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1 | INTRODUCTION AND NOTATION

We consider the steady, incompressible Navier-Stokes equations on the two-dimensional domain,
(x,Y) € Q =(0,L) X (0, ). Denoting the velocity UNS := (UNS, VN9), the equations read for
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e>0:
UNS. vUNS + VPNS = eAUNS
in Q (1.1)
V.U =0
The system above is taken with the no-slip boundary condition on {Y = 0}:
[UNS, VNS] |y:0 = [O, O]- (1.2)

In this article, we fix an outer Euler shear flow of the form [uS(Y), 0, 0], (satisfying generic
smoothness and decay assumptions). Such a shear flow solves the Euler equations ((1.1) with
¢ = 0). A fundamental question is to describe the asymptotic behavior of solutions to (1.1) as the
viscosity, €, vanishes (or equivalently, as the Reynolds number goes to infinity). Generically, there
is a mismatch of the tangential velocity at the boundary {Y = 0} of the viscous flows, (1.2), and
inviscid flows. Thus, one cannot expect [UNS, VNS] — [u?,0] in a sufficiently strong norm (for
instance, L®).

To rectify this mismatch, it was proposed in 1904 by Ludwig Prandtl that there exists a thin
fluid layer of size \/E near the boundary Y = 0 that bridges the velocity of UV5|y_, = 0 with the
nonzero Eulerian velocity ([44]). This layer is known as the Prandtl boundary layer, and math-
ematically corresponds to an asymptotic expansion in € as shown below in (1.5). We emphasize
that Prandtl’s original hypothesis was made in the 2D, stationary setting, which is precisely the
setting we are addressing in this paper.

We work with the scaled boundary layer variable and the corresponding scaled differential
operators:

Y
\/E,

Define the scaled Navier-Stokes velocities:

y= V.= (Ved,,0)), A, i=ed, +0,,. (1.3)

VNS(x,Y)

\/E

Ut(x,y) = UNS(x,Y), V&= , P(x,y) = PNS(x,Y). 1.4)

Equation (1.1) now becomes:

USUS + VEUS + P = A U®
13

y
UV +VEV 4+ — = AV (.5)
Us+V;=0

We expand the solution in ¢ as:

n .
1 . .
U® = ud +u) + Z Ve @l +ul) + eNou® = ug + eNoy®),
i=1
ol n
VE=0h 40l + D) Ve @+ ui) + Ve v + Vv 1= g+ eNou®), (16)
i=1

n .
1 . .
PF=PY+PY+ Y e (PL+PL)+cNP® 1= P+ eNope),
i=1
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3152 | GUO and IYER

where the coefficients are independent of €. Here [ul, vl] are Euler correctors, and [u ] are
Prandtl correctors. These are constructed in the paper [26] culminating in Theorem A.3. For our
analysis, we will take n = 4 and N, = 1+. Let us also introduce the following notation:

i

7 b~ Uply=0 V¢ :=Up — Uely=o- (L7)

e gl . _
up =u =0

i 5
p = Uply=0, 0

p

The profile i), 0) from (1.7) is classically known as the “boundary layer”; one sees from (1.6)
thatitis the leadlng order approx1mat10n to the Navier-Stokes velocity, U¢. We will sometimes use
the notation u := u ,andy) 1= v . The final layer,

[u®,v®, pPO] = [u®, pO)]

are called the “remainders” and importantly, they depend on e. Controlling the remainders
uniformly in ¢ is the fundamental challenge in order to establish the validity of (1.6), and the
centerpiece of our article.

Thanks to the elliptic feature of the steady Navier-Stokes equations, the set-up of our program is
to assume the remainders [u©, v©)] are bounded in a suitable sense at the boundaries {x = 0} and
{x = L} and to prove that they remain bounded for x € (0, L). It is important to note that there are
no natural boundary conditions for the Navier-Stokes equations in a channel at {x = 0}, {x = L},
and thus part of the mathematical challenge is to impose boundary conditions for [u(®), v®] which
ensure its solvability for x € (0, L).

We begin by briefly discussing the approximations, [uy, vs]. The particular equations satisfied
by each term in [ug, vg] is derived in the appendix. Theorem A.3 summarizes the estimates avail-
able for each of the approximate terms, and is proven in [26]. We are prescribed the shear Euler
flow, u2. The profiles [u v,] are Prandtl boundary layer correctors. Importantly, these layers are
rapidly decaying functlons of the boundary layer variable, y. At the leading order, [ p] solve
the nonlinear Prandtl equation:

aOu 0,0 0 _
UpUpyx + Uplpy — pyy +Ppy =0,
(1.8)
u0 0 _ 0 _ 0 _ 70 .0 _ 0
p + Upy = 0, Ppy = 0, up|x=0 = UP’ up|y=0 = —uelyzo.

Soon after Prandtl’s seminal 1904 paper, Blasius discovered the celebrated self-similar solution
to (1.8) (with zero pressure). This solution reads

y

— 12 ! h = —) .
[ap, op1 = | f'(n), F{nf (n) — f(}|, where N (1.9)
where f satisfies
" +2f" =0, f'0)=0, f'(c0)=1, % SN (1.10)

Here, x, > 0 is a free parameter. It is well known that f”'(n) has a Gaussian tail, and that the
following hold:

0<f'<1, f"m=0, f"0O)>0, f"(n <o0.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3153

Such a Blasius profile has been confirmed by experiments with remarkable accuracy as the
main validation of the Prandtl theory (see [47] for instance). These profiles are also canonical
from a mathematical standpoint in the following sense: the work, [48], has proven that when
x gets large (downstream), solutions to the Prandtl equation, (1.8), converge to an appropriately
renormalized Blasius profile. Validating the expansions (1.6) for the Blasius profile is the main
objective and motivation in our study.

It is well known that the Prandtl equations (1.8) admit the two parameter scaling invariance:

2
[ate, 0t 1= %ag(ox,/ly),)lﬁg(ax,/ly) , (1.11)

meaning that if [ﬁg, 152] solve (1.8), then so do [@*?, 5% | (with appropriately modified initial data).

Typically in boundary layer analyses, the central mathematical analysis concerns the linearized
Navier-Stokes operator. Such an operator has coefficients [ug, v5], which are the approximate
Navier-Stokes solutions defined as in (1.6). The unknown that this operator acts on is the
“remainders”, [u©, v®, PO)]. In vorticity formulation, the operator reads

+2609 + 20+ v,0u© — u©A v,

—R [q(g)] - u(s) XYy

yyy
(112)

= ENO{H(E)AEU(S) — U(E)AEU(S)} + FR’

Here, Fy, is a forcing term defined in (A.22), and where we have defined the Rayleigh operator

©
v
R[g¥) = 8,{u28,q9} + 0, {uq}, q© := o (113)
We define the (unknown) functions
UOLoo =u’(), VOl = 0°W). (114)
The boundary condition we take are the following
oot = 50, Um0 = 0500, Ul mo = @50
vg +u® = h(y) € C®(e¥), h(0) =0, (1.15)
U(E)ly:O = U§1E)|y:0 = u(g)ly:() =0, v)(/£)|yToo =0.
Here, the a:(y) are prescribed boundary data which we assume satisfy
||6;aig{il(y)(Y>m } | <o()for j=0,..,4, and m large, (1.16)
€2

which is a quantitative statement that the expansion (1.6) is valid at {x = 0} and {x = L}.
We are now able to state our main result, so long as we remain vague regarding the space X
that appears below. A discussion of this norm will be in Subsection 1.2.
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3154 | GUO and IYER

Theorem 1.1 (Main Theorem). Assume boundary data for the approximate layers in ug are pre-
scribed as in Theorem A.3, boundary data for the remainders are prescribed satisfying (1.15) and
(1.16). Assume 0 < g << 1 in (1.11). Then let 0 < ¢ << L << 1. Take N, = 1+ and n = 4 in (1.6).
Then the remainders, [u©, v)] exists uniquely in the space X and satisfy

e S 1. (1.17)
The Navier-Stokes solutions satisfy
IUNS —ud =Sl S Veand VNS — v/ev) — Vevllle S e (118)

Theorem A.3 establishes that all terms in the expansion (1.6) exist and are regular:
lus, Ugllwroo S 1 for a large, universal k. Upon establishing the uniform bound (1.17), the result

1
(1.18) follows from the following inequalities: ||V, S 2[[u®@|y, and [|u®] o S 0@l .
These are established in Lemmas 2.4, 5.4 together with the definitions in (1.22).

Our main result thus ensures a local in space (L << 1) validity for the Prandtl expansion, (1.6).
This marks an important first step to study the optimal bound for sup L. Such a study would
address the phenomenon of “boundary layer detachment” (which would correspond to sup L <
o0) versus global in x validity (in the sense of [32-34]).

Regarding our scaling, (1.11), it is important to note that A can be arbitrary. This covers rich
structures in the Prandtl equation. In particular, when 1> = o, the scaling of A << 1 is equivalent
to xo >> 1in (1.9). Letting 5, denote the rescaled self-similar variable, one has by definition

VA2x +xy  \x+272xg

n -

For this reason, we interpret our main theorem as being asymptotic, that is for large values of x:
in the particular case of A = o2, setting o small is equivalent to taking x, large. Moreover, in light
of [52], general solutions to the Prandtl equation converge to the Blasius profile as x, — co0. We
thus expect that the validity of (1.6) holds for generic Prandtl data without rescaling, for x, >> 1.
Furthermore, we remark the L may not necessarily need to be small in this case.

1.1 | Notation

Before we state the main ideas of the proof, we will discuss our notation. Since we use the L?
norm extensively in the analysis, we use || - || to denote the L? norm. It will be clear from context
whether we mean L2(R.) or L?>(Q). When there is a potential confusion (e.g., when changing
coordinates), we will take care to specify with respect to which variable the L? norm is being taken
(for instance, Lf, means with respect to dy, whereas L%, will mean with respect to dY). Similarly,
when there is potential confusion, we will distinguish L? norms along a one-dimensional surface
(say {x = 0} by || - || .=o- Analogously, we will often use inner products (-, -) to denote the L? inner
product. When unspecified, it will be clear from context if we mean L?(R. ) or L?(Q). When there
is potential confusion, we will distinguish inner products on a one-dimensional surface (say {x =
0}) by writing (-, -),=o. Given a weight function w, we use the notation || - || .2, := || - w||, and
L?(w) to refer to the corresponding weighted L? space.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3155

‘We will often use scaled differential operators
V.= (05, Ved,), A :=0,,+d,,.

Define also the integration operator, I, [g] := fox g(x")dx’'. For functionsw : R, — R, we dis-
tinguish between w’ which means differentiation with respect to its argument versus w,, which
refers to differentiation with respect to y.

Regarding unknowns, the central object of study in our paper are the remainders, [u®, v]. By
a standard homogenization argument, we may move the inhomogeneous boundary terms a: to
the forcing and consider the homogeneous problem. Specifically, we homogenize v to v using
the following:

L? ; a
0 :=10%+x3 a —La5 — =-d +x2—+x3? =: 00 +a*(x,y),
(1.19)

X
vi=0v" =0 =0 =00 —af, u:=u5+/ 6y=u5+xvg+Ix[a;].
0

We call the new unknowns [u,v] (= u), and these are actually the objects we will analyze
throughout the paper.

‘When we write a < b, we mean there exists a number C < oo such that a < Cb, where C is
independent of small L, £ but could depend on [ug, v,]. We write o7,(1) to refer to a constant that is
bounded by some unspecified, perhaps small, power of L: that is, a = o, (1) if |a| < CL? for some
d>0.

We will, at various times, require localizations. All such localizations will be defined in terms
of the following fixed C* cutoff function:

lony€|0,1
x) = yelon) x'(y) <oforally > 0. (1.20)
Oony € (2,)
We will use || - ||;,. to mean localized L? norms. More specifically we take for concreteness
Il Moe :=11 - X(ly—O)H. We adopt the notation that (a) = 1 + a. Define the weight
w, = (Y)Y )™, for m sufficiently large, universal number. (1.21)

‘We will define now the key norms that appear throughout our analysis:

Definition 1.2. Given a weight function w = w(y), define:

3
lvllx, :=¢€ wllilvlle + 1H1qllw,

Iolly, == vl + VelllgHlw,

0
. 0 0 0 0 q
[, 001 == [l + lugll + lu,wll + [luy,,wll + llgyll + ||7||

/ 0 0 0 0
+” usqyywOH + ”qy”y:O + ”Uyyywoll + ”Uyyyyw0”7
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3156 | GUO and IYER

1 1
llall (= llo,u’, 00llx) 1= [u’, 0015 +e*[lvllx, +e*lIvlly,,,

Halllw :=IVeqy - uswll + ”\/u_s{nyy’ Axyys \/quxy’ EQXxx}w” + |q|3,2,w

3
ol = ”{Uyyyya \/E\/ UsUxyyys EVxxyys €2 Uxxxys Ezvxxxx}w” + [vls 3w
|Q|6,2,w = ”usquw”x=0 + ”quw”y=0 + ”\/Eusqxxw”x=L + “‘Iyyw“y:O
3
[Vl3.w := Ile2 V UUyxx W|lx=0 + ”\/Eusvxyyw”xzo + Ilgusvxxyw”x:L- (1.22)

Note above that we identify the vector u with the triple (v, u, v%). We will use the above set of
norms with either the choice w = 1 or w = wy (see (1.21). We also define now the space X

Definition 1.3. The space X’ is defined via
X 1= {(v,u’,0%) € L2(Q) x LA(R ;) X LA(R) : [lv,u’, 0]y < oo,

U|y=0 = Uy|y=0 = Uxly=r, = Uxxlx=0 = Uxxxlx=r = Uly:oo =0, (1.23)

v2(0) = v)(0) = 8kv(c0) = 0fork > 1, u®+v) = h(y), u’(0)=0.}

1.2 | Overview of proof

Let us first recap the ideas introduced in [27], which treated the case when the boundary {y = 0}
was moving with velocity u;, > 0. First, let us extract:

Leading order operators in (1.12) = —R[q] — u,. (1.24)

Due to the nonzero velocity at the {y = 0} boundary, the quantity #|,—, > 0. A central idea
introduced by [26] is the coercivity of R[q] over ||V.q||.This coercivity relied on the fact that q =
ui =1 & Ker(R), thanks to the non-zero boundary velocity of i|,_,. Extensive efforts without
success have been made to extracting coercivity from R[q] in the present, motionless boundary,
case. However, it appears that this procedure interacts poorly with the operator d,,,,u, producing
singularities too severe to handle. In fact, the natural multiplier for the Rayleigh operator is q
itself, which produces (R[q], q) = |luyq, [|>. However, due to the degeneracy of u, at y = 0 (which
is notably absent when u|,_, > 0 as in [24]) this is too weak of a contribution to control the
interaction term (u,y, q,)-

Our main idea is based on the observation that the x derivative of (1.24) produces, at leading
order:

—0,R[q] + V). (1.25)

Unlike (1.24), these two operators enjoy better interaction properties. To see this on a prelim-
inary level, consider the interaction between vy, and the multiplier —q,, (ignoring boundary
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3157

contributions at x = 0,x = L):

(Uyyyy’ —qxx) ~ — (Uyyyx’ qu)

~ = (uSnyyx + 3usyqyyx + 3usyyCIyx + Usyyy Qs qu)
3
~|l V usqyyx”2 + E“V usyqu”f,:(y (1.26)

which is a crucial favorable boundary contribution at {y = 0} as uy|,—¢ ~ ﬁgy > 0.

To this end, we split the equation (1.12) into two pieces that are linked together. First, we study
the boundary trace, [u’, v°] = [u, v]| (. By evaluating the vorticity equation (1.12) at {x = 0} and
using the relation (1.15), we obtain the following system for v°:

LV’ =F)+Fg +Q+H,

Lo i=v),, — 8, {uiqy} — {ogv)),, — UYL} + g 00 + EUg DY,

F) 1= =2eUsl G lx=0 = 260xyy |x=0 = € Vs lx=0 = EVsthx | x=0> (1.27)
v2(0) =0, v)(0)=0, d5v°(c0)=0fork>1,

US +u® = h(y).
The Fg + Q + H terms above contain contributions of h(y), quadratic nonlinearities in v°, and
pure forcing terms. We refrain from discussing these terms further in the introduction; the full
equations are specified in (A.23). The important point is that the forcing term F,y in (1.27) depends

on (derivatives of v)|,—o.
Second, we take 8, of (1.12) (call this “DNS” for Derivative Navier-Stokes) to obtain:

DNS(v) := —3,R[q] + AZv + J(v) = —Byo + eMON + F(y
Ulx=0 = Uxlx=1 = Uxxlx=0 = Uxxx = 0. (1.28)

Vly=0 = Vly=0 = 0.

Here, the Mo N + F, (¢) terms are quadratic and forcing terms which shall remain unspecified for
the moment. Note the change in notation as we have dropped the superscript €, and homogenized
the boundary conditions on the sides {x = 0}, {x = L}. Above, B, is the result of homogenizing the
boundary condition v, = v® aswell as usingu = u® — I x[vy]. The operators J, Bo are defined:

J() = —vg I [Uy)] = ULy — €V Uy,

— EUsUxxy + V)AL + I [U) JA Uy, 1.29)

By 1= Uy, — 20, {usug )} + [U)),,0,{(x + Dug}
— 000, {(x + vy} — €000, {(x + Dvgyey ) (1.30)

Thus, the approach we take is to analyze (1.27) in order to control the boundary trace [u°, v°]
in terms of v, and subsequently analyze (1.28) to control v in terms of the boundary trace, [u°, v°].
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3158 | GUO and IYER

We may schematize this procedure via:

DNS™! £t
[u®, V] —— v — [u,v°]. 1.31)

We then recover a solution to the original Navier-Stokes equation (NS) via a fixed point of (1.31).
This structure of analysis gives rise to a linked set of inequalities which we summarize here:

N

1 3-
0 ;072 2 SHET= 2
[u”,v°]; S e:||v||on +e2 16 ||v||X1 + Data

1
lvll, S & 2[u’v°]; + Data . (1.32)

2 2 2
Ivlly,, < lvll, + [u®,v°] + Data.

J

Above wy, is the specific weight given in (1.21). Since the above inequalities imply [u°, v°]z S
3

€16 ||lu||x + Data, it is clear that the above scheme of estimates closes to yield control over ||u]| y.

As shown in Section 5 that By (Lemma 5.2), F) (Lemma 5.3) and the nonlinearity
(Lemma 5.4) can be controlled with a small constant. We therefore turn our attention to the
following two linear problems.

Section 2: Study of linear problem £Lv° = F
Let us turn now to the system, (1.27). The main estimate we prove is:
[u°,v°]5 S IIF@woll + Data. (1.33)

Upon recalling the terms in F(,y shown in (1.27) and analyzing the resulting expressions, such
an estimate produces the first bound shown in (1.32).

By evaluating the vorticity equation, (1.12) at {x = 0}, one obtains a compatibility equation that
must be satisfied by the tuple, [u®, v°]. However, it is important to realize that we have the
freedom to prescribe the relationship between these two boundary data. We do so by selecting
u® + v‘y) = h(y) as shown in (1.15). This boundary condition is natural from the setup of our pro-
gram, since both u° and US should be individually bounded in Sobolev norms. The selection of
this boundary condition results in a fourth order equation v(y)yyy - dy{uszqg}, which enjoys similar
favorable properties to DNS and similar corresponding quotient estimates as in (1.26).

Estimate (1.33) is obtained in two steps. The first step is to apply the multiplier q° = ui and the

Vyyy wé. The multiplier q° leads to a delicate interaction between
the a;‘ operator and the Rayleigh term —ay{ugayqo}. The key estimate we prove in this direction
is the positivity

second is to apply the multiplier v

@3v° =3, {uay} 4% 2 1/usay I” + llusgyll® + gyl -

It is for this lower bound that we require the assumption that ¢ << 1 in (1.11). Once this is
established, the remaining terms may be treated perturbatively. Overall, the upshot of the selection
of boundary condition (1.15) is to capitalize on similar favorable structures to the DNS analysis.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3159

Section 3 and 4: Study of linear problem DNS(v) = F

We now turn our attention to (1.28). The goal is to establish control over the norms || - ”Yw()’ -
lly,» Il - llx, - Consulting (1.22), the basic building blocks of these norms are the fourth and third
order norms, |||| - ||llw- Il - |1l Hence, our discussion will be centered on the control of ||| -
1w ] - 1llw- Let us also emphasize that we require L << 1 to establish these controls and
ultimately solve the DNS equation.

Based on the crucial quotient estimate (1.26), we perform a cascade of five estimates which
culminate in the following:

3

2 < 2
v < es + Data,
ol < es gl (1.34)

2 2
Hqll1y S [MHvlll]y + Data.

Let us discuss the important features of the above scheme. The top (fourth order) bound in
(1.34) consists of two estimates, first using the multiplier £?v,,,., and second using the multiplier
€UV yyy- These estimates are possible due to carefully designed boundary conditions at x = 0
and x = L for v (see (1.28)). Our central observation at this level is that the eu,v,,,, estimate is
essentially standalone at the top order, up to |||q|||, thanks to the crucial weight u,.

The bottom (third order) bound in (1.34) consists of three delicate estimates, using the multipli-
ers successively g, ¢y, qyy- First, we emphasize that the multipliers at this stage are derivatives of
the quotient, q. This is because the main coercivity is extracted from the Rayleigh operator, R[q].
The key feature we capitalize on in this scheme is that the estimates using multipler q,, q,, are
standalone up to or (1) contributions. It is important to note that since g = Mi, despite the presence

of \/u_s weight in |||q]||, (see (1.22)), this is still significantly stronger at {y = 0} than a classi-
cal scaled H 2406 norm to measure v itself. In turn, to facilitate estimates near {y = 0}, we establish
careful embedding estimates in (3.2).

The weighted analog of the scheme (1.34) is, for any given w(y) (satisfying reasonable
hypotheses):

3
Yl S €5 1HgllE +€lllgll + Velllgllulllgll, + Data, 139

gl S orINIINIE + 0o (Dl 13, + Data,

Apart from the key elements discussed above in the unweighted case, the new features here is
a gain of ¢ when going from ||||v]|||, to |||q]]lw- This crucial gain of € is what ultimately enables
us to relate the weighted estimate for |[v||y, back to the |[v]|x, unweighted norm.

As a final remark, we note that the appendix of this paper contains the summary of the
construction of the profiles, [ug, U], in Theorem A.3. This theorem is proven in [26].

