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ABSTRACT

We present a numerical study to investigate the efficacy of impedance boundary conditions in capturing the interfacial dynamics of a particle
subjected to an acoustic field and study the concomitant time-averaged acoustic streaming and radiation force fields. While impedance
boundary conditions have been utilized to represent fluid–solid interface in acoustofluidics, such models assume the solid material to be
locally reactive to the acoustic waves. However, there is a limited understanding of when this assumption holds true, raising concerns about
the suitability of impedance boundary conditions. Here, we systematically investigate the applicability of impedance boundary conditions by
comparing the predictions of an impedance boundary approach against a fully coupled fluid–solid model. We contrast the oscillation profiles
of the fluid–solid interface predicted by the two models. We consider different scatterer materials to identify the extent to which the differ-
ences in interfacial dynamics impact the time-averaged fields and highlight the divergence within the predictions of the two models. Our find-
ings indicate that, although impedance boundary conditions can yield qualitatively similar results to the full model in certain situations, the
predictions from the two models generally differ both qualitatively and quantitatively. These results underscore the importance of exercising
caution when applying these boundary conditions to model general acoustofluidic systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0225930

I. INTRODUCTION

Acoustofluidic systems have rapidly emerged as a promising
frontier of lab-on-a-chip technologies, in part due to their exciting
potential for manipulating fluids and particles at microscales.1,2 These
systems allow contact-free handling of fluids and particles and have
been utilized for several applications including fluid mixing and pump-
ing,3,4 particle trapping,5,6 microswimming,7 and more recently, for
integration with robotics to demonstrate rapid and automatic execu-
tion of common laboratory functionalities.8 Acoustofluidic devices fre-
quently leverage scattering of acoustic waves from solid surfaces (such
as the walls of microfluidic channels or the scatterers immersed within
a fluid domain) to generate acoustic streaming and radiation force
fields. For modeling such systems, the fluid–solid interface is usually
represented in one of the following two ways. The first approach solves
a coupled fluid–solid problem by prescribing velocity and traction con-
tinuity boundary conditions at the interface. In contrast, the second
approach solves a fluid-only system and employs boundary conditions
at the fluid domain boundaries to account for the presence of solid
walls. For instance, in the limit of “acoustically hard” material, the
fluid–solid interface can be modeled via a “hard-wall boundary

condition” that prescribes a homogeneous Dirichlet boundary condi-
tion on the acoustic velocity. This boundary condition has been widely
used in modeling of bulk acoustic wave devices to model silicone–
water and glass–water interface.9,10 Similarly, in the opposite limit (i.e.,
for “acoustically-soft” material), the fluid–solid interface is typically
prescribed a traction-free boundary condition to model the liquid–air
interface in droplet acoustofluidics.9,11 For general polymer materials
that lie between these two limits, typically an impedance boundary
condition has been employed to represent the interface.12–23 This
approach accounts for the difference in the acoustic impedance of the
fluid and solid material by prescribing a Robin (or mixed) boundary
condition that relates the acoustic velocity and pressure at the
boundary.

While several models using impedance boundary conditions have
yielded predictions similar to the experimental results, the use of these
boundary conditions relies on the assumption that the fluid–solid
interface is locally reactive to the acoustic waves.16–18,20–22 However,
the applicability of this assumption for common scatterer materials
subjected to high frequencies employed in micro-acoustofluidics is
unclear, leading to questions concerning their applicability.14,24,25
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Furthermore, the impact of the use of impedance boundary conditions
on the time-averaged acoustic streaming and radiation force fields
remains unknown.

In this work, we investigate the applicability of impedance
boundary conditions by comparing the predictions of an impedance
boundary approach against a fully coupled fluid–solid model. To this
end, we consider a solid particle subjected to a standing acoustic wave
and contrast the fluid–solid interfacial dynamics and the resulting
time-averaged fields predicted by the two models. We consider differ-
ent scatterer materials to investigate the impact of these differences in
interfacial dynamics on the time-averaged fields and highlight the
divergence within the predictions of the two models. Our results sug-
gest that the impedance boundary conditions—despite producing
qualitatively similar results to experiments for certain scenarios—are
not generally appropriate to study time-averaged acoustic fields and
highlight the need for prudence in employing these boundary condi-
tions to model acoustofluidic systems.

