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Abstract—A novel stochastic geometry framework is proposed
in this paper to study the downlink coverage performance
in a millimeter wave (mmWave) cellular network by jointly
considering the polar coordinates of the Base Stations (BSs) with
respect to the typical user located at the origin. Specifically, both
the Euclidean and the angular distances of the BSs in a maximum
power-based association policy for the UE are considered to
account for realistic beam management considerations, which
have been largely ignored in the literature, especially in the
cell association phase. For completeness, two other association
schemes are considered and exact-form expressions for the
coverage probability are derived. Subsequently, the key role
of angular distances is highlighted by defining the dominant
interferer using angular distance-based criteria instead of Eu-
clidean distance-based, and conducting a dominant interferer-
based coverage probability analysis. Among others, the numerical
results reveal that considering angular distance-based criteria
for determining both the serving and the dominant interfering
BS, can approximate the coverage performance more accurately
as compared to utilizing Euclidean distance-based criteria. To
the best of the authors’ knowledge, this is the first work that
rigorously explores the role of angular distances in the association
policy and analysis of cellular networks.

Index Terms—6G, 5G NR, beam management, coverage prob-
ability, millimeter-wave communication, stochastic geometry.

I. INTRODUCTION

Due to the rapid proliferation of the smart devices and novel

rate-greedy applications, mobile data traffic has witnessed

a tremendous growth. As the fifth generation (5G) cellular

networks become more ubiquitous and we start thinking

of the sixth generation (6G), the networks will continue

to expand to higher frequency bands to address the need

for extreme capacity. Recently, millimeter wave (mmWave)

and sub-Terahertz (THz) networks, operating at frequencies

between 24 and roughly 330 GHz, have attracted considerable

attention from both academia and industry due to the enormous

available bandwidth [1], [2]. However, the extremely high

data rates achieved in mmWave and sub-THz bands come

with challenging propagation characteristics, with the path

loss being a key issue. To overcome these limitations, first,
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mmWave networks are envisioned to be densely deployed

to achieve acceptable coverage [3]. However, increasing the

density of base stations (BSs) leads to severe interference

problems which in turn may cause a significant number

of transmission failures. Next, steerable antenna arrays with

highly directional antenna beams are needed to achieve high

power gain and improved coverage. Therefore, the antennas’

3 dB beamwidth becomes a key design parameter. In addition,

mmWave channels are sensitive to the dynamically changing

propagation environment (moving pedestrians, passing cars,

blockages, etc.). Thus, 5G New Radio (NR) mmWave wireless

networks rely on adaptive beamforming and beam selection

techniques for optimizing the performance.

In a network where the user equipment (UEs) and the

BSs are equipped with antenna arrays that are able to form

directional beams, one of the most rational criteria is to

perform the association of a UE to its serving BS based on the

maximum received power. Therefore, the probability density

function (PDF) of the desired signal received power should

be calculated based on both polar coordinates. As we will

discuss shortly, if one ignores practical beam management

considerations, cell association decisions can be made purely

based on the Euclidean distances. However, in this paper, it

is rigorously argued that if one accounts for practical issues

such as the limited capability of UEs to perform a perfect beam

alignment or an imperfect channel estimation, or a codebook-

based beamforming with limited number of beams, then one

needs to consider angular distances.

A. Related Work and Motivation

With the rise of 5G and beyond communication systems,

the use of multiple antennas at the BSs and the UEs has

introduced beamforming capabilities as a central feature in

5G NR that leads to higher data rates. However, a series of

beam management procedures are needed to ensure efficient

handling and network operation. The selection of the best re-

ceiving beam is performed by measuring the average received

signal power in each beam through exhaustive scanning in

a set of candidate serving BSs. The maximum power-based

association policy is governed by the distance dependent path

loss and the transmitting and receiving antenna gain patterns.

However, either a binary valued antenna pattern, called flat-

top pattern [4]−[6], or ideal conditions with realistic patterns,

http://arxiv.org/abs/2303.09939v3


2

i.e., perfect channel estimation and beam training, that imply

full alignment between BS’s transmitting and UE’s receiving

beams has been assumed in most cases. In this ideal baseline

scenario, the cell association decision is purely based on the

Euclidean distance between the two nodes [3], [7]−[12].

Many works in the literature have studied beam manage-

ment techniques and procedures for 5G NR networks by

adopting tools from stochastic geometry, since it captures the

spatial randomness of network elements [13]−[16]. Modeling

the spatial locations of BSs and/or UEs as point processes

allows the use of powerful tools from stochastic geometry

to derive tractable analytical results for several key perfor-

mance metrics. Therefore, in [17], the authors study among

others both the initial beam selection during BS handover and

beam reselection technique in a mmWave cell. However, the

interference from other BSs is ignored. To address this issue,

the authors in [18] develop a stochastic geometry framework

and conduct a detailed performance analysis in terms of the

average achievable rate and success probability. Going beyond

the coverage probability and the achievable rate, in [19],

the authors studied the average number of beam switching

and handover events, in mmWave vehicular networks. Beam

management techniques were also considered. In [20], both

the impact of beamwidth in the reliability and throughput of a

THz network and the impact of the highly directional antennas

on the beam management procedures was investigated.

In realistic mmWave networks, beam misalignment is in-

evitable, and the direction of the UE’s maximum gain may not

be necessarily fully aligned with the corresponding one of the

serving BS [21]. More specifically, beam misalignment can oc-

cur between the transmitting and receiving beams after channel

estimation during the 5G NR beam management-based UE’s

association policy [22] due to the following reasons: 1) use of

codebook-based beamforming at the UEs with limited number

of beams, 2) imperfect channel estimation, which results in

estimation errors in the angle-of-arrival (AoA) or angle-of-

departure (AoD), 3) imperfections in the antenna arrays, which

includes array perturbation and mutual coupling, 4) mobility of

the transceivers, and 5) environmental vibrations such as from

wind or moving vehicles. Indeed, by considering codebook-

based beamforming at the UE, the receiver is agnostic to

the conditions that provide maximum power and the UE

will perform scanning within a distance-limited finite area to

select the serving BS among a set of candidate serving BSs.

Therefore, it becomes clear that the selection of the serving

BS will strongly depend on its location and thus, one should

account for both polar coordinates of the candidate serving

BSs in the determination of the maximum receiver power.

Therefore, misalignment needs to be carefully accounted for

in the mathematical analyses if one is to capture realistic 5G

NR beam management-based association procedures. While

path-loss is just dependent on the frequency and Euclidean

distance, misalignment error, which is now a function of the

angular distance between the candidate serving BSs and the

UE, should be explicitly considered in the measurement of

the received power in the UE’s association policy. The authors

in [23] and [10] model the misalignment error as a random

variable following the truncated Gaussian distribution, whereas

the authors in [24], derived an empirical PDF for the mis-

aligned gain based on simulations. However, the consideration

of codebook-based beamforming at the UE necessitates a more

nuanced analysis. To the best of the authors’ knowledge,

this work proposes for the first time a stochastic geometry

framework to study the performance in a mmWave cellular

network by adopting 5G NR beam management-based proce-

dures and jointly considering the impact of both the Euclidean

and angular distances of the BSs in the UE’s association policy.

The use of the angular distance is critical for the accurate

estimation of the receiving antenna gain using 3GPP antenna

patterns and allows to depart from the ideal baseline scenario.

Along similar lines, many works have captured the effect

of the angular coordinate in the calculation of interference

power and correspondingly in performance analysis of cellular

networks by adopting realistic antenna patterns. In [25], the

authors considered the effect of beam misalignment utiliz-

ing a 3GPP-based antenna pattern in a stochastic geometry

framework. In [26], the authors investigated the impact of

directional antenna arrays on mmWave networks. Among

other insights, the role of realistic antenna patterns in the

interference power is demonstrated. In [27], a multi-cosine

antenna pattern is proposed to approximate the actual antenna

pattern of a uniform linear array (ULA) and the impact in the

interference power is highlighted. In [28], the authors adopt an

actual three dimensional antenna model and a uniform planar

array, which is mounted on UAVs, to examine the impact of

both azimuth and elevation angles on the interference power.

On another front, the idea of the dominant interferer has

been introduced in the literature to facilitate the calculation of

the SINR and provide a realistic and mathematically tractable

approximation of the accurate aggregate interference [29]−
[32]. The notion of angular distances and their implication

on the identification of the dominant interferer has recently

been highlighted in [33] and [34]. Accordingly, a dominant

interfering BS may not necessarily be the closest one to the

receiver. Indeed, a far interferer may cause severer interference

than a closer one, due to the fact that the AoA at the receiver

may fall within the 3dB beamwidth of the antenna beam.

In summary, even though angular coordinates have appeared

in the stochastic geometry-based analysis, their manifestation

in the received power as a consequence of realistic beam

management procedure and the overall effect on the system

performance has not been studied, which is the main objective

of this paper. Consequently, this work proposes for the first

time a stochastic geometry framework to study the implica-

tions of beam misalignment error in the association policy

and the corresponding performance of a mmWave cellular

network by adopting realistic 5G NR beam management-based

procedures and practical equipment limitations. Therefore, ex-

tended comparison of the ideal baseline scenario with several

association policies is provided, and evaluation of diverse

dominant interferer-based scenarios are highlighted.

B. Contributions

The main contributions of this paper are the following:
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1) Angular distance distributions: By exploiting fundamen-

tal concepts of stochastic geometry theory, both the nth nearest

node and joint angular distance distributions within a finite

ball are derived in closed form for a two-dimensional (2D)

finite homogeneous Poisson point process (HPPP). As it will

be shown, these distances play a key role in the definition of

dominant interferer in mmWave networks.

