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Abstract— This study introduces an innovative actuator that
resembles a motor with a non-uniform permanent magnetic
field. We have developed a prototype of the actuator by com-
bining a standard motor, characterized by a uniform magnetic
field, with a custom rotary magnetic spring exhibiting a non-
uniform magnetic field. We have also presented a systematic
computational approach to customize the magnetic field to
minimize the energy consumption of the actuator when used
for a user-defined oscillatory task. Experiments demonstrate
that this optimized actuator significantly lowers energy con-
sumption in a typical oscillatory task, such as pick-and-place
or oscillatory limb motion during locomotion, compared to
conventional motors. Our findings imply that incorporating
task-optimized non-uniform permanent magnetic fields into
conventional motors and direct-drive actuators could enhance
the energy efficiency of robotic systems.

I. INTRODUCTION

The rising adoption of robots in industrial settings has
motivated research into innovative methods for reducing
energy consumption. In the context of robotic motions,
motors are energetically active elements that provide torque
for actuation. However, motors also require energy to gen-
erate torque even when not performing mechanical work.
In contrast, springs are energetically passive components
that can provide torque without requiring external energy.
Therefore, combining a spring in parallel with a motor can
reduce the energy consumption of a motor when performing
both static weight-bearing [1] and dynamic oscillatory tasks
[2]-[4]. In a typical oscillatory task, the spring can provide
almost all the required torque, while the motor only needs
to overcome friction and suppress disturbances faster than
the spring alone could. This approach makes it appealing
to improve the energy efficiency of robots by using parallel
elastic actuators that combine motors with springs.

The energy efficiency of parallel elastic actuators when
performing static weight-bearing or dynamic oscillatory tasks
has been highlighted in several studies. Common examples
include energetically passive gravity compensation mecha-
nisms [5], simple devices used to augment human motion [6],
robot exoskeletons [7], [8], and actuators [9], [10] designed
for repetitive tasks. In all these applications, effectively
reducing the energy cost requires optimization of the torque-
deflection behavior of the spring. Most parallel elastic actu-
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Fig. 1. Left: Conceptual model of the rotary magnetic spring actuator that
has a non-uniform permanent magnetic field. Right: Task-optimized passive
torque-angle characteristic of the actuator.

ators are designed using mechanical springs, although other
types of springs such as magnetic springs [11] could be used.
In addition to producing unique torque-displacement curves
[12], magnetic springs are not subject to fatigue and failure
like their mechanical counterparts [13], and may be easier
to customize, as they can be built by leveraging established
technology used to design permanent magnet motors. In gen-
eral, actuators with customized torque-deflection behavior
may play a crucial role in achieving energy-efficient motion,
somewhat similar to biological systems [14].

In this paper, we present a non-uniform permanent mag-
netic field actuator implemented by connecting a motor
in parallel with a rotary magnet spring. Most models of
rotary magnetic springs are created by arranging permanent
magnets in coaxial rings [15] and cylinders [16], or by
stacking annular magnets together [17]. Whereas these previ-
ous works elaborate novel designs for magnetic springs, we
introduce the concept of customizable rotary magnet springs
— implemented here using small disk-shaped permanent
magnets stacked around a cylindrical stator — to achieve
a user-defined oscillatory trajectory with significantly lower
torque compared to a motor. Consistent with our theoretical
predictions, experimental results demonstrate a significant
reduction in the maximal torque and the energy consumption
of the actuator compared to a conventional motor when both
are used to realize the same user-defined oscillatory task.

The paper is organized as follows. In Section II, we
use a simple case study example to explore the benefit of
an optimally designed motor-spring actuator compared to
a motor alone. In Section III, we present the optimization



method that can be used to systematically design rotary
magnetic springs for motor-spring actuators. In Section IV,
we present the prototype of a motor-spring actuator and
report experimental results demonstrating the benefit of the
optimally designed actuator compared to a motor.

II. ENERGY MINIMIZATION USING A SIMPLE
MOTOR-SPRING ACTUATOR

In this section, we explore the advantage of using a
magnetic spring in parallel with the motor for an oscillatory
task in a simple case study example. Our results show that
the spring can be used to provide most of the torque required
to perform an oscillatory task leading to substantial energy
saving as opposed to using the motor alone.

A. Model

To explore the benefit of a rotary magnetic spring, we
consider an inertial load representing the robot, attached to
a motor and a magnetic spring as shown in Fig. 2.
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Fig. 2. Model of the Motor-Spring Actuator attached to an inertial load.