II. THEORY
A. Governing equations for fluid

The system of equations governing the motion of a linear viscous
compressible fluid is given by the balance laws for mass and linear
momentum and the equation of state as

@q
@t

þr � ðqvÞ ¼ 0; (1)

q
@v

@t
þ qðrvÞv ¼ r � r; (2)

p ¼ pðqÞ; (3)

with

r ¼ �pIþ gðrvþ ðrvÞTÞ þ gb �
2g
3

� �
ðr � vÞI; (4)

where q is the fluid’s mass density, v is the (Eulerian) fluid velocity, p
is the pressure, r is the fluid’s Cauchy stress tensor with I being the
identity tensor, and g and gb are the shear and bulk viscosity, respec-
tively. Following prior works, we linearize the Navier–Stokes equations
by expanding the primary unknowns as ½A� ¼ ½A�0 þ ½A�1
þ½A�2 þ � � �, where A represents the fluid variables (pressure, density,
or velocity) with subscripts denoting the order of the respective
field.3,26–28 Assuming a quiescent fluid at the zeroth-order, the govern-
ing equations for the fluid’s response at the first-order can be expressed
as

@q1
@t

þ q0 r � v1ð Þ ¼ 0; (5)

q0
@v1

@t
¼ r � r1; (6)

p1 ¼ c20q1; (7)

with

r1 ¼ �p1Iþ gðrv1 þ ðrv1ÞTÞ þ gb �
2g
3

� �
ðr � v1ÞI; (8)

where c0 is the speed of sound in the fluid. To numerically calculate
the response of a fluid–solid system under a prescribed acoustic field,

we segregate the total first-order fields into their incident (or back-
ground) and scattered components: / ¼ /bg þ /sc. Here, the back-
ground field denotes the prescribed acoustic field and the scattered
field is computed by solving the first-order system of equations.27 In
this work, we take the background field to be a one-dimensional plane
standing wave along the y-direction,

v
bg
1 ¼ wa

2
ik eiðkyþuÞ � e�iðkyþuÞð Þeixtey; (9)

where x is the angular frequency, k ¼ x
c0
� ai is the wave number with

a ¼ x2g
2c30q0

gb
g þ 4

3

� �
being the attenuation coefficient, u is the phase

shift, ey is the unit vector along the y-direction, and wa is the velocity
potential amplitude,

wa ¼ � pa

ixq0 þ gb þ
4
3
g

� �
k2

; (10)

with pa being the pressure amplitude. Noting that the first-order terms
in the perturbation approach are representative of the system’s har-
monic response to the acoustic actuation, they are taken to be har-
monic in time (with an eixt dependence in time).

To derive the governing equations for the fluid’s steady response
at the second-order, we substitute the perturbation expansion of pri-
mary variables into the governing equations and time average the
resulting equations to obtain

q0r � hv2i ¼ �r � hq1v1i; (11)

q1
@v1

@t

� �
þ q0hðrv1Þv1i ¼ r � r2; (12)

with

r2 ¼ �hp2iIþ gðrhv2i þ ðrhv2iÞTÞ

þ gb �
2g
3

� �
ðr � hv2iÞI; (13)

where hAi represents the time average of A over the oscillation time
period T, hAi :¼ 1

T

Ð
TAdt.

B. Governing equations for solid

In the absence of body forces, the balance of linear momentum
for a solid can be expressed as

qs
@2u
@t2

¼ r � rs; (14)

where qs and u are the solid’s density and displacement vector, respec-
tively, and rs denotes the solid’s stress tensor. The solid scatterer and
the channel walls are taken to be linear elastic such that the stress ten-
sor can be expressed as

rs ¼ ksðtr eÞIþ 2lse; e ¼ 1
2

$uþ ð$uÞT
h i

; (15)

where ks and ls are Lam�e parameters. Given the purely elastic nature
of the solid, its response to acoustic actuation is purely harmonic (i.e.,
there are no second-order contributions within the solid domain).
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Thus, the total displacement of the solid, u, is harmonic in time and is
coupled to the fluid’s first order velocity v1 at the fluid–solid interface.

