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Abstract—In this paper, we rigorously derive the information in
the signals received from low earth orbit (LEO) satellites, which
are unsynchronized in time and frequency, and their utility for 3D
position estimation. To enable this derivation, we define a system
model that captures i) the time offset between LEOs caused
by having cheap clocks, ii) the frequency offset between LEOs,
and iii) multiple transmission time slots from a particular LEO.
After this definition, we derive the Fisher information matrix
(FIM) for the relevant channel parameters and transform the
FIM for the channel parameters to the FIM for the 3D position.
These derivations show the interactions between the number
of LEOs, the operating frequency, the number of transmission
time slots, and the number of receive antennas. Subsequently,
these allow us to determine the minimal number of LEOs, the
number of transmission time slots, and the number of receive
antennas needed to determine the 3D position. One key result is
that when the LEOs are unsynchronized in time and frequency
and experience a high Doppler rate, the 3D position can be
determined by observing a single LEO for four transmission
time slots.

I. INTRODUCTION

The race to provide low earth orbit (LEO) position, navi-
gation, and timing services is on [1]. LEOs for localization
can provide an alternative to the global navigation satellite
system (GNSS) in the inevitable scenario when GNSS is
unavailable or under attack from malicious sources. Research
on LEO-based positioning ranges from dedicated [2]–[6] to
semi-opportunistic to opportunistic techniques [7]–[16]. The
authors in [2] propose a dedicated framework for utilizing
broadband LEO constellations for navigation. The proposed
framework utilizes delay measurements and is evaluated by
considering the position errors as a function of the product of
the geometric dilution of precision (GDOP) and the ranging
errors. The ranging errors incorporate clock offset, and the
orbit is assumed to be known, with the justification that the
orbit can be accurately predicted by fifteen observing ground
stations (just like the framework used in Galileo). This paper
does not provide a theoretical FIM, experimental verification,
and orientation and velocity estimation. In [3], a vision of
a fused GNSS and dedicated LEO architecture in which
existing clocks, modems, antennas, and spectrum of broadband
satellite mega-constellations are dual-purposed for delay-based
positioning.
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Figure 1. LEO-based localization systems with NB LEOs transmitting during
NK transmission time slots to a receiver with NU antennas.

In [4], the authors provide a dedicated framework for uti-
lizing Doppler measurements from Amazon Kuiper Satellites
are used for receiver positioning. Reference signal design for
a dedicated framework using delay measurements is proposed
in [5]. A dedicated framework is provided for massive MIMO-
based integrated localization and communication, in which
the delay and Doppler are used to position a receiver to
improve the transmission rate in [6]. Authors in [7] design
an experimental opportunistic framework to use eight Doppler
measurements to find the position, velocity, and time offset of
a receiver. In [8], measurements from Orbocmm satellites to
track a receiver for 2 minutes. The authors in [9] develop a
machine learning framework to estimate orbital parameters of
an Orbocomm satellites. In [10], the reference signal from six
Starlink satellites is acquired and used to position a receiver.
In [12], a receiver is developed that combines signals from
LEOs and 5G base stations to provide a position estimate. In
[13], an Orbocomm satellite with a known orbit is observed
at different time slots and used to position a receiver. In
[14], the received signal frequency spectrum is mathematically
characterized, a characterization that accounts for the high
dynamic nature of the channel, which results from the speed
of LEO satellites. A Doppler discriminator is proposed to
differentiate between satellites, and a Doppler tracking algo-
rithm is proposed. Finally, this opportunistic framework uses
Doppler measurements to obtain a 2D position error of 4.3
m. The authors in [15] assume that the satellite’s position and
velocity are known, then a receiver is proposed. Subsequently,
Doppler measurements from two Orbcomm satellites are used
to position a receiver to an accuracy of 11 m opportunistically.



In [16], the spectrum of six LEO satellites is investigated. It
was noticed that three of the satellites used tones while the
other three used OFDM. The satellites were used to achieve a
horizontal positioning error of 6.5 m opportunistically.

Although there has been some research on LEO-based posi-
tioning, the available information for LEO-based 3D position
estimation needs to be rigorously characterized. Hence, in this
paper, we utilize the Fisher information matrix (FIM) to derive
the information needed for 3D positioning in the signals from
unsynchronized LEOs (time and frequency) received during
multiple transmission slots across multiple receive antennas.
Moreover, the minimal infrastructure required to provide 3D
position estimation is presented after simulations.

