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Abstract
Integrated photonics has been a promising platform for analog quantum simulation of condensed
matter phenomena in strongly correlated systems. To that end, we explore the implementation of
all-photonic quantum simulators in coupled cavity arrays with integrated ensembles of spectrally
disordered emitters. Our model is reflective of color center ensembles integrated into photonic
crystal cavity arrays. Using the Quantum Master equation and the Effective Hamiltonian
approaches, we study energy band formation and wavefunction properties in the open quantum
Tavis–Cummings–Hubbard framework. We find conditions for polariton creation and
(de)localization under experimentally relevant values of disorder in emitter frequencies, cavity
resonance frequencies, and emitter-cavity coupling rates. To quantify these properties, we
introduce two metrics, the polaritonic and nodal participation ratios, that characterize the
light-matter hybridization and the node delocalization of the wavefunction, respectively. These
new metrics combined with the Effective Hamiltonian approach prove to be a powerful toolbox for
cavity quantum electrodynamical engineering of solid-state systems.

1. Introduction

Quantum simulation has attracted scientific attention since the early 1980s ignited by Richard Feynman’s
vision of the necessity of quantum mechanics in the modeling of natural phenomena [1]. Proposed
implementations have included atomic, trapped ion, superconducting and photonic platforms [2–8]. Here
we focus on solid-state optical systems due to their potential for growth into large-scale commercial
quantum simulators [9–13].

Nanophotonic cavities with integrated quantum emitters have served as a rich playground for exploring
quantum optics phenomena in solid-state systems. This includes demonstrations of weak [14] and strong
[15] cavity quantum electrodynamical (QED) coupling, photon blockade and photon-induced tunneling
[16], ultra-fast modulation of optical signals [17], and more. The large dipole moment of quantum emitters,
paired with (sub)wavelength scale optical mode volumes in photonic crystal cavities, give rise to high optical
nonlinearities and light-matter state hybridization that creates polaritons. Polaritonic interactions in
nanophotonic systems can be several orders of magnitude higher than those achieved in atomic systems. Such
strong interaction has been at the core of theoretical proposals for quantum state transfer [18, 19], as well as
for the photonic simulation [20, 21] of Bose–Hubbard and fractional quantum Hall physics. Here, the system
is made of an array of coupled cavities, each in the strong coupling regime of cavity QED, and described by
the Jaynes–Cummings–Hubbard model. However, this model has been experimentally hard to achieve.

© 2024 The Author(s). Published by IOP Publishing Ltd
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While progress toward the realization of coupled cavity arrays (CCAs) with embedded emitters has been
made with quantum dots [22, 23], the spectral disorder of these emitters has been a major roadblock to
developing a large-scale resonant system. This problem is not present to such an extent with color center
emitters, which are atomic defects in wide band gap materials. Recently, color center integration with
nanocavities in diamond [24, 25] and silicon carbide [26, 27] has been demonstrated in the weak cavity QED
coupling regime. Though this regime is unsuitable for studies of polaritonic physics, proposals to
demonstrate strong cavity QED regime have been presented with cavities integrating several (M) emitters, as
opposed to a single emitter. Additionally, there has been renewed interest in disordered cavity QED systems
with the discovery of phenomena like collectively induced transparency [28]. Such systems are described by
the Tavis–Cummings, rather than the Jaynes–Cummings model. Here, the collective coupling of emitters to
the cavity effectively boosts the light–matter interaction rate by a factor of

√
M. Due to the small, but

nonzero, spectral disorder of color centers, the collective strong coupling is possible within the cavity
protection regime, if its rate overcomes the spectral disorder ∆ of color centers [29, 30], i.e. ∆< g

√
M. Such

disordered multi-emitter cavity systems have been explored for applications in quantum light generation
[31–33].

