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Abstract 2022, Louizos et al., 2015] and distributionally robust opti-
mization [Staib and Jegelka, 2019, Kirschner et al., 2020]
among others. Despite its importance and widespread use,
Nonparametric estimates of the distance between  the majority of existing work using the MMD assumes that

two distributions such as the Maximum Mean Dis-  observed samples are measured without error. As we show
crepancy (MMD) are often used in machine learn- in this work, if this assumption does not hold, the typical
ing applications. However, the majority of existing MMD estimate is unreliable.

literature assumes that error-free samples from the
two distributions of interest are available.We re-
lax this assumption and study the estimation of
the MMD under -contamination, where a possi-
bly non-random proportion of one distribution

is erroneously grouped with the other. We show
that under -contamination, the typical estimate of
the MMD is unreliable. Instead, we study partial
identi cation of the MMD, and characterize sharp
upper and lower bounds that contain the true, un-
known MMD. We propose a method to estimate
these bounds, and show that it gives estimates that
converge to the sharpest possible bounds on the
MMD as sample size increases, with a convergence
rate that is faster than alternative approaches. Us-
ing three datasets, we empirically validate that our
approach is superior to the alternatives: it gives
tight bounds with a low false coverage rate.

Here, we study the estimation of the MMD where one of the
samples observed is measured with error. Speci cally, we
consider -contamination, where a possibly non-random
proportion of one of the two variables is erroneously
grouped with the other. This mismeasurement mechanism
arises in many important applications. One example of this
setting arises from the fairness literature. For example, in set-
tings where we wish to assess if a model gives different pre-
dictions across different race groups. Hereontamination
arises if some non-randonproportion of one race group
is incorrectly grouped with the other. Beyond fairness,
contamination arises — for example — when trying to identify
if there are biomarkers for Myocardial Infarction (Ml). In
this setting, we can use the MMD to detect differences in
genome sequences between healthy individuals and patients
with myocardial MI. Detecting differences between the two
groups is complicated due to undiagnosed “silent” Ml cases.
These silent MI cases representontamination that occurs
non-randomly: women's M| cases are more likely to go
1 INTRODUCTION undiagnosed compared to men [Merz, 2011].

In this paper, we show that the typiddMD estimates are
Many machine learning methods rely on comparing disynreliable when the data is collected wititontamination.
tances between distributions, with applications ranging frompstead, we resort to a partial identi cation approach, where
single cell sequencing [Schiebinger et al., 2019] to causaje estimate upper and lower bounds ondD . We char-
inference [Johansson et al., 2016]. The Maximum Mearycterize upper and lower bounds that are credible, mean-
Discrepancy (MMD) [Gretton et al., 2012] has emergeding that they contain the true unknow#iViD , and sharp,
as a particularly useful nonparametric notion of distanceneaning they cannot be made tighter without additional as-
between distributions. It has been widely used in fObUS*sumptions. Importantly, these bounds are identi able using
predictive and reinforcement learning [Kumar et al., 2019the observed contaminated data and an estimate\we
Makar et al., 2022, Li et al., 2017, Oneto et al., 2020, Veitch0|e\,e|op an estimation approach to compute the upper and
etal., 2021, Goldstein et al., 2022], fairness applicationgower bounds and analyze its behavior in nite samples. Our
[Prostetal., 2019, Madras et al., 2018, Makar and D’Amour gnalysis shows that our approach gives estimates that con-



verge to the sharpest possible upper and lower bounds as thee assume that the two samples have the same=size
sample size increases at a rate faster than the alternativesand that an-proportion ofX is incorrectly grouped witf .
Speci cally, letC = fc g", withm = bncbe the unob-
served subset of that is grouped withY . We can express
the distributions over the observed samples in relation to the
true distributions and the unknown contaminated samples

Our contributions are summarized as follows (1) We
show that under-contamination the typical estimates of the
MMD are unreliable(2) We characterize sharp upper and
lower bounds on the unknowdMD that are identi able

using only the observed contaminated data, and an estimafleS follows:

of , (3) We propose an estimation approach to compute the Pyo=(1 )Py + P ¢

upper and lower bounds and analyze its behavior in nite Pyo=(l+~)Px Poc:

samples showing that its convergence to the true upper and '

lower bounds depends on the sample size and the value afhere = =(1+ )and~= =(1 ). We do not make

, (4) We apply our approach to 3 datasets showing that iany additional assumptions abd®g . Importantly, we do
achieves a superior performance compared to alternativeot assume that the contamination is random, meaning
approacheq5) We analyze the sensitivity of our approach do not assuméhatPc = Pxo = Px.
to incorrect values of and give practical guidance on what

to do if the true value of is unknown. We assume that the value ofs knowna priori, or can be

empirically estimated from other data sources. However, in
Related work. Most existing work on the MMD focuses section 5.5, we conduct a sensitivity analysis to examine the
t performance of our approach and others under violations of

on establishing statistically and computationally ef cient | . .
estimators of the difference between two distributions un'EhIS assumptlon. we u@”*} [AJ to denote the expectation
éA according to the distributioR, (A), A[ B to denote

der the assumption that the observed samples are error-fr(?he union of the sef andB, andA n B to denote the

[Gretton et al., 2012, 2009, Schrab et al., Domingo-Enrich

et al., 2023]. However, to our knowledge, the only exist—d"cference between the two seisandB. We use#( A) to

H H 0 0
ing work that tackles the challenge of measurement errogen(y[e the cardinality of the sét We useX“andY"to

is in the context of survival analysis, where the measureqenOte the support of *and °respectively.
ment error model arises from the classical right-censoringVe focus on theMD as a measure of distance between
of the data [Fernandez and Rivera, 2021]. By contrast, welistributions [Gretton et al., 2012]:

study a different measurement error mechanism and suggest

methods for partial identi cation of th&IMD . De nition 1 For Z P,,Z% Pyo, F such thatF :

In the fairness literature, where comparisons between ouf- | R, andk = Z Z 1 R with k being a positive
comes of different groups is important, Kallus et al. [2022] d€ nite kernel matrix, the MMD is de ned as

cons!der measurement error in the sensitive attribute. TheMIMD( FiPz;Pzo)=supior Ep,f(Z) Ep,,f 29 :
consider a setting where we only have access to an im-

perfect proxy of the protected class membership and shoand the witness functioh is de ned as the function at-
that typical fairness metrics such as demographic parity antaining the supremum in expression above, Witlit) =
equalized odds are not identi able. Similar to our work, they Ep, [K(Z;t)]  Ep,,[k(Z%1)]; up to a normalization con-
develop methods for partial identi cation of these metrics.stant.

