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Abstract—This paper focuses on the wideband frequency
invariant (FI) deterministic beamformer design problem for
mitigating beam squint and presents a spatial response varia-
tion (SRV)-constrained array response control (ARC) synthesis
approach. By regarding the SRV matrix as the covariance
matrix of an extra virtual colored noise, we extend the ARC-
based narrowband beampattern synthesis techniques to wide-
band FI scenarios. Furthermore, we introduce the FI maximum
magnitude response (FI-MMR) based design principle, which
maximizes the array magnitude response at the main-beam
direction on the reference frequency. Based on this principle,
we present an iterative FI beampattern synthesis algorithm
under arbitrary array configurations. Simulation results show
the effectiveness of the proposed algorithm in comparison with
several popular FI beampattern synthesis techniques.

Index Terms—Frequency invariant (FI) beampattern, maxi-
mum magnitude response (MMR), spatial response variation
(SRV), array response control (ARC)

I. INTRODUCTION

Wideband sensing and communication systems offer several
advantages, primarily due to their high data transmission rates
[1], [2]. However, directly applying narrowband arrays to
wideband systems can lead to certain challenges. If the beam
is focused in the normal direction, the mainlobe tends to widen
at lower frequencies, impacting the system’s anti-interference
performance. Furthermore, if the beam is focused away from
the normal direction, a phenomenon known as beam squint
[3]–[5] occurs. Several techniques [6]–[8] have been presented
to address this issue. Besides, frequency invariant (FI) deter-
ministic beamformer design, also known as FI beampattern
synthesis, can also be utilized for mitigating beam squint
[9]. This approach is realized by employing finite impulse
response (FIR) filters in the time domain. Several effective
techniques for FI beampattern synthesis have been proposed
in the last decades. For instance, least-squares approaches
[10], [11] are able to synthesize a FI beampattern with a low
sidelobe level, but cannot achieve precise sidelobe control.

The work of H. Li was supported by the National Science Foundation under
grant ECCS-1923739, ECCS-2212940, and CCF-2316865.

Convex optimization based methods [12], [13] are capable
of realizing precise sidelobe control, yet at the cost of high
computational complexity. Additionally, fast Fourier transform
(FFT) based methods [14], [15] and the generalized matrix
pencil method [16] can realize FI beampattern synthesis with
a low computational complexity, which, however, requires
a reference narrowband beampattern. Most recently, iterative
spatiotemporal Fourier transform (STFT) based methods have
been proposed for FI beampattern synthesis with high im-
plementation efficiency [17], [18]. However, they are only
applicable to uniform arrays. To address this issue, the au-
thors of [19] developed a generalized alternating projection
approach (APA) for antenna arrays with arbitrary configura-
tions. However, it comes with the trade-off of less precise
control over the sidelobe level. In [20], an adaptive array
theory-inspired weighted least squares (AAT-WLS) approach
has been presented for wideband deterministic beamformer
design with accurate beampattern control for arbitrary antenna
arrays. Nevertheless, the AAT-WLS method results in high
computational complexity due to the matrix inversion involved
in each iteration.

Meanwhile, adaptive array theory-based array response con-
trol (ARC) techniques for beampattern synthesis have been
proposed in [21], [22], offering precise control of the beam-
pattern with low computational complexity. Nonetheless, these
techniques were limited to narrowband scenarios. Motivated
by the superiority of ARC, we present a new FI beampattern
synthesis framework by considering a spatial response vari-
ation (SRV) constraint [23], which measures the fluctuation
of the array spatial response over the desired frequency band.
Specifically, we incorporate the SRV matrix as the covariance
of a ‘virtual colored noise’ in the wideband minimum variance
distortionless response (MVDR) beamformer. This ‘virtual
colored noise’ has a correlation between different frequency-
angle points that can be leveraged to realize wideband FI
control. To address the phase ambiguity issue in ARC-based FI
beampattern synthesis, we propose a design principle, namely
the FI maximum magnitude response (FI-MMR), to determine
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the optimal phase response. Armed with this principle, we
present a novel FI beampattern synthesis algorithm. Simulation
results show that our algorithm can realize FI beampattern
synthesis under arbitrary array configurations with less CPU
runtime.

