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Abstract—In this paper, we use the Fisher information ma-
trix (FIM) to analyze the interaction between low-earth orbit
(LEO) satellites and 5G base stations in providing 9D receiver
localization and correcting LEO ephemeris. First, we give a
channel model that captures all the information in the LEO-
receiver, LEO-BS, and BS-receiver links. Subsequently, we use
FIM to capture the amount of information about the channel
parameters in these links. Then, we transform these FIM for
channel parameters to the FIM for the 9D (3D position, 3D
orientation, and 3D velocity estimation) receiver localization
parameters and the LEO position and velocity offset. Closed-
form expressions for the entries in the FIM for these location
parameters are presented. Our results on identifiability utilizing
the FIM for the location parameters indicate: i) with one LEO,
we need three BSs and three time slots to both estimate the 9D
location parameters and correct the LEO position and velocity,
ii) with two LEQO, we need three BSs and three time slots to both
estimate the 9D location parameters and correct the LEO position
and velocity, and iii) with three LEO, we need three BSs and four-
time slots to both estimate the 9D location parameters and correct
the LEO position and velocity. We notice from the Cramer Rao
lower bound that the operating frequency and number of receive
antennas have negligible impact on the estimation accuracy of
the orientation of the receiver and the LEO velocity, respectively.

Index Terms—6G, LEO, 9D localization, FIM, 3D position,
3D velocity, and 3D orientation, theoretical LEO ephemeris
correction.

I. INTRODUCTION

The challenge of providing quality global connectivity has
led to the deployment of satellites in existing low-earth orbit
(LEO) constellations and the creation of new constellations.
This can be seen in older constellations Orbcomm, Iridium,
and Globalstar, as well as in newly created constellations such
as Boeing, SpaceMobile, OneWeb, Telesat, Kuiper, and Star-
link. Since these constellations will be closer to the earth than
the medium earth orbit (MEO) satellites, they will encounter
a shorter propagation time and lower propagation losses than
the current Global Navigation Satellite System (GNSS); their
utility for positioning is an area of natural interest. Moreover,
these LEOs could be used as a backup during the inevitable
scenarios where GNSS becomes unavailable, such as in deep
urban canyons, under dense foliage, during unintentional in-
terference, and intentional jamming) or untrustworthy (e.g.,
under malicious spoofing attacks). Because of these reasons,
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Figure 1. Joint 9D Receiver Localization and Ephemeris Correction with Np
LEO and Ng 5G Base Stations transmitting during Ny transmission time
slots to a receiver with Ny; antennas.

there has been a surge in research on the utility of LEOs for
localization.

A. Prior Art

In [1], [2], a Fisher information matrix (FIM) based rigorous
investigation of the utility of LEOs for 9D localization is
presented where it is shown that obtaining delay and Doppler
measurements from three satellites over three times slots over
multiple receive antenna enables 9D localization. In [3], the
signal structure is assumed to be known, and delay measure-
ments are used to localize a receiver. The authors in [4] inves-
tigate using satellites deployed to provide broadband internet
connectivity to assist localization. The proposed framework
will use delay measurements and describe the positioning
errors as a function of the geometric dilution of precision
(GDOP) to provide a benchmark. In [5], Doppler measure-
ments obtained from Amazon Kuiper Satellites are used for
receiver positioning. In [6], LEOs meet integrated sensing and
localization, and the positioning information obtained from the
LEOs is used to improve the transmission rate. The authors
in [7] utilize eight Doppler measurements to estimate the 3D
position, 3D velocity, clock rate, and clock offset. In [8], an
opportunistic experimental framework is developed to estimate
position, clock, and correct LEO ephemeris. An unmanned
aerial vehicle (UAV) is tracked for two minutes using the
received signals from two Orbcomm satellites in [9].