A key difference between Kallus et al. [2022] and our work

is that the former focuses on comparing a single momenivhenF is set to be a general reproducing kernel Hilbert
(the mean) of two distributions whereas our work allowsspace (RKHS), th&MD de nes a metric on probability
a more rigorous comparison of in nitely many moments distributions, and is equal to zero if and onlyPi§ = Pzo.
of two distributions. We also stress that while the methodsThroughout, we xF to be the RKHS withkf kg 1
presented here could be used in a fairness context, they afér all f 2 F and dropF from theMMD arguments to
more widely applicable to any setting where we wish tosimplify notation. We usé&(z; z% to denote the reproducing

compare two distributions. kernel of F, and assume tha&  k(x%y9 for all
x%y02 X % Y0,
2 PRELIMINARIES Gretton et al. [2012], showed that when there is no measure-

ment error, the following empirical estimate of thBvVID is
Our goal is to measure the distance between two diginbiased:

tributions Px and Py . However, instead of observing 1 X

X = fxg Px,Y =fyig" Py, we observe - MMD(X;Y ) = O] k(Xi; %) (1)
contaminateX °andY °, where a possibly non-random ij 6i

proportion of one of the two variables is incorrectly grouped + 1 X K(yi:yi) EX K(xiv): ()
with the other for0 < < 1. Without loss of generality, n(n 1) Yol 5z RS

i 6i i



As we show in the appendix section E, in the focus on the analysis of the upper bound of khEID since
contamination settingMMD is not guaranteed to be an the arguments for the lower bound are nearly identical.

unbiased estimate, meaniMMD( X Y ) might not con-  we further expand the empirical version of equation 3 to
verge toMMD( Px o; Pyo). So instead we study partial iden- jsolate the terms that depend Gnwhich gives us the em-

ti ability of MMD(Px ; Py). Meaning, our goal is to es- pirical objective to optimize. First, we de ne a weighted
timate credible and informative lower and upper boundsyersjon of the empirical witness function,

on the unknowrMMD( Px ; Py ). For those bounds to be

informative, they should bsharp meaning they cannot be (CiXOYY = @a )X X KO G )
made tighter without any additional assumptions. T . n . "G
@+ )X X
3 THEORY n o k(yiig)
I
X x
Our goal is to estimate upper and lower bounds that re ect + — k(c;g):
our uncertainty in th&AMD due to measurement error. n; i6i

To proceed with our analysis, it is helpful to parameterize . ] )
theMMD as function of the contaminated samp@swith ~ AS We show in Lemma Al, in order to estimate
some abuse of notation, for an arbitrary distributn, we ~ MMD(Pg; Pxo;Pyo), we rstneed to identify®:
have that:
&= argmax (C;X%Y9: (4)
MMD(Pc:PxoiPye) =sup (1 )Ee, of (X9 C2vEH O=m
F

) Note that optimizing under a cardinality constraint in this
(1+ )Ep,of (Y +2 Epcf(C) 5 ) manner is an NP-hard optimization problem. Instead, we
with MMD( Py ; Py) = MMD( Pc ;Pxo; Pyo). Our rst analyze approximation strategies in two regimes: when
result characterizes the sharpest possible bounds that can $&0 take on any value in [0,1] and whers suf ciently
attained without additional assumptions. close to0. Our analysis relies on analyzing the stability of
the estimation algorithms [Bousquet and Elisseeff, 2002].

Proposition 1 Let (Y% ) be a measurable space with L _
YO 2 YOand letP be all the probability distributions ~\PProximation strategy for 2 [0;1]. - For any value

on (Y®) . Dene P( ) to be all the possible proba- of , we can directly maximize equation 4. Noting that:
vl 0.y O 0.y O

bility distributions over the unknow@ , ie,P( ) = M (C 2 YEXOYH maxc (C 2 YSXEY9),

f(Pyo(Y) (1 ) )= :' 2 Pg, then the following we can utilize, for example, iterative optimization algo-

bounds are sharp: rithms to estimate an approximate Speci cally,

- b . b ® = argmax (C;X%Y9: (5)
Pclzrllf( )MMD( Pc,Px O,Pyo) MMD( Pc ,PX O,Pyo) C2v 0#( C)= m
o Szgrg ) MMD( Pc; Pxo; Pyo); The difference between equation 4 and 5 is that 5 can return
C

any value for® 2 Y © whereas 4 requires th& 2 Y°

The proofs for proposition 1 and all other statements ar&Vhile many iterative optimization algorithms can be used
presented in the appendix. The intuition for proposition 1 isto optimize equation 5, we follow Jitkrittum et al. [2016]
simple: without any additional assumptioi, can take on in using Quasi-Newton methods such as the L-BFGS-B
any values iy %, and hence its corresponding distribution algorithm [Byrd et al., 1995]. For this reason we refer to
can be any distribution consistent with the observed datéhis iterative optimization approach as the Quasi-Newton
(i.e., any distributior2 P ( )). This means that the sharpest optimizationQNO approach. We stress that our analysis
possible upper (lower) bound must be de ned with respect tdholds for any valid optimization approach.

distributions ovePc that maximize (minimize) thé1MD . In proposition 2, we study how fast the estimate based on

We useP¢ to denote the distribution that maximizes the ® converges to the true upper bound.
third term in proposition 1 and de nB¢ similarly. Proposi-

tion 1 gives us a recipe for constructing empirical bounds

on the trueMMD( Pc ; Py o; Pyo). To get an estimate of

the upper bound, we need to identify the value€dhat

renderX °[ C andY®n C most dissimilar. For a lower

bound, we need to identify values Gfthat rendeiX °[ C

andY °n C most similar. Unless otherwise noted, we will



Proposition 2 For MMD( Pg; Pxo;Pyo) as dened in  Proposition 3 LetC be the solution to equation 7 as!

proposition 1,8 as de ned in equation 5, witl® 1 . For a sufciently small , we have thaPc = Pg,

k(x%y9 for all x%y22 X YO we have that: whereP¢ is de ned as the distribution that maximizes the
third term in proposition 1.

