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The shear stress—strain response of an aluminum alloy is meas-
ured to a shear strain of the order of one using a pure torsion
experiment on a thin-walled tube. The material exhibits plastic
anisotropy that is established through a separate set of biaxial
experiments on the same tube stock. The results are used to cali-
brate Hill’s quadratic anisotropic yield function. It is shown that
because in simple shear the material axes rotate during deforma-
tion, this anisotropy progressively reduces the material tangent
modulus. A parametric study demonstrates that the stress—strain
response extracted from a simple shear test can be influenced sig-
nificantly by the anisotropy parameters. It is thus concluded that
the material axes rotation inherent to simple shear tests must be
included in the analysis of such experiments when the material
exhibits anisotropy. [DOI: 10.1115/1.4041320]
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1 Introduction

The analysis of processes involving large deformations, such as
sheet metal forming, crushing of thin-walled tubular structures for
energy absorption purposes, and modeling of ductile failure
require material stress—strain responses to large strains. The mate-
rial response is commonly measured in a uniaxial tension test,
which usually necks at a strain of a few percent. The postnecking
response can be extracted iteratively by using a numerical simula-
tion of the test in conjunction with an appropriate constitutive
model to simulate the necking (e.g., see Ref. [1]). For sheet metal,
the hydraulic bulge test provides a direct way of establishing the
material response to much larger strains than the uniaxial tension
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test but is also limited by instability (e.g., see Ref. [2] and referen-
ces therein). Simple shear tests, on the other hand, remain free of
instabilities to large strains and therefore offer an attractive alter-
native (e.g., see Refs. [3-5]; and review in Ref. [6]). It is now
well established that for all three methods the extracted material
response is influenced by the constitutive model adopted (i.e.,
quadratic versus nonquadratic isotropic and anisotropic yield
functions [1,2,7-9]). A less well-known additional complication
affecting the simple shear tests is that the material axes can rotate
during shearing, which has consequences if the material exhibits
plastic anisotropy (Ch. XII-1 in Ref. [10]). In this brief note, this
effect is demonstrated through the extraction of the material hard-
ening for an anisotropic Al-alloy from a pure torsion test on a
thin-walled circular tube.

2 Experimental

A pure torsion experiment was performed on a seamless
2.0 x0.187 in (51 x 4.75 mm) Al-6061-T6 tube. The specimen is
machined on the OD in a way that minimizes wall eccentricity; it
has a 0.400 in (10.2 mm) test section with a wall thickness of
0.0461 in (1.17 mm) machined at midspan as shown in Fig. 1
(thickness chosen to delay buckling). The experiment was per-
formed in an axial-torsional servohydraulic testing machine using
the setup shown in Fig. 2 in Scales et al. [11]. The specimen was
twisted under rotation control producing a shear strain rate of
approximately 2 x 107* s™!, while the axial load was prescribed
to remain at zero.

The shear stress, 7, is calculated directly from the recorded tor-
que using the thin-walled geometry of the test section. The defor-
mation in the test section was monitored using stereo digital image
correlation with the appropriate resolution (see Ref. [11]). The Ara-
Mis software provides the deformation gradient, F. The deformation
in the test section was found to remain quite uniform but F was
averaged over a zone 0.2 x 0.4 in (5.1 x 10.2mm) in the center of
the test section. For the case of simple shear, F is given by

o

1
F=1|0 (1)
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where ) is defined in Fig. 2.
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Fig.1 Tubular test specimen loaded in pure torsion generating
simple shear in the thin-walled test section (dimensions in
inches; 1 in = 25.4 mm)
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Fig. 2 Material element under simple shear; shown are the ini-
tial and rotated material axes
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Fig. 3 Measured shear stress—plastic shear strain (t—jyP)
response for the Al-6061-T6 tube analyzed

The instantaneous strain tensor is then given by

0 dy2 0
de=sym(dFF )= |dy/2 0 0 ®)
0 0 0

Figure 3 shows the shear stress—plastic shear strain (7 —)”)
response measured in this experiment. It extends to a strain of just
under 1.2 and exhibits hardening throughout.