II. ADAPTIVE ARRAY WITH SRV CONSTRAINT

Consider a wideband signal, whose frequency is bandlimited
to f ∈ F = [fmin, fmax], and the temporal sampling frequency
is fs. The signal is observed by a linear wideband array with
M elements, each connected to an N -tap FIR filter. Then the
array response can be expressed as

P (f, θ) = wHa(f, θ), (1)

where we have

w = [w⊤
0 ,w

⊤
1 , ...,w

⊤
M−1]

⊤ ∈ CMN×1, (2)

hf,θ = [g1(f, θ)e
−j2πfτ1(θ), ..., gM (f, θ)e−j2πfτM (θ)]⊤

∈ CM×1, (3)

a(f, θ) = ef ⊗ hf,θ ∈ CMN×1, (4)

wm = [wm,0, wm,1, ..., wm,N−1]
⊤ ∈ CN×1, (5)

ef = [ejπ(N−1)f/fs , ..., e−jπ(N−1)f/fs ]⊤ ∈ CN×1, (6)

⊗ denotes the Kronecker product, and wm,n is the nth tap
coefficient of the mth FIR filter. In addition, the propagation
time delay between the mth element and the reference point
is τm(θ) = dm sin θ/c, where dm is the position of the
mth element, c is the speed of light, and gm(f, θ) denotes
the pattern of the mth element, which can be obtained by
actual measurement or full-wave simulation. With the time-
delay structure in the filters, the beam squint can be effectively
mitigated by designing the weight vector w [24].

Notice that a keystone of ARC-based methods is to use a
‘virtual interference-plus-noise covariance’ matrix in the min-
imum variance distortionless response (MVDR) beamformer
to suppress the noise and interference. Specifically, the SRV
matrix over a given frequency set F and angle set Θ, which
is defined as

Q =
∑
fi∈F

∑
θj∈Θ

∆(fi, θj)∆(fi, θj)
H ∈ CMN×MN (7)

with ∆(fi, θj) ∈ CMN×1 defined by

∆(fi, θj) = a(fi, θj)− a(f0, θj). (8)

Since the SRV matrix is a non-diagonal-Hermitian semidefinite
matrix, it can be regarded as the covariance matrix of a ‘virtual
colored noise’ to realize FI beampattern synthesis. Hence, the
following modified MVDR problem is deduced:

min
w

wH(RIPN + εσ2
nQ)w (9a)

s.t. wHa(f0, θ0) = 1, (9b)

where RIPN ∈ CMN×MN is the interference-plus-white-noise
covariance matrix, f0 is the reference frequency, and θ0 is the
look direction, ε > 0 is the power trade-off factor, and σ2

n is

the power of white Gaussian noise. The solution of problem
(9) is given as

wopt = β(RIPN + εσ2
nQ)−1a(f0, θ0), (10)

where β is a constant number.
In the scenario of a single-frequency interference at (fi, θi),

we can express RIPN as

RIPN = σ2
i a(fi, θi)a(fi, θi)

H + σ2
nI, (11)

where σ2
i is the power of the interference, I is the MN ×

MN identity matrix. Defining Q̃ = I+ εQ and applying the
Woodbury lemma, we have

(RIPN + εσ2
nQ)−1 =

1

σ2
n

(I− ΓQ̃−1aia
H
i

1 + ΓaHi Q̃−1ai
)Q̃−1, (12)

where Γ = σ2
i /σ

2
n stands for the interference-to-white-noise

ratio (INR), and a(fi, θi) = ai for the sake of brevity.
Substituting (12) into (10), we have

wopt =
β

σ2
n

(I− ΓQ̃−1aia
H
i

1 + ΓaHi Q̃−1ai
)Q̃−1a0, (13)

where a0 = a(f0, θ0). Further omitting the common factor
β/σ2

n for brevity, the optimal weight vector is written as

wopt = Q̃−1(a0 + λoptai), (14)

where the optimal complex factor λopt is

λopt = − ΓaHi Q̃−1a0

1 + ΓaHi Q̃−1ai
. (15)

III. PROPOSED ALGORITHM

A. The FI-MMR Design Principle

From (14), we can see the optimal weight vector is related
to the initial vector a0, the complex factor λopt ant the
interference vector ai. The beampattern synthesis can be
realized by regarding the weight vector in the (k − 1)th step
as the initial vector, and modifying it iteratively to ensure that
all the points of beampattern satisfy the given constraints [21].
Thus we extend (14) as

wk = Q̃−1(wk−1 + λkak), (16)

where wk−1 is the weight vector obtained at the (k − 1)th
step, while λk and ak are the optimal complex factor and the
selected array response vector at the kth step, respectively.