Pxoyo JMMD(PgiPxo;Pyo) MMD(® ;X%Y9)j
While the full proof is stated in the appendix, we nd it
. helpful to highlight the key insight behind proposition 3.
by The key insight here is that the distribution o¥&r stochas-
p_ tically dominatesany other distribution oveY °with respect
forbp=4" "(n 2+ m)andby =2 (1 )1 + tothe transformatioh %Y 9. Meaning, there exists no other
m)2+(1+ )1+ + m)?): distribution over a subset &f°with measure that can give

a largerEc [f {C)] thanE¢ [f (C )]. We note in passing
The proposition shows that the rate of convergence of th¢hat this construction extends the classical seminal work by
empiricalMMD de ned with respect td® to the sharp Horowitz and Manski [1995] on estimation of population
upper bound depends on the sample size, the valuaidi ~ means using contaminated data to nonparametric estimation
the size of the contaminated $et As decreases, the esti- of distances between distributions. We refer to this approach
matedVMMD( @ ; X ® Y9 converges faster to its population as the stochastic dominancel) approach.

counterparMMD( Pg:; Px o; Pyo). At = 0, werecover ; omains to show that the estimate of #1D de ned
the convergence rate of the uncontamindédD (Gretton  ith respect tab~ as estimated using aite samplecon-

etal. [2012], theorem 7). As expected, as the sample sizgrges to the true upper bound. We do that in the following
increases, the estimate gets closer to its population cougrgposition.

terpart. However, than term in the denominator of the
exponent means that the rate of convergence depends unff’rbposition 4 For MMD( P

! ; = Pxo; P as dened in
vorably on the size of the contaminated sample. The next i c XA TY °)
section addresses this proposition 16 as de ned in equation 7 and such that

0 k(x;y) forall x;y 2 X . Then as for a suf ciently
small :

w2

>pbg+ " 2exp

Approximation strategy for a suf ciently small . This
approach relies on the fact that fora xedandas ! 0 ) _ _ M B X % YO
the third term in equation 4 vanishes. Pxoyo JMMD(Pg;Pxo;Pyo) MD( ;X % Y 9]

Specically for 0O . "2

> b + 2ex
" )X 0 p by
(C;X%Y9 . k(x% ¢ ) - 3
P forlbp =4(=n)32@A+ andby =2 (1 )*+(@Q+
X X )1+3 )2 :
N VI E L SO

b ' Proposition 4 shows that unlike QNO, SD avoids the un-
. . . . . favorable dependence omleading to faster convergence.
wheref?is a weighted version of the empirical estimate of v P g verg

i . : imilar to proposition 2, at = 0, we recover the conver-
the witness function de nted with respect to the observedS prop .
contaminated samples. gence rate of the uncontaminateD .

The key advantage of SD over QNO is that it reduces the

This means that for close to 0, maximizing is equiva- bl f estimafi @ ; timating th file of th
lent to computing the value of the witness function for everyprc.) em of estimatin® 1o estimating the quantiie orthe
univariate distributionPs oy o), Which is a single scalar. By

sample inY % and then taking the subset with the highest val- . . A
ues to be the estimate & Consider the following estimate contrast, the iterative optimization-based approach needs to

of & identify anm  d matrix, withd being the dimension of the
data. While helpful, the SD approach is limited by the fact
b= fy0: YY)  Agwith~ = g(f(Y9Y;1 ); (7) thatitisavalid approximation only forsuf ciently close
to 0. Next, we present our main approach that extends the

SD approach making it valid for any value of
whereq(fqY9;1 ) isde ned as thel quantile of PP J Y

Y. Thatis,q(f(Y9;1 ) =inf ffYy9) 2 YY) :
(1 ) < CDF(f'\)(yO))g. Equation 7 describes taking the 4 APPROACH

y? samples with weighted witness function values in the top

1 quantile as the candidates for contaminated sampIeB? this section, we describe our main approach to estimating
Next, we show tha®- is a valid estimate oF. tight and credible upper and lower bounds on EhD .



Algorithm 1 Our approach (S-SD) for estimating upper
bounds
Input: X%Y% ;S
@:: fg, (s) = :( + S)
fors=1:::Sdo

Algorithm 2 Our approach (S-SD) for estimating lower
bounds

Input: X%Y% ;S

@:: fg, (s) = :( + S)

fors=1:::Sdo

X() = X0l &,Y® = yond
Computef (9 (Y () as per equation 8
Ny oy = q(f’\(S)(Y(S));l ())
G = fy©® :fO(y)  ~y g
b:=06[ &

return MMD( ®; X % Y9

X () = XO[ @,y(S) = Yong
Computef () (Y (%)) as per equation 8
A= g(fS (Y ©); ()

§°= fy®:fOy®) ng

e=¢6lF°
return MMD( @; X % Y9

Unless otherwise noted, we describe the estimation procévely. We useg to denote the counterpart@fde ned with
dure for constructing the upper bound since the lower boundespect to the lower bound.
is nearly identical. Our strategy hinges on |dent|fleg We note thatS is a user-

an m-sized subset of ° which, when removed frony° speci ed parameter that takes

and added tX ©, would rendefy ® most dissimilar tox ¢, " values between O anah. In section 5.5 we give
éaractmal guidance on how to s& Code for our ap-

giving us a valid estimate of the the upper bound on th proach and the experiments in section 5 is available on

. .
unknownMMD( C ;X% Y9, Estimating® allows us to es- github.com/mymakar/mmd_uncertainty.
timateMMD( &; X % Y9 in a straightforward manner: we
can simply substitut® for C in the empirical version of
equation 3.

5 EXPERIMENTS

Our main approach builds upon the SD approach studn this section, we (1) analyze the credibility and tightness of
ied in section 3 by addressing its main limitation: that it our approach and baselines under varying data dimensions,
gives a valid estimate o only for suf ciently close  varying sample sizes, and varying values.dh addition, (2)

to 0. Our approach overcomes this limitation by dividing we examine the computational ef ciency of our approach
the task of estimatinﬁA into multiple, easier tasks each as it compares to baselines. Fina”y, (3) we examine the
with an effective (*) that is smaller than the true Specif-  sensitivity of our approach to misspeci cation oénd under
ically, we divide the estimation process inBosteps, in  varying number of steps.

i (s) (s) = = ividi
ehach sFep we ?Stlma@““) ’ fgrh H S hD|v'|d|ng To analyze the credibility and the tightness of the bounds es-
the estimation intc steps, with each step havings- timated using our approach, we compute the False Coverage

contamination means that each step of the estimation Presate (FCR) and Mean Interval Width (MIW). Fardraws
cess will have an effectivethat is close enough to 0 mak- of X% YOeach of sizd1l  )nand(L+ )n réspectively

ing equation 7 a valid approximation, and overcoming thethe ECR and the MIW are de ned as follows:
main limitation of SD. In the step of our algorithm, we '