3 Material Response

The pure torsion test was part of a larger study aimed at estab-
lishing the response and failure of this tubular product under a set
of radial paths of combined shear and tension (akin to those in
Ref. [11]). The material was found to yield anisotropically. Eight
shear-tension tests of varying stress ratios and seven pressure-
tension tests were used to quantify the material anisotropy using
the nonquadratic Y1d04-three-dimensional model [7] with an
exponent of 8, which is preferred for Al-alloys. However, for the
narrow purposes of this study, the same data were used to also cal-
ibrate the quadratic Hill-1948 (H-48) [12] anisotropic yield func-
tion, in order to facilitate a simple study of the sensitivity to the
anisotropy parameters. For the present stress state, H-48 can be
written as

12

1 1 1 3
O = [0%1 - <1 +§_S_§>611622 +S—%U§2 +@‘7%2 Ba)

where S;; are the ratios of the following yield stresses:
S2 = 02,/010, 3= 03/C10, Si2 = V30120/01,  (3b)

S;; were determined by minimizing the sum of set of weighted
error functions as in Refs. [1,2], and [7] at plastic work of
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1000 psi (6.897 MPa) for all experiments. The process produced
the following values for the anisotropy parameters:

S, =1.01, §35=0.97, S;;, =093
This calibration will be used to demonstrate the effect of anisot-

ropy on the extracted material response.
The incremental spin tensor is given by

0 dy/2 0
do = skewsym(dFF~") = | —dy/2 0 0 (4a)
0 0 o0
which integrates to
0 /2 0
o=|-/2 0 0 (4D)
0 0 0

Thus, the transformation tensor for the material frame (MF)
becomes

cosy/2 —siny/2 0
A= | sinp/2 cosyp/2 0O Q)
0 0 1

The stress, when rotated into the material frame, is then

—siny cosy O
¢ =AcAT =1| cosy siny 0 (6)
0 0 1

For the anisotropic material in Eq. (3), the equivalent stress in the
material frame then becomes

0e = 0.(0'},52,53,512) (Ta)

or

3 2 1 3 172
O =1T|—+ 2+—————)sin2y] (7b)
{S%z ( $3 5 Sh

This is used to evaluate the work compatible plastic equivalent
strain increment from

TdyP

de) = —— (8a)
O,
which in the material frame becomes
d
deb = I (8b)

3 2 1 3 12
i 242 = ) sin?
[s%ﬁ( 8 s%z) y]

(the elastic component of y is neglected). This integrates as an
elliptic integral of the first kind. In the reference frame (RF), on
the other hand

s
de? =22 ay

8
/3 (9

which integrates directly.
If the material yields isotropically, Eq. (3) reduces to von Mises
(vM), is invariant to transformation and

Gelyw = V31 (9a)
dyr

| =% (9b)
vM \/§

which also integrates directly.
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Fig. 4 The material and reference frame equivalent

stress—equivalent plastic strain responses extracted from the
measured t—7yP response. Included are the calibrated Hill-48
anisotropy constants.
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Fig. 5 Comparison of the Reference Frame equivalent
stress—equivalent plastic strain response with the von Mises
and Hosford responses when the anisotropy is neglected

To facilitate a comparison with the quadratic yield functions, we
include the equivalent stress for the isotropic Hosford yield func-
tion [13] with exponent 8 (H8) which is given by

Oelus = 27+ 1)'2 1 (10a)
D

de] =Ll/g (10)
m (27+1)

The anisotropy parameters and the measured shear stress and
strain values were used in Egs. (7) and (8) to generate incremen-
tally the equivalent stress-equivalent plastic strain response of the
material. It is referred to as the material frame response and is
plotted in Fig. 4. Included is the corresponding response when the
rotation of the material frame is not accounted for—referred to as
reference frame response Clearly, this particular anisotropy leads
to progressive reduction in tangent modulus for equivalent strains
larger than about 0.15. Such changes in modulus can have signifi-
cant influence on the prediction of localization and other instabil-
ities and the onset of failure.