Here, we explore how all-photonic quantum simulators based on coupled cavity arrays can benefit from
an increased interaction rate established in multi-emitter cavity QED. We expand the
Jaynes–Cummings–Hubbard approach to the spectrally disordered Tavis–Cummings–Hubbard model
(TCHM) [34] and define conditions for polariton creation utilized in all-photonic quantum simulation,
aided by the introduction of new localization metrics inspired by condensed matter approaches. Our model
targets applications in technologically mature solid-state platforms and is reflective of the state-of-the-art
parameters achieved in silicon carbide and diamond color center hosts. We find system limits that can be
guiding for future experiments with polaritons in coupled cavity arrays: (1) polaritonic states are easier to
create in systems where emitter/cavity interaction exceeds cavity hopping; (2) polariton creation in an array
of lossy cavities can be achieved via integration of an increased number of emitters per cavity even in
disordered ensembles; (3) as in single cavities, disordered emitter ensembles in coupled cavity arrays can
create polaritons by increasing the number of emitters per cavity to reach the cavity protection condition;
and (4) disorder in resonances in a coupled cavity array localizes polaritons if the difference in frequencies
between neighboring cavities exceeds the cavity hopping rate.

2. The CCAQEDmodel

Our CCA QED model captures the single-excitation regime of the spectrally disordered TCHM comprised of
emitter-cavity localizing interactions and cavity-cavity delocalizing interactions:

HTCHM =
N
∑

n=1

{

ωc,na†nan +

Mn
∑

m=1

[

ωe,n,mσ
+
n,mσ

−
n,m + gn,m

(

a†nσ
−
n,m +σ+

n,man

)]

−Jn,n+1

(

a†nan+1 + a†n+1an

)

}

, (1)

where N is the number of cavities in the array, Mn is the number of emitters in the nth cavity, ωc,n and an

represent the angular frequency and the annihilation operator of the nth cavity, ωe,n,m, σ−
n,m and gn,m

correspond to the angular frequency, the lowering operator and the emitter-cavity coupling rate of the mth
emitter in the nth cavity, Jn,n+1 is the photon hopping rate between the enumerated neighboring cavities. In
this work we will assume Jn,n+1 = J as those parameters are set by the cavity design that is experimentally
more controllable than the other parameters of the model [35].

2.1. Non-disordered CCAQEDmodel
Before examining the spectral disorder effects in CCA QED, let us first address the energy spectrum in the
fully resonant system of a linear array of coupled cavities with identical emitters. Here, the eigenenergy
spectrum features two CCA polariton bands with N states, each, and a degenerate set of N(M− 1)
subradiant states as illustrated in figure 1. The polariton band states are parameterized by discrete momenta
k = kp = π p/(N+ 1), (p = 1,2,3, ..,N) as

E(k) = ωc − Jcosk±
√

J 2 cos2 k+Mg2 . (2)

Further discussion of the derivation of these equations for the fully resonant case is presented in section 1
of the supplementary information. The origin of these spectral features can be decomposed to the QED and
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Figure 1. The eigenspectra of non-disordered coupled cavity arrays. (Left) One cavity with M emitters has two polariton states
and M − 1 subradiant states. (Middle) CCA of N cavities with no emitters has one CCA band of N states. (Right) CCA of N
cavities and M emitters per cavity has two polariton bands, upper and lower, of N states each and N(M− 1) subradiant states.

the CCA components. The resonant Tavis-Cummings model of M emitters in N = 1 cavity has the spectrum
of two polaritons and M − 1 degenerate subradiant states, while a CCA of N > 1,M = 0 cavities has a single
spectral band of N photonic states. The spectrum of the resonant TCHM is a product of these components as
seen in figure 1. This model has close analogs to the condensed matter models it aims to simulate.

2.2. Condensed matter analogs of TCHM
A more thorough discussion of these analogs and their limitations is available in the supplementary
information, but we can begin by looking at the TCHM system with identical emitters (ωe,n,m = ωe). Much
of the derivation of eigenstates precisely parallels the calculation of the band structure of tight binding
Hamiltonians commonly studied in condensed matter physics. For example, the case of no emitters (Mn = 0)
corresponds to the d= 1 (Bose) Hubbard Model (HM) [36], and the case with a single emitter in each cavity
(Mn = 1) to the Periodic Anderson Model (PAM) [37]: the hopping of photons between cavities is analogous
to the conduction electrons which hybridize between different sites, and the photon-emitter coupling maps
onto the hopping between the conduction electrons and localized orbitals which, like the emitters, do not
have a direct intersite (intercavity) overlap. Thus, in the single excitation sector, and for one emitter per
cavity, the models are identical. In practice, the polaritonicity (degree of light-matter hybridization) upon
which we focus in the sections to follow, holds lessons for singlet formation in which local and itinerant
electrons become tightly intertwined in the PAM and Kondo Lattice Model.

