenii on [v]. Thus ¢pax(G) is equivalently the maximum number of cycles into which
Uy’ decomposes for any p' realizing a graph of Frobenii on [v]; moreover, the same holds for any
u realizing G. Let us write cyc(p U p') for this quantity. We have shown so far that

Cmax(G) = max{cyc(pu U u') : pu realizes G, i realizes some F € F}. (110)

Now, separating the 2-cycles in p Ll i/, which correspond to edges shared between p and p/,
from longer cycles and using Proposition B.9, we have

cyc(uU ') = eye(uip') + | n |

= circ(M, M') + (yE(,m - ;|E(MAM/)|>

1 .
— 156~ (G|~ cireon)
= |E(G)| - dswitch(ﬂ7 :u/)'
Finally, substituting, we find

Cmax(G) = |E(G)| — min{dgsyiten (, pt') : p realizes G, u’ realizes some F € F}
= |E(G)| = dswiten(G, F),

completing the proof. O

We also learn some interesting structural facts about maximum even edge colorings from this
proof, using the interpretation of cmax(G) in (110).

Proposition B.13. In any mazimum even edge coloring, for any vertex, all edges adjacent to that
vertex have distinct colors.

Proof. Suppose otherwise. By (110), we then have a matching p of [d] x [p] realizing G and another
matching p’ realizing a disjoint union of Frobenii. Suppose without loss of generality that there are
two edges incident with vertex 1 and having the same color, i.e., two edges in u, touching vertices
among (1,1),...,(1,p), and belonging to the same cycle in p U /. Suppose again without loss of
generality that these latter vertices are (1,1) and (1,2). Under 1/, all vertices with first coordinate
1 are matched to vertices with some other first coordinate i. So, suppose (1, 1) is matched with
(i,7) and (1,2) with (i, k). Define p” by instead matching (1,1) with (i,k) and (1,2) with (4, j).
Then, the cycle containing these edges in p Ly’ is broken into two cycles, while all other cycles are
unchanged. Thus, the original coloring must not have had the maximum number of colors, and we
reach a contradiction. O

Proposition B.14. In any mazimum even edge coloring, every colored neighborhood occurs exactly
twice.
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Proof. A similar argument applies in this case as well. In the matching interpretation, if there is
a colored neighborhood occurring four (or more) times in a coloring, then the same collection of p
cycles in g U ¢/ must pass through the vertices (ig, 1), ..., (iq,p) for a = 1,2,3,4 and some choice
of i1,i9,13,14 € [d]. Suppose without loss of generality that the (i1,7) are matched to the (ig,7)
and the (i3, ) to the (ig,7) in g’ (if the cycles only pass through four of the same collections of
vertices such a pairing must occur; if there are more such collections then one may find such pairs
by following the matching of 4/. Then, it is possible to instead match either the (i1, 7) to the (i3, 7)
or the (i4, j) such that one of the p cycles is broken into two (by matching its endpoints differently),
and no two of the other cycles are merged (by matching their endpoints to one another arbitrarily
without joining two distinct cycles). Again, the total number of cycles must increase by at least 1,
contradicting the maximality of the original choice of p’. O

As a corollary of this result we learn that wpax(G), the sum of the “weights” of even edge
colorings with cpax(G) colors as defined in the main text, is actually just a counting problem of the
number of non-isomorphic even edge colorings with this number of colors; the weights necessarily
always equal 1.

Finally, to prove Theorem 5.3, we will use the connection between cpax and the switching
distance that we have developed as well as the following result.

Theorem B.15 (Theorem 3.2 of [Wil99)]). It is NP-hard to decide whether dsyitcn(G, H) > d given
d > 0 and simple graphs G, H on the same vertex set and having the same degree sequence.

Remark B.16. It may be tempting to try to use the cumulants we have defined to compute myg and
its Wigner expectation, and thereby to compute or estimate cmax and so a switching distance. The
1ssue with such a strategy appears to be that computing with the relationship between the cumulants
and the graph moments requires forming the graph Weingarten function Wgq pr, which involves a
summation over the matchings realizing G and H. There are exponentially many of these matchings,
and indeed enumerating them would allow one to compute the switching distance by brute force.

Proof of Theorem 5.3. We will show that if it is possible to compute ¢pax(G), then it is also possible
to compute switching distances between simple graphs. Namely, let G, H be simple graphs on a
shared vertex set V and with a shared degree sequence p : V' — N. We will show that computing
dswiten (G, H) may be encoded in the computation of ¢max(J) for a certain graph J = J(G, H). By
Proposition B.12, this is equivalent to computing dswitch(J, F). Let v = |V, identify V' with [v],
and set e = %Zvevp(v) =|E(G)| = |E(H)|.