X
calculate®) = fy0 2 9 : (D)) AG)g, for FCR=1 % 1fMMD( G; X % Y9
AS) = q(f RO 1 Oy for = Ox1+ ), [
where MMD(C ;X%Y.9 MMD(®;x2Y.9g;
X
Py = 1 3 ix X k(&S 9) MIW = % jiMMD(@; X%Y9  MMD(®;Xx°Y9;
P i
e 20T ki) @)
S n IS Ablations. We study the following ablations of our ap-

b proach:(1) SD. For S = 1, S-SD becomes the same as
. (s) = vOfd@D - BHQ@ ....4H06 1 (s 1) = SD. The performance of SD compared to S-SD highlights
with ¥ Y nf@“(“ ’@“@ T '@”S 9 and® the importance of splitting the estimation procedure ®to

XOrf &%) ;69 ::::68, Ya. steps(2) Stepwise-QNO$-QNO): Follows the same steps

We refer to our Stepwise Stochastic Dominance based apUtiined in algorithm 1, however, instead of estimat@j
proach as$s-SD We summarize our procedure for estimating andg(f) as a subroutine, it estimatd® andg(s) follow-
the upper and lower bounds in algorithms 1 and 2 respedng equation 4 using the L-BFGS-B optimization algorithm.



| MIMIC (N = 100;d = 2) | FOREST(N =100;d=54) | BIO (N =72;d = 7128) |

Approach | FCR MIW | FCR MIW | FCR MIW |
S-SD(Ours)| 0:0 (0:0)  0:137 (0:008) | 0:0 (0:0)  0:088 (0:003) | 0:1 (0:03) 0:075 (0:001)
S-QNO 0.08 (0:067) (119 (0:006) | 0:02 (0:02) 0:084 (0:004) | 1:0 (0:0) 0:059 (0:001)
QNO 0:58 (0:069) (13 (0:006) | 0:62 (0:069) 0033 (0:006) | 1:0 (0:0) 0:037 (0:001)
SD 0:64 (0:068) (082 (0:01) |0:9 (0:042) 0027 (0:005) | 0:13 (0:034) Q069 (0:001)
SM 0:66 (0:067) 008 (0:01) 09 (0:042) (026 (0:004) | 0:82 (0:038) 0037 (0:001)

Bootstra 194 :034 4 : 4 : 4 :001 .25 .04 :001
p 0:9 (0:034) 0048 (0:002) 0 (0:069) 0034 (0:001) 0:2 (0:043) 0036 (0:001)

Table 1: MIW and FCR for all datasets at 0:2. Numbers in bold correspond to lowest FCR with smallest MIW. Standard
errors (in parentheses) computed by averaging over 100 trials. Results show that our approach performs better than all other
approaches when the sample size is small and the dimension is large. In easier settings, our performs comparably to S-QNO.

In each steps, this approach gives an estimate forrmaS  ically, we simulate contamination by randomly sampling
subset of candidate contaminated samples. This ablatio@ , a set of sizan from themin (2m;n) samples inX
study highlights the importance of using the SD approaclhwith the largest witness function values, where the witness
as a subrouting3) QNO: Similar to S-QNO withS = 1. function here is de ned with respect to the uncontaminated

Baselinesln addition to our main approach and the abla—x; Y . We then create the observed sampies= X nC

tions, we investigate the following baselinés) Submodu- andY®= Y [ C . Second, is the random contamination
' g g setting, whereC is sampled at random froiX . Since the

lar optimization GM): based on the approach suggested "honrandom contamination setting is more challenging, we

Kim et al. [2016]. It estimate® by converting equation 4 present the results from that setting in the main text. Results

into a submodular function by adding a submodular regu; — . .
) . . . : from the random contamination setting are presented in the
larizer. Speci cally, it greedily selects samples which max-

S ) . appendix. We de ndN =#( X)+#( Y), the total number
;/rggze) ti:(tehf(l;Cv?:;oer]s??lj(ﬁczzgc(j)eﬁLnlgg Sv(ietthkrfa(s:[’)gc)tyxvc\;haer:g of samples, and consider 3 tasks corresponding to 3 datasets:

Y ¢ andlog detk(C; C) is the log-determinant regularizer. 1 FOREST: A publicly available dataset containing mea-
(2) Bootstrap: a simple bootstrapping approach, which con-syrements of 54 cartographic variables such as elevation and
structs bounds by resampling both observed groups wit|gpe [Blackard, 1998]. We consider the task of measuring
replacement and computing tMMD multiple times. The  the distance between the distribution over cartographic prop-
upper and lower bounds are then de ned as(the )-th  erties of two forest types: Lodgepole Pine and Spruce-Fir.
and quantiles respectively over the distribution of resamyye simulate contamination by ipping an proportion

pled MMD values. The bootstrap estimates are centeregt | odgepole Pingn = 283;301) labels to Spruce-Fir
around the typicaMMD estimate (equation 1), and hence (n = 211: 840).

hey show how it beh inatiort.
they show how it behaves undecontaminatio 2. MIMIC : A publicly available chest radiographs and

For our approach, baselines and ablations, we x the kereorresponding clinical data with over 377,000 chest X-ray
nel to be the radial basis kernel (RBF) and use the mediaimages and radiology reports [Johnson et al., 2019a,b, Gold-
heuristic on the contaminated samples to determine ban@erger et al., 2000]. Here, we consider the task of mea-
width. Unless otherwise noted, we set the number of stepsuring the distance between pneumonia predictions across
S for S-SD and S-QNO to b8 = min( m; 10); we take  two race groups — a common task in the fairness liter-
this minimum for when the total number of contaminatedature. In this setting, the sensitive attribute is measured
samples is less than the total number of steps. We examingith -contamination. We us&0% of the data for training
the performance of different values $fin section 5.5. the model 20%for validation, and the remaining0%for
MMD estimation. We use the training and validation data
et8 ne tune a Densenet-121 [Huang et al., 2016] that was
retrained on Imagenet [Deng et al., 2009]. After training

Setup.Since the true value of the contaminated sam@lles
is unobserved in real datasets, we resort to semi-simulat

data where; y represent real data, but the contaminate lSpe model, we obtain the 2-dimensional logit predictions
samples are simulated. We examine the performance of o ’ A . )
P P f the 20% of the data held out foMMD estimation, and

approach, ablations and baselines in two settings. First, is the o : .

nonrandom contamination setting. In this setting, we pic imulate -contam|na}tlon by cha}nglng anproportion of

the data points that maximize the difference between the tw lack (n = 3897) patients to Whitgn = 11293).

distributions to be the true contaminated samples. Speci8. BIO: Unlike the 2-dimensional MIMIC data ané4-
dimensional FOREST data, in the third task we examine a

more extreme case of high dimensional data with few sam-

TR L . .
In the appendix, we explicitly show how the typical estimate . . . .
PP picty yp ples. We use publicly available leukemia gene expression

of theMMD behaves with varying









\ S-SD (Ours) testing, where the goal is to formally test if the two distri-
No. of Steps| FCR MIW butions are similar. We note that such a test can be done by
combining approaches for hypothesis testing using “interval

g gié (gfggf %8% (8588? test statistics” (see Kreinovich et al. [2008] for a summary)
5 0:0 (((),6) ) 0:088 E0:001; with approaches for acquiring empirical estimates of the
10 00 (0;0) 0:08 (0:601) MMD under the null distribution Gretton et al. [2009].

