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Abstract—This paper investigates beamforming for a recon-
figurable intelligent surface (RIS)-aided multiple input single
output (MISO) communication system in the presence of Rician
multipath fading. Our objective is to jointly optimize the transmit
beamformer and RIS phase shift matrix that maximizes the mean
signal-to-noise ratio (SNR) of the signal received over direct and
indirect links. While numerical approaches have been known to
address such optimization problems, our work distinguishes itself
by providing closed-form expressions for the optimal transmit
beamformer and RIS phase shifter. In particular, we maximize
a carefully constructed lower bound on the mean SNR, which is
more conducive to analytical treatment. Additionally, we establish
that the effective channel envelope, under optimal beamforming,
follows the Rice distribution. We leverage this result to derive a
closed-form expression for outage probability within the proposed
beamforming framework, which is subsequently employed to
derive an analytical expression for ergodic capacity. Finally, we
numerically validate the effectiveness of our proposed beam-
forming closed-form solution by demonstrating that it performs
very close to the algorithmically obtained optimal solution that
maximizes the exact mean SNR.

Index Terms—RIS, Optimal Beamforming, Rician Channel,
Outage Analysis, Ergodic Capacity, and Maximum Mean SNR.

I. INTRODUCTION

Reconfigurable Intelligent Surface (RIS) is an upcoming
physical layer technology that is being considered to play
an important role in the development of the sixth generation
of communication standards because of its many advantages,
such as high data rate and enhanced coverage [2]. In essence,
RIS is a planar array consisting of numerous sub-wavelength-
sized elements made of meta-materials. These elements are
individually configured to induce a phase shift on the impinging
electromagnetic wave (EM), effectively changing the direction
of the reflected EM wave. This capability enables the partial
control of the local propagation environment [3]. Consequently,
it has the potential to influence key characteristics of the
propagation environment, such as reflection, refraction, and
scattering, which were thus far assumed to be uncontrollable in
wireless communications systems [4]. If configured properly,
RISs can reduce the effect of fading by redirecting the imping-
ing signals such that they add constructively at the receiver.
Even though the idea of using RIS is conceptually similar to
several well-studied technologies, such as relay transmission,
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backscatter communication, and massive multiple input multi-
ple output (MIMO), a key differentiating feature is its low-cost
implementation and lower power consumption, especially when
all the elements are passive (which will be our assumption in
this paper). Additionally, RISs operate in full-duplex mode by
design without additional hardware requirements, which is not
the case in the competing technologies mentioned above [5].

Needless to say, including RIS in communication systems
comes with its own challenges. Two particularly important
ones are 1) channel estimation and 2) joint design of transmit
beamformer and RIS phase shift matrix. The challenges in
channel estimation stem from the high dimensionality of the
channel matrix [6] and the lack of active elements in passive
RISs for aiding the channel estimation process [7]. Therefore,
it is not always reasonable to assume perfect channel state
information (CSI) at the transmitter for optimal beamforming.
Moreover, instantaneous CSI feedback and RIS reconfiguration
will increase the system overhead significantly and also require
complex RIS design for quick reconfigurability. Due to these
reasons, it is more practical to assume the statistical knowledge
of CSI for optimal beamforming for RIS-aided communications
systems, which is the main theme of this paper.

Related Works: The authors of [8]–[10] investigate the joint
optimal instantaneous transmit beamformer and phase shift
matrix design for RIS-aided communication systems while
assuming perfect CSI at the transmitter. Authors in [8], [9] pro-
pose iterative algorithms such as fixed point iteration, manifold
optimization, and branch-and-bound techniques to maximize
the signal-to-noise ratio (SNR). Further, [10] proposes a new
sum-path-gain maximization criterion to obtain a suboptimal
solution, which is numerically shown to achieve near-optimal
RIS-MIMO channel capacity. While these works provided
useful design insights, they all considered instantaneous CSI
knowledge at the transmitter, which is not always feasible and
practical. Inspired by this, [11]–[14] aim to jointly optimize
the transmit beamformers and phase shifter using statistical
CSI. The authors in [11] maximize the sum rate for a multi-
user MIMO system in the presence of spatial correlation.
The authors of [12] and [13] derive closed-form approximate
expressions for the sum rate and maximize it with respect to
the transmit beamformer and RIS phase shifts in downlink and
uplink, respectively. A fractional programming-based iterative
solution is presented in [12], whereas [13] proposes a genetic
algorithm-based solution. Finally, [14] presents an optimal so-
lution that maximizes the mean SNR, or equivalently the upper
bound on ergodic capacity, for the RIS-aided MISO system.



