
*QMiBMmBiv �M/ "QmM/2/M2bb Q7 JBMBKmK@LQ`K *"6@a�72 *QMi`QHH2`b

JQ?�KK2/ �Hv�b22M LBFQH�v �i�M�bQp CQ`;2 *Q`iûb

�#bi`�+i� h?2 2tBbi2M+2 Q7 � *QMi`QH "�``B2` 6mM+iBQM
U*"6V 7Q` � +QMi`QH@�{M2 bvbi2K T`QpB/2b � TQr2`7mH /2bB;M
iQQH iQ 2Mbm`2 b�72ivX �Mv +QMi`QHH2` i?�i b�iBb}2b i?2 *"6
+QM/BiBQM �M/ 2Mbm`2b i?�i i?2 i`�D2+iQ`B2b Q7 i?2 +HQb2/@
HQQT bvbi2K �`2 r2HH /2}M2/ K�F2b i?2 x2`Q bmT2`H2p2H b2i
7Q`r�`/ BMp�`B�MiX am+? � +QMi`QHH2` Bb `272``2/ iQ �b b�72X
h?Bb T�T2` bim/B2b i?2 `2;mH�`Biv T`QT2`iB2b Q7 i?2 KBMBKmK@
MQ`K b�72 +QMi`QHH2` �b � bi2TTBM; biQM2 iQr�`/b i?2 /2bB;M Q7
;2M2`�H +QMiBMmQmb b�72 722/#�+F +QMi`QHH2`bX q2 +?�`�+i2`Bx2
i?2 b2i Q7 TQBMib r?2`2 i?2 KBMBKmK@MQ`K b�72 +QMi`QHH2` Bb
/Bb+QMiBMmQmb �M/ b?Qr i?�i Bi /2T2M/b bQH2Hv QM i?2 b�72
b2i �M/ MQi QM i?2 T�`iB+mH�` *"6 i?�i /2b+`B#2b BiX Pm`
�M�HvbBb Q7 i?2 +QMi`QHH2` #2?�pBQ` �b r2 �TT`Q�+? � TQBMi Q7
/Bb+QMiBMmBiv �HHQrb mb iQ B/2MiB7v bm{+B2Mi +QM/BiBQMb /2i2`@
KBMBM; r?2i?2` i?2 +QMi`QHH2` ;`Qrb mM#QmM/2/ Q` `2K�BMb
#QmM/2/X 1t�KTH2b BHHmbi`�i2 Qm` `2bmHib- T`QpB/BM; BMbB;?i
BMiQ i?2 +QM/BiBQMb i?�i H2�/ iQ UmMV#QmM/2/ /Bb+QMiBMmQmb
KBMBKmK@MQ`K +QMi`QHH2`bX

AX AMi`Q/m+iBQM

a�72iv@+`BiB+�H +QMi`QH 7Q` /vM�KB+�H bvbi2Kb Bb �M
�+iBp2 �`2� Q7 `2b2�`+? rBi? �TTHB+�iBQMb iQ KmHiBTH2
/QK�BMb bm+? �b i`�MbTQ`i�iBQM- �miQMQKv- TQr2` bvb@
i2Kb- `Q#QiB+b- �M/ K�MBTmH�iBQMX h?2 MQiBQM Q7 *QMi`QH
"�``B2` 6mM+iBQM U*"6V ?�b `2p2�H2/ iQ #2 � T�`iB+mH�`Hv
mb27mH iQQH �b Bi T`QpB/2b � K�i?2K�iB+�HHv T`2+Bb2 7Q`Km@
H�iBQM Q7 i?2 `�M;2 Q7 /2bB;M +?QB+2b �p�BH�#H2 iQ F22T �
/2bB`2/ b2i b�72X h?Bb ?�b bTm``2/ � ~m``v Q7 �+iBpBiv
�BK2/ �i bvMi?2bBxBM; b�72 +QMi`QHH2`b �b bQHmiBQMb iQ
QTiBKBx�iBQM@#�b2/ 7Q`KmH�iBQMb r?Qb2 +Qbi 7mM+iBQMb
K�v 2M+Q/2 2M2`;v +QMbB/2`�iBQMb- KBMBK�H /2pB�iBQM
7`QK T`2b+`B#2/ +QMi`QHH2`b- Q` Qi?2` T2`7Q`K�M+2 ;Q�HbX
� +`BiB+�H �bT2+i BM i?Bb 2M/2�pQ` Bb 2Mbm`BM; i?�i b�72
+QMi`QHH2`b 2MDQv �TT`QT`B�i2 `2;mH�`Biv U#QmM/2/M2bb-
+QMiBMmBiv- GBTb+?BixM2bb- bKQQi?M2bbV T`QT2`iB2b 7Q` 2�b2
Q7 BKTH2K2Mi�iBQM �M/ iQ 2Mbm`2 r2HH@TQb2/M2bb Q7 i?2
`2bmHiBM; +HQb2/@HQQT bvbi2KX JQiBp�i2/ #v i?2b2 Q#b2`@
p�iBQMb- i?Bb rQ`F bim/B2b i?2 +QMiBMmBiv T`QT2`iB2b Q7 i?2
KBMBKmK@MQ`K b�72 +QMi`QHH2` �M/ �M�Hvx2b +QM/BiBQMb
mM/2` r?B+? i?2 2tBbi2M+2 Q7 � #QmM/2/ b�72 +QMi`QHH2`
Bb ;m�`�Mi22/X

GBi2`�im`2 _2pB2r, h?2 MQiBQM Q7 *"6 #mBH/b QM
L�;mKQöb i?2Q`2K (R)- r?B+? 2bi�#HBb?2b i?2 BMp�`B�M+2
Q7 � b2i rBi? `2bT2+i iQ i`�D2+iQ`B2b Q7 �M �miQMQKQmb
bvbi2K ;Bp2M bmBi�#H2 i`�Mbp2`b�HBiv +QM/BiBQMb �`2 b�i@
Bb}2/ QM i?2 #QmM/�`v Q7 i?�i b2iX AM (k)- � L�;mKQ@
HBF2 +QM/BiBQM Bb 2M7Q`+2/ iQ ?QH/ QM i?2 r?QH2 b2i
�MQi QMHv i?2 #QmM/�`v� iQ 7�+BHBi�i2 i?2 +QMi`QHH2`
+QMbi`m+iBQMX h?Bb +QM/BiBQM r�b `2H�t2/ BM (j) iQ �``Bp2
�i i?2 +QM+2Ti Q7 *"6 mb2/ ?2`2X h?2 mb2 Q7 *"6b
iQ 2M7Q`+2 b�72iv �b 7Q`r�`/ b2i BMp�`B�M+2 ?�b bBM+2
2tT�M/2/ iQ K�Mv /QK�BMb Ur2 `272` iQ (9)- (8) 7Q` �
+QKT`2?2MbBp2 Qp2`pB2rVX

JX �Hv�b22M- LX �i�M�bQp- �M/ CX *Q`iûb �`2
rBi? i?2 *QMi2tim�H _Q#QiB+b AMbiBimi2- l* a�M .B2;Q-
&K�Hv�b22-M�i�M�bQp-+Q`i2b'!m+b/X2/mX JX �Hv�b22M Bb �HbQ
�{HB�i2/ rBi? Emr�Bi lMBp2`bBiv �b � ?QH/2` Q7 � b+?QH�`b?BTX h?Bb
rQ`F r�b T�`iB�HHv bmTTQ`i2/ #v La6 �r�`/ AAa@kyydR9RX

S�`iB+mH�`Hv mb27mH Bb i?2 7�+i i?�i- B7 � *"6@+2`iB}2/
b�72 +QMi`QHH2` Bb GBTb+?Bix- i?2M i?2 +HQb2/@HQQT bvbi2K Bb
r2HH TQb2/ �M/ i?2 bmT2`H2p2H b2i Q7 i?2 *"6 Bb 7Q`r�`/
BMp�`B�MiX Ai Bb +QKKQM iQ bvMi?2bBx2 bm+? +QMi`QHH2`b
pB� QTiBKBx�iBQM 7Q`KmH�iBQMb r?B+? �`2 2t�KTH2b Q7
T�`�K2i`B+ QTiBKBx�iBQM T`Q#H2Kb- rBi? i?2 QTiBKBx�iBQM
p�`B�#H2 #2BM; i?2 +QMi`QH bB;M�H �M/ i?2 T�`�K2i2` #2BM;
i?2 bi�i2X h?2 `2bmHiBM; +QMi`QHH2` Bb r2HH /2}M2/ #mi
Bb ;2M2`�HHv MQi ;m�`�Mi22/ iQ #2 +QMiBMmQmb- H2i �HQM2
GBTb+?BixX A7 i?2 +QMi`QHH2` Bb /Bb+QMiBMmQmb- i?2M Bi KB;?i
#2+QK2 mM#QmM/2/ 2p2M B7 i?2 b�72 b2i Bb +QKT�+i-
pBQH�iBM; ?�`/ HBKBib BKTQb2/ #v ?�`/r�`2 +QMbi`�BMib
Q` 2M2`;v +QMbB/2`�iBQMbX h?Bb ?�b KQiBp�i2/ i?2 bim/v
BM i?2 HBi2`�im`2 Q7 p�`BQmb bm{+B2Mi +QM/BiBQMb iQ 2M@
bm`2 GBTb+?BixM2bb Q` +QMiBMmBiv Q7 QTiBKBx�iBQM@#�b2/
+QMi`QHH2`bX PM2 b2i Q7 +QM/BiBQMb (j) `2HB2b QM �bbmKBM;
mMB7Q`K `2H�iBp2 /2;`22 R Q7 i?2 *"6 rBi? `2bT2+i iQ
i?2 /vM�KB+�H bvbi2KX �MQi?2` +QM/BiBQM (e) �bFb i?�i
i?2 T`QT2`iB2b /2}MBM; i?2 *"6 �`2 b�iBb}2/ QM �M QT2M
b2i +QMi�BMBM; i?2 b�72 b2iX h?Bb Bb 2bT2+B�HHv `2H2p�Mi
BM bvbi2Kb bm#D2+i iQ /Bbim`#�M+2b- �b i?2 b�iBb7�+iBQM
Q7 b�72iv +QM/BiBQMb �`QmM/ i?2 b2i mM/2` +QMbB/2`�iBQM
Bb `2[mB`2/ iQ +QmMi2` i?2 /Bbim`#�M+2@BM/m+2/ b�72iv
pBQH�iBQMb (j)- (d)- (3)X Pi?2` rQ`Fb (N) /2`Bp2 +QMiBMmBiv@
2Mbm`BM; +QM/BiBQMb `2bQ`iBM; iQ i?2 +H�bbB+�H T�`�K2i`B+
QTiBKBx�iBQM HBi2`�im`2 (Ry)- Q7 r?B+? i?2 QTiBKBx�iBQM@
#�b2/ +QMi`QHH2` bvMi?2bBb T`Q#H2K Bb � bT2+B�H +�b2X
AM T�`�K2i`B+ QTiBKBx�iBQM- i?2 rQ`F (RR) T`Qp2b i?2
+QMiBMmBiv Q7 i?2 QTiBKBx2` mM/2` +QMiBMmBiv T`QT2`iB2b
Q7 i?2 TQBMi@iQ@b2i K�T /2}M2/ #v i?2 +QMbi`�BMibX Pi?2`
rQ`Fb /2`Bp2 +QMiBMmBiv `2bmHib mM/2` /Bz2`2Mi ivT2b
Q7 +QMbi`�BMi [m�HB}+�iBQM +QM/BiBQMb- BM+Hm/BM; HBM2�`
BM/2T2M/2M+2 (Rk) �M/ J�M;�b�`B�M@6`QKQpBix (Rj)X h?2
rQ`F (N) #mBH/b QM i?Bb #Q/v Q7 rQ`F iQ `2H�t HBM2�`
BM/2T2M/2M+2 [m�HB}+�iBQM 7Q` i?2 bT2+B�H +�b2 Q7 �
+QMp2t HBM2�`Hv +QMbi`�BM2/ [m�/`�iB+ T�`�K2i`B+ T`Q@
;`�KX Pm` #�bB+ KQiBp�iBQM ?2`2 Bb i?2 7�+i i?�i i?2
K2`2 b�iBb7�+iBQM Q7 i?2 bi�M/�`/ *"6 /2}MBiBQM Bb MQi
2MQm;? iQ 2Mbm`2 i?2 2tBbi2M+2 Q7 � b�72 +QMi`QHH2`X
h?Bb Bb i?2 +�b2 r?2M i?2 KBMBKmK@MQ`K *"6@#�b2/
+QMi`QHH2` ;Q2b mM#QmM/2/ BM � +QKT�+i b2iX AM i?�i +�b2-
MQ Qi?2` +QMiBMmQmb 722/#�+F +QMi`QHH2` +�M ;m�`�Mi22
b�72iv- bBM+2 �Mv 722/#�+F *"6@#�b2/ +QMi`QHH2` Bb- #v
/2}MBiBQM- Q7 ;`2�i2` MQ`K i?�M i?2 KBM@MQ`K +QMi`QHH2`X
hQ �//`2bb i?Bb +QM+2`M 7mHHv- Qm` 2tTQbBiBQM T`QpB/2b �
;2M2`�HBx�iBQM Q7 +QM/BiBQMb �TT2�`BM; BM i?2 HBi2`�im`2-
2Mbm`BM; +QMiBMmBiv Q7 i?2 KBM@MQ`K b�72 +QMi`QHH2`X q2
i?2M �M�Hvx2 i?2 #QmM/2/M2bb Q7 i?2 +QMi`QHH2` r?2M
i?2 +QM/BiBQMb �`2 MQi K2i �M/ /Bb+QMiBMmBiv �`Bb2bX Pm`
rQ`F Bb �HbQ `2H2p2Mi iQ `2b2�`+? BM *"6 p2`B}+�iBQM (R9)-
(R8) �M/ *"6 /2bB;M (Re)- (Rd)X "v +?�`�+i2`BxBM; mM@
#QmM/2/M2bb Q7 i?2 KBM@MQ`K +QMi`QHH2`- r2 b?Qr r?�i
p2`B}2/ *"6b rBHH ;Bp2 `Bb2 iQ #QmM/2/ b�72 +QMi`QHH2`bX