20 0:0 (0:0) 0:091  (0:001) We also note that extending our approach to settings where
50 0:0 (0:0) 0:091 (0:001)

both variables are contaminated is likely a trivial extension

i i of our work. Speci cally, it might be appropriate to conduct
Table 2: Varying number of steps for S-SD in FOREST 4, iterative procedure where we 8, : the samples ob-

(N = 2000;d = 54) with = 0:2. Standard errors (in  geryed iny °that are truly sampled fromy and then nd
parentheses) over 100 trials. Results imply that seing @y the samples observed ¥°that are truly sampled from

be large gives lower FCR. Py iteratively until meeting some convergence criteria.

n = 2000 from FOREST, vary the value &, and examine  Acknowledgements

the performance of our main approach, S-SD. We repeat

the experiment 100 times using 100 different samples fronWe are thankful for feedback from anonymous reviewers.
FOREST, each of size 2000 to compute the standard errorBhe work was done when Ron Nafshi was a student at the
around the FCR and MIW. University of Michigan. This material is based upon work

?upported by the National Science Foundation under Grant

Table 2 Sh.OWS the resul_ts. The results imply that We Can 9&0.2153083 and 2337529. Any opinions, ndings, and con-
bound estimates that give a FCR of zero even with a Ve¥iusions or recommendations expressed in this material are

few number of steps. The MIW Increase shghtly {and .StartSNEose of the author(s) and do not necessarily re ect the
to plateau as the number of steps increases. This implies tha

a reasonable choice &fto ensure a low FCR would be the - of the National Science Foundation.

largest possible value which does not lead to a computation-

ally prohibitive number of iterations. Recall that there is aReferences

natural upper bound o8 = m. In the appendix, we repeat

this experiment for S-QNO showing similar robustness. Jock Blackard. Covertype. UCI Machine Learning Reposi-
tory, 1998. DOI:10.24432/C50K5N

6 CONCLUSION Olivier Bousquet and André Elisseeff. Stability and gener-
alization. The Journal of Machine Learning Researéh
We studied the problem of comparing two distributions 499-526, 2002.
when the data is collected with some measurement errqe
Speci cally, we showed that typical estimates of kernel
based distances are unreliable when the data is measure
with some contamination, where anproportion of one
sample is erroneously included with the other. We showed
both empirically and theoretically that a straightforward Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and
optimization approach to measuring uncertainty has an un- Li Fei-Fei. Imagenet: A large-scale hierarchical image
favorable dependence on the size of the contaminated set.database. 12009 IEEE conference on computer vision
Instead, we proposed a stepwise approach to estimate cred-and pattern recognitionpages 248-255. leee, 2009.
ible and tight upper and lower bounds and showed that i
converges faster than alternatives to the true upper and low S :
bounds. Empirically, we showed that our approach outper- Qompres; then tgst: Poyverful kernel testing in near-linear
forms all baselines. Looking beyond this work, it would time. arXiv preprint arXiv:2301.059742023.

be interesting to study other commonly occurring measurefamara Fernandez and Nicolas Rivera. A reproducing ker-

ment error mechanisms and study their effect on measuring nel hilbert space log-rank test for the two-sample prob-
the MMD and other related estimates such as the Hilbert |em. Scandinavian Journal of Statistic48(4):1384—
Schmidt independence criterion. 1432, 2021.

ichard H Byrd, Peihuang Lu, Jorge Nocedal, and Ciyou
thu. A limited memory algorithm for bound constrained

optimization.SIAM Journal on scienti c computind.6
(5):1190-1208, 1995.

arles Domingo-Enrich, Raaz Dwivedi, and Lester Mackey.

Extensions of this work. While beyond the scope of this A- L. Goldberger, L. A. N. Amaral, L. Glass, J. M.
work, it might be interesting to understand how our sug- Hausdorff, P. Ch. Ivanov, R. G. Mark, J. E. Mietus, G. B.

gested approaches can be used in the context of hypothesisMoody, C.-K. Peng, and H. E. Stanley. PhysioBank, Phys-
ioToolkit, and PhysioNet: Components of a new research



resource for complex physiologic signalSirculation,  Nathan Kallus, Xiaojie Mao, and Angela Zhou. Assess-
101(23):e215—e220, 2000. Circulation Electronic Pages: ing algorithmic fairness with unobserved protected class
http://circ.ahajournals.org/content/101/23/e215.full using data combinationManagement Sciencé8(3):
PMID:1085218; doi: 10.1161/01.CIR.101.23.e215. 1959-1981, 2022.

Mark Goldstein, Jorn-Henrik Jacobsen, Olina Chau, AdrielBeen Kim, Rajiv Khanna, and Oluwasanmi O Koyejo. Ex-
Saporta, Aahlad Manas Puli, Rajesh Ranganath, and An- amples are not enough, learn to criticize! criticism for
drew Miller. Learning invariant representations with interpretability. Advances in neural information process-
missing data. IConference on Causal Learning and  ing systems29, 2016.

Reasoningpages 290-301. PMLR, 2022. ] B ) )
Johannes Kirschner, llija Bogunovic, Stefanie Jegelka, and

T. R. Golub, D. K. Slonim, P. Tamayo, C. Huard, M. Gaasen- Andreas Krause. Distributionally robust bayesian opti-
beek, J. P. Mesirov, H. Coller, M. L. Loh, J. R. Down- mization. Ininternational Conference on Arti cial Intel-
ing, M. A. Caligiuri, C. D. Bloom eld, and E. S. Lan- ligence and Statisticpages 2174-2184. PMLR, 2020.
der. Molecular classi cation of cancer: Class discovery ) o o
and class prediction by gene expression monitorBj- Vladik Kreinovich, Hung T Nguyen, and Sa-aat Niwitpong.

ence 286(5439)531—537 1999. doi: 10.1126/science. Statistical hypotheSiS testing under interval Uncertainty:
286.5439.531. ' An overview. International Journal of Intelligent Tech-

nologies and Applied Statistic$(1):1-32, 2008.
Arthur Gretton, Kenji Fukumizu, Zaid Harchaoui, and . )
Bharath K Sriperumbudur. A fast, consistent kernel twoAViral Kumar, Justin Fu, Matthew Soh, George Tucker, and

sample testAdvances in neural information processing  S€rgey Levine. Stabilizing off-policy g-learning via boot-
systems22, 2009. strapping error reductiorAdvances in Neural Informa-

tion Processing Systen32, 2019.

