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Determination and Modeling of the Plastic-Flow
Behavior of a Strain- and Strain-Rate-Hardening
Material via the Constant-Stress,
Constant-Heating-Rate Test

S.L. SEMIATIN, N.C. LEVKULICH, P.N. FAGIN, T.M. BUTLER, T.J. BENNETT IV,
and E.M. TALEFF

The high-temperature plastic-flow behavior of a strain- and strain-rate-hardening material was
quantified using a novel, high-throughput technique known as the constant-stress, con-
stant-heating-rate (CSCHR) test. For this purpose, CSCHR experiments were performed on
annealed sheet of unalloyed (Type 1) niobium using three constant-stress levels (34, 69, and
103 MPa) and two heating rates (15 and 63 �C/min). To interpret the observations, a suite of
relations was derived to enable the extraction of the material coefficients that describe the
constitutive behavior (i.e., apparent activation energy Q, strain hardening exponent p,
strain-rate sensitivity exponent m) from the CSCHR measurements. Among other things, the
relations revealed that the value of Q is a function of the slope of the Arrhenius plot as well as a
term dependent on the ratio of p to m. It was also demonstrated that the same material
coefficients describing behavior during the continuous heating imposed during CSCHR tests
were applicable for quantifying deformation under isothermal, constant-strain-rate conditions
within a reasonable engineering accuracy.
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I. INTRODUCTION

BODY-CENTERED-CUBIC refractory metals and
alloys have long held promise for applications involving
service temperatures comparable to and much higher
than those that can be accommodated by titanium
alloys, nickel- and cobalt-base superalloys, etc., i.e.,
T> 1100 �C.[1–4] Much of this benefit results from the
higher melting points of such materials and excellent
mechanical properties that can be achieved by solid-so-
lution and precipitation hardening. Despite such attri-
butes, however, a number of challenges limiting their
widespread utilization still remain. These include diffi-
culties associated with thermomechanical processing,
low (or nil) ambient-temperature ductility, and limited

oxidation resistance, let alone the limited number of
facilities available for the high-temperature characteri-
zation of such materials.[5–8] Approaches to remedy
these problems have been based on alloying-element
additions (e.g., addition of rhenium to tungsten), the
generation of an ultrafine or deformed microstructure,
and the development of new classes of alloys such as
refractory high-entropy alloys (RHEAs) and refractory
complex-concentrated alloys (RCCAs).[9,10]

In some respects, the difficulty of high-temperature
testing to quantify the mechanical properties of refrac-
tory metals and alloys including the determination of
the effect of various alloying elements on behavior has
also served as a roadblock to the development of design
allowables for existing and emerging materials in this
class. Often, such tests must be conducted at tempera-
tures in the range of 1000 �C to 1800 �C under vacuum
(or inert) conditions to avoid test-coupon contamina-
tion. Obtaining a large quantity of data can thus be very
time consuming and expensive. The development of
methods for the rapid determination of high-tempera-
ture properties such as creep resistance, ductility, etc.
would therefore be very helpful in the design-and-selec-
tion process for refractory metals.
Recently, a high-throughput method to characterize

the plastic-flow behavior of ductile metals has been
developed.[11] The approach comprises the application
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of a constant true stress during sample heating at a
constant rate while measuring the plastic deformation as
a function of time. The utility of such constant-stress,
constant-heating-rate (CSCHR) tests was demonstrated
initially using a tensile mode of loading for sheet
product of unalloyed titanium, an a/b titanium alloy,
and superalloy 718. Due to the development of diffuse
necking during tension testing of ductile metals, flow-lo-
calization analyses for the CSCHR test have also been
performed to aid in the reduction of strain-vs-temper-
ature data.[12] The resulting Arrhenius plots enable the
determination of constitutive parameters (such as the
apparent activation energy Q and stress exponent of the
strain rate n), the effect of texture on plastic flow,
etc.[11,12]

Prior work on the CSCHR test focused largely on
deformation at high temperatures in what is nominally
considered to be the hot-working regime. Under such
conditions, metallic materials typically exhibit little to
no strain hardening except at relatively low strains
(£ 0.1). In such cases, a constitutive description based
largely on the values of Q and n and a temperature-com-
pensated strain rate (Zener-Hollomon parameter) is
usually sufficient to describe creep-like behavior. By
contrast, at lower temperatures, i.e., in the warm-defor-
mation regime, the plastic flow of metallic materials
normally exhibits both substantial strain hardening and
strain-rate hardening. It might be expected that the
description of plastic flow in this domain would be
somewhat more complex than that in the hot-working
domain. To circumvent such challenges, attention is
often restricted to relatively low or high strains, and
simplified constitutive models analogous to those at
hot-working temperatures are fitted to experimental
measurements.

