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Abstract—In this paper, we ask if 9D localization (3D position,
3D velocity, and 3D orientation estimation) is possible with the
signals received from low earth orbit (LEQO) satellites. To answer
this question, we define a system model that captures i) the
possibility of a time offset between LEQOs caused by having
cheap synchronization clocks, ii) the possibility of a frequency
offset between LEOQOs, and iii) multiple transmission time slots
from a particular LEO. We transform the Fisher information
matrix (FIM) for the channel parameters to the FIM for the
location parameters and show the possible localization conditions.
Subsequently, we derive the FIM for the 9D localization (3D
position, 3D orientation, and 3D velocity estimation) in terms
of the FIM for the 3D localization. With these derivations, we
show that even in the presence of time and frequency offsets
between the LEOs, it is possible to perform 9D localization (3D
position, 3D velocity, and 3D orientation estimation) of a receiver
by utilizing the signals from three LEO satellites observed during
three transmission time slots received through multiple receive
antennas.

I. INTRODUCTION

There has been renewed interest in the use of low earth orbit
satellites as evidenced by the launch of several new satellites
into existing LEO constellations, such as Orbcomm, Iridium,
and Globalstar, as well as the creation of new constella-
tions such as Boeing, SpaceMobile, Onevveb, Telesat, Kuiper,
and Starlink [1]. Because this cluster of mega-constellations
will be closer to the earth than the current satellites in
global navigation satellite systems (GNSS), they will have
shorter propagation delays and encounter lower losses, thereby
providing greater potential accuracy in specific localization
scenarios. Moreover, LEO satellites could be used when the
GNSS signals are unavailable (such as in deep urban canyons,
under dense foliage, during unintentional interference, and
intentional jamming) or untrustworthy (e.g., under malicious
spoofing attacks). Due to these reasons, utilizing these LEO
satellites for localization is an increasing research direction.

A. Prior art

The authors in [2] provide an opportunistic experimental
framework to use at least eight Doppler shift measurements
to give estimates for the 3D position, 3D velocity, time offset,
and time offset rate. In [3], an opportunistic framework that
combines inertial measurement units with the signals from
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Figure 1. LEO-based localization systems with Np LEOs transmitting during
N transmission time slots to a receiver with Ny antennas.

the LEO satellites is developed to experimentally estimate the
position of LEO satellites, the time offset, and the LEO orbit.
Authors in [4] demonstrate experimentally that the signals
from two Orbcomm satellites can be used to opportunistically
track an unmanned aerial vehicle (UAV) for two minutes with
a position error of 15 m. In [5], an opportunistic framework
using Doppler measurement taken from Orbocomm satellites
over multiple time intervals is used to estimate the orbital
parameters and receiver position. Authors in [6] develop an
opportunistic framework to detect reference signals from six
Starlink satellites, and subsequently use this framework to
achieve a receiver positioning error of 20 m. The authors
in [7] propose an opportunistic framework to combine IMU
measurements with range and Doppler measurements. This
framework utilizes two Orbcomm, one Iridium and three
Starlink satellites to achieve position errors of 27.1 m and
18.4 m, respectively. A ground receiver localizes itself while
estimating the noise covariance matrix of a single Orbcomm
satellite with Doppler observed over time in [8].

In summary, current research has yet to provide a rigorous
explanation of the available information in LEO satellites from
the same or different constellations that are received by a
multiple antenna receiver during multiple transmission time
slots. Hence, in this paper, with the assumption that the LEO
orbits are known, we use information theory to rigorously
characterize this available information and its utility for the
9D localization of a receiver (3D position, 3D orientation,
and 3D velocity estimation) even in the presence of time and
Jfrequency offsets between the LEOs.



II. SYSTEM MODEL

We consider Np single antenna LEO satellites, each com-
municating with a receiver with Ny antennas, through trans-
missions in Ny different time slots. The transmission slots are
spaced by A;. At the k™ transmission time slot, the Nz LEO
satellites are located at pp s, b € {1,2,---,Np}and k €
{1,2,---,Nk}. The points, p; k, are described with respect
to a global origin. During the k" time slot, the receiver has
an arbitrary but known geometry with its centroid located
at py,. During the k™ time slot, the point, s,, describes
the u™ receive antenna with respect to the centroid while
the point, p, i, describes the position of this element with
respect to the global origin as p,, = Pux + Su. The
point, s,, can be written as s, = QuS, where s, aligns
with the global reference axis and Qu = Q (ay, Yy, vu)
defines a 3D rotation matrix [9]. The orientation an%les of
the receiver are vectorized as ®y = |ay,¥u,pu] . The
centroid of the receiver at point, py,, with respect to the
b LEO can be written as pyx = pox + dpvx Apu, e Where
dyy,r is the distance from point ppj to point py and
Ay, is the corresponding unit direction vector Auyr =
[cos pu, i Sin Oy 1, SIN Gy e SIN Oy 1, COS Opv7.1)T. During the
k™ transmission time slot, the angles ¢y 1, and Oy i, represent
the angle in the azimuth and elevation from the b™ LEO
satellite to the receiver.