Although, there has been some work on using LEOs for
localization, the current state of the art has failed to rigorously
characterize the interplay between the information from the



LEOs and 5G base station (BSs) for both 9D localization and
LEO ephemeris correction. Hence, in this paper, we utilize
the FIM to rigorously present the available information that
is obtainable in the LEO-receiver link, LEO-BS link, and
BS-receiver and the utility of this information for joint 9D
receiver localization and LEO ephemeris correction, which
leads to critical insights on the interplay between number of
LEOs, BSs, operating frequency, number of transmission time
slots, the combination of synchronized BSs and unsynchronized
LEOs, and the number of receive antennas.
Notation: The function F,(w;x,y)
Ey { (Vo In f(w)] [Vy In f(w)]" G (w; , )
describes the loss of information in the FIM defined by
F,(w;x,y) due to uncertainty in the nuisance parameters.
The inner product of z is ||z||* and the outer product of  is
||:cTH2. V.y is the first derivative of y with respect to x.
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II. SYSTEM MODEL

We consider Ny single antenna LEO satellites, N single
antenna BSs, and a receiver with Ny antennas. The Np
LEOs communicate with the Ng BSs and the receiver over
Ny transmission time slots as shown in Fig. 1. Similarly,
the Ng BSs communicate over Nx transmission time slots
with the receiver. There is a A; spacing between the Ng
transmission slots. The LEOs are located at py; b €
{1,2,--- ,Ng} and k € {1,2,---, Nk} while the BSs are
located at p, . ¢ € {1,2,--- ,Ng} and k € {1,2,--- , N }.
Finally, the receiver is located at py, k € {1,2,---, Nk }.
The LEOs, BSs, and receiver positions are defined with respect
to a global origin and a global reference axis. The position of
the antennas on the receiver can be defined with respect to the
receiver’s centroid as s, = QuS, where s, aligns with the
global reference axis and Qu = Q (ay, Yy, pu) defines a
3D rotation matrix [10]. The orientation angles of the receiver
are vectorized as ®y = [ay, Yu, <pU]T. The point, s,, can be
described with respect to the global origin as p, x = Pu,k+Su.
The receiver’s centroid can be described with respect to the
position of the b™ LEO satellite as PUk = Dbk + AUk Abu i
where dyy is the distance from point ppj to point
pu, and Apy . is the corresponding unit direction vector
Ay = [0S dpu,k Sin by, Sin Gpu,k in Oy, i, cos Opur i) *
The receiver’s u" antenna can be described with respect
to the position of the " LEO satellite as Puk = Dbk +
by, Ay, Where dp,  is the distance from point py to
point p,, 1 and Ay, i, is the corresponding unit direction vector
Apy = [COS Ppuk SN Oy ks, SIN Ppy g SIN Opy g, COS Opyy i) T
The receiver’s centroid can be described with respect to
the position of the ¢™ BS as pyr = pyi + durAdquk
where d,u; is the distance from point p,; to point
pu, and Agyy is the corresponding unit direction vector
AqU,k = [COS ¢qU,k sin 0qU7k,sin ¢qU,k sin aqUJC,COS QqUJC]T.
The receiver’s u™ antenna can be described with respect to
the position of the ¢™ BS as pur = Pgi + dgurDquk
where dg,, is the distance from point p,; to point
Pu.r and Ay, is the corresponding unit direction vector
Agur = [0S gukSinOgy k,Sin Ggu i Sin Oy, €08 O k] T
The ¢™ BS can be described with respect to the posi-

tion of the b LEO as p,x = Ppox + dpg g r Where
dpq,,; is the distance from point pp; to point p,; and
Aypg . is the corresponding unit direction vector Ay, =
[COS stch sin quk, sin ¢bq,k sin gbq,k’, COS qu7k]T

A. Transmit and Receive Processing

There are three transmission scenarios to consider: i) LEO-
receiver link, ii) LEO-BS link, and iii) BS-receiver link. At
time ¢, during k' transmission time slot, the N5z LEOs com-
municate with the N BSs and receiver over N transmission
time slots using quadrature modulation. The b LEO transmits
the following symbol