The objective of the present work was to establish the
suitability of the CSCHR test method to quantify
constitutive response over a wide temperature range
under deformation conditions involving both strain hard-
ening and strain-rate hardening. For this purpose,
unalloyed (reactor grade) niobium (Type 1[13]) was
chosen as a model material based on its high melting
point (2468 �C) and, hence, broad warm-working range.
In addition, its deformation under isothermal (and
non-isothermal) conditions has been thoroughly base-
lined in the literature via constant-stress compression
creep,[14] ‘‘temperature-shift’’ tensile creep,[15] con-
stant-true-strain-rate compression,[16] and con-
stant-true-strain-rate tension.[17,18] These prior efforts
have been well summarized by Brady and Taleff.[17,18]

With respect to constitutive response, their summary
revealed a noticeable temperature dependence (unfortu-
nately with substantial scatter) in measurements of the
apparent activation energy for temperatures between
800 �C and 1900 �C. Less information regarding strain
and strain-rate hardening are available, however, aside
from their own isothermal data, thus providing addi-
tional impetus for undertaking the present research.

II. MATERIALS AND PROCEDURES

A. Materials

Type 1 niobium (hereafter referred to simply as
niobium) was used to establish a CSCHR-based
methodology for determining the material coefficients
for constitutive relations pertinent to plastic flow in the
warm-deformation regime. The research material came
from the same lot as that used in Reference 17. In
particular, it was received as 0.51-mm-thick sheet with
measured impurity levels (in wppm) of 9 C, 60 N, 73 O,
3 H, 5 Zr, 300 Ta, 5 Fe, 10 Si, 33 W,< 5 Ni,< 10 Mo,
10 Hf, and< 5 Ti. CSCHR test samples were electri-
cal-discharge machined (EDM’ed) with the tension axis
(TA) parallel to the original rolling direction (RD) of
the sheet. Each sample had a geometry similar to that
reported previously.[11] It comprised a dog-bone shape
with a gage section measuring 3.2 mm wide 9 19.1 mm
long. To remove any residual dislocation substructure in
the as-received alloy, the material was annealed at
1200 �C for 1 hour. For this purpose, each individual
test sample was encapsulated in a quartz tube (which
was evacuated and backfilled with high-purity (0.99999)
argon) prior to heat treatment in an electric-resistance
furnace. Following annealing, each capsule was air
cooled.

B. Experimental Procedures

Per the detailed description in Reference 11, CSCHR
tests were performed in a vacuum chamber (evacuated
to ~ 10�6 torr) located within a screw-driven, com-
puter-controlled Instron machine. Following pump-
down, each sample (containing a thermocouple spot
welded at the mid-length of the reduced section) was
heated (under a very small load of ~ 10 N to prevent
buckling) to and soaked at 704 �C for 10 minutes;
following the soak period, an axial load corresponding
to a true stress of either 34, 69, or 103 MPa was applied.
Samples were then heated (and deformed under con-
stant-true-stress (load-controlled) conditions) at a con-
stant rate of 63 �C/min until failure (as occurred in all
tests except one) or a peak temperature of 1510 �C was
reached. Additional samples were tested using stress
levels of 34 or 103 MPa and a heating rate of 15 �C/min.
At the end of testing, power to the heating elements was
turned off, and the sample and tooling were cooled.
The principal data from each CSCHR test consisted

of a plot of the plastic strain as a function of time/
temperature, from which an Arrhenius plot (ln strain
rate-vs-inverse absolute temperature) was derived. Each
Arrhenius plot (and the corresponding best-fit slope
determined via linear-regression analysis) was generated
from unsmoothed strain (and, thus, strain rate) data as a
function of inverse absolute temperature. A comple-
mentary second approach utilized strain-vs-time/tem-
perature data that were first smoothed using a digital
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second-order Butterworth lowpass filter applied in both
the forward and backward directions to eliminate phase
shift.[19,20] The filter cutoff frequency was 0.1 Hz, and
the sampling frequency was 5 Hz. Filtering artifacts at
the start and end of the strain-vs-time data were
suppressed by padding the measurements using the
following parameters: padding length = 50 and pad-
ding type = odd. The strain rates were then calculated
from the smoothed strain (and time) data using a
second-order central-difference method implemented in
Python. For both methods, data cutoff was imposed for
very low strain rates (below ~ 10�4 s�1) at which strain
resolution was poor and at high strains and strain rates
at which non-uniform plastic flow had occurred. The
latter limit was evidenced by noticeable upturns in the
Arrhenius plots, a behavior previously analyzed using
classical flow-localization simulations (Appendix in
Reference 12).