A. Transmit and Receive Processing

The Np LEO satellites transmit in N different time slots,
each of equal durations. At time ¢, during the k™ time slot, the
b LEO satellite uses quadrature modulation and transmits the
following signal to the receiver x ; [t] = sp i [t] exp (j27 fct),
where sp ;[t] is the complex signal envelope of the signal
transmitted by the b LEO satellite during the ™ time slot,
and f. = c¢/\ is the operating frequency of LEO satellites.
The speed of light is ¢, and A is the operating wavelength.
The channel model from the LEO satellites to the receiver
consists only of the LOS paths. With this channel model and
the transmit signal, the signal at the u' receive antenna during
the k" time slot is

Yukt] = Z You,k[t],

Ny,
= Z Bou i V2R {8,k [tobuk] €xP( (27 fob it obuk)) }
b=1
+ Nk [t},
= ok [] + 1 i [E],
ey
where 1, . [t] and n,, k[t] ~ CN(0, Np) are the noise-free part
(useful part) of the signal and the Fourier transformed thermal
noise local to the receiver’s antenna array, respectively. Also,
Bbu,k is the channel gain from the b LEO satellite observed
at the u'™ receive antenna during the kM time slot, fopx =
fe(1 — vy i) + € is the observed frequency at receiver with
respect to the b™ LEO satellite, and tobuk =t — Tou,k + Op
is the effective time duration. In the observed frequency, vy i
is the Doppler with respect to the b LEO satellite, and ¢,

is the frequency offset measured with respect to the b LEO
satellite.

In the effective time duration, ¢ is the time offset at the
receiver measured with respect to the b LEO satellite, and
the delay from the u™ receive antenna to the b LEO satellite
during the k™ time slot is

s [Puk = Pol

Tou,k
c
Here, the position of the pth LEO satellite and
the u® receive antenna during the k™ time slot is
Pb.k = Pb,o + Pv.k, and Py = Pu,o + PU, respectively.
Here, py, and p,, are the reference points of
the b LEO satellite and the wu™ receive antenna,
respectively. The distance travelled by the b" LEO

satellite and the u™ receive antenna are Povi and Py k.
respectively. These traveled distances can be described as
Por = (K — 1)Awp Ay g, and pyi = (k — 1)Aoy Ay,

respectively. Here, v;, and vy are speeds of the b LEO satel-
lite and receiver, respectively. The associated directions are de-
fined as Ay = [cos ¢y k Sin O k, sin @y k. sin Oy k., cos Oy ] T
and AU,k = [cosngU,ksinﬁU’k,Sin¢U,ksinHU,hcosGU,k]T
respectively. Now, the velocity of the b" LEO satellite
and the velocity of the receiver are vy = vVpApp
and vy = vylyg, respectively. Hence, the Doppler
observed by the receiver from the b" LEO satellite is

_ AT  (vo,k—vuk)
Vb,k*AbU,k c

bl

B. Properties of the Received Signal

In this section, we discuss the properties that are observable
in the signal at the receiver across all receive antennas and
during all the transmission slots. To accomplish this, we
consider the Fourier transform of the baseband signal that is
transmitted by the b LEO satellite at time ¢ during the k%
time slot Sy x[f] £ —A= [7_syi[t]exp (—j2n ft) dt. This
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Fourier transform is called the spectral density.

1) Effective Baseband Bandwidth: This can be viewed as
the average of the squared of all frequencies normalized
by the area occupied by the spectral density, Sy ;. Math-
ematically, the effe(l:tive baseband bandwidth is oy £
(P; fQSb,kmFdf) ?

S22 IS0,k LF] 1 df '

2) Baseband-Carrier Correlation (BCC): Mathematically,

. a T2, f1Su.klf112df
the BCC is agp 1, =

(2=, £21S0 kL F1dF) 2 (S22, 10 4 1F)12dF)
later sections, the term aop  Wwill help provide a compact

representation of the mathematical description of the available
information in the received signals.