1.3 | Other works

Let us now place this result in the context of the existing literature. To organize the discussion,
we will focus on the setting of stationary flows in dimension 2. This setting in particular occu-
pies a fundamental role in the theory, as it was the setting in which Prandtl first formulated and
introduced the idea of boundary layers for Navier-Stokes flows in his seminal 1904 paper [48].

:sdny) suontpuo)) pue suud L dy) 235 *[$T0T/10/62] U0 Areiqry dutjuQ Adfi “Areiqry Asioatun) umorg £q 6012 8d0/2001°01/10p/wod*AdjimAreiquautjuoy:sdiy woyy papeojumod ‘[ ‘€20T TIE0L60T

p-SULIDYWOO KA1 A

p

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



3160 | GUO and IYER

In this context, one fundamental problem is to establish the validity of the expansions (1.6).
This was first achieved under the assumption of a moving boundary in [27] for x € [0, L], for
L sufficiently small. The method of [27] is to establish a positivity estimate to control ||V v]|;2,
which crucially used the assumed motion of the boundary. Several generalizations were obtained
in [30-34]. First, [30] considered flows over a rotating disk, in which geometric effects were seen
[31-33], considered flows globally in the tangential variable, and [34] considered outer Euler flows
that are non-shear. All of these works are under the crucial assumption of a moving boundary.

The classical setting of a motionless boundary with the no-slip condition is treated by the
present work, as well as the exciting result of [17]. It is our understanding that our present work
is mutually exclusive with the work of [17]. Our work here, and main concern, treats the classi-
cal self-similar Blasius solution which appears to not be covered by [17]. On the other hand, our
result does not cover a pure shear boundary layer of the form (U,(y), 0) since such shears are not
a solution to the homogeneous Prandtl equation.

A related question is that of wellposedness of the Prandtl equation (the equation for ﬁg, as
defined in (1.7)). This investigation was by Oleinik in [46, 47]. In the 2D, stationary setting, it is
shown that under local monotonicity assumptions, solutions exist in [0, L]. In the case where the
pressure gradient is favorable, it is shown that L can be taken arbitrarily large. The recent work
of [8] addresses the related issue of blowup of the Prandtl equation under the assumption of an
unfavorable pressure gradient. The regularity results obtained in the present paper can be viewed
as an extension of Oleinik’s local-in-x result: assuming strong decay at y — oo, we can obtain
enhanced regularity of Oleinik’s solutions.

For unsteady flows, expansions of the form (1.6) have been verified in the analyticity framework:
[45, 46], in the Gevrey setting: [14], for the initial vorticity distribution assumed away from the
boundary: [39]. The reader should also see [2, 11, 34, 54], [40, 51, 52] for related results. There have
also been several works ([17-22, 25]) establishing generic invalidity of expansions of the type (1.6)
in Sobolev spaces in the unsteady setting.

In the unsteady setting, there is again the related matter of wellposedness of the Prandtl equa-
tion. This was also initiated by Oleinik, who under the monotonicity assumption, 6, U(t = 0) > 0,
obtained global-in-time regular solutions on [0, L] X R, for L small, and local-in-time solutions
on [0, L] X R, for arbitrarily large by finite L. Global-in-time weak solutions were obtained by [53]
for arbitrary L under the monotonicity assumption and a favorable pressure gradient of the Euler
flow: 8, PE(t,x) < 0fort > 0.

The works mentioned above use the Crocco transform, which is available in the monotonic set-
ting. Still assuming monotonicity, local wellposedness was proven in [1] and [41] without using the
Crocco transform, and in [35] for multiple monotonicity regions. [41] introduced a good unknown
which enjoys a crucial cancelation, whereas [1] performed energy estimates on a transformed
quantity together with a Nash-Moser iteration.

When the assumption of monotonicity is removed, the wellposedness results are largely in the
analytic or Gevrey setting. The reader should consult [8, 13, 28, 37, 39, 47, 48] for some results in this
direction. In the Sobolev setting without monotonicity, the equations are linearly and nonlinearly
ill-posed (see [12] and [16]). A finite-time blowup result was obtained in [10] when the outer Euler
flow is taken to be zero, in [38] for a particular, periodic outer Euler flow, and in [27] for both the
inviscid and viscous Prandtl equations.

The related question of L? (in space) convergence of Navier-Stokes flows to an Euler flow has
been studied by several authors. We refer the reader to [4-7, 36], and [53] for some works in
this direction.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3161

The above discussion is not comprehensive; we refer the reader to the review articles, [9, 50]
and references therein for a more thorough review of the wellposedness theory.

2 | L£7' AND BOUNDARY ESTIMATES FOR [u°, v°]
2.1 | Setup and basic inequalities

In this section we analyze [u°, v°]. Recall (A.23) and the definition of wy, (1.21). We thus consider
£V’ =F € L*(w,),

0._ .0 _ 0 _ 0y _ 0 _ .0
LU 1= vy, = by — Usyy UTF = {UsUyy = UyUsyy }
o 2.1)
0
+ Uy, U0 + U, LY,

v2(0) = v)(0) =0, dkv°(c0) =0fork > 1.
Above, we take F as an abstract forcing term. We also write £ as shown in (1.27). Define the

0
unknown q° = =, which satisfies the boundary condition g°(0) = 0. As all of the analysis in this
u

section will be on {x = 0}, we will use (-, -) to refer to the L>(x = 0) inner product for this section.
We now introduce norms in which we control [u°, v°] (recall the definition (1.21)):

[[g°1] = ll/usqyy Il + llusgpll + ll/ug, a3 1o, (22)
(100111 := Hlugvfywoll + lv/usvg,, woll + lIvgyy,woll- (23)

We also now define the [-]z norms in which we control the solution:

0
. q
[u®, 001 1= Ul + Nudll + llugywoll + lluyy woll + gyl + I|7II (24)
+11/usqyywoll + gy lly=o + 1Ly, woll + Ivgy,, woll-
We also define the space B via
1
B= { [u®,0°] e L? ><L2<m> u® +0) = h(y), [uo,vO]B < oo} (2.5)

The main result of Section 2 is

Proposition 2.1. There exists a unique solution v° (and thus u® according to (1.15)) to (2.1) such
that [u®,v°] € B, and the following estimate holds

[u®, %12 S I(F, q%)| + [[Fwol|>. (2.6)

Note that the quantity |(F, ¢°)| is finite for [u°,v°] € B and F € L?*(w,) by Hardy’s inequality.
The first task is to generate inequalities relating the norms (2.2), (2.3), and (2.4) to various other
quantities that will arise in the analysis.
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3162 | GUO and IYER

Lemma 2.2. Forany0 < g << 1in(111),

lgpll S o*2272[[g°1], 2.7)

19° < a*3a72() /21111 (28)

Proof. Fixa d << 1 to be selected later. We split at scale 1y = & via

g <t (3 i+ {120 b
et i+ irwa{1-x(F) b

Ay o
~|qu)(< >|I + == 3 llusg)ll-

2
Above, we have used that ug > > 29 Wwhen Ay > & by (1.11).
ag
It thus remains to examine the localized contribution, for which we integrate by parts:

2
Ay A
Iqu)(< 5 )II2 <3y{y}q3,q‘y’x<gy> )
A\ A (2 A
- <2yq2,q8yx<5y> > - <2yq3,q$gx’<gy>x<gy>> (2.9)
X yx< >||||\/_ e

_—||qyx< >||2+(9<1){A4||\/_qyy||2 mzuusquZ}

Above, for the first term from (2.9), we used that in the support of the cut-off )((% y), one has

y < %, so recalling (1.11) we obtain

(3) < ia(3o) vt

For the second term from (2.9), we have used

A, (2 s (A 46 (1
i i ~ i > i
y5X <5y> Land ugy <5y>~ 2 X\ 57 ):

In summary, we have

Vos

(o
llgyll S o(Mligyll + B llv/usqyy Il + %Ilusqgll-

umoq ‘11 °€20T ‘TIE0L601
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3163

We optimize above using § = ¢'/3 which gives:
gl < a*3A72[[q°]. (2.10)

To conclude the proof, the q° bound, (2.8), follows via integration

y
¢ = / &0 < VFIg0ll < V3o A1,
0

L
Lemma 2.3. The following estimates hold
llogyywoll S a'/2A7[[[w°11], (21)
091l S (0713212 + D[] (212)
31 1
(SRS </120 3405+ 1>[[q0]]. (213)

Proof. Proof of (2.11): We again let §<<1 to be selected below, and localize to regions Ay > § and
Ay < & by introducing the cutoff )((% y):

)i edad - x(50) i
y>||+|| N vyyywo{ <§y)}||

y>" {1-X<%y>}\l
o)

Above, we have used that u > /1y > 2 5 on the region where 1y > §.
For the first integral above, we 1ntegrate by parts

1 2
<5y{ly[w3]}|vgyy|2,X<SY> )
1\ A, (A A
= _<21y[wé]vgyy9 Ugyyyx<gy> ) - <Iy[w(2)]|vgyy|29 EX, <§y>)(<gy>> (214)

) A o}
5 I” V usvgyy)(<g}’>wo||||U3yyyw0|| + %“ V usvgyywollz'

” yyywO” <”vyyyw0)(<

Q> O >

| yyywOX

RS

<

S

(
<||vyyywO)(<
()

0
UyyyWoX
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3164 | GUO and IYER

In the first term of (2.14), we have used that y < % on the support of the cut-off function. For

the second term, we have used that | y%l < 1 on the support of y’ (% ¥). Moreover, we have used by

(1.11) that u, >

~

2
22 when Ay > 6. We thus take § = \/E We now optimize the constant % + %
ag

with a choice of § = ¢1/3

Proof of (2.12): We have, upon recalling (2.8) and (1.11),

0 0
llopll =M{usq I < Mgy @®ll + llusgyll

<llugy VY lleoo? 3272 [[g°11 + [[g°1]
» —1/2,2/37-2 0
S(SA P 4 1) 1T
(o732 + DI,
Proof of (2.13): We have, upon recalling (2.8) and (1.11),

0 0 0
llogy Il <llusyy @Il + 2llusy gyl + llusgyy |

Sty VYl 3272[q°1] + Ity 00?2 A72[[q°1] + [[q°]]

A —-1/2.2/37-2 Q2 2/37-2 0
hS ?/1 lopla) +?0 A==+ 1)[[q°N

=<ﬁg—§ o+ 1)[[q°1].

O
‘We will also need the following embedding results for later use:
Lemma 2.4. The following inequality is valid
1
e[Vl < Caolu’, v°]p. (215)

Proof. We compute by Sobolev interpolation, Hardy’s inequality (as v°(0) = 0), and using \/Ey =
Yy

0 1 1 1 1 1
ARTES TS 05 o3 TS 0
100l I yo0l= < I ydll= S Hopil= vy |

1
2
RN ok -1
Se Aoyl vy, Nz S e+ [u’, 5. O

For later use, we shall record the following:

Corollary 2.5. For a constant C = C, ; depending on the parameters (1, 0),

[u®, 0015 < Ca6([1g°1] + [[[v°1]) + C(h). (2.16)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3165

2.2 | Estimates for [[¢°]] and [[[v°]]]

Define the following:

3 3 1

1
SUsyUs = SUsUsys @1 1= SUsyUsyy = STy Us. (2.17)

ay :=2

Recall the estimates available on uy, v; according to Theorem A.3.

Lemma 2.6. The following estimates are valid

ltsyyyy M1 S At (2.18)
llaolleo + llay()ll; S A*o™t (2.19)

Proof. We decompose the profiles
= 12 2 + \/_ eu, + \/_ EUp,

_ 50 4 sl
Uy = U, + 0, + Vev, + Vev,.

(2.20)

The quantities u,, u, v,, v, have been defined according to (1.6). The chief properties are that
U, U, and u,, decay rapidly in their arguments, whereas v, is bounded.
Using the decompositions (2.20), we have

”usyyyy<y>”1 <”upyyyy<y>”1 + ”E eyyyy<y>”1
+ 1 Pteryyy )l + 1V EUpy 50
Aol + /e

Above, we have used the scaling

A0 a4

212
_0 A4 B _
”upyyyy<Y>”1 —||5y{?up(ax,ly)}<y>||l = ?/1 ==
Recall the definition of a; in (2.17). Recall further the expansions given in (2.20).

”Ususyyy<y>”1 =”[0g + Ug + \/Evp + \/El)e]

0

- o
X [ty + £3/Zueyw + & Upyyy + \/E“pyyy](y )i

< 11099, ()11 + 116320200, )1 + Ve
Sl /e
Note above that
285, W11 <NBEES,, (WXL + 1105, ()L — X (Y}
SVl ()21l + e

Se®forY > 1.

since v < \/—for Y < 1while upyy <
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3166 | GUO and IYER

Next,
sy sy I =MD, + Vealdy, + ey + Ve ]
X [Opyy + €00y + VeUpyyy + /20y I
S 119,05, (W)l + 113282, 0L (D)l + Ve
SAo 4 /e

The above computations account for all of the terms in a;.
We move now to the pointwise bound of a, from whose definition we obtain

lao| S |ugyvs| + [usvgy |
S A9, + Verly, + eupy + Vel X |[v) + 0} + Vv, + Vev, ]|
S [, 1109 + 0} + Ve
St + Niap, 03 | (V) + |, 0 [{1 — x (YV)}
SAto7 +4/fe +e™.
We will use these estimates to prove the following lemma.
Lemma 2.7. Let v° be a solution to (2.1). Let ¢ << 1 in (111). Then the following estimate holds
[[g°11% S |(F,q")I. (2.21)
Proof. We use the expression in (1.27). First,
W)yyy = U}y, 4% =(usqyy, @0y) + W3qy, 43) + (usy gy, 4y)y—o
— 2ty 4% 4 + (k8% ) 222)
2lg°11.

Above, we have used (1.11), (2.7), and (2.8) paired with (2.18) and (2.19) to estimate the last two
terms by

4 2 1
2.224)] +1(2.225)] S %(a?rz[[q(’]])z = a3 [Ig"1 = oI,

upon invoking the assumption that o << 1.
To prove the identity (2.22) we record

(Ugyyy’ q°)=- (Ugyy’ qg)

0 0 0 0
=(Uyy5 ny) + (Uyy’ qy)y=0
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3167

=(ayy{usq0}a QSy) + (zusyQB’ qg)y=0
=(”s‘13y + Zusng + usyyqo’ qu) + (Zusqu’ qg)y:O
=(us@yy: yy) = sy @, ) = (tty @3- 43)y=o0

- (usyngs q;)) - (usyyyqoa qg) + (2usyQ§1)’ qg)yzo
1
:(uSQSw qu) + (usyQS’ qs)y=0 - (ZusnySi QS) + E(usyyyyqo’ qO)‘

For the next term from (1.27), we record the integration by parts identity and estimate due to
(2.7), (2.8), and (2.19)

| - ({vsvgyy - vgvsyy}s q0)| =|(aoqg, qg) + (alqos q0)| (2-23)
) 2
sato (10191

—o5[[¢°T1 = o(DI[¢°T:

upon invoking the assumption that o << 1.
To prove the equality in (2.23), we record the following integrations by parts:

_(vsvgyy’ qo) =(vsyvgy’ qo) + (USUSy, Q3)
=(Usy[uSQ3y + zusng + usyyqo]’ qO)
+ (vs[usqy), + 2u5,q) + ugy,q°1, q3)

= — ((Usyuy)y ), 4°) — (Us5,qy, 4y) — (1 05y),4° °)
1
+ (Usyusyyqo’ qO) - 5((usvs)yQSa va)) + Z(usyvsqg’ qg)
1 0 40
- 5((usyyvs)yq »q )
1
=§((Usyus)yyq0a qo) - (usvsng, qg) - ((usyvsy)yqo, qo)
1
+ (Usyusyyqo, qo) - 5((usvs)ng, qg) + Z(usyvsq3, qg)
1 0 40
- 5((usyyvs)yq »q )
= 5 {0y — gty ,10°. 4 + (a0, — vyl @) (229)
=35 UsUsyyy — UsUsyyysq > g 5 UsyUs — UgylUssqy, 9y -
We record the second integration by parts:
(vsyyvg, qo) z(vsyyusyqoa qo) + (Usyyusqg; qo)

1
Z(Usyyusyq09 qO) - E(ay{us Usyy}qo’ qO)‘ (2.25)
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Combining (2.24) and (2.25) with the definition of a, a; given in (2.17) proves the equality in
(2.23).
We now treat the final two terms in (1.27). First, we insert (2.8) to obtain

|(Ettrxthsq°, 40 S(euprttsq®, g°) + (€3 uf i usq, q°)
S (et D) + €/ gy W) 1)[g°11
< Vellg'11>
A similar estimate is available for the final term upon integrating by parts:
(05250, %) =(EVssxttsy 0% %) + (EVsxttsq9 4°)
=(egyxtsq°, q°) — (%6y{vsxxus}q°, q°)-
The right-hand side clearly contributes |(F, q°)|. This completes the proof. [

Lemma 2.8. Let v° be a solution to (2.1). Then the following estimate holds
(111 < [[g°11% + IIFwy >, (2:26)

Proof. We take the inner product of v9 w? with (2.1). Clearly, the v9,, term in £ produces

. 0 5 yyyy=o yyyy
coercivity over |[vy,,,, wo||*.

According to (2.1), the next term from L is

0 .0 2 2.0 .0 20,0 4.0
—(us0yy, Uy W) =(UsWiyyy, Uyyy) + {uswydy vy, vyyy)

_ 20 0 20 0 20,0 4.0
=(uswyLyyy, Uyyy) + (UsyWyLyy, Uyyy) + (UsdWyhy Uy, Uyyy)

1
— 2.,0 0 2.,0 0 2 0 0
=(UsWyLyyys yyy) + (Usy WoLyy, Uyyy) = 5 (s iwgdy Ly, Uyy)

— 3wl oy, 00)
2114/us0)y, woll* — llgywo I o [0y 105y, wol
— Nusyfwdy llo 109y 117 = sl o {3 3y 0, 112
2 l1y/s00y, woll2 = llttgy ol 100, 11109, 5 wo
— Nusy{wgy oo 109, 12 = o(DI[0Y,wo lI* — [[g°11% (2.27)

The next term from £ in (2.1) is ugy,, v, which we combine with eu,, v (the sixth term in £ in
(2.1)) to produce v°A,u,. We treat this via:

0 0 2\ 0 0 2

(L AU, Uy W) =(AcUsthsq, Uyyy, Wy
_ 0 0 2 0 0 2
=(Usyytsq”, VyyyyWp) + (Elhsxxlsq ", Uy Wo)

<N Augwo V) o [[g0T110, wol

S [[qo]]nvgyyywO”'
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3169

Next, we integrate by parts, using that v, |,—, = 0, to obtain

0

w2
UyyyyW 0 (5 {vsw }vyyy’vyyy)

0
—(svyyy,
1 20,0 .0 1 21,0 0
= 5@ oswglvyyys Uyy) = S (9 {0sWy3y 5 Uyy)
S 18y foswlHlco 09, MUY, Il + 109,y woll 1Ly [Hvsywo + vswoy |
~ P yytPsWoSllco 1¥yyy Yy yyyy*o Yy sy®0 s#0yllco
S oIV + [1g°11%.

Next, we arrive at
0 0 0
|(Usyyl)y, Uyyyy 0)' <(”Usyyusqyw0” + ||Usyy“syq0wo||)||Uyyyywo||

1
0 -3 0
<10y Wolloo 25 @2 + 18°7) ™2 o 105y a5y wo D10y w1l

S (g NI°1l.

Next, we arrive at
| (€030, U9y | =1(e0gx{thsqy + 15y g%}, 05, wH)

1—
0 - 0
S(Vell VewUspx lloo @011 + €2 [0gerttsy o lleo [[°TDIVY, wo

The remaining step is to absorb the o(l)lleywoll appearing above in (2.27). Thanks to the o(1)
factor, it suffices to rearrange (2.1) to obtain

0
[V
sy w0l <0Gy w011 -+ IFwoll + ity o O+ oo |

0
0 v 0
+ [[vgyywoll Uyl + IIEusxxwo(Y>I|oo|I—<y> I + llevgxxwoll Uyl

woll + llvgy, woll + 1Fwoll + [[g°]1]

S Uyyyy

SN+ IFwoll + [[g°T]-

yyy

To conclude the proof, the right-hand side clearly contributes |(F,v?

yyyy 0)| ~
”FwOIIHUyyyywO”'

2.3 | Existence and uniqueness

We now establish existence and uniqueness for the system (2.1). First, consider the operator:

Lo® =F, v9(0) =0)(0) = d5v°(c0) = 0fork > 1,
(2.28)

0._,0 u® O
Lov” 1= Uyyyy —u0
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3170 | GUO and IYER

Lemma 2.9. Assume F € C°. There exists a unique solution 0 to the problem (2.28). Moreover,
v is given by the expression v° = C; + Coe V17 4+ u,[F], where up[F] is the particular solution
defined below.

Proof. The characteristic equation is r* — uﬁ°r2 = 0. The roots thus correspond to the basis

solutions {v v v vo} ={1,y,e"”V,e”}wherer = u|‘T°.
1 y €V e "V 0y e e’V
W) 0 1 re” —re™ Wi0) 0 1 rev —re
Y= 0 0 r2ev r2e 1= 0 0 riev r2e v
0 0 rievy —ple ™y F 0 rie¥y —pie™
[1 0 ev e "V 1 y O e "V
W,0) 0 0 re” —rev W.0) 01 0 =—re
2= 0 0 r2eYy rple W= 0 0 0 r2e™
0 F rievy —ple™ 0 0 F —pie
_1 y €Y 0
W.0) 01 re” 0
W0 0 e o
0 0 rev F

Let W(y) = |W| and W;(y) = |W;|. Define

alF0)=- [ 32z
y

As F has compact support, it is clear that ¢; and its derivatives decay rapidly at y = c0. The
full solution is thus given by v° = C; + Coe™ + up[F], where u,[F] is the particular solution
u,[Fl := Y clF ]v?. We achieve the boundary conditions by solving C; + C; + u,[F](0) = 0 and
Cy —rCy +9,u,[F](0) = 0. O

We now quantify the space in which v° lives. To do so, define

0
. 0 0 0 0 v
100 £ eyl Syl + 65y -+ i+ 1151,
0 0
10007, 2= l10)yyy eI+ 1U),,e Il + [[0),e 1| + WY1,

0
. 0 0 0 v
1007 1= eyl -+ oG, 1+ lio§l + 1

Lemma 2.10. Let F € Cg°. Then v’ € T, T, and the following estimate is valid
10°llr S IFwoll, and [°llz, < IIFe I,

forO<s<r.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3171

Proof. We square and integrate the equation || £,v°||> = ||F||?. It is immediate to see that

0
I1£ov°11% = llv

0 0 0
yyy I + [ Pllvyy 117 + 2upvy, (0)vy, ,(0).