To determine whether the material parameters deter-
mined from CSCHR tests could also be used to describe
the constitutive behavior deduced from conventional
mechanical tests, several isothermal tension tests were
also performed on the annealed samples. These latter
experiments were conducted in the same screw-driven
system as the CSCHR tests. They involved preheating to
a temperature of 1200 �C or 1330 �C, soaking for 10
minutes to minimize grain growth, and pulling at a
constant true strain rate of 0.001 s�1. The measured
load–stroke curves were converted to true stress–true
strain assuming uniform deformation restricted to the
reduced section. The applicability of this assumption as
well as the reliability of the values of the constitutive
parameters were established by flow-localization simu-
lations of the isothermal tension test using the
load-equilibrium method.[21]

As-received, as-annealed, and annealed samples that
had been subjected to CSCHR tests were characterized
using electron backscatter diffraction (EBSD) in a
ThermoFisher Apreo C scanning electron microscope
(operated at 20 kV, a spot size of 17, and working
distance of 25 mm) that was outfitted with an Oxford
Symmetry EBSD detector. For this purpose, analysis
was done on rolling-direction (RD) cross sections
(containing the rolling and sheet-normal (SN) direc-
tions), for the starting materials, and on in-plane
sections (containing the RD and long transverse (TD)
directions) for deformed samples. Both types of sections
were prepared using standard metallographic tech-
niques. For the in-plane samples, the entire thickness
of the sheet was mounted and then ground and polished
to the midplane.

Using a step size of 0.4 lm, EBSD data were collected
over an area measuring 200 9 250 lm for the starting
(undeformed) microstructures. The microstructure and
texture of deformed samples were determined by EBSD
of the entire reduced section, the fillet region, and a
portion of the shoulder. In these cases, the step size was
5 lm. Small patches of each sample (measur-
ing ~ 0.5 9 2 mm) were also inspected using a step size
of 0.5 lm.

To assess the possible need to consider texture
hardening or softening on observed flow hardening
and, thus, to isolate true strain-hardening behavior,
Taylor factors for the undeformed (annealed) material
in the shoulder and the deformed material in the gage
section of tested samples were estimated with the EDAX
EBSD software package. Inputs to the calculations
consisted of (i) the EBSD-measured textures, (ii) values
of the strain-increment ratio during tension testing, and
(iii) the critical resolved shear stresses (CRSS’s) for the
pertinent slip systems. Two different sets of strain-in-
crement ratios were used in the calculations, one
characterized by a normal plastic anisotropy ratio (r
value) of unity (r = dew/det, in which ew and et denote
the instantaneous values of the width and thickness
strains, respectively, during deformation) and the other
by r = 3. The value of r = 3 was estimated based on
the measured width and thickness strains at each of two
axial locations in fractured CSCHR samples. Deforma-
tion was assumed to have occurred by slip
along<111> directions on {110}, {112}, and {123}
planes (i.e., an approximation of pencil glide) with the
CRSS assumed to be equal for all three slip modes.

III. RESULTS

The key results of this work consisted of character-
ization of the starting (as-received vs annealed)
microstructures and textures, CSCHR and isothermal
tension-test measurements, and the deformed textures/r
values for selected deformed samples.

A. Starting Microstructures and Textures

Determined using EBSD, inverse-pole-figure (IPF)
maps (for the original rolling direction of the sheet),
inverse pole figures, and kernel-average-misorientation
(KAM) maps quantified the starting microstructure,
texture, and level of stored work, of the unalloyed
niobium (Figures 1 and 2) in both the as-received
condition and the annealed condition (on which
mechanical testing was done). Material in the as-re-
ceived condition [Figures 1(a) and 2(a)] exhibited a
slightly distorted grain structure (average circle-equiva-
lent diameter, or CED, of ~ 12 lm), a moder-
ate-strength (4.5 9 random) texture with a principal
component consisting of<111> poles lying parallel to
the SN direction of the sheet, and moderate levels of
stored work (maximum KAM ~ 1.5 deg).
Characterization of the sheet given a 1-hour anneal at