II. SYSTEM MODEL

We consider NB single antenna LEO satellites, each com-
municating with a receiver with NU antennas, through trans-
missions in NK different time slots. The transmission slots are
spaced by ∆t. At the kth transmission time slot, the NB LEO
satellites are located at pb,k, b ∈ {1, 2, · · · , NB} and k ∈
{1, 2, · · · , NK}. The points, pb,k, are described with respect
to a global origin. During the kth time slot, the receiver has
an arbitrary but known geometry with its centroid located
at pU,k. During the kth time slot, the point, su, describes
the uth receive antenna with respect to the centroid while
the point, pu,k, describes the position of this element with
respect to the global origin as pu,k = pU,k + su. The
point, su, can be written as su = QU s̃u where s̃u aligns
with the global reference axis and QU = Q (αU , ψU , φU )
defines a 3D rotation matrix [17]. The orientation angles of
the receiver are vectorized as ΦU = [αU , ψU , φU ]

T. The
centroid of the receiver at point, pU,k with respect to the
bth LEO can be written as pU,k = pb,k + dbU,k∆bU,k where
dbU,k is the distance from point pb,k to point pU,k and
∆bU,k is the corresponding unit direction vector ∆bU,k =
[cosϕbU,k sin θbU,k, sinϕbU,k sin θbU,k, cos θbU,k]

T. During the
kth transmission time slot, the angles ϕbU,k and θbU,k represent
the angle in the azimuth and elevation from the bth LEO
satellite to the receiver.

A. Transmit and Receive Processing

The NB LEO satellites transmit in NK different time slots,
each of equal durations. At time t, during the kth time slot, the
bth LEO satellite uses quadrature modulation and transmits the
following signal to the receiver xb,k[t] = sb,k[t] exp (j2πfct),
where sb,k[t] is the complex signal envelope of the signal
transmitted by the bth LEO satellite during the kth time slot,
and fc = c/λ is the operating frequency of LEO satellites.
The speed of light is c, and λ is the operating wavelength.
The channel model from the LEO satellites to the receiver
consists only of the LOS paths. With this channel model and

the transmit signal, the signal at the uth receive antenna during
the kth time slot is

yu,k[t] =

NB∑
b

ybu,k[t],

=

Nb∑
b=1

βbu,k
√
2ℜ{sb,k[tobu,k] exp(j(2πfob,ktobu,k))}

+ nu,k[t],

= µu,k[t] + nu,k[t],
(1)

where µu,k[t] and nu,k[t] ∼ CN (0, N0) are the noise-free part
(useful part) of the signal and the Fourier transformed thermal
noise local to the receiver’s antenna array, respectively. Also,
βbu,k is the channel gain from the bth LEO satellite observed
at the uth receive antenna during the kth time slot, fob,k =
fc(1 − νb,k) + ϵb is the observed frequency at receiver with
respect to the bth LEO satellite, and tobu,k = t − τbu,k + δb
is the effective time duration. In the observed frequency, νb,k
is the Doppler with respect to the bth LEO satellite, and ϵb
is the frequency offset measured with respect to the bth LEO
satellite.

In the effective time duration, δb is the time offset at the
receiver measured with respect to the bth LEO satellite, and
the delay from the uth receive antenna to the bth LEO satellite
during the kth time slot is τbu,k ≜ ∥pu,k−pb,k∥

c .

Remark 1. The unknown Doppler rate due to the speed of the
LEOs is captured by the fact that the Doppler measurements,
νb,k, change every transmission time slot. In the subsequent
sections, we will show that these changing Doppler measure-
ments provide more degrees of freedom for localization. Also,
the offset, δb, captures the unknown time offset as well as the
unknown ionospheric and tropospheric delay concerning the
bth LEO satellite.