0 (4,0 2
+ 2u” [loy),l

Next, one takes inner product with v° to obtain control over ||v3||2 + ||v(y’y||2, whereas on the
right hand side one uses Hardy inequality via |(F, v°)| S |IFO) | ||v3 ||. We may repeat the first step
with weights ¥, and all integrations by parts are justified since s < r. [

We now remove the compact support assumption on F.

Lemma 2.11. Let F € L*(w,). Then there exists a solution v° € T satisfying ||0°||; S |[Fwpll. Let
F € L*(e¥). Then v° € T satisfying the estimate ||[v°| 7, < ||[Fe||.

Proof. This follows from a straightforward density argument. [
The final step is to add on the perturbations from L to L. To do so, write £ = L + K, where
Kv° = (uy — ud))), — g, 00 — 009 — 0,09 — et 00 + Vg V)

Lemma 2.12. Let F € L*(w,). Assume the operator L satisfies the a-priori bound || Lv°w,]|| =
10| Then there exists a unique solution v° € T which satisfies the bound ||0°||; < |[Fwp]l.

Proof. We note first that £ 1K is a compact operator on T. Indeed, letting v° € T, we see that
Kv° € L?e% for some 0 < s. Thus, we may apply £, which brings £ Kv? into T, which is com-
pactly embedded in T. We thus apply the Fredholm alternative so that we must rule out nontrivial
solutions to the homogeneous problem £,v° = —Kv°. Since v° € T, we bootstrap to conclude
v’ € T,. We may subsequently apply the assumed a-priori bound on L to conclude that v° = 0 is
the only solution. O

Proof of Proposition 2.1. Estimate (2.6) is obtained by combining (2.16) with (2.21) and (2.26).
Together with Lemma 2.12 (whose hypotheses are verified by estimate (2.6)), this concludes the
proof of the proposition. N

3 | FORMULATION OF DNS

3.1 | Solvability of DNS

The main object of study in this section, motivated by (A.27), will be the following system:
—0,R[ql+A2v+J(v)=F
Uxxxlx=1 = Uxlx= = 0and v|y_¢ = Uxx|x=0 = 0, (3.1
Uly=0 = Uyly=0 = Vly1e0 =0

The above F serves as an abstract forcing for this section. Recall the definition of R[q] given in
(1.13), and of J(v) given in (1.29).
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3172 | GUO and IYER

Recall that g = ui from (1.13). Define:

ii=u—ud :/x —v,(x,y)dx" 1= I,[-v,]. (3.2)
0
We will record now identities regarding the boundary conditions for g:
Axlx=r = _uu_S:cqlx=L’ Qxxlx=0 = —2uu—s:‘qxlx:o- (3.3)
Define our ambient function space via:
Hy :={v e H*: (3.1)is satisfied. |

‘We want to establish existence for v as a solution to the system (3.1). We will define now several
function spaces which will enable us to state the existence theorem.

Definition 3.1 (Function Spaces). Fix any weight, w(y) € C®(R,).

T _ . vk o B
Ivllc2qw) == v - wil loll gy 2= 1VeLll2w)s 10l Oiljgk 10l

3
”v”H?d(w) = ||{vyyyy7 EVxxyys €2 Uxxxys Ezvxxxx} ~w|l + | V Us \/gvxyyy ~wll,

||U||Hid(w) = ||U||H:d(w) + 101 3 w)-
We adopt the convention that ||v|| HOw) - = II\/EU -w||, and that when w is left unspecified,

w = 1. The relevant class of test functions is C}7 :={¢ € C* : ¢(0) = 0 and d,¢ = 0 in a neigh-
borhood of x = 0, and are compactly supported in y}. The following spaces are defined: H(w) :=

2 w . .
e " and X, 1= {v € H! : |lvllx, < oo}, where || - |, has been defined in (1.22).
‘We now define notation for several operators:

JO(U) = ax(_[us - MS(OO)]Uyy + usyyv) + 8ax(_[us - us(oo)]vxx

+ Ugyx V) + ax(US(Ix[_Uyyy] - vay) - Ix[_vy]Asvs) (3.4)
e A2 Yy o
Dy(©) = 220 - ()13 )Acty, D) 1= Deo(v). (3.5)
We now prove the following result, where |[v]|x,, ||v||Yw0 are defined in (1.22):

Proposition 3.2. Assume v € H* satisfies the a-priori estimate:

lvllx, S CellFll and |[vlly, S CellFwoll (3.6)

for solutionsv € X; NY, to(3.7).
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3173

Then there exists a unique solution v € X, N Y, to the problem:
A7v—3,R[q]l+J(v) =F
Uxlx=L = Uxxxlx= =0, Vlx=0 = Uxxlx=0 =0, (3.7)
Uly=0 = Uyly=0 =0, U]y =0.

The first step is to invert the highest-order operator, A2, In so doing, the first point is the
existence of a finite-energy solution:

Lemma 3.3. Given F € L?, there exists a unique H? solution to A?v = F with boundary conditions
from (3.7). Moreover, for any w satisfying |6’;w| < |w), this v satisfies the following estimates:

3
by 2
”{vaxyyrszvxxxy’gzvxxxx}w”2 —elllqllly S I(F, Ezvxxxxw)L (3.8)

3
I { \/vayyys EVxxyy> €2 Uxxxy} V Uswllz —¢lllqll |% (3.9)

2
< |(F’ Eusvxxyyw)l-

~ gl <

L? ~
Proof. Fix f™ € CZ such that ||[F — f,,|| — 0. Let /" denote the even extension over x = L,

which satisfies f m(O) f™(2L) = 0. We may now expand f™ periodically in a Fourier sine series:
fm Z sm(n x) Since f is even across x = L, only the n-odd coefficients remain. We now

solve the equatlon A2p™ = f™ on H. Thus:
= Y frsin(nazx), 0= Y of)sin (norx).
n odd n odd

‘We thus obtain the following ODEs:
2
™Y — 25( 2L) Ry’ + 52n4( ) ™) = fmforn#0andnodd.  (3.10)

Note that f7" ' =0 since f™ is odd. For each fixed n, we solve the above ODE using Lax
Milgram. Precisely, define the bilinear form:

B,[v,¢] := (", ¢") - 28( ) (nv',ng’) + ¢ < ) (n*v,n’¢) : Hy xH; - R.

First, for n # 0, B, is coercive over H; since B,[v,v] = [v”] + 2.5(1)2 2V % + 52(%)4n2|v|2.
Similarly, B, is bounded on H; X H;. Summing in n yields the estlmate 10" g2 S ILF™I-

We now estimate |[vy},,, |- Integratlon by parts in y and appealing to the trace theorem in R,
produces:

1 3
2|V )yyylI? =(n?vy. v5,,) + <”Zv;lyy(0)’”zv)rfly(0)>

1 3
<[V, 110 | + 1203, (0) 1120, (O))

1

1 1
<lrogy Vgl + lInog,, 112 gy, 112 In*v |2 lInvyy, 2.
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3174 | GUO and IYER

Taking summation over n gives and applying Young’s inequality for products with exponents
1 1

@m

1 1 1

v

1
i [ e 2

[0 l1* S NIV [+ llvg vz,

xyyyl XXyy I ||Uyyyy| Xyyy (B Xyyy I

4
1 1 1 1\3
STy HIOFsyplE+ 2| T0Ep 112 )+ Noc| 1oy, 12 10Ky, 12 105,112
yy yyyy yyy yyyy Yy yyy

3
Multiplying by v}, produces the bound: [|€vYy),, €2 vxxxy,s o P S ILF™I12. We use the

equation to estimate ||v},, ||. This then concludes the full H, 4 bound.

That 0" is in C*(H) follows by multiplying (3.10) by factors of n/, summing in n, and using
that ™ is smooth to ensure summability of the right-hand side Y, n*/|| f1!]|* < 0.

That v™(0) = v7%(0) = 0 is guaranteed by the fact that v™ is a Fourier sine series and v(L) =
vt (L) = 0is guaranteed by the fact that only odd n coefficients are nonzero.

We turn now to the estimate (3.8). Integrating by parts produces:

3

(AZ e 2 )rcnxxwa) = ”{gv)rcnxyy’2EEv)rcnxxy’52U>Txxx}w”2

= Alleviy/(wy 2 + wwy, I + ey /@y wwy ) + 0y, flw, 121
3
- legzv)r!lxx V (lwy|2 + wwyy)“2~

On the right-hand side, we have (f, 0™, . .w?). As f™ — finL? and v, = Uyyxx Weakly
in L?, we may pass to the limit in the inner product. From here, (3.8) follows immediately.
We turn now to (3.9): We integrate by parts the A? terms:

2
(AZv™, v usw?) = — (v}, w?, 0, {usv},, 1) + 2|V, /usw||?
- (E xxx Z’ax{usv:cnxyy})
2
— (UL, URyyyy0) — (€U VY, LYy, w07)
+ 2”“szlxyy V usw”2 - (E3usxv)rcnxx’ UTxyywz)
- (E3usv>rcnxx’ U)Txxyywz)
=[1Vevl w/ug|2 + (v, 0,0, {wugd)
E0xyyy s EVxyyy» VxyyOy s
2
+ (€03 VYyyy W) + (2055, 03, 0y {wuy )

2 2
+ 2|IEUTxyy V ugw||© + (53usxvyy?xy’ U)Txxyw )

3 m m 3 m m 2
+ (25 usxvxxy’ Uxxxwwy) + (E usxyvxxy’ UxxxW )

3
+ |lez2 Vusvf?xxywllz + (53usyv>y21xx’ U)rcnxxywz)

3 m m
+ 2e’u, vl vxxxywwy)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3175

3
S 2
2[\usf VeVl 260 g2 0wl — ellg™ 1]

_ miy|2
g™ 11,

We have used the bound |w,| < |w| and Young’s inequality for products to perform the above
estimate. We again pass to the limit as m — oo in the same manner as for (3.8). O

Lemma 3.4. Let F € L>((y)™) for some 1 <m < co. Then ||v||H?d(<y>m) < CllF 2 yymy- In
particular, in the case when F € L> N L*(w), v = (A})'F € X; N Yy,

Proof. This follows from standard polynomial-type weighted estimates, and we omit the
proof. ]

We will now study the perturbation in two steps.
Lemma 3.5. The map D' : L?> — H* is well-defined.
Proof. Consider the map Dy(v) = F € L. By calling v, = A?v, we may rewrite the equa-
tion as vy + ¥y (V)u(00)A.A72v, = F. We will study this as an equality in L?, and it is clear that
xn()us(c0)A,AZ? is a compact operator on L? due to the cutoff function. Therefore, by the Fred-

holm alternative, to establish solvability of Dy, we must prove uniqueness of the homogeneous
solution. This follows by performing an energy estimate:

(Ang Uyx) — Us(00)(YN(P)AL Uy, Uyy) = (F, Uyy)

The Bilaplacian term produces the quantities —||v,,,,, 2\/vaxy, o |
Next, assuming N = =%, we have:

u,(oc0)
~ty(00) (AN Acx: Vex) = = =10y (OVIN I + [Veva D) aw
1 !/
+ N(ny’ Uxx)(N)-
Note that uy(o0) > 0. Thus, the operator is coercive over the quantities

10y 20y €V 12 + 101y 00/ 2w 2 + 1VEv (L In 1

By Poincare inequalities this implies that v = 0 if F = 0. Passing to the limit as N T oo, we find
that D is invertible from H* — L2. O

Proof of Proposition 3.2. We will now consider the full equation (3.7), which may be written as
D(v) +J°(v) = F € L. Again, standard arguments show that J°%oD~! is a compact operator on
L? or L?(e¥). By the Fredholm alternative, it suffices to show uniqueness for the homogeneous
solution to (3.7). For this, we apply the assumed a-priori estimate, (3.6) to conclude. O
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3176 | GUO and IYER

3.2 | Basic estimates
First, we urge the reader to recall the definitions in (1.22). For the weight, w, we will take
w = either 1 or wy, (3.11)
where wy is defined in (1.21). For both of these choices, the following elementary inequalities hold:
wy| S Velwl +1,  |wy| S [wl. (3.12)
Lemma 3.6 (Hardy-type inequalities). Let f satisfy f|,—o = 0 and f|,_., = 0. Then:

||§w|| S Ifywll + 1Vefwll. (3.13)

Proof. The case of w = 1 follows from the standard Hardy inequality. We thus consider w = w,
(recall (1.21)). We integrate by parts in y in the following manner:

Ilgwoll2 =(3y{y - %}f,f(Y)z’”)

:2m(f{y - %}J(Y)Zm‘l\ﬁ) —2<f{y— ;},fy<y>2m>

SIFEO™I[IVEry O™+ 1,0

]
Lemma3.7. Letv € H(‘)‘, letq = u%, and let w satisfy lwy| < |w|. Assume L << 1.
1. The following Poincare type inequalities hold:
lI8)6vwl| < LII8J6% vwl| for j, = 0,1,2,3, (3.14)
luf&)qul| < Lilukd)gq.wl fork = 0,1, (3.15)
1Vegewll S LIVeqewl. (3.16)
2. The following quantities are controlled by the triple norm:
16y Gy Vedssd - wll + 1Veq - wll + 1wl
+ {0y, Vxyys VeUssys Vxi} - Wl 317

+ [1{0yys Uys VEUL - Wl + [V 0 - w]]

S qllfw-
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3177

3. The following quantities can be controlled with a pre-factor of o; (1):

vy, - Wil + 1Velge vt - wil < LITGH s

(3.18)
llgyywll S VLIlIgl,.
4. Fixany & > 0. The following interpolation estimate holds:
IVeqy - wil < 811glllw + NsllusVeqy - wil. (3.19)

We will often (for the sake of concreteness) apply the above interpolation with the following choices
of &:

IVegxwll S L2 111g1llw + L™ [lusVeg,wll. (3:20)

5. The following boundary estimates are valid:

”qxw”x:L + “\/qu : w”x:O + ”Uyy : w”x:L (3-21)

+ ”\/quxw”x=0 + ”5 V usqxxw”sz + ”CIxyw”x:L S \/Zl”ql”w

1

1 1

1 1gq €4
lle Gy - Wllmo + ||s4ﬁw||x=o S[1+ |l (3.22)
/45y - hier S VLG w- (3.23)

Proof. Step 1:

Proof of (3.14)-(3.16): Fix a function i that is a function of y only, and such that Cytiy < ug <
C 1 for all (x,y) € Q. We may take i 2 y for y <1 as ug 2 y for y < 1. For any function g
satisfying g|,—o = 0 or g|,—; = 0, a Poincare inequality gives:

lusgwll < lldsgwll S Lildsgywll S Lljusgwll-

‘We will apply the above with g = 6}];q, a){l a;’zu for j, =0,1,2,3. We turn now to the following
Poincare-type inequality in the x-direction:

1Veq, - wil =||\/E<qx(L> +/ qxx> -w|
L

X
u
=lIlVe-=ql0) - wll + ||\/E/ Gx dx' - w]
s L (3.24)

L
.0 0l +IVE [ gt wl

X
0 L

u
===
Ve m
S o (MIIVeq, - wll + LI[Veqy, - wll.

By absorbing the || \/qu - w|| to the left-hand side, we obtain the desired estimate.
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3178 | GUO and IYER

Step 2:
Proof of (3.17): We will work systematically through (3.17). Let us start with the V2q terms. For
this, let £ > 0 a free parameter, and we will compute the localized quantity:

2
||qywa<X>||2: ay{y},qﬁywz)((X)
£ £
2 2
=— <2yqyy,nyyw2X<§> ) — (yqiy,way)(<)é> >
1 ,(y y
- (b (3)a(3))
SLII\/u_squyw)(@) v/l
2
+ L I sup ey | + %u\/u_squyw
y<

s<L+L£>|||q|||%U-

We have used (3.15). Inserting this below gives:

gy, - wl < llgy, - w[l —x(%)] I+ ligyy - wx@)u

< ign\/Lquxyywn + <é + \/Z>|||q|||i

< VLIlg||[2 for € = L. (3.25)

A similar bound can be performed for the remaining components of V2q. However, we must
forego the pre-factor of o; (1) for these terms. Let g be generic for now. For the far-field component,
estimate ||g - w[1 — )((%)]II < éllusgwll. For the localized component:

wurlg)e=(re{evs() })
(mam(3))-(swma(2))
e ()9

< VEO(VLHS) |ugg,wl| + sup lww, [VE|| gl
y<

+ & lusgwll.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3179

Accumulating these estimates gives:

lgwll < &llusgywll® + & uggwll* + SuI; ww, | VElgI?. (3.26)
y<

We will apply the above computation to g = g, and g = \/qux and take £ = 1. Next, applying
(3.13) with f = g, gives:

q
||7"w|| S lgywll + 1Vegq,wll. (3.27)

Upon using (3.16), this concludes all of the g terms from (3.17).
We now move to v terms from (3.17), for which we expand:

Uy = UGy + UG, Uy = Usqy + Uy,

Uyxy = Usxyq + Usxqy + Usyqx + UsGxy,

Uyy = Usyyq + 2Usyqy + Usqyy,

Uxx = Usyxq + 2Ug Gy + UGy,

Uyyy = UsQyyy T Usyyyq + 3Usyyqy + 3usyqyy

Uxyy = UsQxyy + Usxyyq + UsypQx + UsxGyy + 2usxyqy + 2usyqu
Uxxy = UsQxxy + Usxxyq + Usxxqy + Usyqxx + 2usxyqx + zusx%cy

Uxxx = ququ + usqxxx + 3uSXqu + 3ququ‘

We turn to the third order terms for v, starting with v),,,. We have already established the

required estimates for u,q,,,,q,, q,,, and so we must estimate using Hardy’s inequality:

ltsyyy @Il <l qll + lle*ugy gl
3
<l Yoo lgy) ™M + €2 ey oo 1V 2 G

3
S llgyll + 2 1Veg, .

The same argument is performed for the remaining quantities from V>v. The quantities in Vv
and Vv follow immediately upon using (3.1) and Poincare’s inequality. This concludes the proof
of (3.17).

Step 3:

Proof of (3.18): The q,,, estimate follows from taking £ = 1 in (3.25). For v, we use (3.14) and
(3.17) which shows that ||v,,,wl|| < |11qlll,- Both g, and v, follow from (3.14) to (3.16).

Step 4:

Proof of (3.19), (3.20): This follows immediately from (3.26) upon selecting g = g, or
g= \/qux and with § = \/€, £ = L%

Step 5:

Proof of (3.21) The estimate for q,|,—; is obtained by appealing to the boundary condition,
(3.1), (3.3):

u u u
”qxw”x:L :“ﬂqw”x:L < \/Z” [ax{ ﬂ} + ﬁqx] w“
U Ug Ug

uSX
< \/Zn(ax{u—s} ><y>||m||< w
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3180 | GUO and IYER

For qy|,—, we use Fundamental Theorem of Calculus:
0
lgxwllx=0 =llgx(L, )w +/ Qx| < llgxwllx=r + \/Z”qxxw”-
L

Next, |v,w(L, )| < \/Z||vxyyw|| by using v|,—o = 0. We now move to the g, terms from (3.21)
for which we recall (3.3). From here, we obtain

|Vequx (0, )] = 2|z (0, w0, ).

The result then follows from the g, estimate. At x = L, we use Fundamental theorem of calculus
to conclude:

”E V usqxx”x:L < ”E V usqxxw”x:() + \/Z”E V usqxxxw”-

We now compute using (3.3):

”qu : w”x:L —”a { Q} : w”x:L

<”a { }q w”x Lt ”_qy w”x =L-
Uy

The latter term is estimated using q|,—o = 0 so by Fundamental Theorem of Calculus is
majorized by \/f lgxywll. The former term requires a decomposition, upon which we use that

g|lx=o = 0 and Hardy’s inequality for the localized and Prandtl component, and the extra \/g for
the Euler component coupled with the Poincare inequality in (3.16) for the g, term:

u &u
I3, { }qwx||x_L+||a { jx}qw[l—x]||x=L+ ||ay{ ‘[u ”}qw[l—x]nx:L
S

RIE LIS X+ /L ||a{ } 2l ||+||ay{uex}\f Y [l VLIIVEG, -

Above, we have used \/cu, = Zl.n:l zlué(x, Y) from which ||ay{uex}\/2w0||oo < 0.
This concludes the treatment of (3.21).

Step 6:

Proof of (3.22)

Using (3.3):

! L ug,
”54qxxw”x 0 =||2¢4 —wa”x =0 S ”usx<y>”oo||54 <y>w”x =0-

10x

We use the cutoff function )(( %), which satisfies [0y )(( )N S T , and use the standard Trace

inequality to estimate:

1

1 gy Lge [10x
_— = _ < ||= — | =
lle4 <y>w”x=0 lle <y>)( I Wllx=0 S II wIIZII\/_qxwaI 45 T II< ) wll.

To conclude, we apply the Hardy inequality in (3.13).
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3181

Step 7:
Proof of (3.23) Again using (3.3), the fact that g|,—, = 0, and the Fundamental Theorem of
Calculus:

||\/_ayy{ - }wnx_L—n\/_l qyy+za{ }qﬁ(%) q]wux:L

<\f||\/_quyw||+xf||qu||+\/’||< ) NMEST

yy Y

O

We must now collect some blow-up rates near y = 0 of various quantities according to the Hg
norm. We emphasize that these are qualitative estimates (and thus, any € dependence on the right-
hand side is acceptable):

Lemma3.8. Letv € H(‘)‘. Then the following are valid for j = 0,1,2and k = 0,1, 2,3:

sup [Vl =y, + 1V qllyzy, + VYol V34lly=y, | < Ce, (3.28)
Yo=

for some constant C, < oo that may depend poorly on small €.