The solutions are obtained by alternating over the transmit
beamformer and phase shift matrix sub-problems for which
closed-form expressions are obtained. However, such numerical
solutions often prohibit further analytical investigation, such as
the understanding of the exact functional dependence of the
optimal solutions on key system parameters. Therefore, it is
equally, or perhaps even more, important to obtain optimal
solutions in closed form, which will be our objective.

It is worth noting that the statistical CSI-based design of RIS-
aided systems not only circumvents the system design complex-
ity issue but often makes the analysis tractable while resulting
in comparable performance to the instantaneous CSI-based
beamforming. The performance of the beamformer scheme is
usually characterized using the outage analysis. Along these
lines, the authors of [15], [16] analyze the outage performance
for RIS-aided communication systems. The authors of [15]
derive a closed-form expression for the asymptotic outage
probability, whereas [16] obtain an approximate channel gain
distributions for two cases: 1) RIS-aided system and 2) RIS-
at-transmitter system. However, it is important to emphasize
that all the works proposing closed-form expressions for per-
formance analysis have considered a single input single output
(SISO) setup. This might be attributed to the fact that the beam-
forming scheme performance analysis becomes intractable for
more realistic settings including multi-antenna, line of sight
(LoS) components, presence of direct link, etc., especially when
the solution is algorithmic in nature. This paper focuses on
optimal beamforming and characterization of its performance
for RIS-aided MISO system in the presence of LoS components
and multipath fading along both the direct and indirect links.

Contributions: In this paper, we consider an RIS-aided MISO
system where the transmitter performs optimal beamforming
based on the statistical knowledge of CSI. Moreover, we
consider a general setup by assuming the presence of LoS
and multipath fading along direct and indirect links. Our main
technical contribution is deriving closed-form expressions for
the joint optimal transmit beamformer and RIS phase shift
matrix problem by maximizing a carefully constructed lower-
bound on the mean SNR. For the derived optimal solution,
we also show that the channel envelope is Rice-distributed,
resulting in an accurate closed-form expression for the outage
probability and an analytical expression for the ergodic ca-
pacity. Using numerical comparisons, we demonstrate that the
proposed beamforming method provides a tight lower bound on
the ergodic capability and a tight upper bound on the outage
probability.

Notations: The notations a∗ and |a| represent the conjugate
and absolute value of a. ∥a∥ is the norm of vector a, whereas
AT , AH , Ai,:, A:,i and {A}ij are the transpose, Hermitian,
i-th row, i-th column and ij-th element of the matrix A,
respectively. The notation CM×N is the set of M×N complex
matrices and IM is M×M identity matrix. E[·] is the statistical
expectation operator and CN (µ,K) denotes complex circular
Gaussian distribution with mean µ and covariance matrix K.

II. SYSTEM MODEL

Figure 1. Illustration of RIS-aided MISO Downlink System

This paper considers a RIS-assisted MISO communication
system consisting of a transmitter equipped with M antennas,
RIS with N elements, and a single antenna receiver. We assume
that the transmitted signal reaches the receiver through two
links: 1) the direct link from the transmitter and 2) the indirect
link through RIS. We also consider the presence of Line-of-
Sight (LoS) components in both links. Furthermore, the trans-
mitter is assumed to possess knowledge of these components,
using it to determine the optimal transmit beamformer and the
RIS phase shift matrix. To model multipath fading for this
scenario, we consider Rician fading with factor K.