3) Received Signal-to-Noise Ratio: The SNR is the ratio
of the power of the signal across its occupied frequencies to
the noise spectral density. Mathematically, the SNR is SNR £

bu,k
872 | Byu 1 |? o0 2
=Rt [0 [Se A df.
The mathematical description of the available information
useful for localization is written in terms of these received
signal properties.
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III. AVAILABLE INFORMATION IN THE RECEIVED SIGNAL

In this section, we define the parameters, both geometric
channel parameters and nuisance parameters. The definition of
these parameters serves as an intermediate step to investigating
the available geometric information provided by LEOs, which
subsequently helps the investigation of the feasibility of LEO-
based localization under different types of LEO constellations,
number of LEOs, beam split, and number of receive antennas.

A. Error Bounds on Parameters

The analysis in this section is based on the received signal
given by (1), which is obtained from Np LEO satellites
on Ny receive antennas during Ny distinct time slots of
T durations each. The parameters observable in the signal
received by a receiver from the b LEO satellite on its Ny
receive antenna during the N different time slots are subse-
quently presented. The delays observed across the Ny receive
antennas during the k™ time slots are presented in vector form
bk = [Tb1,ks To2,ks - - ,TbNU’k-]T, then the delays across the
Ny receive antennas during all Ny time slots are also vec-

T
torized as follows 7, £ [Tgl, Ty Tk NK:| .The Doppler

observed with respect to the b LEO satellite across all the
Ny transmission time slots is v, £ [Vb,1, Vb2, - - ,I/b’NK]T

Next, the channel gain across the Ny receive antennas during
the kM time slots are presented in vector form By £
[Bo1.k> Bo2, ks - - - ,ﬁbNU,k]T, then the delays across the Ny
receive antennas during all Ng time slots are also vectorized

T
as follows B, £ |BL,, By, - ,BENK} . Note that if there
is no beam split, the channel gain remains constant across

all antennas and is simply 3, = {66,1766,27 o By

Moreover, if the channel gain is constant across all time
slots, we can further represent the b LEO transmission
by the scalar, ;. Finally, with these vectorized forms, the
total parameters observable in the signals received at a re-
ceiver from the b LEO satellite on its Ny receive an-
tenna during the Ng different time slots are vectorized as
follows an = [TbT ,UE ,ﬁg,éb,eb]T. All signals observable
from all Ny LEO satellites across Ny receive antennas
during the Ny different time slots are vectorized as T £
[n?,ng o ,n%B]T. After specifying the parameters that
are present in the signals received from the LEO satellites
- considering the time slots and receive antennas, we present
the mathematical preliminaries needed for further discussions.

B. Mathematical Preliminaries

Although we have specified the parameters in the signals
received in a LEO-based localization system, we still have
to investigate the estimation accuracy achievable when esti-
mating these parameters. Moreover, it’s unclear whether all
the parameters presented are separately observable and can
contribute to a localization framework. One way of answering
these two questions is by using the FIM.

Definition 1. The general FIM for a parameter vector, m, de-
fined as Jy.yy = Fy.n(y;m;m, M) is the summation of the FIM

obtained from the likelihood due to the observations defined as
Jyin = Fy(yn;n,n) and the FIM from a priori information
about the parameter vector defined as J,, = F,(n;n,n). In
mathematical terms, we have

2 .
Jy;n £ _Ey;n {W]
_ g, {82 lnx(yln)} & {32 lnx(n)} 2
onon’™ "L ononT
= Jyln +Jn,

where x(y;n) denotes the probability density function (PDF)
of y and n.

. . T
Definition 2. Given a parameter vector, n = [n?,nﬂ ,
where 1)1 is the parameter of interest, the resultant FIM has

the structure

J J
— Yyim Yini,M2
Jym - T
Yini,n2 Yin2

where n S RN,TH S Rn"]gml € Rnxnv‘]y;ﬂlﬂh €
RPX(N=1)  gnd Jym, € RW=m)X(N=n) \ith n < N, and