2) Refining the maximum power association policy in a

mmWave stochastic geometry framework: By employing the

HPPP for modeling the spatial locations of the BSs, a number

of BSs with known density are deployed in a mmWave cellular

network. The typical UE, which is equipped with a realistic

3GPP-based antenna pattern, exploits directional beamforming

capabilities under imperfect alignment to communicate with

the serving BS. In this work, beam misalignment at the

UE may occur due to limited codebook-based beamforming

at the UE and/or from imperfect channel estimation and/or

potentially antenna arrays imperfections 1, and clearly depends

on the random spatial location of the serving BS. Accordingly,

as a key contribution, a realistic beam management-based

association policy that jointly considers both the Euclidean

and angular distances of the BSs, is proposed for the UE.

The proposed policy takes into account both the directional

beamforming and the beam misalignment error at the UE

through the adoption of a 3GPP-based antenna pattern. Two

other association schemes, i.e., an ideal baseline scenario and

a purely angular distance-based association scheme, are also

proposed as special cases for completeness.

3) Coverage probability analysis: Performance analysis in

terms of coverage probability is conducted under the three

association schemes and analytical expressions are obtained.

As key intermediate results, the PDF of the maximum received

power and the Laplace transform (LT) of the aggregate inter-

ference power distributions, are derived in exact form.

4) Dominant interferer approach: A coverage probability

analysis is conducted under the assumption of a single domi-

nant interferer for the maximum received power association

policy. As a key result, the joint PDF of the maximum

received power from the serving BS and the received power

from the dominant interferer is derived. Conventionally, the

dominant interferer is considered as the nearest BS based on

the Euclidean distance. By extending the definition of the

dominant interferer as the nearest BS in angular distance w.r.t.

a reference line in mmWave networks, coverage probability

analysis is conducted for the two special cases under the

assumption of a dominant interferer for which exact-form

expressions are derived. To this end, the PDF of the ratio of

the nearest BS, in angular distance, antenna gain to that of the

second nearest BS, as well as the PDF of the ratio of the cor-

responding path-losses are derived as insightful intermediate

results. Subsequently, the corresponding analytical expressions

for the cumulative distribution function (CDF) of the achieved

signal-to-interference ratio (SIR) are obtained in exact form.

1According to the beam management procedure of the 3GPP NR for
mmWave frequencies [21], our framework is fully consistent with the Non-
Standalone-Uplink (NSA-UL) scheme and beam misalignment can occur
during the beam measurement phase as a result of possible array imperfections
at the UE and/or imperfect channel estimation.

The remainder of the paper is organized as follows. In

Section II, the angular distance distributions in a 2D finite

HPPP are derived as preliminaries. In Section III, the system

model is analytically presented and both the association poli-

cies and the beam selection schemes for the UE are proposed.

In Section IV, the coverage probability analysis under the

three association schemes, is presented while in Section V, the

coverage probability analysis is conducted under the dominant

interferer assumption. Section VI presents both the analytical

and the numerical results, while Section VII concludes the

paper.

II. MATHEMATICAL PRELIMINARY: ANGULAR DISTANCES

In this section, the mathematical constructs of angular

distances in 2D HPPP wireless networks defined over a finite

region, are presented. These will provide a firm foundation for

the understanding and analysis of the coverage probability in

mmWave cellular networks.

A. Angular Distance Distributions

As stated in [33], the investigation of the distributions of the

angular distances is based on defining the nth nearest point in

angle φ from a reference line. Consider a homogeneous PPP

Φ with intensity λ over b(o, r), where b(o, r) denotes a ball

of a finite radius r centered at the origin o. Let φn denote

the random variable representing the angular distance from an

arbitrary reference line to the nth nearest point of Φ in the

coordinate φ, as shown in Fig. 1a. Without loss of generality,

the reference line is assumed to be the x-axis. Let Ar,n denote

the event that b(o, r) contains at least n points of Φ.

Lemma 1. Conditioned on Ar,n, the PDF of the nth nearest

point in angular distance in b(o, r), is given by

fφn|Ar,n
(φ) =

(λr2)nφn−1

2n(Γ(n)− Γ(n, λπr2))
e−

λφr2

2 , φ ∈ [0, 2π],

(1)

where Γ(·) is the Gamma function defined as in [36, eq.

(8.310.1)] and Γ(·, ·) denotes the incomplete gamma function

defined as in [36, eq. (8.350.2)].

Proof. Let W (φ, r) denote a disk sector with dihedral angle

φ and radius r. The area of the disk sector is |W (φ, r)| = φr2

2 .

The conditional complementary CDF (CCDF) of φn is given

by

F̃φn|Ar,n
(φ) = P[Φ(W ) < n|Φ(b(o, r)) ≥ n]

=
P[Φ(W ) < n,Φ(b(o, r)) ≥ n]

P[Φ(b(o, r)) ≥ n]

=

∑n−1
k=0 Pk(φ, r)

(

1−∑n−k−1
l=0 Ql(φ, r)

)

∑∞
k=n Pk(2π, r)

,

(2)

where Pk(φ, r) = e−
λφr2

2
(λφr2

2 )k

k! , Ql(φ, r) =

e−λ(πr2−φr2

2 ) (λr
2(π−φ

2 ))l

l! and Φ(·) is a counting measure

denoting the number of points of the point process Φ falling in

an area. Now, the PDF of the conditional distance distribution

is given by fφn|Ar,n
(φ) = −dF̃φn|Ar,n(φ)

dφ . Along similar
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(a) φn ∈ [0, 2π] (b) |φ| ∈ [0, π]

Fig. 1: The nth nearest point in angular distance in a disk

sector.

conceptual lines as the proof presented in [35, Corollary 2.3],

fφn|Ar,n
(φ) can be obtained as

fφn|Ar,n
(φ) =

λr2

2 Pn−1(φ, r)
∑∞

k=0 Qk(φ, r)
∑∞

k=n Pk(2π, r)
. (3)

By noticing that
∑∞

k=0
xk

k!

conv
= ex ,

∞∑

k=n
n>0

xk

k!

conv
= ex(Γ(n)−Γ(n,x))

Γ(n)

and after applying some manipulations, we obtain (1). �

In mmWave cellular networks, it is often of interest the

absolute angular distance, |φ|, for the coordinate φ. This

definition is particularly useful when dealing with angular

distances from the direction of the maximum directivity in

an antenna beampattern [33]. Let |φ| ∈ [0, π], as shown in

Fig. 1b.

Corollary 1. Conditioned on Ar,n, the PDF f|φn|||Ar,n
(|φ|)

is given by

f|φn||Ar,n
(φ) =

(λr2)n|φ|n−1

Γ(n)− Γ(n, λπr2)
e−λ|φ|r2 , |φ| ∈ [0, π].

(4)

Proof. Letting φ = 2|φ| ∈ [0, 2π], then W (|φ|, r) = |φ|r2.

Then, the proof follows the same steps as the proof for

obtaining (1). �

B. Joint Distributions

As mentioned in Section I.A, a UE may now be connected

to the closest BS in angular distance. In this case, the dominant

interfering BS may not necessarily be the closest one to the

UE, but the closest BS in angular distance w.r.t the line of

communication link. This inspires the investigation of joint

distributions of angular distances.

Let |ϕn| denote the absolute angular distance from o to the

nth nearest point in absolute angular distance.

Lemma 2. Conditioned on Ar,2, the joint PDF of |ϕ1|, |ϕ2|
is given by

f
|ϕ1|,|ϕ2|

∣
∣Ar,2

(|ϕ1|, |ϕ2|) =
(λr2)2 e−λr2(|ϕ2|−π)

e−λπr2 − λπr2 − 1
, (5)

where |ϕ1| ∈ [0, π] and |ϕ2| ∈ [|ϕ1|, π].
Proof. See Appendix A. �

III. SYSTEM MODEL

This section presents the considered mmWave cellular net-

work and the key modeling assumptions.

 

RL

φ3dB/2

Gmax

x
φsφr

0

ϕr

R

 

Gmax

0

Fig. 2: Illustration of the system model.

A. Network Model

Consider a mmWave downlink cellular network, where the

locations of the BSs is modeled as a HPPP Φbs ⊂ R
2 with

intensity λbs. Let (rx, φx) denote the location of a BS located

at x ∈ Φbs, in terms of polar coordinates. The locations of UEs

are independently distributed according to some stationary

point process Φue. Also, a BS serves one UE at a time per

resource block and all BSs are assumed to transmit at the

same power p. Let (rs, φs) denote the location of the serving

BS x0 ∈ Φbs at a given time. Without loss of generality, the

receiving UE is assumed to be located at the origin o = (0, 0)
at that time. After averaging the performance of this UE over

Φbs, the receiving UE becomes the typical receiver, which will

be interchangeably referred to as just the receiver in this paper.

B. Beamforming and Antenna Modeling

A BS located at x ∈ Φbs is assumed to exploit beamforming

techniques to communicate with the receiver. In this work, a

worst-case interference scenario is considered in the mmWave

network as the maximum gain of all BSs’ antennas is assumed

to be always directed towards the receiver. Please note that

similar scenarios have already been employed in the literature

[38]. The receiver is assumed to be equipped with an antenna

array able to produce 2m receiving beams. The maximum gain

directions of these beams, i.e., the centers of the corresponding

3 dB beamwidths, are given by φm = 2π
2m with m ∈ N.