The direct link channel coefficient is modeled as
g = κlḡ + κng̃, (1)

where κl =
√

K
1+K , κn =

√
1

1+K , g̃ ∼ CN (0, IM), ḡ =

aM (θDD), and θDD is the departure angle of the direct link.
Here, aM (θ) is a response vector and is given by

aM (θ) = [1, ej2π
d
λ sin(θ), . . . , ej2π(M−1) d

λ sin(θ)]T ,

where λ is the operating wavelength and d is the antenna
separation distance. Similarly, the channel coefficients for
transmitter-RIS and RIS-receiver links are modeled as

H = κlH̄+ κnH̃ and h = κlh̄+ κnh̃, (2)
respectively, where h̄ = aN (θDI2) and H̄ =
aN (θAI1)a

T
M (θDI1) such that θDI1 and θDI2 are the departure

angles from the transmitter and RIS, respectively, and θAI1

is the arrival angle at the RIS. Also, h̃ ∼ CN (0, IN) and
H̃:,i ∼ CN (0, IN).

Let f ∈ CM and ψ ∈ CN be the transmit beamforming
vector and the RIS phase shift vector, respectively with Φ =
diag(ψ) be the RIS phase shift matrix. The elements of ψ are
unit magnitude as RIS is considered to be passive. Considering
the far-field propagation scenario [17], the path loss for the
direct and indirect links are modeled as d−α

o and (d1d2)
−α,

respectively, where α is the path loss exponent and do, d1, and
d2 are the link distances of the transmitter-receiver, transmitter-
RIS, and RIS-receiver links, respectively.

The signal received at a given time can be written as

y = (d1d2)
−α

2 hTΦHfx+ d
−α

2
o gT fx+ w, (3)

where x is the transmitted symbol with transmit power
E[xxH ] = Ps and w ∼ CN (0, σ2

w). Thus, the SNR becomes
SNR = γ|hTΦHf + µgT f |2, (4)



where γ = (d1d2)
−α Ps

σ2
w

and µ =
(

d0

d1d2

)−α
2

.
The ergodic capacity is obtained as

EC = E[log2(1 + SNR)]. (5)
Our objective is to maximize the ergodic capacity with respect
to RIS phase shift matrix Φ and transmit beamforming vector f .
However, (5) is mathematically intractable, making it difficult
to solve directly. Thus we use Jensen’s inequality to obtain an
upper bound on the capacity, i.e., EC ≤ log2(1+E[SNR]), and
maximize it. This is equivalent to maximizing E[SNR], which
we refer to as the Max mean SNR scheme throughout the paper.
Now, using (4), we formulate the optimization problem as

max
f ,ψ

γE[|hTΦHf + µgT f |2], (6a)

s.t. ∥f∥2 = 1, (6b)
|ψk| = 1, ∀k = 0, . . . , N − 1, (6c)

where (6b) is the unit norm constraint of the transmit beam-
former and (6c) is the unit magnitude constraint on the passive
RIS elements. To characterize the performance of the statistical
CSI-based maximization of mean SNR scheme, we analyze its
outage probability which is defined as the probability that the
instantaneous SNR with optimal f and Φ is below threshold β
and is given as

Pout(β) = P[SNR ≤ β]. (7)
Further, we also characterize the ergodic capacity given in (5)
that is achievable with the statistically optimal f and Φ.

III. OPTIMAL BEAMFORMING AND OUTAGE ANALYSIS

In this section, we present our two main contributions: 1)
the joint optimization of the statistical-CSI-based beamformer
and phase shift matrix and 2) the outage and capacity analyses.
The optimization problem (6) that maximizes E[SNR] is non-
convex due to the coupled beamformer and phase shift matrix
variables. So, deriving a closed-form solution for this objective
is challenging. Hence, we construct a lower bound on E[SNR]
that is more conducive to analytical treatment and facilitates the
derivation of the optimal beamformer and phase shift matrix in
closed form, as discussed next.

