
Joint 9D Receiver Localization and Ephemeris
Correction with LEO and 5G Base Stations

Don-Roberts Emenonye, Harpreet S. Dhillon, and R. Michael Buehrer

Abstract—In this paper, we use the Fisher information ma-
trix (FIM) to analyze the interaction between low-earth orbit
(LEO) satellites and 5G base stations in providing 9D receiver
localization and correcting LEO ephemeris. First, we give a
channel model that captures all the information in the LEO-
receiver, LEO-BS, and BS-receiver links. Subsequently, we use
FIM to capture the amount of information about the channel
parameters in these links. Then, we transform these FIM for
channel parameters to the FIM for the 9D (3D position, 3D
orientation, and 3D velocity estimation) receiver localization
parameters and the LEO position and velocity offset. Closed-
form expressions for the entries in the FIM for these location
parameters are presented. Our results on identifiability utilizing
the FIM for the location parameters indicate: i) with one LEO,
we need three BSs and three time slots to both estimate the 9D
location parameters and correct the LEO position and velocity,
ii) with two LEO, we need three BSs and three time slots to both
estimate the 9D location parameters and correct the LEO position
and velocity, and iii) with three LEO, we need three BSs and four-
time slots to both estimate the 9D location parameters and correct
the LEO position and velocity. We notice from the Cramer Rao
lower bound that the operating frequency and number of receive
antennas have negligible impact on the estimation accuracy of
the orientation of the receiver and the LEO velocity, respectively.

Index Terms—6G, LEO, 9D localization, FIM, 3D position,
3D velocity, and 3D orientation, theoretical LEO ephemeris
correction.

I. INTRODUCTION

The challenge of providing quality global connectivity has
led to the deployment of satellites in existing low-earth orbit
(LEO) constellations and the creation of new constellations.
This can be seen in older constellations Orbcomm, Iridium,
and Globalstar, as well as in newly created constellations such
as Boeing, SpaceMobile, OneWeb, Telesat, Kuiper, and Star-
link. Since these constellations will be closer to the earth than
the medium earth orbit (MEO) satellites, they will encounter
a shorter propagation time and lower propagation losses than
the current Global Navigation Satellite System (GNSS); their
utility for positioning is an area of natural interest. Moreover,
these LEOs could be used as a backup during the inevitable
scenarios where GNSS becomes unavailable, such as in deep
urban canyons, under dense foliage, during unintentional in-
terference, and intentional jamming) or untrustworthy (e.g.,
under malicious spoofing attacks). Because of these reasons,
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Figure 1. Joint 9D Receiver Localization and Ephemeris Correction with NB

LEO and NQ 5G Base Stations transmitting during NK transmission time
slots to a receiver with NU antennas.

there has been a surge in research on the utility of LEOs for
localization.

A. Prior Art

In [1], [2], a Fisher information matrix (FIM) based rigorous
investigation of the utility of LEOs for 9D localization is
presented where it is shown that obtaining delay and Doppler
measurements from three satellites over three times slots over
multiple receive antenna enables 9D localization. In [3], the
signal structure is assumed to be known, and delay measure-
ments are used to localize a receiver. The authors in [4] inves-
tigate using satellites deployed to provide broadband internet
connectivity to assist localization. The proposed framework
will use delay measurements and describe the positioning
errors as a function of the geometric dilution of precision
(GDOP) to provide a benchmark. In [5], Doppler measure-
ments obtained from Amazon Kuiper Satellites are used for
receiver positioning. In [6], LEOs meet integrated sensing and
localization, and the positioning information obtained from the
LEOs is used to improve the transmission rate. The authors
in [7] utilize eight Doppler measurements to estimate the 3D
position, 3D velocity, clock rate, and clock offset. In [8], an
opportunistic experimental framework is developed to estimate
position, clock, and correct LEO ephemeris. An unmanned
aerial vehicle (UAV) is tracked for two minutes using the
received signals from two Orbcomm satellites in [9].