C. Acoustic radiation force

In addition to the second-order streaming flow, another time-
averaged quantity of interest in acoustofluidic systems is the acoustic
radiation force experienced by immersed microparticles. Following
Settnes and Bruus,29 the acoustic radiation force experienced by a spher-
ical particle of radius a that is much smaller than the acoustic wave-
length k, mass density qp, and compressibility jp can be expressed as

Frad ¼ �pa3
2j0
3

Re f �0 p
�
1rp1

� 	� q0Re f �1 v
�
1 � rv1

� 	
 �
; (16)

where j0 ¼ 1=ðq0c20Þ is the compressibility of the fluid, A� denotes the
complex conjugate of the quantity A, and the factors f0 and f1 are given
as29

f0 ¼ 1� jp
j0

; f1 ¼
2ð1� cÞ qp � q0ð Þ
2qp þ q0ð1� 3cÞ ; (17)

with

c ¼ � 3
2

1þ ið1þ ~dÞ
h i

~d; ~d ¼ d
a
; d ¼

ffiffiffiffiffiffiffiffi
2g
xq0

s
; (18)

where d denotes the thickness of the viscous boundary layer. We
remark that Eq. (16) does not account for the microstreaming contri-
butions to the acoustic radiation force. However, these contributions
have been shown to be insignificant for the physical regime considered
in this study where the thickness of the viscous boundary layer is
smaller than the radius of the immersed microparticle, d=a < 1.27,30

D. Numerical models and boundary conditions

Our model system comprises a cylindrical scatterer with radius
ascat ¼ 5lm that is immersed within a surrounding fluid [Fig. 1(a)]. The
entire system is subjected to a background standing acoustic wave along
the y direction. The fluid domain is surrounded by a perfectly matched
layer to absorb all the outgoing waves. Additionally, the fluid domain
thickness is chosen to be sufficiently large to avoid the impact of outer
boundaries on the streaming field around the scatterer. In our analysis, a
fluid domain thickness of 200 ascat was found to be adequate, which agrees
well with prior reports.30 Referring to Figs. 1(a) and 1(b), we consider two
different models that differ in their representation of the (first-order)
acoustic boundary condition at the fluid–solid interface. Next, we describe
the details of the twomodels and their associated boundary conditions.

1. Fluid–solid interaction model

The first model [Fig. 1(a)] considers a coupled fluid–solid prob-
lem by solving the governing equations for both the fluid and the solid
and prescribes the continuity of velocity and traction at the fluid–solid
interface as

v1 ¼ vs; r1nf ¼ rsns; on Cf ;s; (19)

where vs ¼ ixu represents the solid’s velocity, and nf and ns are the
unit normal vector to the fluid–solid interface pointing outward from

the fluid and the solid domain, respectively. Since there are no second-
order contributions in the solid domain, the second-order problem is
solved only in the fluid domain by prescribing a Dirichlet boundary
condition on the second-order velocity as

hv2i ¼ � ðrv1Þ v1

ix

D E
; on Cf ;s [ Cf ;pml; (20)

where the term on the right-hand side represents the negative of the
Stokes’ drift at the interface.3,27,31

2. Impedance model

The impedance model [Fig. 1(b)] estimates the reflections and
transmissions at the fluid–solid interface by approximating the wave
dynamics in the solid medium. Here, we outline the derivation of the
commonly employed impedance boundary condition in the acousto-
fluidics literature.12–23,32 To this end, consider a planar configuration
with the liquid placed in the half space x< 0 in conjunction with a
medium in x> 0. The wave dynamics in the medium is assumed to be
governed by Eqs. (6) and (8) without the viscous terms, and the radia-
tive loss in the medium is described by a right-ward propagating wave
with potential /m ¼ Ae�ikmx . Accordingly, the x component of the
velocity in the medium is obtained as vmx ¼ r/m � ex ¼ �ikm/m,
with ex being the unit vector along the x axis. Similarly, the pressure
can be expressed in terms of the potential as pm ¼ �ixqm/m with qm