Here, the position of the bth LEO satellite and
the uth receive antenna during the kth time slot is
pb,k = pb,o + p̃b,k, and pu,k = pu,o + p̃U,k, respectively.
Here, pb,o and pu,o are the reference points of
the bth LEO satellite and the uth receive antenna,
respectively. The distance travelled by the bth LEO
satellite and the uth receive antenna are p̃b,k and p̃u,k,
respectively. These traveled distances can be described as
p̃b,k = (k − 1)∆tvb∆b,k, and p̃U,k = (k − 1)∆tvU∆U,k,
respectively. Here, vb and vU are speeds of the bth LEO satel-
lite and receiver, respectively. The associated directions are de-
fined as ∆b,k = [cosϕb,k sin θb,k, sinϕb,k sin θb,k, cos θb,k]

T

and ∆U,k = [cosϕU,k sin θU,k, sinϕU,k sin θU,k, cos θU,k]
T,

respectively. Now, the velocity of the bth LEO satellite
and the velocity of the receiver are vb,k = vb∆b,k

and vU,k = vU∆U,k, respectively. Hence, the Doppler
observed by the receiver from the bth LEO satellite is
νb,k = ∆T

bU,k(vb,k − vU,k).



B. Properties of the Received Signal

In this section, we discuss the properties that are observable
in the signal at the receiver across all receive antennas and
during all the transmission slots. To accomplish this, we
consider the Fourier transform of the baseband signal that is
transmitted by the bth LEO satellite at time t during the kth

time slot Sb,k[f ] ≜ 1√
2π

∫∞
−∞ sb,k[t] exp (−j2πft) dt. This

Fourier transform is called the spectral density.
1) Effective Baseband Bandwidth: This can be viewed as

the average of the squared of all frequencies normalized
by the area occupied by the spectral density, Sb,k. Math-
ematically, the effective baseband bandwidth is α1b,k ≜( ∫ ∞

−∞ f2|Sb,k[f ]|2df∫ ∞
−∞|Sb,k[f ]|2df

) 1
2

.

2) Baseband-Carrier Correlation (BCC): Mathematically,
the BCC is α2b,k ≜

∫ ∞
−∞ f |Sb,k[f ]|2df

(
∫ ∞
−∞ f2|Sb,k[f ]|2df)

1
2 (

∫ ∞
−∞|Sb,k[f ]|2df)

1
2
. In

later sections, the term α2b,k will help provide a compact
representation of the mathematical description of the available
information in the received signals.

3) Received Signal-to-Noise Ratio: The SNR is the ratio
of the power of the signal across its occupied frequencies to
the noise spectral density. Mathematically, the SNR is SNR

bu,k
≜

8π2|βbu,k|2
N0

∫∞
−∞ |Sb,k[f ]|2 df.

The mathematical description of the available information
useful for 3D positioning is written in terms of these received
signal properties.

III. AVAILABLE INFORMATION IN THE RECEIVED SIGNAL

In this section, we define the parameters, both geometric
channel parameters and nuisance parameters. The definition of
these parameters serves as an intermediate step to investigating
the available geometric information provided by LEOs, which
subsequently helps the investigation of the feasibility of LEO-
based localization under different types of LEO constellations,
number of LEOs, beam split, and number of receive antennas.

A. Error Bounds on Parameters

The analysis in this section is based on the received signal
given by (1), which is obtained from NB LEO satellites
on NU receive antennas during NK distinct time slots of
T durations each. The parameters observable in the signal
received by a receiver from the bth LEO satellite on its NU

receive antenna during the NK different time slots are subse-
quently presented. The delays observed across the NU receive
antennas during the kth time slots are presented in vector form
τb,k ≜ [τb1,k, τb2,k, · · · , τbNU ,k]

T
, then the delays across the

NU receive antennas during all NK time slots are also vec-

torized as follows τb ≜
[
τT
b,1, τ

T
b,2, · · · , τT

b,NK

]T
.The Doppler

observed with respect to the bth LEO satellite across all the
NK transmission time slots is νb ≜ [νb,1, νb,2, · · · , νb,NK

]
T
.

Next, the channel gain across the NU receive antennas during
the kth time slots are presented in vector form βb,k ≜
[βb1,k, βb2,k, · · · , βbNU ,k]

T
, then the delays across the NU

receive antennas during all NK time slots are also vectorized

as follows βb ≜
[
βT
b,1,β

T
b,2, · · · ,βT

b,NK

]T
. Note that if there

is no beam split, the channel gain remains constant across

all antennas and is simply βb ≜
[
βb,1, βb,2, · · · , βb,NK

]T
.

