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We d e v el o p a  m e a n- fi el d  m o d el t o e x a mi n e t h e st a bilit y of a ‘ q u asi -2 -D s us p e nsi o n’
of el o n g at e d p arti cl es e m b e d d e d  wit hi n a vis c o us  m e m br a n e.  T his g e o m etr y r e pr es e nts
s e v er al bi ol o gi c al a n d s y nt h eti c s etti n gs, a n d  w e r e v e al  m e c h a nis ms b y  w hi c h
t h e a nis otr o pi c  m o bilit y of p arti cl es i nt er a cts  wit h l o n g-r a n g e d vis c o us  m e m br a n e
h y dr o d y n a mi cs.  We first s h o w t h at a s yst e m of sl e n d er r o d-li k e p arti cl es dri v e n b y a
c o nst a nt f or c e is u nst a bl e t o p ert ur b ati o ns i n c o n c e ntr ati o n –  m u c h li k e s e di m e nt ati o n
i n a n al o g o us 3 -D s us p e nsi o ns – s o l o n g as  m e m br a n e vis c o us str ess es d o mi n at e.
H o w e v er, i n cr e asi n g t h e c o ntri b uti o n of vis c o us str ess es fr o m t h e s urr o u n di n g 3 -D fl ui d(s)
s u p pr ess es s u c h a n i nst a bilit y.  We t h e n ti e t his r es ult t o t h e h y dr o d y n a mi c dist ur b a n c es
g e n er at e d b y e a c h p arti cl e i n t h e pl a n e of t h e  m e m br a n e a n d s h o w t h at e n h a n ci n g s u b p h as e
vis c o us c o ntri b uti o ns g e n er at es e xt e nsi o n al fi el ds t h at ori e nt n ei g h b o ur i n g p arti cl es i n
a  m a n n er t h at dr a ws t h e m a p art.  T h e b al a n c e of fl u x of p arti cl es a g gr e g ati n g v ers us
s e p ar ati n g t h e n l e a ds t o a  w a v e n u m b er s el e cti o n i n t h e  m e a n- fi el d  m o d el.

K e y  w o r d s: c oll e cti v e b e h a vi o ur, s us p e nsi o ns,  m e m br a n es

1. I nt r o d u cti o n

Li pi d  m ol e c ul es t h at c o m pris e t h e c ell  m e m br a n e ar e fr e e t o fl o w  wit hi n t h e 2 -D s urf a c e
t h at r e pr es e nts t h e bil a y er, b ut e x c h a n g e  m o m e nt u m  wit h t h e a dj a c e nt 3 -D  m e di u m.
I ns ol u bl e s urf a ct a nt  m o n ol a y ers a n d s elf- ass e m bl e d p ol y m er or n a n o p arti cl e l a y ers h a v e
si mil ar fl o w p h ysi cs, dri v e n b y t his u ni q u e ‘ q u asi -2 -D’ n at ur e of  m o m e nt u m tr a ns p ort.
I n t h eir s e mi n al  w or k, S aff m a n  &  D el br ü c k (1 9 7 5 ) a p pr o xi m at e d t h e  m e m br a n e as a t hi n
N e wt o ni a n fl ui d l a y er s a n d wi c h e d b et w e e n a n d c o u pl e d t o St o k es fl o w i n a dj a c e nt 3 -D
fl ui d p h as es. Pr ot ei ns, i o n c h a n n els,  m ol e c ul ar m ot ors or s y nt h eti c p arti cl es ar e e m b e d d e d
i n a n d c o nstr ai n e d t o  m o v e  wit hi n t his 2 -D l a y er. S u c h a d es cri pti o n r e v e als a s u btl e
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H.  M a ni k a nt a n

tr a nsiti o n fr o m 2 -D t o 3 -D h y dr o d y n a mi cs: t h e i nt erf a c e d e c o u pl es fr o m t h e b ul k fl ui d
i n t h e ‘ m e m br a n e- d o mi n a nt’ li mit  w h e n s urf a c e vis c o us str ess es f ar e x c e e d t h e tr a cti o n
fr o m t h e s urr o u n di n g 3 -D fl ui d.  T his li mit is d es cri b e d b y t h e 2 -D St o k es e q u ati o n a n d h as
n o s ol uti o n f or t h e st e a d y tr a nsl ati o n of a c yli n d er: a c o ns e q u e n c e of t h e St o k es p ar a d o x
( M a ni k a nt a n  & S q uir es 2 0 2 0 ).  H o w e v er, S aff m a n (1 9 7 6 ) r e c o g ni z e d t h at s u b p h as e vis c o us
str ess es e v e nt u all y c at c h u p  wit h s urf a c e vis c o us str ess es b e y o n d a criti c al l e n gt h s c al e,
ulti m at el y r e g ul ari zi n g t h e di v er g e n c e i n h er e nt t o 2 -D St o k es fl o w.  B uil di n g o n t his
fr a m e w or k, t h e h y dr o d y n a mi cs of dis k s ( H u g h es, P ailt h or p e  &  W hit e 1 9 8 1 ; St o n e  &
Aj d ari 1 9 9 8 ), s p h er es ( D a n o v,  Di m o v a  & P o uli g n y 2 0 0 0 ; Fis c h er,  D h ar  &  H ei ni g 2 0 0 6 ),
r o ds ( Fis c h er 2 0 0 4 ;  L e vi n e,  Li v er p o ol  &  M a c Ki nt os h 2 0 0 4 ) a n d elli ps oi ds ( St o n e  &
M as o u d 2 0 1 5 ) e m b e d d e d i n s urf a c e vis c o us i nt erf a c es ar e n o w fir ml y est a blis h e d, a n d
wi d el y e m pl o y e d i n q u a ntif yi n g l at er al diff usi o n i n  m e m br a n es, m o n o l a yers a n d bi o fil ms.

M ost of t h es e eff orts, h o w e v er, a d dr ess fl o w ar o u n d si n gl e p arti cl es.  C orr el at e d
diff usi o n a n d c oll e cti v e eff e cts b e c o m e r el e v a nt i n bi ol o gi c al  m e m br a n es t h at c o nt ai n
a hi g h c o n c e ntr ati o n of pr ot ei ns ( B uss ell,  K o c h  &  H a m m er 1 9 9 5 ;  O p p e n h ei m er  &
Di a m a nt 2 0 0 9 ).  R e c e nt eff orts h a v e hi g hli g ht e d t h e r ol e of l o n g-r a n g e d h y dr o d y n a mi cs
i n a g gr e g ati n g a n d ass e m bli n g a cti v e ( O p p e n h ei m er, St ei n  & S h ell e y 2 0 1 9 ;  M a ni k a nt a n
2 0 2 0 ) a n d dri v e n ( Vi g  &  M a ni k a nt a n 2 0 2 3 )  m e m br a n e- b o u n d p oi nt p arti cl es.  W hil e a
p oi nt- p arti cl e d es cri pti o n off ers us ef ul i nsi g ht i nt o t his c o m pl e x pr o bl e m, r e al p arti cl es
h a v e a fi nit e si z e a n d ori e nt a bilit y  wit h a nis otr o pi c h y dr o d y n a mi c  m o biliti es ( Fis c h er
2 0 0 4 ;  L e vi n e et al. 2 0 0 4 ) t h at l e a d t o n o n -tri vi al d y n a mi cs ( C a ml e y  &  Br o w n 2 0 1 3 ;
S hi,  M or a di  &  N a z o c k d ast 2 0 2 2 ).  C ell ul ar pr o c ess es s u c h as si gn alli n g, tr affi c k i n g a n d
c ur v at ur e s e nsi n g ar e ass o ci at e d  wit h t h e tr a ns p ort a n d r e or g a ni z ati o n of fil a m e nt o us
pr ot ei ns a n d r o d-li k e d o m ai ns ( Si m u n o vi c, Sri v ast a v a  &  V ot h 2 0 1 3 ) o n t h e pl as m a
m e m br a n e.  R e c e nt a d v a n c es als o e n a bl e s y nt h eti c ass e m bl y of c at al yti c ( D h ar et al. 2 0 0 6 )
a n d  D N A ori g a mi- b as e d ( K h m eli ns k ai a et al. 2 0 2 1 ) n a n or o ds e m b e d d e d i n  m o n ol a y ers
a n d  m e m br a n es, y et n o d es cri pti o n of t h eir c oll e cti v e s urf a c e vis c o us i nt er a cti o ns
y et e xist.