FIG. 1. Schematic of the model system and the associated boundary conditions. (a)
Computational domain considered in the fluid–solid model comprising of a scatterer
placed in the fluid. (b) Computational domain considered in the impedance model
where the scatterer is replaced by the impedance boundary condition. In both
cases, the fluid is surrounded by a perfectly matched layer (PML) to absorb outgo-
ing waves, and the system is subjected to a standing wave in the y direction. Note
that the figure is not drawn to scale.
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being the medium density. Consequently, the pressure and the velocity
in the medium can be related as pm ¼ qmcmvmx ¼ qmcmv1x , where the
continuity of velocity at the interface is utilized to equate the x compo-
nent of velocity in liquid to that in the medium, v1x ¼ vmx . For a
curved surface with outward unit normal nm, this relation is general-
ized as pm ¼ qmcmv1 � nf , and the traction at the interface is given as
rmnm ¼ �pmnm ¼ qmcmðv1 � nf Þnf . Substituting this expression in
the right-hand side of the second relation in Eq. (19), the fluid traction
at the interface is obtained as r1nf ¼ Zsðv1 � nf Þnf , where Zs ¼ qscs
denotes the acoustic impedance of the solid scatterer with cs being the
longitudinal speed of sound in the scatterer material. Finally, consider-
ing the normal component of this traction, we obtain the impedance
boundary condition relating the normal traction and velocity at a point
on the interface as

ðr1nf Þ � nf ¼ Zsðv1 � nf Þ on Cimp: (21)

Furthermore, it is assumed that there is no significant wave motion in
the tangential direction such that the tangential velocity at the interface
is constrained to be zero. In essence, the impedance boundary condi-
tion is an approximation of the traction applied by the medium on the
liquid and circumvents the need to solve for the solid’s acoustic
response by prescribing a relation between the local traction and the
local normal velocity at the interface. In other words, the impedance
boundary approach considers the solid material to be locally reactive
to the acoustic waves such that the motion at any point on the interface
can be considered to be dependent only on the traction at this point
regardless of the traction distribution over the remaining surface.21,22

Finally, we remark that this difference in first-order interfacial bound-
ary condition is the primary difference between the impedance model
and the coupled fluid–solid model and the second-order problem is
treated similarly in two models by prescribing a Dirichlet boundary
condition on the second-order velocity given by Eq. (20).

III. RESULTS
A. Acoustic fields

We first consider a glass scatterer (diameter¼ 10lm) immersed
within a fluid (water) domain, which is subjected to a background
standing wave field along the y direction. This material choice is moti-
vated from the recent glass-capillary-based micro-robotic system
reported by Durrer et al.8 The scatterer is placed at the velocity anti-
node of the background standing wave field (u ¼ p=2Þ and the acous-
tic frequency is taken to be 900 kHz. The relevant material properties
are listed in Tables I and II. The acoustic pressure amplitude (pa) is

taken to be 500 kPa throughout this work. To understand the acoustic
response of this system and the associated fluid–solid interfacial
dynamics, we begin by computing the first-order velocity and pressure
fields from both the fluid–solid and impedance models.

Figures 2(a) and 2(b) plot the amplitude of the x and y compo-
nent of the scattered velocity field (vsc

1 ), respectively, while Fig. 2(c)
plots the amplitude of the scattered pressure field (psc1 ) obtained from
the fluid–solid model. Figures 2(d)–2(f) plot the corresponding results
obtained from the impedance model. The two models exhibit excellent
qualitative agreement, but significant quantitative differences exist.
Comparing the range of numerical solutions in Figs. 2(a)–2(c) and
Figs. 2(d)–2(f), the impedance model results in significantly stronger
scattered acoustic fields and overpredicts both the scattered velocity
and pressure solutions. Specifically, the maximum value for each panel
in the impedance solutions is approximately 2.8 times of the predic-
tions from the fluid–solid model. To investigate the origins of these dif-
ferences, we inspect the time-varying oscillation profile of the fluid–
solid interface predicted from the two models. Figure 3 shows arrow
plots of the total velocity field at the interface from the two models at

TABLE I. The material parameters for the scatterer material considered in this
work.33 The viscous acoustic contrast factors (Uvisc ¼ 1

3 Re½f0� þ 1
2 Re½f1�) are calcu-

lated considering water as surrounding fluid at an acoustic frequency of 900 kHz.

qp cP cS
(kgm�3) (m s�1) (m s�1) Uvisc

PDMS 1030 1030 110 �0.33
PMMA 1180 2757 1400 0.26
Glass 2240 5100 2800 0.56
Cu 8930 5010 2270 0.81
Au 19700 3240 1280 0.87

TABLE II. The material properties of the fluid (water). The viscous boundary layer
thickness is calculated using Eq. (18) for an acoustic frequency of 900 kHz.