The equation of motion for the actuator and the load is
given by

JO+ b0 =T, 1)

where J is the moment of inertia of the actuator and the

load, b is the damping coefficient, and 7 is the torque of the
actuator.

The torque of the actuator is composed of the torque of
the motor and the torque produced by the magnetic spring,

T =Ty + Ts. )

The torque of the magnetic spring depends on the design
of the magnetic spring. For simplicity, here we assume that
the magnetic spring acts like a linear spring,

Te = —ks0, 3)

where k; is the stiffness of the magnetic spring.
The torque of the motor is given by

T = km{, 4)

where k,, is the motor torque constant while I is the motor
current, defined by the electrical side motor dynamics

LI+ RI+Fkyf =V, (5)

where V' is the input voltage to the motor, R is the internal
resistance of the motor, and k; is the back-emf constant.

In the next section, we explore the benefit of the magnetic
spring in reducing the motor torque when performing an
oscillatory task.

B. Task

A pick-and-place task refers to a common operation in
automation processes where an object is picked up from one
location and transferred to another location.

We consider the simplest pick-and-place type task where
the load is rotated from one position A to another position
B, as shown in Fig. 2b. A feasible desired trajectory for such
a task is given by

Oa(t) = gcos(wt), (6)
where w is the angular frequency of the oscillatory motion.

C. Torque and Energy

We will now compute the torque and the energy required
to track the desired motion. The results will be used to
understand the requirements to perform the same task with
and without the magnetic spring.

According to the model presented in this section, the motor
torque is given by:

Tm = J@d + b0d + k04
= g(ks — Jw?) cos(wt) — gbw sin(wt). (7
Also, the input electrical power to the actuator can be
calculated using the following relation:
L d R
=1V =——73 4+ 712
P kLl ™ Rz M

Finally, the electrical energy input is given by the time
integral of the power. For one cycle of oscillation from A-
B-A, this integral is:

R

T 3
_ _ 7 20\2 | 12 2 T bw
Ef/o pdtflufgnw((kS Jw)* + b*w?) + 1 , (9)

where T' denotes the period for the desired trajectory.

+ 7. (8)

D. Analytical Predictions

The analytical formulas in the previous subsection were
derived assuming steady-state oscillations. They show that
when the magnetic spring is not attached to the motor,
ks = 0, the motor is required to generate torque to both
accelerate the load Tméd > 0 but also to decelerate the
load Tméd < 0, in addition to compensate for the frictional
losses. On the other hand, when the optimized magnetic
spring, k, = Jw?, is attached to the load, the magnetic spring
provides the torque to both accelerate and decelerate the
load, and the motor is only required to compensate for the
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Simulation results: (a) Desired trajectory. (b) Motor torque. (c¢) Electrical energy consumption. The figures show that despite following the

same trajectory, the magnetic spring can significantly reduce the motor torque and the energy required to achieve the oscillatory motion compared to
the motor alone. The model parameters used in the simulation are: J = 1.29 - 1073 kgm?, b = 1.33 - 1073 kgm?/s, R = 1.4 Q, L = 1.7 mH,

km = 64 - 1073 Nm/A, w = 27 rad/s.

frictional losses Tméd = béfi > 0. As a result, the ratio
between the maximum motor torque and the energy required
per oscillation cycle with and without the magnetic spring is
given by

maXTm‘k =Jw? b
s = <1, 10
mMax Ty, [k, =0 V2w 462 T (10
and FE b(k%? + bR
koo _ B £08) 1
Elk.—o b(k2, + bR) + J? Rw?

Consequently, at least during steady-state oscillatory mo-
tion, the maximum torque and the energy required by the
motor to drive the load is greater when not using the mag-
netic spring compared to when using the magnetic spring.

E. Numerical Predictions

Figure 3 shows the trajectory, torque, and energy during
the same pick-and-place task when the robot is controlled
with the motor alone or the motor and the magnetic spring
together in the arrangement shown in Fig. 2a. Despite the
initial transient effect, we find that a larger maximal motor
torque and more energy are required to perform the oscil-
latory task when using the motor alone compared to when
using the motor with the magnetic spring. The numerical
simulation results in Fig. 3 are consistent with the analytical
predictions summarized in Section II-D.

III. OPTIMIZATION OF A MAGNETIC SPRING

In the previous section, we assumed that the magnetic
spring is designed to have a linear torque-angle relation (3)
as this relation was optimal for the linear model (1) and the
sinusoidal desired motion (6). In general, however, the opti-
mal torque-angle relation depends on the dynamics and the
desired motion, and as such, it may not necessarily be linear.
In what follows, we present an optimization framework to
design the magnetic spring for arbitrarily complex dynamics
and desired trajectory.