We ai m t o a d dr ess t his g a p b y b orr o wi n g fl ui d  m e c h a ni c al i nsi g hts fr o m a n al o g o us
w or k s o n t h e d y n a mi cs of 3 -D s us p e nsi o ns of s ettli n g p arti cl es. S u c h a 3 -D pr o bl e m  w as
first st u di e d b y  K o c h  & S h a qf e h ( 1 9 8 9 )  w h o s h o w e d t h at a dis p ersi o n of s ettli n g s p h er oi ds
is i n h er e ntl y u nst a bl e t o c o n c e ntr ati o n fl u ct u ati o ns.  El o n g at e d p arti cl es r e ali g n p ar all el t o
t h e e xt e nsi o n al a xis of t h e h y dr o d y n a mi c dist ur b a n c e g e n er at e d b y its n ei g h b o urs.  T h e
ori e nt ati o n of e a c h p arti cl e t h e n di ct at es t h e dir e cti o n a n d s p e e d of s ettli n g d u e t o t h e
a nis otr o p y i n its h y dr o d y n a mi c  m o bilit y.  Dist ur b a n c e fi el ds d u e t o d e ns er p arti cl e cl ust ers
r e ori e nt n ei g h b o ur i n g p arti cl es i n s u c h a  w a y t h at t h e y pr ef er e nti all y  mi gr at e t o w ar ds
r e gi o ns of alr e a d y d e ns e cl ust ers, t h er e b y a m plif yi n g c o n c e ntr ati o n fl u ct u ati o ns.  Usi n g a
li n e ar st a bilit y a n al ysis,  K o c h  & S h a qf e h (1 9 8 9 ) s h o w e d t h at fl u ct u ati o ns  wit h t h e l o n g est
w a v el e n gt hs ar e t h e  m ost u nst a bl e i n a h o m o g e n e o us 3 -D s us p e nsi o n of is otr o pi c all y
ori e nt e d s p h er oi ds. I n  w h at f oll o ws,  w e  will a d a pt s u c h a  m at h e m ati c al fr a m e w or k t o
e x a mi n e ori e nt ati o n- d e p e n d e nt h y dr o d y n a mi c i nt er a cti o ns a n d  mi cr ostr u ct ur e  wit hi n a
vis c o us  m e m br a n e.

I n § 2 w e d e v el o p a  m e a n- fi el d d es cri pti o n of a dil ut e q u asi -2 -D s us p e nsi o n of
dri v e n  m e m br a n e- att a c h e d sl e n d er p arti cl es b y c o u pli n g t h eir a nis otr o pi c  m o biliti es t o
l o n g-r a n g e d i nt erf a ci al vis c o us h y dr o d y n a mi cs. I n § 3 , w e a n al ys e t h e li n e ar st a bilit y of
s u c h a s yst e m t o c o n c e ntr ati o n p ert ur b ati o ns, r e v e ali n g si g n at ur es of t h e r es ol uti o n of t h e
St o k es p ar a d o x i n c oll e cti v e d y n a mi cs. I n § 4 ,  w e c o n n e ct str ai ni n g fi el ds s et u p ar o u n d
dri v e n p arti cl es t o s us p e nsi o n st a bilit y a n d r e v e al  m e c h a nis ms f or a l e n gt h-s c al e s el e cti o n
i n t his pr o bl e m.

9 8 7 R 4- 2
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S us p e nsi o n st a bilit y  wit hi n vis c o us  m e m br a n es

F

p
z

y

a
L

p p

x

M e m br a n e, η s

S u b p h as e, η

Fi g ur e 1. S yst e m g e o m etr y: el o n g at e d p arti cl es ( L a ) ar e e m b e d d e d  wit hi n a n i n fi nit esi m all y t hi n 2- D
vis c o us l a y er at o p a 3- D fl ui d s u b p h as e, a n d ar e all dri v e n i n t h e  m e m br a n e pl a n e b y a n e xt er n al f or c e F .

2.  T h e o r eti c al f o r m ul ati o n

2. 1. M e a n- fi el d d es cri pti o n

T h e g e o m etr y of o ur s yst e m is s h o w n i n fi g ur e 1 . Sl e n d er r o d-li k e p arti cl es of l e n gt h
L a n d c h ar a ct eristi c t hi c k n ess a ( wit h a L ), e a c h  wit h a u nit ori e nt ati o n v e ct or p =
(c os θ , si n θ ) , ar e e m b e d d e d  wit hi n a 2 -D vis c o us l a y er at o p a 3 -D s u b p h as e. I n a
m e a n- fi el d d es cri pti o n,  w e d e fi n e a pr o b a bilit y distri b uti o n ψ ( x , p , t) s u c h t h at t h e l o c al
c o n c e ntr ati o n c (x , t) is o bt ai n e d b y i nt e gr ati n g ψ a cr oss all p ossi bl e ori e nt ati o ns p :

c (x , t) = ψ ( x , p , t) d p =
2 π

0
ψ ( x , p , t) d θ. ( 2. 1)

We  will als o d e fi n e n as t h e n u m b er d e nsit y of p arti cl es:

n =
1

A A
c (x , t) d x , ( 2. 2)

w h er e A is t h e ar e a of t h e  m e m br a n e.  R o ds ar e c o nstr ai n e d t o tr a nsl at e a n d r ot at e i n t h e
pl a n e of t h e  m e m br a n e.  C o ns er v ati o n of p arti cl es is t h e n e x pr ess e d b y

∂ ψ

∂ t
+ ∇ s · ( ẋ ψ ) + ∇ p · ( ṗ ψ ) = 0 , ( 2. 3)

w h er e ẋ a n d ṗ ar e tr a nsl ati o n al a n d r ot ati o n al v el o citi es t h at c a pt ur e pr o b a bilit y fl u x.  T h e
s urf a c e gr a di e nt o p er at or i n t h e pl a n e of t h e  m e m br a n e is d e fi n e d as ∇ s = (I − n n ) · ∇,
w h er e I is t h e i d e ntit y t e ns or a n d n is t h e l o c al n or m al t o t h e 2 -D  m a nif ol d t h at r e pr es e nts
t h e  m e m br a n e, a n d t h e ori e nt ati o n al gr a di e nt o p er at or si m pli fi es t o

∇ p = (I − p p ) ·
∂

∂ p
= θ̂

∂

∂ θ
. ( 2. 4)

H er e, θ̂ i s t h e a zi m ut h al u nit v e ct or i n t h e pl a n e of t h e  m e m br a n e. I n t his i niti al  w or k,
w e  will r estri ct o urs el v es t o pl a n ar  m e m br a n es at z = 0, a n d s o n = ˆ z , w h er e ẑ i s t h e u nit
v e ct or i n t h e z dir e cti o n ( fi g ur e 1 ).

2. 2. Mi cr o m e c h a ni c al  m o d el

We  will e x pl or e t h e r es p o ns e of s u c h a q u asi -2 -D s us p e nsi o n of el o n g at e d p arti cl es t o a n
e xt er n all y a p pli e d f or c e. F or si m pli cit y, t h e f or c e F will b e t a k e n t o b e a c o nst a nt a n d a ct

9 8 7 R 4- 3
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H.  M a ni k a nt a n

i n t h e s a m e dir e cti o n o n all p arti cl es, a ki n t o s e di m e nt ati o n i n 3 -D s us p e nsi o ns ( K o c h  &
S h a qf e h 1 9 8 9 ).  T his  mi g ht r e pr es e nt t et h er e d tr a ns- m e m br a n e pr ot ei ns t h at ar e dri v e n b y
t h e e xt er n al e n vir o n m e nt or b y t h e c yt os k el et o n; alt er n ati v el y, t his g e o m etr y r e pr es e nts
pr ot ei ns or pr o b es dr a g g e d t hr o u g h a  m e m br a n e or a  m o n ol a y er b y a n e xt er n al f or c e.  T h e
tr a nsl ati o n al v el o cit y i n (2. 3 ) t h e n h as c o ntri b uti o ns fr o m t h e s elf- m o bilit y of e a c h p arti cl e,
a n d fr o m a d v e cti o n d u e t o t h e dist ur b a n c e fi el d g e n er at e d b y n ei g h b o ur i n g r o ds:

ẋ = u s + u d . ( 2. 5)

P h os p h oli pi ds t h at  m a k e u p bi ol o gi c al  m e m br a n es a n d  m o n ol a y ers ar e i ns ol u bl e a n d
w ell -a p pr o x im at e d as 2 -D i n c o m pr essi bl e fl ui ds ( M a ni k a nt a n  & S q uir es 2 0 2 0 ).  T h e
dist ur b a n c e fi el d u d t h e n s ol v es t h e B o ussi n es q – S cri v e n e q u ati o n ( S cri v e n 1 9 6 0 ) f or t h e
str ess b al a n c e  wit hi n a vis c o us i n c o m pr essi bl e i nt erf a c e of s urf a c e vis c osit y η s c o u pl e d
t o 3 -D St o k es fl o w i n t h e a dj a c e nt b ul k fl ui d of vis c osit y η a n d f or c e d b y F distri b ut e d at
c o n c e ntr ati o n c (x , t):

∇ s Π = η s ∇
2
s u d − η

∂ v

∂ z z= 0

+ F c (x , t), ∇ s · u d = 0 . ( 2. 6a ,b )

H er e, Π is t h e s urf a c e pr ess ur e.  M e m br a n e fl o w is c o u pl e d t o t h e 3 -D fl o w fi el d v i n
t h e a dj a c e nt s e mi-i n fi nit e (z fr o m 0 t o − ∞ ) s u b p h as e vi a t h e tr a cti o n t er m a n d a n o-sli p
c o n diti o n u = v at z = 0.  T his fr a m e w or k c a n b e g e n er ali z e d t o a c c o m m o d at e  m e m br a n e
c ur v at ur e a n d t o t h e pr es e n c e of 3 -D fl ui ds o n eit h er si d e of t h e  m e m br a n e ( S hi et al. 2 0 2 2 ;
S hi,  M or a di  &  N a z o c k d ast 2 0 2 4 ).