A. Statistical CSI-based Beamforming

In this subsection, we obtain the optimal transmit beam-
former and RIS phase shift matrix that maximizes (6). E[SNR]
is further simplified and is obtained in [14, Appendix A] as

E[SNR] = γ|κ2
l h̄

TΦH̄f + µκlḡ
T f |2 + γκ2

l κ
2
n∥H̄f∥2

+ γ(κ2
l κ

2
n + κ4

n)N + γµ2κ2
n.

Thus, we can rewrite the optimization problem (6) as
max
f ,ψ

|κ2
l h̄

TΦH̄f + µκlḡ
T f |2 + κ2

l κ
2
n∥H̄f∥2, (8a)

s.t. ∥f∥2 = 1, (8b)
|ψk| = 1, ∀k = 0, . . . , N − 1. (8c)

The above problem can be solved using techniques such as al-
ternating optimization [14]. However, such numerical solutions
do not provide insights into the exact functional dependence of
the optimal solution on the key system parameters. Therefore,

closed-form expressions for f and ψ are desirable. Towards
this goal, we first obtain the optimal ψ for a given f in III-A1.
Using this optimal ψ solution, we modify the objective function
(8a) and solve for optimal f in III-A2.

1) Optimal RIS Phase Shift Matrix:

For a given f , the optimization problem for the RIS phase
shift matrix is

max
ψ

|κ2
lψ

Tdiag(h̄)H̄f + µκlḡ
T f |2, (9a)

s.t. |ψk| = 1, ∀k = 0, · · · , N − 1, (9b)
where h̄TΦ = ψTdiag(h̄). To solve (9), the objective (9a) is

upper-bounded using the triangle inequality as
|κ2

lψ
Tdiag(h̄)H̄f + µκlḡ

T f |
≤ |κ2

lψ
Tdiag(h̄)H̄f |+ |µκlḡ

T f |, (10)
where the equality holds when ψTdiag(h̄)H̄f = cḡT f for a
constant c. To achieve equality, we set

ψT = cḡT fw, (11)
where w = fHEH/∥Ef∥2 is the pseudoinverse of Ef and
E = diag(h̄)H̄. Nonetheless, the constraint in (9b) also must
be satisfied. Towards this, we observe the elements of w to
have equal magnitudes and thus we set c to ensure (9b) as
follows. Let en = En,:, and by using h̄ and H̄, we show that

{eHn en}i,k =

{
1, if i = k,

ej2π(i−k) d
λ sin(θDI1 ), if i ̸= k.

This results in fHeHn enf = fHeHmemf , which further implies
∥enf∥2 = ∥emf∥2. (12)

Additionally, we also observe that

∥Ef∥2 =
∑N−1

n=0
|enf |2 = N |enf |2. (13)

Thus, by using (12) and (13), we obtain the absolute value of
the k-th element of RHS of (11) as

|ḡT fwk| =
|ḡT f |
N |enf |

, ∀k = 1, · · ·N

where |wk| = 1
N |enf | ; ∀k. Finally, by substituting the above

equation in (11), we obtain the optimal RIS phase shift vector
with unit magnitude elements as

ψ⋆T =
N |enf |
|ḡT f |

ḡT fw. (14)

2) Optimal Transmit Beamforming

The optimization problem for the Max mean SNR scheme to
obtain the optimal transmit beamformer for the optimal ψ⋆ is

max
f

|κ2
lψ

⋆T

diag(h̄)H̄f + µκlḡ
T f |2 + κ2

l κ
2
n∥H̄f∥2, (15a)

s.t. ∥f∥2 = 1. (15b)
To obtain the closed-form solution we begin by substituting
ψ⋆ in the first term of (15a) as

|κ2
lψ

⋆TEf + µκlḡ
T f |2

= κ4
l |ψ⋆TEf |2 + µ2κ2

l |ḡT f |2 + 2κ3
l µ|ψ⋆TEf ||ḡT f |,

= N2κ4
l |enf |2 + µ2κ2

l |ḡT f |2 + 2Nκ3
l µ|enf ||ḡT f |, (16)



where wEf = 1 follows from (11). Next, the second term of
(15a) is simplified as

∥H̄f∥2 = fHH̄HH̄f ,

(a)
= fHH̄Hdiag(h̄)