Moreover, if the channel gain is constant across all time
slots, we can further represent the bth LEO transmission
by the scalar, βb. Finally, with these vectorized forms, the
total parameters observable in the signals received at a re-
ceiver from the bth LEO satellite on its NU receive an-
tenna during the NK different time slots are vectorized as
follows ηT

b ≜
[
τT
b ,ν

T
b ,β

T
b , δb, ϵb

]T
. All signals observable

from all NB LEO satellites across NU receive antennas
during the NK different time slots are vectorized as ηT ≜[
ηT
1 ,η

T
2 , · · · ,ηT

NB

]T
. After specifying the parameters that

are present in the signals received from the LEO satellites
- considering the time slots and receive antennas, we present
the mathematical preliminaries needed for further discussions.

B. Mathematical Preliminaries

Although we have specified the parameters in the signals
received in a LEO-based localization system, we still have
to investigate the estimation accuracy achievable when esti-
mating these parameters. Moreover, it’s unclear whether all
the parameters presented are separately observable and can
contribute to a localization framework. One way of answering
these two questions is by using the FIM.

Definition 1. The general FIM for a parameter vector, η, de-
fined as Jy;η = Fy;η(y;η;η,η) is the summation of the FIM
obtained from the likelihood due to the observations defined as
Jy|η = Fy(y|η;η,η) and the FIM from a priori information
about the parameter vector defined as Jη = Fη(η;η,η). In
mathematical terms, we have

Jy;η ≜ −Ey;η

[
∂2 lnχ(y;η)

∂η∂ηT

]
= −Ey

[
∂2 lnχ(y|η)
∂η∂ηT

]
− Eη

[
∂2 lnχ(η)

∂η∂ηT

]
= Jy|η + Jη,

(2)

where χ(y;η) denotes the probability density function (PDF)
of y and η.

Definition 2. Given a parameter vector, η ≜
[
ηT
1 ,η

T
2

]T
,

where η1 is the parameter of interest, the resultant FIM has
the structure

Jy;η =

[
Jy;η1

Jy;η1,η2

JT
y;η1,η2

Jy;η2

]
,

where η ∈ RN ,η1 ∈ Rn,Jy;η1
∈ Rn×n,Jy;η1,η2

∈
Rn×(N−n), and Jy;η2

∈ R(N−n)×(N−n) with n < N , and
the EFIM [18] of parameter η1 is given by Je

y;η1
= Jy;η1

−
Jnu
y;η1

= Jy;η1
− Jy;η1,η2

J−1
y;η2

JT
y;η1,η2

.

C. Fisher Information Matrix for Channel Parameters

In the definitions of the FIM and EFIM given in the pre-
vious section, the expression of the likelihood of the received
signal conditioned on the parameter vector is required. This



likelihood for the received signal conditioned on the parameter
vector is defined considering the NB LEO satellites, NU

receive antennas, and the NK time slots, and is presented next.

χ(y[t]|η) ∝
NB∏
b=1

NU∏
u=1

NK∏
k=1

exp

{
2

N0

∫ T

0

ℜ
{
µH
bu,k[t]ybu,k[t]

}
dt− 1

N0

∫ T

0

|µbu,k[t]|2 dt

}
.

(3)
Subsequently, this FIM due to the observations from

the NB LEO satellite, received across the NU antennas,
and during the NK distinct time slots can be computed
with the likelihood function (3) and Definition 1, and it
results in the diagonal matrix1. Jy|η = Fy(y|η;η,η) =
diag {Fy(y|η;η1,η1), . . . ,Fy(y|η;ηNB

,ηNB
)} . The

entries in FIM due to the observations of the received
signals from bth LEO satellite can be obtained
through the simplified expression. Fy(y|η;ηb,ηb) =
1
N0

∑NUNK

u,k ℜ
{∫

∇ηb
µbu,k[t]∇ηb

µH
bu,k[t] dt

}
. The non-

zero elements in the FIM are presented next. Considering
the bth LEO satellite, the FIM focusing on the delays
at the uth receive antenna during the kth time slot is
Fy(y|η; τbu,k, τbu,k) = −Fy(y|η; τbu,k, δb) = SNR

bu,k
ωb,k.

where ωb,k =

[
α2
1b,k + 2fob,kα1b,kα2b,k + f2ob,k

]
.