(D

where sy, 1 [t] is the modulation symbol and f. = § is the
operating frequency. Here, c is the speed of light, and X is the
wavelength. In this work, in the LEO-receiver link, only the
line of sight paths are considered, and the useful part of the
signal received at time ¢, during k" transmission time slot on
the ' receive antenna is

xbvk[t] = Sb’k[t] exp (j271’fct),

Lo [t] = Boui V2R {50,k [tobu.k] €xD(F (27 fobtrktobu,k)) } -
2
Here, [y, is the channel gain at the uh receive antenna
during the k" time slot. The effective time duration from the
b LEO to the u™ receive antenna is topy x =t — Touk + ObU
and the effective frequency observed at the receiver from
the b LEO is fooux = fe(1 — vouk) + €. During the
k™ time slot, the delay from the b™ LEO to the u™ receive
antenna is Ty, ) = “p“’r(p’;"“ﬁ’b’k)”. The time offset and
frequency offset of the b LEO satellite with respect to
the receiver is d,y and ey, respectively. The point, Pk
describes the uncertainty associated with the position of the
b" LEO during the k™ time slot. The Doppler observed
at the receiver with respect to the " LEO satellite is
VpUk = A;fak(vbk—’_vb—ck_w Here, vy, = vpAp and
vy, = vy Ay, are the velocities of the b™ LEO and receiver,
respectively. The speeds of the b LEO satellite and receiver
are v, and vy, respectively. The associated directions are de-
fined as Ab,k = [COS ¢b,k sin 0b,k7 sin ¢b,k sin 9b7k, [¢0)5] Qb,k}T
and AU,k = [COS ¢U,k sin '9U,k7 sin ¢U,k sin 9U,k7 COS 9U7k]T,
respectively. Here, ¥y, is the uncertainty related to the ve-
locity of the b LEO during the k" time slot.
In the LEO-BS link, only the line of sight paths are
considered, and the useful part of the signal received at time
t, during k™ transmission time slot on the ¢ BS is

1ibg 1 [t] = Bog. i V2R {56,k [Lobg. 1) €xD (5 (2T fovg,ktoba k) } -

3)
Here, B4,k is the channel gain at the ¢™ BS during the k™ time
slot. The effective time duration from the " LEO to the ¢ BS
is tobg,k = t—Tug,k +0pq and the effective frequency observed
at the ¢™ BS from the 8™ LEO is fopgr = fo(l — V) +
€v- During the k™ time slot, the delay from the ™ LEO to
the ¢ BS is 7y 2 [Pek=(PLrtPoi)l The time offset and
frequency offset of the b LEO satellite with respect to the
q" BS is dpg and €,q, respectively. The Doppler observed at




the ¢™ BS with respect to the b LEO satellite is vy, =
AT kw
. :

C

In the BS-receiver link, only the line of sight paths are
considered, and the useful part of the signal received at time
t, during k™ transmission time slot at the receiver is

= 6qu7kﬁ% {84,k [togu,k) exp(J (27 foqu ktoqu.k)) } -

“)
Here, Bgu. is the channel gain at the u™ antenna on the
receiver from the ¢ BS during the £™ time slot. The effective
time duration from the ¢ BS to the «"™ antenna on the
receiver i toquk = t — Tquk + dgu and the effective
frequency observed at the u™ receive antenna from the ¢
BS is foquk = fe(1 — vquk) + €qu. During the k™ time
slot, the delay from the ¢™ BS to the u' receive antenna is
Tquk = = ”p“kicp‘”‘” The time offset and frequency offset of
BSs with respect to the receiver are 0y and ey, respectively.
The Doppler observed at the receiver with respect to the ¢ BS
is vguk = Ay kW' With this formulation, the received
signal at the u' receive antenna during the k*" time slot from
the LEOs and BSs is

Ng
ylu k Z yqu k Z Hqu, k[t] + nu,k[t]a
q

t] = Z You,kt]
b
where n,, [t] ~ CN(0, No1) is the Fourier transformed ther-

mal noise local to the receiver’s antenna array. The received
signal at the ¢™ BS during the £*" time slot from the LEOs

is
Np
Yaklt] =D Ybg.klt]
b

where ngi[t] ~ CN(0,Noz) is the Fourier transformed
thermal noise local to the ¢™ BS.

Hqu,k [t]

(&)

You,k

— Z P ke [t] + M ke [t],

Np
= g klt] + ng.rlt], (6)
b

Remark 1. The offset 6y captures the unknown ionospheric
and tropospheric delay concerning the b LEO satellite as
well as the time offset in the LEO-receiver link. Similarly, the
offset dpq captures the unknown ionospheric and tropospheric
delay concerning the b LEO satellite as well as the time offset
in the LEO-BS link.