We form J on the vertex set {1,...,v,1,...,v'}. For 4,5 € {1,...,v}, we draw one edge
between ¢ and j in J if i ~ j in G. Likewise, for ¢, 5’ € {1’,...,v'}, we draw one edge between
i’ and j/ in J if i ~ j in H. Finally, for each i € [v], we draw 3e — p(i) edges between i and ¢’
in J. Thus, J is a disjoint union of one copy of G and one copy of H, along with a “very heavy
matching” with many repeated edges between corresponding vertices in G and H under their joint
labelling. Note also that J is 3e-regular. The basic idea is that this heavy matching will force the
nearest disjoint union of Frobenii to correspond to the matching of vertices with the same labels in
G and H.

More formally, let Fy be the graph of Frobenii on the heavy matching in J. We claim that
dswiteh (J, F) = dswitch (J, Fo); that is, that Fy is a minimizer of the switching distance of J to any
disjoint union of Frobenii. Indeed, we have dgyiten (J, Fo) < dswiten(G, H) + e < 2e, because to reach
Fy we may first transform G into (a copy of) H by switchings, and then align pairs of corresponding
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edges in the two copies of H with Fj one at a time. (We also use the inequality dgwiten (G, H) < €
from Corollary B.10.) On the other hand, for any F' € F\{Fp}, to reach F from J we must change
at least the 3e — p(7) edges between ¢ and ¢’ for some ¢ € v. Since 3e — p(i) > 3e — e > 2e, we have
dswiteh (J, F') > 2e, proving the claim.

Finally, we claim that the inequality mentioned above is tight, that is, that

dswitch(J7 f) = dswitch(J7 FO) = dswitch(G7 H) + e. (111)

After showing this the proof will be complete.

By Proposition B.9, we have dgyiten(J, Fo) = %|E(JAF0)| —cire(J, Fp). Let us view the edges in
JAFy coming from J as “red” and those coming from Fy as “blue.” Then, by our construction of
J, we have that JAF{ consists of two disjoint red copies of G and H, together with blue matchings
between corresponding vertices in G and H, where the edge between i and i’ is repeated p(i) times.
In particular, we have |E(JAF)| = 2e + Y_;_, p(i) = 4e, s0 dsyiten(J, Fo) = 2e — cire(J, Fy) =
e + (e — circ(J, Fp)). Thus it suffices to show that dswiteh(G, H) = e — cire(J, Fp). Further, since
dswiten (G, H) = |E(G — H)| — circ(G,H) = e — |E(G N H)| — circ(G, H), it also suffices to show
cire(J, Fy) = |E(G N H)| + circ(G, H).

Given a symmetric circuit partition of GAH, we may produce one of JAFy by traversing
one blue edge (between G and H) between every edge of the given partition, and also adding
circuits of length 4 including each pair of edges shared between G and H. This shows circ(J, Fy) >
|E(GNH)|+ cire(G, H).

Conversely, we claim that, given a symmetric circuit partition of JAFp, there is another parti-
tion of at least the same size that contains circuits of length 4 including each pair of edges shared
between G and H. Suppose {i,j} is such an edge. Then, edges {7,j} and {7/, j'} must belong
to different circuits C,C” of the partition of JAFy. In C, {i,j} must be surrounded by two blue
edges m1, my of the heavy matching, and likewise in C’, {i’, '} must be surrounded by two blue
edges m/,m,. Then, we may form another symmetric circuit partition by replacing C,C" with
{{i, 7}, ma, {7, 5 tma}, (C\ {{i, 7}, m1}) U (C"\ {{#', 7'}, m}}) which is of the same size.

So, there is a maximum symmetric circuit partition of JAFy that contains all circuits of length
4 including pairs of edges shared between G and H. The remaining circuits in such a parti-
tion correspond to a symmetric circuit partition of GAH. Thus we have the opposite inequality
circ(J, Fo) < |E(G N H)| + circ(G, H) as well, and the proof is complete. O

Despite this hardness result, it is still possible to give some tractable and general bounds on
the exponent cpax(G).

Proposition B.17. For any simple p-regular G on d vertices,

(p«+—1)d.

<
Cmax (G) =~ 4

(112)
Equality holds if and only if G has a transitive perfect matching p: a matching such that, whenever
{v,v'},{w,w'} € p and v ~ w, then v ~ w' as well.

It is an interesting simplification of the problem of computing cmax(G) to check whether the con-
dition for this bound being saturated holds or not. When p = 3, one may check that a transitive
perfect matching exists if and only if each connected component of GG is isomorphic to one of two
graphs built from a union of two cycles: if we imagine forming a cubical complex from this graph
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by adding a 2-cell between the “lateral” edges connecting edges of the transitive perfect matching,
then the resulting surface must either be a cylinder without its top and bottom or the same with
a “twist,” i.e., a MoObius band. Once p > 4, such a simple classification seems elusive, and it is
unclear whether to expect the problem to be easy or hard.