1200 �C [Figures 1(b) and 2(b)] revealed a fully recrys-
tallized grain structure (average CED of ~ 41 lm) with
essentially no residual lattice curvature and a moder-
ate-strength (4 9 random) texture consisting of<101>
and<112> poles parallel to the original RD. In com-
parison to the as-received material, the increase in grain
size by a factor of ~ 3.5 also suggested a fully-annealed
structure.
A grain size of 40 lm would result in ~ 1000 grains in

a section across the gage width, thus ensuring good
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sampling statistics for the sample geometry chosen for
the experimental work.

B. CSCHR Data

For each level of the applied stress and heating rate,
measurements of the plastic strain as a function of
temperature from CSCHR tests (e.g., Figure 3 for

Fig. 1—EBSD data comprising RD IPF maps and inverse pole figures for the niobium sheet material: (a) As-received and (b) annealed 1200 �C/
1 h (Color figure online).

Fig. 2—EBSD-determined KAM values (in degrees) for the niobium
sheet material: (a) As-received and (b) annealed 1200 �C/1 h (Color
figure online).

Fig. 3—Plastic strain as a function of temperature from
constant-stress (r = 34, 69, 103 MPa), constant-heating-rate (63 �C/
min) experiments on annealed niobium sheet tested along the
original RD of the sheet.
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heating rate = 63 �C/min) showed a similar shape. As
found for previous CSCHR data for titanium- and
nickel-based alloys in the hot-deformation regime,[11,12]

the shapes of all the deformation transients (Figure 3)
indicated an increase in the rate of straining with
increasing temperature. Furthermore, the onset of rapid
straining was delayed to higher temperatures when using
lower applied stresses.

Using unsmoothed strain-vs-temperature/time data,
the corresponding Arrhenius plots in terms of the
natural logarithm of the plastic strain rate (_e) as a
function of inverse absolute temperature (1/T(K)) each
showed a nearly linear trend (Figure 4) except at low
and high values of ln_e. As mentioned in Section II–B,
‘‘noise’’ in the plots for low values of ln_e resulted from
the difficulty of taking the derivative of strain-vs-time
data for low values of strain/strain rate. For the
high-strain-rate regime, the ‘‘upturn’’ in each Arrhenius
plot in Figure 4 indicated the onset of flow localization
in tension.[12] Disregarding such regions and using the
smoothed strain-vs-temperature/time data led to the
results displayed in Figure 5 for a heating rate of 63 �C/
min. The slopes of the fitted straight lines (Table I) and
the strain rate–temperature data per se (Figure 5)
revealed a noticeable similarity at the various levels of
applied stress.

The effect of heating rate on CSCHR behavior was
elucidated by comparing data obtained using samples
heated at either 15 �C/min or 63 �C/min and a stress of
34 or 103 MPa (Figure 6). For a given stress, the 15 �C/
min curve was shifted to lower temperatures compared
to that observed for a heating rate of 63 �C/min. Such
behavior can be rationalized based on the longer times
available for straining at a given temperature at the
lower heating rate. Despite this shift, the Arrhenius plots
for the 15 �C/min tests (not shown) still exhibited a
slope (23,000 K) almost identical (within experimental
scatter) to those measured for the same material tested
at the higher heating rate, i.e., ~ � 22,000 K, as sum-
marized in Table I. Because of the strain-hardening

nature of Type 1 niobium (and other metals) in the
warm-working regime, however, the Arrhenius slopes
do not correspond to a gas-constant-normalized value of
apparent activation energy, Q/R. The interrelation
between such quantities is interpreted in detail in
Section IV.

C. CSCHR Microstructure and Texture Evolution

EBSD inverse-pole-figure (IPF) maps for the tension
axis, KAM maps, and inverse pole figures for annealed
niobium samples taken to failure provided insight into
microstructure evolution and texture formation in the
niobium material subjected to CSCHR testing. In
particular, IPF maps for samples heated at a rate of
63 �C/min and deformed using a stress of 34 or
103 MPa exhibited extremes in behavior (Figure 7).
For the sample deformed using r = 34 MPa, which

failed at ~ 1485 �C (Figure 3), the IPF and KAM maps
[Figures 7(a), (b)] exhibited large equiaxed grains and
almost no residual misorientation, respectively. These
features were strongly suggestive of static recovery or
recrystallization after testing, which can be attributed to
moderately slow cooling (~ 60 �C/min) in the vacuum
furnace following testing. The absence of dynamic
recrystallization at such temperatures was also evident
in the flow-hardening response observed during isother-
mal high-temperature tests performed in the present
work (to be discussed in the next section) as well as those
conducted by Brady and Taleff.[17]