q0 g gb c0 d
(kgm�3) (mPa s) (mPa s) (m s�1) (lm)

998.2 1.002 3.09 1482 3.99

FIG. 2. Scattered acoustic fields around a 10 lm diameter glass scatterer
immersed in water and subjected to an acoustic wave of 900 kHz. Numerical predic-
tions of the fluid–solid model for the amplitude of the (a) x and (b) y components of
the scattered velocity field, and (c) the scattered pressure field. (d)–(f)
Corresponding predictions from the impedance model. While the two models yield
qualitatively similar results, the impedance model significantly overpredicts all the
fields. The different scales on the color bar are chosen to highlight qualitative simi-
larity between the predictions of the two models.
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different time instances within an oscillation period. The two models
yield entirely different oscillatory dynamics of the fluid–solid interface.
Specifically, the total velocity at the interface in the fluid–solid model is
approximately parallel to the y direction at all times, suggesting a
largely translational oscillation mode. In contrast, the total velocity at
the interface from the impedance model is aligned along the normal to
the interface, suggesting shape oscillations of the interface. This obser-
vation is consistent with the fact that the impedance model prescribes
a zero tangential velocity at the interface; therefore, the interface oscil-
lates completely along the normal direction.

To further examine the oscillatory dynamics of the interface,
Fig. 4 plots the background, scattered, and total velocity as a function
of time at a representative point located in the upper half of the inter-
face at 45� with respect to the x axis. Panels (a) and (b) plot the x and y
components, respectively, of these velocity fields obtained from the
fluid–solid model, while panels (c) and (d) plot the corresponding
results from the impedance model. Referring to Figs. 4(a) and 4(c), the
x components of the scattered and total field are equal to each other
for both models since the prescribed background field is a standing
wave field along the y direction, and its x component is zero. The scat-
tering is observed to be significantly stronger in the impedance model
with the amplitude of the scattered field being three orders of magni-
tude larger than that in the fluid–solid model.

Next, we turn our attention to the results for the y component
from fluid–solid model, plotted in Fig. 4(b). It can be observed that the
background, scattered, and total fields are of the same order of magni-
tude. Note that the y component of the total field is five orders of mag-
nitude larger than its x component [panel (a)], resulting in a total field
that is almost parallel to the y axis, as seen in Figs. 3(a)–3(e).
Comparing Fig. 4(c) with the y component predicted by the imped-
ance model in Fig. 4(d), we observe significant differences. Specifically,
the scattering is observed to be much stronger in the impedance model

such that the scattered velocity almost completely cancels out the back-
ground velocity and yields a total velocity amplitude that is over two
orders of magnitude smaller than the background and the scattered
velocities. Indeed, the y component of the total field is of the same
order of magnitude as the x component, resulting in a total velocity
field pointed along the normal direction as shown in Figs. 3(f)–3(j).
These results illustrate that the impedance model significantly overpre-
dicts the scattering velocity, which almost completely cancels out the
prescribed background velocity and yields a total velocity field that is
several orders of magnitude smaller than that predicted by the fluid–
solid model. From a physical perspective, this suggests that the imped-
ance model fails to completely capture the compliant nature of the
fluid–solid interface and predicts scattering results that are representa-
tive of a significantly more rigid material.

B. Time-averaged fields

Given that both the radiation force and the streaming velocity
depend on the first-order fields and their gradients, the differences in
first-order fields can be expected to lead to varying predictions of the
time-averaged fields. Noting this, we investigate the impact of differ-
ences in oscillatory dynamics of fluid–solid interface on the time-
averaged fields by comparing the predicted acoustic streaming and
radiation force fields from the two models. The radiation force field is
obtained by considering a 1lm polystyrene bead in Eq. (16). Figures
5(a) and 5(b) plot the radiation force and streaming field obtained
from the fluid–solid model corresponding to the interfacial dynamics
in Figs. 4(a) and 4(b), while Figs. 5(c) and 5(d) plot the results from
the impedance model corresponding to the interfacial dynamics in
Figs. 4(c) and 4(d). Comparing the radiation force fields in Figs. 5(a)
and 5(c), it can be observed that the variations in the underlying inter-
facial dynamics in the two models lead to significant qualitative differ-
ences in the radiation force field close to the fluid–solid interface. The

FIG. 3. (a)–(e) Velocity vectors at the solid–fluid interface at t ¼ 0; T=5; 2T=
5; 3T=5, and 4T=5, respectively, obtained from the fluid–solid model, where T
denotes the acoustic time period. (f)–(j) Corresponding results from the impedance
model. Note that the arrow lengths are normalized against the respective ampli-
tudes of the total velocity field from the fluid–solid and the impedance model.