T h e v el o cit y u s i n (2. 5 ) is t h e l o c al r es p o ns e of a r o d-li k e p arti cl e t o a c o nst a nt f or c e F :

u s = μ ⊥ (I − p p ) · F + μ p p · F , ( 2. 7)

wit h h y dr o d y n a mi c  m o biliti es μ ⊥ a n d μ f or tr a nsl ati o n i n dir e cti o ns p er p e n di c ul ar a n d
p ar all el t o p , r es p e cti v el y.  T h es e  m o biliti es c a n b e d et er mi n e d b y a d a pti n g st a n d ar d
b o u n d ar y i nt e gr al  m et h o ds t o a sl e n d er r o d. I n s h ort, t his is a c hi e v e d b y e v al u ati n g
t h e dist ur b a n c e v el o cit y d u e t o a li n e distri b uti o n of p oi nt-f or c e s ol uti o ns of t h e
B o ussi n es q – S cri v e n e q u ati o n ( 2. 6 a ,b ), a n d t h e n i nt e gr ati n g t h e f or c e d e nsit y t h at s atis fi es
t h e b o u n d ar y c o n diti o n c orr es p o n di n g t o p arti cl e  m oti o n p ar all el or p er p e n di c ul ar t o
t h e f or c e ( Fis c h er 2 0 0 4 ;  L e vi n e et al. 2 0 0 4 ; S hi et al. 2 0 2 2 ).  T h es e i nt e gr als c a n b e
a n al yti c all y p erf or m e d i n t h e as y m pt oti c li mits of  m e m br a n e- d o mi n a nt ( η s η L ) or
s u b p h as e- d o mi n at e ( η s η L ) s yst e ms. S p e ci fi c all y, t h e h y dr o d y n a mi c  m o biliti es of a r o d
i n a pl a n ar i n c o m pr essi bl e  m e m br a n e  w h e n s urf a c e vis c o us str ess es d o mi n at e (η s /( η L ) →
∞ ) ar e ( Fis c h er 2 0 0 4 )

μ =
l o g(8 η s /( η L )) − γ E + 1 / 2

4 π η s
, μ⊥ =

l o g(8 η s /( η L )) − γ E − 1 / 2

4 π η s
, ( 2. 8a ,b )

w h er e γ E i s  E ul er’s c o nst a nt.  N ot a bl y, dr a g o n a r o d-li k e p arti cl e d e p e n ds o nl y  w e a kl y o n
its l e n gt h a n d ori e nt ati o n u nli k e i n 3 -D fl ui ds  w h er e μ 3 D ≈ 2 μ 3 D

⊥ .  H o w e v er, t h e p ar all el
a n d p er p e n di c ul ar  m o biliti es ar e n ot i d e nti c al ( μ − μ ⊥ → 1 /( 4 π η s ) as η s /( η L ) → ∞ )
a n d t h e r es ulti n g a nis otr o p y, alt h o u g h  w e a k, aff e cts t h e s us p e nsi o n  mi cr ostr u ct ur e as  w e
s e e i n § § 3 – 4 .  B y c o ntr ast, t h e  m o biliti es f or s u b p h as e- d o mi n a nt s yst e ms (η s /( η L ) → 0)
li mit t o

μ =
l n(0 .4 8 η L / η s )

π η L
, μ⊥ =

1

π η L
. ( 2. 9a ,b )

P er p e n di c ul ar tr a nsl ati o n i n a n e arl y i n visci d  m e m br a n e r e pr es e nts t h e  m ost stri ki n g
diff er e n c e  wit h 3 -D fl ui ds: i n- pl a n e 2 -D i n c o m pr essi bilit y dis pl a c es s urf a c e v el o citi es ( a n d
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S us p e nsi o n st a bilit y  wit hi n vis c o us  m e m br a n es

t h er ef or e b ul k str e a mli n es) ar o u n d t h e l e n gt h of t h e r o d gi vi n g ris e t o a p er p e n di c ul ar dr a g
t h at is li n e ar i n L .  M o bilit y c o ef fi ci e nts μ a n d μ ⊥ f or i nt er m e di at e v al u es of η s /( η L )
c a n b e e v al u at e d n u m eri c all y ( Fis c h er 2 0 0 4 ;  L e vi n e et al. 2 0 0 4 ) a n d t h e y  m o n ot o ni c all y
i nt er p ol at e b et w e e n (2. 8 a ,b ) a n d (2. 9 a ,b ); f urt h er, μ is al w a ys gr e at er t h a n μ ⊥ .

Fi n all y, t h e r ot ati o n al fl u x i n ( 2. 3 ) c a pt ur es r e ori e nt ati o n d u e t o n o n- u nif or m dist ur b a n c e
fi el ds. F or sl e n d er r o d-li k e p arti cl es, t his is gi v e n b y J eff er y’s e q u ati o n (J eff er y 1 9 2 2 ):

ṗ = (I − p p ) · ∇s u d · p . ( 2. 1 0)

T h er m al n ois e  m a y c o ntri b ut e a d diti o n al t er ms t o ẋ a n d ṗ , or e q ui v al e ntl y as diff usi v e
t er ms i n t h e c o ns er v ati o n e q u ati o n (2. 3 ).  We i g n or e diff usi o n i n  w h at f oll o ws t o hi g hli g ht
t h e r ol e of h y dr o d y n a mi cs al o n e.  H o w e v er, diff usi o n is str ai g htf or w ar d t o a d d t o t h e
a n al ysis b el o w vi a a n a d diti o n al fl u x − D ∇ s (l n ψ ) or e q ui v al e ntl y dir e ctl y as a diff usi v e
t er m D ∇ 2

s ψ o n t h e ri g ht- h a n d si d e of ( 2. 3 ),  w h er e D is a diff usi o n c o nst a nt.  Diff usi o n
al w a ys a cts t o s u p pr ess l ar g e w a v e n u m b er fl u ct u ati o ns ( M a ni k a nt a n et al. 2 0 1 4 ; Vi g &
M a ni k a nt a n 2 0 2 3 ).

3.  Li n e a r st a bilit y

We  wis h t o e x a mi n e t h e li n e ar st a bilit y of a dil ut e q u asi -2 -D s us p e nsi o n t h at is
h o m o g e n e o us i n c o n c e ntr ati o n a n d is otr o pi c i n ori e nt ati o n al distri b uti o n.  T h e dist ur b a n c e
fi el d ass o ci at e d  wit h s u c h a b as e st at e is u d = 0 .  We p ert ur b t h e pr o b a bilit y distri b uti o n
ar o u n d t his b as e st at e as ψ ( x , p , t) = n [ψ 0 + ψ (x , p , t)] w h er e ψ 0 = (2 π )− 1 , u d =
u d a n d ṗ d = ṗ d .  H er e, | | < < 1 a n d pri m es r e pr es e nt p ert ur b e d q u a ntiti es.  T h e

c orr es p o n di n g l o c al c o n c e ntr ati o n is c = n [ 1 + c ]. Pl u g gi n g p ert ur b e d q u a ntiti es i nt o
(2. 3 ) a n d r e c o g ni zi n g t h e is otr o pi c b as e st at e as  w ell as 2 -D i n c o m pr essi bilit y of t h e
m e m br a n e fl ui d fi el d ( ∇ s · u = 0) gi v es t h e pr o b a bilit y c o ns er v ati o n e q u ati o n at O ( ):

∂ ψ

∂ t
+ ∇ s ψ · u s + ψ 0 ∇ p · ṗ d = 0 ( 3. 1)

We t h e n i m p os e n or m al  m o d es  wit h  w a v e v e ct or k a n d fr e q u e n c y ω of t h e f or m

ψ (x , p , t) = ˜ψ ( k , p , ω ) e x p (i(k · x − ω t)), ( 3. 2)

w h er e til d es r e pr es e nt c orr es p o n di n g F o uri er v ari a bl es, s o t h at c̃ (k , ω ) = ˜ψ d p is t h e
ass o ci at e d l o c al c o n c e ntr ati o n.  T h e ass o ci at e d h y dr o d y n a mi c dist ur b a n c e fi el d c a n b e
o bt ai n e d b y s ol vi n g ( 2. 6 a ,b ) f or t h e c orr es p o n di n g F o uri er tr a nsf or m of t h e dist ur b a n c e
v el o cit y ( M a ni k a nt a n  & S q uir es 2 0 2 0 ):

ũ d (k , p , ω ) =
(I − k̂ k̂ ) · n F c̃

k 2 η s + k η
, ( 3. 3)

w h er e k = | k | a n d k̂ = k / k is a u nit v e ct or.  T h e n, usi n g J eff er y’s e q u ati o n (2. 1 0 ),  w e fi n d

˜̇p d =
i( p · k )(I − p p ) · (I − k̂ k̂ ) · n F c̃

k 2 η s + k η
⇒ ∇ p · ˜̇p d =

− 2i ( p · k )p · (I − k̂ k̂ ) · n F c̃

k 2 η s + k η
.