Figure 5 shows the equivalent stress—equivalent plastic strain
responses corresponding to the isotropic von Mises and Hosford
yield functions. Included is the reference frame response based on
the Hill-48 anisotropic yield function. The three responses exhibit
similar hardening, but trace different stress levels. The difference
in stress level between vM and H-48 is caused by the anisotropy,
whereas the difference between vM and HS is due to the different
exponent of the two yield functions.
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Fig. 6 Effect of anisotropy constants on the material and refer-
ence frame equivalent stress—equivalent plastic strain responses:
(a) vary Si2, (b) vary Sy, and (c) vary Sz

4 Sensitivity to Anisotropy Parameters

We now conduct a limited parametric study to illustrate the
effect of the anisotropy parameters, S;;, on the extracted material
response. The plastic tangent modulus of the material frame
response is given by

do, _dr[3 n 2_}_2 1 3 sin?
aif e~y ST \TTS TS s
T 2 1 3
245 —=— = |sin2 11
(g e
By contrast in the reference frame tangent modulus is
do, dt 3
= 11b
deg [gp  dy ST (e

The measured t — y response is used together with Egs. (3)—(8) to
evaluate the material and reference frame responses for various
combinations of the three anisotropy parameters. Figure 6 shows
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results where each of the anisotropy parameters is varied with the
other two kept at 1.0. In Fig. 6(a), S, is assigned values of 0.95,
1.0, and 1.05. For Sj; = 1.0, the material is isotropic and the
response coincides with that of vM in Eq. (9). For S1, = 0.95,
both the RF and MF responses are higher than the isotropic one,
but this value causes the tangent modulus of the MF response to
be increasingly lower than that of the RF response. When
S12 = 1.05, both responses are lower than the isotropic one, but
here the tangent modulus of the MF response becomes increas-
ingly higher than that of the MF response.

In Fig. 6(b), S, is assigned values of 0.95, 1.0, and 1.05. Mak-
ing this parameter larger than 1.0 lowers the tangent modulus of
the MF response and making it smaller increases it. In this case,
the RF response is the isotropic one. In Fig. 6(c), S5 is varied in a
similar manner. This parameter has the opposite effect on the RF
response: S3 > 1.0 increases the MF tangent modulus, while for
S3 < 1.0 decreases it. Here, again the RF response is the isotropic
one. It is worth noting that when the anisotropy term in the round
brackets in Eq. (11a) is larger than zero the MF response tangent
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Fig. 7 Effect of anisotropy constants on the material and refer-
ence frame equivalent stress—equivalent plastic strain responses;
three different combinations of Sj;
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modulus is larger than that of the RF tangent modulus and when it
is less than zero the opposite is true.

Figure 7 shows additional comparisons of MF and RF
responses for three more representative combinations of S
parameters for the same simple shear test. It is clearly demon-
strated that the material frame rotation alters the response and
must be accounted for. The decisive role of the anisotropy term in
round brackets in Eq. (11a@) on the hardening modulus is demon-
strated here too.

5 Conclusions

Numerical simulations of many manufacturing and other proc-
esses require the material response to large strains. Simple shear
tests remain free of instabilities at large strains and, as a result,
offer a more direct way of measuring the material response than
the more traditional tensile and bulge tests. Unlike the latter two
tests where the principal axes remain fixed, under simple shear the
material axes rotate during deformation. This paper examined the
consequences of the axes rotation on the extracted stress—strain
response when the material yielding is anisotropic. The shear
stress—strain response of a thin-walled Al-6061-T6 tube was meas-
ured under pure torsion. Separate sets of biaxial experiments on
the same tube stock was used to calibrate the Hill-48 anisotropic
yield function, which was subsequently employed to extract the
material response accounting for the material axes rotation. It is
demonstrated that as a consequence of the measured anisotropy,
the axes rotation progressively reduces the material tangent modu-
lus as the strain increases. The simplicity of this yield function
enabled evaluation of the sensitivity of the induced changes of the
extracted response to the anisotropy parameters. It is established
that the material frame rotation that takes place in simple shear
tests can influence the extracted response significantly when mate-
rial anisotropy is accounted for, and consequently must be
included in the analysis of such experiments. This conclusion also
holds for alternate methods of characterizing the material anisot-
ropy such as non-quadratic yield functions (e.g., see Ref. [7]). It is
worth pointing out that the results of the analysis presented are
consistent with ABAQUS’ incremental treatment of the material
frame rotation [14].
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