Please note that the maximums of the BS and UE beams

will not necessarily be aligned because of the discretization

on the UE side, which is the reason angular distances appear

in the analysis. In this work, a realistic 3GPP-based antenna

pattern recommended for 5G mmWave communications [37]

is adopted for the receiver and therefore, the actual antenna

gain within the 3dB beamwidth range is not constant. When

directed towards φr
0, this antenna has a radiation power pattern

(in dB) given by

G3gpp(φ− φr
0) = Gmax −min

{

12
(φ− φr

0

φ3dB

)2

, SLA

}

, (6)



5

where φ3dB is the 3dB beamwidth of the receiver’s antenna

and SLA = 30dB is the front-to-back ratio. The multiplicative

antenna gain factor is denoted by g3gpp(φ−φr
0). In this work,

the direction of maximum gain φr
0 is modeled as a discrete

random variable with probability mass function (pmf) given

by

φr
0 =







φ1
0 = π

2m , w.p. pφ = 1
2m

φ2
0 = π

2m + π
2m−1 , w.p. pφ = 1

2m

...

φ2m

0 = π
2m +

π

2m−1
+ ...+

π

2m−1
︸ ︷︷ ︸

(2m−1) terms

, w.p. pφ = 1
2m

,

(7)

A representative example of φr
0 is shown in Fig. 2, with 2m =

4 beams enabled at the UE. Unfortunately, the use of the array

pattern of (6) may lead to extremely intractable analysis [26].

For this reason, the array pattern is approximated by the two-

branch expression given by [39],

g(φ− φr
0) =






gmax10

− 3
10

(
2(φ−φr

0)

φ3dB

)2

, |φ− φr
0| ≤ φA

gs, φA ≤ |φ− φr
0| ≤ π

(8)

where gmax and gs are the multiplicative gain factors of Gmax,

and Gs = Gmax − SLA, correspondingly, whereas φA =
(φ3dB/2)

√

(10/3) log10(gmax/gs).

C. Blockage Model

As seen from the receiver location, a BS can be either LOS

or non-LOS (NLOS). While mmWave signals are significantly

affected by blockages [40], proper modeling is essential to

capture the effect of blockages on network performance. In this

work, an LOS ball model is adopted since it provides a better

fit with real-world blockage scenarios [41], which considers

NLOS interfering links. Hence, the performance analysis for

the receiver is restricted to b(o, R), where b(o, R) denotes

a ball of radius R centered at the origin o and thus, to an

almost surely (a. s.) finite HPPP Ψbs = Φbs ∩b(o, R). Given

a BS located at x ∈ Ψbs, the propagation between the BS and

the receiver is LOS if ‖x‖ < RL, where RL is the maximum

distance for LOS propagation and ‖ · ‖ denotes the Euclidean

norm.

D. Path Loss and Channel Models

The LOS and NLOS channel conditions induced by the

blockage effect are characterized by different path-loss expo-

nents, denoted by αL and αN , respectively. Similar to [18],

typical values of these path-loss exponents are αL ∈ [1.8, 2.5]
and αN ∈ [2.5, 4.7]. Then, following the standard power-law

path-loss model for the path between the receiver and a BS

located at x ∈ Ψbs, the random path loss function is given by

l(‖x‖) =
{

K‖x‖−αL , ‖x‖ < RL

K‖x‖−αN , RL ≤ ‖x‖ ≤ R,
(9)

where K =
(

c
4πfc

)2

with c being the speed of light and fc
the carrier frequency.

The channels between a BS located at x ∈ Ψbs and the

receiver undergo Nakagami-mu fading, which is a generalized

model for representing a wide range of fading environments.

The parameter mu is restricted to integer values for analytical

tractability. The channel fading gain hu is the fading power for

the channel in LOS condition. The shape and scale parameters

of hu are mu and 1/mu, respectively, i.e., hu ∼ Gamma
(
mu,

1
mu

)
. Here, u ∈ {s, x}, where s denotes the link between

the receiver and the serving BS, and x stands for the link

between the receiver and the interfering BSs at x ∈ Ψbs\{x0}.

The PDF of hu is given by

fhu
(w) =

mmu
u wmu−1

Γ(mu)
exp (−muw). (10)

Note that E[hu] = 1, where E[·] denotes expectation. Also, the

values of ms are restricted to integers for analytical tractability.

E. User Association and Beam Selection Policy

The association policy used in real networks is often based

on the maximum received power. The UE is agnostic to the

conditions that provide the maximum power to the receiver.

One of the main contributions of this paper is the adoption

of an association policy, namely Policy 1, that accurately

captures the real conditions. This is achieved by jointly con-

sidering both polar coordinates in the calculation of received

power. With the introduction of the angular coordinate, this

work investigates the use of a similar to the minimum Eu-

clidean distance-based criterion, namely, the minimum angular

distance-based one. This is henceforth termed as Policy 2.

Nevertheless, for system performance analysis purposes it is

highly desirable and widely accepted to consider simplified

policies. Therefore, a commonly utilized policy, namely Policy

3, is the one that assumes only the Euclidean distance criterion.

However, this policy ignores the effect of angle-dependent

antenna gains and inherently imposes a discrepancy from real

received power in the calculations. Consequently, Policies 2

and 3 serve as baseline schemes for comparison to Policy 1

which corresponds to the realistic maximum power association

scheme. We are particularly interested in understanding in

which regimes can Policy 2 or 3 closely describe the per-

formance of Policy 1, which is clearly more realistic but

analytically more complicated compared to the other two.

Moreover, because of distance-based path-loss, the candidate

serving BSs of the receiver are assumed to lie within b(o, RL).
From amongst these BSs, the serving BS is determined using

the beam management procedure of 5G NR as discussed

above. Therefore, the serving BS can lie anywhere within

b(o, RL). Finally, all the association decisions are assumed

to take place within the coherence time of the channel.

1) Policy 1: Maximum Power-based Association Scheme:

In this scheme, the receiver is associated with the BS providing

the largest average received power by jointly considering both

the Euclidean and the angular distance of the BSs. Specif-

ically, during this association procedure, the best receiving

beam is selected by the receiver for reception. According

to the beam management procedure in 5G NR, this task

is the so-called beam selection procedure. In particular, all
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BSs periodically transmit the beamformed reference signals,

either channel state information reference signals (CSI-RS)

or synchronization signal blocks (SSBs), that may cover the

entire set of available directions according to the receivers’

needs. The measurements in mmWave networks related to

the initial access are based on the SSBs. The receiver in the

proposed framework monitors the reference signals and forms

a list of candidate serving BSs, being those BSs with the

largest SNR and exceed a predefined threshold, for each beam.

Subsequently, the serving BS, defined as the BS providing the

largest SNR among all candidate serving BSs, is chosen for

transmission. The corresponding receiver’s beam in which the

serving BS was identified, is selected as the receiving beam.

A key assumption in this policy is that the BS has perfect

CSI knowledge of the uplink and thus, a perfect alignment of

the BS beam maximum gain direction with the line toward the

receiver is achievable. However, the direction of the maximum

gain of the receiver’s antenna is not fully aligned with the

direction of maximum gain of each BS transmitting beam.

Let ϕx
i denote the angular distance between the direction of

the line connecting the receiver and a BS x ∈ Ψbs and the

direction, φi
0, of maximum directivity of a receiver’s beam i.

Therefore, for a BS x ∈ Ψbs, φx denotes its polar coordinate,

and ϕx
i is given by ϕx

i = |φi
0 − φx|. By further considering

the Euclidean distances of the BSs from the origin, rx, the

location of the serving BS and the receiving beam are chosen

by the receiver as

(x0, i) = argmax
x∈(Ψbs∩b(o,RL))

i=1:2m

{

g(ϕx
i )r

−αL
x

}

. (11)

Having selected x0 and i, the angle ϕx
i is denoted as ϕr

in Fig. 2. In this case, ϕr can be modeled as a uniform

random variable, i.e., ϕr ∼ U [0, φ3dB

2 ], where φ3dB denotes

the half-power beamwidth of the user receiving beam. Clearly,

the serving BS may not necessarily be the nearest one to

the receiver. Instead, it may lie close to the direction of

the maximum directivity gain of a receiver’s beam and thus

providing maximum received power. Eq. (11) indicates that

the receiver performs scanning for each beam to identify the

serving BS by jointly considering both the angular distance of

the BSs, from the direction of each beam’s maxima, and the

Euclidean distance of the BSs, respectively to maximize the

received power.

2) Policy 2: Minimum Angular Distance Association

Scheme: In this scheme, the receiver is attached to the closest

BS in angular distance within b(o, RL). Specifically, for

each beam, the receiver performs exhaustive scanning and

calculates the minimum angle between the direction of the

beam’s maxima and the direction of the line connecting the

receiver and each BS. Then, from a list of 2m angles, the

receiver attaches to the BS with the minimum angular distance

ϕc and the corresponding beam is selected as the receiving

beam. Mathematically, the location x0 of the serving BS and

the beam i are selected by the receiver as

(x0, i) = argmin
x∈(Ψbs∩b(o,RL))

i=1:2m

{

{|φi
0 − φx|}

}

, (12)

and ϕc is given by

ϕc = min
i=1:2m

{

min
x∈(Ψbs∩b(o,RL))

{|φi
0 − φx|}

}

. (13)

3) Policy 3: Minimum Euclidean Distance Association

Scheme: In this scheme, the receiver is associated with

the nearest BS in Euclidean distance within b(o, RL). In

this case, by adopting conventional beam management-based

beam steering techniques, the maximum gain of the receiver’s

antenna is assumed to be directed towards the serving BS

and therefore perfect beam alignment is assumed. Without

loss of generality, due to the isotropy and the stationarity of

the Ψbs, the reference line can be considered to be along

the x-axis and passing through the origin. In this case, the

location x0 of the serving BS is chosen by the receiver as

x0 = argmin
x∈(Ψbs∩b(o,RL))

{rx}.