C Conditioning of Weingarten Matrices

We have discussed in Section 3.3 the structure of the projection operator II = II, = Eg Q%t. As
stated there, II; projects onto the space spanned by the matching vectors w(u) defined in (16)
where 1 is a perfect matching of [¢]. Thus the projection may be written

U, = Z(Mﬁl)u,vw(/‘) ® w(v), (113)
1V

where M1 is the inverse of the Gram matrix

My = (w(p), wv)),

or the Moore-Penrose pseudoinverse if the w(u) are overcomplete and M is not of full rank. For
matching vectors, the Gram matrix is given by

Mu,l/ _ <wu, ZU,/> _ n# of cycles in pllv _ nK/Z—A(,u,u) ) (114)
Here by U v we mean the 2-regular multigraph with ¢ vertices whose edges are the pairs in 1 and
v, and each of these cycles gives a factor of n. We define A(u,v) as the minimum number of swaps
it takes to transform p to v, where a swap changes two pairs in a matching from {(a,b), (¢,d)} to
{(a,¢),(b,d)} or {(a,d), (b,c)}. The relation

# of cycles in plUv =10/2 — A(u,v)

follows because p Ll v has £/2 cycles if and only if u = v, and each swap on a shortest path from g
to v merges two cycles into one. See Figure 12 for an example.
The inverse of M is called the Weingarten function and is denoted Wg. Thus

II= ngu,v w(”) ® w(y) )
JTR?

where the sum is over all perfect matchings p,v of [(]. By permutation symmetry, Wg,., =
(M~1),,, is a function only of the cycle structure of v, i.e., the number of cycles of each length
that this graph has. For this reason Wg is often called a function, but for our purposes we will
view it as a matrix and seek to understand its spectrum, or equivalently the spectrum of M.

For sufficiently large n, M is dominated by its diagonal, and a representation-theoretic argu-
ment [Bra37, Wen88| shows that M has full rank whenever n > ¢/2. However, we need the stronger
property that its smallest eigenvalue is bounded above zero. Using a simple counting argument we
will show that this holds, and moreover that the matrix is well-conditioned, whenever n > (1+¢)¢2.

Proposition C.1. Suppose that n > 2. Then the Gram matriz M defined in (114) has full rank,
and all of its eigenvalues lie in the interval [n'/?(1 — €2 /n), n/?>(1 + £ /n)].
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Figure 12: The inner product of two matching vectors w(p), w(v) as defined in (16) is n raised to
the number of cycles in their disjoint union g Uv. In this example, £ = 8 and there are two cycles
in p U v, one of length 2 and one of length 6. Thus (w(u), w(v)) = n? and p and v are A(u,v) = 2
swaps apart.

t
Proof. Since there are only (5) possible swaps, for any matching p there are at most (5) < (¢%2)2)!
matchings v such that A(u,v) = t. Therefore, if we write

pFEV,

then if n > ¢? the sum of any row H,, of H gives a bound on the operator norm of H,

H] <ZHW<Z( ) </

VEL

0 =v
_ 02 _ H
M =n"(1+H) where H, = {n—A(W/)

The Gersgorin circle theorem [Ger31] then implies that M has full rank whenever n > ¢? and that
its eigenvalues lie in the stated interval. O

Since the eigenvalues of Wg are the reciprocals of those of M, Proposition C.1 implies that Wg
is well-conditioned.

Corollary C.2. Suppose that n > 20%2. Then, all of the eigenvalues of (Wg%y) lte in the interval
(Ln=t/2, 2n~4/2).

Remark C.3. Proposition C.1 and Corollary C.2 are essentially tight, since when n = o(¢2) then
the largest eigenvalue of Wg is roughly n=t/? /2 We outline the argument, which we learned of
from a personal communication with Piotr gniady. Per Proposition 5 of [ZJ09] (originally due to
[Col03]), the distinct eigenvalues of Wg correspond to Young diagrams X of £ boxes with an even
number of bozes in each row.® We write \/2 for the same diagram where the number of boxes
in each row is halved. We view these diagrams as sets of (i,j), the “coordinates” of the boxes of
the diagram, with i,5 > 0 so that the box in the top left corner has coordinates (0,0), the one
below coordinates (1,0), the one to the right coordinates (0,1), and so forth. Then, the eigenvalue
of Wg associated to \ is 1/(1_[(1»0-)6/\/2(71 +j —1)). The largest eigenvalue of Wg is then the one
corresponding to X two columns of £/2 boxes each, which gives

—1 —Wz/f_[l = exp (£ (115)
7% (0 ' P\2n )

8 Actually, this correspondence could give another more explicit treatment of the conditioning results derived
above, but we prefer to give a self-contained treatment using the simpler Gersgorin circle theorem.
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as claimed.