The sample deformed using r = 103 MPa failed
at ~ 1100 �C, a temperature below that at which static
recrystallization occurs. The IPF map for this sample
[Figure 7(c)] exhibited elongated grains, many with
noticeable gradations in color indicating substantial
lattice curvature and, thus, retained work. The prepon-
derance of green color in the IPF map also suggested
that the deformed texture was dominated by<101>
poles close to the tension axis. The associated KAM
map for this sample [Figure 7(d)], dominated by yellow

Fig. 4—Arrhenius plots of ln_e vs 1000/T(K) derived from the
CSCHR data in Fig. 3 for annealed niobium sheet material tested
using a stress of 34, 69, or 103 MPa and a heating rate of 63 �C/
min.

Fig. 5—Arrhenius plots derived from the smoothed
strain-vs-temperature/time CSCHR data in Fig. 3 for annealed
niobium sheet material. The ‘‘noisy’’ low-strain-rate data and
flow-localization-affected high-strain-rate data were truncated before
determining the best-fit, linear-regression slope for each plot.
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and red colors, also indicated substantial lattice misori-
entation, i.e., in the range of 2.5 to 5 deg. These values
were much greater than the KAM level for the as-re-
ceived material [Figures 2(a)] as well as the fully-an-
nealed condition of course [Figure 2(b)].

Inverse pole figures for the tension axis (which was
parallel to the original rolling direction of the sheet) of
the sample that was deformed using r = 103 MPa and
a heating rate of 63 �C/min (Figure 8) further illustrated
how texture evolved. The figure compares the starting
(annealed) texture [Figure 8(a)] to the average texture of
the entire gage section after failure [Figure 8(b)], and a
2.5-mm-long region adjacent to the fracture site [Fig-
ure 8(c)]. The results indicated the loss of the<112> and
the strengthening of the<101> poles due to deforma-
tion. Likely due the development of a diffuse neck prior
to fracture, the strengthening of the<101> poles was
most prominent for the region lying closest to the
fracture [Figure 8(c)]. Such rotations were expected
based on the present starting (annealed) texture and the
rotations predicted for bcc crystals deforming by pencil
glide.[22] (It should be noted that the calculations in
Reference 22 were for axisymmetric compression, for
which poles rotate in directions opposite to those for
axisymmetric tension.)

Calculated average Taylor factors (M) for unrecrys-
tallized samples revealed a relatively small degree of
texture hardening during the CSCHR tests (Table II).
Assuming r = 3 (per measurements of width and
thickness strains on broken samples), the Taylor factor
increased slightly from ~ 3.04 (measured in the unde-
formed shoulders of samples) to ~ 3.13 (in high strain
regions near the fracture sites). Corresponding changes
in Taylor factor for the hypothetical case of r = 1 were
from ~ 2.93 to ~ 2.98.

The limited amount of texture hardening in the
present work (i.e., ~ 2 to 3 pct. based on the peak
strains near the fracture sites, and more likely magni-
tudes of one-half these values if based on average strains
in the reduced section) can also be rationalized in terms
of Taylor-factor calculations in the Rosenberg and
Piehler work[22] for an imposed axisymmetric compres-
sion (or tension) state of strain. For texture components
near<101> and<112>, the predicted Taylor factors
were ~ 3.0 and ~ 2.8, respectively. The maximum Tay-
lor factor of 3.18 was calculated for a sharp texture
located exactly at the<101> pole. The crystal rotations
noted in the present work, which gave rise to the
measured, slight texture hardening from M ~ 3 to
M ~ 3.1 were thus concluded to be as expected from
the prior aggregate-theory calculations. The moderately
high r values measured on broken tension samples (i.e.,
r ~ 3) were also as expected based on the starting IPFs
for this condition [Figure 1(b)]. Specifically, a compar-
ison with the Rosenberg and Piehler results[22] revealed
that the transverse (width) and sheet normal directions
of the annealed samples corresponded to relatively soft
and relatively hard initial orientations, respectively,
which in turn would produce r values noticeably greater
than unity, as was observed.