Here, the position of the ph LEO satellite and
the u receive antenna during the k" time slot is
Pb,k = Pb,o + f)b,lm Pu,k = Pu,o + ﬁU,ka where Pbv,0 and Pu,o
are the reference points of the b LEO satellite and the u™"
receive antenna, respectively. The distance travelled by the
b" LEO satellite and the u™ receive antenna are Dy, and
Pu. k- respectively. These traveled distances can be described
as Pok = (K — 1)AwpAp i, Puk = (K — 1) Ay Ay,

B. Received Signal Properties

The properties of the signal received across all Nx antennas
from the N LEOs are described with the aid of the: i) Fourier
transform of the baseband signal (spectral density) that is
transmitted by the b LEO satellite at time ¢ during the k™

time slot, Sp [ f f_ sp.k[t] exp (—j2m ft) dt, and ii)
Fourier transform of the baseband signal (spectral density) that
is transmitted by the ¢ BS at time ¢ during the &™ time slot,
S, klfl & \/ﬁ [ sqxltlexp (—j2m ft) dt. The properties
of the received 51gnals are

1) Effective Baseband Bandwidth: This relates to the vari-
ance of all the occupied frequencies. From the system defi-
nition, we have two effective baseband bandwidths aqy g, £

S22 2180,k [F112df 25 P21Sq A1 df

T T AP0 ) and g = | TS AT >

2) Baseband-Carrier Correlation (BCC): This property
helps to provide a compact representation of the mathemat-
ical description of the available information in the received

N I f\Sh k[f112 df
signals. agp ) = —, and
(S22, £21Su k[ F112dF) 2 (S22, 1S kL) dF ) 2
N 22 fIqu[f]\Qdf

Q2q.k =
(2 F21Saa L NIPAF) 2 ([ Sq il F)Pdr)
3) Received Signal-to-Noise Ratio: The SNR quantifies the

ratio of the power of the signal across its occupied frequencies
to the noise spectral density. Mathematically, given the system
model, the SNRs are

SNR £ SRR Y IS4 SNR 2
87?2 q 2 oo
Sl 122 1S [£) df, and SNR s
%f |Sq.klf f]I?df. The subsequent sections rely

heavily on these signal properties.

III. AVAILABLE INFORMATION ABOUT CHANNEL
PARAMETERS IN THE RECEIVED SIGNAL

The information about the channel parameters in the re-
ceived signal is presented in this section and serves as an
intermediate step to investigate the information needed for
localization.

A. Geometric and nuisance channel parameters

We can represent the observable parameters in signals from
the Np LEOs across the Ny antennas during the Ny time
) A [T T T
slots in vector form as: My = [11, V0 Bo, v, €00 ]
We can represent the observable parameters in signals from
the Ng BSs across the Ny antennas during the Nx time
. T
slots in vector form as: ng = [T, Vo, Bav, Squ, QU]
Lastly, we focus on parameters in the LEOs-BSs links. We
can represent the observable parameters in signals from the

Np LEOs at all the Ng BSs during the Ny time slots in
T

vector form as: Mg = {Tl}é, Vi B 6bQ,ebQ}

We have specified all the parameters that are observable in
the received signals. In the next section, we present mathemat-
ical preliminaries that help determine the information available
about these parameters in the received signals.

B. Mathematical Preliminaries

In estimation theory, two questions of paramount impor-
tance are the parameters that can be estimated and the con-
ditions that allow for the estimation of these parameters.
One way of answering these questions is through the Fisher



information matrix (FIM). To present the FIM, we assume
that for the parameters and system model in our work, there
exists an unbiased estimate 7} such that the error covari-
ance matrix satisfies the following information inequality

Eym {(h—m)(n—m)T} = Jyh> where Jy., is the FIM for
the parameter vector 1.

Definition 1. The FIM obtained from the likelihood due to
the observations is defined as Jy.,, = Fy(y|m;n,m). In
mathematical terms, we have

9 In x(y;n)}

Jy;n £ _]Eym [ ananT

where x(y;n) denotes the likelihood function considering y
and n.

(7

The FIM is a very useful tool, however it grows quadrati-
cally with the size of the parameter vector. Hence, it might be
advantageous to focus on a subset of the FIM. One way to do
this is to use the equivalent FIM (EFIM) [11].