Although, there has been some work on using LEOs for
localization, the current state of the art has failed to rigorously
characterize the interplay between the information from the



LEOs and 5G base station (BSs) for both 9D localization and
LEO ephemeris correction. Hence, in this paper, we utilize
the FIM to rigorously present the available information that
is obtainable in the LEO-receiver link, LEO-BS link, and
BS-receiver and the utility of this information for joint 9D
receiver localization and LEO ephemeris correction, which
leads to critical insights on the interplay between number of
LEOs, BSs, operating frequency, number of transmission time
slots, the combination of synchronized BSs and unsynchronized
LEOs, and the number of receive antennas.

Notation: The function Fv(w;x,y) ≜

Ev

{
[∇x ln f(w)] [∇y ln f(w)]

T
}

and Gv(w;x,y)

describes the loss of information in the FIM defined by
Fv(w;x,y) due to uncertainty in the nuisance parameters.
The inner product of x is ∥x∥2 and the outer product of x is∥∥xT

∥∥2. ∇xy is the first derivative of y with respect to x.

II. SYSTEM MODEL

We consider NB single antenna LEO satellites, NQ single
antenna BSs, and a receiver with NU antennas. The NB

LEOs communicate with the NQ BSs and the receiver over
NK transmission time slots as shown in Fig. 1. Similarly,
the NQ BSs communicate over NK transmission time slots
with the receiver. There is a ∆t spacing between the NK

transmission slots. The LEOs are located at pb,k b ∈
{1, 2, · · · , NB} and k ∈ {1, 2, · · · , NK} while the BSs are
located at pq,k q ∈ {1, 2, · · · , NQ} and k ∈ {1, 2, · · · , NK}.
Finally, the receiver is located at pU,k k ∈ {1, 2, · · · , NK}.
The LEOs, BSs, and receiver positions are defined with respect
to a global origin and a global reference axis. The position of
the antennas on the receiver can be defined with respect to the
receiver’s centroid as su = QU s̃u where s̃u aligns with the
global reference axis and QU = Q (αU , ψU , φU ) defines a
3D rotation matrix [10]. The orientation angles of the receiver
are vectorized as ΦU = [αU , ψU , φU ]

T. The point, su can be
described with respect to the global origin as pu,k = pU,k+su.
The receiver’s centroid can be described with respect to the
position of the bth LEO satellite as pU,k = pb,k + dbU,k∆bU,k

where dbU,k is the distance from point pb,k to point
pU,k and ∆bU,k is the corresponding unit direction vector
∆bU,k = [cosϕbU,k sin θbU,k, sinϕbU,k sin θbU,k, cos θbU,k]

T.
The receiver’s uth antenna can be described with respect
to the position of the bth LEO satellite as pu,k = pb,k +
dbu,k∆bu,k where dbu,k is the distance from point pb,k to
point pu,k and ∆bu,k is the corresponding unit direction vector
∆bu,k = [cosϕbu,k sin θbu,k, sinϕbu,k sin θbu,k, cos θbu,k]

T.
The receiver’s centroid can be described with respect to
the position of the qth BS as pU,k = pq,k + dqU,k∆qU,k

where dqU,k is the distance from point pq,k to point
pU,k and ∆qU,k is the corresponding unit direction vector
∆qU,k = [cosϕqU,k sin θqU,k, sinϕqU,k sin θqU,k, cos θqU,k]

T.
The receiver’s uth antenna can be described with respect to
the position of the qth BS as pu,k = pq,k + dqu,k∆qu,k

where dqu,k is the distance from point pq,k to point
pu,k and ∆qu,k is the corresponding unit direction vector
∆qu,k = [cosϕqu,k sin θqu,k, sinϕqu,k sin θqu,k, cos θqu,k]

T.
The qth BS can be described with respect to the posi-

tion of the bth LEO as pq,k = pb,k + dbq,k∆bq,k where
dbq,k is the distance from point pb,k to point pq,k and
∆bq,k is the corresponding unit direction vector ∆bq,k =
[cosϕbq,k sin θbq,k, sinϕbq,k sin θbq,k, cos θbq,k]

T.