The FIM focusing on the Doppler observed with respect to
the bth LEO satellite at the receiver during the kth time slot is
presented next. The FIM of the Doppler observed with respect
to the bth LEO satellite at the receiver during the kth time slot
is Fy(y|η; νb,k, νb,k) = 0.5 ∗ SNR

bu,k
f2c t

2
obu,k. The FIM of the

Doppler observed with respect to the bth LEO satellite and
the corresponding frequency offset during the kth time slot is
Fy(y|η; νb,k, ϵb) = −0.5 ∗ SNR

bu,k
fct

2
obu,k.

The FIM of the channel gain in the FIM due to the
observations of the received signals from bth LEO satel-
lite to the uth receive antenna during the kth time slot is
Fy(y|η;βbu,k, βbu,k) = 1

4π2|βbu,k|2
SNR
bu,k

.

The FIM focusing on the time offset at the uth receive
antenna during the kth time slot with respect to the bth LEO
satellite is presented next. The FIM of the time offset in the
FIM due to the observations of the received signals from bth

LEO satellite to the uth receive antenna during the kth time
slot is

Fy(y|η; δb, δb) = Fy(y|η; τbu,k, τbu,k) = −Fy(y|η; δb, τbu,k).

The FIM focusing on the frequency offset at the uth receive
antenna during the kth time slot with respect to the bth LEO
satellite is presented next. The FIM of the frequency offset in
the FIM due to the observations of the received signals from

1With the assumption that the parameters from different LEO satellites are
independent.

bth LEO satellite to the uth receive antenna during the kth time
slot is

Fy(y|η; ϵb, ϵb) = 0.5 ∗ SNR
bu,k

t2obu,k.

The FIM of the channel parameters, based on the observa-
tions of the received signals, is used to derive the FIM of the
receiver’s 3D position in the next section.

IV. FISHER INFORMATION MATRIX FOR LOCATION
PARAMETERS

In the previous section, we highlighted the useful and
nuisance parameters present in the signals received from the
NB LEO satellites across the NU receive antennas during NK

different time slots. Subsequently, we derived the information
about these parameters present in the received signals and
presented the structure of these parameters. In this section,
we use the FIM for channel parameters to derive the FIM for
the location parameters and highlight the FIM structure. This
FIM for the location parameters will determine how feasible
it is to find the 3D position of a receiver with the signals
received from LEO satellites.

To proceed, we define pU = pU,0 and the location parame-
ters κ = [pU , ζ1, ζ2, · · · , ζNB

], where ζb =
[
βT
b , δb, ϵb

]T
,

and our goal is to derive the FIM of the entire location
parameter vector, or different combinations of parameters,
under different levels of uncertainty about the channel pa-
rameters. The FIM for the location parameters, Jy|κ can be
obtained from the FIM for the channel parameters, Jy|η , using
the bijective transformation Jy|κ ≜ ΥκJy|ηΥ

T
κ , where Υκ

represents derivatives of the non-linear relationship between
the geometric channel parameters, η, and the location pa-
rameters [19]. The elements in the bijective transformation
matrix Υκ are given in Appendix A. With no a priori
information about the location parameters κ, Jy;κ = Jy|κ.
The EFIM taking κ1 = pU as the parameter of interest and
κ2 = [ζ1, ζ2, · · · , ζNB

] as the nuisance parameters is now
derived.

A. Elements in Jy;κ1

The elements in Jy;κ1
are presented through the following

Lemmas. This FIM corresponds to the available information
of the location parameters κ1 when the nuisance parameters
are known.

Lemma 1. The FIM of the 3D position of the receiver is

Fy(y|η;pU ,pU ) =∑
b,k,u

SNR
bu,k

[
ωb,k

c2
∆bu,k∆

T
bu,k +

f2c t
2
obu,k∇pU

νb,k∇T
pU
νb,k

2

]
.

(4)

B. Elements in Jnu
y;κ1

The elements in Jnu
y;κ1

are presented in this section. These
elements represent the loss of information about κ1 due to
uncertainty in the nuisance parameters κ2.