D. Isothermal Tension Test Data

Flow curves from the selected isothermal tension tests
conducted at a constant true strain rate of 0.001 s�1

revealed a yield stress followed by flow hardening to a
true strain between approximately 0.4 and 0.5 [Fig-
ure 9(a)]. Due to the limited change in texture during
tension testing, as discussed in Section III–C, the
measured flow hardening can be ascribed to strain
hardening per se. The apparent softening at high strains
was due to flow localization in a diffuse neck that led to
through-thickness necking along a zero-extension direc-
tion (at ~ 55 deg to the tension axis) and final fracture.
Thus, the assumption of uniform deformation used to
reduce the load-stroke results did not apply for strains in
excess of ~ 0.4. Such an interpretation was validated by
flow-localization calculations to be presented in
Section IV.
When the true stress–true strain data for strains less

than or equal to ~ 0.35 were replotted in ln–ln terms
[Figure 9(b)], the nearly linear slopes suggested that
strain hardening could be described by a simple power
law with a strain-hardening exponent of 0.17. For the
experiment performed at 1330 �C, a deviation from
linearity was noted at lne � � 4.5 (corresponding to
e ~ 0.01) and lower; this may be ascribed to experimen-
tal uncertainty.

IV. DISCUSSION

The present work has shown that the plastic flow in
the warm-deformation regime during CSCHR and
(selected) isothermal tension tests for unalloyed (an-
nealed) niobium is a function of applied stress, heating
rate, and strain (and strain-rate) hardening. In this
section, a unified approach is presented, which can
model both types of measurements. The analysis was
based on the use of a simple phenomenological consti-
tutive equation whose material constants are readily
ascertained.
In the sections below, the equations needed to extract

material coefficients from CSCHR data are presented
first, the coefficients are shown to be capable of
modeling the observed plastic-flow observations for
the entire range of CSCHR measurements for niobium,
and an analysis of the isothermal tension–test observa-
tions is used to demonstrate the consistency of the
approach for both types of deformation mode.

A. Constitutive Model and Determination of Material
Coefficients

In the past, analyses of isothermal deformation
focused primarily on constitutive models which describe
the inter-dependence of stress, strain rate, and temper-
ature for applications such as creep, superplasticity, and
conventional bulk forming in the hot-deformation
regime. Typically, the approaches utilized the concept
of the temperature-compensated strain rate (Z =
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Table I. Slopes (103 K) of ln_e vs 1/T(K) (Arrhenius) Plots for Annealed Nb

Heating Rate (�C/min) r = 34 MPa r = 69 MPa r = 103 MPa

63 � 22.5/� 21.9 � 21.5/� 22.5 � 21.7/� 22.3
15 � 23.2/— — � 23.0/—

The first number of each pair was derived using unsmoothed data, and second using smoothed data.

Fig. 6—Comparison of plastic strain as a function of temperature
measurements from CSCHR tests using a constant stress
(r = 34 MPa or 103 MPa) and two different constant heating rates
(15 �C/min, 63 �C/min) for annealed niobium samples tested along
the original RD of the sheet.

Fig. 7—EBSD data from the midplane of annealed niobium CSCHR
sheet samples tested using a heating rate of 63 �C/min and a stress
of (a), (b) 34 MPa or (c), (d) 103 MPa. The data comprise (a), (c)
tension-axis IPF maps and (b), (d) KAM maps (Color figure online).

Fig. 8—Rolling-direction/tension-axis inverse pole figures for
niobium samples (a) in the starting (annealed) condition and (b), (c)
after CSCHR testing to failure at a stress of 103 MPa and heating
rate of 63 �C/min. The results for the deformed sample were
averaged over (b) the entire reduced section or (c) a 2.5-mm length
of the reduced section adjacent to the fracture end (Color
figure online).