the EFIM [10] ofp&rameter m is given by Iy, =T, —
Jru — J J J—l JT

ysm yimr ~ YyimLmeY yineY yiny,ne

C. Fisher Information Matrix for Channel Parameters

In the definitions of the FIM and EFIM given in the
previous section, the expression of the likelihood of the
received signal conditioned on the parameter vector is
required. This likelihood for the received signal conditioned
on the parameter vector is defined considering the Np LEO
satellites, Ny receive antennas, and the Ng time slots,
and is presented in [1]. Subsequently, this FIM due to the
observations from the Np LEO satellite, received across the
Ny antennas, and during the Ny distinct time slots can be
computed with the likelihood function and Definition 1, and
it results in the diagonal matrix'. Jyin = Fy(ylmin,n) =
diag {Fy (y|m;m1,m), .-, Fy(ylm; M5, mn,) - The
entries in FIM due to the observations of the received
signals from " LEO satellite can be obtained
through the simplified expression. Fy(y|n;ms,m) =
5 SV R Vot k[ 8L 1 [2] dtf . The  mon-
zero elements in the FIM are presented next. Considering
the " LEO satellite, the FIM focusing on the delays

at the u™ receive antenna during the k"M time slot is
Fy(ym; mouks Touk) = —Fy(Y|05 Touk, ) = S}}jgwb,k-
where wyx = |3, . + 2fob kb k28 + [ |-

The FIM focusing on the Doppler observed with respect to
the b LEO satellite at the receiver during the k™ time slot is
presented next. The FIM of the Doppler observed with respect
to the b'" LEO satellite at the receiver during the k™ time slot
is Fy(y|n;vpk, vok) = 0.5 % Sblj}}fftil)%k. The FIM of the

Doppler observed with respect to the " LEO satellite and

'With the assumption that the parameters from different LEO satellites are
independent.



the corresponding frequency offset during the k" time slot is
Fy(y[n; vor, er) = —0.5 % SNRfctf)bu X

The FIM of the channel gam in the FIM due to the
observations of the received signals from b LEO satel-
lite to the u receive antenna during the k™ time slot is

Fy (Y[ Bou,k, Bouk) = 7 NR.

1
72 Byu e |* oy ko
The FIM focusing on the time offset at the u™ receive
antenna during the ™ time slot with respect to the 6" LEO
satellite is presented next. The FIM of the time offset in the
FIM due to the observations of the received signals from b
LEO satellite to the u™ receive antenna during the k" time
slot is

Fy(y|n; oy, 0) =

The FIM focusing on the frequency offset at the u™ receive

antenna during the k" time slot with respect to the b LEO
satellite is presented next. The FIM of the frequency offset in
the FIM due to the observations of the received signals from

b LEO satellite to the u™ receive antenna during the kM time
slot is Fy(y|m; €, ) = 0.5 = SNRtobu k-

The FIM of the channel parameters based on the observa-
tions of the received signals, is used to derive the FIM of the
receiver’s location in the next section.

IV. FISHER INFORMATION MATRIX FOR LOCATION
PARAMETERS

In the previous section, we highlighted the useful and
nuisance parameters present in the signals received from the
Np LEO satellites across the Ny receive antennas during Ng
different time slots. Subsequently, we derived the information
about these parameters present in the received signals and
presented the structure of these parameters. In this section,
we use the FIM for channel parameters to derive the FIM for
the location parameters and highlight the FIM structure. This
FIM for the location parameters will help us determine how
feasible it is to localize a receiver with the signals received
from LEO satellites.

To proceed, we define py = py, and vy = vy, and
the location parameters k = [py, @y, vy, €1,C2,  ,CNgls
where ¢, = [BF, 6, €] T and our goal is to derive the FIM of
the entire location parameter vector, or different combinations
of parameters, under different levels of uncertainty about the
channel parameters. The FIM for the location parameters, J |,
can be obtained from the FIM for the channel parameters,
Jyn. using the bijective transformation Jy,c £ X, Jy, YL,
where Y, represents derivatives of the non-linear relationship
between the geometric channel parameters, 7, and the location
parameters [11]. The elements in the bijective transformation
matrix Y, are given in Appendix A. With no a priori infor-
mation about the location parameters &, Jy.x = Jy.. The
EFIM taking x; = [pu, ®y,vy] as the parameter of interest
and ko = [(1,Ca, -, {Np] as the nuisance parameters is now
derived.

A. Elements in J ...
The elements in J ... are presented through the following

Lemmas. This FIM corresponds to the available information

Fy(Y|m; Tou ks Tou k) = —Fy(y[n; 06, Tou,k)-

of the location parameters <, when the nuisance parameters
are known.