2.3. Experimentally-informed TCHM simulation parameters
The parameters of our model have been selected as representative of silicon carbide and diamond color
center platforms. Recent demonstrations of emitter-cavity interaction in photonic crystal cavities support
rates of approximately g/2π ∼ 2–7.3 GHz [26, 38], therefore, we chose a constant value of g/2π = 5 GHz.
While a variation in the coupling rate g among emitters is likely to occur due to their variable positioning
inside the electromagnetic mode, our prior work indicates that the collective emitter-cavity coupling still

takes place [29] at a well defined rate of gM =
√

∑M
m=1 g2

m. Therefore, keeping g constant among the emitters
should not take away from the overall phenomenology studied here.

The experimentally demonstrated cavity loss rates reach as low as κ/2π ∼ 15–50 GHz [26, 38], while
recent modeled designs could reduce these values by at least an order of magnitude [35]. With a slight
optimism, we chose cavity loss rate of κ/2π = 10 GHz. Our recent designs of photonic crystal molecules
indicate that coupled cavity hopping rates can be straightforwardly designed in the range 1 GHz < J/2π <
200 GHz [35], thus spanning systems from the dominant cavity QED to the dominant photonic interaction
character, represented in our choice of values J/g = 0.1,1,10.

Fabrication imperfections may yield drifts in cavity resonant frequencies and hopping rates. The effect of
this issue was studied in another platform where GaAs coupled cavity arrays were integrated with quantum
dots [23] and indicates that the coupling strength is an order of magnitude higher than the frequency and
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hopping rate perturbations. We apply this assumption in our model, maintaining that all cavities are
mutually resonant and all rates J are constant.

The spectral inhomogeneity of emitters in fabricated devices, the main study of our model, has been
characterized as ∆∼ 10 GHz for a variety of emitters in silicon carbide and diamond [39, 40]. We represent
this parameter through its relation to the collective coupling rate g

√
M in a cavity, spanning the spectral

inhomogeneity across a range of values. The spectral disorder is implemented by sampling emitter angular

frequency, ωe, from a Gaussian distribution P(ωe) =
1√
2πσ

exp{− (ωe−ωc)
2

2σ2 } centered at ωc with a width of

∆= 2σ. It is worth noting that the vibronic resonances are three orders of magnitude larger than the
inhomogeneous broadening, for example 8.7 THz for the silicon vacancy in 4H-SiC [41, 42], therefore the
phonon side band is not expected to play a part in the collective emitter-cavity coupling process. Emitter
lifetime in color centers is usually in the 1–15 ns range [43], we select the value of the spontaneous emission
from the color center, γ/2π = 1/5.8 GHz, as representative. Due to γ being the lowest rate in a color
center-based cQED system, its minimal variations among emitters of the same species [40] affect the system
only marginally, therefore we assume it has a constant value; this is representative of systems like atoms and
color centers.

Lifetime- and nearly lifetime-limited emission of color centers has been demonstrated upon photonic
integration [40, 44, 45]. Due to this experimental advance, our model does not consider the dephasing terms,
though such analysis may prove valuable with further development of integrated coupled cavity arrays.

With these experimental constraints in mind, we believe our simulations will be directly relevant to
future fabricated multi-emitter photonic crystal cavity chains.

3. Effects of disorder on polariton formation

It is in general computationally expensive to solve the Lindbladian master equation to obtain exact
simulation results [46]. As such, we are restricted to simulating only very small scale systems (∼6 elements
total, an element being a single cavity or emitter) even in the low excitation regime. The results of these exact
simulations are available in sections 3 and 4 of the supplementary information; the matrix form of the
Hamiltonian that describes the system simulated is available in section 2 of the supplementary information.
On the other hand, the effective Hamiltonian (HEFF) uses the established non-Hermitian effective approach
to modeling Hamiltonians that are too resource intensive for the current state of the art classical computers
to solve. Its approximation effectiveness is limited to the single-excitation regime, which is suitable for our
exploration. Taking the effective Hamiltonian approach a step further, we also introduce the nodal and
polaritonic participation ratios (PN and PP, respectively). This method is derived from the condensed matter
participation ratio metrics [47] used to quantify a system’s localization properties. The PN and PP metrics are
applied to eigenstates of the HEFF to quantify the delocalization and light-matter hybridization of the
wavefunction, respectively.