F. Signal-to-interference-plus-noise Ratio

The SINR under the three association schemes is now

defined. Under Policy 1, the received SINR is given by

SINR =
p hs gmax g(ϕr) l(‖x0‖)

I + σ2
, (14)

where p is the transmitted power and I refers to the

aggregate interference power and is given by I =
∑

x∈Ψ!
bs
p hx gmax g3gpp(ϕI) l(‖x‖), Ψ!

bs =
{
Ψbs \{x0}

}
, ϕI

is defined as ϕI = |φr
0 − φx| and σ2 is the additive white

Gaussian noise power. Please note that, φr
0 also determines

the direction of the reference line in this policy.

Under Policy 2, the received SINR is given by

SINR =
p hs gmax g(ϕc) l(‖x0‖)

I + σ2
, (15)

where I is given by I =
∑

x∈Ψ!
bs
p hx gmax g3gpp(ϕI) l(‖x‖)

and ϕI is defined as ϕI = |ϕc − φx|. Please note that, ϕc

also determines the direction of the communication link in

this policy.

Under Policy 3, the received SINR is given by

SINR =
p hs gmax gmax l(‖x0‖)

I + σ2
, (16)

where I is given by I =
∑

x∈Ψ!
bs
p hx gmax g3gpp(φx) l(‖x‖).

IV. COVERAGE PROBABILITY ANALYSIS

In this section, performance analysis in terms of coverage

probability, Pc(γ) , P(SINR > γ), is conducted under the

three association schemes.

A. Coverage Probability Under Maximum Power Association

Scheme

To obtain Pc(γ) in this scheme, the PDF of the maximum

received power must first be derived. Let Si
x denote the

received power from a BS located at x ∈ (Ψbs ∩ b(o, RL))
measured w.r.t to the i-th beam. Then, Si

x is given by

Si
x = g(|φi

0 − φx|)‖x‖−αL = g(|φi
0 − φx|

︸ ︷︷ ︸
ϕx

i

)r−αL
x (17)
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and the maximum received power S is obtained as

S = max
x∈(Ψbs∩b(o,RL))

i=1:2m

{Si
x}

(a)
= max

x∈(Ψbs∩b(o,RL))
{g(ϕx)r−αL

x
︸ ︷︷ ︸

Sx

} (b)
= g(ϕr)r

−αL
s ,

(18)

where (a) follows after maximization of

{g(ϕx
i )}i=1:2m

x∈(Ψbs∩b(o,RL))
over i, i.e., for each x, the best

beam is determined and (b) follows from maximization over

x with rs = ‖x0‖. Due to exhaustive scanning of the receiver

in the whole b(o, RL) and conditioned on ARL,1 in order

for S to be meaningfully defined, the serving BS may lie

anywhere in b(o, RL)
2 Therefore, rx are independent and

identically distributed (i.i.d.) in b(o, RL) with PDF frx(r) of

each element given by frx(r) =
2r
R2

L

, r ∈ [0, RL].

Lemma 3. Conditioned on ARL,1, the PDF of the maximum

received power S is given by

fS|ARL,1
(s0) =

λbsπR
2
L fSx

(s0) e
λbsπR

2
L

(
FSx (s0)−1

)

1− e−λπR2
L

, (19)

with s0 ∈ [wmin,∞), and fSx
(w) is given by

fSx
(w) =

∫ ψ(w)

g3dB

1

x
fg(ϕx)(x)fr−αL

x

(w

x

)

dx, (20)

with w ∈ [wmin,∞), and f
r
−αL
x

(x) =
2( 1

x
)
αL+2
αL

αLR2
L

, fg(ϕx)(g) =

1
ln(10)x

10

12
√

Gmax−10log(x)
12

, g3dB = 10
Gmax−3

10 , wmin =

g3dBR
−αL

L and ψ(w) = min
{

w

R
−αL
L

, gmax

}

.

Proof. See Appendix B. �

Remark 1. Lemma 3 captures the misalignment error as a

random variable within g(ϕr) and thus, it is clearly different

from deriving the conventional PDF of the minimum distance-

based path-loss.

Lemma 4. Conditioned on the maximum received power

S = Sth from the serving BS w.r.t. a given receiving

beam, the conditional Laplace transform LI(s|Sth, φ
r
0) of

the aggregate interference power distribution is given by

(21) (shown at the bottom of the page), where Ω =
{(rx, φx) ∈ R

2|rmin
x ≤ rx ≤ RL, 0 ≤ φx ≤ 2π},

Ω
′

= {(rx, φx) ∈ R
2|rmax

x ≤ rx ≤ R, 0 ≤ φx ≤
2π} and rmin

x = min
{(

g3gpp(|φ
r
0−φx|)

Sth

) 1
αL , RL

}

, rmax
x =

max
{(

g3gpp(|φ
r
0−φx|)

Sth

) 1
αN , RL

}

.

2Conditioned on ARL,1, it is ensured that at least one LOS BS will always
exist. Otherwise, the receiver would try to connect to the strongest NLOS BS,
which is not of much practical interest because of significantly weaker NLOS
links and is hence beyond the scope of the paper.

Proof. Conditioned on S = g(ϕr)r
−αL
s , the location x0 of

the serving BS and the maxima φr
0 of the receiving beam

are known. Once the serving BS has been determined, by

appealing to Slivnyak’s Theorem, Ψ!
bs is a HPPP restricted to

the set {Ω∪Ω
′}. The set {Ω∪Ω

′} is defined by all possible

locations of the interfering BSs, being those locations which

lie outside the exclusion zone. Note that the exclusion zone is

defined by all possible locations of x0. However, the location

x0, given through ϕr, rs, is a function of the maximum

received power Sth. In Fig. 3a, a representative powersurface

example of the maximum received power S from x0 in

terms of ϕr and rs, is illustrated, by assuming a 4-sectored

antenna, i.e, φ3dB = π/2. In Fig. 3b, the corresponding

powersurface of the received power Sx = g(|φr
0 − φx|)r−αL

x

from x ∈ (Ψbs ∩ b(o, RL)) in terms of rx, φx, is shown, by

assuming that the third beam has been chosen as the receiving

beam and therefore φr
0 = π/4 + π/2 + π/2. Notice that for a

given value of S = Sth in Fig. 3a, the received power from the

interfering BSs should be smaller than Sth and the locations of

x ∈ Ψ!
bs must lie outside the exclusion zone indicated by the

yellow markers. Also, notice that in Fig. 3b, Sth indicates the

maximum received power of an interfering BS. Considering

the aforementioned, the minimum distance rmin
x is given by

g3gpp(|φr
0 − φx|)rmin

x

−αL
< g(ϕr)r

−αL
s

︸ ︷︷ ︸

Sth

⇔ g3gpp(|φr
0 − φx|)

Sth

< rmin
x

−αL

⇔ rmin
x >

(g3gpp(|φr
0 − φx|)

Sth

) 1
αL ,

(22)

as φx ∈ [0, 2π]. Now, by observing from Fig. 3b that

rx > RL for some values of S, rmin
x is rewritten as

rmin
x = min

{(
g3gpp(|φ

r
0−φx|)

Sth

) 1
αL , RL

}

. Now, along similar

conceptual lines, rmax
x can be derived. Next, the Laplace

transform can be obtained as described in Appendix C. �

Theorem 1. Conditioned on ARL,1, the coverage probabil-

ity of a receiver in a mmWave network inside b(o, RL) under

the maximum power-based association policy is given by

Pc(γ) =

2m∑

i=1

ms−1∑

k=0

∫ ∞

wmin

(−s)k

k!

[

∂kLItot(s|Sth, φ
i
0)

∂sk

]

s

fS|ARL,1
(Sth)

× pφdSth,
(23)

where s = msγ
p gmax K Sth

and LItot(s|Sth, φ
i
0) =

exp(−σ2s)LI(s|Sth, φ
i
0).

Proof. The conditional coverage probability is first given

by (24) (shown at the bottom of the next page) where (a)

LI(s|Sth, φ
r
0) = exp

(

− λbs

∫∫

Ω

(

1−
(

1 +
s pK gmax g3gpp(|φr

0 − φx|) r−αL
x

mx

)−mx
)

rxdφxdrx

)

× exp
(

− λbs

∫∫

Ω
′

(

1−
(

1 +
s pK gmax g3gpp(|φr

0 − φx|) r−αN
x

mx

)−mx
)

rxdφxdrx

)

,

(21)



8

(a) Powersurface of maximum received power S, versus rs and ϕr . (b) Powersurface of received power Sx = g(|φr
0 − φx|)r

−αL
x , versus

rx and φx.

Fig. 3: Representative example of powersurfaces for the serving and interfering BSs corresponding to a receiver equipped with

a 4-sectored antenna, φr
0 = π/4 + π/2 + π/2 and S = Sth.

follows from the CCDF of hs, the definition of incomplete

gamma function for integer values of ms and by using

EItot [exp(−sItot)(sItot)
k] = (−s)k

∂kLItot (s)

∂sk
, and (b) fol-

lows from deconditioning over the maximum power S and all

possible receiving beam’s maxima φr
0, with the PDF fS(s0)

and the pmf pφ, respectively. �

B. Coverage Probability for minimum angular distance asso-

ciation scheme

In this scheme, the receiver searches and associates with

the BS that has the minimum angular distance ϕc among all

minimum angular distances detected from each beam’s max-

ima. In this case, the receiver may lie anywhere in b(o, RL)
and ϕc also denotes the serving angular distance 3. Therefore,

the serving distance d0 = ‖x0‖ is now independent of the

association policy and i.i.d. in b(o, RL) with PDF given by

fd0(d0) =
2d0

R2
L

, d0 ∈ [0, RL]. The PDF of ϕc is first derived.

3Considering infinitely large LOS ball radius, the Euclidean distance
between the receiver and the serving BS may tend to infinity. In general,
this scheme underestimates the performance. In a similar vein, if the receiver
is associated with the nearest BS in Euclidean distance, the serving BS may lie
near the boundaries of the 3dB beamwidth of the receiver’s antenna, which is
also not accurate and will underestimate the performance. The aforementioned
conceptual gap is resolved by adopting Policy 1.