. . T
Definition 2. Given a parameter vector, 1 = [n?,ng ] ,
where my is the parameter of interest, the resultant FIM has
the structure

J J
— Yini Yini,n2
Jy?ﬂ_ T
Yini,n2 Yin2
N X
where n € RY m; € R, J € R™™ Jymme €

R N=m) - and J m € RV= XN \ith 0 < N, and

the EFIM [12] ofparameter m is given by Iy, =T, —
Jru —J —-J J—l JT
Yyim ym Yim,m2T Yin2T Yini,me” 1 T
nuw J— :
Note that the term Jy;m = Jy mmz']y any - describes

the loss of information about 11 due to uncertainty in the nui-
sance parameters 13. This EFIM captures all the required in-
formation about the parameters of interest present in the FIM;

as observed from the relation (Jg, m)_ = [J;,;ln][l:n,l:n}

C. FIM for channel parameters

To derive the FIM for the channel parameters, we note that
likelihood is given by (8) in [2]. Considering all the Np LEOs,
Ny transmission time slots, and Ny receive antennas, we can
derive the FIMs for both cases of parameterization. The FIMs
for both parameterization cases result in a block diagonal. The
first case of parameterization produces

Jyn = Fy(ylm;n,m) =

diag {Fy(y|m:mu,muv), - - Fy(ymanzu, npv)
Fy(ylmimu,muo), -, Fy(ylmimvgu, ngu)
Fy(ylmime ma), - Fy(YlmnnsQ: MnsQ) ) -

Considering the LEOs-receiver link, the entries in FIM due
to the observations of the signals at the receiver from b LEO
satellite can be obtained through the simplified expression.

1

Fy(y\n;nbUmbU) = me

Ny Nk

>

u,k

®)

m{/vﬂbuﬂbu,k’[t]vnwugu,k[t] dt} .

We now present the non-zero entries focusing on the 6" LEO
satellite. We start with the delays focusing on the FIM for the
delay from the b™ LEO satellite during the ™ time slot on
the u' receive antenna.

Fy(yn; Toukes Touk) = —Fy (Y15 Touk, bv) = Sbljlljn WU k5

2 2
where wyuk = |y +2f0bU,koz1b7ka2b7k+fobU’k . All other

entries in the FIM focusing on delays in the b LEO link are
zero. The FIM focusmg on the Dopplers related to che b
LEO satellite is Fy(Y[7: vbvk, hvi) = 0.5 % SNRfC o -

The FIM of the Doppler observed with respect to the b LEO
satellite and the corresponding frequency offset durlng the k™
time slot is Fy (Y1 vou ks €bv) = —0.5 % SNRfc obu, k- All

other entries in the FIM related to the Dopplers in the b LEO
link are zero. Now, we focus on the channel gain in the b LEO
link. The FIM of the channel gain considering the received
signals from b LEO satellite to the u™ receive antenna during

the £ time slot is Fy (¥|7; Bouk> Bouk) = ————— .
y( | u,K U ) 471_2 |ﬁbu,k|2 bu,k

All other entries in the FIM related to the channel gain in
the b LEO link are zero. Now, we focus on the time offset
in the " LEO link. The FIM between the time offset and
the delay in the FIM due to the observations of the received
signals from b LEO satellite to the u™ receive antenna during
the k™ time slot is Fy(y|7]; Obu, Tbu,k) = Fy(y|7], Thu,k> 5bU)~
The FIM of the time offset in the FIM due to the observations
of the received signals from b LEO satellite to the u™ receive
antenna during the £ time slot is

Fy(yn;opu, dv) =

All other entries in the FIM related to the time off-
set in the ™ LEO link are zero. The FIMs related to
the frequency offset are presented next. The FIM of the
frequency offset and the corresponding Doppler observed
with respect to the b'" LEO satellite durmg the k" time
slot is Fy(ylms cov, v k) = —0.5 SNRft%,, . The FIM
of the frequency offset in the FIM due to the obser-
vations of the received signals from b" LEO satellite
to the u™ receive antenna durlng the k" time slot is

Fy(y|n; epu, eov) = 0.5 SNRtobu ke

The FIM for the channel parameters in the BSs-receiver and
LEO-BSs links are presented in [2].