To access modeling of larger systems we develop a software package in Python [48] that diagonalizes the
Effective Hamiltonian in the approximate single-excitation regime

HEFF = HTCHM − i

2

N
∑

n=1

{

κna†nan +

Mn
∑

m=1

γn,mσ
+
n,mσ

−
n,m

}

, (3)

thus reducing the computational complexity from exponential to polynomial (cubic) in N× (M+ 1) for the
single-excitation regime. With this approximate method we numerically solve systems with hundreds of
elements compared to the several using the exact QME approach. Note that, in contrast to QME, this method
does not contain a pump term, meaning it is agnostic to the starting cavity and its diagonalization will
provide all possible states, regardless of their wavelength overlap with the initial cavity.

3.1. The participation ratio approach: metrics for characterizing disorder
The node-by-node and element-by-element analysis required to examine each of the eigenstates found using
HEFF in the previous sections is lengthy and not suitable for the much larger systems we will be exploring. In
order to efficiently analyze these much larger systems, we develop new metrics for the characterization of
TCHM wavefunctions, inspired by practices in Condensed Matter Physics. The phenomenon of Anderson
localization describes the loss of mobility of quantum particles due to randomness [49]. Originally studied in
the context of non-interacting electrons hopping on a lattice with disordered site-energies, where all
eigenstates were shown to be localized in spatial dimension less than or equal to two [50, 51], Anderson
localization has subsequently been extensively investigated in many further contexts, including the effect of
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interactions [52], correlations in the disorder [53], and importantly, new experimental realizations from cold
atomic gases [54, 55] to transport in photonic lattices [56].

A useful metric for quantifying the localization of a wavefunction vp, employed in these studies, is the
participation ratio, P = [

∑

p |vp|4]−1 [57] and its generalizations [58].
Instead of measuring the participation ratio among all N(M+ 1) vector components, we adapt P to two

new metrics that measure the participation among N nodes (cavity-emitter sets), and two cavity- and
emitter-like components. We define the nodal participation ratio,

PN =

[

N
∑

n=1

(

⟨Nph,n⟩+ ⟨Ne,n⟩
)2

]−1

, (4)

where Nph,n = a†nan and Ne,n =
∑Mn

m=1σ
+
n,mσ

−
n,m are the usual number operators for each state vp representing

cavity excitation and the sum of all emitter excitation in a cavity. Like the classic participation ratio, PN is at a
minimum (maximum) when the wavefunction is localized (delocalized). Next, we define the polaritonic
participation ratio, or polaritonicity,

PP =





(

N
∑

n=1

⟨Nph,n⟩
)2

+

(

N
∑

n=1

⟨Ne,n⟩
)2




−1

, (5)

which is minimized when the wavefunction has completely cavity-like or completely emitter-like character
and is maximized for an equal superposition of cavity- and emitter-like components. Here we assume the
character is polaritonic when there is any type of light-matter hybridization whether or not it is coming from
the same node and therefore note that a wavefunction can be polaritonic even when the cavity and emitter
excitations do not belong to the same node.

These two new metrics allow us to seamlessly characterize multi-emitter CCAs. We normalize the metrics
to 1 for easy comparison between the different model parameter cases. To avoid numerical divide by zero
errors, we set the identical emitter case of the leftmost column to have a small but nonzero value
(∆= ϵ≈ 10−7)5.

3.2. Polaritonicity and localization as a function of the spectral disorder of the emitter ensemble
We investigate the effects of spectral disorder on large-scale TCHM systems with an open array of N = 5
cavities with M = 3 emitters per cavity on the localization and polaritonicity of the eigenstates of
equation (3). In this section we set ωc,n = ωc and gn,m = g. Figure 2 explores the regime where cavity QED
dominates the photon hopping J/g = 0.1. For vanishing spectral disorder, ϵ, the eigenspectrum has the shape
resembling the features of figure 1: two highly polaritonic delocalized CCA bands with N = 5 states and
N(M− 1) = 10 highly localized subradiant states, suitably characterized by the polaritonic and nodal
participation ratio values. For moderate disorder, the polaritonic properties of eigenstates are maintained,
while the nodal localization somewhat increases for polaritonic band states. The degeneracy of the subradiant
states is lifted and the spectral gaps diminish as we move into the strong disorder regime wherein ∆≈ gM,
which is usually considered a cutoff for cavity protection. Most states become highly localized, demonstrated
by the significant drop in PN value and the subradiant states gain a cavity component, as quantified by the
increase of the PP value. While similar trends can be observed, the main difference is seen in the reduction of
the number of polaritonic states in the CCA bands as the wavefunction obtains a higher cavity-like character.