Proof. First, that sup,, |Vkv|L)zC < o0, for k = 0,1, 2, 3, follows immediately from ||v||s < c0. We

1 1 b .
now use the elementary formula — = - — to write:
a+b a a(a+b)

q_l_ v _ 1 B_Uus_usy(o)y
U usy(o)y + [ug — usy(o)y ] usy(o) y y usy(o)us

Using the estimates u; 2 y as y | 0 and |ug — uy,,(0)y| S y%asy | 0, it is easy to see that the
second quotient above is bounded and in fact C¥. We may thus limit our study to q, := 5 We let
k, + k, = 3 and differentiate the formula:

1 [ !
axn =3 [ e = [ o,
Y Jo 0
where we changed variables via ty = y’, to obtain:

1
ki ~k ky ~k
\/yoaxlayz%(xy}’o) =/ Jy' 9y vy(x, tyo)tk2 VYo dt.
0

We take L2 and use Cauchy-Schwartz in y to majorize:

2
ky 7k ky Akp+1
\/ ”a ‘0 2qO”y =Yo —(/ ”a 16 o U“)ZiztyoyotZkz dt)

2
( / 1858y ul2_,, vo dr)

1

Yo 2
s(/ ||v4v||2)
0
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3182 | GUO and IYER

This establishes the V3q estimate. For Vg, a similar calculation produces:

1
. o ,
1182:8,2qolly=y, =l / 8701 v (x, tyo)t? dt]l oy,
0

1
< / IV30ll, o0y, 2 dt
0
1
y J2 d 2
S S
s(/ ||v3v||§:s—.—>
0 yjz y
1
1 /[ 5 2
s(— / ||V3v||y=sds>
Y Jo

1 2
< =ysup||V3v|,- > < 0.
( e SS{) IV=vlly=s
Above, we have used that sup_, IV3v]| y=s < oo has already been established. This concludes
the proof of the lemma. O

Corollary 3.9. Letv € H, g . The trace V?q| y=0 is well defined as an element of L2, and moreover the

10
following continuity is satisfied: V>q(-,y) 2 V2q(-,0) in L*(0, L).
Proof. (V2q|y—o)* is realized as the boundary trace of a W' function |Vq|?. Indeed, this follows
from estimating the product Vg - 8,V23q € L":
IV*q-9,V2qll; < IIVZQIIL;o(L;) |IV3qIIL§,L; < oo,

The continuity statement in the lemma is a consequence of the above estimate and the Lebesgue
Differentiation Theorem. O
Corollary 3.10. Letv € Hg. Then all quantities appearing in || - ||x, are finite.

Proof. All V3q terms, upon taking | - |2 scale like y~1/2, and so clearly ll\/usV3qll < 0. The
second derivatives, upon taking | - | 12 are bounded, and so clearly ||V?q|| < co. The boundary
terms are well-defined from the above corollary. O

4 | A-PRIORI ESTIMATES FOR DNS

In light of Proposition 3.2, it suffices to control ||v||x, in order to solve the DNS system (A.27). This
is achieved in this section via a cascade of estimates on |||g|||,, (Quotient Estimates, Subsection
4.1) and [|]|v]]|],, (Trace Estimates, Subsection 4.2).
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4.1 | Quotient estimates

Lemma 4.1. Let v be a solution to (3.1), let w satisfy |6§fw| S w,andlet L << 1. Then

V5t ey VeQuny €} - I + Gy - WI2_g + gy - w2,
+ IVeuy g - w2,

< (1) 2 2 L_El'; \vj . 2 L% 2

< o M[IglE + HIINIE] +L751Veqy - ugll? + L llgeewy |

+ |(F, gyxw?)]

Proof. We will compute (Equation (3.1), gy, w?).

Step 1: Rayleigh Terms

(_axR[q]’ Qxxwz) S - ”usquw”i:() - ”us\/gqxxw”i:L + Ll”q”l%u

1 1
+Ls ”%cxwy”2 + L8 [lugV.qg wl*.

We first integrate by parts in y, distribute the d,, and then integrate by parts in x:

(=0 {3 qy}, rw?) = (01U qy}, Gy w?) + (Bx{u5 gy}, gn2wW0y)
= (Ul Gy GrryW?) + (U Qxys Gy W)
+ (4ugUg Gy, G WW)) + (UG G WW),)
= — (Quly, gy w?) — (20, {ugUsy Jqy, Gy w?)
— (U, Gy W?) + (AUl Gy, Gy WWY)

+ (2u§qu7 qxxwwy) + Z(ususqu’ Axy wz)sz

1 1
+ EHMquyw”)ZC:L - Ellusquwllizo.

(4.)

(4.2)

(4.3)

The term (4.3.8) is a favorable contribution. The cross terms, (4.3.{4, 5}), are the most dangerous

terms:
1 1
1(4.3.44,5D1 S sy - willlusqxwyll S L8 lusqywll® + L sty 1%,
1(4.3.41, 2,31 S llusqy - wl,

1(4.3.6)] + |(4.3.7)] S oL (Dllusqxy - wII?

To estimate (4.3.2) we have used (3.14) because q|,—o = 0. For the two boundary terms,

(4.3.{6,7}), we have used (3.21).

:sdny) suonipuo) pue swd | 9y 338 *[$707/10/67] U0 Areiqr aurjuQ K1 ‘Areiqi Ansioarun umoig £q 6017z 2dd/2001 0 1/10p/wod Ko[im°Areiqijaur[uoy/:sdiy wolj papeojumod] ‘1 ‘€707 ‘TIE0L601

19)/W0" K[ 1m° Al

pue-

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



3184 | GUO and IYER

‘We will move to the next Rayleigh term, which upon expanding reads:

_(Eaxx{ug%c}’ qxxwz) = _E(usz%cxx + 4ususqux + 2[ususxx + uszx]QX’ Qxxw2)- (4-4)

We integrate the first term by parts in x:

1 1
(4.4.1) =(eusttye . Gx?) = 3 IVEUsqewll}_y + 5 I1Veusgwll,

< = IVeugeuwl®_, + 1Veusgowl?_, + 1Veusgowll?,

where we appeal to (3.21). The remaining two terms in (4.4) are also directly majorized by
I \/Eusqxxw ||> upon using (3.21) and the Fundamental Theorem of Calculus.

Step 2: A? Terms

(Agv’ qxxwz) S - ” V us{quyv \/quxyvgqxxx}wllz - ”‘nyw”f,:o

+ o (MIlglI2 + VIl #L7F llusVeg,wll? (4.5)
+ L[| Vequwy |
We now treat the contributions arising from A2v, starting with é‘y‘ L
yyyys ex?) = = Wyyys Gy W?) = 20y G WWy)
=(Uxyyys GeyW?) = Oyyys Gy W=t
+ 2(Vyy, Gy W) + (Vyy, G (W?)))
= = (Uxyys QuyyW?) = 2Oy, Gy WWy) = xyys Gy Wy=o
— (Uyyys Gy W)yt — 2V yys Gy WW))
+ 2(Vyy, Guy Wty )xr, + Uy, Gux(W?)yy)- (4.6)

The main terms are (4.6.1) and (4.6.3), so we begin with these. First, an expansion of:

nyy = ustyy + usxyyq + usyyqx + qu ny + 2usnyy + 2u'Sy qu’

shows:

(4-6-1) = —([usquy + Usxyyd + UsyyQdx + UsxQyy

+ 2usxy‘]y + 2usnyy], Qxyywz)'

! Note that all integrations by parts are justified rigorously by Lemma 3.8 and its corollaries.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3185

First, (4.6.1.1) is a favorable contribution to the left-hand side. We estimate immediately using
Poincare estimate (3.14), |(4.6.1.4)| < L|||ql||2. Using the Hardy inequality in (3.17), the fact that
qly=o = qxly=o = 0, and the interpolation inequality (3.20) with appropriate selections of a:

] Iy/isgayywl

S gy wll + LIVeqgowI s gy, wll

1613 S lltsyy (9o

1 1
SLeNlglG + L8 lugVegawll®.

Let us explain the computation above, as it is will be used repeatedly. We simply apply (3.20)
twice with different choices of a:

1 1
Igywll gl S {Ls4|||q|||w+L = ||usquw||}|||q|||w
oo 1 _2 El 47
SLu|lglll +L 32{L = ||usquw||2+Lsz||\/usquyw||2} “4.7)

1 1
s , -l
SLelgllg + L8 llusgewll®.

For (4.6.1.2) we may first use Poincare in x as q|,—o = 0 to majorize in the same way as above.
Integration by parts in y and use of the assumption that |w) | < |w]| yields:

(4.6.1.5) =(2usyyy Gry> Gyw?) + Qugyy Gy GyyW?)
+ (4usxyqu» qywwy) + (Zusxyqy’ quwz)y:O

p ”qu’ dyy - w”2 + LHQwa”z +L||quw||§=0-

We use above that g,,, comes with a factor of \/Z according to estimate (3.18).
Integrate by parts in y:

(4.6.1.6) =(qzy» UsyyW?) + (q3y» Usy20W,) + (G5, Usy W)y
SC“ V Usxy * w”2 + C”qu : way”z. + |V Iusquxywliz(y:())

1 1
<L 1113 + L5 lugVeqewll® + Il /iy gy wli_, (438)

Above, we have used |w) | < |w| and the interpolation inequality (3.20). Let us emphasize the {y =
0} boundary term from (4.6.1.6) arises with a pre-factor of +1, which is of bad sign. We postpone
the estimation of this boundary term until (4.10).

We move to (4.6.3) for which an expansion shows:

(4-6~3) =- ({usquy + usxyyq + usyyqx + usquy
+ 2usxy‘]y + 2usyCIxy}’ quwz)yzo

<- (2 - COL)” V ayqu”izoa
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3186 | GUO and IYER

for some Cj, < o0, independent of small L, . Let us provide some details regarding the above esti-
mate. For (4.6.3.1), we use (3.28) and the fact that |ug| <y near y = 0 to conclude that (4.6.3.1)
vanishes. Using that q|,—, = 0 shows that (4.6.{2, 3}) vanishes. Using (3.28) together with |u,,| < y
for y ~ 0 shows that (4.6.4) vanishes. This leaves only (4.6.3.5) and (4.6.3.6). The main favorable
term is (4.6.3.6). For this, we have used that:

n n
n+1l . n .
Uglyoo =tly—g + X Ve ulylyo+ D) Ve ubylyo
i=1 i=1
2(1 - Cl£)“sy|y:0: (4-9)

for some C; < co independent of L, e. Note that ug,|,—, is bounded below according to the first
line of (A.33), which ensures that (4.6.3.6) is, in fact, a favorable contribution. For (4.6.3.5), we use
that g|,—o = 0 to invoke the Poincare inequality:

u

sXy — —
i ||y=0”\/ uyquw”yzoll\/ uyquw”y:O-
y

|(4.6.3.5)] <L||

This concludes the estimate of (4.6.3).
We apply the same calculation as in (4.9) to conclude:

(4.6.3) + (4.8.3) < —(2 — CyL)|| 4 /ayquuizo + (1 +Ci9)|l ,/ayquujzo (4.10)

1 —
< _5 ” Vv uyqu ”)2;:0'

Using (3.3) and the Fundamental Theorem of Calculus to integrate from x = 0 produces the

identity:
(4.6.4)=(v,,,,0 Yox g L2
OB = Yoy O 31
x=L

uS.X uS.X
=<nyyy:ay{u_SQ}w2 + <vyyy’axy{u_SQ}w2>

u u

== <nyy’ayy{1%:‘J}w2> - <nyy’ay{,fq}2wwy>
u u

. <vxyy, fqywz) + <vyyy,axy{%q}wz>

S y=0 S

For the first term, we distribute the d,, and subsequently use (3.27), Poincare in x, and (3.18)

to obtain:
u u u
(@641) =1 = (o1 [ayy{ 2o dgraa {2 g, + %qw] o))
S S S

u q u
S fogyl [nayy{ui: }yumn;wu +L||ay{ o } lollgswl
usx
o wnqyywu]

S
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3187

S ”nyyw[HQyw” + ”\/Eqw” +L||Qxyw” + ||nyw”

<o (WlIgllI3.

For the second term, we again distribute the d,, and use that |w,| < |w|:

u u
[(4.6.4.2)] <| <vxyy,6y{% }quwy>| + |<vxyy, %quwwy>|
S N
S Loy { ” }Y||oo||nyyw|| y w]| +L|| ”oo”vxyyw””quw”
S

SLig, { " }y”oollvxyyw”{”quw”
+LIVEQ + LI o oy 0l 5yl
SLillglI.-
For the third term, we expand the expression for v, via:
(4.6.4.3) = —(UsGryy + UsxGyy + 2Usxy Gy + 2Ugy Gy

Uy 2
+usxyyq + UsyyQx» qyw .
Uy =0

(4.6.4.3.1) and (4.6.4.3.2) vanish by combining (3.28) with |aius| < y for y small, and (4.6.4.3.5),
(4.6.4.3.6) vanish by using that q|,—y = q,|,—o = 0. This then leaves:

1(4.6.4.3.3)] +[(4.6.4.3.4)] < Lllg,wll}_, S Lllgl3,

where we have used the Poincare inequality, which is available as g|,—o = 0.
For the fourth term, we use the interpolation inequality, (3.20), and then Young’s inequality for
products to establish:

(4.6.4.4)| S llvyy, wllligeywll S vy ISHIgl e + NsllusVegwll®)
1
SorMIgIIE + L8 llusVegywll*.

We now move to (4.6.6). Again using (3.3) and that v|,_g = q|,—o = O:

(4.6.6) = — 2<vyy, 9, { L;ﬂq }wwy>
s x=L

u
5L||vxyyw||||axy{§q}wn S Lillgllf3.
S
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3188 | GUO and IYER

For (4.6.{2, 5}) we use |w, | < |w| and the interpolation inequality (3.20), whereas for (4.6.7) we
use Poincare in x, (3.16), and the assumption that |(w2)yy| < Jw'|?:

1 1
|(4.642,5D| < Lie||Igllg + L5 lusVeg wll?,

1(4.6.7)] S Lilvyyywllllgexwyll-

This concludes the treatment of 6; contributions.

We now move to contributions from 2¢d,,,. We first integrate by parts in y, second expand
the expression for vy, and third perform a further y-integration by parts for the 2u,q,,
contribution. This produces:

(2£Uxxyy9 Qxxwz) :(_ngxxy’ CIxxywz) - 4(EUxxy9 Qxxwwy)
=(_25[usxxyq + 2usxyqx + usquy + usqxxy + 2usquy
+ 2usnyx]’ QXxywz) - 4(vaxy’ qxxwwy)
=- (2E[usxxyq + 2usnyx + usxey + ustxy
+ 2usquy]’ qxxywz) + (Eusyya q)zcxwz)
+ (2¢ugy, g2, WW)) — (460 yy, Gy WW)) (4.11)

Term (4.11.4) contributes favorably. Terms (4.11.{1, 2}) are estimated through the weighted

Hardy’s inequality (3.27), terms (4.11.{3,5}) are estimated via Poincare’s inequality (3.14) and

Cauchy-Schwartz, and terms (4.11.{6,7,8}) are estimated through the use of the assumption that
lwy| < [wl:

(41101, 2})] < x/En{usxy,usxxy}<y>||m||%wun\/u_sx/quxywu,
(41143, 5D)| < Vellguywllll vt Vegemwl
|(41146,7,8D] £ L7 15 |yeqeewll? + o, (DI Vev, 0l

< L5 lugVoqul + o, DGR

We next get to the contributions from ¢?v,,,,. We first integrate by parts in x, use that
Uyxxlx=r = 0, and then expand d>v in terms of g to obtain:

(szvxxxx’ qxxwz) = (Ez[usxqu + 3uSXXqX + 3quqXX

+ uSquX]’ qxxxwz) - (EZUXXX’ qxxwz)x=0- (4‘12)

We first estimate the first three terms with the use of (3.17) - (3.18):

(4.12.1,2,3)] < Lll/tgeqrs - W% + VELIVEG,y - wII

:sdny) suonipuo) pue swd | 9y 338 *[$707/10/67] U0 Areiqr aurjuQ K1 ‘Areiqi Ansioarun umoig £q 6017z 2dd/2001 0 1/10p/wod Ko[im°Areiqijaur[uoy/:sdiy wolj papeojumod] ‘1 ‘€707 ‘TIE0L601

10)/w00" K[ 1M K.

pue-

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3189

For the boundary term, (4.12.5), we use the identity (3.3) to simplify and (3.21) to estimate:

u
(4.12.5) = <252Uxxx’ %qxblﬂ)
S

x=0

3 u
5 ”Ezvxxx : w(%) ||x=0||\/ECIx : w”x:O
S

3
2 usx
S 1le2 Uy - w<—) =0 VLIIg! ]

Uy

1 3

S VLI gl

Note we have invoked the fourth-order norm, ||||v]|||,, due to the boundary contribution at
{x = 0}, through the following trace inequality:

3 1 1 1 1
lle2 UxxxWllx=o S llevxyxxw]l2 ||52Uxxxxw|| 2 S alllg ol - (4.13)
Step 3: J(v) Terms
5 1
I, x| S oL (WINGIIG + L8 llug Vequll® + Ll gywy [I*. (4.14)
Recalling the definition of J in (1.29), we expand (J, g, w?) via:
(_Estny — UsUyyy — EUsUypxx
+ AEvsvy — UsxIy [Uyyy] + szstx[Uy]’ Qxxwz) (4.15)

An integration by parts first in x and then in y shows:

(4.15.5) =(Ugxalc[Vyyy ], G 0?) + Uiy Gxw?) = Wrllvyyy ], Gew?)aey
= — sy Lc[Vyy], @w0?) = Wi L[V ], Gy w?) = Wi [Lyy ], g 2ww0))
+ (UgxyUyy» QW) + (Vg Uyyr @y0?) + (Usy Uy, G 2WW))
+ (Ic[vyy], 0y {vsxquw? D=1
SLINGIE + 1 - wylI?]

We have used the Hardy inequality (3.27) and Poincare in X, (3.16).
The estimates for (4.15.2) follow along the same lines. Again, integration by parts in y then in
x and an appeal to the boundary condition (3.3) produces the identity:

(4-15-2) =- (styvyy, waz) - (vsxvyys quwZ) - (stvyy, szwwy)

2 2
- (vsyvxyy’ qxw ) - (Usvxyy’ Qxyw ) - (Usvxyy’ szwwy)
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3190 GUO and IYER

u u
+ <vyyw2,ay{vs<ﬂ>q}> + <vyyvs,ﬂq2wwy>
Us x=L Us x=L

1
SorMINGIIE + L8 1ugVeqy - wII* + Ll gy - wy 1>

The above estimate relies on the Hardy type inequality (3.27) for (4.15.2.{1,4}), the interpolation
inequality (3.19) for (4.15.2.5), and Poincare in x as v|,—, = 0 for the boundary terms (4.15.2.{7,8}).
Next, we trivially obtain:

[(4.15.1)] S Vellog,wllllVegewll S Velllgll2

1
(4.15.3)] S 1VevewllllVeusgowll S L5 lugVeqwll? + o (DI11gl1 12,

For (4.15.4), we integrate by parts in x and appeal to the boundary condition (3.3) and v|,—y = 0:

u
(4-1S~4) == (Asvsxvy’ qwa) - (Asvsvxy! qwa) - (Agvsvy’ %qwz)x:L
S

q q
SLllAastYHm||nyw||||?xw|| + ||AgUS<Y>||oo||nyw||||7xw||
U, q
+ LI == (")l oo 1A Vg [l o [0y wl| = w]|
Uy y

1
S o (MINgIE + L8 llugVegw]|®.

Above we have used the Hardy type inequality (3.27), and the interpolation inequality (3.20)
to conclude.
Finally, for the final term (4.15.6) we first split the coefficient via:

n .
i .
(4.15.6) =(A£vgxIx[vy]’ qxxwz) + Z(\/E AEU;)xIx[Uy]: qxxwz)
i=1

" i+l
+ Z(\/E Avellex[vy]’ quwz)-
i=1

The higher order contributions are easily estimated using the extra power of \/E by:

1(4.15.6.2)] + [(4.15.6.3)| S Lllvywlll| Vegewll S LillglI[3.-

For the leading order Prandtl contribution, we integrate by parts in x, use that I, |,—, = 0, and
estimate the resulting quantity using the rapid decay of vg:

(4.15.6.1) = — (A UpyrIi [y ], gw?) — (Acvp 0y, g w?)

u
+ | Acvpy—q, L [vy Jw?
Us x=L

S LilglllZ

This concludes the treatment of the J(v) contributions.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3191

We estimate directly: |(F, g, w?)| is placed on the right-hand side of the desired estimate. This
concludes the proof. O

Lemma 4.2. Let v be a solution to (3.1). Let w satisfy |5§fw| S wl:

”ny : w”f,:() + ”\/u_s{qyyy’ \/quyy’gqxxy} : w”2 (4-16)
S VLI + I(F, gyyw?).

Proof. We will compute the inner-product (Equation(3.1), g, w?).

Step 1: Estimate of Rayleigh terms

(=0,RIq], gyyw?) S —llusgyywll>_; + Lllqll15. (4.17)
First, we will expand the term:
axy{ugqy} = uSZQny + 2ususquy + 2ususnyy + 2'[ususxy + usxusy]qy’

and upon doing so we will integrate by parts the highest order contribution, that is (u2q xyys dyy w?)
in x:

(—axy{ug%}, nywz) = (zusxusyqy’ nywz) - (Zususnyy, nywz)
- (2usustyyw2a ny) - (Zususnyya nywz)

‘Ll.2

s

+ (Uslhs Gy W, qyy) — <7qyyw2’ ‘Jyy)
x=L
SL| |Q| | |%u - ”usqyyw”i:L-
Second, we expand the term:

axx{uiqx} = ugqxxx + 4ususqux + [ZuSquX + Zugx]qw

We subsequently use the Poincare inequality (3.14) followed by (3.15),

(—€0yxfulqy}, qyyw?) = — (E[(U)xx Gy + 205 {Ufdqrx + Us Qrxr ], Gyyw?)

S Liligll2.

Step 2: Estimate of A? terms

(Agv, nywz) S _” \/u_s{qyyy: \/quyw quxy}w”2 - ||nyw||)2,:0 + Ll | |Q| | |%v (4-18)
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3192 | GUO and IYER

‘We begin with First, we integrate by parts in y, and then we expand the term v, :

yyyy-
2y _ 2 2
©yyyy> QyyW) = = Oyyys yyy W) = 2(Vyyy, Gyywwy) — (Vyyy, GyyW)y=o
= — ([usqyyy + 3usyyqy + Usyyyq + 3usyqyy 1, Gy w?)
= 2(vyyy, Gyywivy) = yyy, gyyw*)y=o- (4.19)

We first handle the important boundary contribution from above. We integrate by parts, expand
the boundary term to obtain:

3 3
(4.19.{4 + 6}) =<§usyyqyyw2, qyy> + <§usyqyyw2,qyy)
y=0

— Busy@yy w2, Gyy)y=o + (343, UsywWwy)
3 2 2
<= S y/isyayy - iy + VEIlalll}.