ai�i2K2Mi Q7 *QMi`B#miBQMb, :Bp2M � *"6 7Q` �
+QMi`QH@�{M2 bvbi2K- r2 bim/v i?2 #QmM/2/M2bb T`QT@
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2`iB2b Q7 i?2 �bbQ+B�i2/ KBMBKmK@MQ`K b�72 +QMi`QHH2`X
�T�`i 7`QK Bib BMi`BMbB+ BMi2`2bi- i?2 7Q+mb QM i?Bb
+QMi`QHH2` Bb DmbiB}2/ #v i?2 7�+i i?�i B7 Bi Bb MQi #QmM/2/-
i?2M MQ b�72 +QMi`QHH2` BbX q2 bi�`i #v 2tTH�BMBM; i?2
HBKBi�iBQMb Q7 i?2 bi�i2 Q7 i?2 �`i iQ ;m�`�Mi22 i?2
#QmM/2/M2bb Q7 b�72 +QMi`QHH2`b �M/ BHHmbi`�iBM; i?2K
BM irQ 2t�KTH2bX Pm` }`bi +QMi`B#miBQM Bb � `B;Q`Qmb
+?�`�+i2`Bx�iBQM Q7 i?2 TQBMib Q7 /Bb+QMiBMmBiv Q7 i?2
KBMBKmK@MQ`K b�72 +QMi`QHH2`X �b � #vT`Q/m+i- i?Bb
`2bmHi �HHQrb mb iQ ;2M2`�HBx2 i?2 FMQrM +QM/BiBQMb
7Q` 2Mbm`BM; +QMiBMmBivX q2 b?Qr i?�i i?2 TQBMib Q7
/Bb+QMiBMmBiv �`2 7mHHv /2i2`KBM2/ #v i?2 b�72 b2i �M/
�`2 BM/2T2M/2Mi Q7 i?2 bT2+B}+ +?QB+2 Q7 i?2 *"6 Q` i?2
b2MbBiBpBiv iQ i?2 pBQH�iBQM Q7 i?2 *"6 +QM/BiBQMX h?2b2
`2bmHib b2i i?2 #�bBb 7Q` Qm` b2+QM/ +QMi`B#miBQM- r?B+?
Bb i?2 B/2MiB}+�iBQM Q7 iB;?i +QM/BiBQMb iQ 2Mbm`2 i?2
UmMV#QmM/2/M2bb Q7 i?2 KBMBKmK@MQ`K +QMi`QHH2` r?2M
�TT`Q�+?BM; � TQBMi Q7 /Bb+QMiBMmBivX q2 `2pBbBi i?2 irQ
2t�KTH2b BM HB;?i Q7 i?2 i2+?MB+�H /Bb+mbbBQM iQ 2tTH�BM
i?2 Q#b2`p2/ #2?�pBQ` Q7 i?2 KBMBKmK@MQ`K +QMi`QHH2`X
Pm` `2bmHib �`2 �TTHB+�#H2 iQ KQ`2 ;2M2`�H 7Q`KmH�iBQMb
Q7 b�72iv }Hi2`b #2vQM/ i?2 KBMBKmK@MQ`K +QMi`QHH2`
�M/ ?�p2 BKTQ`i�Mi BKTHB+�iBQMb 7Q` i?2 bvMi?2bBb Q7 b�72
722/#�+F +QMi`QHH2`b bm#D2+i iQ ?�`/ +QMbi`�BMib QM i?2
+QMi`QH 2zQ`iX

LQi�iBQM, h?2 +HQbm`2- BMi2`BQ`- �M/ #QmM/�`v Q7 � b2i
X �`2 /2MQi2/ #v X̄ - int(X )- �M/ ∂X - `2bT2+iBp2HvX :Bp2M
s : X ⊆ R

n → R- s ∈ C /2MQi2b i?�i s Bb +QMiBMmQmb �M/
s ∈ Cn /2MQi2b i?�i s ?�b � +QMiBMmQmb ni? /2`Bp�iBp2X
h?2 ;`�/B2Mi Q7 s ∈ C1 Bb /2MQi2/ #v ∇s �M/ r`Bii2M �b
� `Qr p2+iQ`X � 7mM+iBQM s Bb HQ+�HHv GBTb+?Bix �i x rBi?
`2bT2+i iQ X B7 i?2`2 2tBbib � M2B;?#Q`?QQ/ N �M/ �
+QMbi�Mi L ∈ R bm+? i?�i ‖s(x1)− s(x2)‖ ≤ L‖x2 − x1‖-
7Q` �HH x1, x2 ∈ N ∩ X X � 7mM+iBQM s Bb HQ+�HHv GBTb+?Bix
QM X ′ B7 Bi Bb HQ+�HHv GBTb+?Bix �i x rBi? `2bT2+i iQ X ′-
7Q` �HH x ∈ X ′X � 7mM+iBQM α : (−a, b) → R Bb �M 2ti2M/2/
+H�bb@κ 7mM+iBQM B7 Bi Bb bi`B+iHv BM+`2�bBM; �M/ α(0) = 0X

AAX S`Q#H2K ai�i2K2Mi

q2 +QMbB/2` � MQM@HBM2�` +QMi`QH �{M2 bvbi2K Qp2` �M
QT2M b2i X ⊆ R

n

ẋ = f(x) +G(x)u, URV

r?2`2 x ∈ X �M/ u ∈ R
mX >2`2- f : X → R

n �M/ i?2
+QHmKM +QKTQM2Mib gi : X → R

n- i ∈ {1, . . . ,m} Q7 G
�`2 HQ+�HHv GBTb+?Bix QM X X a�72iv Q7 i?2 bvbi2K +�M #2
+2`iB}2/ i?`Qm;? i?2 7QHHQrBM; MQiBQMX

.2}MBiBQM AAXR U*QMi`QH "�``B2` 6mM+iBQM (9)VX G2i h :
X → R #2 C1 �M/ /2}M2 Bib bmT2`H2p2H b2i C , {x ∈
R

n | h(x) ≥ 0} ⊆ X X h?2 7mM+iBQM h Bb � *"6 B7 ∇h(x) 6=
0 7Q` �HH x ∈ ∂C �M/ i?2`2 2tBbib � b2i D ⊆ X bm+? i?�i
C ⊆ D �M/ 7Q` �HH x ∈ D- i?2`2 2tBbib u ∈ R

m-

∇h(x)f(x) + α(h(x)) +∇h(x)G(x)u ≥ 0. UkV

r?2`2 α Bb �M 2ti2M/2/ +H�bb@κ 7mM+iBQMX

A7 h �/KBib �M QT2M b2i D b�iBb7vBM; i?2 �#Qp2
/2}MBiBQM- i?2M r2 `272` iQ Bi �b � bi`QM; *"6- Qi?2`rBb2
r2 +�HH Bi � r2�F *"6X

_2K�`F AAXkX U_QH2 Q7 q2�F �M/ ai`QM; *"6b BM a�72iv
lM/2` lM+2`i�BMivV, h?2 /BbiBM+iBQM #2ir22M r2�F �M/
bi`QM; *"6b Bb FMQrM iQ #2 `2H2p�Mi BM i?2 bim/v Q7 b�72iv

mM/2` mM+2`i�BMiv- i?Qm;? rBi? � /Bz2`2Mi i2`KBMQHQ;vX
6Q` 2t�KTH2- (j)- (3) `2[mB`2 � bi`QM; *"6 7Q` b�72iv iQ
#2 `Q#mbiX �MQi?2` BMbi�M+2 Bb (d)- r?2`2 i?2 +QM/BiBQM
7Q` biQ+?�biB+ b�72iv +�M #2 b?QrM MQi iQ ?QH/ 7Q` � r2�F
*"6X >2`2 r2 b?Qr i?�i i?2 /BbiBM+iBQM #2ir22M i?2b2
MQiBQMb Bb �HbQ `2H2p�Mi 7Q` i?2 [m2biBQM Q7 +QMiBMmBiv Q7
i?2 KBM@MQ`K b�72 722/#�+F +QMi`QHH2`X •

6Q` 2�+? x ∈ D- r2 /2MQi2 #v K+#7(x) i?2 b2i Q7
BMTmi p�Hm2b u b�iBb7vBM; UkV r?B+?- #v .2}MBiBQM AAXR- Bb
MQM2KTivX

h?2 +2Mi`�H `2bmHi (9- h?2Q`2K k) Q7 *"6@#�b2/ b�72iv
Bb i?�i- B7 i?2`2 2tBbib � GBTb+?Bix 722/#�+F +QMi`QHH2`
ū : Rn → R

m b�iBb7vBM; ū(x) ∈ K+#7(x) BM D- i?2M i?2
b2i C Bb 7Q`r�`/ BMp�`B�Mi rBi? `2bT2+i iQ i?2 i`�D2+iQ`B2b
Q7 i?2 +HQb2/@HQQT bvbi2K URV mM/2` u = ū(x)X PM2
T�`iB+mH�` +?QB+2 Q7 +QMi`QHH2` i?�i b�iBb}2b i?2 *"6
+QM/BiBQM UkV #v +QMbi`m+iBQM #mi i?�i Bb MQi M2+2bb�`BHv
+QMiBMmQmb Bb i?2 rB/2Hv mb2/ bQ@+�HH2/ KBM@MQ`K b�72
722/#�+F +QMi`QHH2` u∗(x) , argminu∈K+#7(x)

‖u‖2X AM
7�+i- i?2 KBM@MQ`K +QMi`QHH2` KB;?i MQi #2 #QmM/2/-
2p2M r?2M Bi Bb r2HH /2}M2/ 7Q` �HH x BM � +QKT�+i
bmT2`H2p2H b2i CX h?Bb KQiBp�i2b Qm` T`Q#H2K bi�i2K2MiX

S`Q#H2K RX G2i h #2 � *"6 rBi? � +QKT�+i bmT2`H2p2H
b2i CX .2i2`KBM2 i?2 bi�i2b BM C r?2`2 i?2 KBM@MQ`K
b�72 722/#�+F +QMi`QHH2` u∗ Bb /Bb+QMiBMmQmb �M/ }M/
+QM/BiBQMb mM/2` r?B+? Bi Bb #QmM/2/fmM#QmM/2/ �b i?2
/Bb+QMiBMmQmb bi�i2b �`2 �TT`Q�+?2/X •

Pm` 7Q+mb QM 2bi�#HBb?BM; #QmM/2/M2bb r?2M +QMiBMm@
Biv Q7 i?2 KBM@MQ`K +QMi`QHH2` 7�BHb Bb KQiBp�i2/ #v i?`22
`2�bQMbX 6B`bi- T`QpBM; i?�i i?2 KBM@MQ`K +QMi`QHH2`
Bb mM#QmM/2/ b?Qrb i?�i MQ b�72 #QmM/2/ +QMi`QHH2`
2tBbibX h?Bb rQmH/ �HbQ K2�M i?�i i?2`2 /Q2b MQi 2tBi
� +QMiBMmQmb b�72 722/#�+F +QMi`QHH2`X a2+QM/- B7 i?2
KBM@MQ`K Bb /Bb+QMiBMmQmb #mi #QmM/2/- i?2M i?2`2 Bb
`QQK 7Q` }M/BM; � b�72 +QMiBMmQmb +QMi`QHH2`X 6BM�HHv-
Qm` BMp2biB;�iBQM T`QpB/2b ;`QmM/b 7Q` 2tTHQ`BM; r?2i?2`
i?2 mb2 Q7 /Bb+QMiBMmQmb +QMi`QHH2`b iQ 2Mbm`2 +QMi`QH@
BMp�`B�M+2 7Q` b�72iv Bb �TTHB+�#H2 iQ � H�`;2` +H�bb Q7
b+2M�`BQbX

q2 MQi2 i?�i Qm` `2bmHib �`2 /B`2+iHv �TTHB+�#H2 iQ
b�72iv }Hi2`b #�b2/ QM [m�/`�iB+ T`Q;`�KKBM; UZSVX AM
7�+i- �Mv +QMi`QHH2` u i?�i KBMBKBx2b � +Qbi 7mM+iBQM
‖u−unom(x)‖