This brings us to look into the formation of a polaritonic state in spectrally disordered CCA QED as a
function of an increasing J/g ratio. Figure 3 shows the polaritonicity and localization of the lowest energy
eigenstate.

When the photonic nature of the interaction increases, so does the cavity-like character of the
wavefunction, reducing its level of polaritonicity. While this holds true for low and moderate values of
disorder, in the case of high disorder, we observe an increase of PP, before the decline. This is an artifact of
the disorder which randomly modifies the nature of the lowest eigenstate in the system to be more
emitter-like, until the interaction value increases to a level that offsets the issue. This trend is paired with the
increase in the delocalization metric PN as the wavefunction loses the dominant emitter-like characteristic.

5 Since ⟨Nph,1⟩= ⟨Nph,2⟩=
1
4

, and ⟨Ne,1⟩= ⟨Ne,2⟩= ⟨Ne,3⟩= ⟨Ne,4⟩=
1
8

, the explicit calculation from equation (4) is PN =
(

( 1
4
+

1
8
+ 1

8
)2 +( 1

4
+ 1

8
+ 1

8
)2
)

−1
= 2. This is the maximal possible value and is then normalized to PN = 1. Likewise from equation (5),

PP =
(

( 1
4
+ 1

4
)2 +( 1

8
+ 1

8
+ 1

8
+ 1

8
)2
)

−1
= 2.
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Figure 2. Effects of increasing disorder, ∆, on the eigenstates of a system of N = 5 cavities and M = 3 emitters per cavity with
J/g = 0.1. (Top) Energy eigenvalues and (bottom) participation ratios PN, PP. Increasing ∆ lifts the degeneracy of the subradiant
states (flat middle band) decreasing the gap between the polaritonic bands and the subradiant states. Increasing ∆ also causes an
Anderson-like node localization in the polariton bands as shown by PN decreasing, but the polaritonic states remain mostly
polaritonic. Mean of 100 random realizations; error bars are one standard deviation. g, κ, γ are detailed in section 2.3.

Figure 3. The nodal and the polaritonic participation ratios for the lowest energy eigenstate of a CCA with N = 5 and M = 3 for
increasing J/g. A small amount of disorder causes the state to node localize for small J/g. Mean of 100 random realizations; error
bars are one standard deviation. N = 5, M = 3; g, κ, γ are detailed in section 2.3.

A decrease in polaritonicity and delocalization of the wavefunction take place for a range of system
parameters. At low J/g there is less variance in PP for a larger ∆ compared to a higher photon hopping rate,
suggesting that, as in the single node Tavis–Cummings model [29], the stronger cavity-emitter coupling
compared to combined cavity losses (in the TCHM this includes cavity-cavity coupling) provides better
cavity protection against the disorder in the TCHM.
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Figure 4. The nodal and polaritonic participation values for the lowest energy eigenstate of a CCA with N = 5 and M = 10
showing for increasing J/g and increasing values of disorder in g (top) and ωc (bottom). Means of 100 runs; error bars are one
standard deviation. In the top plots, gi/2π of each emitter is randomly taken from a Gaussian centered at 5 MHz with standard
deviation ∆g/2 In the top plot, the coupling strength, g/2π, of each emitter is randomly taken from a Gaussian centered at 5
MHz with FWHM ∆g that is limited to values between zero and ten. In the bottom plots ωc/2π of each cavity is pulled from a
Gaussian centered at 0MHz = ωe with standard deviation ∆c/2. The nodal localization effects of increasing ∆g and ∆c are
comparably less than those seen in figure 3 for increasing ∆e.

3.3. Other experimentally relevant forms of disorder
While we expect disorder due to spectral inhomogeneity of the emitters to dominate the creation of
polaritons in the TCHM, we explore the effects of other potential sources of disorder that will arise in
experimental implementations of these systems.