Our design method is detailed in Fig. 4; it consists of four
steps: (a) setting the desired motion and the corresponding
desired torque, (b) modeling a complex torque function of the
magnetic spring with a sum of simple torque functions, (c)
optimizing the simple torque functions to best approximate
the desired torque function, and (d) arranging the permanent

magnets according to the result of the optimization. In the
remainder of this section, we will detail these four steps.

A. Setting the Desired Motion and Torque

We assume that the desired motion and the desired torque
are set (as shown in Fig. 4a,b), and given by:

0=04(t) and T =74(). (12)

The desired motion may be set without model-based
computation, it could be a minimum jerk trajectory [18],
or may be computed using model-based optimization [19].
Once the desired motion is set, the desired torque — torque
required to implement the desired motion — can be computed
using the model of the controlled system, as in Section II-C,
or it may be measured as the output of a feedback controller
used to track the desired trajectory, as in Section II-E).

B. Model of the Magnetic Spring

A magnetic spring is an energetically passive device that
cannot do net mechanical work on any closed path, for
example, along the A-B-A path shown in Fig. 2b. However, a
magnetic spring may be able to reproduce any energetically
passive torque function, not limited to the linear function
(3) used in Section II-A. Nevertheless, it is complicated to
design a magnetic spring that can approximate a complex
torque function which is energetically passive.

We proceed by approximating a complex torque function
of the magnetic spring using a finite sum of simple torque
functions:

~ a; 60— 01 _(0=9% 2
Tu(0;05,0;,07) = ;2% < = )e (=) a3
where a; is the amplitude, 6; is the center, and o; is the width
of the i simple torque function. Each torque function can
be obtained by taking the partial derivative of a potential
energy function, and therefore, the sum of all these simple
functions is energetically passive [20].

C. Minimizing the Active Torque of the Motor

The next step is to minimize the difference between the
desired torque 7; and the torque provided by the magnetic
spring 7, along the desired trajectory. This minimization is
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equivalent to minimizing the active torque 7, that must be
provided by the motor:

min
a;,0;,0;

T
/ [ 7a() = 7o(Ba(t); s, 0s,00) |2dt - (14)
0

KTm

subject t0  a; € [ min, @imax), 9i € [0,27],0; > 0.

The solution of this optimization problem defines the com-
plex passive torque-angle function for the optimal magnetic
spring (13), as shown in Fig. 4b (solid black line), and the
additional active torque that must be provided by the motor,
as shown in Fig. 4b (dashed black line).

The optimal solution also provides the decomposition of
the complex torque function of the magnetic spring to mul-
tiple simple torque functions (13), as shown in Fig. 4c, and
defines the free parameters of the simple torque functions,
namely, a;, 0;, and o; for i € {1,2,...,n}. These parameters
were used to design of the magnetic spring shown in Fig. 4d.

D. Design of the Magnetic Spring

To establish the relation between the location, height, and
width of the magnets, and the model parameters, a;, 6;,
oi, we have performed a simple characterization experiment.
The results of the experiment are summarized in Fig. 4e.

Based on the values a;, 6;, o; computed using (14),
and using the relations in Fig. 4e, we design the optimal
magnetic spring shown in Fig. 4d. The benefit of using the
magnetic spring is clearly shown in Fig. 4b. The figure shows
that using the magnetic spring can significantly reduce the

motor torque (dashed black line) compared to not using the
magnetic spring (solid orange line).

The design procedure outlined in this section will be ag-
nostic to the details of the robot dynamics and the complexity
of the desired motion if the desired torque 74 in (14) is
the measured torque (instead of the model-based predicted
torque) to move the robot along the desired trajectory. In
Section IV, we present two actuator designs which are
agnostic to the details of the dynamics and the desired
motion.

IV. EXPERIMENTAL EVALUATION

In this section, we present the prototype of the magnetic
spring actuator designed in Section III and presented in
Fig. 4d. In addition, we show how to customize the actuator
for a significantly different desired trajectory.

A. Prototype

The prototype is composed of a motor coupled to the
magnetic spring as shown in Fig. 5a. The magnetic spring
is similar to a standard permanent magnet motor as it
is composed of a rotor and a stator. The rotor has two
magnets, one on each side, and is connected to the motor,
shown in Fig. 5b,c (green parts). The surrounding cylindrical
stator consists of sixteen possible magnet locations to stack
from one to twelve magnets. The stack of magnets in one
location represents one simple torque function, while all
the magnets represent the total non-uniform torque angle
function, mathematically represented by (13). The symmetric
and asymmetric magnet arrangements in Fig. 5b,c correspond
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torque, energy, magnet configuration, and torque-angle relation of the magnetic springs. The results with the motor alone are shown with red lines. The
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to two different desired trajectories, one with £80° and the
other with +130° amplitudes, as shown in Fig. 5d,e.