2 bm#D2+i iQ UkV- r?2`2 unom Bb � T`2/2}M2/
MQKBM�H +QMi`QHH2`- +�M #2 BMi2`T`2i2/ �b � KBM@MQ`K
+QMi`QHH2` �7i2` i?2 +?�M;2 Q7 p�`B�#H2b u′ = u − unomX
6BM�HHv- i?2 +?QB+2 Q7 +QMi`QH@�{M2 bvbi2Kb Bb KQiBp�i2/
#v i?2 2tBbi2M+2 Q7 �M 2tTHB+Bi 2tT`2bbBQM 7Q` i?2 KBM@
MQ`K +QMi`QHH2` /m2 iQ i?2 HBM2�`Biv Q7 Bib +QMbi`�BMib QM
uX JQbi Q7 Qm` /2`Bp�iBQMb �`2 /2T2M/2Mi QM i?�i 2tTHB+Bi
2tT`2bbBQMX h?mb- r2 MQi2 i?�i i?2v �`2 MQi /B`2+iHv
2ti2MbB#H2 iQ i?2 KQ`2 ;2M2`�H +�b2 Q7 ẋ = f(x, u) r?2`2
+QMbi`�BMib Q7 i?2 KBM@MQ`K +QMi`QHH2` �`2 MQi M2+2bb�`BHv
HBM2�` BM uX

AAAX *QMiBMmBiv Q7 i?2 JBM@LQ`K a�72 *QMi`QHH2`,
GBKBi�iBQMb Q7 i?2 ai�i2 Q7 i?2 �`i

h?Bb b2+iBQM `2pB2rb FMQrM +QM/BiBQMb BM i?2 HBi2`�im`2
i?�i 2Mbm`2 i?2 KBM@MQ`K +QMi`QHH2` u∗ Bb +QMiBMmQmb
�M/ i?mb #QmM/2/ BM � +QKT�+i b2i C- �M/ BHHmbi`�i2b Bib
HBKBi�iBQMb BM � +QmTH2 Q7 bBKTH2 2t�KTH2bX *QMbB/2`BM;
i?2 *"6 +QM/BiBQM UkV- MQiB+2 i?�i B7 ∇h(x)f(x) +
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α(h(x)) ≥ 0- i?2M u = 0 p�HB/�i2b UkVX 6Q` bm+? TQBMib-
i?2 KBM@MQ`K +QMi`QHH2` u∗(x) = 0X PM i?2 Qi?2` ?�M/-
r?2M ∇h(x)f(x) + α(h(x)) < 0- � MQM@x2`Q +QMi`QH Bb
M22/2/ iQ 2Mbm`2 UkVX q2 i?mb bTHBi D BMiQ i?2 irQ b2ib

D+ , {x ∈ D | ∇h(x)f(x) + α(h(x)) ≥ 0}, Uj�V

D− , {x ∈ D | ∇h(x)f(x) + α(h(x)) < 0}. Uj#V

LQiB+2 i?�i u∗ Bb /2}M2/ �b i?2 QTiBKBx2` Q7 � [m�/`�iB+
T`Q;`�K rBi? QM2 HBM2�` +QMbi`�BMiX am+? T`Q;`�Kb ?�p2
� mMB[m2 bQHmiBQM- +7X (R3- 3XRXR)- rBi? i?2 +HQb2/@7Q`K
7Q`KmH�

u
∗(x)=

{

0, x ∈ D+

−
∇h(x)f(x)+α(h(x))

‖∇h(x)G(x)‖2
(∇h(x)G(x))T , x ∈ D−.

U9V

h?Bb 2tT`2bbBQM Bb r2HH /2}M2/ QM D bBM+2 UkV BKTHB2b
i?�i- B7 x̄ ∈ D−- i?2M ‖∇h(x̄)G(x̄)‖ 6= 0X

G2KK� AAAXR Uai`QM; *"6 AKTHB2b *QMiBMmQmb JBM@LQ`K
*QMi`QHH2` (e- h?KX 8)VX G2i h #2 � bi`QM; *"6 rBi? �
+QKT�+i bmT2`H2p2H b2i CX h?2M u∗ Bb +QMiBMmQmb QM CX

� +QM/BiBQM bBKBH�` iQ *"6@bi`QM;M2bb Bb mb2/ �HbQ BM
�TT`Q�+?2b iQ b�72iv /Bz2`2Mi #mi bBKBH�` iQ *"6b- bm+?
�b +QMi`QH #�``B2` +2`iB}+�i2b U*"*bV (d)- (RN)X h?2`2-
i?2 bi`B+i b�iBb7�+iBQM Q7 � L�;mKQ@HBF2 +QM/BiBQM QM
i?2 #QmM/�`v BKTHB2b b�72ivX h?Bb Bb 2[mBp�H2Mi iQ *"6@
bi`QM;M2bb r?2M i?2 b�72 b2i Bb +QKT�+iX �++Q`/BM; iQ (j-
h?KX 3)- u∗ Bb HQ+�HHv GBTb+?Bix B7 i?2 *"6 h ?�b `2H�iBp2
/2;`22 R- i?�i Bb- 7Q` �HH x ∈ D- ‖∇h(x)G(x)‖ 6= 0X h?2
M2ti `2bmHi Bb � ;2M2`�HBx�iBQM Q7 i?Bb 7�+iX

G2KK� AAAXk U:2M2`�HBx�iBQM Q7 _2H�iBp2 .2;`22 R *"6
AKTHB2b *QMiBMmQmb JBM@LQ`K *QMi`QHH2`VX G2i h #2 �
*"6 rBi? +QKT�+i bmT2`H2p2H b2i C �M/ �bbmK2 i?�i-
7Q` �HH x′ ∈ ∂C �i r?B+? ‖∇h(x′)G(x′)‖ = 0- i?2 bi`B+i
BM2[m�HBiv ∇h(x′)f(x′) > 0 ?QH/bX h?2M u∗ Bb HQ+�HHv
GBTb+?Bix QM CX

q2 TQbiTQM2 i?2 T`QQ7 Q7 G2KK� AAAXk �b Bi Bb �
+Q`QHH�`v Q7 G2KK� AoXR #2HQrX

_2K�`F AAAXj U�bbmKTiBQM Q7 mMB7Q`K `2H�iBp2 /2;`22 Bb
HBKBiBM;VX h?2 �bbmKTiBQM Q7 mMB7Q`K `2H�iBp2 /2;`22 Q7
i?2 *"6- +7X (j- h?KX 3)- ?�b �HbQ #22M 2tTHQBi2/ 7Q`
?B;?2`@Q`/2` `2H�iBp2 /2;`22 *"6b- +7X (ky)X >Qr2p2`- i?Bb
�bbmKTiBQM 7�BHb 7Q` i?2 7QHHQrBM; irQ ;2M2`�H +�b2b,

UBV G2i h #2 � +QMiBMmQmbHv /Bz2`2MiB�#H2 *"6 rBi?
+QKT�+i bmT2`H2p2H b2i CX 6Q` bm+? h- i?2`2 �Hr�vb
2tBbib y ∈ int(C) r?2`2 ‖∇h(y)G(y)‖ = 0X hQ b22
i?�i- MQi2 i?�i #v +QMiBMmBiv Q7 h �M/ +QKT�+iM2bb
Q7 Bib bmT2`H2p2H b2i- h ?�b � K�tBKmK p�Hm2 �i
bQK2 bi�i2 y ∈ C (kR- h?KX 9XRe)X _2+�HHBM; i?�i
h(x) = 0 �i ∂C �M/ h(x) > 0 BM int(C)- r2 /2/m+2
i?�i y ∈ int(C)X "v /Bz2`2MiB�#BHBiv �M/ bi�M/�`/
EEh +QM/BiBQMb (R3- 8X8Xj)- ∇h(y) = 0 �M/- ?2M+2-
‖∇h(y)G(y)‖ = 0- r?B+? +QmMi2`b i?2 mMB7Q`KBiv Q7
i?2 `2H�iBp2 /2;`22X

UBBV *QMbB/2` i?2 n@/BK2MbBQM�H HBM2�` bvbi2K (A,B)-
r?2`2 B /Q2b MQi ?�p2 7mHH `Qr `�MFX G2i h #2
� +QMiBMmQmbHv /Bz2`2MiB�#H2 *"6 rBi? +QKT�+i
+QMp2t bmT2`H2p2H b2i CX h?2M- i?2`2 �Hr�vb 2tBbib
y ∈ ∂C r?2`2 ‖∇h(y)G(y)‖ = ‖∇h(y)B‖ = 0X hQ
b22 i?Bb- MQi2 i?�i bBM+2 B Bb MQi 7mHH `Qr `�MF- i?2`2
Bb � mMBi p2+iQ` v ∈ R

n bm+? i?�i ‖vTB‖ = 0X "v

i?2 bm`D2+iBpBiv Q7 i?2 :�mbb K�T R QM i?2 +QKT�+i
bKQQi? bm`7�+2 ∂C (kk- h?KX �)- i?2`2 Bb � TQBMi
y ∈ ∂C �i r?B+? i?2 mMBi MQ`K�H p2+iQ` iQ ∂C Bb vX
"v (kj- h?KX jXR8)- ∇h(y) Bb MQ`K�H iQ ∂C �i y �M/
i?mb T�`�HH2H iQ vX >2M+2- ‖∇h(y)B‖ = 0X •

6`QK i?2 +QMiBMmBiv Q7 i?2 KBM@+QMi`QHH2` QM C 2Mbm`2/
#v 2Bi?2` G2KK�b AAAXR Q` AAAXk- Bi 7QHHQrb 7`QK bi�M/�`/
`2bmHib BM �M�HvbBb- +7X (kR- h?KX 8XR8)- i?�i u∗ Bb #QmM/2/
B7 C Bb +QKT�+iX �b r2 b?Qr H�i2` BM G2KK� AoX9- i?2
+QM/BiBQMb Q7 G2KK�b AAAXR �M/ AAAXk �`2 MQi iQi�HHv
BM/2T2M/2Mi, `�i?2`- B7 i?2 +QM/BiBQM Q7 G2KK� AAAXR
Bb MQi K2i UBX2X- h Bb r2�FV- i?2M i?2 +QM/BiBQM Q7
G2KK� AAAXk Bb MQi K2i 2Bi?2`X

*"6b i?�i /Q MQi K22i i?2 +QM/BiBQMb Q7 i?2b2 `2bmHib
�`2 2�bv iQ 2M+QmMi2` �M/ �`Bb2 BM T`�+iB+2 BM +QMi2tib �b
bBKTH2 �b i?2 T`Q#H2K Q7 +QM}MBM; � /Qm#H2 BMi2;`�iQ`
iQ � +B`+H2 +2Mi2`2/ �i i?2 Q`B;BMX q2 M2ti T`2b2Mi
irQ 2t�KTH2b i?�i /Q MQi b�iBb7v i?2 �bbmKTiBQMb �M/
;2M2`�i2 /Bb+QMiBMmQmb KBM@MQ`K +QMi`QHH2`b, QM2 #2BM;
#QmM/2/ �M/ i?2 Qi?2` QM2 mM#QmM/2/X

1t�KTH2 AAAX9 Uq2�F *"6 rBi? "QmM/2/ JBM@LQ`K
*QMi`QHH2`VX *QMbB/2` i?2 /Qm#H2@BMi2;`�iQ` /vM�KB+b
QM R

2 /2}M2/ #v f(x) = (x2, 0) �M/ G(x) = (0, 1)X
h?2 7mM+iBQM h(x) = 1 − x2

1 − x2
2 Bb � *"6 rBi? �Mv

2ti2M/2/ +H�bb@κ 7mM+iBQM αX LQiB+2 7m`i?2` i?�i h Bb
� r2�F *"6X hQ b22 i?Bb- H2i x̄ = (1 + ǫ, 0) rBi?
�Mv �`#Bi`�`BHv bK�HH ǫ > 0X aBM+2 x̄ /∈ C- r2 ?�p2
∇h(x̄)f(x̄) + α(h(x̄)) + ∇h(x̄)G(x̄)u = α(h(x̄)) < 0-
�M/ i?2`27Q`2 +QM/BiBQM UkV +�MMQi #2 b�iBb}2/ �i x̄X
h?2`27Q`2- h /Q2b MQi �/KBi �M QT2M b2i D b�iBb7vBM;
.2}MBiBQM AAXRX AM �//BiBQM- i?2 +QM/BiBQM Q7 G2KK� AAAXk
Bb MQi b�iBb}2/ �i i?2 #QmM/�`v TQBMi (1, 0)X *QMbB/2` MQr
i?2 MQ`K Q7 i?2 KBM@MQ`K b�72 +QMi`QHH2` U9V /2}M2/ QM
D = C-

|u∗
1(x)| =

{

0, x ∈ D+,
2x1x2−α(h(x))