One potential source is the disorder of the emitter-cavity coupling rate, ∆g. This disorder is important
experimentally to consider since the dipole direction and the exact placement and number of color centers
relative to the cavity electromagnetic field distribution cannot be precisely controlled in implantation.

Effectively, collective coupling, Gn =
√

∑Mn

m=1 |gn,m|2 [29], at each node can vary according to the statistically
varying number of emitters or their positioning within the mode. Figure 4(a) (top) suggests that increasing
∆g leads to states becoming localized (i.e. PN decreases) as seen in the global decrease of PN as ∆g increases.
This is born out in figure 5(b) (bottom) in which, for moderate values of J, PN decreases as ∆g increases. Not
surprisingly, this localization effect is counteracted by large values of J as shown by the modest upward trend
in PN as J/g approaches 2. Potentially surprising, however, is the trend seen most clearly in figure 5(b)
(bottom); the polaritonicity of the lowest energy eigenstate does not change as ∆g is increased, but instead
remains constant for a fixed value of J.

A second experimentally significant source of disorder is the variation in the cavity frequency from one
cavity to the next, ∆c. Any minor variance in nanofabrication from one cavity to the next will alter ωc [13].
The decrease in PN as disorder in ωc increases in figure 4(b) (top) suggests that for an increasing cavity
frequency disorder, the lowest energy eigenstates become more localized. In fact, figure 5(a) (top) suggests
that there will always be a drop in PN as ∆c increases and that regardless of the strength of the cavity-cavity
coupling, the rate at which PN decreases is the same. On the other hand, figure 5(b) (bottom), like figure 5(a)
(bottom), suggests that the polaritonicity of the system is fairly tolerant of cavity fabrication errors.

Both ∆c and ∆g have similar effects on PP, the scale of which is set by the value of J. In contrast to
variations in ωe that effect both PP and PN, variations in ωc and g affect only the localization properties of
polaritons. In practice, this means that if neighboring cavities in the CCA have sudden jumps in ωc or g it can
effectively cut the CCA into two smaller CCAs with independent TCHM physics from one another.

7
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Figure 5. Plot (a) shows the average PN and PP for the lower energy eigenstate over 100 runs for systems with increasing ∆c. Plot
(b) shows the same but for increasing ∆g. Parameters are the same as those reported in figure 4. Various values of J/g are denoted
by the different plot markers in each plot.

4. Discussion

In this work we characterize the CCA QED eigenstates described by the Tavis–Cummings–Hubbard model.
Our goal is to provide a guiding tool for experimental implementations through the engineering of the CCA
parameters.

Using the new participation ratio metrics, inspired by condensed matter physics studies of localization
and band mixing, we confirm that highly polaritonic states can be formed in coupled cavity arrays despite
the presence of spectral disorder in emitter ensembles and quantify the cavity protection effect. While the
systems with a dominant cavity QED interaction, relative to the photon hopping rate, support creation of
numerous polaritonic states, we find that other parts of the parameter space can also be utilized to study
polaritonic physics.

We suggested approximate analogies between the case of Mn = 1 emitter in each cavity with the periodic
Anderson model where a single f orbital on each site hybridizes with a conduction band, and the Kondo
lattice model where the local degree of freedom is spin-1/2. Condensed matter systems which connect to the
multi-emitter case Mn > 1 also have a long history, both in the investigation of multi-band materials and also
as a theoretical tool providing an analytically tractable large-N limit [59, 60]. Indeed, large-N systems,
realized for example by alkaline earth atoms in optical lattices, are also at the forefront of recent work in the
atomic, molecular and optical physics community [61–63]. In short, the TCHM offers a context to explore
intertwined local and itinerant quantum degrees of freedom which, while distinct from condensed matter
models, might still offer insight into their behavior.

These TCHM systems can ostensibly be realized in a number of photonic frameworks, from atoms in
mirrored cavities, to quantum dots in nanophotonics. It is difficult, however, to experimentally create
atom-based systems that couple multiple cavities together and to create large numbers of quantum dots that
emit within the relatively modest range of disorder that we have shown will recreate polariton dynamics. As
such, the most likely experimental realization of our systems will be in color center based nanophotonics.
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[33] White A D, Trivedi R, Narayanan K and Vučkovíc J 2021 arXiv:2108.08397
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