Above, we have used |w,| < |w|, and the estimate (3.18) to estimate the g, term. We have
also used the expansion for (4.19.6): vy, = Ugyy,q + 3ugy,qy + 3Ugyqyy + Usqy,),,, and subse-
quently that g|,—o = usly—o = 0, lIqyll,=0 S LIIqxylly=0- We emphasize the importance of the
precise prefactors of —3 and +§ in the above boundary terms, which enable us to generate the
required positivity.

The first term, (4.19.1) is a favorable contribution which contributes || \/u_sqyyywllz. The third
term is controlled by the Hardy-type inequality, (3.27):

q
(@19.3)] < sy 9o | 013ty 01l S LiTIgIIG-

The second term, (4.19.2), is controlled via an integration by parts in y, Poincare in x, (3.14)
which is available since q|,—, = 0, and finally (3.18) to estimate the g,,, contribution:

(4.19.2) =(3ugyyyqy + 3Usyyyys GyyW?) + 6(Ugy,qy, gy WW,)
+ 3(usyyqy, nywz)y=0
5 ||nyw||2 + L“qu”y:Oquy”y:O S Ll”qlllfu

Finally, we move to (4.19.5), for which an expansion of v, = uqyy, + Uy, q + 3ugy,q, +
3ugyqyy and |w,| S |w| gives [(4.19.5)] S L||Iqll]% upon invoking (3.18). This concludes the
contributions of 3.

We next move to 20, ,,. We integrate by parts the following term upon using that v, |,_; =0
and q|,—g = 0:

(zgvxxyy’ nywz) =- (ZEnyy, quwa)
=- (zgaxyy{usq}’ Qxyyw2)

=— (2 [usxyyq + 2usxyqy + Usxdyy

+usyy‘1x + 2usyqu + usquy] s quywz)- (4.20)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3193

While (4.20.6) is a favorable contribution, straightforward computations using the Poincare
inequalities, (3.14), show that

1(4.20.1)] + [(4.20.3)| + |(4.20.4)] S L+/e||Iqll13.

We must treat (4.20.{2, 5}) via integration by parts in y because their coefficients do not vanish
asy | 0. For (4.20.2), integrate by parts in y, and use |w,| < |w]| to obtain:

(4.20.2) =(4qyy, 0y thsry Gy w?}) + (4€qyy, Uy @y W)y
=(4€lhgxyy Gys GyW?) + (4€qyy, Ugey Gy W0?)
+ (8Eqxys Ugyy Gy WWy) + (4€Gyy, Ugyy Gy W02) g
Selllglllg + eLllgeywll* + LE“qu”;:()'

For (4.20.5), integration by parts in y produces the expression

(4.20.5) =(2eq,, 8, {5y w?}, Gxy) + (26qys Groythsyw?)y—o S €lllql 13-

We next move to 20, ... For this, we integrate by parts twice in x, use the boundary conditions
Usxxlx=r = 0and q,, |- = 0 from (3.3), subsequently integrate by parts in y, and finally expand
the term v, . We show this below:

2 2\ —(2 2 2
(E Uxxxxo qyyw ) —(E Uxxs qxxyyw ) - (5 Uxx» Qxyy)x:L
2 2 2 2
=- (E Uxxys qxxyw ) - 2(5 Uxx» qxxywwy) - (E Uxx» quy)x:L
=(_52[usxxyq + 2“sxyqx + UsyGxx + Usxxy

+ Usxxqy + 2usquy]’ Qxxywz) - (Ezvxx’ qxxyzwwy)
2 Usx 2
+ (e°Vxx, Oy Rl )x=L- (4.21)
s

The term (4.21.4) is favorable. The terms with coefficients that vanish as y | 0 are (4.21.5) and
(4.21.6), and so these may be estimated directly via

3
[(4.21.5)] + [(4.21.6)| S Lez||[v]]|3.
The remaining interior terms require integration by parts in y:
(4'21-1) =(52qxxs usxxyquz) + (EZQxx’ usxxyqywz)
+ (EZQxx’ usxxyqzwwy)
: 2
Se2|llvlll-
Above, we have used the weighted Hardy inequality from (3.27). Next, in a similar fashion:
(4.21.2) =(Q2€%uex, Usxyyqxw?) + (26 qcx, gy Gy w?)

+ (452qxxs usxyqxwwy)

3
5 2
Sex|llqllly-
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3194 | GUO and IYER

We have used (3.27) for the g, term appearing in (4.21.2.1), (4.21.2.3). The term (4.21.3) can be
handled analogously using that g, |,—o = 0:

2
€
(4.21.3) =?(“syy‘1xx’ qxxwz) + (Ezusnyx’ qxxwwy) Sell \/quxwllz-

Next, we use that |w, | < |w| and split the term (4.21.7) intoy < Tand y > 1. On the y < 1 piece,
we use |w| < 1, whereas in the far-field piece we use that |w, | < |w|. Recall also that u 2 y for
y < 1. Thus,

|(4.21.7)] 5 (€20 ey Wiy X O] + (€205, Gy oy [1 = x WD
v
S elVe=F IV Vegen | +ell Vevewlll Vi Veduwl.

For the boundary term we distribute the 0, and estimate using the Fundamental Theorem of
Calculus since both vy | x—g = q|x=0 = O:

[(4.21.8)] =<£2vxx, [6yy{% }q + Zay{uu—s: }qy + %qyy] w2> )
x=
= (szvxxx, [5yy{ Uu_s: }q +29, { % }qy + %qyy] w2>
+ (azvxx,ax [6yy{ uu—S: }q + zay{ l%x }qy + l%quy] w2>
S Vel \/llTsvxxanux/E\/sz{q Gy Gy + G+ Gy + Gy 0]
s

S Velllgll1.

Above, we have expanded:

1 1
”_vaxxw” =l Eaxxx{usq}w”

1
S”_ug{usxqu + 3usqux + 3usqux + usqxxx}”
s

<IMlqlllws

where we have used that |6iusl < ynear{y = 0}.

Step 3: J(v) terms

7, gy S VELIIgII2.

Recalling (1.29), we expand and estimate immediately

(=U50yyy — VG Uy — EVGUxy

+ AEvsvy - stIx[Uyyy] + Ix[vy]’ nywz) < L|||Q|||L20
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3195

The forcing term clearly contributes |(F, dyy w?)| to the right-hand side, which concludes the
proof. O

Lemma 4.3. Let v be a solution to (3.1). Let w satisfy Id;‘wl S lwl, [(W?yy| S lwyl? and lwy| S Jwl.
Then:

1
IVeq, - uswll® S L2{IgIIE + HHT0HIE} + Ll gewy I + [(F, gew?). (4.22)

Proof. We compute the following inner product: (Equation (3.1), g, w(y)?).

Step 1: Rayleigh Tterms estimates

(—0xRIgl, g:w?) 2 llusquywll® = Lliqewy I = LilIqI 117, (4.23)

First, integrate by parts in y and expand via the product rule:

(_axy{uﬁqy}: qwa) =(ax{us2qy}’ Qxywz) + (ax{u?qy}’ qxzwwy)
zllus‘nyw”2 + (Zususty’ Qxywz) + (4ususqu’ qxwwy)

+ 2(Ui qyy, G WW)). (4.24)

The second and third terms are majorized by L||usquw||2 + Lzllusquwlllquwyll upon using
Poincare in x as in (3.14). For the fourth, integrate by parts in y to produce:

q
_(CIx’qx[zususywwy + u?(wwy)y]) < L||usyy||oo”7xw||||Qxxwy|| + Lz”%cxwy”2

In the above estimate, we have used Poincare in x, (3.14), Hardy in y, and the estimate that
[(W?)yy] < lwy|*.

The second Rayleigh contribution is as follows, upon integrating by parts in x and then
expanding:
(—e0ux{u3q:}h, gxw?) =(0:4u g} gx®) — (e, Oufu g )35
=11 Versqowll” + (eusuy gy, gocw?)
— (e, 0. Ui g Jw) g
=11 Versqowll” + (2eususedy, gocw?)

- (Eusz%c’ qxxw2)|§zld - 2| Eusustxwlﬁzé 2 (4-25)

2
211 Veusqowll? = Lilgl12,

where we have used (3.14)—(3.16). The boundary terms follow from (3.21).
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3196 | GUO and IYER

Step 2: Estimate for A? terms

|(A2v, qw?)] S VLG + 111121 + Liigew, |12 (4.26)

We begin with the 5;‘ contribution. A series of integration by parts in y gives:

Vyyyys Qx0?) =y Guyyw?) + Uy, Gy 20W))
+ (Uyy, Gry2wwy) — (Vy, gy 2(WWy),)
= (vy, @ 2(Ww))yy) + (Vs Gy W?)y=0
— (Uyyy» GW)y=o- (4.27)

Specifically, we have integrated by parts twice in y, expanded the resulting quantity,
3,p{qxw?} = gy w?* + 4q,, wwy, + q,8,,{w?}, and further integrated by parts the final term in y.

We will first treat the boundary terms from (4.27). First, (4.27.7) = 0 due to the boundary
condition gy|,—o = 0 coupled with the asymptotic estimate (3.28) for v,,,. Next, an expansion
shows:

-

(4.27.6) = ([ugy, q + 2ug,q, + usqyy ], Gxy W?)y—o-

The first term vanishes as q|,—, = 0, whereas the third term vanishes according to the asymp-
totics in (3.28). The only contribution is thus the middle term for which we use that g|,_, = 0 to
estimate |(qy, gxy)ly=ol < Lllqxy ||}2):0, which is an acceptable contribution to the right-hand side
of (4.26) due to the inclusion ||q,yll,—o in [[|q||].-

We now turn to the bulk terms from (4.27). An expansion shows

(4.27.1) = ([usyyq + 2u5,qy + uqyyl, Qxyywz)-

For the first term, we estimate via Hardy in y, (3.13), and Poincare in x:

q
(4.27.1.1)] S”“syy(.V)”oo”;w””\/u_squyw”

Sllgwl + 11Vequllllvitsq ey wi
S Lillgxwl + 1Veqwll}l v/usgs, wll
The middle term requires an integration by parts in y via:
(4.27.1.2) = = (2qyy, 0, {usy gy w3} — (2qy, Usy Gy H)y—g
= = (2ugy) Qxy» GyW?) = (2xy, Usy Gyyw?)
— (4usyQyy, Gy 2w0W)) — (2qyxy, GyUsyW?))=o
S LlIgxy - I + lIgxy - wllllgyy - wll
+ LlIqxy - y/wwylI* + Lliqxy - w||§=0

S VLIlgll2.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3197

Above, we have used (3.14) for the g, terms, the assumption that |w,| < |w|, and most impor-

tantly the estimate (3.18) to obtain \/Z control of ||g,,w||. The final term can be estimated via
Poincare in x: |(4.27.1.3)] 5 Ll y/tsqxyy wl|*.

We continue with the bulk contributions from (4.27), for which straightforward bounds using
(3.14) and the inequalities |wy| S |wl, (W?)y, < |wy|* show:

14.27.2,3)] < Lllvy,, wllll /sy - wll,
|(4.27.4)] < Lilvg,wlligewll,

1(4.27.5)] < L*[|lvywll I gexwyll,

all of which are acceptable contributions to the right-hand side of (4.26). This concludes our
treatment of (4.27).

We move on to contributions from ev,,,,,. We begin with one integration by parts in y and an
expansion of vy, = 9, {uq}:

(zsvxxyw qxwz) =(_28Uxxy7 quwz) - (4EUxxy’ qxwwy) - (2svxxy7 waz)y=0
=- (zg[usxxyq + UsyGxx + 2usxyqx + Usxxdy
+ UsQxxy + 2ustIxy]’ Qxywz) — (4eqy, Uxxywwy)- (4.28)

We have used (3.28) to conclude that the {y = 0} boundary contribution vanishes. It is
straightforward to estimate using (3.16) and that |w, | S |w]:

|(4.28.1)] + -+ +1(4.28.6) S VelllgllI2,
|(4.28.7)] 5 LIlVevswlllVegwl.
We now move to 3§ contributions, for which an integration by parts in x and expansion gives:
(E%Vsrns GW?) = = (%, G ?) = (€00, @x )0
= = (’[Usxxxq + BUsxxGx + 3UsxGrx + UsGrcxx ] G )

2 2
- (E Uxxxs> xW )x=0

3
S VelllglZ + lle2 vy wll—oll Veq Wil o
1 3

< Velllgliz + VLIl gl (4.29)

where we have used estimate (3.21) for the g, | ,—o boundary term, and the trace inequality (4.13).
Step 3: J(v) terms
10, @)1 S VEIlally + Ll gecwy 1>
Recalling the definition of J in (1.29), we have
(—€UsUxy — U5y — EVGU . + A5V, (4.30)

- vsxlx[vyyy] + Asvsxlx[vy]a waz)-
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3198 | GUO and IYER

‘We first record the elementary inequality which will be in repeated use:

ILLAN < VEILf sz S LIF (43D
We integrate by parts in y:
(4-30-5) Z(Ix[vyy]vsxya waz) + (Ix[vyy]vsxr quwZ) + (Ix[Uyy]USxa Qszwy)-

Using (4.31), we immediately estimate (4.30.5.{2, 3}). The first term, (4.30.5.1), is controlled upon
using that ||ug,, Y|l < co and an appeal to the Hardy inequality, (3.27):

Iy,
Yy

[(4.30.5.1)] 5 L”sty<y>”oollvyyw””< )

1(4.30.5.2)] < Lllvyywllligxywll,
1(4.30.5.3)] S L2[|vyywllgxxwyll-
Integration by parts in y for the term (4.30.2) produces:
(4.30.2) = (V) Uy, @xW?) + (U Vs, Gy W?) + 2(0yy s, gWWY)
From here an analogous set of estimates to (4.30.5) produces the desired estimate upon using
one further Poincare inequality, [|v),w|| < L||vy,,w||, which is valid as v|,—, = 0. Direct Poincare
inequality in x using (3.14) yields |(4.30.1)| + [(4.30.3)| S L|||q|||%. Terms (4.30.4) and (4.30.6) are

estimated identically so we focus on (4.30.4). We estimate the A, term using (3.27) and Poincare
in x as v|,—g = 0:

q
(4.30.4)| S”Aavsy”oo”vyw|||l7xw”

S Lllvgywiifllgwl + 1Veq.wl}
SLINgIIG.
This concludes the terms in J.
We put directly the contribution |(F, g,w?)| on the right-hand side of the desired estimate,
which concludes the proof. [l

4.2 | Trace estimates

For the first fourth order bound, we will perform a weighted estimate for a weight w(y). Let us
make the following definition:

Bw) 1= [[Veugyyy - wlP_y + lleusvryy, - wi?_, . (4.32)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3199

Lemma 4.4. Let v be a solution to (3.1). Then the following estimate is valid:

3
B(w) + || { \/vayyys €Vxxyys €2 Uxxxy } V usw”2

(4.33)
2 2 2
S Velllglll} + |||q|||\/;w G 2111w, + 1CF, etgUxyy 0.
Proof. We compute the inner-product (Equation (3.1), ey, usw?).
Step 1: Rayleigh terms
The main estimate in this step is:
(—9.RIq] OPARVE 2 2
x 8 q ] EUsVxxyy W) T ” Eusvxyyw”x:() + ”Eusvxxyw”sz
_ 2 _ 2
|IIqII|\/Ew Velllgl 2. (4.34)
First, we rewrite the Rayleigh operator via
—5xR[Q] = _axy{usvy} - Eaxx{usvx} + axy{usyv} + Eaxx{usxv}- (4-35)

A series of integration by parts shows:

(_axy{usvy}’ vaxyywzus)
2
= — (e[ Uyy + Uy Uy + Ugyey Uy + UgUy |, Usereypy W)
=(€nyy, ax{ususxvyy}wz) + (vaxy, ay{ususynywz}’)

+ (vayywz’ ax{ususxyvy}) + (Eususxvxyy’ nywa)
1 2
+ 3 IVevsyywul;_,

2
2l1Vevy, wuli2_, — 1llglll

2
Vew'

Again, we expand and perform a series of integrations by parts which produces:

—(€0x{Us Ui}, €Uy UsW?)
= — (%[ Ugyx + 2Ug Vs + UsxxUx ), Uy ths )
=(*Vsxy» Oy (U Vyex ?}) + (2670, W2, B fUs U Ve })
+ (Ezvxxya ay{usxxusvxwz})
=(52Uxxys ay{uszwz}’vxxx) + (Ezvxx)n uszvxxxywz)

+ 2(‘Ezvxyywzs O {usUsy Uy }) + (Ezvxxys ay{usxxusvxwz})- (4.36)
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3200 | GUO and IYER

First, let us deal with (4.36.1). Using (A.5) we split u, = ul + ul’, where u! decays rapidly as
Yy — oo, which produces

[VEug| < |VEuP| 4+ y/efork > 1, (4.37)
and so:

1(4.36.1)] S 1| Vev,y Vewlllevatoy | + Vell Vevsy llevyl
+ Vel Vevy Vewllev o vVewl
2 2
S I1alllyz, gl + Velllallly + Velllall 2 -
The term (4.36.2) produces a positive boundary contribution via integration by parts in x:
1 2 2 2
(4.36.2) =§”Eusvxxyw”x:L — (ugugee Uxxys UxxyW )
2 2
zllgusvxxyw“x:L - |||Q|||\/Ew
We estimate (4.36.3) directly:

43631 S llveyy VewllleverevVewl S 11gllE -

Finally, for (4.36.4), we distribute the ay;

(4.36.4)| zl(gzvxxy’ usxxyusvxw2 + usxxusyvxwz + usxxusvxyw2

+ Ugyx UL 2WW) )|

S Ve, Vewll{llVev, Vewll + [lu,, vVewll}

We now have the lower order Rayleigh contributions. Here, the main mechanism is the point-
wise inequality (4.37). We simply expand the product, integrate by parts once, expand further the
resulting expression, and estimate using this pointwise inequality:

(B {Usy U}, €0y Us0?) =([Ugyyy U + Uy Uy + gy Uy + Uy Usey ], €Uy Us?)
= — (EVyyy W2, Oy {Uslyy U}) — (€U W2, O {UtsUy Uy}
— (EUxxy, 0 {Uy UV WD) — (EVyy, Oy fy UV, WD)
= — (EUgyUgyyy Uy, VW) — (Elsleryylyyy, VW)
— (EUglgyyy Uy Uyyy?) = (EUgy Uy Uy, Uyeyy W)
- (Eususxxyvxyy’ Uywz) - (Eususxyvxyy: nywZ)
— (€Ul Uy Uy W?) — (EUUgpVseys Vs W?)
— (€U UsyUxxys vw?) — (2€Uy UV, Uy WW))

- (Eususyyvxxy’ nywZ) - (sususyvxxy’ nywa)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3201

2
— (U Uyxys vxywz) — (2€U,Ugy Uy yry, Uy WW),)

Se 24 /e 2.

< Velllgll 2 \/_IIICIIII\/EW

Above, we have used that |w),| S |w|. We have the final lower-order Rayleigh terms, for which
a nearly identical argument to above is carried out:

(€01 {Us U}, €Uy Us?) =(€% Uy U + 2l Uy + Uy Uy ], Vs U 0)
= — (€%Uyyy, Ox{lgxx s VIW?) — (26%Vyy, O (g Uy U W?Y)
— (£%Vyyy, O {Ug gV JW?)
= — (Ugyxxx UsUxyy, VW) = (€2 Uy UgVyyy, U W?)
- (Ezusxxxusxvxyy’ vw?) — (zgzususxxyvxxy: vxw2)
— (262Ul Vyryy Uy W?) — (467 Uglhgy Uy, Uy WWY)
— (287U Ugy Usexyr UxW?) = (XU UsUscyy, Uy W)

2
- (Ezusxusvxyy: Uxxxwz) - (Ezusxvxyy’ Uxxwz)

< 2 2
S Velllgllly + Velllall? . -

Step 2: Estimate of A? terms

This is done in (3.9).

Step 3: Estimate of J(v) terms

|7, ey usw)| S 0(LHS(.33) + gl - (4.38)
Recalling the definition of J from (1.29), we expand
(=UgUyyy — EVGVyxx — EVg Uy — U, AU (4.39)

— ULy [V ] + L [0y ]AL Vg, €05y UswP)
Straightforward estimates give:
1(4.39.2)] S 1Vevyx Vewlllleveryyrwll S I1lgl1l z,, X LHS(4.33),
1(439.3)] S Vellvy Vewlllleve,uwl S Velllglll 7, X LHS(4.33),

which upon using Young’s inequality for products is clear acceptable to the right-hand side of
(4.38).
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3202 | GUO and IYER

We now turn to (4.39.1) for which we integrate by parts in x, and subsequently integrate by
parts the middle term in y thanks to the boundary condition v|,—_y = v, |,—o = 0:

(4.39.1) =(Usy Uy yy» EVxyy Us?) + (VgDyyyyr €Uy Us?) + (VD)) EVxy Uy W)
1 1
_ 2 2 2
=(VgxUyyys EVxyyW=) — E(USyvxyy,svxyyusw ) — E(vsvxyy,svxyyusyw )

= (UgUyyy» EVxyyUsWWy) + (U505 vayyusxwz)
2
Sl

We next move to (4.39.4) for which we integrate by parts in x using that v|,_o = 0 and vy |y} =
0:

(4.39.4) =(y A Vg, €Uy UWE) + (V) AUgy, Uy UW?) + (V) AU, Uy U W)

2
S A + Aavsx”oo”lq”l\/gw-

Next, we move to (4.39.5) for which we integrate by parts in x and use that I,.[f]|,—o = 0 by
definition:

(4.39.5) =(Ugx L[y yy ], €Vxyy Us?) + (Vg Uy €Uy U W0?)
+ (g [Vyyy ], €Uy g 0?)
< 2
Sl
Lastly, we move to (4.39.6), for which we again integrate by parts in x and subsequently use the
Poincare inequality in x, (3.14), to produce:

(4.39.6) = — (V) A Vyy, €Uy U W?) — (I [0} JA Vg, €V W)
- (Ix[vy]Aavsx’ vayyusxwz)
S loaclislliall - .