A. Transmit and Receive Processing

There are three transmission scenarios to consider: i) LEO-
receiver link, ii) LEO-BS link, and iii) BS-receiver link. At
time t, during kth transmission time slot, the NB LEOs com-
municate with the NQ BSs and receiver over NK transmission
time slots using quadrature modulation. The bth LEO transmits
the following symbol

xb,k[t] = sb,k[t] exp (j2πfct), (1)

where sb,k[t] is the modulation symbol and fc = c
λ is the

operating frequency. Here, c is the speed of light, and λ is the
wavelength. In this work, in the LEO-receiver link, only the
line of sight paths are considered, and the useful part of the
signal received at time t, during kth transmission time slot on
the uth receive antenna is

µbu,k[t] = βbu,k
√
2ℜ{sb,k[tobu,k] exp(j(2πfobU,ktobu,k))} .

(2)
Here, βbu,k is the channel gain at the uth receive antenna
during the kth time slot. The effective time duration from the
bth LEO to the uth receive antenna is tobu,k = t− τbu,k + δbU
and the effective frequency observed at the receiver from
the bth LEO is fobU,k = fc(1 − νbU,k) + ϵbU . During the
kth time slot, the delay from the bth LEO to the uth receive
antenna is τbu,k ≜ ∥pu,k−(pb,k+p̌b,k)∥

c . The time offset and
frequency offset of the bth LEO satellite with respect to
the receiver is δbU and ϵbU , respectively. The point, p̌b,k

describes the uncertainty associated with the position of the
bth LEO during the kth time slot. The Doppler observed
at the receiver with respect to the bth LEO satellite is
νbU,k = ∆T

bU,k
(vb,k+v̌b,k−vU,k)

c . Here, vb,k = vb∆b,k and
vU,k = vU∆U,k are the velocities of the bth LEO and receiver,
respectively. The speeds of the bth LEO satellite and receiver
are vb and vU , respectively. The associated directions are de-
fined as ∆b,k = [cosϕb,k sin θb,k, sinϕb,k sin θb,k, cos θb,k]

T

and ∆U,k = [cosϕU,k sin θU,k, sinϕU,k sin θU,k, cos θU,k]
T,

respectively. Here, v̌b,k is the uncertainty related to the ve-
locity of the bth LEO during the kth time slot.

In the LEO-BS link, only the line of sight paths are
considered, and the useful part of the signal received at time
t, during kth transmission time slot on the qth BS is

µbq,k[t] = βbq,k
√
2ℜ{sb,k[tobq,k] exp(j(2πfobq,ktobq,k))} .

(3)
Here, βbq,k is the channel gain at the qth BS during the kth time
slot. The effective time duration from the bth LEO to the qth BS
is tobq,k = t−τbq,k+δbQ and the effective frequency observed
at the qth BS from the bth LEO is fobq,k = fc(1 − νbq,k) +
ϵbQ. During the kth time slot, the delay from the bth LEO to
the qth BS is τbq,k ≜ ∥pq,k−(pb,k+p̌b,k)∥

c . The time offset and
frequency offset of the bth LEO satellite with respect to the
qth BS is δbQ and ϵbQ, respectively. The Doppler observed at



the qth BS with respect to the bth LEO satellite is νbq,k =

∆T
bq,k

(vb,k+v̌b,k)
c .

In the BS-receiver link, only the line of sight paths are
considered, and the useful part of the signal received at time
t, during kth transmission time slot at the receiver is

µqu,k[t] = βqu,k
√
2ℜ{sq,k[toqu,k] exp(j(2πfoqU,ktoqu,k))} .

(4)
Here, βqu,k is the channel gain at the uth antenna on the
receiver from the qth BS during the kth time slot. The effective
time duration from the qth BS to the uth antenna on the
receiver is toqu,k = t − τqu,k + δQU and the effective
frequency observed at the uth receive antenna from the qth