( 3. 4)

Pl u g gi n g ( 3. 2 ) a n d (3. 4 ) i nt o (3. 1 ) gi v es

(− iω + ik · u s ) ˜ψ −
2i ψ 0 ( p · k )p · (I − k̂ k̂ ) · n F c̃

k 2 η s + k η
= 0 , ( 3. 5)

w h er e u s f oll o ws (2. 7 ).
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H.  M a ni k a nt a n

We n o w n o n- di m e nsi o n ali z e o v er c h ar a ct eristi c v al u es of L f or l e n gt h, F f or f or c e, a n d

F /( 4 π η s ) f or v el o citi es.  We  will t a k e t h e dir e cti o n of t h e f or c e t o b e f̂ s o t h at F = F f̂ .
T h e n,

(− ω + k · [μ p p + μ ⊥ (I − p p )] · f̂ ) ˜ψ −
8 N ψ 0 ( p · k )p · (I − k̂ k̂ ) · f̂ c̃

k 2 + k
= 0 , ( 3. 6)

w h er e = η s /( η L ) is t h e di m e nsi o nl ess S aff m a n – D el br ü c k l e n gt h.  Alt er n ati v el y, c a n b e
i nt er pr et e d as a  B o ussi n es q n u m b er ( M a ni k a nt a n  & S q uir es 2 0 2 0 )  w hi c h c h ar a ct eri z es
s urf a c e vis c o us str ess es r el ati v e t o 3 -D vis c o us str ess es fr o m t h e a dj a c e nt s u b p h as e
fl ui d o v er t h e l e n gt h L .  M o m e nt u m tr a ns p ort is  m e m br a n e- d o mi n at e d  w h e n → ∞ a n d
s u b p h as e- d o mi n at e d  w h e n → 0. T h e v ari a bl e N = n π L 2 is a n eff e cti v e ar e a fr a cti o n
o c c u pi e d b y p arti cl es.  T h e l o n g-r a n g e d d es cri pti o n is v ali d o nl y i n t h e dil ut e r e gi m e, a n d
s o N is at  m ost O (1 ).

T o pr o c e e d,  w e si m plif y o ur pr o bl e m b y c o nsi d eri n g o nl y p ert ur b ati o ns i n c o n c e ntr ati o n

al o n g t h e dir e cti o n p er p e n di c ul ar t o t h e e xt er n al f or c es: k · f̂ = 0.  T his is  m oti v at e d
b y t h e f a ct t h at t h es e tr a ns v ers e p ert ur b ati o ns ar e t h e  m ost u nst a bl e i n a n al o g o us 3 -D
s e di m e nt ati o n pr o bl e ms ( K o c h  & S h a qf e h 1 9 8 9 ) a n d dri v e n 2 -D s us p e nsi o ns ( Vi g  &
M a ni k a nt a n 2 0 2 3 ). Si m plif yi n g  wit h t his ass u m pti o n a n d r e arr a n gi n g gi v es

˜ψ =
8 N ψ 0 c̃

k 2 + k

( p · k )( p · f̂ )

( μ − μ ⊥ )( p · k )( p · f̂ ) − ω
. ( 3. 7)

I nt e gr ati n g (3. 7 ) a cr oss all ori e nt ati o ns  w hil e n oti n g t h at c̃ (k , ω ) = ˜ψ d p eli mi n at es ˜ψ
t o r e v e al a n i m pli cit r el ati o ns hi p f or ω ( k ):

( p · k )( p · f̂ )

( μ − μ ⊥ )( p · k )( p · f̂ ) − ω
d p =

k 2 + k

8 N ψ 0
. ( 3. 8)

T h e  m o bilit y c o ef fi ci e nts μ a n d μ ⊥ ar e f u n cti o ns of , a n d ψ 0 = (2 π )− 1 i s t h e is otr o pi c
b as e st at e distri b uti o n. F or a gi v e n ar e a fr a cti o n N , (3. 8 ) t h us r e pr es e nts a f a mil y of
dis p ersi o n r el ati o ns p ar a m etri z e d b y t h e S aff m a n – D el br ü c k l e n gt h .

I n a 2 -D  C art esi a n pl a n e r e pr es e nti n g t h e  m e m br a n e,  w e c a n t a k e f̂ = − ˆy a n d k̂ = ˆx
wit h o ut l oss of g e n er alit y. Si m plif yi n g ( 3. 8 ) usi n g p = (c os θ , si n θ ) t h e n gi v es

1

2 π

2 π

0

k si n θ c os θ

( μ − μ ⊥ )k si n θ c os θ + ω
d θ =

k 2 + k

8 N
, ( 3. 9)

w hi c h is a n i m pli cit i nt e gr al e q u ati o n f or t h e dis p ersi o n r el ati o n k ( ω ). F or n or m al  m o d es
of t h e f or m e x p[i (k · x − ω t)], p ert ur b ati o ns ar e u nst a bl e if t h e i m a gi n ar y p art of ω is
p ositi v e.

Fi g ur e 2 (a ) s h o ws t h e gr o wt h r at e σ = I m[ω ] as a f u n cti o n of w a v e n u m b er
o bt ai n e d b y n u m eri c all y e v al u ati n g r o ots of ( 3. 9 )  wit h a s e c a nt  m et h o d.  T h e → ∞
li mit is r e mi nis c e nt of a n al o g o us 3 -D s us p e nsi o ns,  w h er e t h e s yst e m-s p a n ni n g  m o d e
c orr es p o n di n g t o k = 0 is t h e  m ost u nst a bl e (s e e  K o c h  & S h a qf e h 1 9 8 9 ;  M a ni k a nt a n et al.
2 0 1 4 ).  T o o bt ai n t h e gr o wt h r at e at k = 0 a n al yti c all y,  w e e x p a n d t h e i nt e gr a n d i n ( 3. 9 ) as
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S us p e nsi o n st a bilit y  wit hi n vis c o us  m e m br a n es

0 0. 5

0. 2

0. 4

0. 6

0. 8

1. 0

0

3

2

1

0
1 0 – 2 1 0 – 1 1 0 0 1 0 1 1 0 2

1 0 – 2 1 0 – 1 1 0 0 1 0 1 1 0 2

0. 2

0. 4

0. 6

0. 8

1. 0

σ

1. 0 1. 5 2. 0 2. 5 3. 0

k

k
k m

k 0

(a )

σ m

 = 0. 1

 = 0. 3

 = 1

 = 3

 = 1 0

 → ∞

(b )

(c )

Fi g ur e 2. ( a )  Gr o wt h r at es σ of u nst a bl e  m o d es at v ari o us = η s / η L f or a di m e nsi o nl ess n u m b er d e nsit y of
N = n π L 2 = 1. ( b )  M a xi m u m gr o wt h r at e σ m , a n d (c )  m ost u nst a bl e  w a v e n u m b er k m a n d l ar g est  w a v e n u m b er
k 0 a s a f u n cti o n of .  D as h e d li n es i n (c ) ar e as y m pt oti c li mits fr o m (3. 1 4 a ,b ).

a  Ta yl or s eri es i n k :

k

2 π ω

2 π

0
si n θ c os θ 1 −

( μ − μ ⊥ )k

ω
si n θ c os θ + · · · d θ =

k 2 + k

8 N
. ( 3. 1 0)

I nt e gr ati n g t er m b y t er m a n d si m plif yi n g gi v es

−
( μ − μ ⊥ )k 2

ω 2
+ O (k 4 ) =

k 2 + k

N
. ( 3. 1 1)

Fr o m ( 2. 8 a ,b ), t h e di m e nsi o nl ess  m o bilit y diff er e n c e i n t h e  m e m br a n e- d o mi n at e d r e gi m e
( → ∞ ) is μ − μ ⊥ → 1,  w hi c h gi v es ω 2 = − N + O (k 2 ) or