2x2
, x ∈ D−,

r?2`2 D− = {x ∈ C | 1 − x2
1 − x2

2 − 2x1x2 < 0}
�M/ D+ Bb Bib +QKTH2K2Mi�`v BM CX LQi2 i?�i u∗

1 Bb
+QMiBMmQmb QM C \ {(±1, 0)}X >Qr2p2`- +?QQbBM; α(r) =
r- r2 ?�p2 i?�i lim supx→(1,0),x∈D−

|u∗
1(x)| ≤ 1 �M/

limx→(1,0),x∈D+
|u∗

1(x)| = 0X h?2 }`bi BM2[m�HBiv +�M #2
/2/m+2/ 7`QK

|u∗
1(x)| =

2x1 + x2

2
+

x2
1 − 1

2x2
,

bBM+2 i?2 }`bi i2`K ;Q2b iQ 1 �M/ i?2 b2+QM/ i2`K Bb
MQM@TQbBiBp2 7Q` �HH x ∈ D− �b x �TT`Q�+?2b (1, 0)X h?mb-
�Hi?Qm;? /Bb+QMiBMmQmb �i (1, 0)- u∗

1 Bb #QmM/2/ �i i?Bb
TQBMi- +7X iQT THQi BM 6B;m`2 RX •

1t�KTH2 AAAX9 b?Qrb i?�i i?2 KBM@MQ`K b�72 +QMi`QHH2`
KB;?i #2 #QmM/2/ 2p2M B7 i?2 *"6 /Q2b MQi b�iBb7v i?2
+QMiBMmBiv +QM/BiBQMb BM i?2 HBi2`�im`2X h?2 M2ti 2t�KTH2
b?Qrb i?Bb 7�+i Bb MQi ;2M2`B+X

1t�KTH2 AAAX8 Uq2�F *"6 rBi? lM#QmM/2/ JBM@LQ`K
*QMi`QHH2`VX *QMbB/2` i?2 /vM�KB+b f(x) = (x2, 0) �M/

Rh?2 :�mbb K�T �bbB;Mb TQBMib QM i?2 K�MB7QH/ ∂C iQ i?2 mMBi
bT?2`2 2K#2//2/ BM R

n bm+? i?�i i?2 BK�;2 Q7 �Mv TQBMi BM ∂C Bb
i?2 mMBi p2+iQ` MQ`K�H iQ ∂C �i i?�i TQBMiX
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6B;X R, AHHmbi`�iBQM Q7 #QmM/2/M2bb Q7 i?2 KBM@MQ`K b�72 +QMi`QHH2`X
hQT U`2bTX #QiiQKV THQi +Q``2bTQM/b iQ 1t�KTH2 AAAX9 U`2bTX-
1t�KTH2 AAAX8VX AM 2�+? +�b2- i?2 mMBi +B`+H2 Bb i?2 bmT2`H2p2H b2i
Q7 i?2 r2�F *"6 h- #H�+F �``Qrb b?Qr i?2 p2+iQ` }2H/ f(x)- `2/
�``Qrb b?Qr G(x)u∗(x)- �M/ i?2 +QHQ` K�T b?Qrb i?2 K�;MBim/2
Q7 i?2 BMTmi u∗X

G(x) = (0, x2
2)X qBi? i?2 b�K2 `2�bQMBM; �b BM 1t�K@

TH2 AAAX9- h(x) = 1 − x2
1 − x2

2 Bb � r2�F *"6 i?�i /Q2b
MQi b�iBb7v i?2 `2[mB`2K2Mi Q7 G2KK� AAAXkX h?2 MQ`K
Q7 i?2 KBM@MQ`K b�72 +QMi`QHH2` Bb,

|u∗
2(x)| =

{

0, x ∈ D+,
2x1x2−α(h(x))

2x3
2

, x ∈ D−,

r?2`2 D,D+, �M/ D− �`2 i?2 b�K2 �b BM 1t�KTH2 AAAX9X
P#b2`p2 i?�i u∗

2 Bb +QMiBMmQmb QM C \{(±1, 0)}X >Qr2p2`-
rBi? i?2 +?QB+2 α(r) = r- lim supx→(1,0),x∈D−

|u∗
2(x)| =

∞ �M/ limx→(1,0),x∈D+
|u∗

2(x)| = 0X h?mb- u∗
2 Bb M2Bi?2`

+QMiBMmQmb MQ` #QmM/2/ QM C- +7X #QiiQK THQi BM 6B;m`2 RX
•

AoX SQBMib Q7 .Bb+QMiBMmBiv Q7 h?2 JBM@LQ`K a�72
*QMi`QHH2`

>2`2 r2 +?�`�+i2`Bx2 i?2 TQBMib Q7 U/BbV+QMiBMmBiv Q7
i?2 KBM@MQ`K +QMi`QHH2` u∗ BM CX h?Bb Bb KQiBp�i2/ #v
i?2 7�+i i?�i B7 u∗ ;Q2b mM#QmM/2/ r?2M �TT`Q�+?BM; �
TQBMi BM C- i?2M Bi Bb /Bb+QMiBMmQmb �i BiX h?2`27Q`2- i?2
`2bmHib Q7 i?Bb b2+iBQM �`2 � bi2TTBM; biQM2 iQr�`/b i?2
B/2MiB}+�iBQM Q7 +QM/BiBQMb 7Q` UmMV#QmM/2/M2bb Q7 u∗X

G2KK� AoXR USQBMib Q7 /Bb+QMiBMmBiv Q7 u∗ BM CVX G2i h
#2 � *"6 7Q` � bvbi2K URV rBi? � GBTb+?Bix ;`�/B2Mi �M/
�M �bbQ+B�i2/ GBTb+?Bix +H�bb@κ 7mM+iBQM α- �M/ H2i u∗

#2 i?2 KBM@MQ`K +QMi`QHH2` ;Bp2M #v U9VX .2}M2 Zh,α ,

{x ∈ C | ∇h(x)f(x) + α(h(x)) = 0 = ‖∇h(x)G(x)‖}X
h?2M- u∗ Bb HQ+�HHv GBTb+?Bix U�M/ ?2M+2 +QMiBMmQmbV QM
C \ Zh,αX

S`QQ7X h?2 T`QQ7 Bb �M 2ti2MbBQM Q7 i?2 T`QQ7 Q7 (j-
h?KX 3)X LQi2 i?�i aBM+2 h Bb � *"6- UkV Bb b�iBb}2/ 7Q`
D = C �M/ i?2`27Q`2 ‖∇h(x)G(x)‖ 6= 0- 7Q` �HH x ∈ D−X
h?mb- QM D−- u∗ Bb � [mQiB2Mi rBi? � MQM@x2`Q GBTb+?Bix
/2MQKBM�iQ` �M/ � GBTb+?Bix MmK2`�iQ`X >2M+2- #Qi?
2tT`2bbBQMb BM i?2 TB2+2rBb2 /2}MBiBQM Q7 u∗ BM U9V �`2
HQ+�HHv GBTb+?Bix QM i?2B` `2bT2+iBp2 /QK�BMb D+ �M/
D−X Ai `2K�BMb iQ T`Qp2 i?�i u∗ Bb HQ+�HHv GBTb+?Bix
rBi? `2bT2+i iQ C �i �HH i?2 TQBMib BM i?2 #QmM/�`v
#2ir22M D+ �M/ D− i?�i �`2 MQi BM Zh,αX 6Q` � TQBMi
x BM i?2 #QmM/�`v #2ir22M D+ �M/ D−- ∇h(x)f(x) +
α(h(x)) = 0X A7 �i bm+? � TQBMi ‖∇h(x)G(x)‖ 6= 0
UBX2X- x /∈ Zh,αV- i?2M i?2`2 Bb � M2B;?#Q`?QQ/ N Q7
x bm+? i?�i ‖∇h(y)G(y)‖ 6= 0 7Q` �HH y ∈ N X h?mb

u∗(x) = ω(∇h(x)f(x)+α(h(x))
‖∇h(x)G(x)‖ )(∇h(x)G(x))T 7Q` x ∈ N -

r?2`2

ω(r) =

{

0, r ≥ 0,

−r, r < 0,

r?B+? Bb HQ+�HHv GBTb+?Bix QM RX h?�i u∗ Bb HQ+�HHv
GBTb+?Bix �i x 7QHHQrb 7`QK i?2 7�+ib i?�i i?2 +QKTQbBiBQM
�M/ T`Q/m+i Q7 HQ+�HHv GBTb+?Bix 7mM+iBQMb Bb HQ+�HHv
GBTb+?Bix- �M/ i?2 [mQiB2Mi Q7 HQ+�HHv GBTb+?Bix 7mM+iBQMb
Bb HQ+�HHv GBTb+?Bix T`QpB/2/ i?�i i?2 /2MQKBM�iQ` Bb MQi
x2`QX

G2KK� AoXR +�M #2 b22M �b �M 2ti2MbBQM Q7 T`2pBQmb
`2bmHib- +7X (j- h?KX 3)- 2bi�#HBb?BM; HQ+�H GBTb+?BixM2bb
Q7 u∗ #v �bbmKBM; mMB7Q`K `2H�iBp2 /2;`22 R Q7 hX A7 i?Bb
Bb i?2 +�b2- i?2M Zh,α Bb 2KTiv �M/ i?mb u∗ Bb HQ+�HHv
GBTb+?Bix QM CX :Bp2M i?2 /2T2M/2M+v Q7 Zh,α QM h �M/ α-
QM2 KB;?i +QMbB/2` i?2 TQbbB#BHBiv i?�i � bmBi�#H2 +?QB+2
Q7 i?2b2 7mM+iBQMb KB;?i 2HBKBM�i2 i?2 TQi2MiB�H TQBMib
Q7 /Bb+QMiBMmBivX h?2 7QHHQrBM; `2bmHib `mH2 i?Bb QmiX

h?2Q`2K AoXk U.Bb+QMiBMmBiv SQBMib �`2 AM/2T2M/2Mi Q7
αVX G2i h #2 � *"6X h?2M i?2`2 2tBbib �M 2ti2M/2/
+H�bb@κ 7mM+iBQM α2 i?�i p�HB/�i2b i?2 *"6 +QM/BiBQM UkV
�M/ bm+? i?�i Zh,α2

⊆ ∂CX JQ`2Qp2`- H2i α1 �M/ α2 #2
irQ 2ti2M/2/ +H�bb@κ 7mM+iBQMb i?�i p�HB/�i2 i?2 *"6
/2}MBiBQM 7Q` hX h?2M Zh,α1

∩ ∂C = Zh,α2
∩ ∂CX

S`QQ7X q2 T`Qp2 i?�i B7 α1 p�HB/�i2b .2}MBiBQM AAXR 7Q`
h- i?2M �Mv +H�bb@κ 7mM+iBQM α2 i?�i b�iBb}2b α2(r) >
α1(r) 7Q` �HH r > 0 p�HB/�i2b .2}MBiBQM AAXR 7Q` h �M/
;Bp2b Zh,α2

∩ int(C) = ∅X h?�i α2 p�HB/�i2b i?2 *"6
+QM/BiBQM UkV Bb BKK2/B�i2X LQr H2i x̄ ∈ int(C) #2
bm+? i?�i ∇h(x̄)f(x̄) + α2(h(x̄)) = 0X q2 b?Qr i?�i
‖∇h(x̄)G(x̄)‖ 6= 0 �M/ i?mb x̄ /∈ Zα2,hX aBM+2 α2(r) >
α1(r) 7Q` r > 0- ∇h(x̄)f(x̄) + α1(h(x̄)) < 0 #v Qm`
bmTTQbBiBQM i?�i ∇h(x̄)f(x̄)+α2(h(x̄)) = 0 �M/ i?2 7�+i
i?�i h(x̄) > 0 �b x̄ ∈ int(C)X "mi α1 p�HB/�i2b +QM/BiBQM
UkV #v �bbmKTiBQM �M/ i?mb ‖∇h(x̄)G(x̄)‖ 6= 0X h?2 T`QQ7
Q7 i?2 H�bi +H�BK BM i?2 bi�i2K2Mi Bb BKK2/B�i2 7`QK i?2
7�+i i?�i α1(h(x)) = α2(h(x)) = 0 QM ∂CX