Je
y;pU

= [Je
y;κ1

][1:3,1:3] = Fy(y|η;pU ,pU )−Gy(y|η;pU ,pU )

=
∑
b,k,u

SNR
bu,k

[
ωb,k

c2
∆bu,k∆

T
bu,k +

f2c t
2
obu,k∇pU

νb,k∇T
pU
νb,k

2

]

−
[∑

b

1

c2

∥∥∥∥∥∥
∑
k,u

SNR
bu,k

∆T
bu,kωb,k

∥∥∥∥∥∥
2∑

u,k

SNR
bu,k

ωb,k

−1

+
∑
b

∥∥∥∥∥∥
∑
k,u

SNR
bu,k

∇T
pU

νb,k
(fc)(t

2
obu,k )

2

∥∥∥∥∥∥
2 ∑

u,k

SNR
bu,k

t2obu,k

2

−1 ]
.

(6)

Lemma 2. The loss of information about 3D position of the
receiver due to uncertainty in the nuisance parameters κ2 is

Gy(y|η;pU ,pU ) =
∑
b

∥∥∥∥∥∥
∑
k,u

SNR
bu,k

∆T
bu,k

ωb,k

c

∥∥∥∥∥∥
2∑

u,k

SNR
bu,k

ωb,k

−1

+
∑
b

∥∥∥∥∥∥
∑
k,u

SNR
bu,k

∇T
pU

νb,k
(fc)(t

2
obu,k )

2

∥∥∥∥∥∥
2 ∑

u,k

SNR
bu,k

t2obu,k

2

−1

(5)

The elements in the EFIM for the location parameters,
Je
y;κ1

are obtained by appropriately combining the Lemmas
in Section IV-A and the Lemmas in Section IV-B. The EFIM
for the location parameters is

Je
y;κ1

= Jy;κ1
− Jnu

y;κ1
= Jy;κ1

− Jy;κ1,κ2
J−1
y;κ2

JT
y;κ1,κ2

.

Here, we consider available information for estimating the
3D position. This information is specified by the EFIM of the
3D position of the receiver and is given by (6).

V. NUMERICAL RESULTS

This section presents simulation results that describe the
available information in signals received from LEO satellites
during multiple transmission time slots on receivers with
multiple antennas. We start by showing the minimum infras-
tructure needed to estimate the 3D position. More specifically,
we present the minimum number of LEO satellites, time slots,
and receive antennas that contribute to 3D position estimation.
We also present the Cramer Rao bound (CRB) for 3D position
as a function of the spacing between transmission time slots.

We use the following simulation parameters. The SNR is as-
sumed constant across the transmission time slots and receive
antennas, and the following set of SNR values is considered:
{40 dB, 20 dB, 0 dB,−20 dB}. The x,y, and z components of
the position of the LEO satellites are randomly chosen, but
LEO satellites are approximately 2000 km from the receiver.
The x,y, and z components of the velocity of the LEO satellites
are randomly chosen and change every transmission time slot
to depict acceleration, but the LEO satellites have a speed of
8000 m/s. The receiver’s position’s x,y, and z components are
randomly chosen, but the receiver is approximately 30 m from
the origin. The x,y, and z components of the receiver’s velocity
are randomly chosen and remain constant to depict constant
velocity, but the receiver has a speed of 25 m/s. The effective
baseband bandwidth, α1b,k, is 100 MHz and the BCC, α2b,k,
is 0 MHz.

A. 3D Position Estimation

Here, we investigate the minimal number of time slots, LEO
satellites, and receive antennas that produce a positive definite
FIM for the 3D position of the receiver, which is defined by
(6). We start with the cases where we only have measurements
taken during a single time slot from various LEO satellites
considering single or multiple antennas.

1) NK = 1, NB = 1, and NU > 1: Under this condition,
the information is insufficient to find the 3D position of the
receiver when there is a time offset. However, without a time
offset, the information is enough to find the 3D position of the
receiver. The 3D position of the receiver can be obtained by
combining the available TOA measurements from the single
LEO satellite with the multiple receive antennas.

2) NK = 1, NB = 2, and NU = 1: Under this condition,
the information is insufficient to find the 3D position of the
receiver when there is a time offset, a frequency offset, or
both. However, without a time offset or frequency offset, the
information is enough to find the 3D position of the receiver.
These can be done with two TOAs from two LEO satellites
and a single Doppler measurement from either of the two
LEO satellites or with two Dopplers from two LEO satellites
and a single TOA measurement from either of the two LEO
satellites.