BS is foqU,k = fc(1 − νqU,k) + ϵQU . During the kth time
slot, the delay from the qth BS to the uth receive antenna is
τqu,k ≜ ∥pu,k−pq,k∥

c . The time offset and frequency offset of
BSs with respect to the receiver are δQU and ϵQU , respectively.
The Doppler observed at the receiver with respect to the qth BS
is νqU,k = ∆T

qU,k
(0−vU,k)

c . With this formulation, the received
signal at the uth receive antenna during the kth time slot from
the LEOs and BSs is

y1u,k[t] =

NQ∑
q

yqu,k[t] =

NQ∑
q

µqu,k[t] + nu,k[t],

y2u,k[t] =

NB∑
b

ybu,k[t] =

NB∑
b

µbu,k[t] + nu,k[t],

(5)

where nu,k[t] ∼ CN (0, N01) is the Fourier transformed ther-
mal noise local to the receiver’s antenna array. The received
signal at the qth BS during the kth time slot from the LEOs
is

yq,k[t] =

NB∑
b

ybq,k[t] =

NB∑
b

µbq,k[t] + nq,k[t], (6)

where nq,k[t] ∼ CN (0, N02) is the Fourier transformed
thermal noise local to the qth BS.

Remark 1. The offset δbU captures the unknown ionospheric
and tropospheric delay concerning the bth LEO satellite as
well as the time offset in the LEO-receiver link. Similarly, the
offset δbQ captures the unknown ionospheric and tropospheric
delay concerning the bth LEO satellite as well as the time offset
in the LEO-BS link.

Here, the position of the bth LEO satellite and
the uth receive antenna during the kth time slot is
pb,k = pb,o + p̃b,k,pu,k = pu,o + p̃U,k, where pb,o and pu,o

are the reference points of the bth LEO satellite and the uth

receive antenna, respectively. The distance travelled by the
bth LEO satellite and the uth receive antenna are p̃b,k and
p̃u,k, respectively. These traveled distances can be described
as p̃b,k = (k − 1)∆tvb∆b,k, p̃U,k = (k − 1)∆tvU∆U,k.

B. Received Signal Properties

The properties of the signal received across all NK antennas
from the NB LEOs are described with the aid of the: i) Fourier
transform of the baseband signal (spectral density) that is
transmitted by the bth LEO satellite at time t during the kth

time slot, Sb,k[f ] ≜ 1√
2π

∫∞
−∞ sb,k[t] exp (−j2πft) dt, and ii)

Fourier transform of the baseband signal (spectral density) that
is transmitted by the qth BS at time t during the kth time slot,
Sq,k[f ] ≜ 1√

2π

∫∞
−∞ sq,k[t] exp (−j2πft) dt. The properties

of the received signals are
1) Effective Baseband Bandwidth: This relates to the vari-

ance of all the occupied frequencies. From the system defi-
nition, we have two effective baseband bandwidths α1b,k ≜( ∫ ∞

−∞ f2|Sb,k[f ]|2df∫ ∞
−∞|Sb,k[f ]|2df

) 1
2

, and α1q,k ≜

( ∫ ∞
−∞ f2|Sq,k[f ]|2df∫ ∞
−∞|Sq,k[f ]|2df

) 1
2

.

2) Baseband-Carrier Correlation (BCC): This property
helps to provide a compact representation of the mathemat-
ical description of the available information in the received
signals. α2b,k ≜

∫ ∞
−∞ f |Sb,k[f ]|2df

(
∫ ∞
−∞ f2|Sb,k[f ]|2df)

1
2 (

∫ ∞
−∞|Sb,k[f ]|2df)

1
2
, and

α2q,k ≜
∫ ∞
−∞ f |Sq,k[f ]|2df

(
∫ ∞
−∞ f2|Sq,k[f ]|2df)

1
2 (

∫ ∞
−∞|Sq,k[f ]|2df)

1
2
.

3) Received Signal-to-Noise Ratio: The SNR quantifies the
ratio of the power of the signal across its occupied frequencies
to the noise spectral density. Mathematically, given the system
model, the SNRs are
SNR

b
≜ 8π2|βb|2

N01

∫∞
−∞ |Sb[f ]|2 df, SNR

bq
≜

8π2|βbq|2
N02

∫∞
−∞ |Sb[f ]|2 df, and SNR

q
≜

8π2|βq|2
N01

∫∞
−∞ |Sq,k[f ]|2 df. The subsequent sections rely

heavily on these signal properties.

III. AVAILABLE INFORMATION ABOUT CHANNEL
PARAMETERS IN THE RECEIVED SIGNAL

The information about the channel parameters in the re-
ceived signal is presented in this section and serves as an
intermediate step to investigate the information needed for
localization.