A7 r2 i?mb /2}M2

Zh , {x ∈ ∂C | ∇h(x)f(x) = ‖∇h(x)G(x)‖ = 0}, U8V

i?2M G2KK� AoXR �M/ h?2Q`2K AoXk DmbiB7v bi�iBM; i?�i
u∗ Bb +QMiBMmQmb QM C\ZhX h?Bb b?Qrb i?�i u∗ Bb +QMiBMm@
Qmb QM int(C) �M/ i?�i i?2 TQbbB#H2 TQBMib Q7 /Bb+QMiBMmBiv
�`2 BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 αX h?Bb �HbQ b?Qrb i?�i-
B7 2MQm;? +QMi`QH �mi?Q`Biv Bb �p�BH�#H2 iQ �TTHv u∗ �b
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� 722/#�+F iQ i?2 bvbi2K- i?2M i?2 /Bb+QMiBMmQmb TQBMib
+�MMQi #2 `2�+?2/ BM }MBi2 iBK2 �b HQM; �b i?2 BMBiB�H
bi�i2 HB2b BM i?2 BMi2`BQ` Q7 CX hQ b22 i?Bb- +QMbB/2` �
HBM2�` +H�bb@κ 7mM+iBQM rBi? bHQT2 a > 0X "v /2}MBiBQM Q7
u∗- ḣ(x(t)) = ∇h(x)ẋ(x, u∗(x)) ≥ −ah(x(t))X h?2`27Q`2-
#v (k9- G2KK� jX9)- h(x(t)) ≥ h(x(0)) exp(−at)- r?B+? Bb
bi`B+iHv TQbBiBp2 7Q` �HH }MBi2 iBK2 �b HQM; �b h(x(0)) > 0X

h?2Q`2K AoXj U.Bb+QMiBMmBiv SQBMib �`2 AM/2T2M/2Mi Q7
hVX G2i h1- h2 ∈ C1 #2 *"6b rBi? i?2 b�K2 bmT2`H2p2H
b2i CX h?2M- Zh1

= Zh2
X

S`QQ7X "v .2}MBiBQM AAXR- ∇hi(x) 6= 0- i ∈ {1, 2} QM
∂CX "v (k8- h?KX 8XR)- #Qi? h1 = 0 �M/ h2 = 0
/2}M2 i?2 b�K2 /Bz2`2MiB�#H2 K�MB7QH/ ∂C Q7 /BK2MbBQM
n− 1 2K#2//2/ BM R

nX "v (kj- h?KX jXR8)- i?2 i�M;2Mi
bT�+2 Tx Q7 i?Bb K�MB7QH/ �i � TQBMi x Bb ;Bp2M #v
Tx = F2`M2H(∇h1(x)) = F2`M2H(∇h2(x))X h?mb ∇h1(x)
�M/ ∇h2(x) �`2 T�`�HH2H- �M/ i?2 `2bmHi 7QHHQrb mbBM; i?2
/2}MBiBQM Q7 ZhX

h?2Q`2K AoXj b?Qrb i?�i Zh Bb �bbQ+B�i2/ iQ i?2 b2i
C �M/ Bb BM/2T2M/2Mi Q7 i?2 *"6 i?�i ?�b i?Bb b2i �b Bib
bmT2`H2p2H b2iX q2 i?mb r`Bi2 Z iQ /2MQi2 Zh rBi?Qmi
HQbb Q7 ;2M2`�HBivX

G2KK� AAAXk +�M MQr #2 `2�/BHv T`Qp2/, BM 7�+i- i?2
?vTQi?2b2b i?2`2 BKTHv i?�i Z Bb 2KTiv- �M/ i?2`27Q`2- #v
G2KK� AoXR- u∗ Bb +QMiBMmQmb QM CX LQr i?�i Bi Bb T`Qp2/
i?�i i?2 MQM@2KTiBM2bb Q7 i?2 b2i Z BKTHB2b TQi2MiB�H
/Bb+QMiBMmBivc QM2 KB;?i i?2M ?QT2 i?�i #QmM/2/M2bb Q7
u∗ +�M #2 2bi�#HBb?2/ 7Q` � r2�F *"6 h #v 2Mbm`BM;
i?�i Z Bb 2KTivX h?2 M2ti `2bmHi b?Qrb i?�i i?2 H�ii2`
Bb M2p2` i?2 +�b2X

G2KK� AoX9 Uq2�F *"6 AKTHB2b SQbbB#H2 .Bb+QMiBMmBivVX
A7 h Bb � r2�F *"6- i?2M Z Bb MQM2KTivX

S`QQ7X .2}M2 i?2 b2[m2M+2 Q7 b2ib Dn , {x ∈
R

n | d(x, C) < 1/n}- r?2`2 d(x, C) Bb i?2 /Bbi�M+2
7mM+iBQM 7`QK x iQ b2i C- r?B+? Bb +QMiBMmQmb- +7X (ke-
h?KX jXR)X LQi2 i?�i C ⊂ Dn �M/ Dn Bb QT2M 7Q` �HH
n ∈ NX aBM+2 h Bb � r2�F *"6- 7Q` 2�+? n ∈ N- i?2`2
2tBbib xn ∈ Dn\C bm+? i?�i 7Q` �HH u ∈ R

m �M/ �HH +H�bb@κ
7mM+iBQMb α- ∇h(xn)f(xn)+α(h(xn))+∇h(xn)G(xn)u <
0X h?Bb BKTHB2b i?�i M2+2bb�`BHv ‖∇h(xn)G(xn)‖ = 0 �M/
∇h(xn)f(xn) + α(h(xn)) < 0X *QMbB/2` i?2 b2[m2M+2
{xn}X aBM+2 C Bb +QKT�+i U+7X bi�i2K2Mi Q7 S`Q#H2K RV-
�M/ TQBMib Q7 D1 �`2 �i KQbi Q7 /Bbi�M+2 1 iQ Cc i?2 +HQ@
bm`2 Q7 D1- M�K2Hv D̄1- Bb +HQb2/ �M/ #QmM/2/ BM R

n �M/
i?mb +QKT�+i (kR- h?KX kX9R)X aBM+2 {xn} ⊆ D̄1- i?2`2
2tBbib- +7X (kR- h?KX jXe)- � +QMp2`;2Mi bm#b2[m2M+2 Q7
{xn}- /2MQi2/ {yn}- r?Qb2 HBKBi Bb ȳX "v i?2 /2}MBiBQM Q7
{yn}- r2 ?�p2 d(yn, C) → 0- �M/ #v +QMiBMmBiv- d(ȳ, C) =
0- �M/ bQ ȳ ∈ CX aBM+2 h(yn) < 0 7Q` �HH n- Bi 7QHHQrb i?�i
h(ȳ) ≤ 0- �M/ i?2`27Q`2 Bi Kmbi #2 i?�i h(ȳ) = 0- BX2X-
ȳ ∈ ∂CX *QMiBMmBiv �M/ i?2 7�+i i?�i ‖∇h(yn)G(yn)‖ = 0
7Q` �HH n BKTHB2b ‖∇h(ȳ)G(ȳ)‖ = 0X aBKBH�`Hv- +QMiBMmBiv
�M/ i?2 7�+i i?�i ∇h(yn)f(yn) + α(h(yn)) < 0 BKTHB2b
i?�i ∇h(ȳ)f(ȳ) + α(h(ȳ)) = ∇h(ȳ)f(ȳ) ≤ 0X aBM+2 h
Bb � *"6 �M/ ȳ ∈ C- r2 ?�p2 ∇h(ȳ)f(ȳ) + α(h(ȳ)) =
∇h(ȳ)f(ȳ) ≥ 0X h?2`27Q`2 ∇h(ȳ)f(ȳ) = 0 �M/ i?mb-
ȳ ∈ Z- BKTHvBM; Z 6= ∅X

h?Bb `2bmHi T`QpB/2b � +QMM2+iBQM #2ir22M i?2 FMQrM
+QM/BiBQMb 7`QK i?2 HBi2`�im`2 iQ 2Mbm`2 +QMiBMmBiv- �b
T`2b2Mi2/ BM a2+iBQM AAAX

oX UlMV"QmM/2/M2bb *QM/BiBQMb 6Q` h?2 JBM@LQ`K
a�72 *QMi`QHH2`

h?Bb b2+iBQM B/2MiB}2b +QM/BiBQMb iQ /2i2`KBM2 r?2M
i?2 KBM@MQ`K +QMi`QHH2` Bb #QmM/2/X 6Q` � +QKT�+i
b�72 b2i C- i?2 +QMi`QHH2` +�M ;Q mM#QmM/2/ QMHv B7
�TT`Q�+?BM; � bi�i2 �i r?B+? Bi Bb /Bb+QMiBMmQmb Ub22 2X;X-
1t�KTH2 AAAX8 7Q` �M BHHmbi`�iBQMVX 6`QK i?2 2tTQbBiBQM BM
a2+iBQM Ao- r2 FMQr i?�i i?2 TQBMib Q7 /Bb+QMiBMmBiv Q7
i?2 KBM@MQ`K +QMi`QHH2` �`2 +QMi�BM2/ BM Z- +7X U8VX h?2
7QHHQrBM; `2bmHi T`QpB/2b +QKTmi�#H2 bm{+B2Mi +QM/BiBQMb
7Q` UmMV#QmM/2/M2bb r?2M �TT`Q�+?BM; � TQBMi BM ZX

h?2Q`2K oXR UUlMV"QmM/2/M2bb *QM/BiBQMb Q7
JBM@LQ`K *QMi`QHH2`VX G2i h ∈ C2 #2 � *"6 rBi?
+QKT�+i bmT2`H2p2H b2i C �M/ �M �bbQ+B�i2/ α i?�i Bb
/Bz2`2MiB�#H2 �i 0X �bbmK2 f �M/ G �`2 /Bz2`2MiB�#H2
�i x̄ ∈ Z �M/ H2i Hh(x̄)- Jf (x̄)- �M/ Jgi(x̄) /2MQi2 i?2
>2bbB�M Q7 h �M/ i?2 C�+Q#B�Mb Q7 f �M/ gi- `2bT2+iBp2HvX
*QMbB/2` i?2 HBM2�` 2[m�iBQM

Av =

[

c1
c2
0

]

, UeV

rBi? v ∈ R
n- c1, c2 ∈ RX >2`2- 0 Bb i?2 x2`Q p2+iQ` BM

R
m- A ,

[

∇h(x̄)T βf (x̄) βG(x̄)
]T

�M/

βf (x) , Hh(x)f(x) + (JT
f (x) + α′(h(x))In)∇h(x)T ∈ R

n,

βgi(x) , Hh(x)gi(x) + JT
gi(x)∇h(x)T ∈ R

n,

βG(x) , [βg1(x) . . . βgm(x)] ∈ R
n×m.

h?2M- i?2 7QHHQrBM; bi�i2K2Mib ?QH/,

UBV B7 UeV ?�b � bQHmiBQM v rBi? c1 ≥ 0 �M/ c2 < 0- i?2M
u∗ Bb MQi #QmM/2/ �b x → x̄ BM C 7`QK i?2 /B`2+iBQM
Q7 v- BX2X- u∗(x̄+ vt) ;Q2b mM#QmM/2/ �b t → 0+X

UBBV B7 UeV /Q2b MQi ?�p2 � bQHmiBQM rBi? c1 ≥ 0 �M/ c2 ≤ 0
UQi?2` i?�M i?2 i`BpB�H QM2V- i?2M u∗ Bb #QmM/2/ �b
Bi �TT`Q�+?2b x̄ 7`QK �HH TQbbB#H2 /B`2+iBQMb BM CX

S`QQ7X h?2 T`QQ7 T`Q+22/b #v 2t�KBMBM; i?2 HBKBi
lim supt→0 ‖u

∗(x̄+ vt)‖ 7Q` v ∈ R
nX AM /QBM; bQ- r2 7�+2

i?2 +?�HH2M;2 i?�i u∗ Bb ;Bp2M #v � TB2+2rBb2 2tT`2bbBQM
i?�i Bb ;2M2`�HHv /Bb+QMiBMmQmb �i x̄X AM �//BiBQM- r?2M
+QKTmiBM; i?2 HBKBi- QM2 }M/b �M BM/2i2`KBM�i2 7Q`K Q7
i?2 ivT2 0/0X h?Bb H2�/b mb iQ i?2 mb2 Q7 � T�`iB+mH�` 7Q`K
Q7 Gö>¬TBi�Höb `mH2 (kR) i?�i +�M ?�M/H2 i?2 /Bb+QMiBMmQmb
TB2+2rBb2 2tT`2bbBQM �M/ i?2 T`2b2M+2 Q7 i?2 lim supX

6Q` #`2pBiv- r2 mb2 x̄t , x̄+ vt- hG(t) , ∇h(x̄t)G(x̄t)-
N(t) , ∇h(x̄t)f(x̄t) + α(h(x̄t))- �M/ D(t) , ‖hG(t)‖X