H
diag(h̄)H̄f ,

= fHEHEf ,

(b)
= N |enf |2, (17)

where steps (a) and (b) follow from diag(h̄)
H
diag(h̄) = IN

and (13), respectively. Now, combining (16) and (17), (15a)
becomes
|κ2

lψ
⋆T

diag(h̄)H̄f + µκlḡ
T f |2 + κ2

l κ
2
n∥H̄f∥2

= w1|enf |2 + w2|ḡT f |2 + w3|enf ||ḡT f |,
= w1f

HEnf + w2f
HGf + w3|fHEgf |,

≥ fHZf , (18)
where En = eHn en, G = ḡ∗ḡT , Eg = eHn ḡT and Z = w1En+
w2G such that w1 = N2κ4

l +Nκ2
l κ

2
n, w2 = µ2κ2

l , and w3 =
2Nµκ3

l . Here, Z is a positive definite matrix because En and
G are symmetric matrices. This results in the lower bound (LB)
given in (18) become convex in f . Further, it is worth noting
that the LB is tight for two reasons: 1) w1, w2 ≫ w3, and 2) the
eigenvalues of En and G are much larger than the |fHEgf | for
any given f . Using this, we simplify the optimization problem
for maximizing the LB of E[SNR], for given ψ⋆, as

max
f

fHZf , (19a)

s.t. ∥f∥2 = 1, (19b)
This optimization problem is equivalent to the Rayleigh quo-
tient maximization, whose solution is given by the dominant
eigenvector of Z. We summarize the optimal solution for the
transmit beamforming vector and the phase shifter matrix in
the following theorem.

Theorem 1. The statistical CSI-based optimal transmit beam-
former and RIS phase shift vector that maximizes the LB on
E[SNR] (given in (19a)) are

f∗ = v1 and ψ⋆ =
N |enf⋆|
|gT f⋆|

wT f⋆Tg, (20)

respectively, where v1 is the principal eigenvector of Z.

B. Outage and Ergodic Capacity

In this subsection, we analyze outage probability and ergodic
capacity for the proposed statistical CSI-based optimal beam-
former f⋆ and RIS phase shift matrix ψ⋆ obtained in Theorem
1. For the given f⋆ and ψ⋆, the instantaneous SNR is

SNR = γ|ψ⋆Tdiag(h)Hf⋆ + µgT f⋆|2.
Thus, the outage probability and ergodic capacity become

Pout(β) = P[|ψ⋆Tdiag(h)Hf⋆ + µgT f⋆| ≤
√
β/γ], (21)

and EC = E[log2(1 + γ|ψ⋆Tdiag(h)Hf⋆ + µgT f⋆|2)].
(22)

We derive an accurately approximate closed-form expression
for this outage probability in Theorem. 2.

Theorem 2. For the optimal transmit beamformer f⋆ and
phase shifter ψ⋆ obtained in Theorem 1, the channel envelope
approximately follows a Rice distribution, which gives the
outage probability as

Pout(β) = 1−Q1

(
ν/

√
2σ,
√

β/γ/
√
2σ
)
, (23)

where Q1(·) is a Marcum Q-function, and

ν = Nκ2
l |enf⋆|+ µκl|ḡT f⋆|,

and σ2 = Nκ2
n(1 + κ2

l |enf⋆|2) + µ2κ2
n.

Proof. Please refer to Appendix A for the proof.

We now evaluate ergodic capacity given in (22) by using
Theorem 2 as done in the following corollary.