Lemma 5. For a receiver equipped with 2m sectors and

conditioned on ARL,1 the PDF of the closest angular distance

ϕc is given by

fϕc|ARL,1
(ϕc) =

λbs2
mR2

Lexp(−λbs2
mϕcR

2
L)

1− e−λbsπR
2
L

, (25)

for ϕc ∈
[
0, π

2m

]
.

Proof. Through manipulation of (4), let r = RL, λ = λbs,

φ = 2m+1ϕc, n = 1 and ϕc ∈ [0, π
2m ] so that φ ∈ [0, 2π].

Then, W (φ, r) = φr2

2 = 2mϕcR
2
L. Next, the proof follows

the same steps as the proof for deriving (4). �

Lemma 6. Conditioned on ϕc w.r.t. φr
0 , the conditional

Laplace transform LI(s|ϕc, φ
r
0) of the aggregate interference

power distribution is given by (26) (shown at the bottom of the

next page) where V = {(rx, φx) ∈ R
2|0 ≤ rx ≤ RL, ϕc ≤

φx ≤ 2π} and V
′

= {(rx, φx) ∈ R
2|RL ≤ rx ≤ R, ϕc ≤

φx ≤ 2π}.

Proof. As the distance of x0 is independent of the associ-

ation scheme, the locations of x ∈ Ψ!
bs can be anywhere in

angular distance larger than the serving angular distance ϕc,

and therefore let V = {(rx, φx) ∈ R
2|0 ≤ rx ≤ RL, ϕc ≤

φx ≤ 2π}. Then, the proof follows the same steps shown in

Appendix C and hence it is omitted here. �

Theorem 2. Conditioned on ARL,1, the coverage probabil-

ity of a receiver in a mmWave network inside b(o, RL) under

Pc(γ) = P

[p hs gmax g(ϕr) l(‖x0‖)
I + σ2

> γ
∣
∣
∣rs, φs, φ

r
0

]

= P

[p hs gmaxK Sth

I + σ2
> γ

∣
∣
∣Sth, φ

r
0

]

P

[

hs >
γ(I + σ2)

p gmaxK Sth

∣
∣
∣Sth, φ

r
0

]

(a)
=

ms−1∑

k=0

(−s)k

k!

[

∂kLItot(s|Sth, φ
r
0)

∂sk

]

s

(b)
=

2m∑

i=1

ms−1∑

k=0

∫ ∞

wmin

(−s)k

k!

[

∂kLItot(s|Sth, φ
i
0)

∂sk

]

s

fS(Sth)pφdSth,

(24)
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a minimum angular distance-based association policy is given

by

Pc(γ) =

2m∑

i=1

ms−1∑

k=0

∫ π
2m

0

∫ RL

0

(−s)k

k!

[

∂kLItot(s|ϕc, φ
i
0)

∂sk

]

s

× pφfd0(d0)fϕc|ARL,1
(ϕc)dd0dϕc,

(27)

where s = msγ

p gmax K g(ϕc)d
−αL
0

and LItot(s|ϕc, φ
i
0) =

exp(−σ2s)LI(s|ϕc, φ
i
0).

Proof. Similar to the proof for deriving (23),

Pc(γ) = P

[p hs gmax g(ϕc) l(‖x0‖)
I + σ2

> γ
∣
∣
∣ϕc, φ

r
0, d0

]

(a)
=

2m∑

i=1

ms−1∑

k=0

∫ π
2m

0

∫ RL

0

(−s)k

k!

[

∂kLItot(s|ϕc, φ
i
0)

∂sk

]

s

× pφfd0(d0)fϕc|ARL,1
(ϕc)dd0dϕc,

(28)

where (a) follows from deconditioning over the conditioned

random variables ϕc, φ
r
0, d0 of the conditional coverage prob-

ability. �

C. Coverage Probability for minimum Euclidean distance

association scheme

In this scheme, the receiver associates with the closest BS

in Euclidean distance. Once the communication link has been

established, all x ∈ Ψ!
bs interfere to the receiver with AoAs

φx ∼ U [−π, π].
Lemma 7. The Laplace transform of the aggregate inter-

ference power distribution conditioned on the serving distance

r1 is given by (29) (shown at the bottom of the page) where

Q = {(rx, φx) ∈ R
2|r1 ≤ rx ≤ RL, −π ≤ φx ≤ π} and

Q
′

= {(rx, φx) ∈ R
2|RL ≤ rx ≤ R, −π ≤ φx ≤ π}.

Proof. The proof for deriving Lemma 7 follows similar steps

as the one of Lemma 6. �

Theorem 3. Conditioned on ARL,1, the coverage probabil-

ity of a receiver in a mmWave network inside b(o, RL) under

minimum Euclidean distance association policy is given by

Pc(γ)

=

ms−1∑

k=0

∫ RL

0

(−s)k

k!

[

∂kLItot(s|r1)
∂sk

]

s=
msγr

αL
1

pK g2max

× fr1|ARL,1
(r1)dr1,

(30)

where LItot(s|r1) = exp(−σ2s)LI(s|r1) and fr1|ARL,1
(r1) =

2πλbsr1e
−λbsπr21

1−e−λπr2
, r1 ∈ [0, RL] .

Proof. The proof for deriving Theorem 3 follows similar

steps as the proof in Theorem 1. �

V. SPECIAL CASES: DOMINANT INTERFERER APPROACH

The dominant interferer approach has been widely used in

the literature due to its usefulness when the exact analysis

is too complicated or leads to unwieldy results. For instance,

in [29]−[32], the authors capture the effect of the dominant

interferer while approximating the residual interference with a

mean value. In this section, in order to understand the effect

of the different potential definitions of the dominant interferer

on the performance analysis, the coverage performance is

investigated under the assumption of neglecting all but a single

dominant interferer for all policies. Note that in order to define

the interferer as dominant, the latter is restricted to b(o, RL).
Accordingly, a performance comparison between the dominant

interferer approaches with the exact performance of Policy

1, is conducted. To this end, the noise power is assumed to

be negligible as compared to the aggregate interference ex-

perienced at the receiver, i.e., interference-limited scenarios 4

Policy 2 and Policy 3. are considered and coverage probability,

i.e., Pc(γ) , 1 − FSIR(γ), analysis is conducted in terms of

the achieved SIR.

A. Coverage Probability Under Policy 1

By considering maximum power user association policy, the

receiver associates with the BS providing the maximum power

as described in subsection III.E. Then, clearly the dominant

interferer is the BS which provides the second most powerful

received power after the serving BS. The received SIR for this

dominant interferer analysis of Policy 1 can be written as

SIR =
h1Pr0

g(|ϕ2|)h2PrI
, (31)

where Pr0 = S and PrI denotes the second most powerful

received power. Once the receiver attaches to the serving BS,

Pr0 and PrI are no longer independent. In this case, the joint

4Please note, that since interference from other BSs is ignored, it results
in stochastic dominance of the SIR as compared to the exact SIR of the
respective policy, which implies that the dominant interferer approach yields
a bound on the exact coverage probability of Policy 1,

LI(s|ϕc, φ
r
0) = exp

(

− λbs

∫∫

V

(

1−
(

1 +
s pK gmax g3gpp(|φr

0 − φx|) r−αL
x

mx

)−mx
)

rxdφxdrx

)

× exp
(

− λbs

∫∫

V
′

(

1−
(

1 +
s pK gmax g3gpp(|φr

0 − φx|) r−αN
x

mx

)−mx
)

rxdφxdrx

)

,

(26)

LI(s|r1) = exp
(

− λbs

∫∫

Q

(

1−
(

1 +
s pK gmax g3gpp(φx) r

−αL
x

mx

)−mx
)

rxdφxdrx

)

× exp
(

− λbs

∫∫

Q
′

(

1−
(

1 +
s pK gmax g3gpp(φx) r

−αN
x

mx

)−mx
)

rxdφxdrx

)

,

(29)
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PDF of Pr0 and PrI is required for the coverage analysis,

which is given next.

Lemma 8. Conditioned on ARL,2, the joint PDF of Pr0
and PrI is given by

fPr0,PrI |ARL,2
(s0, sI)

=
(λbsπR

2
L)

2eλbsπR
2
L

(
FSx (s0)−1

)

fSx
(s0)fSx

(sI)

1− Γ(2, λbsπR2
L)

,
(32)

where s0 ∈ [wmin,∞] and sI ∈ [wmin, s0].
Proof. By exploiting theory of Order Statistics [44], and

given that k BSs (k ≥ 2) exist in b(o, RL), the joint PDF is

first given by

fPr0,PrI |k(s0, sI) = k(k − 1)(FSx
(s0)

k−2fSx
(s0)fSx

(sI).
(33)

Then, fPr0,PrI |ARL,2
(s0, sI) can be obtained along similar

lines as the proof presented in Appendix A and thus it is

omitted here. �

Having obtained fPr0,PrI |ARL,2
(s0, sI), it becomes math-

ematically convenient to statistically characterize the SIR as

SIR = P ·Q, where P = Pr0
PrI

and Q = h1

h2
.

Lemma 9. Conditioned on ARL,2, the PDF of P is given

by

fP |ARL,2
(p0) =

∫ ∞

pmin(p0)

p0fPr0,PrI |ARL,2
(p0sI , sI)dsI ,

(34)

where p0 ∈ [1,∞] and pmin(p0) = max
{

wmin

p0
, wmin

}

.