A. Geometric and nuisance channel parameters

We can represent the observable parameters in signals from
the NB LEOs across the NU antennas during the NK time
slots in vector form as: ηbU ≜

[
τT
bU ,ν

T
bU , βbU , δbU , ϵbU

]T
.

We can represent the observable parameters in signals from
the NQ BSs across the NU antennas during the NK time
slots in vector form as: ηqU ≜

[
τT
qU ,ν

T
qU , βqU , δQU , ϵQU

]T
.

Lastly, we focus on parameters in the LEOs-BSs links. We
can represent the observable parameters in signals from the
NB LEOs at all the NQ BSs during the NK time slots in

vector form as: ηbQ ≜
[
τT
bQ,ν

T
bQ,β

T
bQ, δbQ, ϵbQ

]T
.

We have specified all the parameters that are observable in
the received signals. In the next section, we present mathemat-
ical preliminaries that help determine the information available
about these parameters in the received signals.

B. Mathematical Preliminaries

In estimation theory, two questions of paramount impor-
tance are the parameters that can be estimated and the con-
ditions that allow for the estimation of these parameters.
One way of answering these questions is through the Fisher



information matrix (FIM). To present the FIM, we assume
that for the parameters and system model in our work, there
exists an unbiased estimate η̂ such that the error covari-
ance matrix satisfies the following information inequality
Ey;η

{
(η̂ − η)(η̂ − η)T

}
⪰ J−1

y;η, where Jy;η is the FIM for
the parameter vector η.

Definition 1. The FIM obtained from the likelihood due to
the observations is defined as Jy;η = Fy(y|η;η,η). In
mathematical terms, we have

Jy;η ≜ −Ey;η

[
∂2 lnχ(y;η)

∂η∂ηT

]
(7)

where χ(y;η) denotes the likelihood function considering y
and η.

The FIM is a very useful tool, however it grows quadrati-
cally with the size of the parameter vector. Hence, it might be
advantageous to focus on a subset of the FIM. One way to do
this is to use the equivalent FIM (EFIM) [11].

Definition 2. Given a parameter vector, η ≜
[
ηT
1 ,η

T
2

]T
,

where η1 is the parameter of interest, the resultant FIM has
the structure

Jy;η =

[
Jy;η1

Jy;η1,η2

JT
y;η1,η2

Jy;η2

]
,

where η ∈ RN ,η1 ∈ Rn,Jy;η1
∈ Rn×n,Jy;η1,η2

∈
Rn×(N−n), and Jy;η2

∈ R(N−n)×(N−n) with n < N , and
the EFIM [12] of parameter η1 is given by Je

y;η1
= Jy;η1

−
Jnu
y;η1

= Jy;η1
− Jy;η1,η2

J−1
y;η2

JT
y;η1,η2

.

Note that the term Jnu
y;η1

= Jy;η1,η2
J−1
y;η2

JT
y;η1,η2

describes
the loss of information about η1 due to uncertainty in the nui-
sance parameters η2. This EFIM captures all the required in-
formation about the parameters of interest present in the FIM;
as observed from the relation (Je

y;η1
)−1 = [J−1

y;η][1:n,1:n].

C. FIM for channel parameters

To derive the FIM for the channel parameters, we note that
likelihood is given by (8) in [2]. Considering all the NB LEOs,
NK transmission time slots, and NU receive antennas, we can
derive the FIMs for both cases of parameterization. The FIMs
for both parameterization cases result in a block diagonal. The
first case of parameterization produces

Jy|η = Fy(y|η;η,η) =
diag {Fy(y|η;η1U ,η1U ), . . . ,Fy(y|η;ηNBU ,ηNBU )

Fy(y|η;η1U ,η1U ), . . . ,Fy(y|η;ηNQU ,ηNQU )

Fy(y|η;η1Q,η1Q), . . . ,Fy(y|η;ηNBQ,ηNBQ)} .

(8)

Considering the LEOs-receiver link, the entries in FIM due
to the observations of the signals at the receiver from bth LEO
satellite can be obtained through the simplified expression.

Fy(y|η;ηbU ,ηbU ) =
1

N01
×

NUNK∑
u,k

ℜ
{∫

∇ηbU
µbu,k[t]∇ηbU

µH
bu,k[t] dt

}
.