Corollary 1. The ergodic capacity of the optimal transmit
beamformer and RIS phase shifter given in Theorem 1 is

EC =
1

ln(2)

∫ ∞

0

1

1 + u
Q1

(
ν√
2σ

,

√
u/γ√
2σ

)
du. (24)

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we present the numerical performance anal-
ysis of the proposed beamforming scheme for maximizing the
LB of E[SNR]. We refer to the proposed scheme as Max LB
E[SNR]. We also compare the performance of our proposed
scheme with the scheme maximizing exact E[SNR] using
statistical CSI [14] and the scheme maximizing instantaneous
SNR using perfect CSI. We refer to the former scheme as
Max E[SNR] and the latter one as Max SNR. The parameters
γ and µ, defined below (4), represent the received indirect
link SNR and the square root of the ratio of received SNRs
over direct and indirect links, respectively, observed under the
SISO channel. Besides, µ is crucial for optimizing the transmit
beamformer, as can be verified using (18) and the discussion
below it. To highlight this, we present the numerical results for
various system parameters, including γ, µ. For the numerical
analysis, we consider M = 4, N = 32, θDD = 0, θDI1 =
1
4π, θDI2 = 8

5π,K = 5, α = 3.5, γ = 0 dB, and µ = 5 dB;
unless mentioned otherwise.

Figure 2. Outage Probability.



Figure 2 presents the outage performance achieved by the
proposed scheme, along with a comparison against the above-
mentioned beamforming schemes. In our analysis, we first
verify that the derived outage probability for the proposed
scheme in Theorem 2 matches the simulation. Further, the
result indicates that the outage of the proposed Max LB
E[SNR] scheme serves as a tight upper bound to the Max
Mean SNR scheme. This observation establishes the efficacy
of the proposed Max LB Mean SNR scheme in solving the
original optimization problem. Finally, we compare the outage
performance with the benchmark Max SNR scheme, where we
observe the performance gap reducing with increasing Rice
fading factor K, which is also deducible from Fig. 3.

Figure 3. Ergodic capacity vs. number of RIS elements N .

In Fig. 3, we observe the capacity increasing as the number
of RIS reflecting elements N increases. The figure further
verifies the tightness of the proposed Max LB Mean SNR
scheme to the capacity achieved via Max Mean SNR for various
values of N . Finally, we observe that the performance gap
between the proposed scheme and the benchmark Max SNR
reduces with increasing K. This observation is consistent with
our earlier observation in the outage analysis.

Next, Fig. 4 presents the impact of µ on the capacity
performance. In particular, given γ, increasing µ is equivalent
to increasing the SNR of the direct link that, in turn, increases
the overall capacity. Additionally, the figure shows the capacity
to be increasing as γ increases. This increment is independent
of µ as well as other parameters (which can be seen from (22)).

Figure 5 provides insights into the impact of the angular
difference between direct and indirect links from the trans-
mitter, denoted as θ = θDI1 − θDD, on the ergodic capacity
performance. It can be seen that the capacity decreases from
its maximum value at θ = 0 to its minimum value at θ = π

2 .
This is because, as θ increases, the direct and indirect links
get spatially separated, making it difficult to form a narrow
transmit beam, resulting in lesser array gains. Furthermore,
the performance gap between the Max Mean SNR scheme and
the proposed Max LB Mean SNR scheme increases slightly for
higher values of θ and µ. This may be attributed to the fact
that the third term (ignored for lower bounding the SNR) in

Figure 4. Ergodic capacity with respect to µ.

Figure 5. Ergodic Capacity vs. the difference of departure angles indirect and
direct links.

(17) becomes unavoidable. Despite this observation, it is worth
noting that the gap is very small.

V. CONCLUSION

This paper proposes a statistical CSI-based optimal beam-
forming scheme for maximizing the mean SNR of a RIS-
aided MISO communication system when both direct and
indirect links follow Rician fading. Unlike prior works where
such problems are often tackled algorithmically, we derived
closed-form expressions of optimal transmit beamformer and
the optimal RIS phase shift matrix that maximize a tight
lower bound on mean SNR. To characterize the performance
of the proposed scheme, we derive its achievable outage
probability and ergodic capacity. In particular, we show that
the effective channel envelope approximately follows Rice
distribution which we consequently used to derive approximate
expressions for outage and ergodic capacity that are tight. Using
numerical comparisons, we demonstrate that the derived outage
expression acts as a tight upper bound for the exact mean SNR
maximization-based scheme. Likewise, the achievable capacity
of the proposed scheme is shown to be a close lower bound.