3) NK = 1, NB = 2, and NU > 1: Under this condition,
the information is insufficient to find the 3D position of the
receiver when there is a time offset, a frequency offset, or both.
Without a time offset or frequency offset, the 3D position can
be found using: i) two TOA measurements from two distinct
LEOs and a Doppler measurement from either of the LEO,
ii) two Doppler measurements from two distinct LEOs and
a TOA measurement from either of the LEO satellites, iii)
two unit vectors from two distinct LEOs obtainable due to the
presence of multiple receive antennas, which capture multiple
TOAs from a single LEO satellite, iv) one TOA measurement
from a distinct LEO and a unit vector from the other LEO
satellites, and v) one Doppler measurement from a distinct
LEO and a unit vector from the other LEO.

4) NK = 1, NB = 3, and NU = 1: Under this condition,
the information is insufficient to find the 3D position of the
receiver when both a time offset and frequency offset are
present. Without a time offset and frequency offset, the 3D
position can be found using: i) three TOA measurements from
three distinct LEO satellites, ii) three Doppler measurements
from three distinct LEO satellites, iii) two TOA measurements
from two distinct LEOs and Doppler measurement from either
of the LEO, and iv) two Doppler measurements from two



distinct LEOs and a TOA measurement from either of the
LEO satellites. With only a time offset, ii) can be used to find
the 3D position, while with only a frequency offset, i) can be
utilized to find the 3D position.

Now, we focus on the cases when we only have measure-
ments taken from a single LEO satellite considering single and
multiple receive antennas, and different number of time slots.

5) NK = 2, NB = 1, and NU = 1: Under this condition,
the presence of either a time or frequency offset means
there is insufficient information to find the 3D position of
the receiver. Without a time and frequency offset, there is
enough information to find the 3D position of the receiver
using: i) two TOAs from the same LEO satellite obtained
during two distinct time slots in combination with the Doppler
measurements obtained during either of the time slots with
respect to the LEO satellite, and ii) two Doppler measurements
obtained during the two distinct time slots with respect to the
LEO satellite in combination with the TOA obtained during
either of the time slots.

6) NK = 2, NB = 1, and NU > 1: Without a time and
frequency offset, there is enough information to find the 3D
position of the receiver using: i) two TOAs from the same LEO
satellite obtained during two distinct time slots in combination
with the Doppler measurements obtained during either of the
time slots with respect to the LEO satellite, and ii) two Doppler
measurements obtained during the two distinct time slots with
respect to the LEO satellite in combination with the TOA
obtained during either of the time slots. iii) two unit vectors
obtained during the two distinct time slots from the same LEO
satellite obtainable due to the presence of multiple receive
antennas, iv) one TOA measurement from the LEO during
either of the time slots and a unit vector from the LEO during
either of the time slots and v) one Doppler measurement from
the LEO during either of the time slots and a unit vector from
the other LEO during either of the time slots.

7) NK = 3, NB = 1, and NU > 1: Without a time and
frequency offset, there is enough information to find the 3D
position of the receiver using: i) three TOA measurements
obtained during three different time slots from a single LEO
satellite, ii) three Doppler measurements obtained during three
different time slots from a single LEO satellite, iii) two TOAs
from the same LEO satellite obtained during two distinct
time slots in combination with the Doppler measurements
obtained during either of the time slots with respect to the
LEO satellite, and iv) two Doppler measurements obtained
during the two distinct time slots with respect to the LEO
satellite in combination with the TOA obtained during either
of the time slots. v) two unit vectors obtained during the two
distinct time slots from the same LEO satellite obtainable due
to the presence of multiple receive antennas, vi) one TOA
measurement from the LEO during either of the time slots and
a unit vector from the LEO during either of the time slots, and
vii) one Doppler measurement from the LEO during either of
the time slots and a unit vector from the other LEO during
either of the time slots. With only a time offset, ii) can be
used to find the 3D position. With only a frequency offset, i),

v), and vi) can be used to find the 3D position.
We next present cases for NK > 3. These cases are unique

and special because they allow time and frequency difference
techniques to handle scenarios with both time and frequency
offsets.