Proof. The proof results directly from the formula for the

PDF of ratio of two dependent random variables. �

Lemma 10. Conditioned on ARL,2, the PDF of Q is given

by

fQ|ARL,2
(q) =

qms−1mms
s mmx

x Γ(ms +mx)

Γ(ms)Γ(mx)(qms +mx)(ms+mx)
, (35)

where q ∈ [0,∞].
Proof. The proof results directly from the formula for the

PDF of ratio of two independent random variables. �

Proposition 1. Conditioned on ARL,2, the coverage prob-

ability in the presence of a dominant interferer under Policy

1 is given by

Pc(γ) = 1−
∫ γ

0

∫ ∞

1

1

x
fP |ARL,2

(x)fQ|ARL,2

( x

p0

)

dp0dx.

(36)

Proof. The PDF of the SIR results directly from expressing

the SIR given as a product of two random variables

fSIR(x) =

∫ ∞

1

1

x
fP |ARL,2

(x)fQ||ARL,2
(
x

p0
)dp0. (37)

Then, FSIR(γ) =
∫ γ

0 fSIR(x)dx. �

B. Coverage Probability Under Policy 2

By assuming that the receiver associates with the closest

BS in angular distance, the dominant interferer is the second

nearest BS in angular distance w.r.t the maxima of the re-

ceiving beam, as described in subsection III.E. Without loss

of generality, the receiving beam’s maxima is assumed to be

along the x-axis.5 In this case, the received SIR is given by

SIR =
g(|ϕ1|)h1d

−αL

1

g(|ϕ2|)h2d
−αL

2

, (38)

where fdi
(di) = 2di

R2
L

, i ∈ {1, 2} denotes the distance

of the serving BS and the dominant interferer, respectively,

|ϕ1|, |ϕ2| denote the nearest and the second nearest absolute

angular distances of the serving and interfering BS from the

direction of the receiving beam’s maximum directivity, and

h1 = hs, h2 = hx, for notational convenience, respectively.

Note that in order to define the interferer as ”dominant”,

the angle |ϕ2| is restricted to |ϕ2| < φA, i.e., the dominant

interferer is assumed to fall in the mainlobe part of the

receiver’s antenna pattern. Let TφA,2 define the event that 2

BSs (assumed to lie in b(o, RL)) fall in the mainlobe part

of the receiver’s antenna. Note that TφA,2 ⊆ ARL,2. Once

the receiver attaches to the closest BS at |ϕ1|, the angular

distances |ϕ1|, |ϕ2| are no longer independent. In this case, it

is mathematically convenient to statistically characterize the

SIR as SIR = G ·W , where G = g(|ϕ1|)
g(|ϕ2|)

and W =
h1d

−αL
1

h2d
−αL
2

.

Lemma 11. Conditioned on TφA,2, the PDF of

G is given by (39) (shown at the bottom of the

next page) with g ∈ [1, gmax/gs] and P[TφA,2] =
1−e−λbsR2

LφA−λbsR
2
LφAe−λbsR2

LφA

1−
Γ(2,λbsπR2

L
)

Γ(2)

.

Proof. See Appendix D. �

Lemma 12. Conditioned on ARL,2, the PDF of W is given

by (40) (shown at the bottom of the next page) with w ∈
(0,∞).

Proof. The PDF of Wi = hir
−αL

i , i ∈ {1, 2} is given by

fWi
(wi) =

∫ ∞

R
−αL
L

1

y
f
d
−αL
i

(y)fhi
(wi/y)dy

=
2m

− 2
αL

u w
− 2

αL
−1

i

[

Γ
(

2
αL

+mu

)

− Γ
(

2
αL

+mu,
muwi

R
−αL
L

)]

αLR2
LΓ(mu)

.

(41)

By setting W1 = WW2, the PDF of W is given by

fW ||ARL,2
(w) =

∫ ∞

0

w2fW1(ww2)fW2(w2)dw2. (42)

After applying some simplifications, (40) yields. �

Proposition 2. Conditioned on ARL,2 and TφA,2, the

coverage probability in the presence of a dominant angular

distance-based interferer under Policy 2 is given by

Pc(γ) = 1−
∫ γ

0

∫ gmax
gs

1

1

g
fW |ARL,2

(x/g)fG||TφA,2
(g)dgdx.

(43)

Proof. First, recall that TφA,2 ⊆ ARL,2, which means that

fG|ARL,2,TφA,2
(g) = fG|TφA,2

(g).Second, it is easy to argue

in this setting that W is conditionally independent of TφA,2

5As the scope of this section is merely to address the impact of the dominant
interferer in the coverage performance of mmWave networks, the exhaustive
scanning procedure for the association policy proposed in Section III.E is not
considered here as the location of the dominant interferer is independent of
the considered reference line.
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when conditioned on ARL,2. Therefore, the PDF of the SIR

results directly from expressing the SIR given as a product of

two random variables

fSIR(x) =

∫ gmax
gs

1

1

g
fW |ARL,2

(x/g)fG|TφA,2
(g)dg. (44)

Then, FSIR(γ) =
∫ γ

0
fSIR(x)dx. �

C. Coverage Probability Under Policy 3

In this scenario, according to Policy 3 the dominant inter-

ferer is the second closest BS in Euclidean distance to the

receiver. In this case, the received SIR is given by

SIR =
gmaxh1r

−αL

1

g(|ϕ2|)h2r
−αL

2

, (45)

where r1, r2 denote the distances of the serving and the

dominant interfering BS from the receiver and |ϕ2| here

denotes the absolute angular distance of the interfering node

as seen from the receiver. For the dominant interferer scenario,

the property of PPP is exploited: If |ϕ2| ∼ U [0, π], |ϕ2|
remains uniform in the subset [0, φA] i.e., |ϕ2| ∼ U [0, φA].
In this scenario, r1, r2 are dependent. The SIR can be written

as SIR = G ·W , where G = gmaxh1

g(|ϕ2|)h2
and W =

r
−αL
1

r
−αL
2

.

Lemma 13. Conditioned on ARL,2, fG|ARL,2
(g) is

fG|ARL,2
(g) =

5
√
3
(

ms

gmax

)ms

mx
mxφ3dB

6
√
10 ln(10)Γ(ms)Γ(mx)φA

∫ ∞

0

∫ z
gs

z
gmax

(g z)ms−1e−
msgz
gmax

−mxxxmx−1

√

log10(xgmax/z)
dxdz.

(46)

Proof. Along similar lines as in Appendix B, fg(|ϕ2|)(g2) is

given by

fg(|ϕ2|)(g2) =
5
√
3φ3dB

6
√
10 ln(10)φA g

√

log10(gmax/g)
, (47)

g ∈ [gs, gmax]. Then, fG|ARL,2
(g) can be obtained by follow-

ing similar steps with the proof for Lemma 12. �

Lemma 14. Conditioned on ARL,2, fW |ARL,2
(w) is

fW |ARL,2
(w) =

(
1
w

) 2+αL
αL

αL

×
(3erf(

√
πλbs)

2λbs

− 2(1 +R2
Lλbsπ)e

−R2
Lλbsπ − e−λbsπ

)

(48)

w ∈ [1,∞), and erf(·) denotes the error function [36, eq.

(8.250.1)].

Proof. The joint PDF of fr1,r2|ARL,2
(r1, r2) is first de-

rived. By exploiting theory of order statistics and follow-

ing similar procedure as in Appendix A, the joint PDF of

fr1,r2|ARL,2
(r1, r2) is given by

fr1,r2|ARL,2
(r1, r2) =

4(πλbs)
2r1r2e

−λbsπr
2
2

1− Γ(2,λbsπR
2
L)

Γ(2)

, (49)

for r1 ∈ [0, RL], r2 ∈ [r1, RL]. Then, the PDF of W is

obtained by first obtaining the PDF of v = r1/r2 and then

through the transformation W = v−αL . �

Proposition 3. Conditioned on ARL,2, the coverage prob-

ability in the presence of a dominant interferer under Policy

3 is given by

Pc(γ) = 1−
∫ γ

0

∫ ∞

1

1

g
fW |ARL,2

(x/g)fG|ARL,2
(g)dgdx.

(50)

Proof. The proof follows the same steps as the proof in

Proposition 1. �

VI. RESULTS AND DISCUSSION

In this section, numerical results are presented to evaluate

and compare the performance achieved in a dense mmWave

cellular network under different association policies. The

accuracy of the analytical results is verified by comparing

them with the empirical results obtained from Monte-Carlo

simulations. For all numerical results, the following parameters

have been used unless stated otherwise: RL = 75 meters,

αL = 2, αN = 3.5, fc = 26.5 GHz as in [18] and

R = 100 meters. As per the 3GPP specifications p = 45
dBm, σ2 = −74 dBm, λbs = 0.0008 BSs/m2 and mu = 2.

The receiver is assumed to be equipped with a directional

antenna with 4 sectors6, i.e., m = 2 and φ3dB = π/2.