Lemma 1. The FIM of the 3D position of the receiver is
Fy(y\n;pu,pu) =

e & ok Vou ok Vi, k}
bu,k 2 '
b,k,u
(3)
Proof. See Appendix B. [

Lemma 2. The FIM relating the 3D position and 3D orien-
tation of the receiver is

Fy(yln;pu, ®v) = Sbljg

b,k,u

w
%Abu KV, Tou, k‘|

“)
Proof. See Appendix B. O

Lemma 3. The FIM relating the 3D position and 3D velocity
of the receiver is

F,(yln;:pv,vv) =

2,2 T
Dwp, At Jetopu i Vou Ve, kBpy i
Z SR 7AbuykAgu,k - :

c2 2c

)
Proof. See Appendix B. [

Lemma 4. The FIM of the 3D orientation of the receiver is

PR

F,(yn; @y, ®y)

wb,kvéUTbu,kV};UTbu,k] .
(6)
Proof. See Appendix B. O

Lemma 5. The FIM relating the 3D orientation and 3D
velocity of the receiver is

F,(y|n; ®y,vy)

kE—1)Aw 7
I TS
bku
Proof. See Appendix B. O

Lemma 6. The FIM of the 3D velocity of the receiver is

F,(y|n;vu,vy) =
1)2A%wp T FEt 0k AbU R AL &
5 | T v TS
®)
Proof. See Appendix B. O

Remark 1. When all other location parameters are known, the
information available at the k™ time slot for the estimation of
3D velocity through the delay is a factor M more than

the information available for the estimation of 3D position.

Remark 2. It is impossible to estimate the 3D velocity of the
receiver using only the delays observed at one-time slot.



Jopr = iy, 11:3,1:3) = Fy(ylmspu, pu)

— Gy(y|n; pu, PU)

Y;pu
2

SNR Wh, k T obu % Vpu b, kv k]
b k? 2 ’ )

b D€ 2 )

2 —1 2 2 —1
2 SNRit
1 T T (fc)(tobu,k) bu,k obu,k
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y © “w wk PR w.k
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= ZSNR
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vor = Ty limo,m:0) = Fy(ylnivu,v0) — Gy(yIn;vo, o)
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B. Elements in Jy.

The elements in J Z“m are presented in [1]. These elements
represent the loss of information about «; due to uncertainty
in the nuisance parameters k. The elements in the EFIM for
the lo.cz.mon parameters, JZ .4, are obtained by approprlate}y
combining the Lemmas in Section IV-A and the Lemmas in
Section IV-B. The EFIM for the location parameters is

_ _ 1 qT

Ik = Ty = Jyins = Iy —J J . d

YiKk1 Yik1 YiR27 Y;KR1,KR2"°

bu,k

ZSNR — 1) AGy kWb k

Yik1,K2

C. FIM for 3D Localization

In this section, we consider available information for es-
timating one of the location parameters when the other two
location parameters are known. We start with the FIM for the
3D position estimation when both the 3D orientation and 3D
velocity are known, and then we proceed to the FIM for the
3D orientation estimation when both the 3D position and 3D
velocity are known. Finally, we present the FIM for the 3D
velocity estimation when the 3D position and 3D orientation
are known.

Theorem 1. First, when both the 3D orientation and 3D
velocity are known, the EFIM of the 3D position of the receiver
is given by (9). Second, when both the 3D position and 3D
velocity are known, the EFIM of the 3D orientation of the
receiver is given by (10). Finally, when both the 3D position
and 3D orientation are known, the EFIM of the 3D velocity
of the receiver is given by (11).

Proof. The proof follows by subtracting the appropriate Lem-
mas in Section IV-B from the Lemmas in Section IV-A, fol-
lowing the EFIM definition and then selecting the appropriate
diagonal. O

Next, we derive the FIM for 9D localization in terms of the
FIM for 3D localization.

242 T
e tobu,kAbU-,kAbU,k]

2 1
(;}; Sb}:{i{wb,k> + Xb:

(1)

(F)(E2, 1)
2c

Z SNR ATy

2 SNRe2,  \ !
bu,k %%
> |
<u,k 2
D. FIM for 9D Localization

In this section, we analyze the FIM when all location
parameters are unknown. More specifically, we present the
available information when all the location parameters - 3D
position, 3D orientation and 3D velocity are parameters to be
estimated.