We now present the non-zero entries focusing on the bth LEO
satellite. We start with the delays focusing on the FIM for the
delay from the bth LEO satellite during the kth time slot on
the uth receive antenna.

Fy(y|η; τbu,k, τbu,k) = −Fy(y|η; τbu,k, δbU ) = SNR
bu,k

ωbU,k,

where ωbU,k =

[
α2
1b,k+2fobU,kα1b,kα2b,k+f

2
obU,k

]
. All other

entries in the FIM focusing on delays in the bth LEO link are
zero. The FIM focusing on the Dopplers related to the bth

LEO satellite is Fy(y|η; νbU,k, νbU,k) = 0.5 ∗ SNR
bu,k

f2c t
2
obu,k.

The FIM of the Doppler observed with respect to the bth LEO
satellite and the corresponding frequency offset during the kth

time slot is Fy(y|η; νbU,k, ϵbU ) = −0.5 ∗ SNR
bu,k

fct
2
obu,k. All

other entries in the FIM related to the Dopplers in the bth LEO
link are zero. Now, we focus on the channel gain in the bth LEO
link. The FIM of the channel gain considering the received
signals from bth LEO satellite to the uth receive antenna during

the kth time slot is Fy(y|η;βbu,k, βbu,k) =
1

4π2 |βbu,k|2
SNR
bu,k

.

All other entries in the FIM related to the channel gain in
the bth LEO link are zero. Now, we focus on the time offset
in the bth LEO link. The FIM between the time offset and
the delay in the FIM due to the observations of the received
signals from bth LEO satellite to the uth receive antenna during
the kth time slot is Fy(y|η; δbU , τbu,k) = Fy(y|η; τbu,k, δbU ).
The FIM of the time offset in the FIM due to the observations
of the received signals from bth LEO satellite to the uth receive
antenna during the kth time slot is

Fy(y|η; δbU , δbU ) = Fy(y|η; τbu,k, τbu,k) = −Fy(y|η; δbU , τbu,k).

All other entries in the FIM related to the time off-
set in the bth LEO link are zero. The FIMs related to
the frequency offset are presented next. The FIM of the
frequency offset and the corresponding Doppler observed
with respect to the bth LEO satellite during the kth time
slot is Fy(y|η; ϵbU , νb,k) = −0.5 ∗ SNR

bu,k
fct

2
obu,k. The FIM

of the frequency offset in the FIM due to the obser-
vations of the received signals from bth LEO satellite
to the uth receive antenna during the kth time slot is
Fy(y|η; ϵbU , ϵbU ) = 0.5 ∗ SNR

bu,k
t2obu,k.

The FIM for the channel parameters in the BSs-receiver and
LEO-BSs links are presented in [2].

IV. FIM FOR LOCATION PARAMETERS

In the previous sections, we have presented a system model
that captures unsynchronized LEOs in time and frequency
communicating with a receiver and a set of synchronized
BSs. We also presented a system model incorporating the BSs
communicating with the receiver. Subsequently, we derived the
available information in the received signals using the FIM.
In this section, we first highlight the location parameters and
transform the FIM for the channel parameters into the FIM
for location parameters. To highlight the location parameters,
we i) focus on the unknown receiver position at k = 0,
pU,0, ii) assume that the receiver velocity remains constant



across all NK time slots, vU,k = vU,0 ∀k, iii) assume that
the uncertainty associated with the position of the bth LEO
remains constant across all NK time slots p̌b,k = p̌b,0 ∀k,
and iv) assume that the uncertainty associated with the velocity
of the bth LEO remains constant across all NK time slots
v̌b,k = v̌b,0 ∀k. Now, we highlight the location parameters as

κ =

[pU,0,vU,0,ΦU , p̌B,0, v̌B,0, ζ1U , · · · , ζNBU , ζ1Q, · · · , ζNBQ,

ζ1U , · · · , ζNQU ],

where

p̌B,0 =
[
p̌T
1,0, · · · , p̌T

NB ,0

]T
, v̌B,0 =

[
v̌T
1,0, · · · , v̌T

NB ,0

]T
,

ζbU =
[
βT
bU , δbU , ϵbU

]T
, ζbQ =

[
βT
bQ, δbQ, ϵbQ

]T
,

ζqU =
[
βT
qU , δQU , ϵQU

]T
.