�++Q`/BM; iQ Uj#V- ‖u∗(x̄t)‖ = −N(t)
D(t) 7Q` x̄t ∈ D−X

h?2 MQi�iBQM βf - βG BM i?2 bi�i2K2Mi bBKTHB}2b i?2
2tT`2bbBQM Q7 i?2 /2`Bp�iBp2b Q7 N �M/ D- r?B+? rBHH #2
mb2/ 7Q` �TTHvBM; Gö>¬TBi�Höb `mH2X aT2+B}+�HHv- d

dtN(t) =

vTβf (x̄t) �M/ d
dtD(t) = vTβG(x̄t)

hG(t)
‖hG(t)‖ X

UBV G2i v #2 � bQHmiBQM Q7 UeV rBi? c1 ≥ 0 �M/ c2 < 0X
"2+�mb2 Q7 i?2 }`bi `Qr Q7 UeV- r2 ?�p2 i?�i d

dth(x̄t) =
∇h(x̄)v = c1 ≥ 0X A7 ∇h(x̄)v > 0- i?2M #v +QMiBMmBiv-
∇h(x̄t) > 0 7Q` bK�HH 2MQm;? tX h?mb #v (kR- h?KX 8XRR)-
h(x̄t) > 0- BX2X- x̄t ∈ C- 7Q` bK�HH 2MQm;? tX A7 ∇h(x̄)v = 0-
i?2M v Bb i�M;2MiB�H iQ CX >2M+2 x̄t �TT`Q�+?2b x̄ 7`QK
rBi?BM C Q` i�M;2MiB�HHv iQ Bi- K2�MBM; i?�i v Bb �
p�HB/ /B`2+iBQM Q7 �TT`Q�+? iQ +QMbB/2`X h?2 b2+QM/ `Qr
Q7 UeV 2Mbm`2b i?�i d

dtN(t)|t=0+ = vTβf (x̄) = c2 < 0-
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r?B+? �;�BM #v (kR- h?KX 8XRR) T`Qp2b i?�i N(t) < 0-
BX2X- x̄t ∈ D− #v Uj#V- 7Q` bm{+B2MiHv bK�HH tX >2M+2-

limt→0+ ‖u∗(x̄t)‖ = limt→0+
−N(t)
D(t) X .B`2+i 2p�Hm�iBQM Q7

i?Bb 2tT`2bbBQM �i t = 0 Ur?2`2 x̄t = x̄V vB2H/b �M
BM/2i2`KBM�i2 7Q`K Q7 i?2 ivT2 0/0X q2 i?2`27Q`2 `2bQ`i
iQ Gö>¬TBi�Höb `mH2 (kR- h?KX 8XRj)- r?B+? `2[mB`2b i?2
2tBbi2M+2 Q7 i?2 HBKBi Q7 i?2 /2`Bp�iBp2 Q7 i?2 MmK2`�iQ`
−N(t) �M/ /2MQKBM�iQ` D(t)X 6Q` i?2 MmK2`�iQ`- r2
?�p2 �H`2�/v 2bi�#HBb?2/ limt→0+

d
dtN(t) = c2X �b 7Q` i?2

/2MQKBM�iQ`- Bi Bb i?2 MQ`K Q7 i?2 /Bz2`2MiB�#H2 7mM+iBQM
hG(t)- �M/ Bib /2`Bp�iBp2 2tBbib �i t r?2`2 hG(t) 6= 0X "mi
bBM+2 x̄t ∈ D− 7Q` bK�HH 2MQm;? t- i?2 *"6 +QM/BiBQM UkV
2Mbm`2b i?�i hG(t) 6= 0 7Q` bm{+B2MiHv bK�HH tX h?mb-
i?2 /2`Bp�iBp2 Q7 i?2 /2MQKBM�iQ` 2tBbib 7Q` bm{+B2MiHv
bK�HH t > 0X � T`QQ7 Q7 i?2 2tBbi2M+2 Q7 i?2 HBKBi Q7 i?Bb
/2`Bp�iBp2 limt→0+

d
dt (D(t)) = limt→0+ vTβG(x̄t)

hG(t)
‖hG(t)‖

7QHHQrbX "v >ºH/2`öb BM2[m�HBiv-

∣

∣

∣

vTβG(x̄t)hG(t)

‖hG(t)‖

∣

∣

∣
≤‖vTβG(x̄t)‖

‖hG(t)‖

‖hG(t)‖
=‖vTβG(x̄t)‖.

>2M+2- mbBM; i?2 H�bi m `Qrb Q7 UeV- i?2 �bbmKTiBQM
Q7 +QMiBMmQmb /Bz2`2MiB�#BHBiv- �M/ i?2 b�M/rB+? i?2@
Q`2K 7Q` HBKBib (kd- h?KX jXjXj)- limt→0+

d
dtD(t) = 0X

"v Gö>¬TBi�H- limt→0+ ‖u∗(x̄t)‖ = limt→0+
−N(t)
D(t) =

limt→0+
−N ′(t)
D′(t) = ∞X

UBBV q2 T`Qp2 i?2 +QMi`�TQbBiBp2, �bbmK2 i?2`2 2tBbib �
p2+iQ` v bm+? i?�i x̄t = x̄+ vt �TT`Q�+?2b x̄ 7`QK rBi?BM
C Q` i�M;2Mi iQ Bi �b t → 0+ �M/ lim supt→0+ ‖u∗(x̄t)‖ =
∞- �M/ H2i mb b?Qr i?�i i?2M v bQHp2b UeV rBi? c1 ≥ 0
�M/ c2 ≤ 0X LQi2 i?�i ∇h(x̄)v ≥ 0- bBM+2 Qi?2`rBb2-
mM/2` i?2 i?2Q`2K �bbmKTiBQMb- 7Q` bm{+B2MiHv bK�HH t-
x̄t /∈ C- BX2X- x̄t rQmH/ �TT`Q�+? x̄ 7`QK QmibB/2 C- r?B+?
Bb � +QMi`�/B+iBQMX h?Bb 2Mbm`2b i?2 b�iBb7�+iBQM Q7 i?2
}`bi `Qr BM UeVX aBKBH�`Hv- B7 vTβf (x̄) > 0- i?2M mM/2` i?2
i?2Q`2K �bbmKTiBQMb- 7Q` bm{+B2MiHv bK�HH t- x̄t ∈ D+

�M/ i?mb lim supt→0+ u∗(x̄t) = 0- r?B+? +QMi`�/B+ib
lim supt→0+ ‖u∗(x̄t)‖ = ∞X h?Bb 2Mbm`2b i?2 b�iBb7�+iBQM
Q7 i?2 b2+QM/ `Qr BM UeVX �++Q`/BM; iQ G2KK� AXj- i?2`2
2tBbib � b2[m2M+2 {t̄i} → 0+ rBi? {x̄t̄i} ⊂ D− bm+?

i?�i D′(t̄i) = vTβG(x̄t̄i)
hG(t̄i)

‖hG(t̄i)‖
→ 0X Ai `2K�BMb iQ

b?Qr i?�i i?Bb BKTHB2b vTβG(x̄) = 0
T X q2 `2�bQM #v

+QMi`�/B+iBQM �M/ �bbmK2 vTβG(x̄) 6= 0
T X qBi?Qmi HQbb

Q7 ;2M2`�HBiv- r2 +�M �bbmK2 i?�i i?2 HBKBi Q7 hG(t̄i)
‖hG(t̄i)‖

-

/2MQi2/ ζ ∈ R
n- 2tBbib Ui?Bb +�M #2 /QM2 #2+�mb2

{ hG(t̄i)
‖hG(t̄i)‖

} Bb � b2[m2M+2 7`QK i?2 b2i Q7 mMBi p2+iQ`b
BM R

n- r?B+? Bb +QKT�+i- bQ i?2`2 2tBbib � +QMp2`;2Mi
bm#b2[m2M+2 (kR- h?KX jXe)VX h?Bb �M/ i?2 +QMiBMmBiv Q7
βG BKTHv i?�i D′(t̄i) → vTβG(x̄)ζ = 0X qBi?Qmi HQbb Q7

;2M2`�HBiv- �bbmK2 ‖hG(t̄i)‖
‖hG(t̄i+1)‖

→ ∞ Ui?�i i?Bb /Q2b MQi

mM/2`KBM2 ;2M2`�HBiv Bb b?QrM #v G2KK� AXRUBVVX LQr-
G2KK� AXRUBBV �TTHB2/ 2H2K2Mi@rBb2 ;Bp2b

hG(t̄i)− hG(t̄i+1)

‖hG(t̄i)‖ − ‖hG(t̄i+1)‖
→ ζ. UdV

h?2 b2[m2M+2 BM UdV +�M #2 r`Bii2M �b

hG(t̄i+1)− hG(t̄i)

t̄i+1 − t̄i

t̄i+1 − t̄i
‖hG(t̄i+1)‖ − ‖hG(t̄i)‖

. U3V

lbBM; i?2 +QMiBMmQmb /Bz2`2MiB�#BHBiv Q7 ∇h �M/ G �i x̄-
i?2 }`bi i2`K Q7 U3V

hG(t̄i+1)− hG(t̄i)

t̄i+1 − t̄i
→

d

dt
(hG(t))

∣

∣

∣

∣

t=0

= (vTβG(x̄))
T 6= 0,

#v ?vTQi?2bBb Q7 +QMi`�/B+iBQMX *QMb2[m2MiHv- i?2 b2+QM/
i2`K BM U3V +QMp2`;2b iQ � MQM@x2`Q b+�H�`- r?B+? r2
/2MQi2 #v aX h?2`27Q`2- ζ = a(vTβG(x̄))

T X h?Bb BKTHB2b
i?�i D(t̄i) → vTβG(x̄)ζ = a‖vTβG(x̄)‖

2 6= 0- r?B+? Bb �
+QMi`�/B+iBQMX

h?2Q`2K oXR T`QpB/2b bm{+B2Mi +QM/BiBQMb 7Q` #QmM/@
2/M2bb Q7 i?2 KBM@MQ`K +QMi`QHH2` �i � TQBMi Q7 TQbbB#H2
/Bb+QMiBMmBivX LQi2 i?�i i?2 b2+QM/ `Qr Q7 i?2 i?2
K�i`Bt A BM UeV Bb i?2 ;`�/B2Mi Q7 ∇h(x)f(x) + α(h(x))X
aBKBH�`Hv- i?2 (2+ i)i? `Qr Bb i?2 ;`�/B2Mi Q7 ∇h(x)gi(x)X
1�+? Q7 i?2 irQ 2[m�iBQMb ∇h(x)f(x) + α(h(x)) = 0
�M/ ∇h(x)gi(x) = 0 /2}M2b � /Bz2`2MiB�#H2 (n − 1)@
/BK2MbBQM�H bm`7�+2 2K#2//2/ BM R

nX h?mb- i?2 2tBbi2M+2
Q7 � bQHmiBQM v 7Q` UeV rBi? c1 > 0 �M/ c2 < 0 �KQmMib
iQ i?2 2tBbi2M+2 Q7 � p2+iQ` i?�i

UBV TQBMib iQ i?2 `2;BQM BM C i?�i `2[mB`2b MQM@x2`Q
+QMi`QH 7Q` b�72iv- �M/

UBBV Bb T2`T2M/B+mH�` iQ i?2 bm`7�+2b /2}M2/ #v
∇h(x)G(x) = 0X

h?Bb T`QpB/2b rBi? � ;2QK2i`B+ BMimBiBQM 7Q` i?2 +QM/B@
iBQMb B/2MiB}2/ BM h?2Q`2K oXRX 6B;m`2 kU�V@U#V BHHmb@
i`�i2b i?2K 7Q` � ;2M2`B+ irQ@/BK2MbBQM�H bBM;H2@BMTmi
bvbi2KX

q2 MQi2 i?�i +QM/BiBQM UBBV UrBi? c2 ≤ 0V BM h?2@
Q`2K oXR Bb �HKQbi � M2;�iBQM Q7 +QM/BiBQM UBV UrBi?
c2 < 0VX h?Bb b?Qrb i?�i UBV Bb �HKQbi � bm{+B2Mi
�M/ M2+2bb�`v +QM/BiBQM 7Q` mM#QmM/2/M2bb Q7 u∗X h?2
;�T #2ir22M #Qi? +QM/BiBQMb bi2Kb 7`QK i?2 7�+i i?�i
Gö>¬TBi�Höb `mH2 Bb BM/2i2`KBM�i2 r?2M #Qi? /2`Bp�iBp2b
Q7 i?2 MmK2`�iQ` �M/ i?2 /2MQKBM�iQ` �TT`Q�+? 0X �
;2QK2i`B+ BMi2`T`2i�iBQM Q7 i?Bb bBim�iBQM Bb /2TB+i2/ BM
6B;m`2 k+X

*Q`QHH�`v oXk U*QM/BiBQM 7Q` "QmM/2/M2bb Q7 JBM@LQ`K
*QMi`QHH2` QM CVX A7 +QM/BiBQM UBBV BM h?2Q`2K oXR ?QH/b
7Q` �HH x̄ ∈ Z- i?2M u∗ Bb #QmM/2/ QM CX

q2 `2pBbBi MQr 1t�KTH2b AAAX9 �M/ AAAX8 BM HB;?i
Q7 i?2 �#Qp2 `2bmHibX LQiB+2 i?�i BM #Qi? +�b2b Z =
{(1, 0), (−1, 0)}X h�FBM; α rBi? α′(0) = 1- UeV �i x̄ =
(1, 0) #2+QK2b

−2

[

1 0
1 1
0 d

]

v =

[

c1
c2
0

]

,

r?2`2 d = 1 7Q` 1t�KTH2 AAAX9 �M/ d = 0 7Q` 1t�K@
TH2 AAAX8X Ai Bb +H2�` i?�i i?2 QMHv TQbbB#H2 bQHmiBQM 7Q` i?Bb
bvbi2K Q7 2[m�iBQMb rBi? c1 ≥ 0 �M/ c2 ≤ 0 rBi? d = 1
Bb i?2 i`BpB�H bQHmiBQM v = 0X h?mb- #v h?2Q`2K oXRUBBV-
u∗
1 7`QK 1t�KTH2 AAAX9 Bb #QmM/2/ �b Bib �`;mK2Mi