IV. FIM FOR LOCATION PARAMETERS

In the previous sections, we have presented a system model
that captures unsynchronized LEOs in time and frequency
communicating with a receiver and a set of synchronized
BSs. We also presented a system model incorporating the BSs
communicating with the receiver. Subsequently, we derived the
available information in the received signals using the FIM.
In this section, we first highlight the location parameters and
transform the FIM for the channel parameters into the FIM
for location parameters. To highlight the location parameters,
we i) focus on the unknown receiver position at k = 0,
Pu,o. i) assume that the receiver velocity remains constant

Fy(yIn; Toukes Touk) = —Fy (Y15 6605 Tou k) -



across all Nk time slots, vy, = vy, Vk, iii) assume that
the uncertainty associated with the position of the " LEO
remains constant across all Ng time slots Py = Pro VK,
and iv) assume that the uncertainty associated with the velocity
of the b LEO remains constant across all N time slots
Uy, = Up,0 VK. Now, we highlight the location parameters as

K =
[PU0, vU,0, PU,PB0; VB0, C1U, s CNEU;€1Qy 5 CNEQ
G, Cnquls
where
PB,o = [i’:lT,o"" 713%3,0]T>'DB,0 = [ﬁ1T707"' 71311;7570}T7
U = [ﬂz;rUa5bU7€bU]TaCbQ = [5EQ75bQ7€bQ}T7
Cqu = [ﬂqTUﬁQU&QU}T

The location parameter vector, K, can be divided into kK =
[PU,0,vU,0, Pu, Pp,0, Vb,0) and k2 = [Ciu, -+, CnpU, €10,
,¢NpQs €1y, Enqu)- The FIM for the location param-
eters can be obtained from the FIM for the channel parameters,
Jy‘,,, using the bijective transformation Jy|,i £ TnJy‘nTE,
where Y ,; represents derivatives of the non-linear relationship
between the geometric channel parameters, 17, and the location
parameters [13]. The elements in the bijective transformation
matrix Y, are given in Appendix A. The EFIM taking
K1 = [Pu,o, VU0, Pu,Dbo, Ubo] as the parameter of interest

and K2 = [Civ, -+, CNpU,€1Qy s CNQ, C1Us 5, ENQU]
as the nuisance parameters is now derived.

A. FIM for the parameters of interest

Here, we present the FIM for the parameters of interest, K.
This FIM is represented by J |, and the entries in this FIM
are presented in the following Lemmas.

Lemma 1. The FIM of the 3D position of the receiver is

F,(y|m:pvuo,puo) =

WhU, k

2 e
2k Vpuo sk Vi, o Vou s definite J5

IR |~ Ao B + >
bk,
2 2 \V4 v
wUk c ouk pu,oYqU.k
q q PU,0
SR 5 AT+ 2
q,k,u

)
Lemma 2. The FIM of the 3D velocity of the receiver is

F,(y|m;vu,0,vu,0) =

242 T
(k — 1)2wpy, A2 Fetopu, s AUk Ay i
SNR | =Pl A, kA, T +
b BY c c
2,2 T
SNR, (k — 1)2qu,kA?A AT Ctnqu,kAqU,kAqu
P qu,k c? au.k Squk 2 c?

(10)

Lemma 3. The FIM for the 3D orientation of the receiver is

F,(yn; @y, ®y) =

E SNR W,k V &y Tou,k Vo, Tou k
b,k,u

(11

+ Z SNR WeU,k V&, Tqu, kvququ k

q,k,u
Lemma 4. The FIM for the 3D position uncertainty associated
with the b" LEO, Py is
Fy(y|m; Pv,0, Pv,0) =

2,42
wak ¢ obu,k Voo, OVbUkVpb oYUk

SNR | 2= Ay c AT
bu,k busk B T 2
U
2,2 T
SNR wbq,kA AT fctobq,kvﬁb,oVb(bk'vi’b,oybfbk'
ba.k 2 bq,k=bq,k 2

q,k
(12)

Lemma 5. The FIM for the 3D velocity uncertainty associated
with the b LEO, ¥y ¢ is

F,(y|m; 0,0, 00,0) =

(k — 1)2wyy, 1 A7 FEt e s BvU R AL i
NR|————A Al : :
P Sbu,g 62 buk bu,k + 2 62 +
(k — 1)%wpq A2 A obq kAbq,kAbq k
NR|————A AT
0k qu,g C2 ba,k bak + 2 C2
13)
Proof. For proof of these lemmas, see Appendix B. O

B. Loss in information due to uncertainty about the parame-
ters of interest

The reduction in information about the parameter of interest
due to the nuisance parameters is presented in Section IV-B
in [2].