B. Experimental Setup and Protocol

A Crouzet 89830912 DC motor was used for the experi-
ment, with a Maxon ESCON 50/5 motor controller driving
the motor in current control mode. The motor position, 6,
was measured using a Broadcom HEDM-5500 incremental
encoder, and in-line motor current readings were obtained
through the ESCON 50/5 motor driver. An INA219 current
sensor was used to measure the motor power. Finally, a
Teensy 4.1 microcontroller was used to read the encoder
measurements, command the motor driver, obtain the current
and power readings, and log the experimental data.

We used a proportional differential controller, with pro-
portional k, and differential k4 gains, to track the desired
motion of the load,

Td(t) = —kp(9 — Od(t)) — kd(e — Gd(t))

0
Angle (deg)
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Prototype and experimental data. (a) Actuator. (b) Symmetric magnetic spring design. (c) Asymmetric magnetic spring design. (d,e) Position,

We measured the rotation angle 6 and the motor current [
when the motor was used alone and when the motor was
used together with the magnetic spring. In both cases, we
calculated the motor torque 7,, = k,,I, using the measured
motor current. Finally, we integrated the power measurement
from INA219 over time to obtain the energy required by the
motor E to oscillate the load.

C. Experimental Results

Figure 5 summarizes the experimental results. In the first
experiment, the load oscillated with £80° amplitude along
a non-sinusoidal trajectory using a motor and a symmetric
magnetic spring design shown in Fig. 5b. We observed over
50% reduction in both the peak torque and the energy cost
per oscillation cycle when the magnetic spring was utilized
compared to the motor alone, see Fig. 5d.

In order to demonstrate customization of the actuator by
rearrangement of the magnets, we repeated the procedure
in Section III to redesign the magnetic spring for a different



desired non-sinusoidal trajectory with 130 amplitude. The
new actuator has a non-symmetric magnetic spring design
shown in Fig. 5c. Using this actuator, we observed somewhat
smaller but still notable torque reduction and energy saving
as shown in Fig. 5e. The reduction of the motor torque and
energy during steady-state operation is attributed to the effect
of the optimized magnetic spring since the trajectories with
and without the magnetic spring were nearly identical as
shown in Fig. 5d.e.

These results not only highlight the ease of customization
of the proposed magnetic spring actuator but also corroborate
our theoretical predictions from Section II, demonstrating
that using a motor with a task-optimized non-uniform per-
manent magnetic field can provide substantial energy saving
compared to using a motor alone for oscillatory tasks.

V. DISCUSSION AND CONCLUSION

In this paper, we introduced a novel magnetic spring
actuator and demonstrated its effectiveness in reducing en-
ergy consumption for oscillatory tasks compared to direct-
drive motors. Whereas previous works mainly focused on
improving the mechanical design and characterization of
magnetic springs [15], [16], here we focused on optimizing
magnetic spring designs to create customizable actuators
that can effectively reduce energy consumption in various
oscillatory tasks.

The proposed magnetic spring actuator generalizes per-
manent magnet motors by allowing a systematic design
optimization of the actuator for repetitive tasks. By strategi-
cally arranging permanent magnets, we can achieve desired
magnetic spring characteristics, resulting in substantial motor
torque reduction and energy savings, in addition to a signif-
icant reduction of the proportional and differential control
gains required to track the same desired trajectory.

We employed two significantly different desired trajecto-
ries to demonstrate the ease of customization of the magnetic
spring actuator. Customization allows our magnetic spring
actuator to be easily tailored for diverse oscillatory tasks
while maintaining high efficiency. This adaptability under-
scores the actuator’s potential to effectively meet specific
task requirements.

In future work, we aim to enhance the proposed actuator
concept by adding the capability to dynamically adjust the
magnetic potential field during motion, potentially using
electromagnets [21] or other mechanisms [22]. We aim to
design a compact actuator with adaptable optimal torque-
deflection characteristics for various tasks, including fast
oscillatory pick and place tasks and locomotion tasks, in
addition to exploring the concept of an optimal actuator that
seamlessly adapts its torque-deflection characteristic between
different desired motions and tasks in real-time.
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