σ ( k → 0 , → ∞ ) =
√

N . ( 3. 1 2)

I n f a ct, t his t ur ns o ut t o b e t h e  m a xi m u m v al u e of t h e gr o wt h r at e a cr oss all k a n d .
I n cr e asi n g s u b p h as e vis c o us str ess es ( d e cr e asi n g ) al w a ys a cts t o s u p pr ess t h e

i nst a bilit y.  N ot a bl y, t h e k = 0  m o d e is st a bl e f or fi nit e η , r e fl e cti n g a b o u n d ar y l a y er at
i n fi nit y t h at r e g ul ari z es t h e si n g ul arit y i n 2 -D St o k es b y a c c o u nti n g f or s u b p h as e vis c o us

str ess es ( S aff m a n 1 9 7 6 ). F or fi nit e , (3. 1 1 ) gi v es ω 2 ∼ − k N ( μ − μ ⊥ ) or σ = I m[ω ] ∝√
k . I n ot h er  w or ds, t h e gr o wt h r at e g o es t o z er o as k → 0 f or all v al u es of e x c e pt i n

t h e li mit → ∞ .  T h e  m ost u nst a bl e  m o d e t h e n c orr es p o n ds t o a fi nit e v al u e of k w hi c h
s u g g ests a  m e c h a nis m f or w a v e n u m b er s el e cti o n.  T h e  m ost u nst a bl e w a v e n u m b er k m c a n
b e d et er mi n e d b y t a ki n g t h e d eri v ati v e of ( 3. 9 )  wit h r es p e ct t o k a n d n u m eri c all y s ol vi n g
t h e i m pli cit i nt e gr al e q u ati o n c orr es p o n di n g t o ∂ ω / ∂ k = 0. Fi g ur e 2 (b ,c ) s h o ws k m a n d
t h e c orr es p o n di n g gr o wt h r at e σ m a s a f u n cti o n of .  N ot e t h at t h e  m a xi m u m gr o wt h r at e
σ m a s y m pt ot es t o t h e → ∞ li mit as pr e di ct e d b y (3. 1 2 ), a n d  m o n ot o ni c all y d e cr e as es
u p o n d e cr e asi n g . T h e w a v e n u m b er k m c orr es p o n di n g t o f ast est gr o wt h of p ert ur b ati o ns,
h o w e v er, v ari es n o n- m o n ot o ni c all y  wit h a n d p e a ks at = O (1 ): i n § 4 w e pr o p os e a
m e c h a nis m of i nst a bilit y t h at cl ari fi es t h e l e n gt h s c al e s el e cti o n u n d erl yi n g k m a n d its
d e p e n d e n c e o n .
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H.  M a ni k a nt a n

Fi n all y, a k e y p ar a m et er is t h e l ar g est u nst a bl e w a v e n u m b er k 0 w hi c h r e v e als t h e l e n gt h
s c al e of s h ort est u nst a bl e  m o d es. S etti n g ω = 0 i n ( 3. 9 ) gi v es

k 2
0 + k 0 =

8 N

μ − μ ⊥
. ( 3. 1 3)

S ol vi n g t his q u a dr ati c e q u ati o n f or p ositi v e k 0 yi el ds t h e c ur v e i n fi g ur e 2 (c ).  N ot e t h at t his
ω = 0 li mit is o nl y v ali d f or k /= 0.  T h e r a n g e of u nst a bl e  m o d es i n cr e as es  m o n ot o ni c all y
wit h .  T h e hi g h a n d l o w li mits c a n b e f o u n d a n al yti c all y usi n g (2. 8 a ,b ) a n d (2. 9 a ,b ):
μ − μ ⊥ a s y m pt ot es t o 1 a n d 4 [l n(0 .4 8 / ) − 1] i n t h es e li mits , r es p e cti v el y, gi vi n g

k 0 ( → ∞ ) =
√

8 N , k 0 ( → 0 ) =
2 N

− l o g( ) − 1 .7 3
. ( 3. 1 4a ,b )

T h es e ar e s h o w n as t h e d as h e d c ur v es i n fi g ur e 2 (c ).

4. I n st a bilit y  m e c h a ni s m a n d l e n gt h- s c al e s el e cti o n

T h e  m e c h a nis m of i nst a bilit y c a n b e u n d erst o o d b y e x a mi ni n g t h e dist ur b a n c e fl o w
cr e at e d i n t h e pl a n e of t h e  m e m br a n e b y a p oi nt f or c e a n d t h e eff e ct of t his fl o w o n
r e ali g ni n g n ei g h b o ur i n g p arti cl es.  We a g ai n f oll o w cl assi c 3 -D s us p e nsi o n  w or k s ( K o c h  &
S h a qf e h 1 9 8 9 ) t o e x a mi n e r el ati v e ali g n m e nt of p airs of p arti cl es u n d er a ps e u d o-st e a d y
a p pr o xi m ati o n  w h er e p arti cl e p ositi o ns ar e h el d at a fi x e d dist a n c e. I n a dil ut e s us p e nsi o n,
a n y gi v e n p arti cl e cr e at es a p oi nt -f or c e v el o cit y dist ur b a n c e (s h o w n as t h e arr o w p oi nti n g
d o w n w ar d i n fi g ur e 3 a ,b ). N ei g h b o ur i n g p arti cl es t e n d t o ali g n p ar all el t o t h e dir e cti o n of
t h e e xt e nsi o n al c o m p o n e nt (s h o w n i n  m a g e nt a ar o u n d e a c h p arti cl e) of t h e fl ui d  m oti o n
c a us e d b y t h e p oi nt f or c e at t h e c e n tr e. S u c h a pi ct ur e h el ps i d e ntif y  mi cr ostr u ct ur al
c o n fi g ur ati o ns t h at f a v o ur a c c u m ul ati o n or s e p ar ati o n.

We c a n e v al u at e t h e l o c al e xt e nsi o n al fl o w a n d t h e pri n ci p al a x es of e xt e nsi o n ar o u n d
e a c h p arti cl e fr o m t h e h y dr o d y n a mi c dist ur b a n c e fi el d d u e t o t h e p oi nt f or c e.  T h e
di m e nsi o nl ess v el o cit y at a p oi nt r i n t h e pl a n e of t h e  m e m br a n e d u e t o a p oi nt f or c e
at t h e ori gi n is ( Fis c h er 2 0 0 4 ;  L e vi n e et al. 2 0 0 4 ;  M a ni k a nt a n  & S q uir es 2 0 2 0 )

u (r ) = π
H 1 (d )

d
−

2

π d 2
−

Y 0 (d ) + Y 2 (d )

2

r r

r 2

+ H 0 (d ) −
H 1 (d )

d
+

2

π d 2
−

Y 0 (d ) − Y 2 (d )

2
I −

r r

r 2
· f̂ , ( 4. 1)

w h er e r = | r | is t h e di m e nsi o nl ess dist a n c e, a n d d = r / .  H er e, H ν a n d Y ν ar e Str u v e a n d
B ess el f u n cti o ns of t h e s e c o n d ki n d or or d er ν , r es p e cti v el y.  N ot e t h at is r e n or m ali z e d b y
t h e dist a n c e r i n t h e f ar- fi el d d es cri pti o n: i n ot h er  w or ds, at c o nst a nt η s a n d η , t h e s yst e m
s wit c h es fr o m  m e m br a n e- d o mi n at e d t o s u b p h as e- d o mi n at e d at l ar g e e n o u g h l e n gt h s c al es.