�TT`Q�+?2b x̄- �b r2 rQmH/ 2tT2+i #v Qm` �M�HvbBb Q7
1t�KTH2 AAAX9X >Qr2p2`- � bQHmiBQM v = (0, 1) bQHp2b i?2
bvbi2K rBi? d = 0- c1 = 0 ≥ 0 �M/ c2 = −2 < 0X "v
h?2Q`2K oXRUBV- u∗

2 7`QK 1t�KTH2 AAAX8 ;Q2b mM#QmM/2/
�b Bi �TT`Q�+?2b x̄ 7`QK i?2 /B`2+iBQM Q7 v- r?B+? Bb
i�M;2MiB�H iQ CX h?Bb Bb �HbQ 2tT2+i2/ #v Qm` �M�HvbBb
Q7 1t�KTH2 AAAX8X
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v

N = 0

∇h · g = 0

N < 0

N > 0
h = 0

U�V *QM/BiBQM UBV BM h?2Q`2K oXR ?QH/bX

N = 0

∇h · g = 0

N < 0

N > 0

h = 0

U#V *QM/BiBQM UBBV BM h?2Q`2K oXR ?QH/bX

N = 0

∇h · g = 0

N < 0

N > 0
h = 0

v

U+V L2Bi?2` +QM/BiBQM BM h?2Q`2K oXR ?QH/bX

6B;X k, AHHmbi`�iBQM Q7 i?2 +QM/BiBQMb B/2MiB}2/ BM h?2Q`2K oXRX AM U�V- v bQHp2b UeV rBi? c1 = 0 �M/ c2 < 0X AM U#V- i?2`2 Bb MQ p2+iQ` v
i?�i TQBMib iQ i?2 `2;BQM BM C r?2`2 N < 0 �M/ Bb �HbQ i�M;2MiB�H iQ i?2 +m`p2 {∇h · g = 0}X AM U+V- v bQHp2b UeV rBi? c1 > 0 #mi rBi?
c2 = 0- �M/ i?mb M2Bi?2` +QM/BiBQM BM h?2Q`2K oXR Bb b�iBb}2/X

_2K�`F oXj Uq?2M lM#QmM/2/ JBM@LQ`K Ab AM@
2pBi�#H2VX h?2 bvbi2K Q7 HBM2�` 2[m�iBQMb BM UeV ?�b �
+Q2{+B2Mi K�i`Bt A rBi? m+ 2 `Qrb �M/ n +QHmKMbX �
MQM@i`BpB�H bQHmiBQM v iQ UeV 2tBbib B7 i?2 }`bi irQ `Qrb Q7
A �`2 HBM2�`Hv BM/2T2M/2Mi �M/ i?2 `2K�BMBM; `Qrb �`2
HBM2�`Hv BM/2T2M/2Mi Q7 i?2 }`bi irQX h?Bb b?Qrb i?�i- B7
i?2 bvbi2K /�i� Bb bm+? i?�i i?2 K�i`Bt A b�iBb}2b i?2b2
BM/2T2M/2M+2 T`QT2`iB2b- i?2M �M mM#QmM/2/ KBM@MQ`K
+QMi`QHH2` Bb BM2pBi�#H2X •

oAX *QM+HmbBQMb

q2 ?�p2 bim/B2/ i?2 +QMiBMmBiv �M/ #QmM/2/M2bb
T`QT2`iB2b Q7 i?2 KBM@MQ`K b�72 722/#�+F +QMi`QHH2` 7Q`
;2M2`�H +QMi`QH@�{M2 bvbi2Kb rBi?BM i?2 7`�K2rQ`F Q7
+QMi`QH #�``B2` 7mM+iBQMb U*"6VX �7i2` `2@BMi2`T`2iBM;
i?2 FMQrM `2bmHib BM i?2 HBi2`�im`2 BM HB;?i Q7 i?2 MQiBQM
Q7 bi`QM; �M/ r2�F *"6b- r2 ?�p2 +?�`�+i2`Bx2/ i?2
b2i Q7 TQbbB#H2 TQBMib Q7 /Bb+QMiBMmBiv Q7 i?2 KBMBKmK@
MQ`K b�72 +QMi`QHH2` �M/ b?QrM i?�i Bi QMHv /2T2M/b
QM i?2 b�72 b2i U�M/ MQi QM i?2 bT2+B}+ *"6 Q` i?2
b2MbBiBpBiv iQ i?2 pBQH�iBQM Q7 i?2 *"6 +QM/BiBQMVX "�b2/
QM i?Bb +?�`�+i2`Bx�iBQM- r2 ?�p2 ;2M2`�HBx2/ i?2 FMQrM
+QM/BiBQMb iQ ;m�`�Mi22 i?2 +QMiBMmBiv Q7 i?2 KBM@
MQ`K b�72 +QMi`QHH2` �M/ B/2MiB}2/ bm{+B2Mi +QM/BiBQMb
7Q` Bib UmMV#QmM/2/M2bbX Pm` `2bmHib ?�p2 BKTQ`i�Mi
BKTHB+�iBQMb 7Q` i?2 bvMi?2bBb Q7 b�72 722/#�+F +QMi`QHH2`b
bm#D2+i iQ ?�`/ +QMbi`�BMib QM +QMi`QH 2zQ`iX 6mim`2
rQ`F rBHH 2tTHQ`2 i?2 KQ/B}+�iBQM Q7 *"6b i?�i �/KBi
b�72 +QMi`QHH2`b r?2M MQ +QMi`QH #QmM/b �`2 T`2b2Mi
iQ BM+Q`TQ`�i2 BMTmi +QMbi`�BMib- i?2 /2bB;M Q7 /Bb+QM@
iBMmQmb U#mi #QmM/2/V b�72 +QMi`QHH2`b- �M/ i?2 bim/v
Q7 +QMiBMmBiv �M/ #QmM/2/M2bb Q7 b�72 +QMi`QHH2`b 7Q`
bvbi2Kb bm#D2+iBp2 iQ /Bbim`#�M+2b �M/ MQBb2X

�+FMQrH2/;K2Mib

JQ?�KK2/ �Hv�b22M rQmH/ HBF2 iQ i?�MF SQH J2bi`2b
7Q` TQBMiBM; Qmi _2K�`F AAAXjUBVX h?Bb rQ`F r�b T�`iB�HHv
bmTTQ`i2/ #v La6 �r�`/ _A AAa@kyydR9RX

_272`2M+2b

(R) JX L�;mKQX B#2` /B2 G�;2 /2` AMi2;`�HFm`p2M ;2rº?M@
HB+?2` .Bz2`2MiB�H;H2B+?mM;2MX S`Q+22/BM;b Q7 i?2 S?vbB+Q@
J�i?2K�iB+�H aQ+B2iv Q7 C�T�M- k9,88R�88N- RN9kX

(k) SX qB2H�M/ �M/ 6X �HH;ºr2`X *QMbi`m+iBp2 b�72iv mbBM; +QMi`QH
#�``B2` 7mM+iBQMbX A6�* S`Q+22/BM;b oQHmK2b- 9yURkV,9ek�9ed-
kyydX

(j) sX sm- SX h�#m�/�- CX qX :`BxxH2- �M/ �X .X �K2bX _Q#mbiM2bb
Q7 +QMi`QH #�``B2` 7mM+iBQMb 7Q` b�72iv +`BiB+�H +QMi`QHX A6�*@
S�T2`bPMGBM2- 93UkdV,89�eR- kyR8X

(9) �X .X �K2b- aX *QQ;�M- JX 1;2`bi2/i- :X LQiQKBbi�-
EX a`22M�i?- �M/ SX h�#m�/�X *QMi`QH #�``B2` 7mM+iBQMb,
i?2Q`v �M/ �TTHB+�iBQMbX AM 1m`QT2�M *QMi`QH *QM72`2M+2-
T�;2b j9ky�j9jR- L�TH2b- Ai�Hv- kyRNX

(8) qX sB�Q- *X :X *�bb�M/`�b- �M/ *X "2Hi�X a�72 �miQMQKv
rBi? *QMi`QH "�``B2` 6mM+iBQMb, h?2Q`v �M/ �TTHB+�iBQMbX
avMi?2bBb G2+im`2b QM *QKTmi2` a+B2M+2X aT`BM;2`- L2r uQ`F-
kykjX

(e) _X EQM/�- �X .X �K2b- �M/ aX *QQ;�MX *?�`�+i2`BxBM; b�72iv,
KBMBK�H +QMi`QH #�``B2` 7mM+iBQMb 7`QK b+�H�` +QKT�`BbQM
bvbi2KbX A111 *QMi`QH avbi2Kb G2ii2`b- 8UkV,8kj�8k3- kykRX

(d) aX S`�DM�- �X C�/#�#�B2- �M/ :X CX S�TT�bX � 7`�K2rQ`F
7Q` rQ`bi@+�b2 �M/ biQ+?�biB+ b�72iv p2`B}+�iBQM mbBM; #�`@
`B2` +2`iB}+�i2bX A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH-
8kU3V,R9R8�R9k3- kyydX

(3) �X .X �K2b- sX sm- CX qX :`BxxH2- �M/ SX h�#m�/�X *QM@
i`QH #�``B2` 7mM+iBQM #�b2/ [m�/`�iB+ T`Q;`�Kb 7Q` b�72iv
+`BiB+�H bvbi2KbX A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH-
ekU3V,j3eR�j3de- kyRdX

(N) "X CX JQ``Bb- JX CX SQr2HH- �M/ �X .X �K2bX *QMiBMmBiv
�M/ bKQQi?M2bb T`QT2`iB2b Q7 MQMHBM2�` QTiBKBx�iBQM@#�b2/
722/#�+F +QMi`QHH2`bX AM A111 *QM7X QM .2+BbBQM �M/ *QMi`QH-
T�;2b R8R�R83- Pb�F�- C�T�M- .2+ kyR8X

(Ry) :X aiBHHX G2+im`2b PM S�`�K2i`B+ PTiBKBx�iBQM, �M AMi`Q/m+@
iBQMX S`2T`BMi- PTiBKBx�iBQM PMHBM2- kyR3X

(RR) qX qX >Q;�MX SQBMi@iQ@b2i K�Tb BM K�i?2K�iB+�H T`Q;`�K@
KBM;X aA�J _2pB2r- R8UjV,8NR�eyj- RNdjX

(Rk) �X oX 6B�++Q �M/ uX Ab?BxmF�X a2MbBiBpBiv �M/ bi�#BHBiv �M�HvbBb
7Q` MQMHBM2�` T`Q;`�KKBM;X �MM�Hb Q7 PT2`�iBQMb _2b2�`+?-
kdURV,kR8�kj8- RNNyX

(Rj) aX JX _Q#BMbQMX :2M2`�HBx2/ 2[m�iBQMb �M/ i?2B` bQHmiBQMb-
T�`i AA, �TTHB+�iBQMb iQ MQMHBM2�` T`Q;`�KKBM;X AM JX :mB;@
M�`/- 2/BiQ`- PTiBK�HBiv �M/ ai�#BHBiv BM J�i?2K�iB+�H S`Q@
;`�KKBM;- pQHmK2 RN Q7 J�i?2K�iB+�H S`Q;`�KKBM; aim/B2b-
T�;2b kyy�kkRX aT`BM;2`- L2r uQ`F- RN3kX

(R9) �X *H�`FX o2`B}+�iBQM �M/ bvMi?2bBb Q7 +QMi`QH #�``B2` 7mM+@
iBQMbX AM A111 *QM7X QM .2+BbBQM �M/ *QMi`QH- T�;2b eRy8�

eRRk- �mbiBM- hs- la�- kykRX
(R8) aX GBm- EX aX umM- CX JX .QH�M- �M/ *X GBmX avMi?2bBb �M/

p2`B}+�iBQM Q7 `Q#mbi@�/�TiBp2 b�72 +QMi`QHH2`bX AM 1m`QT2�M
*QMi`QH *QM72`2M+2- T�;2b kke8�kkdk- aiQ+F?QHK- ar2/2M-
kyk9X

(Re) qX aX *Q`i2x �M/ .X oX .BK�`Q;QM�bX *Q``2+i@#v@/2bB;M
+QMi`QH #�``B2` 7mM+iBQMb 7Q` 1mH2`@G�;`�M;2 bvbi2Kb rBi?
BMTmi +QMbi`�BMibX AM �K2`B+�M *QMi`QH *QM72`2M+2- T�;2b
N8y�N88- .2Mp2`- *P- la�- kykyX

(Rd) .X _X �;`�r�H �M/ .X S�M�;QmX a�72 +QMi`QH bvMi?2bBb pB�
BMTmi +QMbi`�BM2/ +QMi`QH #�``B2` 7mM+iBQMbX AM A111 *QM7X
QM .2+BbBQM �M/ *QMi`QH- T�;2b eRRj�eRR3- �mbiBM- hs- la�-
kykRX

(R3) aX "Qv/ �M/ GX o�M/2M#2`;?2X *QMp2t PTiBKBx�iBQMX *�K@
#`B/;2 lMBp2`bBiv S`2bb- *�K#`B/;2- lE- kyyNX

(RN) >X q�M;- EX J�`;2HHQb- �M/ �X S�T�+?`BbiQ/QmHQmX a�72iv
p2`B}+�iBQM �M/ +QMi`QHH2` bvMi?2bBb 7Q` bvbi2Kb rBi? BMTmi
+QMbi`�BMibX A6�*@S�T2`bPMGBM2- 8eUkV,ReN3�Rdyj- kykjX
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(ky) ZX L;mv2M �M/ EX a`22M�i?X 1tTQM2MiB�H +QMi`QH #�``B2`
7mM+iBQMb 7Q` 2M7Q`+BM; ?B;? `2H�iBp2@/2;`22 b�72iv@+`BiB+�H +QM@
bi`�BMibX AM �K2`B+�M *QMi`QH *QM72`2M+2- T�;2b jkk�jk3-
"QbiQM- J�- kyReX

(kR) qX _m/BMX S`BM+BTH2b Q7 J�i?2K�iB+�H �M�HvbBbX J+:`�r@>BHH-
RNdeX

(kk) _X G2 �Q /2 �M/`�/2X *QKTH2i2 +QMp2t ?vT2`bm`7�+2b Q7 �
>BH#2`i bT�+2X CQm`M�H Q7 .Bz2`2MiB�H :2QK2i`v- RyU9V,9NR�

9NN- RNd8X
(kj) LX "QmK�HX �M AMi`Q/m+iBQM iQ PTiBKBx�iBQM QM aKQQi?