Table II. Taylor Factors (Heating Rate = 63 �C/min)

Stress Location M (r = 3) M (r = 1)

69 gage section 3.123 3.013
69 shoulder 3.002 2.931
103 gage section 3.145 2.96
103 shoulder 3.081 2.926

Slip assumed to occur along<111> directions on {110}, (112), and
{123} planes.
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_eexp(Q/RT)), introduced in the pioneering work of
Zener and Hollomon in the 1940s dealing with ambi-
ent-temperature deformation of steels.[23,24] The formu-
lations were generally of the following form[25–31]:

_e ¼ A
r
E

� �n

exp � Q

RT

� �
; ½1�

where _e denotes the strain rate, A is a constant, r is the
applied stress, E is Young’s modulus, n is the stress
exponent of the strain rate, Q is the apparent activation
energy, R is the gas constant, and T is absolute
temperature. Later efforts expanded upon such formu-
lations in an attempt to correlate measured (apparent)
activation energies to diffusional mechanisms and take
microstructural variables (such as grain size) into
account.[25,32]

In a formal sense, Z-based correlations of flow stress
apply to a fixed state of strain/stored work. Because
CSCHR tests at warm-working temperatures involve
continuous changes in strain/work and strain rate, a
constitutive model which explicitly incorporates strain
must be utilized. In the present work, the following
simple expression was used for this purpose:

r ¼ Cep _em exp
mQ

RT

� �
; ½2�

in which C is a constant, p is the strain-hardening
exponent, m is the strain-rate sensitivity (equal to the
inverse of the stress exponent n). Both p and m are also
assumed to be constant. For the case in which p = 0 (no
strain hardening) and the temperature dependence of E
is negligible (thus, enabling E to be incorporated with the
constant in either relation), it is easy to show that Eqs. [1]
and [2] are equivalent. With regard to the assumed
constancy of E, Brady and Taleff[17] have shown that the
polycrystalline (unrelaxed) dynamic elastic Young’s
modulus of randomly textured Nb is approximately
constant at 104.9 GPa from room temperature up to
1300 K and decreases little (to a value of ~ 102 GPa) for
temperatures from 1300 K to 1800 K.
It is also important to note that both Eqs. [1] and [2]

assume that texture hardening/softening is negligible, as
was found for annealed unalloyed niobium in the
present investigation, although a general expression
incorporating such effects is readily derived.[12] More-
over, it should be emphasized that e is used only as an
avatar for the stored work even though it is not a state
variable. Alternate state variables (e.g., dislocation
density) might be more appropriate to describe strain
hardening, but would complicate the analysis. Despite
this approximation, however, a number of useful results
can be obtained and are described next with a specific
reference to the interpretation of the present CSCHR
data.
A relation for the apparent activation energy Q

(pertinent to both CSCHR and isothermal types of tests)
is derived first by taking the natural logarithm of both
sides of Eq. [2] and differentiating with respect to inverse
temperature (1/T). Noting that C is a constant, this leads
to the following expression:

@ ln r
@ð1=TÞ ¼ p

@ ln e
@ð1=TÞ þm

@ ln _e
@ð1=TÞ

� �
þ mQ

R

� �
; ½3�

which for the case of constant stress becomes after
re-arrangement

Q

R
¼ � p

m

� � @ ln e
@ð1=TÞ �

@ ln _e
@ð1=TÞ

� �
: ½4�

Equation [4] indicates that Q/R is dependent on two
terms, one related to the slope of the Arrhenius plot
(second term on the right-hand side (RHS) of the
equation) and the other to the rate of change of strain
with respect to inverse temperature and the ratio of p to
m (first term on the RHS). For a non-strain-hardening
material, p = 0 and the normalized activation energy,
Q/R, is simply equal to the negative of the slope of the
Arrhenius plot. If the state of strain hardening is
changing continuously (as it is during CSCHR tests)
or is different when comparing strain rate/temperature
combinations that yield the same stress for isothermal
tests, this term must be included in estimating Q/R.
From a physical perspective, strain hardening tends
to reduce the strain rate which is generated (at a
constant stress) as the temperature is increased during
CSCHR testing and thus makes the Arrhenius
slope shallower than that corresponding to the true

Fig. 9—True stress–true strain data for isothermal tension tests for
annealed niobium samples tested along the original RD of the sheet:
(a) Flow curves and (b) corresponding ln stress–ln strain data.
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value of Q/R. Conversely, a material which exhibits flow
softening (due to microstructural sources, for example)
will tend to have an Arrhenius slope which is stee-
per than that exhibited in the absence of flow softening.