Theorem 2. If Ji 4 is invertible then the loss in infor-
mation about py due to the unknown ®y and vy which
is specified by Jy., —exists if and only if S = Jg., —
I o, <I>u}[ vidu) Iy @y ey 18 invertible. Subsequently,
Jre is given by (13), and the EFIM for the 3D position

Y;Pu
in this 9D localization scenario is

U

JZQQPU = JZ ipu quiw (12)
Proof. See Appendix B. O

V. NUMERICAL RESULTS

This section presents simulation results that describe the
available information in signals received from LEO satellites
during multiple transmission time slots on receivers with
multiple antennas. We start by showing the minimum in-
frastructure needed to estimate different location parameters.
More specifically, we present the minimum number of LEO
satellites, time slots, and receive antennas that contribute to
3D position, 3D velocity, and 3D orientation estimation. We
also present the Cramer Rao bound (CRB) for 3D position, 3D
orientation, and 3D velocity estimation in the 9D localization
case. We present the CRB for the 3D position as a function
of the spacing between transmission time slots.

We use the following simulation parameters. The SNR is as-
sumed constant across the transmission time slots and receive
antennas, and the following set of SNR values is considered:
{40 dB, 20 dB, 0 dB, —20 dB}. The x,y, and z components of



JZ;MPU = JZ;[pU,qm][Ji;%r ']Zl;[@zhpu] + JZ;[pU,éu][JZ;%PJZ;[@U,W]SilJZ;[qu,«bu][Ji;%T J;?[‘I)U7PU]
o J?eJ;[PUﬂJU]S 1JZ§[’”U7¢’U][ ?eJ;‘PU] 1JZ§[<I’U7PU] o JZ;[PU7‘I>U][ Z;‘PU] 1JZ§[‘1’U7UU]S 1JZ§['”U7PU] (13)
+ JZ;[PUWU] Sil‘]z;[vu,PU]'
the position of the LEO satellites are randomly chosen, but
LEO satellites are approximately 2000 km from the receiver. 10° £SNR — 40 dBOSNR — 0 dB
The x,y, and z components of the velocity of the LEO satellites %
are randomly chosen and change every transmission time slot 10' - :A"SNR = 20 dBPSNR = —20 dB)
to depict acceleration, but the LEO satellites have a speed of _ OQ ____________
8000 m/s. The receiver’s position’s x,y, and z components are 2 107 % ____________ B>
randomly chosen, but the receiver is approximately 30 m from a8 ; 7** ______________ 1
the origin. The x,y, and z components of the receiver’s velocity 10 Se--_____ . TTTe- ©
are randomly chosen and remain constant to depict constant 3 » 7'-_"E| _____________ 1
velocity, but the receiver has a speed of 25 m/s. The effective o 10 |--.____ TTTes *
baseband bandwidth, ay; 1, is 100 MHz and the BCC, aagy i, e TR ]
is 0 MHz. we——- === 8
10 ‘ : ‘ ‘
A. Information available to find the 3D position of the receiver 0 02 04 A, (s) 06 08 !

when the 3D velocity and 3D orientation are unknown

1) Ng =3, Ng = 3, and Ny > 1: Even in the presence of
both offsets, there is enough information to estimate: i) J Z;‘i’u s
i) J Z;vu’ and iii) J ;ﬁvu' Hence, the loss in information about
pu due to the unknown ®y and vy which is specified by

JZ};,U exists. Further, since there is enough information to
estimate J? then J7,  can also be estimated by Theorem

2. Simulat?i;(;guresults verify that there is enough information
for J ;’ﬁ;U to be positive definite. Hence, py can be estimated
in the presence of both offsets.

2) Simulation results: Here, we present simulation results
for the CRLB when estimating pyy with N = 3, Np = 3, and
Ny > 1. In Fig. 2, we notice an improvement in positioning
error due to an increase in the length of the time interval
between the transmission time slots is more clearly seen.
This reduction in positioning error is slow from 25 ms to
100 ms but is drastic above 100 ms. This improvement in
positioning error is due to the speed of the LEO satellites.
The speed of satellites means that the same satellite can act as
multiple anchors in different time slots while still achieving
good geometric dilution of precision.

VI. CONCLUSION

In this paper, we have investigated the conditions that
allow for the estimation of a receiver’s 3D position, 3D
orientation, and 3D velocity using the signals received from
LEOs. We discovered that even in the presence of time and
frequency offsets between the LEOs, it is possible to perform
9D localization (3D position, 3D velocity, and 3D orientation
estimation) of a receiver by utilizing the signals from three
LEO satellites observed during three transmission time slots
received through multiple receive antennas.

APPENDIX

A. Entries in transformation matrix
See [1]

Figure 2. CRLB for pg; in the 9D localization scenario with f. = 1 GHz
and Ny = 4: focuses on A¢ values from Ay = 25 ms to Ay = 1 s.

B. Proof of Lemmas and Theorems
See [1].
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