T h e v el o cit y fi el d i n t h e pl a n e of t h e  m e m br a n e fr o m ( 4. 1 ) as y m pt ot es t o t h at
c orr es p o n di n g t o t h e 2 -D st o k esl et i n t h e  m e m br a n e- d o mi n at e d r e gi m e ( r ):

u (r , r ) → − l o g
r

I +
r r

r 2
· f̂ . ( 4. 2)

T h e  m e c h a nis m of t h e i nst a bilit y is ti e d t o t h e r e ori e nt ati o n of n ei g h b o ur i n g p arti cl es  w h e n
pl a c e d i n s u c h a dist ur b a n c e fi el d. S p e ci fi c all y, r o d-li k e p arti cl es ali g n  wit h t h e e xt e nsi o n al
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S us p e nsi o n st a bilit y  wit hi n vis c o us  m e m br a n es

(a ) (b )

Fi g ur e 3.  M e c h a nis m of t h e i nst a bilit y: a p oi nt f or c e g e n er at es i n- pl a n e v el o cit y u ( gr e y str e a mli n es).  T h e
m a g e nt a str e a mli n es d e pi ct t h e s y m m etri c p art of t h e l o c al, li n e ar fl o w fi el d ar o u n d p arti cl es at a dist a n c e
r . P arti cl es ar e s h o w n i n t h eir  m ost f a v o ur e d ori e nt ati o n,  wit h t h eir l o n g a xis p ar all el t o t h e e xt e nsi o n al
c o m p o n e nt of t h e fl o w fi el d g e n er at e d b y t h e p oi nt f or c e. ( a ) F or r ( m e m br a n e- d o mi n at e d r e gi m e),
n ei g h b o urs al w a ys r e ori e nt s u c h t h at t h e y ar e dr a w n t o w ar ds t h e p oi nt f or c e, t h er e b y i n cr e asi n g p arti cl e d e nsit y.
(b )  B y c o ntr ast, at  m u c h l o n g er l e n gt h s c al es r (s u b p h as e- d o mi n at e d r e gi m e), p arti cl es t h at f all  wit hi n
t h e s h a d e d r e gi o n r e ori e nt s u c h t h at t h e y ar e dr a w n a w a y fr o m t h e p oi nt f or c e, r e d u ci n g p arti cl e d e nsit y a n d
st a bili zi n g t h e s us p e nsi o n. F or a fi x e d η s a n d η , t h e s yst e m tr a nsiti o ns c o nti n u o usl y fr o m  m e m br a n e- d o mi n at e d
t o s u b p h as e- d o mi n at e d at l ar g e e n o u g h dist a n c es.

a xis of t h e l o c al fl o w.  T h e r at e- of-str ai n t e ns or i n t h e  m e m br a n e- d o mi n at e d c as e is

E ( r ) =
∇ s u d + ∇ s u

T
d

2
=

(r · f̂ )I

r 2
−

2 r r r · f̂

r 4
. ( 4. 3)

Usi n g f̂ = − ˆy a n d r = r r̂ = (r c os φ , r si n φ ) w h er e φ is  m e as ur e d r el ati v e t o t h e p ositi v e

x dir e cti o n di a g o n ali z es t h e r at e- of-str ai n t e ns or i n t h e ( r̂ , φ̂ ) b asis as

E ( r ) =
si n φ

r

1 0
0 − 1

. ( 4. 4)

T h e ei g e n v e ct ors of E ar e t h e pri n ci p al dir e cti o ns of e xt e nsi o n.  We s e e fr o m ( 4. 4 ) t h at
t h e pri n ci p al a xis of e xt e nsi o n is p ar all el t o r̂ – i. e. al o n g t h e li n e c o n n e cti n g t h e p arti cl e
t o t h e p oi nt f or c e – i n t h e u p p er h alf -pl a n e ( φ > 0) a n d p er p e n di c ul ar t o r̂ i n t h e l o w er
h alf ( φ < 0). Fi g ur e 3 (a ) s h o ws p arti cl es i n s u c h a pr ef err e d ali g n m e nt: t h e a nis otr o pi c
m o bilit y of e a c h el o n g at e d p arti cl e t h e n dr a ws it t o w ar ds t h e p oi nt f or c e, l e a di n g t o a
n et t e n d e n c y f or p arti cl es t o a c c u m ul at e a n d a m plif y c o n c e ntr ati o n fl u ct u ati o ns.  T his is
a n al o g o us t o t h e cl assi c 3- D i nst a bilit y i n t h e s usp e n si o n of a r o d (s e e  K o c h  & S h a qf e h
1 9 8 9 ).  N ot e als o fr o m (4. 4 ) t h at t h e ei g e n v al u es of E ( r ), c orr es p o n di n g t o t h e l o c al
r at es of e xt e nsi o n λ e xt , p e a k at φ = ± 1

2 π a n d v a nis h at φ = 0: r o ds o n t h e s a m e h ori z o nt al
li n e t h us d o n ot r e ori e nt i n r es p o ns e t o t h e dist ur b a n c e d u e t o t h e ot h er.

T h e i n- pl a n e e xt e nsi o n al fi el d s urr o u n di n g a p oi nt f or c e c h a n g es dr a m ati c all y u p o n
i n cr e asi n g t h e c o ntri b uti o n fr o m t h e s u b p h as e ( d e cr e asi n g ).  T h e  m e m br a n e v el o cit y fi el d
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H.  M a ni k a nt a n

i n t h e s urf a c e-i n vis ci d li mit ( r ) is

u (r , r ) → 2
r r

r 3
· f̂ . ( 4. 5)

N ot e t h at ( 4. 5 ) is n ot si m pl y a 2- D sli c e of t h e fl o w d u e t o a p oi nt f or c e i n t h e b ul k
3- D fl ui d: s urf a c e i n c o m pr essi bilit y r e q uir es t h at u b e di v er g e n c e-fr e e i n t h e pl a n e of t h e

m e m br a n e.  T h e r at e- of-str ai n t e ns or is n o l o n g er e asil y di a g o n ali z a bl e i n t h e ( r̂ , φ̂ ) b asis;
h o w e v er, E still r e v e als k e y f e at ur es  w h e n e x pr ess e d i n t h e ( x̂ , ŷ ) b asis:

E ( r ) =
2

r 2

⎡

⎣
si n φ ( 3 c os 2 φ − 1 ) c os φ 3 si n 2 φ − 1

2

c o s φ 3 si n 2 φ − 1
2 si n φ ( 3 si n 2 φ − 2 )

⎤

⎦ . ( 4. 6)

First, pri n ci p al r at es of e xt e nsi o n s c al e  wit h , c o nsist e nt  wit h a  w e a k e ni n g i nst a bilit y
as s e e n i n § 3 .  A d diti o n all y, n ei g h b o ur i n g p arti cl es al o n g t h e  w a v e v e ct or ( o n t h e s a m e
h ori z o nt al li n e as t h e p oi nt f or c e, or al o n g φ = 0) e x p eri e n c e a n o n- z er o r at e of e xt e nsi o n
al o n g a pri n ci p al dir e cti o n θ e xt = 3 π / 4 ( fi g ur e 4 ).  C o u pl e d t o t h e a nis otr o pi c  m o bilit y of
r o ds, l o c al e xt e nsi o n t h er ef or e r e ori e nts r o ds i n a  m a n n er t h at dr a ws t h e m a w a y fr o m t h e
r ef er e n c e p arti cl e if i niti all y pl a c e d i n a r e gi o n n e ar φ = 0,  w hi c h a cts as a st a bili zi n g
m e c h a nis m.  N ot e als o fr o m ( 4. 6 ) t h at E is di a g o n al i n t h e ( x̂ , ŷ ) b asis  w h e n 3 si n 2 φ = 1

2 ,

i. e. f or a criti c al a n gl e φ c = ± si n − 1 (1 /
√

6 ).  T his c orr es p o n ds t o pri n ci p al a x es t h at ar e
ali g n e d  wit h x̂ or ŷ a n d r e v e als a tr a nsiti o n fr o m c o n fi g ur ati o ns t h at dr a w n ei g h b o ur i n g
p arti cl es t o w ar ds t h e p oi nt f or c e ( w h e n |φ | > |φ c |) or a w a y fr o m it.  T his als o s u g g ests a
m e c h a nis m f or w a v e n u m b er s el e cti o n as s e e n i n t h e st a bilit y a n al ysis i n § 3 : t h e criti c al
l e n gt h s c al e e m er g es fr o m a b al a n c e of fl u x es of p arti cl es dri v e n o ut fr o m  wit hi n t h e r e gi o n
|φ | < |φ c | vs dr a w n i n fr o m r e gi o ns  w h er e |φ | > |φ c |.

Pri n ci p al dir e cti o ns of e xt e nsi o n f or ar bitr ar y , o bt ai n e d b y n u m eri c all y e v al u ati n g t h e
ei g e n v e ct ors of E fr o m t h e g e n er al v el o cit y fi el d i n (4. 1 ), ar e s h o w n i n fi g ur e 4 (a ).  T his
f urt h er cl ari fi es t h e e m er g e n c e of a ‘st a bili zi n g r e gi o n’ i n t er ms of pr ef err e d ori e nt ati o ns
f or fi nit e . P arti cl es pl a c e d i n t his r e gi o n ar e dr a w n a w a y fr o m t h e r ef er e n c e p arti cl e,
c o ntri b uti n g t o a s u p pr essi o n of t h e i nst a bilit y.  T h e / r → ∞ li mit a v oi ds t his r e gi o n
e ntir el y as s e e n  m e c h a nisti c all y i n fi g ur e 3 a n d q u a ntit ati v el y as a dis c o nti n uit y i n θ e xt ( φ )
i n fi g ur e 4 (a ).  T his r e fl e cts t h e si n g ul arit y of 2 -D St o k es fl o w at i n fi nit y, a n d t h e s u b p h as e
vis c o us c o ntri b uti o n i ntr o d u c es a b o u n d ar y l a y er t h at r e g ul ari z es t his dis c o nti n uit y. I n
d oi n g s o, θ e xt t a k es o n v al u es t h at f all  wit hi n t h e s h a d e d p at c h i n fi g ur e 4 (a ) t h at r e pr es e nts
a st a bili zi n g r e gi o n,  w h er e p arti cl e ori e nt ati o ns ar e s u c h t h at t h e y ar e dr a w n a w a y fr o m t h e
r ef er e n c e p arti cl e.  T his  m e c h a nis m als o e x pl ai ns t h e st a bili z ati o n of t h e k = 0  m o d e f or
fi nit e i n § 3 : f or a n y η a n d η s ( a n d si n c e k is p ar all el t o x̂ f or tr a ns v ers e p ert ur b ati o ns),
p arti cl es al o n g t h e h ori z o nt al li n e ( φ = 0)  will al w a ys f all i n t h e st a bili zi n g r e gi o n at a
l ar g e e n o u g h v al u e of r .