Arthur Gretton, Karsten M Borgwardt, Malte J Rasch, Bern- ) ) . o
hard Scholkopf, and Alexander Smola. A kernel two-Chun-Liang Li, Wei-Cheng Chang, Yu Cheng, Yiming Yang,

sample testThe Journal of Machine Learning Research ~ &nd Bamnabas Poczos. Mmd gan: Towards deeper under-
13(1):723-773, 2012. standing of moment matching networkAdvances in

neural information processing syste3§, 2017.

Joel L Horowitz and Charles F Manski. Identi cation and . . . L )
robustness with contaminated and corrupted datano- ~ Christos Louizos, Kevin Swersky, Yujia Li, Max Welling,

metrica: Journal of the Econometric Sociepages 281— and Richard Zemel. The variational fair autoencoder.
302. 1995. arXiv preprint arXiv:1511.0083®2015.

Gao Huang, Zhuang Liu, and Kilian Q. Weinberger.DaVid Madras, Elliot Creager,. Toniapn Pitassi, and Richard
Densely connected convolutional networksCoRR Zemel. ITearnmg adver;anally fair and transferablg rep-
abs/1608.06993, 2016. URttp://arxiv.org/ resentations. linternational Conference on Machine
abs/1608.06993 . Learning pages 3384-3393. PMLR, 2018.

Maggie Makar and Alexander D'’Amour. Fairness and
robustness in anti-causal predictionarXiv preprint
arXiv:2209.094232022.

Wittawat Jitkrittum, Zoltan Szab6, Kacper P Chwialkowski,
and Arthur Gretton. Interpretable distribution features
with maximum testing powerdvances in Neural Infor-

mation Processing Systen2s, 2016. Maggie Makar, Ben Packer, Dan Moldovan, Davis Blalock,

Fredrik Johansson, Uri Shalit, and David Sontag. Learning Yoni Halpern, and Alexander D'Amour. Causally moti-

representations for counterfactual inferencelnberna- vated shortcut removal using auxiliary labels.Iierna-

tional conference on machine learninages 3020-3029. tional Conference on Arti cial Intelligence and Statistics
PMLR, 2016. pages 739-766. PMLR, 2022.

C Noel Bairey Merz. The yentl syndrome is alive and well,

Alistair Johnson, Tom Pollard, Roger Mark, Seth Berkowitz, 2011

and Steven Horng. Mimic-cxr database, Sep 2019a.

Alistair E. W. Johnson. Tom J. Pollard. Seth J. Berkowitz Luca Oneto, Michele Donini, Giulia Luise, Carlo Ciliberto,
Nathaniel R. Greenbaum. Matthew P. Lungren Chih. Andreas Maurer, and Massimiliano Pontil. Exploiting

ying Deng, Roger G. Mark, and Steven Horng. Mimic- mmd and sinkhorn divergences for fair and transferable

cxr, a de-identi ed publicly available database of chest represer_ltation learninghdvances in Neural Information
radiographs with free-text reports, Dec 2019b. Processing Systen33:15360-15370, 2020.



Flavien Prost, Hai Qian, Qiuwen Chen, Ed H Chi, Jilin
Chen, and Alex Beutel. Toward a better trade-off between
performance and fairness with kernel-based distribution
matching.arXiv preprint arXiv:1910.117792019.

Geoffrey Schiebinger, Jian Shu, Marcin Tabaka, Brian
Cleary, Vidya Subramanian, Aryeh Solomon, Joshua
Gould, Siyan Liu, Stacie Lin, Peter Berube, et al. Optimal-
transport analysis of single-cell gene expression identi es
developmental trajectories in reprogrammi@gll, 176
(4):928-943, 20109.

Antonin Schrab, lImun Kim, Benjamin Guedj, and Arthur
Gretton. Ef cient aggregated kernel tests using incom-
plete u-statistics. InAdvances in Neural Information
Processing Systems

Matthew Staib and Stefanie Jegelka. Distributionally ro-
bust optimization and generalization in kernel methods.
Advances in Neural Information Processing Syste3is
2019.

Aad W Van Der Vaart, Jon A Wellner, Aad W van der Vaart,
and Jon A WellnerWeak convergenceépringer, 1996.

Victor Veitch, Alexander D'Amour, Steve Yadlowsky, and
Jacob Eisenstein. Counterfactual invariance to spurious
correlations in text classi cation. Advances in neural
information processing systen®t:16196-16208, 2021.



Partial identi cation of the maximum mean discrepancy with mismeasured data
(Appendix)

Ron Nafshi* Maggie Makar?

IFintica Al, Tel Aviv, Israel
2University of Michigan, Ann Arbor, Ml

A PROOF FOR PROPOSITION 1

Proposition Al (Restated Proposition 1 in the main text)Let(Y% ) be a measurable space w2 Y ®and letP be
all the probability distributions orfY? ) . De ne P( ) to be all the possible probability distributions over the unknown
C,ie,P()=f(Pyo(Y) (1 )" )= :' 2 Pg, then the following bounds are sharp:

inf MMD( PC;Pxo;Pyo) MMD( Pc ;Pxo;Pyo) sup MMD( PC;Pxo;Pyo);
Pc2P () Pc2P ()

Proof. Consider the upper bound, supe_2p ( y MMD( Pc;Pxo;Pyo), and let Pg =

argsups. zp ( y MMD( Pc; Pxo; Pyo). Note that without additional assumptions, it is possible fhat = Pg. In
this case, the upper bound holds with equality. MMD( Pc ;Px o;Pyo) = supp_ 2p ( y MMD( Pc; Pxo; Pyo). Hence
the upper bound is sharp. A similar argument can be constructed to show that the lower bound is sharp.

B PROOF FOR PROPOSITION 2
Before proceeding to the main proof, we restate the following de nition from Gretton et al. [2012].

De nition Al (Restated de nition 30 in Gretton et al. [2012]) . LetF be the unit ball in an RKHS, with kernel bounded
accordingto0  k(x;y) . LetZ be ani.i.d. sample of sizedrawn according to a probability measuRe and let ;
be i.i.d and take values i 1; 1g with equal probability and = f ;g; . We de ne the Rademacher average:
1 X 1=2
Rhn(F;Z)=E sup — f(z) —
f2r N n

i
Proposition A2 (Restated Proposition 2 in the main text)For MMD( Pg; Px o; Py 0) as de ned in proposition 18 as

de ned in equation 5, witl( ® )= m, 0 k(x%y9 for all xX%y°2 X % Y0 we have that:

w2

Pxoyo JMMD(Pg;Pxo;Pyo) MMD(® ;X%Y9j>bo+"  2exp b

forp=4” (N 2+ myandb =2 (I )L+ m)P+1+ )L+ + m)?)