This concludes the estimation of the J(v) terms.
To conclude the proof, we simply put the forcing term, |(F, eugUyxyy w?)| to the right-hand side
of the desired estimate. O

Lemma 4.5. Let ¢ > 0 be arbitrary. Let v be a solution to (3.1), and suppose |6§§w| S |w|. Then:
3 5 3
”52 V UsUxxx w”x:(] + ” {vaxyy’ €2Uxxxy» Ezvxxxx } : w”2 (4-40)

1 _
<1 3 ) 2 2
S ZB)+ Bw)+ (¢ + V&) alll + gl .
+ 1119111z 1, + 1 200,

where B has been defined in (4.32).

:sdny) suonipuo) pue swd | 9y 338 *[$707/10/67] U0 Areiqr aurjuQ K1 ‘Areiqi Ansioarun umoig £q 6017z 2dd/2001 0 1/10p/wod Ko[im°Areiqijaur[uoy/:sdiy wolj papeojumod] ‘1 ‘€707 ‘TIE0L601

19)/W0" K[ 1m° Al

pue-

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3203

Proof. We will compute the inner-product (Equation (3.1), €205y W?).

Step 1: Estimate of Rayleigh terms

(—0xRIql, € vrxxxw?) 2l \/u_segvxxxwllizo - (Bw) +¢{7'B(D)) (4.41)
+ (62 + V) il + gllF? -, — o(LHS(4.40)
= gl 21l -

Recall (4.35). First, we will extract the positive terms:
3.3
(—€d,{ugvyy}, £2Uxxxxwz) :(E3usxxvxx9 Uxxxwz) + 5(52 Ugx Uxxxs Uxxxwz)
1 3 )
+ 5 Il V Us€? vxxxw”x:() (4-42)

1 2 5
25 1V/use2 vetl2y = lleve - Vewll”

The lower order Rayleigh term is treated as follows, using the Poincare inequality paired with
lex:L =0:

|(53ax{usxxv}7 Uxxxxw2)| S ”Ezvxxxx : w””\/gvx : \/Ew”

< L X LHS(4.40) + L|||ql]|* - .
Vew
The next Rayleigh contributions are of the following form:
_(ax{usvyy} : Ezvxxxxwz) = _(Ez[usxvyy + usvxyy]’ Uxxxxwz)- (4-43)

For the first term from (4.43), we integrate by parts in x with no boundary contributions
according to (3.1):

(4-43-1) =(52usxxvyy’ Uxxxwz) + (Ezusxvxyy’ vxxxwz)
S E0ex + VEWIIUgyy Vewll.

For the latter term, we require a localization. Recall the definition of (1.20) and define:

X<¢(¥) 1=x<§>, Xe<sy<1(¥) 1= )((y)—)((?), X10) 1=1—x).

‘We then decompose:

(4.43.2) = _(Ezusvxyy’ vxxxxwz[)(sé’(y) + X§5ys1(y) + )(Zl(y)])-
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3204 | GUO and IYER

Using that uy(0) = 0 and |d,u,| S 1 gives that |us| Sy < ¢ in the support of y¢, and so we
estimate with Young’s inequality for products:

|(Ezusvxyy’ Uxxxxwz)fgg)l p {”w}fsglloo”l)xyy” ||£vaxxx : w”

< 0(1) 120 - I +NE31Igl11 + Velllglll, (4.44)
| ——

O(LHS)

for some large number N. All of these contributions are acceptable to the right-hand side of (4.41).
To establish estimate (4.44), we expand vy, = Ugqyyy + Usqyy + 2Ugy Gy + 2Uy, Gy + Uy Gy +

Usyyyq- The first, second, fifth, and sixth terms of the expansion provide an extra \/? factor due to
Ugye|y=0 = Usly=0 = qly=0 = gxly=o- For the fourth term we estimate

y
layx<c Il <llgyly=ox<cIl + II(/ Ge)x< Il S VElllallls.
0
For the third term, we integrate by parts via

2 2 — 2 2 2 2
(E UsyUsGxy> Uxxxx W )(5;’) = (5 UgyUsGxy> UxxxW )(gg)xzo - (E UsxyUsxy> Uxxx W )(5{)
2 2 2 2
- (E usyusqxxy’ UxxxW Xﬁé‘) - (E usxusyqus UxxxW Xs{)
3
S VellttsGy llx=olle> Uxxllezo + ll ey eV

+ Vel Vit Gy MEVxll + €ll gy llEvenrl
2
< Velllgll?.

Letnow ¢ = x¢<,<; Or ¥,>1. We integrate by parts the term in (4.43.2), and use that v, |-, =
0 to produce only boundary contributions at {x = 0}:

2 2 — (2 2 2 2
_(E UsUxyys UxxxxW ¢) =(¢ UgDxxyys Uxxx W ¢) + (¢ UsxUxyys> Uxxx W ¢)

+ (Ezusvxyy’ Uxxxw2¢)x=0~ (4-45)

‘We estimate:

3
(4.45.2)] S llvsyy Vewlllle2 v wll,

1 32
|(4-45-3)| S _é_”‘c-'2 V usvxxx”xzollus\/vayy”x:O

3
+ ”52 Vv usvxxxw”x:ollus \/vayyw”x:o

B(1)? + 0(1)LHS(4.40) + NB(w)?,

| Z
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3205

for a potentially large constant N. Above for (4.45.3), we have split into two cases:

2 2
| (E UgUxyys Uxxx W )(;'Sygl)x:()l

VUs
=| Ezusvxyy,vxxxwz—)(ggygl |
/us - (4.46)

<_” )(g“<y<1”oo”52 \/ vxxx”x Ollus\/gvxyy”x 0>

Vi

whereas in the ¢ = y» case, we use that u > 1. For the highest order term, (4.45.1), we integrate
by parts in y to get:

(4.45.1) = — (2 Uy Uy ey, Uyx W2P) — (E2UsVy ey Uyyny W)

- 2(“:2“svxxy’ Uxxxwwy¢) - (Ezusvxxy’ Uxxxw2¢y)~

First, we estimate the lower order terms:

1(4.45.1.1)] < Vellud, w? |l o1V eVl
+ Vellul ol Vevy oy Vewllllevyo Vewll,
|(445.13)] S 1Vev Vewllleveww, Il S 11l gl L,

|(4.45.1.4)] S lugd, pw?ll o Vel VEvey Illevaxll-

For (4.45.1.1), we split us, = uf, + \/euf, according to (A.5). We highlight above that (4.45.1.3)
is an acceptable term into the right-hand side of (4.41). For the term (4.45.1.4), we use that the
following quantity is bounded independent of {:

50y Pllco =lls0y{xz<y<1 + Xy21}lo

=Ilusay{x(y)—x<§> +1 —)((y)}lloo
since = < z

1, (y
=l-u —x'(—)ﬂmm,
KRN
¢

The highest order term, (4.45.1.2), we integrate by parts in x to produce (recall the definition of
Bin (4.32)):

1 1
(4.45.1.2) =§(£2usxvxxy,vxxyw2¢) - Ellaw/usvxxyw\/q_ﬂlfc:L

< 1Vevsy Vewll? + %B(n + B(w).
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3206 | GUO and IYER

This concludes the treatment of (4.45). Piecing together (4.45) and (4.44), we complete the
estimate of (4.43.2). Summarizing the above estimates:

1(4.43.2) S &gl + Velllglll} + IIIqIIIi/E

+ gz, 111g |, + 0(1)LHS(4.40).

r %3(1) + B(w)

For the next Rayleigh contribution, we integrate by parts in x and expand:
(Oltsyy U Vs t0?) = = (2D, Uy 0) = (€200, Uy ) (4.47)
= (V0 W, Uy Uscr) = (200 W, Uy U)o
Upon using the decomposition (A.5) to write:

P

syy T Eaqu (4.48)

J _ Al
Oxlhsyy = Oyl SYY?

we estimate:

A7. < 2 2.
|(4.47.01,2,3)] < Velllqll? +€IIIqII|\/Ew
Next, again using (4.48) and (3.22):
ufyy - -1 2 [ 1/4
|(4-47-4)| 5 ” u w<y>”oo||54vx<y> ”x:O”82 usvxxxw”)czog
S

3
+elle? /L wll ol Vevs Vewllx—
1
Sedlllgllul ol + el gl

where we have invoked the crucial fact that u),, |,—, = 0.

Step.2: A? terms
This is done in (3.8).

Step 3: J(v) terms

(7, Vx| S |IIQI||2\/Ew +elllqlll}-

Recalling the definition of J from (1.29), we expand
(J’ E2Uxxxxw2)
_ 3 2 2 2
=—(c UsxUxys Uxxxx W )— (Usvyyy95 Usexx W)
3 2 2 2
- (5 UsUxxys UxxxxW ) + (E Uy, UxxxxAsvsw )

- (vstx[vyyy]s Ezvxxxxwz) + (Asvstx[vy]’ Ezvxxxxwz)- (4.49)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3207

Next, we integrate by parts in x, and there are no boundary contributions at x = 0 due to
L[f1lx=0 = 0 by definition:

(4.49.5) = —(Ugxalc[Lyyy | 20000 w?) = (VsxVyyy €205 W)
S oy Vewllllevecevewll $ llalll? - -

Similarly, an integration by parts in x produces:

(4.49.6) = — AUy Lc[vy] + Acvg vy, 201 w0?) S Lvgy Vewllllevse Vew].
For (4.49.1), we perform Young’s inequality for products:

(4.49.1)] S Velle2vgnrx - wll|vyy - VEw| S Slle20yxxw]l? + Niellvg, vVewl|.
We will now integrate by parts in x to produce:

(4.49.2) =(205, Uy yy, Uy W?) + (E2050yx 5 Uy W),

The first term can be majorized by [|vy,, \/Ewll [leUxxx \/Ewll, which is clearly admissible. For
the latter term, we integrate by parts in y:

(449.2.2) =— (Ezvsyvxyya vxxxwz) - (Ezvsvxyya Uxxxywz) - 2(“:-'szvxyya Uxxxwwy)-

The first and third are evidently majorized by ||v,,, \/Ewll €V xx \/Ewll upon using |w,| S |w|.
3

The middle term can be majorized [|v,), \/Ew 112 sy xyW|| upon which we use Young’s inequality
for products. This concludes the bound for (4.49.2).

Next, for (4.49.3), an integration by parts first in x, using that Uy, |x—¢ = Uxxx|x=r, = 0, and then
in y for the highest order term produces:

(4.49.3) =(E3vsxvxxy’ vxxxwz) + (E3vsvxxxy’ vxxxwz)
3 2 1 3 2 3
=(¢ Usx Uxxys Uxxx W )— E(E UsyUxxxs UxxxW ) — (€°UsUxrxs Uxxxwwy)

2
S IVevexy - VEWIP + vy - Vel S 11gIIE - -

Finally, for (4.49.4), we again integrate by parts in x using that vy|,—y = Uyxx|x=r = 0, and use
that:

Avg = A0F + eAVE, (4.50)
we estimate
(4.49.4) = — (20, AUV W) — (€20, AgUgy Uy ?)
S el Al w? | o levsx lvsy Il + Vel AV || llevsny Vewll vy, Vewl]
Sellialll; + Velllall? - -

This concludes the treatment of J(v) terms.

:sdny) suonipuo) pue swd | 9y 338 *[$707/10/67] U0 Areiqr aurjuQ K1 ‘Areiqi Ansioarun umoig £q 6017z 2dd/2001 0 1/10p/wod Ko[im°Areiqijaur[uoy/:sdiy wolj papeojumod] ‘1 ‘€707 ‘TIE0L601

10)/w00" K[ 1M K.

pue-

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



3208 | GUO and IYER

To conclude the proof, we simply place |(F,&’vy . w?)| to the right-hand side of the
desired estimate. O
We next establish the a-priori estimate for Proposition 3.2:

Proposition 4.6. Letv € X; NY,,, be a solution (3.1). Then the following estimate holds:
vlly,, S IFwoll and [[vllx, S IF; (4.51)
and

llv,yyywIl S RHS of Estimates (4.22), (4.1), (4.16), (4.40), (4.33) + || Fw||.

Proof. We use the equation (3.1) to write the identity:
Uyyyy = — 260xxyy — E-Vyxxx — Oy {Us0,q} — €0, {uid g} + J(v) + F. (4.52)

We will place each term in L?(w). It is easy to see that all of the terms are controlled by the
left-hand sides of estimates (4.22), (4.1), (4.16), (4.40), (4.33).
1
From here, we take the linear combination ¢ 5 (4.33) + (4.40) and (4.1) + (4.16) + (4.22), which
1
corresponds to a selection of ¢ = ¢5 in estimate (4.40) to obtain the X; bound.
1

Next, we take the combination ¢ 5(4.33) + (4.40) and (4.1) + (4.16) + (4.22) for L << 1 and
w = wy, which produces the Y, bound. O

5 | SOLUTION TO DNS AND NS

The aim in this section is to bring together the estimates of the prior sections. Recall our ultimate
aim is the nonlinear problem defined by (A.23) and (A.27). Motivated by these, we define the
problem of interest in this section:

— 0,R[q] + A2v + J(v) (5.1

= —Boy(0°) + eNoN (@, 0°, 0) + F((@°, 0°, D),
Lv° = F,)(0) + Q(@°, 0°,0) + H + Fy,. (5.2)

Recall the definition of F ;) from (A.27). While 8, Fg, 9, b, (a®), and the h-dependent terms are
pure forcing terms, H[a¢] is linear. We thus take H[a®] = H[a®][0, @, 0°].
We build the following linear combinations:

By, = B0y, qx + @xx + qyy

3 3 1
+ & S0y uy +E BE BEUDYy)), (5.3)

By

(B(UO)’{qu tEqxx + €qyy + Ezvxxxx + Eusvxxyy}wz

1
+ {E%0ppxx + € BEUD ). (5.4)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3209

The quantities N’ X, N- v, are defined as above, with eNo N (@°, 0°, 0) taking the place of B0y
Similarly, the quantities Fx, , Fy  are defined as above, with F(, taking the place of B(,0). As a
notational point, we will sometimes need to think of Fx,»Fy, asa bilinear term. In this case, we
introduce the notation Fy, (F4) (0,4’ t°), q) (and same with Fy,_, and 75 below).

We also define the quantities:

Bg = |(F()(©), ") + Iy (@)woll?,
N 1= 1(Q(@°, 0°, 0) + H,¢")] + I{Q@", 0°, 0) + H}w |12, (55)
Fp 1= [(F% qO)] + IFw,l|

One sees from the specification of F in (A.23) that Fy, is a pure forcing term.
The purpose of all of these definitions is:

Lemma 5.1. Let v be a solution to (5.1) and [u®, v°] a solution to (5.2), andu € X asin (1.22). Then
the following estimates are valid:

IIUII)Z(1 < Bx, + Nx, + Fx, + C(h),
[uo, Uo]é S BB + NB + FB’ (56)

2 2
ol S W0, + By,, + Ny, +Fy,, +Clh),

where Fp has been defined in (5.5) and Fx,, Fon have been defined analogously to (5.3), (5.4) as
explained above.

Proof. The [u°, v°]; bound follows immediately from (2.6) upon replacing the abstract forcing, F,
in (2.6), by the right-hand side of (5.2). We refer to the definition (1.22), where there is a gain of
1

¢ s when w = 1 due to the disparity in scaling.
1
We take the combination ¢ 8(4.33) + (4.40) and (4.1) + (4.16) + (4.22), which corresponds to
1

a selection of ¢ = 3 in estimate (4.40), for L << 1 and w = 1, which produces
S B, 1
NI S s gI + [(F, % 0yxxx + € 5€0xp)l,

Ngl11F < oLMIIGIIT + oMWY + I(F, gyy + qux + gl

The above F stands for an abstract forcing. In place of this, we insert the right-hand side of (5.1).
From here, we conclude the X; estimate.
1

Next, we take the combination ¢ 5(4.33) + (4.40) and (4.1) + (4.16) + (4.22) for L << 1 and
w = Wy, which produces

3
HlE S es gl + IIICJIIIi/Ew+ g1,

1
+ |(F, €20y yxx W? + EVyyyy U? + € 5EUD ey + C(R),

Mgl < orIVINE + 0o (Dgecl, + IF, [qex + dyy + glw?)
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3210 | GUO and IYER

From here, using the inequality |w,,| S 1+ \/E |wg|, and again replacing the abstract forcing F
by the right-hand side of (5.1), we conclude the Y, estimate. O

Our aim now is to estimate each of the quantities appearing on the right-hand sides of (5.6). We
do this in a sequence of lemmas.

Lemma 5.2. Letu € X asin (1.22). Let C(h) denote a constant that is O(|| il -y ) for a large M.
Then for By, By, defined as in (5.3), (5.4), the following estimates are valid

1
1Bx,| S ollvlly, +e& 2[a% 0°l3, (5.7)
By, | S oIVl +[8,0°F;. (5:8)
Proof. Recall the specification of B(UO)(UO) given in (1.30). Recall also the specification of the norms

(1.22) and (2.4). The inequality (3.17) will be in constant use throughout the proof of this lemma.
Step I: q,,, Multiplier

e 12[70, %12 + o(1 2ifw=1
I(B(uo)y qxxw2)| S [ 2]B ( )|||q|2”1 (5.9)
e Ha®, 0°1% + oIlIgll13, if w = wy
Recall the specification of B,y given in (1.30). We compute
0y Qex?) =001 Qx> X (D)) + Oy 0 Grx {1 — Y} (5.10)

For ease of notation, denote y“(y) := 1 — y(y). For the localized quantity, we estimate
(5.10.1) =(03,,» G )] e=r. = (U935 G W X0

u
— 0 SX 2 50 2
- (vyyyy5 u_sqw X)|X:L - (Uyyyy’ qxw X)XZO
=0 =0
< \/Z”UyyyywOHquy“ + 1109y woll (g 1121l gux1/?)

1
-0 =110 4x
S \/Z”UyyyywO””qu” +ée 4 ”Uyyyywoll”?”1/2”\/qu)€”1/2
1
SE 4[1’7'0’60]B|”q”|15

where we have used q2|,—o = q2| =1 + 2I1[qxqyxx], and (1.22), (2.4), and (3.17).
For the far field quantity, we integrate by parts to produce

(5.10.2) = — (Tyyy» Gy W X)) — (0), G 2w, ¥ )
- (ﬁgyyi qxxwz()(c),)
=- (6Syy: Qwaz)(c)xzo + (Ugyw quwZXC)sz

- (63)0)’ qxxzwwyg(c) - (68yy’ qxxwz()(c),)

| . u
== (O)yy, Gy’ X x=o = Oy, ay{ %q }wz){c)sz
S
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3211

— (0))» G 20w, X ) = (0),, e (X))

= — @) 4y Ao — (00, ay{ T }wsz)x:L
— (0)y» G 20w, X ) — (00,1, w? (X))t
+ (090 G (X))o

SN0, wollll Gy wll =0 + VLo 09y Wollllgxywl|

-0 —
+ 1109, woll I uxty Il + €~ /41159,, woll gy /211 Vg 12

1 1
S[ﬂO,UO]B<£ 211qlw, +€ 4IIIQIIIw>-

Above, we have used that | | x© < )(C < 1. We have also used the same estimates as in
u

(S 10 1) for |( yyy’ qx Z(XC) )X—L - (Uyyy9 qx Z(XC),)X Ol
We next compute

_Z(ay{ususxqg}: QexW?) :2(uSuSXQS’ qxxywz) + 4(ususx(j3: GxxWWy)
=- z(ax{ususx}QS’ quwz) + 2(ususxq37 quwz)x=L

- Z(uSMSXQSs quwz)x:O + 4(usust3’ Qxxwwy)
— ~0 2 =0 Usx
- 2(ax{ususx}CIy’ qxyw ) -2 UsUsx Gy ay _q
x=L

- z(usustIS’ Qxywz)x=0 + 4(ususxq3: qxxwwy)
S VLIuy@lwollllguywll + Lil/usq9wo 1 gy
+ s @M @yl + VLIt GOl I gyl

<18, 015 (Illalll + &7 111q1 1L, )
We compute

(9:{Cx + Dugvy,, — 0:{(x + Dy, 107, g w?)