To determine the weight vector wk, the array response at
frequency-angle point (f0, θ0) is set as a reference, and the
objective is to achieve accurate ARC such that

|wH
k ak|

|wH
k a0|

= ρk, (17)

which means

wH
k ak

wH
k a0

= ρke
jφk , (18)
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where ρk and φk are the magnitude response and phase
response at the selected frequency-angle point (fk, θk) at the
kth step. Substituting (16) into (18), we can get

λk =
(ρke

−jφkaH0 − aHk )Q̃−1wk−1

(aHk − ρke−jφkaH0 )Q̃−1ak
. (19)

From (19), we can see that for any φk ∈ (−π, π], the nor-
malize array magnitude response at (fk, θk) can be accurately
controlled to a given ρk, which leads to a phase ambiguity
issue. In wideband sensing system, an appropriate φk can be
selected by maximizing the beampattern magnitude response
(MMR) at (f0, θ0) to improve the target detection performance
[22]:

max
λk

|P (f0, θ0)| (20a)

s.t. wk = Q̃−1(wk−1 + λkak), (20b)
|wH

k ak|
|wH

k a0|
= ρk. (20c)

Substituting (19) and (20b) into (20a), we have

|P (f0, θ0)| = |wH
k a0| = |(wH

k−1 + λ∗
ka

H
k )Q̃−1a0|

=

∣∣∣∣∣aHk Q̃−1(akw
H
k−1Q̃

−1a0 − a0w
H
k−1Q̃

−1ak)

aHk Q̃−1(ak − ρkejφka0)

∣∣∣∣∣ . (21)

From (21), the phase parameter affects only the denominator
of |P (f0, θ0)|. Hence, problem (20) is equivalent to

min
φk

∣∣∣aHk Q̃−1ak − ρke
jφkaHk Q̃−1a0

∣∣∣ , (22a)

s.t. φk ∈ (−π, π]. (22b)

Notice that Q̃ is a positive definite matrix, so the solution of
problem (22) is given as

φk = ∠(aH0 Q̃−1ak). (23)

The designed optimal complex factor of the FI-MMR principle
in the kth step is

λk =
(ρke

j∠(aH
k Q̃−1a0)aH0 − aHk )Q̃−1wk−1

(aHk − ρkej∠(aH
k Q̃−1a0)aH0 )Q̃−1ak

. (24)

B. The FI Beampattern Synthesis Algorithm
The FI beampattern is designed to have a frequency invari-

ant mainlobe shape, and the sidelobe level in (fi, θs) is lower
than a given bound ρ(fi, θs), which means for all fi ∈ F ,
θs ∈ Θs,

P (fi, θ0) = 1, |P (fi, θs)| ≤ ρ(fi, θs), (25)

where (F ,Θs) denotes the sidelobe region.
An iterative beampattern synthesis procedure based on (16)

can be carried out as follows. At the kth step, a frequency-
angle point (fk, θk) in the sidelobe region, where the array
response deviates most from the constraint, is selected:

(fk, θk) = arg max
(fi,θs)∈(F ,Θs)

Ds(fi, θs), (26)

Ds(fi, θs) =
|wH

k−1a(fi, θs)|
|wH

k−1a0|
− ρ(fi, θs). (27)

Then the array weight vector can be updated by using the
selected point along with (16) and (24). The process is
repeated until a convergence is reached. The proposed FI
beampattern synthesis scheme is summarized in Algorithm 1.
The primary computational burden of our algorithm lies in
calculating λk, leading to a low complexity of O

(
(MN)2

)
per iteration.

Algorithm 1 Focused FI Beampattern Synthesis Scheme
Input: fmin, fmax, f0, θ0, ρ(f, θ), a(f, θ), ε
1: Initialize w0 = a0, k = 1;
2: Initialize Q̃ according to (7) and Q̃ = I+ εQ;
3: Calculate Q̃−1;
4: while max

(fi,θs)∈(F ,Θs)
(Ds(fi, θs)) > 0

5: Select (fk, θk) by (26) and (27);
6: Update wk by (16) and (24), where ρk = ρ(fk, θk);
7: k = k + 1;
8: end
Output: wk.

IV. SIMULATION RESULTS

In all simulations, we set f0 =
√
fminfmax and fs = 2fmax

to avoid aliasing. For comparison, the frequency-variation
error (FVE) defined in [25] and the maximum sidelobe level
(MaxSLL) are used as benchmarks.

A. Uniform Array with Notching in Sidelobe

The first example is an FI beampattern with a notching
requirement to suppress strong spatial interferes. A uniform
array with 40 isotropic elements is applied to synthesize the
desired pattern, where each element is connected with a 24-
tap FIR filter. The FI region is set to be [−20◦, 20◦], and the
desired sidelobe level is ρ(fi, θs) = −20 -dB, fi ∈ [2, 12]
GHz, θs ∈ [−90◦,−20◦) ∪ (20◦, 45◦) ∪ (60◦, 90◦]. A −42
dB notch is set in [45◦, 60◦] over the whole frequency band,
ρ(fi, θs) = −42 dB, fi ∈ [2, 12] GHz, θs ∈ [−45◦, 60◦]. In the
proposed method, we set ε = 10−4, θ0 = 0◦. For the purpose
of comparison, the STFT-CPR [17] and the original SRV
optimization [23] algorithms are included. The beampatterns
are shown in Fig. 1, and Table I lists the comparison results.
Table I shows that the FI beampattern synthesized by STFT-
CPR cannot reach the desired notch level, especially in the low
frequencies. The FI beampattern synthesized by the proposed
method and the original SRV optimization have comparative
FVEs, but the proposed method is more efficient with less
CPU runtime.