V. NUMERICAL RESULTS

In this section, we use simulations to determine the minimal
combinations of Ng, Nk, Ng, and Ny that produce a positive
. It is important to note that while [1] indicates
at using 3 LEO satellites, 3 time slots, and Ny > 1
is enables the 9D localization of a receiver, the presence

vqu,k of uncertainty in the LEO ephemeris changes the analysis

nd results. Moreover, the presence of signals from 5G base
tations adds another dimension. Hence, in this section, we
investigate the use of signals in the LEO-receiver, LEO-BS,
and BS-receiver links for both 9D localization and ephemeris
correction. This investigation is carried out by analyzing the
conditions that make J‘;l w, POSitive deﬁnite. We notice that
Z/In is positive definite when N = 1, if Ng >= 3,
Ny > 1, and Ng >= 3. Again, the matrix JZ‘ is positive
definite when Ng = 2, if Ni >=3, Ny > 1, and Ng >=3.
Finally, the matrix J eyl «, 18 positive definite when Np = 3, if
Nk >=4, Ny > 1, and Ng >= 3. These conditions for joint
9D localization and ephemeris correction are obtained using



the following simulation parameters. The following frequen-
cies are considered f. € [10,27,40,60] GHz. The following
spacings between transmission time slots are considered A; €
[25, 50, 100, 1000, 10000, 20000, 50000] ms. We consider the
following number of LEOs and BSs Np € [1,2,3] and
Ngo € [1,2,3,4], respectively. The 3D coordinates of the
LEOs are randomly chosen, but the LEOs are approximately
2000 km from the receiver. The 3D coordinates of the receiver
and the BSs are also randomly chosen, but their distances
are 30 m and 100 m from the origin, respectively. The BSs
are stationary. However, the 3D velocity of the LEOs and
receiver are randomly chosen, but their speeds are 8000 m/s
and 25 m/s, respectively. The velocity of the LEOs is modeled
to change every time slot to capture the acceleration of the
LEOs. However, the velocity of the receiver remains constant
across all transmission time slots. For all links, the effective
baseband bandwidth is 100 MHz, and the BCC is 0 MHz. For
the b LEO and ¢" BS, we assume that the same signal is
transmitted across all N time slots, and the channel gain is
constant across all receive antennas and time slots. The CRLBs
for py,0. vu,0, ®u, Pp,o, and V;, ¢ are obtained by inverting
J Z\n and summing the appropriate diagonals. In Fig. 2a, we
notice that the CRLB of @ is not impacted by the center
frequency. From 2b, we notice that the number of receive
antennas does not substantially impact the CRLB obtainable
during estimation of vy g.
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Figure 2. (a) CRLB of ®; as a function of A;. (b) CRLB of ¥ o as

a function of Ny. For both plots, Ny = 64, the SNR is 20 dB which is
constant across all links, Ng = 3, Ng = 3 and Ni = 4.

VI. CONCLUSION

This paper has explored utilizing LEOs and 5G BSs for
both 9D receiver localization and LEO ephemeris correction.
We showed through the FIM that i) with one LEO, we need
three BSs and three-time slots to both estimate the 9D location
parameters and correct the LEO position and velocity, ii) with
two LEO, we need three BSs and three-time slots to both
estimate the 9D location parameters and correct the LEO
position and velocity, and iii) with three LEO, we need three
BSs and four-time slots to both estimate the 9D location
parameters and correct the LEO position and velocity. We
noticed from the CRLB that the operating frequency and
number of receive antennas have negligible impact on the
estimation accuracy of the orientation of the receiver and the
LEO velocity, respectively.

APPENDIX
A. Entries in transformation matrix
See Appendix A in [2].

B. Proof of elements in J,,.,.,
See Appendix B in [2].
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