= — (3:d(x + Duguy, — 0:{(x + v }0), gy w? + 2q wwy)

= (Oxx{(x + Dvghoy,, — ,d(x + gy 07, gy w?) = (3:4(x + Dug}ol,
=3, {(x + vy 1), quwz)x:L + (0, {(x + Do),

- (ax{(x + 1)03}63),

=0, {(x + 1)Usy}ﬁg, quwz)x=0

=0, {(x + Doy }o), 2q cwwy) . (5.1D)
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3212 | GUO and IYER

Above, we have used the identity
ax{(x + l)Us}lijy - ax{(x + 1)Usyy}0$ = ay{ax{(x + l)Us}ﬁgy - ax{(x + 1)Usy}63}-
We estimate the first term in the w = 1 case:

|(5.11.1)] <NI(x + Dgr + 2050 109 11y Il + 106 + Dtk + 2usn oo 10311y

S [a° 0°lgll1glh

We next expand

(5.11.2) = <6x{(x + Dogdod, — 8,{x + Dy, 02,3, { z;ﬁq}w2>

x=L

_ <6x{(x + 1ugol, — B,4(x + vy, }02, 9, { l;—x }qw2>

x=L

u
+ (6x{(x + Do), — 8, {(x + Dy, }oy, %qyw2>
s x=L

Thus, in the w = 1 case, we estimate
U u
nu+1wm+vmawa{ﬁf}+;?mw®ﬂm%ﬂv€
S S

u u
+ 110 + Dy + usx”oo”yay{%} + %”oo”ljgllnqu”\/z
s s

< 1@ 0°1s1lql1-

‘We next continue with w = 1 to estimate

+ (x + Dogyy

Uy

(x + Dugy + v
uS

S 1a%0°1s1lqll1

v
-0 5y -0
1(5.11.3)] S |l ll oo 10y 125Gy llx=0 + Il ll oo 1O 125Gy llx=0

This concludes the w = 1 case, and we move on to the w = w, case. We first record using (1.6),
the following estimate (using Y = /ey and v} = v}(Y))

1
1850swolleo S 110x{0p + LeKYNY )™ oo + O1) S € 2. (512)
We begin with the following, using (5.12):
|(5.11.D)] S 19, {Cx + Dvghwolleo 109 111 gy woll + 19,(x + Dvgyhwolleo 10511 gy wl

- 0 -0
S e 2100, gy woll + 1091111 gyl

S e 2[a, 01511 |-
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3213

We move to the (5.11.2) for which

u
I(5112)] S lI(x + Doy, + vsnoouwyay{f} w15, Mgy ol VE
S

u
#11Ge + Dty + usxnoouwyay{f} s 19515, 1VE
S

< VL[, 2151111

Next, again recalling (5.12),

0:{(x + Dug}

S

0
ol x{(x: Dugy}

S e 2[a, 0I5 111gl -

|(5-11-3)| S ” ”oo” “”usquw”x 0

Wlloo 109 115Gy wll =0

Last, again using (5.12),
(5.11.4)] < e /2[18,4(x + Dvghwy lloo 109, 1V eqwl|
+e7/2)10,4(x + Dug hwy [l 109111 Vg wll
S e 2@, 0%15111q] -
Finally, upon using again (5.12),
|(£090,{(x + Dogech grxw?)] S VIIONIVegewl S VI, 015111l ]w-

This concludes the B0y terms for this multiplier.
Step 2:
q,y Multiplier

|Biwoy, gyyw?)l S oIlIgllIZ + VL[, 0°12. (5.13)

Recall again the specification of B0y given in (1.30). We begin with

@9,y @y W] < VLT, wllligy,wll.
Second,
_ 2 a =0 2
(B {52 00, Gy w?)
= — 208, {usu 3G°, guow?) — 2(usug, G2 w?)
y1Hshsx qy! qyy S squy’ qyy
S Lllus@Nligyywll + Liluggdy gy, wll

< 1a%, 01 gl -
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3214 | GUO and IYER

Next,
|(0:4(x + Do), — 8.4Cx + Dvgy, J09, gy w?)|
S VLI, woll + 1991111lgyywll
S VLI, 15111, (5.14)

Finally, |(e8,{(x + Dog}0), gy w)| S VLA/EIO)Nllgyywll, using the bound [lepfugx +

Vs Il S \/E

Step 3: q,, Multiplier

017 ifw =1,

=0
[(Bwoy, gxw?)| S orMIlgllIZ, +0L(1){[u [ (5.15)

Recall again the specification of B0 given in (1.30). We begin with (letting w be either w, or 1
for this calculation)

|(02yyya Cwa )l _l ( yyya quw ) 2(vyyy7qxwwy)|

S VLI, wollllge,wll + VN5, wll{ VIIVeq.wll + ||qy—’“w||},

where we have used that |w, | < \/Elwl + 1, which is true for both choices of w.
Next,

OCx + gy, — 0d(x + Dy, }07, g w?)
=(0,{(x + Dy }0) — 6, {(x + Dug}oyy, gy + 2q,wwwy) (5.16)

We must now distinguish the weights for w = 1 and w = wy. In the case w = 1, we majorize
the above quantity by

1(5.16)] S (llvgy + (¢ + Doy lleo 101 + Nlvg + (X + Doy lleo 109 11) 1Gcy I
S [ 015111l 1-
In the case of w = wy, recalling (5.12)
1(5.16)] S [IHCx + Dvgey + v hwy lleo 0911 + ll{vg + (¢ + DugJwy Nl 103,111
x [lgxywll + 2Ll Vegewll]
Se 2L, ollgly

Next, (3y{usu Gy}, gw?) = —(Uslsy Gy, Gryw?) — (Ustiscdy, g 2ww)). We again distinguish
between the case of w =1 and w = w,. In the w =1 case, we estimate by \/f||q3u8||||qu|| hS

VL[, 5°131(1gl]];. In the w = w, case, we majorize by

VLIgullllgxywll + VLlug II{LII\/—qxwaI+II< >w|I}

S(WVL+L32 + VD)0, 0°111g] 1.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3215

‘We move to the final term. In the case w = 1,

|(e0 ax{(x+1)vsxx} 4l S \/_”qu””U < \/—[uO _O]B|||q|||1

upon using that |\/Ey6x{(x + Dug | S 1. In the case w = wy,

(€050, {(x + DV}, 4| S 1% wIIIIv IS 1@ 0151 11ql -

upon using that |eywy0,{(x + 1)v,y,}| S 1. For these profile estimates, we have used (A.33).
Step 4: €V, us Multiplier

By etsVeryy )| < CVEli’, 0% + o(DVEIlIgIIE -+ CVEIIOING. (517

Recall again the specification of B0y given in (1.30). We compute

0 2
(Oyyyy» ElsVxxyy W)

0 2 <0 2
= = (Oyyyys Sl Uy W) = (O 5 €Uy, W )xmo

<VLVENDy, wlll0ey, Vewll + VT, willlusve, Vewl
S VIVER, T1lIgl11 7, + Ve[, 6Tl

Next,
(B:{(x + D), — 9,{(x + 1)vgy J0), €UtVsyy 0?)
= — (0, {(x + Do), — 3, {(x + Dy, 30y, eugvy,, w?) -
— (O{(x + DugJo),,,, — 3, {(x + 1)vgy 30y, €1t Uy ?)
— Bx{x + Do), — 81, {(x + Dvgy J0), gttg0,, w). (5.18)
First,
1(5:18.D)] S (Vell y/us 0y woll + Vel o) DIV ertsveyywllc=o
S Vela®, olg vl + Vela®, oTs 1ol -
Next,

1(5.18.2)] + 1(5.18.3)] S VLe(llus0yywoll + 150ID 110y Vewl

(_zay{ususxq;)}’ gusvxxywa)
:(Zay{ususxqg}’ Eusxvxyywz) + (Zay{(ususx)x‘jS}s Eusvxyywz)
+ 2(ay{ususxq_3}’ EuSnyywz)x:O

=0 =0
=(26y{ususx}qy’ Eusxvxyywz) + (Zusustyy’ Eusxvxyywz)
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3216 GUO and IYER

+ (2{(UsUg )y Gy €Uy W) + (2l )Ty EUGDyy W)
+ 208y fugus 3Gy, €UV W) g + 2(Usly )y EUGD s W)y g (5.19)
‘We begin with the first two terms. Since uy, decays aty = oo,
1(5.19.D1 S VeVLIlus@lllvey, Vewl,
1(5.19.2)] S VeVLIVus@) vy, Vewl,
Next, we estimate the third and fourth terms
1(5.19.3)] + 1(5.19.4) S VeVIUlus@Qll + s @y IDNvsyy Vewll,
The last two terms follow very similarly from the first two, yielding
1(5.19.5)] S Velluy@ 1 Vet wll o,
1(5:19.6)] S Vell i@y Il Versvywil=o
We finally move to
(£0,(x + DU J0), ety W?)
= — (€0, {(X + DV J0), €Uy, w?) = (€0, {(X + 1)V JO), €U Vs 07)
— (€0,{(X + DV J0, €Uy W) g
S VLI NIV EUsL ey wlmr, + VIO VEvsyywl)
+ el Veuvsyy wll =
Step 5: €2V, Multiplier

(B(uoy, € Vxxax )| < Cela®, 0017 + EIIIQIIIi/Ew + Celll[l113- (520

This follows in the same manner is the previous multiplier. Putting together estimates (5.9),
(5.13), (5.15), (5.17), (5.20) according to the linear combinations in (5.3) and (5.4) gives the desired
bound and completes the proof of the lemma. O

Lemma 5.3. Letu € X as in (1.22). For By defined as in (5.5), and for any & > 0, the following
estimates are valid

1 3-
_ =
|Bg| < 6[u®, v°]5 + cas||u||§wo +Cse2" 6 ||v||§(1. (5.21)

Proof. We estimate each term in F(,y(0) which are defined in (A.23) and we write here for
convenience:

F(U) = _2Eusustx|x:0 - 2Enyylx:O - 82ljxxxlx:O + Evsﬁxy x=0- (5-22)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3217

Starting with the higher order terms,

”Ezﬁxxxw”xzo S”‘c:zljxxxw{1 - X}”x=0 + ”EZUxxxw)(”x=0

3 1 1 1
2 _ Z _ -~ Z
S\/E”‘Ezusvxxxwllx:O +e2 ”EUxxx” 2 ”E Uxxxx” 2

1 3
- += =
S Vellvlly, +e2 2 0]y,

The identical argument is performed for (5.22.2).
For the fourth term, we expand Uy, |y—o = Ugqyy|x=0 + Usyqx|x=0, perform a Hardy type
inequality for the g, term, and use (3.22) to obtain

”‘Evsﬁxyw”x:O Sllgvsusquw||x=0 + ”Evsusyqxw”x=0
<Vellolly,, + ellosuy Gexllimo
dx

3 1
<Vellvlly, +e#lle® 2 l—

»)

3
<Vellvlly, + &[0l -

To estimate the first term from (5.22), we split into Euler and Prandtl:

3
— P = - E =
”Eususquw”x=0 S”‘Eususquw”x=0 +e2 ”ususquw”x=0

q ; ;
Slufew(lell 5 e + Vel Vede Vewll + 1Ved e vewl]
3
Serllollx, + Vellolly,.
1 3
We have thus established: ||F(,)wpll < Vello llv,, + g2 30| x,- This concludes the proof. []

Lemma 5.4. Letu € X asin (1.22). The following estimates are valid

3
—1r=0 _ No—= - _
|Nx, | S Mo a’, 001101, Ivllx, +€° #110llx, 101lx, llvllx, » (5.23)

+ Mo @, 0013 |[vllx,

3
Ars ) No—21 - 11
[Ny, | S N0t [@’, o1g10lly, lvlly, + € ° #110llx, I10lly, Ivlly, (5.24)
“1p 2
+ N a0, 2 vl ,
|Np| S eNom a0, 0O} + eNo~t[a®, 0017 + C(h, a5) + eNo~H|u]l3, . (5.25)
w

Proof. Proof of (5.23), (5.24):
We begin with the immediate estimates:

1

No—-=
INx, | S e 2NN, [Ny, | S ellNwllllvlly,.
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First, recall the specification of N = Qy; + Q12 + Q, given in (A.27). We now establish the

following bound:

1
IV - wll S {e71/2[a°, 0%1g + € #1101, 311G -

To establish this, we go term by term through Q1;:
10, A 0wl < [0y [ [AOW|

1[0y 1A O wll < 10y |l 1A DX wl

1 1
”lex[v_yyy]w” <eg 4 ||E46x||L§L;°||6yyyw|l

1 1
156y, wll < & 2 1e% 0]l 210115y, wll

€0, 0wl < VellVeD lloo 0wl

1 1
l0ADywl <& 4|+ D]l llAcOyw]|

l2°Avwll < |2°] AT Wl < [7°, 0°15111d1 |,

_0 - _0 - — _ -
Iy, Oxwll < Nty (W)l o210 ()~ wll 2 S (2%, 0%15111] -

Above, we have used the following interpolation:

1

1
10:(y) 2 wllzeor2 <N0K(Y)™ wIIZIvayLUII2

and the weighted Hardy’s inequality (3.27). The result follows upon remarking the follow-
ing basic fact. For any function g(x,y) such that 8x=00rx=1 =0 and g|,—_,, =0: lg|?> <

lgxIlllgy Il + lIgIHlIgxyll- This lmmedlately gives: ||€4v||oo + 10() " lleo + IVeVlleo S Hlglll- A

basic interpolation also gives ||£4 Ux||L°° < \/_vx|| 22 ||vxy||

We treat now the quantity ||Q,w]|

0
lloyop,wll < oy wlliv)ylle S [ 0°1111g! 1w

0 0
lopAcvwl]l < [vyllellAcvwll S [u®, 00 1511g] ],

1
lxv°Acvwll S 1Vl A0 wll S &2 1, v0s]lgl |

0 - 0 —
Ixvefwil S e 2 Vevgwllllogy lle S €2 [u, 0 l511g] e,

1 1 1

l vayy

1
A v wll < 1Vl Ao wll S € 2 [u’, v0l311gl -

wil <& vl s oy, wll S e+ [, 0l5 gl e,

To conclude, we note that the Q,, terms have already been treated in Lemmas 2.7 and 2.8.

Proof of (5.25)
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3219

Recall the specification of Q from (2.1). We begin with the multiplier of q°. First,
ENO(UOUSyy - USUBY’ qo) =gNo (usqoayyy{usqo} - ay{usqo}ayy{usqo}: qo)
=eNo(uiq°qy,, — Ui qyqyy, 4°) + o
Here,

D :=eNo (usqo[usyyyqo + 3usyyq2 + 3“sy‘]$y]
- usyqo[usyyqo + 2usyQS + usQSyy] - usqg[usyyqo + 2usyq3]’ qO)
Thus, J, contains harmless commutator terms which are easily seen to be size Vo[ [[v°]]][[¢°]]?

upon using (2.8), (2.11), and the rapid decay of al;us (k > 1) which is present in each term above.
We estimate

N0 l(2q°40. 4O S QU210 1 ()
<M(5%) (q‘;yy<y>Y7+ oS ) 1P

5N (57) g%, ()Y 2 Illg°IP
< G omigerr.
Next, recalling (2.15)
Vol (g9 qpy, a1 S €Ml lloo llv/us gy 125Gy
<iC, LIl
The next nonlinear terms are

€N0+1(uovxx|x20 + Uovxy|x:0’ qO)

S U0 oo Vs =0 D) Iy 1T + €N HH 100 oo llUxy Lol g I
< N[0, WO laS () + 7T Ve o) 0y 11 [ V/EU gy wll g0l
< N, 0O la ) | + 0 [, o R ol
To conclude, we treat the contribution of the & terms:
|(eNo{hv)), — vOhy,}, 0
SNl Rl I, IHIGY N + N0l Ay ¥ o 0PI G I

S VIR oo + 7y y? oo Hu®, 0013
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3220 | GUO and IYER

Next,

I(H, )] < g THWYY 1

S [uO’ UO]B”{hW - Ush” - hAeus}<y>1/2”1-

We now move to the contribution of ||Qwyl||. We estimate the first term directly upon using
(2.15):

No

1 1
0 -3 0 No—3 2
lleNov009, woll <& ° 2 1V/er ll 09, wil S & 0 2 [u, ]2

For the second nonlinearity, we have
l1eN0d, {usq°30,, fus gyl
=10 (w515, G°G + 2051, |q) 1> + UT Gy Yy, + Ugylhgyy |01
+2u3,q°qy + ugig,q° gy, )wo|
<eMNol|{ugutsy, q°qy + 2uguy gy 1% + ugq)ay, + ugysy, |01
+2u3,4°q) + usug,q°q) hwl|
< eNom w0, 02,
Above, we have used

w _ _
It ayas,wll < 10 lee gy o1l S 7 leap ol 05 S 71, 07T

‘We next move to
() (©) w
||ENO+1uovxx|x:0wO” ENO+1”UOUXJ’ lx=owoll

(e) (©)
S0 (oo 0 Lol + 1l 105 w1l )

1 1 1
2 No++ H -
SN0 VO laSwll + € 0 H [/E00 | o [ w2 VeV w2

) N, 2
< N0 w0, O R laSw]| + & 0+ [ul, v A |vlly, -

To conclude, we estimate the contributions of h, starting with

0
0 Y
lleNofhvfy, — 00y hwoll S eNollAwll oo llopy Il + ENO||7lloollhyyybvllz

oyl
yy
S eM[[g°1IC(h) < eo[u®, v ]} + C(h).

‘We next move to the H terms:

IHwoll <I[—h"" + vsh" — hA.vglw]l < C(h).
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3221

The remaining terms from the right-hand sides of (5.6) are the F terms, for which we estimate

Lemma 5.5. Letu € X asin (1.22). Assume (1.16) and h € C*®(e”) asin (1.15). Let n > 1 + 2N, in
Theorem A.3. Then the forcing terms satisfy

1 1

e2|Fx, | +|Fpl +€2|Fy, | <o(1) +oDlull}, + oDl (5.26)
Proof. Recalling the definition of F(4), Fy from (A.23), (A.27):
F(q) = 0xFg + 8ybgy(a®) + H[a®](0, 7", 0°) + {vgihyy — hA Vg,
Fp = Fglx=o + buy(a®).
Examining the definition of Fy , waO , Fg (from (5.3), (5.4), (5.5)), we may estimate

1 1
1 -1
€2 (PXl(axFqu) + wao(axFR,Q)> Se2 ||7‘3xFRwo||[||U||Yw0 + llvllx, ]
€

S o) +oM)ull3,
upon recalling (A.34). Next,
Fy(FRlx=0,q) <I(Fg,q°)| + |Frwoll?
S IIFgwollllgyll + I1Fzwoll?
<o(1) + o()[u, 2
<o(1) + o()[ulf%.

Repeating the above estimates for the d,b,)(a%),bq,(a®) terms, we obtain that these
contributions to (5.26) are bounded by

1
CII75xb(u)(aE)II2 +[1bay(@)wo 1> +o(Mllull3 S o(1) + o(W)lull3,
€

upon invoking assumption (1.16) and consulting the definitions (A.25).
A similar computation, consulting the definition of H[a®](#°, 0°, 0) given in (A.27), produces a
bound

||H[a€](a°,0°,0>%u <o(1) +o(m)( [a,0°] , + Ivlly, + Il ),

upon invoking again assumption (1.16). A similar estimate holds for the h terms in F g using (1.15).
This thus concludes the proof of (5.26). [l

We are now ready to insert all of these estimates into (5.6), which gives the following

Proposition 5.6. For o0 << 1 then L << 1, solutions to (5.1), (5.2) satisfy the following set of
estimates:
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3222 GUO and IYER

1
2 2 =310 3072
ol S o@lvlly, +& 2[a°,0°l;

+£N0‘1<||15||;‘(1 [0, 0°] )+ C(h) + Fy, (527)

13-
2 =112 St =502
[, 0F S ellol, +e2 " ol

+ Mo, 001} + C(h,ad) + Fp (5.28)

2 2 =0 5072
o3, ol + (8, 0°%;

No—=1{ |54 ~14 - 4
+ ¢No 1(||u||X1 +loly, + [uO,UO]B> +C(h) + Py, . (5.29)
Above, C(h) = O(]|hl|cmo er)) for a large M.
From here, we may immediately prove the main result:

Proof of Theorem 1.1. We apply a standard contraction mapping theorem to the map ¥ which
sends [0, 4, 0°] to [v, u’, v°] via the equations (5.1) , (5.2). Such a map is well-defined according
to Proposition 2.1 and Proposition 3.2.

Recall the definition of || - || » from (1.22). Motivated by this, we define for a large number K >>
1, the equivalent norm

1 1
lallx, = et llvllx, +e*lvlly,, +K[u® %],

and we appropriately modify definition (1.23) to define the space Xx. We now take the linear
1 1
combination £2(5.27) 4+ K%(5.28) + £2(5.29) to obtain
1 ) No—2 (-
i, oWz flol2, +[a°, 0% + &2 (Il + [2%,0°] ) + ()

1, 3-

1 1
- - — 2 _+_
+ <stX1 +K?Fp +az7-‘yw0> + eK?||o Yo, FEE

oll%,
+ K2eNo~ a0, 001} + K*C(h, a )+£2[u 012
No—% <114 S114 0 5074
+e 72 (lloly, + ol + (a0l
<ol + () +K @l +eM-al}, + o). (530)

By repeating the above analysis for differences u; — u,, and @; — @,, (5.30) shows that ¥ is a
contraction map on X for K >> 1, and thus has a unique fixed point. Clearly, from (5.1) and
(5.2), such a fixed point solves the nonlinear equations (A.23) and (A.27). The homogenization
procedure to derive these two systems (see (1.19)) ensures that this is equivalent to solving:

0, LHS Equation (1.12) = d,,RHS Equation (1.12), and

LHS Equation (1.12)|,—, = RHS Equation (1.12)|,—o.
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VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS | 3223

Thus, such a fixed point solves (1.12) itself. To conclude, we note that X is equivalent to X, and

thus this fixed point is an element of X'. [l

ACKNOWLEDGMENTS
Yan Guo was supported by NSF Grant DMS-2106650. Sameer Iyer was supported by NSF Grant
DMS-1802940. We thank Yong Wang for his constructive comments to improve the presentation

of

the paper.

REFERENCES

1

. R. Alexandre, Y. G. Wang, C. J. Xu, and T. Yang, Well-posedness of the Prandtl equation in Sobolev spaces, J.

Amer. Math. Soc. 28 (2015), no. 3, 745-784.

2. C. Bardos and E. Titi, Mathematics and turbulence: where do we stand? J. Turbul. 14 (2013), no. 3, 42-76.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22

. P.Constantin, T. Elgindi, M. Ignatova, and V. Vicol, Remarks on the inviscid limit for the Navier-Stokes equations
for uniformly bounded velocity fields, STAM J. Math. Anal. 49 (2017), no. 3, 1932-1946.

. P. Constantin, M. L. Filho, H. N. Lopes, and V. Vicol, Vorticity measures and the inviscid limit, Arch. Rational
Mech. Anal. 234 (2018), 575-593.

. P. Constantin, I. Kukavica, and V. Vicol, On the inviscid limit of the Navier-Stokes equations, Proc. Amer. Math.
Soc. 143 (2015), no. 7, 3075-3090.

. P. Constantin and V. Vicol, Remarks on high Reynolds numbers hydrodynamics and the inviscid limit, J. Nonlin.
Sci. 28 (2018), no. 2, 711-724.

. A.-L.Dalibard and N. Masmoudi, Separation for the stationary Prandtl equation, Publ. Math. THES 130 (2019),
187-297.

. H. Dietert and D. Gerard-Varet, Well-posedness of the Prandtl equation without any structural assumption, Ann.
PDE 5 (2019), no. 8.

. E. Weinan, Boundary layer theory and the zero-viscosity limit of the Navier-Stokes equation, Acta Math. Sin.

(Engl. Ser.) 16 (2000), no. 2, 207-218.

E, W. and B. Engquist, Blowup of solutions of the unsteady Prandtl’s equation, Comm. Pure Appl. Math. 50

(1997), no. 12, 1287-1293.

M. L. Filho, A. L. Mazzucato, and H. N. Lopes, Vanishing viscosity limit for incompressible flow inside a rotating

circle, Physica D 237 (2008), 1324-1333.

D. Gerard-Varet and E. Dormy, On the ill-posedness of the Prandtl equation, J. Amer. Math. Soc. 23 (2010), no.

2, 591-6009.