The location parameter vector, κ, can be divided into κ1 =
[pU,0,vU,0,ΦU , p̌b,0, v̌b,0] and κ2 = [ζ1U , · · · , ζNBU , ζ1Q,
· · · , ζNBQ, ζ1U , · · · , ζNQU ]. The FIM for the location param-
eters can be obtained from the FIM for the channel parameters,
Jy|η , using the bijective transformation Jy|κ ≜ ΥκJy|ηΥ

T
κ ,

where Υκ represents derivatives of the non-linear relationship
between the geometric channel parameters, η, and the location
parameters [13]. The elements in the bijective transformation
matrix Υκ are given in Appendix A. The EFIM taking
κ1 = [pU,0,vU,0,ΦU , p̌b,0, v̌b,0] as the parameter of interest
and κ2 = [ζ1U , · · · , ζNBU , ζ1Q, · · · , ζNBQ, ζ1U , · · · , ζNQU ]
as the nuisance parameters is now derived.

A. FIM for the parameters of interest

Here, we present the FIM for the parameters of interest, κ1.
This FIM is represented by Jy|κ1

, and the entries in this FIM
are presented in the following Lemmas.

Lemma 1. The FIM of the 3D position of the receiver is

Fy(y|η;pU,0,pU,0) =∑
b,k,u

SNR
bu,k

[
ωbU,k

c2
∆bu,k∆

T
bu,k +

f2c t
2
obu,k∇pU,0

νbU,k∇T
pU,0

νbU,k

2

]
+

∑
q,k,u

SNR
qu,k

[
ωqU,k

c2
∆qu,k∆

T
qu,k +

f2c t
2
oqu,k∇pU,0

νqU,k∇T
pU,0

νqU,k

2

]
(9)

Lemma 2. The FIM of the 3D velocity of the receiver is

Fy(y|η;vU,0,vU,0) =∑
b,k,u

SNR
bu,k

[
(k − 1)2ωbU,k∆

2
t

c2
∆bu,k∆

T
bu,k +

f2
c t

2
obu,k∆bU,k∆

T
bU,k

2 c2

]
+

∑
q,k,u

SNR
qu,k

[
(k − 1)2ωqU,k∆

2
t

c2
∆qu,k∆

T
qu,k +

f2
c t

2
oqu,k∆qU,k∆

T
qU,k

2 c2

]
.

(10)

Lemma 3. The FIM for the 3D orientation of the receiver is

Fy(y|η;ΦU ,ΦU ) =∑
b,k,u

SNR
bu,k

[
ωbU,k∇ΦU

τbu,k∇T
ΦU
τbu,k

]

+
∑
q,k,u

SNR
qu,k

[
ωqU,k∇ΦU

τqu,k∇T
ΦU
τqu,k

]
.

(11)

Lemma 4. The FIM for the 3D position uncertainty associated
with the bth LEO, p̌b,0 is

Fy(y|η; p̌b,0, p̌b,0) =∑
k,u

SNR
bu,k

[
ωbU,k

c2
∆bu,k∆

T
bu,k +

f2c t
2
obu,k∇p̌b,0

νbU,k∇T
p̌b,0

νbU,k

2

]
+

∑
q,k

SNR
bq,k

[
ωbq,k

c2
∆bq,k∆

T
bq,k +

f2c t
2
obq,k∇p̌b,0

νbq,k∇T
p̌b,0

νbq,k

2

]
.

(12)

Lemma 5. The FIM for the 3D velocity uncertainty associated
with the bth LEO, v̌b,0 is

Fy(y|η; v̌b,0, v̌b,0) =∑
k,u

SNR
bu,k

[
(k − 1)2ωbU,k∆

2
t

c2
∆bu,k∆

T
bu,k +

f2
c t

2
obu,k∆bU,k∆

T
bU,k

2 c2

]
+

∑
q,k

SNR
bq,k

[
(k − 1)2ωbq,k∆

2
t

c2
∆bq,k∆

T
bq,k +

f2
c t

2
obq,k∆bq,k∆

T
bq,k

2 c2

]
.