In the main text we mostly encounter not this Weingarten function over matchings, but the
“graph Weingarten function” that we define indexed by Gg, (Definition 4.16). This has entries

WgG,H = Z Wgu,y (116)

p realizes G
v realizes H
for G, H € Ggj,. We also recall from Proposition 4.17 that the number of summands over each axis

is
pldd!

leAut(G)]
Using this, we state a corollary on the spectrum of this compressed version of Wg in the form that
will be useful in the main text.

#{u realizes G} = (117)

Corollary C.4. Suppose that pd < \/n/2 is even. Then the symmetric matriz indexed by G, H €
Gap with entries

a2 V]eAwt(G)| - [eAut(H)|

e Wag (118)

has all its eigenvalues lying in the interval [, 2].

Proof. Write £ := pd. Define a matrix J indexed by G € Gap and p perfect matchings of [pd] with

A 1
wl{ﬂ realizes G} =
pldd! V#{p realizes G}

Ja = 1{u realizes G}. (119)

By construction, we have JJT =1. On the other hand, calling X the matrix in the claim, we have

X = Jn"*wWg)J . (120)

By Corollary C.2, we then have _
X =<2JJ" =21, (121)
and the lower bound follows similarly. O

By an identical proof and using Proposition 4.29, we also have the following variation for the
Weingarten matrix appearing for open multigraphs.

Corollary C.5. Suppose that pd — 1 < \/W is even. Then the symmetric matriz indezed by
G,H € Gqp,—s with entries

/2 v/leAut(chop(G))[ - [eAut(chop(H))]

d—1
n(p p!d_l(p — 1)'(d — 1)! : Wgchop(G),chop(H) (122)

has all its eigenvalues lying in the interval [%, 2].
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As an aside, let us mention that computing Wg explicitly is a notoriously difficult problem. We
can get a sense of how its entries scale by writing it as a geometric series,

Wg=M"'=n"21+H) " =n"Y (-1)'H, (123)
t=0

and expand this into a sum over paths through the space of perfect matchings. For a given pair of
matchings pu, v, let {u ~ v} denote the set of paths o where p = o9 # 01 # - -+ # o = v for some
t > 0, and write |o| = t. Define A(o) as o’s total length in swap distance,

t

Ao) = Z A(oi,0i-1),

i=1

and define g(o) as o’s geodesic defect, i.e., the difference between its length and the shortest-path
distance between its endpoints,

ngﬂ, _ n_g/g Z (_1)|a| n—A(U) (124)
oe{p~v}
_ 2= Aw) Z (=1)ll p9o) (125)
oe{p~v}

Thus for graphs of constant size we have Wg,,,, = O(n=t/?=8mv)) The prefactor for a given Wg,,
i.e., the sum of signed geodesics from p to v, might grow rapidly with £.
For instance, for D = 4 where there are 3 perfect matchings, the rows of M and Wg where

n= {(17 2)7 (374)} are

v 1{(1,2),3,4)} {(1,3),(2,4)} {(1,4),(2,3)}

M,u,,y n? n n
n+1 —1 —1
Weur | wmDmT2) n(n—1)(n+2) n(n—1)(n+2)

D Combinatorial Bounds

We gather some auxiliary combinatorial results that are used in the main text.
Proposition D.1. Suppose k < n/2. Then, n* exp(—k?/n) < nk < nF.

Proof. The upper bound is immediate. For the lower bound, we have:




and here, noting that log(1 — z) > —2z for all 0 < z < £, we have

N <2k—1 )
>n exp | — 7
0

anexp( )

as claimed. O

3

3‘?‘@

Proposition D.2. A chain of subsets of [n] is a sequence of strict inclusions @ C Ay C Ay C -+ C
Ay, € [n]. The number of chains of subsets of [n] is at most 3"n!.

Proof. Call C(n) the number of chains on [n]. The chains are in bijection with the ordered set
partitions of [n], where a chain as defined in the statement corresponds to the partition (A, Ag \
Ay, ,[n]\ Ag). Every ordered set partition consists recursively of a choice of a non-empty set
and an ordered set partition on the remaining elements. Thus, C'(0) = 1 and for n > 1 we have

n

C(n):ZC‘)cm—@ C(n—1) +§nj<> (n— i) (126)

1=1 1=

We proceed by strong induction. Clearly the claim holds for n = 0. Suppose that the claim holds
for all C'(m) with 0 < m <n — 1. Then,

C(n) <3 'l + Y <n> 3 (n — 4)13n

=2

1 =3¢
— 3! | =
”<3+, z‘!)
1=2
1

completing the proof. O

Proposition D.3 (Section 2 of [HR18]). An integer partition of d > 1 is a sequence of 1 < a; <
- < ayp such that ay + --- 4+ ap = d. There is an absolute constant C' > 0 so that the number of
integer partitions of d is at most éexp(C\/a) foralld > 1.
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