Fig. 4 presents the CCDF of the maximum received power

under Policy 1, defined as in (20) and evaluated through

Lemma 3, for different values of λbs. To address and highlight

the impact of realistic association schemes in the performance

6Very large codebooks can be considered at the receiver, thereby resulting
in a huge number of narrow beams. However, [45] states that the SSB-based
requirements upper-bound the number of RX beams to 8. Besides, to avoid
the high overhead and complexity issues associated with wide spatial domain
coverage with a huge number of very narrow beams, on which CSI-RSs are
transmitted, it is reasonable to consider only subsets of those beams, usually
based on the locations of the active receiver. This is also important for UE
power consumption considerations.

fG|TφA,2
(g) =

1

P[TφA,2]

∫ gmax
g

gs

5 (λbsR
2
Lφ3dB)

2

24 g g2

√

log10(
gmax

g2
)log10(

gmax

g g2
)

ln( gmax

g2
)ln( gmax

g g2
)

exp
(λbsR

2
Lφ3dB

√

10log10(gmax/g2)

2
√
3

)

dg2,

(39)

fW |ARL,2
(w) =

∫ ∞

0

4w
− 4

αL
−1

2 (msmx)
− 2

αL

w
2

αL
+1

α2
LR

4
L

[

Γ
(

2
αL

+ms

)

− Γ
(

2
αL

+ms,
msww2

R
−αL
L

)][

Γ
(

2
αL

+mx

)

− Γ
(

2
αL

+mx,
mxw2

R
−αL
L

)]

Γ(ms)Γ(mx)
dw2,

(40)
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Fig. 4: CCDF of received power under Policy 1 and Policy

3, for different values of λbs. Markers denote the analytical

results.
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Fig. 5: Coverage probability versus γth under Policy 1 and

Policy 3, for different number of sectors. Markers denote the

analytical results. Simulation results under a flat-top antenna

pattern are also presented for completeness.

of mmWave networks, the results are compared through sim-

ulations to the received power of Policy 3, defined as Sr =
gmaxr

−αL

1 , where the receiver is associated to the nearest

LOS BS and no misalignment error exists. It is observed

that Policy 3 overestimates the received power compared

to the maximum received power achieved under Policy 1,

especially for small values of the abscissa. Interestingly, notice

that the misalignment error exists even in denser mmWave

networks. Consequently, associating to the nearest LoS BS is

not realistic, even in dense mmWave networks.

Fig. 5 compares the coverage probability versus γth under

Policy 1 and Policy 3 for several numbers of beams/sectors

produced by the receiver antenna. It is observed that the

coverage performance of the network under Policy 3 is over-

estimated and the difference in coverage performance is not

Fig. 6: Coverage probability versus γth under Policy 1 and

Policy 2, for several numbers of sectors. Markers denote the

analytical results.

negligible (e.g. for γth = −1 dB, the coverage probability

under Policy 3 is 0.55, while the coverage probability under

Policy 1 is 0.48). Note that in Policy 1, the receiver performs

exhaustive scanning in each sector to select the BS that

provides the maximum power. The number of beams/sectors

of the receiver’s antenna affects both the desired received

power and the interference power falling within the 3dB

beamwidth of the receiver’s antenna pattern, while in Policy

3 the number of sectors only determines the interference

power. Indeed, by increasing the number of sectors in Policy

1, the receiver minimizes the misalignment error. At the

same time, the receiver’s beams become highly-directional,

thus decreasing the interference power, and the coverage

performance approaches the corresponding one under Policy 3.

The cyan curve depicts coverage performance for the worst-

case interference scenario under the flat-top antenna pattern

approximation. It is observed that the coverage performance

under the flat-top pattern approximation is overestimated w.r.t.

the performance under Policy 1, especially in the higher SINR

regime. Therefore, the joint effect of the approximation of the

flat-top antenna pattern and perfect alignment on the coverage

performance under Policy 1, is captured.

Fig. 6 compares the coverage probability versus γth under

Policy 1 and Policy 2 when the receiver’s antenna is equipped

with different number of sectors. In both of the association

schemes, the receiver performs maximum power-based and

angular distance-based exhaustive scanning, respectively to

select the serving BS. It is observed that when only angular

distance-based scanning is performed, the coverage perfor-

mance is significantly underestimated. This result indicates

that: i) Considering merely angular distance-based criteria

for estimating the coverage performance is inaccurate ii) The

path-loss plays a crucial role in the performance of mmWave

networks.

Fig. 7 compares the coverage probability versus the num-

ber of sectors of the receiver’s antenna under Policy 1 and
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Fig. 7: Coverage probability versus number of sectors under

Policy 1 and Policy 3, for different values of λbs and γth =
3dB.
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Fig. 8: Coverage probability versus λbs for different number

of sectors under the three policies, for γth = 3dB.

Policy 3, derived analytically in Theorem 1 and Theorem 3,

respectively, for different values of λbs and target γth = 3 dB.

One can observe that the coverage performance under ideal

baseline scenario overestimates the corresponding one under

Policy 1, which accounts for the misalignment error, for all

BSs’ deployment densities. With the increase of the number of

sectors, the UE’s beams in Policy 1 become more directional

which alleviates beam misalignment effects and the coverage

performance approaches the corresponding one under the ideal

baseline scenario. This also highlights the need for explicitly

modeling of misalignment error for realistic antenna patterns,

even a small misalignment error will impact the performance

and hence, the angular distances become crucial in realistic

performance analysis of mmWave networks.

Fig. 8 shows the coverage probability versus λbs for differ-

ent number of sectors of the receiver’s antenna, under the three

policies. It is observed that Policy 3 slightly overestimates
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Fig. 9: Coverage probability versus number of sectors under

Policy 1 and Policy 3, for different values of λbs and γth =
3dB.

the coverage performance of the network for all number

of sectors. On the other hand, it is clearly observed that

Policy 2 significantly underestimates the network’s coverage

performance. This result clearly confirms that path-loss cannot

be ignored during the determination of the serving BS.

Fig. 9 shows the coverage probability versus γth under

Policy 1, Policy 2 and Policy 3 for the dominant inter-

ferer. Moreover, the coverage performance under Policy 1

and aggregate interference is depicted, when the receiver’s

antenna is equipped with different number of sectors. Quite

interestingly, it is observed that the coverage performance

under Policy 2 with a single dominant interferer approximates

the performance under Policy 1 with aggregate interference,

especially when the number of sectors is small. In this case,

the angular distance-based criterion results in realistic network

performance. On the other hand, the performance under Policy

3 in the presence of a single dominant interferer clearly

overestimates the corresponding one under Policy 1, which

leads to the following system-level outcome: In a LOS ball

of a mmWave network under beam misalignment error at the

receiver, by attaching to the closest BS in angular distance

and considering the dominant interferer as the closest BS in

angular distance w.r.t. the line of communication link, results

in a more accurate approximation of the coverage performance

compared to the policy of attaching to the closest LOS BS and

considering the dominant interferer as the second nearest BS.

Notably, the performance of Policy 2 under dominant inter-

ferer approach yields a better approximation of the network’s

coverage than the corresponding performance under Policy 1

under dominant interferer approach.

Fig. 10 shows the coverage probability versus γth under

Policy 1 and Policy 2 dominant interferer approaches. This

figure investigates different network setups for which the per-

formance under Policy 2 dominant interferer approach yields a

close approximation for the network’s coverage performance.

In Fig. 10a, coverage probability versus γth under Policy 1
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Fig. 10: Coverage probability versus γth under Policy 1 and Policy 2 dominant interferer approach. Markers denote the analytical

results.

and Policy 2 dominant interferer approach for different values

of λbs, is illustrated. It is observed that the performance under

Policy 2 dominant interferer approach closely approximates

the network’s coverage performance for both dense and sparse

mmWave networks, especially in the higher SINR regime. In

Fig. 10b, coverage probability versus γth under Policy 1 and

Policy 2 dominant interferer approach for different values of

RL, is illustrated. In a similar vein, it is observed that the

performance under Policy 2 dominant interferer approach is

a good approximation of the network’s coverage performance

for both values of RL, especially in the higher SINR regime.

Finally, in Fig. 10c, coverage probability versus γth under Pol-

icy 1 and Policy 2 dominant interferer approach for different

values of aN in Policy 1, is illustrated. Clearly, the perfor-

mance under Policy 2 dominant interferer approach yields a

close approximation of the network’s coverage performance

for both values of aN , especially as the interference power

outside the LOS ball becomes weaker.

Remark 2. The received power under Policy 2 tends to zero

for infinitely large LOS ball radius. However, infinite radius is

practically impossible to occur in realistic mmWave networks

where typical values are smaller than 100 meters [18].

VII. CONCLUSIONS

In this work, a novel stochastic geometry framework was

proposed for mmWave cellular networks to address the role of

the angular distances in a maximum power based association

policy under a realistic beam management procedure. This

necessitated the inclusion of both angular and Euclidean dis-

tances in the analysis of cell association, which is a key novelty

of this paper. Three association policies were considered for

comparison. Subsequently, coverage probability analysis was

conducted for the three policies and exact-form expressions

were derived. Subsequently, the definition for the dominant in-

terferer in mmWave networks is reconsidered and performance

analysis is conducted under the dominant interferer approach

for all policies. As a key system-level insight, it was shown

that considering merely Euclidean distance-based policy for

determining both the serving and the dominant interfering

BS, even in a LOS ball in mmWave networks, is inaccurate.

Moreover, the impact of angular distances in the misalignment

error was addressed. Indeed, by considering realistic patterns

for capturing misalignment, even small errors will impact the

received signal power and hence angular distances play a key

role in realistic performance analysis of mmWave networks.

APPENDIX A

PROOF OF LEMMA 2

Consider the event Ar,2. Following the properties of a

PPP, the spatial locations of the K points in b(o, r) form

a finite PPP and the number of points falling in b(o, r)
follows a Poisson distribution with mean λ|b(o, r)|. The set

of the unordered absolute angular distances {|φk|}k=1:K for

the kth angular distance of kth point, is uniformly dis-

tributed on [0, π], i.e., |φk| ∼ U [0, π]. By order statis-

tics [44], let Zr,k define the event that k BSs exist in

b(o, r). The joint PDF of the smallest two random vari-

ables X1, X2, given Zr,K , is given by fX1,X2(x, y |Zr,K) =
K(K − 1)[1 − FX1(y)]

K−2fX1(x)fX1 (y). Let X1 = |ϕ1|,
X2 = |ϕ2|. Then, f|ϕ1|,|ϕ2|(|ϕ1|, |ϕ2| |Zr,K) is given by

f|ϕ1|,|ϕ2|(|ϕ1|, |ϕ2| |Zr,K) = K(K−1)
π2

(

1 − |ϕ2|
π

)K−2

, and

corresponding CDF is given by

F|ϕ1|,|ϕ2|(|ϕ0
1|, |ϕ0

2| |Zr,K)

=

∫ |ϕ0
1|

0

∫ |ϕ0
2|

|ϕ1|

f|ϕ1|,|ϕ2|(|ϕ1|, |ϕ2||Zr,K) d|ϕ2| d|ϕ1|

=
K

πK

(πK − (π − |ϕ0
1|)K −K|ϕ0

1|(π − |ϕ0
2|)K−1

K

)

.