APPENDIX

Let us define ξ1 = ψ⋆Tdiag(h)Hf⋆ and ξ2 = gT f⋆ and
rewrite SNR given in (4) as

γ|ψ⋆Tdiag(h)Hf⋆ + µgTf⋆|2 = γ|ξ1 + µξ2|2,



Thus, outage can be evaluated as
Pout(β) = P[|ξ1 + µξ2| ≤

√
β/γ]. (25)

Using channel models from (1) and (2), we obtain
ξ1 = κ2

l a1 + κlκna2 + κlκna3 + κ2
na4, (26)

ξ2 = κlb1 + κnb2, (27)

where a1 = ψ⋆Tdiag(h̄)H̄f⋆, a2 = ψ⋆Tdiag(h̄)H̃f⋆,

a3 = ψ⋆Tdiag(h̃)H̄f⋆, a4 = ψ⋆Tdiag(h̃)H̃f⋆,

b1 = ḡT f⋆, b2 = g̃T f⋆.

We now find distributions of p̃ = ψ⋆diag(h̃), q̃ = H̃f⋆, and
ũ = g̃T f⋆. These results will be used to identify the distri-
butions of ais and bis, which subsequently will be employed
to obtain the distributions of the channel envelope and SNR.
Using the rotational invariance property of zero-mean complex
Gaussian distribution, we obtain p̃ ∼ CN (0, IN). Further, by
using ∥f⋆∥2 = 1, and the linear combination property of
zero-mean complex Gaussian random variable, we find that
q̃ ∼ CN (0, IN) and ũ ∼ CN (0, 1).
Terms a1 and b1: The terms a1 and b1 are constants as given
above. The term a1 can be simplified as

a1 =
N |enf⋆|
|ḡT f⋆|

ḡT f⋆. (28)

Term a2: Since p = ψ⋆Tdiag(h̄) is a complex vector of unit-
magnitude elements, we can show that a2 = pq̃ is a zero-mean
complex Gaussian random variable with variance

Var[a2] = E[pq̃q̃HpH ] = pE[q̃q̃H ]pH = ppH = N.

Term b2: Note b2 = ũ is a zero-mean unit variance complex
Gaussian, as mentioned above.
Term a3: With q = H̄f⋆, we can show that a3 = p̃q is also a
zero-mean complex Gaussian with variance
Var[a3] = E[qH p̃H p̃q] = qHE[p̃H p̃]q = qHq = ∥H̄f⋆∥2.

Term a4: Further, we can show that a4 = p̃q̃ approximately
follows the complex Gaussian as it is the sum of the product
of two Gaussian variables. The mean of a4 is zero, and its
variance is

E[aH4 a4] = E[q̃H p̃H p̃q̃],

= E[q̃HE[p̃H p̃]q̃],

= E[q̃H q̃],

=
∑N−1

n=0
E[|q̃n|2],

= N.

Distribution of ξ1 and ξ2: Compiling the above results gives
the distributions of ξ1 (26) (approximate) and ξ2 (27) as

ξ1 ∼ CN
(
κ2
l

N |enf⋆|
|ḡT f⋆|

ḡT f⋆, Nκ2
n(1 + κ2

l |enf⋆|2)
)
,

ξ2 ∼ CN
(
κlḡ

T f⋆, κ2
n

)
.

Thus, we obtain ξ1+µξ2 ∼ CN (m,σ2) (approximately), where

m = κ2
l

N |enf⋆|
|ḡT f⋆|

ḡT f⋆ + µκlḡ
T f⋆,

and σ2 = Nκ2
n(1 + κ2

l |enf⋆|2) + µ2κ2
n.

Channel envelope distribution: We note that the magnitude of a
nonzero-mean complex Gaussian follows the Rice distribution.
Hence, we conclude that |ξ1 + µξ2| is approximately Rice
distributed, i.e.,

|ξ1 + µξ2| ∼ Rice(ν, σ/
√
2),

where ν = |m|. Finally, using (25) and the CDF of Rice
distribution, the outage probability is obtained as in (23).
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