D. Gerard-Varet and N. Masmoudi, Wellposedness for the Prandtl system without analyticity or monotonicity,

Ann. Sci. Ec. Norm. Super. 46 (2015), no. 6, 1273-1325.

D. Gerard-Varet, Y. Maekawa, and N. Masmoudi, Gevrey stability of Prandtl expansions for 2D Navier-Stokes

flows, Duke Math. J. 167 (2018), no. 13, 2531-2631.

D. Gerard-Varet and Y. Maekawa, Sobolev stability of Prandtl expansions for the steady Navier-Stokes equations,

Arch. Rational Mech. Anal. 233 (2019), 1319-1382.

D. Gerard-Varet and T. Nguyen, Remarks on the ill-posedness of the Prandtl equation, Asymptotic Analysis 77

(2012) no. 1-2, 71-88.

E. Grenier, Y. Guo, and T. Nguyen, Spectral instability of symmetric shear flows in a two-dimensional channel,

Adv. Math. 92 (2016), 52-110.

E. Grenier, Y. Guo, T. Nguyen, Spectral instability of characteristic boundary layer flows, Duke Math. J. 165

(2016), no. 16, 3085-3146.

E. Grenier, Y. Guo, and T. Nguyen, Spectral instability of Prandtl boundary layers: an overview, Analysis (Berlin)

35 (2015), no. 4, 343-355.

E. Grenier and T. Nguyen, On nonlinear instability of Prandtl’s boundary layers: the case of Rayleigh’s stable

shear flows, arXiv preprint 1706.01282 (2017).

E. Grenier and T. Nguyen, Sublayer of Prandtl boundary layers, Arch. Rational Mech. Anal. 229 (2018), no. 3,

1139-1151.

. E. Grenier and T. Nguyen, L* Instability of Prandtl layers, Ann. PDE. 5 (2019), no. 18.

:sdy) SUONIPUOD) put SWLd I, Y1 99§ “[ST0T/10/67] U0 A1eiqr] sunuQ Aofian “Aieiqr] Aisioatur) umoig Aq 60122-8do/Z00 10 1/10p/wod" Ko Areiquoutjuo sy wosy papeojusod ‘1 ‘€202 T1€0L601

p-SULIDYWOO KA1 A

p

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



3224 GUO and IYER

23. Y. Guo and S. Iyer, Regularity and expansion for steady Prandtl equations, Comm. Math. Phys. 382 (2021),
1403-1447.

24. Y. Guo and T. Nguyen, Prandtl boundary layer expansions of steady Navier-Stokes flows over a moving plate,
Ann. PDE. 3 (2017), no. 10.

25. Y. Guo and T. Nguyen, A note on the Prandtl boundary layers, Comm. Pure Appl. Math. 64 (2011), no. 10,
1416-1438.

26. L. Hong and J. Hunter, Singularity formation and instability in the unsteady inviscid and viscous Prandtl
equations, Comm. Math. Sci. 1 (2003), no. 2, 293-316.

27. M. Ignatova and V. Vicol, Almost global existence for the Prandtl boundary layer equations, Arch. Rational
Mech. Anal. 220 (2016), 809-848.

28. S. Iyer, Steady prandtl boundary layer expansion of Navier-Stokes flows over a rotating disk, Arch. Rational
Mech. Anal. 224 (2017), no. 2, 421-469.

29. S. Iyer, Global steady Prandtl expansion over a moving boundary I, Peking Math. J. 2 (2019), 155-238.

30. S.Iyer, Global steady Prandtl expansion over a moving boundary II, Peking Math. J. 2 (2019), 353-437.

31. S.Iyer, Global steady Prandtl expansion over a moving boundary III, Peking Math. J. 3 (2019), 47-102.

32. S.Iyer, Steady Prandtl layers over a moving boundary: non-shear euler flows, SIAM J. Math. Anal. 51 (2019), no.
3,1657-1695.

33. T. Kato, Remarks on zero viscosity limit for nonstationary Navier-Stokes flows with boundary, Math. Sci. Res.
Inst. Publ. 2 (1984), 85-98.

34. J.Kelliher, On the vanishing viscosity limit in a disk, Math. Ann. 343 (2009), no. 3, 701-726.

35. I. Kukavica, N. Masmoudi, V. Vicol, and T. K. Wong, On the local well-posedness of the Prandtl and Hydrostatic
Euler equations with multiple monotonicity regions, SIAM J. Math. Anal. 46 (2014), no. 6, 3865-3890.

36. 1. Kukavica and V. Vicol, On the local existence of analytic solutions to the Prandtl boundary layer equations,
Commun. Math. Sci. 11 (2013), no. 1, 269-292.

37. 1. Kukavica, V. Vicol, and F. Wang, The van Dommelen and Shen singularity in the Prandtl equations, Adv.
Math. 307 (2017), 288-311.

38. M. C. Lombardo, M. Cannone, and M. Sammartino, Well-posedness of the boundary layer equations, SIAM J.
Math. Anal. 35 (2003), no. 4, 987-1004.

39. Y. Maekawa, On the inviscid problem of the vorticity equations for viscous incompressible flows in the half-plane,
Comm. Pure. Appl. Math. 67 (2014), no. 7, 1045-1128.

40. A. Mazzucato and M. Taylor, Vanishing viscocity plane parallel channel flow and related singular perturbation
problems, Anal. PDE. 1 (2008), no. 1, 35-93.

41. N. Masmoudi and T. K. Wong, Local in time existence and uniqueness of solutions to the Prandtl equations by
energy methods, Comm. Pure. Appl. Math. 68 (2015), no. 10, 1683-1741.

42. O. A. Oleinik and V. N. Samokhin, Mathematical models in boundary layer theory, Applied Mathematics and
Mathematical Computation, vol. 15. Champan and Hall/ CRC, Boca Raton, FL, 1999.

43. O. A. Oleinik, On the mathematical theory of boundary layer for an unsteady flow of incompressible fluid, J.
Appl. Math. Mech. 30 (1967), no. 5, 951-974.

44. L. Prandtl, Uber flussigkeits-bewegung bei sehr kleiner reibung, In Verhandlungen des III Internationalen
Mathematiker-Kongresses, Heidelberg. Teubner, Leipzig, 1904, pp. 484-491. English Translation: “Motion of
fluids with very little viscosity,” Technical Memorandum No. 452 by National Advisory Committee for
Aeuronautics.

45. M. Sammartino and R. Caflisch, Zero viscosity limit for analytic solutions of the Navier-Stokes equation on a
half-space. I. Existence for Euler and Prandtl equations, Comm. Math. Phys. 192 (1998), no. 2, 433-461.

46. M. Sammartino and R. Caflisch, Zero viscosity limit for analytic solutions of the Navier-Stokes equation on a
half-space. II. Construction of the Navier-Stokes soution, Comm. Math. Phys. 192 (1998), no. 2, 463-491.

47. H. Schlichting and K. Gersten, Boundary Layer Theory. 8th ed., Springer-Verlag, 2000.

48. 1. Serrin, Asymptotic behaviour of velocity profiles in the Prandtl boundary layer theory, Proc. R. Soc. Lond. A
299 (1967), no. 1459, 491-507.

49. F. Sueur, A Kato type Theorem for the inviscid limit of the Navier-Stokes equations with a moving rigid body,
Comm. Math. Phys. 316 (2012), no. 3, 783-808.

50. R.Temam, Navier-Stokes Equations, Theory and Applications, AMS Chelsea Edition. AMS Chelsea Publishing,

American Mathematical Society, Providence, RI (2000).

:sdy) SUONIPUOD) put SWLd I, Y1 99§ “[ST0T/10/67] U0 A1eiqr] sunuQ Aofian “Aieiqr] Aisioatur) umoig Aq 60122-8do/Z00 10 1/10p/wod" Ko Areiquoutjuo sy wosy papeojusod ‘1 ‘€202 T1€0L601

p-SULIDYWOO KA1 A

p

25U9D1] SUOWWION) dANERI) 2 qeardde Ay Aq PAUIDAOT I SAPILIE V() (95T JO SN 10 AIBIIT UL AD[IAL UO (



VALIDITY OF STEADY PRANDTL LAYER EXPANSIONS 3225

51. R. Temam and T. Wang, Boundary layers associated with Incompressible Navier-Stokes equations: the
noncharacteristic boundary case, J. Differ. Equations. 179 (2002), 647-686.

52. C.Wang, Y. Wang, and Z. Zhang, Zero-viscosity limit of the navier-stokes equations in the analytic setting, Arch.
Rational Mech. Anal. 224 (2017), 555-595.

53. Z.Xin and L. Zhang, On the global existence of solutions to the Prandtl’s system, Adv. Math. 181 (2004), no. 1,
88-133.

54. C. Liu, F. Xie, T. Yang, Justification of Prandtl Ansatz for MHD Boundary Layer. SIAM J. Math. Anal. 51(3),
(2019), 2748-2791.

APPENDIX A: ASYMPTOTIC EXPANSIONS
We will assume the expansions:

Ué =il + eNou, V& =0 +¢eNov, P =P +&Nop. (A1)

We will denote the partial expansions:
i PR R ;
ué:Z\/Eué+2\/Euf,, iy = ug + Ve u, (A2)
j=0 j=0
R =L B i
vé:Z\/E vé+z\/gvé, O = Ug + Ve U, (A3)
j=1 Jj=0
i . .
i J i i . i . .
Pl= Y VEPL Pi=Pi+e{P,+ery ). (A4)
j=0

We will also define uf” = Z;:o \/E u) to be the “Euler” components of the partial sum. Similar

Pi _E,

v, vf’i. The following will also be convenient:

notation will be used for u ", v

n . n .
i i—1
E ._ i E ._ i
= Y Veul, of = Y e
i= i=1

(A.5)

The P;’a terms are “auxiliary Pressures” in the same sense as those introduced in [27] and [31]
and are for convenience. We will also introduce the notation:

i

S i i
i, i=u

p ui)ly=09 lj;) = Up U;)(xﬁ O)a Ué = Ué - UélY:O' (A6)

We first record the properties of the leading order (i = 0) layers. For the outer Euler flow, we
will take a shear flow, [u2(Y),0,0]. The derivatives of u? decay rapidly in Y and that is bounded
below, [u?] > 1.
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For the leading order Prandtl boundary layer, the equations are:

0.0 4 70,0 _ .0 0o _
UpUpyx + Oplpy = Upyy + Ppy =0,
(A7)
0 0o _ o _ 0 _ 110 0 _ .0
Upy +Upy = 0, Ppy =0, uplx:() = UP, uply:0 = —U,|y=o-

It is convenient to state results in terms of the quantity ag, whose initial data is simply Ug i=
ul(0) + Ug. Our starting point is the following result of Oleinik in [46], P. 21, Theorem 2.1.1:

Theorem A.1 (Oleinik). Assume boundary data is prescribed satisfying Ug € C® and exponen-
tially decaying |3,{U% — u(0)}| for j > 0 satisfying:

Up > 0fory >0, 8,Up(0)>0, 8;U) ~y*neary =0 (A.8)

Then for some L > 0, there exists a solution, [L‘tg, 152] to (A.7) satisfying, for some y,, mg > 0,

sup  sup |ag,ag,ayag,ayyag,axag| <1, (A.9)
x€(0,L) ye(0,y0)
sup sup 8,a) > my > 0. (A.10)
x€(0,L) y&(0,y0)

By evaluating the system (A.7) and d,, of (A.7) at {y = 0} we conclude:

o _ -0 _
Upyyly=0 = Upyyyly=0 = 0.

We now list the equations to be satisfied by the i’th layers, starting with the i’th Euler layer:

05 i 0,,i i_. i A
UpOxtty + Oy, + 0P, =1 f |,

ulo vl +dyP. =: f]is’z,
, , . (A.11)
Oyu, +0yv, =0,

Ubly=o = —Ug|y=0’ v x=0,L = V;;’{O,L} Uglymo = U}ig-
For the i’th Prandtl layer:
40 ul, + updyit + 8,a[v), — vy |y—o] + 00,ul, + 8, P}, — 3y ul, 1= fO,
i i_ i _
Oyup +9y,v, =0, 0,P, =0 (A12)
uijly:o = —uélyzo, [ufv, v;;]y_,o(J =0, vi,|x=0 = prescribed data.

The relevant definitions of the above forcing terms are given below. Note that as a matter of
convention, summations that end with a negative number are empty sums.
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Definition A.2 (Forcing Terms).

-2
— [y = u Z\/_J {ul +up(x 00) + ul 12\/_J 1uéx
j=1

i—2 ) . . . .
+/e  [ul™ + ul G, co)hulst + vl it

2 2
Ve vl +uit Z Ve ul, — VeAul !
=1

j=1
i—2 ; -1
Ly =it NG 112\/' Wl Ve oo el
j=1
-2 _
+ T b oo)}Z Vol ol T VE el ul(x, oo}
j=1

— Veav, ™,

. . _1
—f® \/_upxx+£ 2{vé—vé(x,0)}u?,y+s 2{ud —ud(O)ub! +¢ 2{uPl !

—adjuly ! +e 2{uEl ! — ad Hul "t —up (x, oo)}+£_%v§)_1{a§;1
1
—ud 3+ up, 2\/_j (ul +up)+£ 2(v‘ Lol +e 2,
—v(xO))u +\/—ueyzx/gv + v, Z\/_ upy+uex2\/—{u
© 5 -i—l i ‘
—up(x co)} + ul 2\/214 +/ ax{\/E uéz\/gvi,x+ v,
y j=0
i _ = i1
XZ\/E fu, —u(x, 00)} + Ve véyz Ve o) + \/gvéz Ve,
j=0 j=0 j=0
+\/—Ullll+\/_vllll+\/—vEllll i—l(xoo)}
p b

+\/—UP1111+\/_ullll+\/_AEv +\/_{u1111 llll}}dz

For i = 1 only, we make the following modifications. The aim is to retain only the required order
\/E terms into ). f@ will then be adjusted by including the superfluous terms. Specifically,
define:

FO 1= —udugly—o — upugly=o — gy (O)yud . — vpuly, — v, (O)yu,. (A13)
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For the final Prandtl layer, we must enforce the boundary condition vy|,—o = 0. Define the

quantities [up, Up» Pp] to solve
40,1y + Uupdyil + 8,1V, + 08, up, + 0P, — 8yyu, 1= f,
0,u, + 8,0, =0, ayP;', =0

[, 0plly=0 = [<u7,0lly=0,  Uply—co =0 Uplyeo = V.

(A.14)

Note the change in boundary condition of vpl y=0 =0 which contrasts the i = 1,..,n — 1 case.

This implies that v, = foy U, dy’. For this reason, we must cut-off the Prandtl layers:

TS

y
1= x (Ve + Ver (vVey) / ) (x,y')dy’,
0

v 1= x(Vey)v,.
Here £" is the error contributed by the cut-off:
EM = U0 up + up0, il + 09,up, + Vpdyi — Uy, — fm,

Computing explicitly:
y
EMW =1 = " + av/ex' (Vey)vy(x,y) + aVex! / up
0

y
+ ﬁx/gx’up + EU)(”/ u, + \/E)(’up
0

3

y
+ 55)(”’/ u, +2ex"u, + \/E)(/upy.
0

(A.15)

We will now define the contributions into the next order, which will serve as the forcing for the

remainder term:
n+l) | n _
f = \/E [Euzxx + vg{u?y — ugy} + {ug - ug(O)}uZx
n .
J o ; _
+upy Z Ve (ul + up) + {ul, — adup + (O — vHup,
j=1

n n+2
+{v; — v (x, 0}y, | + Ve €W 4\ Aul

n—1 . n—1 .
n J n Jj 2n
n z: J n 2 J n,n
+ VE Ugy \/E U + VE U \/E Uex + \/E [ue Uex
Jj=1 Jj=1

n—1 . n—1 .
n+1 Jj—1 n—1 j+1
n, n n J n J
+U€u’eY] + \/E U,y E \/E U, + \/E Ue E \/E U,y
j=1 j=1

n
gD 1= (/g [v§3, V) + B, Vg V) + 8, v up + uld v — Avp

(A.l6)
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n n-1 . )
+v/e (uld vl + ugayug)] + (Vo) ay vl 2(\/2)1—114
j=1
-1
-1 n J .] n-1 n.,,n n n
+e U Z Ve dyvl +4/ U] vy + U0y Uy ] (A.17)
j=1
n il ) i n—1 ol i n+1
+Ve ul Y (Ve Tlawl + Ve Ol Y Vew +4/e  Aul
Jj=1 Jj=0
We now move to the remainder system. A straightforward linearization yields:
—Au® +S,4+9,PO = E_NOan) - ENO{u(E)uEf) + U(E)u;g)}
—AVO +S + a_y P© = g~Nog(n+1) _ gNo {u(g)v(s) + U(a)v(s)} < (A18)
€ v c X y
a,u® + ayu@) =0.
Denote:
ug =14y, vy =0y, (A19)
Here we have defined:
S, = ud,u® + ug,u® + vsayu(g) + usyv(s), (A.20)
Sy = ugd, v + v, u® + vsayv(g) + vsyv(g). (A.21)
Let us discuss now the boundary conditions. We take
u°|,—o := u’(unknown),
U |y—o = v(unknown),
UEly:O = U;|y=0 =0,
U)Eclx=L = ai(y), U)Ecxlx=0 L= a;(y)’ Ufcxxlx=L L= a;(y)
Going to the vorticity formulation of (A.18) yields the system (1.12), with
Fp := s—No(ayf”“) — £d,g ). (A.22)
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In Section 2, our main object of analysis with the vorticity equation evaluated at the {x = 0}
boundary, (1.12)|,—¢, which reads:
£V’ = Fyy + Fg + Q1% v) + H,
L0° = vy, — {us0h, — gy, 0% — fosv),, — Uyvg}
+ ety V0 + Evsxxvg,

Q1% v) 1= eMNo[vyvy, — Vo), + EulUyy |y + €00y |1

+hv?

vy — Vol (A.23)

H .= [—hy,, +vsh,, —hAu],

F(v)(U) L= EUGL (E)lx 0~ 250;533y|x =0 " Ezvgcg)lexzo + EUSU.SC?IXIO’

. 2
Fﬁ i= FRlx=0 + Eusaixl)c:o - 28a§eyy|x=0 —& aixxlx:O + EUsafcylx=0
= FRlx:O + b(u)(az)lx:0'

We homogenize the v via (1.19). Define the quotients:

0
v 0. v

q&' o — q . U
= = .= . .
Uy Uy Uy Us|x=o

The d, of vorticity equation (DNS) satisfied by [uf, v] is as follows
— 3, R[q¥] + A20® + 3, {v, A u® —u®A v}
= eNog {v A uf — uAV°} + 8, Fp,

(A.24)

(E)

U(£)| (E) (E)lx _ a(E) (€

O_U Uxxlxo—a =L — 1’xxx|xL
— ,@ —
U(S)|y:0 =70 Iy:O =0,

We now homogenize equation (A.24) by writing it in terms of [u,v]. First, the linear
contributions are given in terms of the following

b)) = —R[0] + L[0yyyy ] + 260y, + €201 — 0y, (A.25)
+ UL, [0y ] — AL [0, ],
We now arrive at the nonlinearity. For this, we will use (1.19) to write
0, {vi AUt — ufA v} =eN0(Qyy + Qiz + Quz + Qoo + Qo3 + Q33),
where the quadratic terms are
Qi1 :=UyA 0 — Ul Uy + U AU — VAL,

— 0 _ 40 _ 4,0
Q12 1=V yy +v, A v — xv’A.v, — XUxUy), — DUy, — VAL,

e_0,0 _ 0,0
Q2 =UyUyy — Uy,
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and the linear terms are

Qi3 1=vyAcaf + ajA v — ul.aj + [ [af]A. v, — VAaj, — a®A.v,

€ £4,0

S - OA oF 0
Q3 1=VyAca" + ayvy, — XU Acay — VAcay, — a‘vyy,

yUyy y
and the forcing term is
Q33 = ajA.a® + I [a®]A.af — a*Ad[a®] — a®A.aj.
The last step is to use the identity (recalling (A.25), (1.15), and (1.30)):
0,y ) + {vgu), — u®Avg, } = Bo + {vgihyy, — hA U, }, (A.26)
Piecing together the preceding, we arrive at the homogenized system

— 0,R[q] + AZv +J() + Byo = eNoON + F g,
N 1= Qi1 + Q2 + Qu,
F(g) := 0yFg + 8,by,)(a®) + H[a®](v,u’, u®) + {vshy, — hA vy},

Hl[a®](v,u% v°) 1= Qy3(u,v) + Qu(v?) + Q33(a%),

(A.27)

where we have defined J, B, in (1.29) and (1.30).
The following proposition summarizes the profile constructions from [25]:

Theorem A.3. Assume the shear flow u(Y) € C*, whose derivatives decay rapidly. Assume (A.8)
regarding ag | x=0, and the conditions

U;yyylx:O(O) = axgl Ix:O,y:O’ (AZS)
6;;';;,:/0(0) = axyg1|y=0(x = 0), (A-29)
. & _ Y0 . .
9 =0 (0)ug | x—o(0) — / a%e /1 P {fO3) - O} dy =0, (A.30)
0

where r(y) := U;agy - a?,ﬁfpy. We assume also standard higher order versions of the parabolic
compatibility conditions (A.28), (A.29). Let Uy | =, Us | x=1, Up| x=¢ be prescribed smooth and rapidly
decaying Euler data. We assume on the data standard elliptic compatibility conditions at the corners

(0,0) and (L, 0) obtained by evaluating the equation at the corners. In addition, assume
vl mo ~ Y™ ore™™Y for some 0 < m; < oo, (A.31)

||a§{ué|x:0 - vé|x:L}<Y>M”oo SL (A.32)
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Then all profiles in [uy, vg] exist and are smooth on Q. The following estimates hold:

-0 -0 -0 — 70 -

tp > 0,7pyly=0 > 0,dpyyly=0 = Upyyyly=0 =0

IVE{up, vple™Y || S 1 foranyK > 0,

lplloo + IV U™ [lo + IV UM [l S 1 foranyK 2 1,M 20, (A.33)

~

IVE{ug, vg Jwm, oo S 1 for some fixed my > 1

IVE{ul, v}, Il o S 1 for some fixed m; > 1,

where w,, ~ ™Y or (1+Y)™.
In addition the following estimate on the remainder forcing holds:

wy n—1-2N,
1Fl=owoll + ||axFR7|| S Ve , (A.34)
£

where Fy has been defined in (A.22).
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