Proof. De ne ¢ suchthat® = f& g, and consider the absolute difference term:
jMMD( P; Pxo; Pyo) MMD(® ;X% Y?9;
h [
= sup (1 )Ep, f(X9) (1+ )Ep,f(Y)+2 Ecf(C)
f2F



h
sup % fpe @XDT g,

f2F n i n i n

X i
27 1)

sup (1 )Ep, f (X9 (1+ )Ep, f(Y)+2 E:f(C)
f 2F

X
@) e O

= ( X%Y%Pyo; Pyo)

X X
% vy 27 1

We will next attempt to bound the difference betweegs (Px o; Py o; X % Y9 and its expectation by applying McDiarmid's
inequality. To do so, we rst need to verify thatp (Px o; Py o; X % Y 9) satis es the bounded difference property. We do so in
two steps. In the rst step, we consider the case where we replace oneXfg@mples. Speci cally, we consider the data
DY = X9 ;Y% whereX9 = fx;x3;:::5x) 1;xP5xPhy5:0ixf .0 Let€ denote the estimate & according to

. . 0
equation 5 usm@j‘ rather tharD. In that case, we have that:

i o(Pxo;Pyo;X5%Y9 DjXO(Pxo;PYo;X(j) Y9

X X
sup £ 10 rode o) 2T o)
X | X X | X
P50 re BT red BT e T v
X X
swp S red oM T e T 1)
a ) _ _ o 2 X X
D supif (i + sup it (D) + Zsup &) f(@)
f f n¢ i
p_
@ )P 2 p_._ 2K
Py Z@Ph= 2 e v m) ©

Second, we consider the case where we replace one ¥%kamples. Speci cally, we consider the dmé‘] =fX©o Yj0 0,

v:lhereYj0 = fydys i iny? GyPiyla i tiY. a0 Inthat case, by a similar construction to the previous case, we have
that:
P
I o(PxoiPyoiX %Y pyo(Pxoi Py XOYP)] = —=(1+ + m) (10)
]

Combining the results from equations 9 and 10, we can apply McDiarmid with denominator:

p_ p_
2 2
@ nZEa o+ m) Traron Zras v m)
= % 1@ Y@ + m)P+@Q+ )1+ + m)?:
le.,:
h i "2p
Pxoyo p(Pxo;Pyo;X%Y9 Exoyo p(Pxo;Pyo;X%Y9 > 2exp by ; (11)

whereb, =2 (I )1 + m)2+(1+ )21+ + m)?).
h i
It remains to controEx ovo  p (Pxo; Pyo; X% Y9 . To do so we use the-stability property and symmetrization Van

Der Vaart et al. [1996]. We note that thestability of the hypothesis is a direct consequence of the boundednlegs pfby
.LetX andY bei.idsamplesofsizd4 )nand(1+ )n respectively, we have that:

h i
Exoyo p(PxoPyo;X%Y9



Exovosup (1 )Ep, f (X9 (1+ )Ep,f(Y)+2 Ecf(C)
f

1 )X 1+ )X 2 X
S e BT reh T e
X
=Boyestp (L DB« T0) T OO @B ST+ f0)
1 2 X | |
+2 Ex v ﬁf(g) r | f (&)
1 X 1 X 1+ X 1+
Exovox v S?DT | f(x) W i f(x) n | flyi)+ n f(y?)
2 2 X
fn e o)
1 X 1 X 1+ X 1+
Exoyox v sfup? | f(x) W i f(x) o | f(yi)+ n f(y?)
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f n i n i
X
Ecayox v 5 SWp——  KF() FO)+ T (0D O0)
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1 X, 1+ X
Exox ; Sfup W ) F(xD) + Evoy ; S:Jp o CF) o)
2 X | X I
oL LSuP f(g) f(&)
XOoYoX ;Y i i
21 IRa(F:X)+(@+ Ra(F:YO+2m"
2[(1 ) (=n)+@+ )(=n)P+2m
4p*(n 22+ m):
P h i
Substitutingd” ~(n 2+ m)for Exoyo p(Pxo;Pyo;X%Y9 in equation 11 gives the desired result.

C PROOF FOR PROPOSITION 3
Before stating the main proof, we begin by outlining the following de nition, and lemmas.

De nition A2 Random variabl& has rst-order stochastic dominance (or stochastic dominance for short) over random
variable Z %if for any outcome, Z gives at least as high a probability of receiving at letiss doe<Z °®, and for some, Z
gives a higher probability of receiving at ledst

Lemma Al Let(Y% ) be a measurable space wi¥t 2 Y © and letP be all the probability distributions ofY® ) . For
P()=f(Pyo(Y) (1 ) )= :' 2Pg.Wehave that
arg sub, op ( \MMD( Pc; Px o; Pyo) = arg supp, 2p ( )Epc [FAC)];
where
FAC)=(1  )Epo[k(C:XO  (1+ )Ep, [k(C;YIN+ Epk(C;C) (12)
Proof. The proof is a straight forward derivation from the de nition of D and the witness function. We present the

derivation below, with albupy . to be understood &ips_ ,p ( . We useX to denoteX O[ C and¥? to denoteY °n C for
an arbitraryC.



argsups, hMMD( Pc; Pxo; PYo)I
"o i#

= argsupp.  Sup Er, [F (R)]  Ep, [f (¥)]
= argsupp, hEP* [KCE; ®)]  Ep, Ep, [K(K; ®)]  Ep, Ep, [K(X; ¥)] + Ep, [K(? ;‘?—’)]I
=argsupp, (1 )’Ep, o k(XX +(1+ )?Ep ,[k(Y% Y9l

2(1+ )1 )EpoEp,o[k(X%Y9+4 (1 i )Ep Ep, o[K(C; X 9]

(1+ r)]EpC Ep, o[k(C; YOI+ Ep Ep [K(C;C)] i
=argsupp, Epc (1 )Ep,o[k(C;X9] (1+ )Ep,ok(C;YOl+ Ep[k(C;C)]
=argsupp, fC)I;

which completes the proof.
Note that the empirical version of equation 12 corresponds to equation 4 in the main text.

Corollary A1 Under the same conditions as Lemma A1, and for a suf ciently smai have that
arg supb, op ( yMMD(Pc; Px o; Pyo) / argsups, 2p ( )Epc [f AC)I;
where

fAC)=(1  )Ep, o [k(C; X9 (1+ )Ep, [k(C;Y9)]
Proof. The proof directly follows from Lemma A1 and the fact that for a suf ciently smalve have that (C) f9C).