J�MB7QH/bX *�K#`B/;2 lMBp2`bBiv S`2bb- *�K#`B/;2- lE-
kykjX

(k9) >X E?�HBHX LQMHBM2�` avbi2Kb- j`/ 2/X S`2MiB+2 >�HH- 1M;H2@
rQQ/ *HBzb- LC- kyykX

(k8) JX aTBp�FX *�H+mHmb QM J�MB7QH/bX �//BbQM@q2bH2v Sm#HBb?BM;
*QKT�Mv- RNN8X

(ke) 1X :BH#2`i �M/ .X CQ?MbQMX .Bbi�M+2 7mM+iBQMb �M/ i?2B`
�TTHB+�iBQM iQ `Q#Qi T�i? TH�MMBM; BM i?2 T`2b2M+2 Q7 Q#bi�+H2bX
A111 CQm`M�H QM _Q#QiB+b �M/ �miQK�iBQM- RURV,kR�jy- RN38X

(kd) >X >X aQ?`�#X "�bB+ _2�H �M�HvbBbX "B`F? mb2`- "QbiQM- J�-
kyyjX

(k3) �X 1X h�vHQ`X Gö>QbTBi�Höb `mH2X h?2 �K2`B+�M J�i?2K�iB+�H
JQMi?Hv- 8NURV,ky�k9- RN8kX

�TT2M/Bt A

h?2 M2ti `2bmHib �`2 2tTHQBi2/ BM i?2 T`QQ7 Q7 h?2Q@
`2K oXRX

G2KK� AXR U"�bB+ 7�+ib QM `2�H b2[m2M+2bVX h?2 7QHHQrBM;
7�+ib ?QH/,
UBV �Mv b2[m2M+2 {an} ⊂ R>0 +QMp2`;2Mi iQ 0 +QMi�BMb

� bm#b2[m2M+2 {ān} rBi? ān

ān+1
→ ∞X

UBBV A7 i?2 b2[m2M+2b {an}, {bn} ⊂ R #Qi? +QMp2`;2 iQ 0-
an

bn
→ L- �M/ bn

bn+1
→ c 6= 1 UMQi 2t+Hm/BM; c = ∞V-

i?2M an−an+1

bn−bn+1
→ LX

S`QQ7X hQ T`Qp2 UBV- i?2 bm#b2[m2M+2 {ān} +�M #2 +QM@
bi`m+i2/ �b 7QHHQrbX h�F2 ā1 = a1X "v /2}MBiBQM Q7
+QMp2`;2M+2- 7Q` �Mv ān > 0- i?2`2 Bb am ≤ ān/nX
h�FBM; ān+1 = am ;Bp2b ān

ān+1
≥ nX ai�i2K2Mi UBBV 7QHHQrb

/B`2+iHv 7`QK MQiBM; i?�i an−an+1

bn−bn+1
− an

bn
=

(

an

bn
− an+1

bn+1

)

/
(

bn
bn+1

− 1
)

→ 0X

h?2 7QHHQrBM; ;2M2`�HBx2/ p2`bBQM Q7 Gö>¬TBi�Höb `mH2
Bb +QMp2MB2Mi 7Q` Qm` Tm`TQb2bX

G2KK� AXk U:2M2`�HBx2/ Gö>¬TBi�H (k3- h?KX AA)VX G2i i?2
7mM+iBQMb f, g : (a, b) → R #2 +QMiBMmQmbHv /Bz2`2MiB�#H2
QM (a, b)- rBi? M2Bi?2` g MQ` g p�MBb?BM; QM (a, b)X h?2M

lim inft→a+
f ′(t)
g′(t) ≤ lim inft→a+

f(t)
g(t) ≤ lim supt→a+

f(t)
g(t) ≤

lim supt→a+

f ′(t)
g′(t) X

h?2 7QHHQrBM; `2bmHi b?Qrb � F2v T`QT2`iv BM i?2
i2+?MB+�H �`;mK2Mi�iBQM Q7 i?2 T`QQ7 Q7 h?2Q`2K oXRX

G2KK� AXjX lM/2` i?2 �bbmKTiBQMb Q7 h?2Q`2K oXR-
H2i v ∈ R

n #2 bm+? i?�i lim supt→0+ ‖u∗(x̄t)‖ = ∞
U`2+�HH x̄t = x̄ + vtV �M/ vTβf (x̄) ≤ 0X h?2M- i?2`2
2tBbib � b2[m2M+2 {ti} → 0+ rBi? {x̄ti} ⊂ D− bm+? i?�i

vTβG(x̄ti)
(∇h(x̄ti

)G(x̄ti
))T

‖∇h(x̄ti
)G(x̄ti

)‖ → 0X

S`QQ7X q2 miBHBx2 i?2 �##`2pB�iBQMb BMi`Q/m+2/ �i i?2
#2;BMMBM; Q7 i?2 T`QQ7 Q7 h?2Q`2K oXR 7Q` +QMp2MB2M+2X
q2 +QMbB/2` i?2 +�b2b vTβf (x̄) < 0 �M/ vTβf (x̄) = 0
b2T�`�i2HvX

*�b2 R, A7 vTβf (x̄) < 0- i?2M #v (kR- h?KX
8XRR)- x̄t ∈ D− 7Q` bm{+B2MiHv bK�HH tX >2M+2-

lim supt→0+ ‖u∗(x̄t)‖ = limt→0+
−N(t)
D(t) = ∞X .B`2+i

2p�Hm�iBQM ;Bp2b � 0
0 ivT2 Q7 HBKBiX "v G2KK� AXk-

lim supt→0+
−d/dt(N(t))
d/dt(D(t)) = ∞. aBM+2 d

dt (N(t)) = vTβf (x̄t)
Bb +QMiBMmQmb �i t = 0- Bi Bb #QmM/2/ QM � bK�HH
2MQm;? BMi2`p�H t ∈ [0, ǫ]X h?mb- i?2 QMHv r�v i?2 lim sup
�TT`Q�+?2b ∞ Bb i?�i i?2`2 2tBbib � b2[m2M+2 {ti} bm+?

i?�i d
dt (D(t))|t=ti = vTβG(x̄ti)

hG(ti)
‖hG(ti)‖

→ 0X

*�b2 k, A7 vTβf (x̄) = 0- i?2M 7Q` bK�HH 2MQm;? TQbBiBp2
t- 2Bi?2` x̄t ∈ D+- x̄t ∈ D−- Q` x̄t �Hi2`M�i2b #2ir22M D−

�M/ D+ BM/2}MBi2HvX h?2 }`bi +�b2 Bb BKTQbbB#H2 B7 u∗ ;Q2b
mM#QmM/2/ �b t → 0+X h?2 b2+QM/ +�b2 +�M #2 ?�M/H2/
�M�HQ;QmbHv iQ *�b2 RX >2M+2- r2 7Q+mb QM i?2 H�bi +�b2-
r?2`2 x̄t �Hi2`M�i2b #2ir22M D− �M/ D+ BM/2}MBi2Hv
�b t → 0+X h?Bb K2�Mb i?�i i?2 +QMiBMmQmb 7mM+iBQM
N �TT`Q�+?2b 0 #v �Hi2`M�iBM; #2ir22M TQbBiBp2 �M/
M2;�iBp2 p�Hm2b BM/2}MBi2Hv �b t → 0+X "v �bbmKTiBQM-
i?2`2 2tBbib {ti} bm+? i?�i ‖u∗(x̄ti)‖ → ∞X qBi?Qmi HQbb
Q7 ;2M2`�HBiv- r2 �bbmK2 i?�i x̄ti ∈ D− 7Q` �HH i �M/ i?�i
u∗(x̄ti) ;`Qrb KQMQiQMB+�HHv U� bm#b2[m2M+2 b�iBb7vBM;
i?2b2 �bbmKTiBQMb +�M �Hr�vb #2 7QmM/VX "v +QMiBMmBiv
Q7 N(t) �M/ i?2 BMi2`K2/B�i2 p�Hm2 i?2Q`2K (kR- h?KX
9Xkj)- 7Q` 2p2`v ti i?2`2 Bb �M BMi2`p�H (t1,i, t2,i) bm+? i?�i
x̄t ∈ D− 7Q` �HH t ∈ (t1,i, t2,i) �M/ N(t1,i) = N(t2,i) = 0X
q2 /BbiBM;mBb? irQ +�b2bX

*�b2 kXR, �bbmK2 i?2`2 2tBbib n̄ bm+? i?�i
D(t1,i)D(t2,i) 6= 0 7Q` �HH i ≥ n̄X h?mb-

N(t1,i)
D(t1,i)

=
N(t2,i)
D(t2,i)

=

0X h?Bb iQ;2i?2` rBi? i?2 +QMiBMmBiv Q7 N(t)/D(t)
BM (t1,i, t2,i) BKTHB2b i?�i i?2`2 2tBbib t̄i ∈ (t1,i, t2,i)
r?2`2 −N(t)/D(t) �ii�BMb Bib K�tBKmK BM (t1,i, t2,i)X

h?2`27Q`2- i?2 b2[m2M+2 −N(t̄i)
D(t̄i)

�TT`Q�+?2b ∞ bBM+2
−N(t̄i)
D(t̄i)

≥ −N(ti)
D(ti)

→ ∞X h?2 +QMiBMmQmb /Bz2`2MiB�#BHBiv

Q7 −N(t)/D(t) BM (t1,i, t2,i) 7Q` �HH i- 2Mbm`2/ #v i?2

H2KK�öb �bbmKTiBQMb- BKTHB2b i?�i 0 = d
dt

(−N(t)
D(t)

)∣

∣

t=t̄i
=

N ′(t̄i)D(t̄i)−N(t̄i)D
′(t̄i)

D(t̄i)2
X E22TBM; BM KBM/ i?�i x̄t̄i ∈ D−

�M/ i?mb D(t̄i) 6= 0- Bi 7QHHQrb i?�i N ′(t̄i) = D′(t̄i)
N(t̄i)
D(t̄i)

X

LQr bBM+2 N(t̄i)
D(t̄i)

→ −∞ #mi N ′(t) = vTβf (x̄t) → 0- Bi

b?QmH/ #2 i?�i D′(t̄i) = vTβG(x̄t̄i)
hG(t̄i)

‖hG(t̄i)‖
→ 0- r?B+?

T`Qp2b i?2 bi�i2K2MiX
*�b2 kXk, �bbmK2 i?�i 7Q` �HH n- i?2`2 2tBbib i > n

bm+? i?�i D(t1,i)D(t2,i) = 0X qBi?Qmi HQbb Q7 ;2M2`�HBiv-
�bbmK2 D(t1,i) = 0 7Q` �HH i Ui?2 b�K2 `2�bQMBM; +�M
#2 �TTHB2/ r?2M D(t2,i) = 0 7Q` �HH i Q` r?2M i?Bb
�Hi2`M�i2bVX "v �bbmKTiBQM- #Qi? 7mM+iBQMb N �M/ D
�`2 +QMiBMmQmb QM [t1,i, ti] �M/ /Bz2`2MiB�#H2 QM (t1,i, ti)X
lbBM; (kR- h?2Q`2K 8XN)- 7Q` 2�+? i- i?2`2 2tBbib t̄i
bm+? i?�i N ′(t̄i) =

N(ti)−N(t1,i)
D(ti)−D(t1,i)

D′(t̄i) = N(ti)
D(ti)

D′(t̄i)X

� `2�bQMBM; bBKBH�` iQ i?�i Q7 *�b2 kXR MQr vB2H/b
D′(t̄i) → 0X
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