8) NK = 4, NB = 1, and NU = 1: Without a time
and frequency offset, there is enough information to find the
3D position of the receiver using: i) four TOA measurements
obtained during four different time slots from a single LEO
satellite with one of the TOA measurements serving as a
reference measurement for time differencing, ii) four Doppler
measurements obtained during four different time slots from
a single LEO satellite with one of the Doppler measurements
serving as a reference measurement for frequency differencing,
iii) three TOA measurements obtained during three different
time slots from a single LEO satellite, iv) three Doppler
measurements obtained during three different time slots from a
single LEO satellite, v) two TOAs from the same LEO satellite
obtained during two distinct time slots in combination with
the Doppler measurements obtained during either of the time
slots with respect to the LEO satellite, and vi) two Doppler
measurements obtained during the two distinct time slots with
respect to the LEO satellite in combination with the TOA
obtained during either of the time slots. While with a time
offset, i), ii), and iv) can be used to provide the 3D position
of the receiver, with a frequency offset, i), ii), and iii) can be
used to provide the 3D position of the receiver. With both a
time and frequency offset, i) and ii) can be used to provide
the 3D position of the receiver.

9) NK = 4, NB = 1, and NU > 1: Without a time
and frequency offset, there is enough information to find the
3D position of the receiver using: i) four TOA measurements
obtained during four different time slots from a single LEO
satellite with one of the TOA measurements serving as a
reference measurement for time differencing, ii) four Doppler
measurements obtained during four different time slots from
a single LEO satellite with one of the Doppler measurements
serving as a reference measurement for frequency differencing,
iii) three TOA measurements obtained during three different
time slots from a single LEO satellite, iv) three Doppler
measurements obtained during three different time slots from a
single LEO satellite, v) two TOAs from the same LEO satellite
obtained during two distinct time slots in combination with
the Doppler measurements obtained during either of the time
slots with respect to the LEO satellite, and vi) two Doppler
measurements obtained during the two distinct time slots with
respect to the LEO satellite in combination with the TOA
obtained during either of the time slots. vii) two unit vectors
obtained during the two distinct time slots from the same LEO
satellite obtainable due to the presence of multiple receive
antennas, viii) one TOA measurement from the LEO during
either of the time slots and a unit vector from the LEO during
either of the time slots and ix) one Doppler measurement from
the LEO during either of the time slots and a unit vector from
the LEO during either of the time slots. With only a time offset,
i) ii), and iv) can be used to find the 3D position. With only a



frequency offset, i), ii), (iii), (vii), and viii) can be used to find
the 3D position. When both a time offset and frequency offset
are present, i) and ii) can be used to find the 3D position.

B. Simulation results
Here, we present simulation results for the CRLB when

estimating pU with NK = 4, NB = 1, and NU > 1. In
Fig. 2, we notice an improvement in positioning error due
to an increase in the length of the time interval between the
transmission time slots is more clearly seen. This reduction in
positioning error is slow from 25 ms to 100 ms but is drastic
above 100 ms. This improvement in positioning error is due to
the speed of the LEO satellites. The speed of satellites means
that the same satellite can act as multiple anchors in different
time slots while still achieving good geometric dilution of
precision.
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Figure 2. CRLB for pU with fc = 40 GHz and NU = 4: focuses on ∆t

values from ∆t = 25 ms to ∆t = 1 s.

VI. CONCLUSION

In this paper, we have explored the fundamental limits of
positioning performance using signals from unsynchronized
LEO satellites. This analysis has shed light on the relation-
ship between the number of signals needed, the operating
frequency, the number of time slots received and the number
of received antennas in order to obtain 3D position. One key
result is that when the LEOs are unsynchronized with each
other in time and frequency and experience a high Doppler
rate, the 3D position can be determined by observing a single
LEO for 4 transmission time slots, which are spaced at least
25 ms.

APPENDIX

A. Entries in transformation matrix
The derivative of the delay from the uth receive antenna

to the bth LEO satellite during the kth time slot with respect
to the pU is simply the unit vector from the uth receive
antenna to the bth LEO satellite during the kth time slot
normalized by the speed of light. This is represented next.
∇pU

τbu,k ≜ ∇pU

∥pu,k−pb,k∥
c = ∇pU

dbu,k

c =
∆bu,k

c . The
derivative of the Doppler observed at the receiver measured
from the bth LEO satellite during the kth time slot with respect
to pU is ∇pU

νb,k ≜
(vB−vU )−∆T

bU,k(vB−vU )∆bU,k

d−1
bU,k

.
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