TABLE I
PERFORMANCE COMPARISON WITH NOTCHING

Method FVE Notch level CPU runtime

Proposed 1.50 dB -42.01 dB 15.07 s
STFT-CPR [17] 5.38 dB -23.05 dB 26.71 s

SRV [23] 1.12 dB -42.22 dB 68.00 s
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(a) (b) (c)

Fig. 1. Synthesized FI beampattern of a uniform array with notching. (a) The proposed method; (b) STFT-CPR; (c) The original SRV optimization.

(a) (b) (c)

Fig. 2. Synthesized non-normal direction focused FI beampattern. (a) The proposed method; (b) STFT-CPR; (c) The original SRV optimization.

TABLE II
PERFORMANCE COMPARISON IN NON-NORMAL DIRECTION FOCUSED

BEAM

Method FVE MaxSLL CPU runtime

Proposed 0.51 dB -20.01 dB 2.83 s
STFT-CPR [17] 9.54 dB -13.44 dB 6.18 s

SRV [23] 0.86 dB -20.01 dB 14.17 s

B. Non-normal Direction Focused Beam Without Squint

Next, we illustrate the performance of the non-normal
direction focused FI beampattern of mitigating beam squint.
Consider a 16-element uniform array, where each element is
connected with a 32-tap FIR filter. The beam is focused at
θ0 = 20◦, the FI region is set to be [5◦, 35◦], and the desired
sidelobe level is ρ(fi, θs) = −20 dB, fi ∈ [0.4, 1] GHz,
θs ∈ [−90◦,−5◦)∪(35◦, 90◦]. In the proposed method, we set
ε = 1. The top views of the beampatterns are presented in Fig.
2, while Table II provides a comparative analysis of the results.
As observed in Fig. 2, all FI beampattern synthesis techniques
effectively mitigate the beam squint phenomenon. However,
the FI beampattern synthesized using the STFT-CPR method
falls short of achieving the desired sidelobe level. Conversely,
our proposed method not only attains the minimum FVE but
also requires less CPU runtime.

C. Nonuniform Array with Uniform Sidelobe

The last example is an FI beampattern with uniform sidelobe
synthesized for a 16-isotropic-element nonuniformly spaced

linear array, where each element is connected with a 32-
tap FIR filter. Table III shows the element positions of the
nonuniform array. The FI region is set to be [−15◦, 15◦], and
the desired sidelobe level is ρ(fi, θs) = −20 dB, fi ∈ [0.4, 1]
GHz, θs ∈ [−90◦,−15◦)∪(15◦, 90◦]. In the proposed method,
we set ε = 1, θ0 = 0◦. Notice that [17] is only suitable in
uniform arrays and [23] has a high computational complexity,
the APA [19] and AAT-WLS [20] algorithms are included for
comparison. The beampatterns are shown in Fig. 3, while the
synthesis results are shown in Table IV. From Table IV, we
can see that AAT-WLS approach fails to achieve the desired
sidelobe level. The proposed method yields the lowest FVE
of 0.20 dB with the shortest CPU run time of 0.84 s.

TABLE III
ELEMENT POSITIONS (c/fmax) OF THE NONUNIFORM ARRAY

n dn n dn n dn n dn

1 0.00 5 1.97 9 3.99 13 7.46
2 0.47 6 2.54 10 4.48 14 9.00
3 1.01 7 3.06 11 5.43 15 9.50
4 1.47 8 3.53 12 6.49 16 11.00

V. CONCLUSION

In this paper, a new SRV-constrained ARC approach was
presented for FI beampattern synthesis to mitigate beam
squint. Unlike the traditional narrowband ARC-based methods
considering only the effect of the white noise, we introduce
the SRV matrix as the covariance of a ‘virtual colored noise’
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(a) (b) (c)

Fig. 3. Synthesized FI beampattern of a nonuniform array. (a) The proposed method; (b) APA; (c) AAT-WLS.

TABLE IV
PERFORMANCE COMPARISON IN NONUNIFORM ARRAY

Method FVE MaxSLL CPU runtime

Proposed 0.20 dB -20.00 dB 0.84 s
APA [19] 4.66 dB -20.33 dB 6.97 s

AAT-WLS [20] 12.63 dB -15.72 dB 21.88 s

to help realize the FI property. Moreover, we derived the
FI-MMR principle to maximize the magnitude response and
developed a new low-complexity algorithm for FI beampattern
synthesis. Numerical results are carried out to validate the
flexibility and efficiency of the proposed algorithm.
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