T h e ass o ci at e d ei g e n v al u es of E ar e l o c al r at es of e xt e nsi o n λ e xt :  w hil e t h es e pri n ci p al
r at es al w a ys p e a k at φ = ± 1

2 π a n d t h eir  m a g nit u d es d e cr e as e u p o n d e cr e asi n g , t h e y d o
n ot al w a ys v a nis h at φ = 0 ( fi g ur e 4 b ,c ). I n d e e d, λ e xt (r , φ = 0 ) p e a ks  w h e n r ∼ . F or a
p air of p arti cl es pl a c e d i n t h e s a m e h ori z o nt al li n e, t h e r e ori e nt ati o n t h at f a v o urs p arti cl e
s e p ar ati o n is t h us str o n g est at dist a n c es c o m p ar a bl e t o t h e S aff m a n – D el br ü c k l e n gt h.

5.  C o n cl u si o n

I n t his p a p er,  w e d e v el o p e d a  m e a n- fi el d  m o d el t o e x a mi n e h y dr o d y n a mi c c oll e cti v e  m o d es
of el o n g at e d p arti cl es e m b e d d e d i n vis c o us  m e m br a n es or  m o n ol a y ers.  We f o c us e d o n a

9 8 7 R 4- 1 0

ht
t

ps
:/

/
d

oi
.

or
g/

1
0.

1
0
1
7/

jf
m.

2
0
2
4.

3
9
5

 
P

u
bl
is

h
e

d 
o

nl
i

n
e 

b
y 

C
a

m
br

i
d

g
e 

U
ni

v
er

si
t
y 

Pr
es

s

https://doi.org/10.1017/jfm.2024.395


S us p e nsi o n st a bilit y  wit hi n vis c o us  m e m br a n es

0

0. 5

1. 0

rλ
ex

t

– π / 2 – π / 4 0
φ

π / 4 π / 2

θ e
xt

θ e xt

φ

r

– π / 2 – π / 4

π / 4

π / 2

3 π / 4

π

5 π / 4

3 π / 2

0
0

φ

φ c

π / 4 π / 2

0

0. 0 2

0. 0 4

0. 0 6

0. 0 8

0. 1 2

0. 1 0

0. 1 4

rλ
ex

t|
φ
=0

1 0 – 2 1 0 – 1 1 0 0

/ r
1 0 1 1 0 2

(a )

(b ) (c )

Fi g ur e 4. ( a ) Pri n ci p al a x es of str et c h θ e xt c orr es p o n di n g t o pr ef err e d ori e nt ati o n of a n ei g h b o uri n g p arti cl e as
a f u n cti o n of a zi m ut h al p ositi o n φ ar o u n d a r ef er e n c e p arti cl e f or / r = 0 .1 ( d ott e d li n e), 1 ( d as h- d ot) a n d 1 0
( d as h e d li n e).  T h e s h a d e d p at c h d e n ot es t h e s et of ori e nt ati o ns t h at dr a ws p arti cl es a w a y fr o m e a c h ot h er: t his
r e gi o n is n ot a c c ess e d i n t h e li mit of → ∞ (s oli d li n e),  w h er e as → 0  m a xi mi z es t his  wi n d o w f or a r a n g e

of r el ati v e p ositi o ns |φ | < |φ c | = si n − 1 (1 /
√

6 ). (b ) Pri n ci p al r at es of e xt e nsi o n λ e xt c orr es p o n di n g t o c as es
s h o w n i n ( b ). (c )  T h e pri n ci p al r at e λ e xt d o es n ot v a nis h at φ = 0 f or fi nit e , a n d p e a k s  w h e n r ∼ .

li n e ar st a bilit y a n al ysis ar o u n d a h o m o g e n e o us a n d is otr o pi c q u asi -2 -D s usp e n si o n of s u c h
p arti cl es.  We dis c o v er a u ni q u e  m e c h a nis m f or st a bili z ati o n of s u c h a s yst e m, r e fl e cti n g
as p e cts of t h e St o k es p ar a d o x i n 2 -D vis c o us fl o ws a n d its r e g ul ari z ati o n vi a 3 -D s u b p h as e
str ess es.  We t h e n ti e t his  m e c h a nis m t o t h e i nt er pl a y b et w e e n a nis otr o pi c p arti cl e  m o bilit y
a n d l o n g-r a n g e d h y dr o d y n a mi cs i n t h e pl a n e of t h e  m e m br a n e.

M or e g e n er all y, t his  m e a n- fi el d fr a m e w or k o p e ns a ri c h a v e n u e of fl ui d d y n a mi c al
pr o bl e ms a n d t o ols t o e x a mi n e  mi cr ostr u ct ur e o n bi ol o gi c al or s y nt h eti c  m e m br a n es.  T h e
m et h o d c a n b e r e a dil y a d a pt e d t o  m e m br a n es  wit h c ur v at ur e usi n g  m o di fi e d  Gr e e n’s
f u n cti o ns ( S hi et al. 2 0 2 2 , 2 0 2 4 ), t o a cti v e p arti cl es o n  m e m br a n es vi a a str essl et
s ol uti o n ( O p p e n h ei m er et al. 2 0 1 9 ;  M a ni k a nt a n 2 0 2 0 ), a n d t o s yst e ms  wit h  w e a kl y
n o n- N e wt o ni a n  m e m br a n e r h e ol o g y usi n g t o ols s u c h as t h e  L or e nt z r e ci pr o c al t h e or e m
( Vi g  &  M a ni k a nt a n 2 0 2 3 ).  We h a v e ill ustr at e d t h e ‘ d e e p’ s u b p h as e li mit: c o n fi ni n g t h e
3 -D fl ui d h as b e e n s h o w n t o a m plif y b ul k str ess es ( C a ml e y  &  Br o w n 2 0 1 3 ; S hi et al. 2 0 2 4 )
a n d  m o dif y  m e m br a n e fl o w fi el ds i n  m a n n ers t h at f a v o ur a g gr e g ati o n ( M a ni k a nt a n 2 0 2 0 ).
T his  m o di fi c ati o n is als o str ai g htf or w ar d  wit hi n t h e  m e a n- fi el d d es cri pti o n d e v el o p e d h er e.
O ur fi n di n gs als o o p e n u p o p p ort u niti es t o e x a mi n e n o nli n e ar d y n a mi cs i n t h es e s yst e ms b y
c o m p ut ati o n all y s ol vi n g t h e  m e a n- fi el d  m o d el a n d t hr o u g h ef fi ci e nt p arti cl e si m ul ati o ns of
cr o w d e d s yst e ms.  B uil di n g o n t h es e i nsi g hts,  w e a nti ci p at e t h at t h e pr es e nt  w or k  will s p ur
n e w dir e cti o ns of fl ui d d y n a mi c al st u di es i nt o a cti v e a n d p assi v e q u asi -2 -D s us p e nsi o ns.
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H.  M a ni k a nt a n

F u n di n g. T his  m at eri al is b as e d u p o n  w or k s u p p ort e d b y t h e  U. S.  N ati o n al S ci e n c e F o u n d ati o n u n d er gr a nt
n o.  C B E T- 2 3 4 0 4 1 5.

D e cl a r ati o n  of i nt e r e st s. T h e a ut h or r e p orts n o c o n fli ct of i nt er est.

A ut h o r  O R C I D s.
H aris h a n k ar  M a ni k a nt a n htt ps:// or ci d. or g/ 0 0 0 0- 0 0 0 2- 4 2 7 0- 3 5 2 7 .

R E F E R E N C E S

B U S S E L L ,  S. J.,  KO C H ,  D. L.  &  HA M M E R ,  D. A. 1 9 9 5  Eff e ct of h y dr o d y n a mi c i nt er a cti o ns o n t h e diff usi o n
of i nt e gr al  m e m br a n e pr ot ei ns: diff usi o n i n pl as m a  m e m br a n es. Bi o p h ys. J. 6 8 ( 5), 1 8 3 6 – 1 8 4 9.