(51)

Then, for the PPP case over a finite region,

F|ϕ1|,|ϕ2||Ar,2
(|ϕ0

1|, |ϕ0
2|) can be obtained as

F|ϕ1|,|ϕ2||Ar,2
(|ϕ0

1|, |ϕ0
2|)

=
P[|ϕ1| < |ϕ0

1|, |ϕ2| < |ϕ0
2|,Ar,2]

P[Ar,2]
.

(52)

Now, the probability that the event {|ϕ1| < |ϕ0
1|, |ϕ2| <

|ϕ0
2|,Ar,2} occurs, can be obtained by averaging over Ar,2,
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that is

P[|ϕ1| < |ϕ0
1|, |ϕ2| < |ϕ0

2|,Ar,2]

=

∞∑

k=2

F|ϕ1|,|ϕ2|(|ϕ0
1|, |ϕ0

2| |Zr,k)
(λπr2)k

k!
e−λπr2

= 1− e−λr2|ϕ0
1| − λr2|ϕ0

1|e−λr2|ϕ0
2|.

(53)

Next, P[Ar,2] = 1 − Γ(2,λπr2)
Γ(2) . By substituting in (52),

F|ϕ1|,|ϕ2||Ar,2
(|ϕ0

1|, |ϕ0
2|) is given by

F|ϕ1|,|ϕ2||Ar,2
(|ϕ0

1|, |ϕ0
2|) =

1− e−λr2|ϕ0
1| − λr2|ϕ0

1|e−λr2|ϕ0
2|

1− Γ(2,λπr2)
Γ(2)

.

(54)

Finally, f|ϕ1|,|ϕ2||Ar,2
(|ϕ1|, |ϕ2|) can be obtained after differ-

entiating (54) w.r.t |ϕ0
1|, |ϕ0

2| as f|ϕ1|,|ϕ2||Ar,2
(|ϕ1|, |ϕ2|) =

∂2F|ϕ1|,|ϕ2||Ar,2
(|ϕ0

1|,|ϕ
0
2|)

∂|ϕ0
1|∂|ϕ

0
2|

, which directly results to (5).

APPENDIX B

PROOF OF LEMMA 3

The PDF of Sx is first derived. Since ϕr ∼ U [0, φ3dB

2 ],

g(ϕx) = 10
Gmax−12

(
ϕx

φ3dB

)2

10 . Then, g(ϕx) is a function

of the random variable ϕx. Building on ϕx and applying

successive change of variables, the PDF fg(ϕx)(g) is given

by fg(ϕx)(g) =
1

ln(10)x
10

12

√

Gmax−10log(x)
12

, x ∈ [g3dB, gmax].

Subsequently, the PDF of r−αL
x is expressed in terms of the

corresponding CDF as

P[r−αL
x ≤ x] = P

[

rαL
x ≥ 1

x

]

= 1− P

[

rx ≤
( 1

x

) 1
αL

]

= 1− Frx

((1

x

) 1
αL

)

, Frx(r) =
r2

R2
L

.
(55)

Now, f
r
−αL
x

(x) is obtained after differentiating (55) w.r.t the

appropriate range of x, that is, f
r
−αL
x

(x) =
2
(

1
x

)αL+2
αL

αLR2
L

, x ∈
[R−αL

L ,∞). The PDF and the CDF of Sx can now be written

as

fSx
(w) =

∫ ψ(w)

g3dB

1

x
fg(ϕx)(x)fr−αL

x

(w

x

)

dx, (56)

FSx
(w0) =

∫ w0

g3dBR
−αL
L

∫ ψ(w)

g3dB

1

x
fg(ϕx)(x)fr−αL

x

(w

x

)

dxdw,

(57)

The PDF of S = max
x∈(Ψbs∩b(o,RL))

{Sx} can now be obtained

by exploiting results from Order Statistics [44]. However, S
is meaningfully defined conditioned on ARL,1. Accordingly,

let ZRL,k, with k ≥ 1, define the event that k BSs exist

in b(o, RL). Then, from the definition of Ψbs ∩ b(o, RL),
P[ARL,k] = e−λbsπR

2
L(λbsπR

2
L)

k/k!. Given ZRL,k and since

the elements of Sx are i.i.d., the probability that S ≤ s0 is

given by P[S ≤ s0|ZRL,k] = FS(s0|ZRL,k) = (FSx
(w))k .

Now, in a similar vein to the proof presented in Ap-

pendix A, FS|ARL,1
(s0) can be obtained as FS|ARL,1

(s0) =

P[S≤s0,ARL,1]

P[ARL,1]
. Accordingly, P[S ≤ s0,ARL,1] can be derived

by averaging P[S ≤ s0|ARL,k] over ARL,k, that is

P[S ≤ s0,ARL,1]

(a)
=

∞∑

k=1

(FSx
(w))ke−λbsπR

2
L
(λbsπR

2
L)

k

k!

(b)
= eλbsπR

2
L

(
1−FSx (s0)

)

− e−λbsπR
2
L , s0 ∈ [wmin,∞),

(58)

where (a) follows after averaging over k and (b) fol-

lows from
∑∞

k=1
akbk

k!

conv
= eab − 1. Next, P[ARL,1] =

1 − e−λπR2
L . By substituting all the above in the def-

inition of FS|ARL,1
(s0), FS|ARL,1

(s0) yields. Finally, the

PDF fS|ARL,1
(s0) is obtained directly as fS|ARL,1

(s0) =

dFS|ARL,1
(s0)

ds0
=

λbsπR
2
L fSx (s0) e

λbsπR2
L

(
FSx

(s0)−1

)

1−e
−λπR2

L
.

APPENDIX C

PROOF OF LEMMA 4

The Laplace transform of I conditioned on S and φr
0 is

given by (59) (shown at the bottom of the next page) where

(a) follows from the moment generating function (MGF) of hx,

(b) follows from the probability generating functional (PGFL)

of the PPP and from independence between the locations

of LOS and NLOS interfering BSs, and (c) follows from

integration over the set of the region Ω and Ω
′

.

APPENDIX D

PROOF OF LEMMA 11

Since |ϕ1|, |ϕ2| are dependent and conditioned on TφA,2,

the PDF f|ϕ1|,|ϕ2|||TφA,2
(|ϕ1|, |ϕ2|) of |ϕ1|, |ϕ2| is given as

f|ϕ1|,|ϕ2||TφA,2
(|ϕ1|, |ϕ2|)

=
1

P[TφA,2]

∂2F|ϕ1|,|ϕ2||TφA,2
(|ϕ0

1|, |ϕ0
2|)

∂|ϕ0
1|∂|ϕ0

2|
,

(60)

where F|ϕ1|,|ϕ2||TφA,2
(|ϕ0

1|, |ϕ0
2|) is obtained through

(54) for |ϕ0
1| < φA, |ϕ0

2| < φA and P[TφA,2] =
1−e−λR2

LφA−λR2
LφAe−λR2

LφA

1−
Γ(2,λπR2

L
)

Γ(2)

. Presenting (60) through (5),

f|ϕ1|,|ϕ2||TφA,2
(|ϕ1|, |ϕ2|) =

f|ϕ1|,|ϕ2|(|ϕ1|, |ϕ2| , TφA,2)

P[TφA,2]

=
(λbsR

2
L)

2e−λbsR
2
L(|ϕ2|−π)

eλbsπR
2
L − λbsR2

LφAeλbsR
2
L(π−φA) − eλbsR

2
L(π−φA)

,

(61)

for |ϕ1| ∈ [0, φA] and |ϕ2| ∈ [|ϕ1|, φA]. Now, notice

that g(|ϕ1|), g(|ϕ2|) are functions of a random variable, i.e.,

g(|ϕi|) = gmax10
− 10

3

(
2|ϕi|

φ3dB

)2

, i ∈ {1, 2}. Building on
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|ϕ1|, |ϕ2| and applying successive change of variables and

simplifications, the joint PDF fg(|ϕ1|),g(|ϕ2|)|TφA,2
(g1, g2) is

fg(|ϕ1|),g(|ϕ2||TφA,2)(g1, g2)

=
5 (λbsR

2
Lφ3dB)

2

24 g1 g2

√

log10(
gmax

g2
)log10(

gmax

g1
)

ln( gmax

g2
)ln( gmax

g1
)

× exp
(
λbsR

2
Lφ3dB

√

10log10(gmax/g2)/(2
√
3)
)

1− e−λbsR
2
L
φA − λbsR2

LφAe−λbsR
2
L
φA

,

(62)

for g(|ϕ1|) ∈ [gs, gmax] and g(|ϕ2|) ∈ [gs, g(|ϕ1|)]. Let

g(|ϕ1|) = g1 and g(|ϕ2|) = g2. Through G = g1
g2

, it

comes that g1 = Gg2, where gs ≤ g1 ≤ gmax. Therefore,

g2 ∈ [gs, gmax/z]. Then, the PDF of G can be expressed as

fG|TφA,2
(g) =

∫ gmax
g

gs
g2 fg(|ϕ1|),g(|ϕ2|)|TφA,2

(g g2, g2) dg2, for

g ∈ [1, gmax/gs]. After some simplifications (39) yields.
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