FIG. 4. Plots of the background, scattered, and total velocity field as a function of
time for a representative point located in the upper half of the interface at 45� with
respect to the x axis. (a) x and (b) y components of velocity fields obtained from the
fluid–solid model. (c) and (d) Corresponding predictions from the impedance model.
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solution from the fluid–solid model is characterized by the presence of a
pair of vortices that is absent in the impedance solution. Furthermore,
similar to the first-order quantities, the impedance model overpredicts
the maximum radiation force by approximately 40% (6:27 pN for the
impedance model vs 4:48 pN for the fluid–solid model). Additionally,
the location of maximum radiation force differs between the two
solutions.

Next, we assess the impact of the varying interfacial dynamics in
the two models on the streaming velocity [Figs. 5(b) and 5(d)]. In con-
trast to the radiation force results, the impedance model underpredicts
the maximum streaming field by approximately 56% (1:87mm=s for
the impedance model vs 4:34m=s for the fluid–solid model), which is
consistent with the underprediction of the total acoustic velocity (see
Fig. 4). In addition, the location of maximum velocity field is observed
to be closer to the interface in the fluid–solid model. Interestingly, the
solution from the fluid–solid model is characterized by two pairs of
vortices in the vicinity of the scatterer but the innermost pair of vorti-
ces is absent in the impedance solution.

To further investigate the absence of the innermost vortices in
impedance solution, Figs. 6(a) and 6(c) plot the second-order velocity

components obtained from the two models along a radial line drawn
at 45� from the x axis. In line with the observation of the two pair of
vortices in the fluid–solid model, the streaming velocity components
intersect the x axis two times (e.g., vx2 starts from a negative value at
the interface, becomes zero at the center of the first vortex, and then
again becomes zero at the center of the second vortex). In contrast,
the streaming velocity components in the impedance solution inter-
sect the x axis only once (e.g., vx2 starts from a positive value at the
interface and becomes zero at the center of the first vortex).
Furthermore, the two models predict opposite direction of the
streaming velocity at the interface. Noting that the streaming velocity
at the interface is prescribed to be equal to the negative of the Stokes’
drift [see Eq. (20)] in both models, the opposing streaming velocity
directions at the interface imply that the two models must yield
opposing directions of the Stokes’ drift at the interface. This is con-
firmed by Figs. 6(b) and 6(d), which plot Stokes’ drift along the
fluid–solid interface. Both the individual components and the overall
Stokes’ drift differ in their sign between the two models, which
results in opposite streaming velocity at the interface. Furthermore,
the impedance solution underpredicts Stokes’ drift by almost two
orders of magnitude. Given that the Stokes’ drift is an input to the
second-order problem (via the velocity boundary condition at the
interface), this may explain the lower values of maximum streaming
velocity in impedance solution [Fig. 5(d)] compared to the fluid–
solid model [Fig. 5(b)].

Overall, the results in Secs. IIIA and III B indicate that the imped-
ance model may predict qualitatively similar results for the (first-
order) acoustic fields, but significant quantitative differences exist
between the predictions of the two models. These differences, in turn,
yield time-averaged fields that differ both qualitatively and quantita-
tively between the two models.

FIG. 5. Time-averaged fields around a 10 lm diameter glass scatterer immersed in
water and subjected to an acoustic wave of 900 kHz. (a) Radiation force and (b)
streaming field obtained from the fluid–solid model corresponding to the interfacial
dynamics in Figs. 4(a) and 4(b). (c) Radiation force field and (d) streaming field
obtained from the impedance model corresponding to the interfacial dynamics in
Figs. 4(c) and 4(d).