C A M L E Y , B. A. & BR O W N ,  F. L. H. 2 0 1 3  Diff usi o n of c o m pl e x o bj e cts e m b e d d e d i n fr e e a n d su p p ort e d li pi d
bil a y er  m e m br a n es: r ol e of s h a p e a nis otr o p y a n d l e a fl et str u ct ur e. S oft  M att. 9 ( 1 9), 4 7 6 7.

D A N O V ,  K. D.,  DI M O V A, R. & PO U L I G N Y ,  B. 2 0 0 0  Vis c o us dr a g of a s oli d s p h er e str a d dli n g a s p h eri c al or
fl at s urf a c e. P h ys.  Fl ui ds 1 2 ( 1 1), 2 7 1 1 – 2 7 2 2.

D H A R , P., FI S C H E R ,  T. M.,  WA N G , Y., MA L L O U K ,  T. E.,  PA X T O N , W. F. & SE N ,  A. 2 0 0 6  A ut o n o m o usl y
m o vi n g n a n or o ds at a vis c o us i nt erf a c e. N a n o L ett. 6 ( 1), 6 6 – 7 2.

F I S C H E R ,  T. M. 2 0 0 4  T h e dr a g o n n e e dl es  m o vi n g i n a  L a n g m uir  m o n ol a y er. J.  Fl ui d  M e c h. 4 9 8 , 1 2 3 – 1 3 7.
F I S C H E R ,  T. M.,  DH A R , P. & HEI N I G , P. 2 0 0 6  T h e vis c o us dr a g of s p h er es a n d fil a m e nts  m o vi n g i n

m e m br a n es or  m o n ol a y ers. J.  Fl ui d  M e c h. 5 5 8 , 4 5 1 – 4 7 5.
H U G H E S ,  B. D.,  PAI L T H O R P E , B. A. & WHI T E ,  L. R. 1 9 8 1  T h e tr a nsl ati o n al a n d r ot ati o n al dr a g o n a c yli n d er

m o vi n g i n a  m e m br a n e. J.  Fl ui d  M e c h. 1 1 0 , 3 4 9 – 3 7 2.
J E F F E R Y ,  G. B. 1 9 2 2  T h e  m oti o n of elli ps oi d al p arti cl es i m m ers e d i n a vis c o us fl ui d. Pr o c.  R. S o c. L o n d. A

1 0 2 ( 7 1 5), 1 6 1 – 1 7 9.
K H M E L I N S K A I A , A., FR A N Q U E L I M ,  H. G.,  YA A D A V , R., PE T R O V ,  E. P.  &  SC H W I L L E , P. 2 0 2 1

M e m br a n e- m e di at e d s elf- or g a ni z ati o n of r o d-li k e  D N A ori g a mi o n s u p p ort e d li pi d bil a y ers. A d v.  M at er.
I nt erf a c es 8 , 2 1 0 1 0 9 4.

K O C H ,  D. L.  &  SH A Q F E H ,  E. S. G. 1 9 8 9  T h e i nst a bilit y of a dis p ersi o n of s e di m e nti n g s p h er oi ds. J.  Fl ui d
M e c h. 2 0 9 , 5 2 1 – 5 4 2.

L E V I N E ,  A. J.,  LI V E R P O O L , T. & MA C K I N T O S H, F. 2 0 0 4  D y n a mi cs of ri gi d a n d fl e xi bl e e xt e n d e d b o di es i n
vis c o us fil ms a n d  m e m br a n es. P h ys.  R e v. L ett. 9 3 ( 3), 0 3 8 1 0 2.

M A N I K A N T A N ,  H. 2 0 2 0  T u n a bl e c oll e cti v e d y n a mi cs of a cti v e i n cl usi o ns i n vis c o us  m e m br a n es. P h ys.  R e v.
L ett. 1 2 5 ( 2 6), 2 6 8 1 0 1.

M A N I K A N T A N , H., LI,  L.,  SP A G N O L I E ,  S. E.  &  SAI N T I L L A N ,  D. 2 0 1 4  T h e i nst a bilit y of a s e di m e nti n g
s us p e nsi o n of  w e a kl y fl e xi bl e fi br es. J.  Fl ui d  M e c h. 7 5 6 , 9 3 5 – 9 6 4.

M A N I K A N T A N , H. & SQ U I R E S ,  T. M. 2 0 2 0 S urf a ct a nt d y n a mi cs: hi d d e n v ari a bl es c o ntr olli n g fl ui d fl o ws.
J.  Fl ui d  M e c h. 8 9 2 , P 1.

O P P E N H E I M E R , N. & DI A M A N T,  H. 2 0 0 9  C orr el at e d diff usi o n of  m e m br a n e pr ot ei ns a n d t h eir eff e ct o n
m e m br a n e vis c osit y. Bi o p h ys. J. 9 6 ( 8), 3 0 4 1 – 3 0 4 9.

O P P E N H E I M E R , N., ST E I N , D. B. & SH E L L E Y ,  M. J. 2 0 1 9  R ot ati n g  m e m br a n e i n cl usi o ns cr yst alli z e t hr o u g h
h y dr o d y n a mi c a n d st eri c i nt er a cti o ns. P h ys. R e v. L ett. 1 2 3 ( 1 4), 1 4 8 1 0 1.

S A F F M A N , P. G. 1 9 7 6  Br o w ni a n  m oti o n i n t hi n s h e ets of vis c o us fl ui d. J.  Fl ui d  M e c h. 7 3 , 5 9 3 – 6 0 2.
S A F F M A N , P. G. & DE L B R Ü C K ,  M. 1 9 7 5  Br o w ni a n  m oti o n i n bi ol o gi c al  m e m br a n es. Pr o c.  N atl  A c a d. S ci.

U S A 7 2 ( 8), 3 1 1 1 – 3 1 1 3.
S C R I V E N ,  L. E. 1 9 6 0  D y n a mi cs of a  fl ui d i nt erfa c e: e q u ati o n of  m oti o n f or  N e wt o ni a n s urf a c e fl ui ds. C h e m.

E n g n g S ci. 1 2 ( 2), 9 8 – 1 0 8.
S HI , W., MO R A D I , M. & NA Z O C K D A S T ,  E. 2 0 2 2  H y dr o d y n a mi cs of a si n gl e fil a m e nt  m o vi n g i n a s p h eri c al

m e m br a n e. P h ys. R e v. Fl ui ds 7 ( 8), 1 – 1 6.
S HI , W., MO R A D I , M. & NA Z O C K D A S T ,  E. 2 0 2 4  T h e dr a g of a fil a m e nt  m o vi n g i n a s u p p ort e d s p h eri c al

bil a y er. J.  Fl ui d  M e c h. 9 7 9 , A 6.
S I M U N O V I C , M., SRI V A S T A V A , A. & VO T H ,  G. A. 2 0 1 3  Li n e ar a g gr e g ati o n of pr ot ei ns o n t h e  m e m br a n e as

a pr el u d e t o  m e m br a n e r e m o d eli n g. Pr o c.  N atl  A c a d. S ci.  U S A 1 1 0 ( 5 1), 2 0 3 9 6 – 2 0 4 0 1.
S T O N E , H. A. & AJ D A R I ,  A. 1 9 9 8  H y dr o d y n a mi cs of p arti cl es e m b e d d e d i n a fl at s urf a ct a nt l a y er o v erl yi n g a

s u b p h as e of fi nit e d e pt h. J.  Fl ui d  M e c h. 3 6 9 ( 1), 1 5 1 – 1 7 3.
S T O N E , H. A. & MA S O U D ,  H. 2 0 1 5  M o bilit y of  m e m br a n e-tr a p p e d p arti cl es. J.  Fl ui d  M e c h. 7 8 1 , 4 9 4 – 5 0 5.
V I G, V. & MA N I K A N T A N ,  H. 2 0 2 3  H y dr o d y n a mi c a g gr e g ati o n of  m e m br a n e i n cl usi o ns d u e t o n o n- N e wt o ni a n

s urf a c e r h e ol o g y. P h ys.  Fl ui ds 3 5 ( 6), 1 – 1 3.

9 8 7 R 4- 1 2

ht
t

ps
:/

/
d

oi
.

or
g/

1
0.

1
0
1
7/

jf
m.

2
0
2
4.

3
9
5

 
P

u
bl
is

h
e

d 
o

nl
i

n
e 

b
y 

C
a

m
br

i
d

g
e 

U
ni

v
er

si
t
y 

Pr
es

s

https://orcid.org/0000-0002-4270-3527
https://orcid.org/0000-0002-4270-3527
https://doi.org/10.1017/jfm.2024.395

	1 Introduction
	2 Theoretical formulation
	2.1 Mean-field description
	2.2 Micromechanical model

	3 Linear stability
	4 Instability mechanism and length-scale selection
	5 Conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