(13)

Proof. For proof of these lemmas, see Appendix B.

B. Loss in information due to uncertainty about the parame-
ters of interest

The reduction in information about the parameter of interest
due to the nuisance parameters is presented in Section IV-B
in [2].

V. NUMERICAL RESULTS

In this section, we use simulations to determine the minimal
combinations of NB , NK , NQ, and NU that produce a positive
definite Je

y|κ1
. It is important to note that while [1] indicates

that using 3 LEO satellites, 3 time slots, and NU > 1
is enables the 9D localization of a receiver, the presence
of uncertainty in the LEO ephemeris changes the analysis
and results. Moreover, the presence of signals from 5G base
stations adds another dimension. Hence, in this section, we
investigate the use of signals in the LEO-receiver, LEO-BS,
and BS-receiver links for both 9D localization and ephemeris
correction. This investigation is carried out by analyzing the
conditions that make Je

y|κ1
positive definite. We notice that

Je
y|κ1

is positive definite when NB = 1, if NK >= 3,
NU > 1, and NQ >= 3. Again, the matrix Je

y|κ1
is positive

definite when NB = 2, if NK >= 3, NU > 1, and NQ >= 3.
Finally, the matrix Je

y|κ1
is positive definite when NB = 3, if

NK >= 4, NU > 1, and NQ >= 3. These conditions for joint
9D localization and ephemeris correction are obtained using



the following simulation parameters. The following frequen-
cies are considered fc ∈ [10, 27, 40, 60] GHz. The following
spacings between transmission time slots are considered ∆t ∈
[25, 50, 100, 1000, 10000, 20000, 50000] ms. We consider the
following number of LEOs and BSs NB ∈ [1, 2, 3] and
NQ ∈ [1, 2, 3, 4], respectively. The 3D coordinates of the
LEOs are randomly chosen, but the LEOs are approximately
2000 km from the receiver. The 3D coordinates of the receiver
and the BSs are also randomly chosen, but their distances
are 30 m and 100 m from the origin, respectively. The BSs
are stationary. However, the 3D velocity of the LEOs and
receiver are randomly chosen, but their speeds are 8000 m/s
and 25 m/s, respectively. The velocity of the LEOs is modeled
to change every time slot to capture the acceleration of the
LEOs. However, the velocity of the receiver remains constant
across all transmission time slots. For all links, the effective
baseband bandwidth is 100 MHz, and the BCC is 0 MHz. For
the bth LEO and qth BS, we assume that the same signal is
transmitted across all NK time slots, and the channel gain is
constant across all receive antennas and time slots. The CRLBs
for pU,0, vU,0, ΦU , p̌b,0, and v̌b,0 are obtained by inverting
Je
y|κ1

and summing the appropriate diagonals. In Fig. 2a, we
notice that the CRLB of ΦU is not impacted by the center
frequency. From 2b, we notice that the number of receive
antennas does not substantially impact the CRLB obtainable
during estimation of v̌b,0.
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Figure 2. (a) CRLB of ΦU as a function of ∆t. (b) CRLB of v̌b,0 as
a function of NU . For both plots, NU = 64, the SNR is 20 dB which is
constant across all links, NQ = 3, NB = 3 and NK = 4.

VI. CONCLUSION

This paper has explored utilizing LEOs and 5G BSs for
both 9D receiver localization and LEO ephemeris correction.
We showed through the FIM that i) with one LEO, we need
three BSs and three-time slots to both estimate the 9D location
parameters and correct the LEO position and velocity, ii) with
two LEO, we need three BSs and three-time slots to both
estimate the 9D location parameters and correct the LEO
position and velocity, and iii) with three LEO, we need three
BSs and four-time slots to both estimate the 9D location
parameters and correct the LEO position and velocity. We
noticed from the CRLB that the operating frequency and
number of receive antennas have negligible impact on the
estimation accuracy of the orientation of the receiver and the
LEO velocity, respectively.

APPENDIX

A. Entries in transformation matrix

See Appendix A in [2].

B. Proof of elements in Jy;κ1

See Appendix B in [2].
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