FIG. 6. (a) Streaming velocity along a radial line drawn at 45� from the x axis and
(b) individual components of Stokes’ drift along the fluid–solid interface obtained
with the interfacial dynamics from the fluid–solid model. (c) and (d) Corresponding
results obtained with the interfacial dynamics from the impedance model.
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C. Impact of scatterer material

Having investigated the acoustic and time-averaged fields for a
specific choice of scatterer material, we now explore the time-averaged
fields predicted by the two models for different choices of scatterer
material. This analysis allows us to assess the impact of fluid–solid
interfacial dynamics on streaming and radiation force fields in relation
to different material choices and assess the efficacy of the impedance
model for predicting time-averaged fields. We consider a similar
configuration as in Secs. IIIA and IIIB, but with four different choices
for the scatterer material: polydimethylsiloxane (PDMS), polymethyl
methacrylate (PMMA), copper, and gold. Considering the surround-
ing fluid to be water and using the material properties listed in Tables I
and II, their respective viscous acoustic contrast factor at 900 kHz are
–0.33, 0.26, 0.81, and 0.87. The first two materials are commonly used
in microfluidics settings, while copper and gold can be viewed as being
closer to the limiting case of a rigid material (with compressibility
approaching zero, and density much larger than that of the surround-
ing fluid).

Figure 7 compares the radiation force field obtained from the
fluid–solid [panels (a)–(d)] and the impedance model [panels (e)–(h)]
for the four scatterer materials. It can be observed that for both the
models, the maximum value of the acoustic radiation force increases
with increasing acoustic contrast factor. Nonetheless, the degree of

agreement between the two models varies significantly with material
choice. First, comparing the results for the materials with relatively low
acoustic contrast factors (PDMS and PMMA), the fluid–solid model
[panels (a) and (b)] predicts a pair of vortices near the interface, which
is absent in the impedance solution [panels (e) and (f)]. The imped-
ance solution overpredicts the maximum radiation force by a factor of
23 for PDMS (0:26 pN for fluid–solid model vs 6:22 pN for impedance
model) and 4.6 for PMMA (1:35 pN for fluid–solid model vs 6:26 pN
for impedance model). Furthermore, the fluid–solid solution exhibits
two symmetrically located maxima of acoustic radiation force, while
the impedance solution is characterized by a single maxima located
along the x axis. In contrast, for materials with relatively higher acous-
tic contrast factor (copper and gold), both the models exhibit one
maxima of radiation force, located along the x axis. Nonetheless, the
fluid–solid solution is still characterized by a pair of vortices that are
absent in the impedance solution. While the impedance solution con-
tinues to overpredict the maximum radiation force, the factor of over-
prediction (1.4 for copper and 1.17 for gold) decreases with increase in
the acoustic contrast factor.

It is also interesting to note that while the fluid–solid model
exhibits both qualitative and quantitative variation among different
materials, the impedance solution is rather insensitive to the material
choice. Specifically, referring to panels (a)–(d), as the acoustic contrast

FIG. 7. Impact of oscillation dynamics on time-averaged radiation force field for four different material choices: [(a) and (e)] PDMS, [(b) and (f)] PMMA, [(c) and (g)] copper, and
[(d) and (h)] gold. The results are obtained with oscillation dynamics predicted from (a)–(d) the fluid–solid model and (e)–(h) the impedance model. The color legends indicate
the magnitude in pN.
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factor of the scatterer material increases, the center of the vortices
moves closer to the interface. These vortices vanish completely in the
limit of a rigid scatterer, as shown in our prior report.28 In contrast,
the vortices are absent in the impedance solution irrespective of the
material choice. These results agree well with our results in Secs. III A
and III B where the impedance model failed to fully capture the com-
pliant nature of the interface and predicted results that are representa-
tive of a rigid scatterer material.

Next, we turn our attention on the streaming velocity predicted
from the two models as shown in Fig. 8. Referring to Figs. 8(a)–8(d),
the solution from the fluid–solid model is characterized by two pair of
vortices in the vicinity of the scatterer, and the innermost pair of vorti-
ces become progressively smaller with increase in the acoustic contrast
factor. In contrast, the impedance solution exhibits only one pair of
vortices for all material choices. Again, while the fluid–solid model
results vary significantly among different material choices, the imped-
ance model results are qualitatively indifferent to material choice and
are similar to those obtained in the limit of rigid material.