Proposition A3 (Restated proposition 3 from the main text)Let C be the solution to equation 7 as! 1 . For a
suf ciently small , we have thaPc = Pg, wherePx is de ned as the distribution that maximizes the third term in
proposition 1.

Proof. Recall that:
Pyo(Y)=(1  )Py(Y)+ Pc (C);

and note that the kernklis a measurable mapping, herfcds also a measurable mapping. This implies 4y 9) is
measurable with respect ¥° and we can express the distribution o¥&Y 9. Letting Qyo := Pyo(f (Y9), Qy =
Py (FY)),andQc := Pc (f (C )), we have that:

Qvo(Y)=(1 Qv (Y)+ Qc (C):

Using the notatiorQy o[ 1 ;t] to denote the cumulative distribution function (CDF)®@fo(Y 9 from values1 tot, we
can write the CDF ove€ as the CDF of a truncated distribution, which gives us the following:

(0
Qc [1 ;t]=

if t<
Qvo[1l ;t] (1 ) = ift

Consider the following distribution:

(Qyo[l =1 ) ift<

"o[1 ;t]= .
ol ] 1 if t



Note that:
(T )ofl ;t]+ Qc [1 ;t]=Qvo[l ;1]

which means thac 2 P ( ). Next we will make the argument th@ stochastically dominates all other distributions
in P( ). Note that forany ,ift<

Qc [1 ;t] "a[1 ;t]=0 "4[1 ;t] O
However, suppose that there exists some P ( ), and that it stochastically dominat€®s . l.e., fort
"1l t]<Qc [1 5]
) all 5t]< Qyo[l ;t] (1 ) =
) a1l st<Qvo[1 5t] (1 )
Hencewe havethdl )" + ' 1<Qyo[1l ;1]forall' 2P, whichimpliesthat ; 62 R ), which is a contradiction.
This shows thaQc [1 ;t] stochastically dominates all distributions®{ ), which means that:
Eqc [FYC )] > Eq.[fAC)]
) Epc [fXC )] > Ep[fAC)]

forall Pc 6 Pc . SinceEp_[f AC)] > Ep, [f AC)] for all Pc & Pg, and by Corollary A1, we have tha. [f (C )] =
Ep_[f AC)], which completes the proof.

D PROOF FOR PROPQOSITION 4

Proposition A4 (Restated proposition 4 in main text) For MMD( P¢; Px o; Py o) as de ned in proposition 10, as de-
ned in equation 7 and suchthat0  k(x;y) forall x;y 2 X . Then as for a suf ciently small

w2

Pxoyo JMMD(Pg;Pxo;Py)) MMD(®x;X%Y9j>bo+"  2exp
forbp =4(=n)=1+ )andby =2 (1 )3+(@1+ )1+3)?

Proof. Consider the absolute difference term

jMMD( Pg; Py o; Pyo)  MMD( ®x; X & Y9
h i
= sup (1 )Epf(X) (1+ )Epf(Y)+2 Ecf(C)
f
ha )X

X X N
sp 2T o0 BT rgne 27 ree)

sup (1 )Ep,of(X9 (1+ )Ep,of (Y9+2 Ecf(C)
f

X X
% ey 27 )

a )X
n i f(XiO)+ n

=sup (1 )Ep f(X9Y (1+ )Ep, f(Y)+2 Ecf(C)
f

L )X
— | f(x9)+ -

= p(Pxo;Pyo;X%Y9)

X X
1+ ) | f(y9) % 1 (yD)  ~of (v)




We will next attempt to bound the difference betweeg (Px o; Py o; X % Y9 and its expectation by applying McDiarmid's
inequality. To do so, we rst need to verify thatp (Px o; Py o; X % Y 9) satis es the bounded difference property. We do so
in two steps. In the rst step, we consider the case where we replace oneXPgamnples. Speci cally, we consider the
dataD’fD = X9 ;Y% whereX§ = fx§;x3;::5,x) 1;x0i xRy 10,0 Inthat case, we have that:

I o (PxoiPyorXBYG  pxo(PxoiPyosX G Y]
=sup (1 )Ep,.f (X9 @+ )Ep, of (Y9 +2 Ef(C)
f

X X X

sup (1 )Ep,of (X)  (L+ )Ep,of (Y)+2 Ecf (C)
f

X X X
% s BX27 149 217 att) o9+ L0 16D)

sup (1 )Ep,of (X9 (1+ )Ep,f(Y)+2 Ecf(C)
f;

X X X
(1n ) | f(xio)+(1;) (o) 250 1D o o)

sup (1 )Ep,f (X9 (1+ )Ep,f(Y)+2 Ef(C)
f

X X X
@) | o+ STy 227 artg) grof+

1
n

(60 10D
Fsup (16 ()

1 . _ . .
o supi(f (xD)j + sup jf (xP))]

21 )p-
n

(13)

Second, we consider the case where we replace one ¥f%kamples. Speci cally, we consider the dmé‘j = fX%Y0yg,
whereY? = fy2;y3iiiny? 1y vt iYQs a9 Inthat case, we have that:

I p(PxoiPyoiXSYY)  pyo(PxoiPyo; XY
sup (1 )Ep,f (X9 (1+ )Ep,f(Y)+2 Ef(C)
f

X X X
% ree B207 10 227 amg) naro

sup (1 )Ep,of (X9 (1+ )Ep,f(Y)+2 Ecf(C)
f

X X X

LoD foms Zared tgtod 110D ot o)

Ssup (O FOM) SO gD LGN ot o)

l%syp (ERE)) +%sgp (Aff ()  ~of () L) ~af (%)



1+ 2 .

—hsup (f o) oY) + T supif o) o)

1 + . - . O . 2 - . . O .
—— supi(f ()i +supif ()i + - supif i +sup it (v))]

p,
21+ )p— 4p_-_ 2
n T G (14)

Combining the results from equations 13 and 14, we get that we can apply McDiarmid with the following denominator:

pf
2 2
a o 2P e 2 oaes) =t @ year ars )
to obtain
h i
Pxovo p(Pxo;Pyo;X%Y9 Exoyo p(Pxo;Pyo;X%Y9 > (15)
"2
2 : 16
P @ prar ya+3 ) (16)

h i
Next, we seek to control the expectati@yoyo p(Pxo;Pyo; X% Y9 . To do so we use symmetrization Van Der Vaart
etal. [1996]. LeiX andY bei.i.dsamplesofsiz§gd4 )nand(1+ )n respectively, we have that:
h i
Exovo p(PxoPyo;X%Y9

1 1+

X
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