Overall, these results illustrate the inability of the impedance
model in accurately capturing the fluid–solid interfacial dynamics. The
impedance model may represent a good approximation to the fluid–
solid solution in the limit of rigid materials where the material can be
considered to be locally reactive to the acoustic waves. Nonetheless, its

predictions diverge both qualitatively and quantitatively from the
fluid–solid solution for scatterer materials with low acoustic contrast
factor. This is a significant finding since the impedance model has
been commonly used to approximate materials with relatively low
acoustic contrast factor such as PDMS in the context of surface acous-
tic wave devices.12,13,15 Furthermore, our analysis also reveals that even
the materials that are typically viewed as being rigid in acoustofluidics
literature (e.g., glass) are not sufficiently close to the rigid limit for the
impedance condition to be a good approximation of the fluid–solid
interface.

IV. CONCLUSION

We presented a numerical study to investigate the efficacy of
impedance boundary conditions for modeling oscillatory dynamics
and time-averaged fields around a particle subjected to a standing
acoustic wave. To this end, we compared the numerical results
obtained via an impedance boundary approach against those obtained
by a coupled fluid–solid approach. We systematically elucidated the
inherent assumptions in the derivation of the impedance boundary
condition and contrasted the treatment of fluid–solid interface in the
two models. The acoustic response obtained from both models is sub-
sequently utilized to obtain the system’s corresponding time-averaged
response.

FIG. 8. Impact of oscillation dynamics on streaming field for four different material choices: [(a) and (e)] PDMS, [(b) and (f)] PMMA, [(c) and (g)] copper, and [(d) and (h)] gold.
The results are obtained with oscillation dynamics predicted from (a)–(d) the fluid–solid model and (e)–(h) the impedance model. The color legends indicate the magnitude in
mm=s.
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We first considered a representative system comprising of a glass
scatterer immersed in water to demonstrate that while impedance
model may predict qualitatively similar results to the coupled fluid–
solid model for the oscillatory acoustic fields, the results differ signifi-
cantly from a quantitative perspective. A closer inspection of the
results from the two models reveals significant differences in the oscil-
latory fluid–solid interfacial dynamics. These differences further lead
to time-averaged fields that differ both qualitatively and quantitatively
between the two models.

We also investigated the discrepancies in the time-averaged fields
by varying the scatterer materials. To this end, we considered four dif-
ferent materials with increasing acoustic contrast factor with respect to
the surrounding fluid. Our results revealed that the impedance model
fails to completely capture the interface compliance. Interestingly, the
impedance boundary approach yielded results that are relatively insen-
sitive to the scatterer material and are qualitatively similar to the rigid
limit. This is a noteworthy result since the impedance model is typi-
cally employed to approximate materials with relatively low acoustic
contrast factors (e.g., PDMS), where its predictions diverge signifi-
cantly from the fluid–solid model.

Finally, given the results in Figs. 2–6, we remark that qualitative
similarity between numerical modeling choices should not be used to
justify the general applicability of impedance boundary conditions.
Specifically, given the qualitative similarity observed in Fig. 2, it might
be tempting to simply scale the results of impedance model to match
the predictions of the fully coupled model or the experimental data
(when available). Similar scaling has also been proposed for numerical
models by Ni et al.24 in the context of surface acoustic wave devices.
However, the results presented here illustrate that despite being accept-
able for the specific device considered by Ni et al.,24 such scaling must
be employed with caution as it might not be generally applicable for
different fluid–solid material combinations. Overall, our results
emphasize the need to exercise caution in the use of impedance bound-
ary conditions and suggest conducting quantitative comparisons
against experimental data or fully coupled numerical models to ascer-
tain their validity.

In future, this study can be extended to include several specific
physical considerations that have not been examined here. For
instance, a straightforward extension would be to translate the findings
of this study for a particle subjected to traveling acoustic waves.
Furthermore, different particle shapes and sizes can be considered to
investigate the impact of scatterer size and viscous boundary layer
effects. The findings reported in this work are also expected to lead to
further investigations in the context of specific acoustofluidic devices
by incorporating the presence of channel walls, multiparticle interac-
tions, wall enhancement effects of viscous drag, viscous–acoustic inter-
actions, and thermoviscous effects.23,34

SUPPLEMENTARY MATERIAL

See the supplementary material for results concerning the bench-
marking of our numerical model against the available analytical and
experimental data.
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