Several other useful results specific for CSCHR data
can be derived by examining a variational form of
Eq. [2]. After taking the natural logarithm of both sides
and remembering that C is a constant, viz., this relation
is the following equation:

d ln r ¼ pd ln eþm d ln
@e
@T

a

� �
þ d

mQ

RT

� �
: ½5�

Here, the term related to the strain rate has been
expressed as @e

@T

� �
�a, in which a denotes the imposed

constant heating rate (dT/dt). At fixed strain and heating
rate [Figure 10(a)], Eq. [5] becomes

d ln r ¼ þm d ln
@e
@T

� �
þ mQ

R

� �
dð1=TÞ; ½6�

or, after re-arrangement,

m ¼ d ln r

d ln @e
@T

� �
þ Q

R dð1=TÞ
: ½7�

At fixed temperature and heating rate [Figure 10(b)],
Eq. [5] becomes after re-arrangement:

p ¼ d ln r�md lnð@e=@TÞ
d ln e

: ½8�

Last, a useful expression for estimating the ratio of p
to m is obtained from Eq. [5] for the case involving fixed
stress and temperature [Figure 10(c)], i.e.,

p

m
¼

�d ln a� d ln @e
@T

� �
d ln e

: ½9�

B. Material Coefficients for Niobium

The relations developed in the previous section were
applied to the CSCHR measurements for annealed
unalloyed niobium to determine the various material
coefficients in the constitutive relation given by Eq. [2].
Using Eq. [4], the value of Q/R was determined from

the sum of (i) the average slope of the Arrhenius plots
(= � 22 9 103 K) (Table I) and (ii) the product of p/m
and best-fit slopes of ln e vs 1/T plots of the CSCHR
data. Per Eq. [9], the average value of p/m was derived
from measurements of e and ¶e/¶T for CSCHR data at
various fixed temperatures and stresses for the two
heating rates in the present work [Figure 10(c)]. The p/m
results showed some scatter (Table III), largely associ-
ated with the determination of ¶e/¶T. Neglecting the
datum for T = 1400 �C (p/m = 0.3) because it likely
lay in the hot-deformation regime (T/TMP = 0.6, in
which TMP denotes the melting point of niobium), the
average value of p/m was estimated to be 1.60 ± 0.31.
Plots of lne vs 1/T (for strains ‡ 0.005) were nearly
linear, but the slope showed some variation with stress
level and, hence, temperature experienced during each
test (Figure 11; Table IV). The general trend comprised

Fig. 10—Schematic illustrations of the constructs used to estimate
material coefficients (m, p) from CSCHR data: (a) constant strain
and heating rate (for m), (b) fixed temperature and heating rate (for
p), and (c) fixed stress and temperature (for p/m).

Table III. Values of p/m Derived from CSCHR Tests at 15
and 63 �C/min

Stress (MPa) Temperature (�C) p/m

103 950 1.62
103 1000 1.32
34 1300 2.03
34 1350 1.45
34 1400 0.30
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an increasing slope with increasing temperature. Never-
theless, an average value (= � 25.4 ± 5.5 9 103 K)
was obtained by weighting the r = 34 MPa data by
one-half compared to those for lower temperatures/
higher stress levels because the former included data for
T/TMP ‡ 0.6. The overall value of Q/R was thus
22 9 103 + 1.6 9 25.4 9 103 = 62.6 9 103 K, result-
ing in Q = 521 kJ/mol.

An average value of the strain-rate sensitivity, m, was
obtained by applying Eq. [7] to data at a series of fixed
strain levels for each heating rate [Figure 10(a)]. A
summary of such calculations (Table V) showed little
dependence on strain level but some variation depending
on the specific stress levels used in Eq. [7]. When using
stress levels of 34 and 103 MPa to establish dlnr, the
value of m was 0.126 ± 0.003 (for a heating rate of
63 �C/min) or 0.121 ± 0.002 (for a heating rate of
15 �C/min). By contrast, m was 0.089 ± 0.003 when
using stress levels of 69 and 103 MPa. Because defor-
mation occurred at somewhat lower temperatures for
the higher stresses, these results also suggested a weak
temperature dependence of m with its value increasing
slightly with increasing temperature. For simplicity, an
overall average of m = 0.106 was used in subsequent
calculations to determine the applicability of the con-
stitutive formulation described by Eq. [2].

The value of p was determined from the product of
the above estimates of m and p/m, i.e.,
0.106 9 1.6 = 0.17. A similar average (0.16) was
obtained from the application of Eq. [8] to the CSCHR
data generated at a heating rate of 63 �C/min.

C. Evaluation of the Model Fit and Consistency Check

The applicability of Eq. [2] with the constitutive
parameters determined in the previous section (Q/
R = 62.6 9 103 K (or Q = 521 kJ/mol), m = 0.11,
p = 0.17) required an approach involving separation of
the variables e and T (after replacing _e by the product
(de/dT)Æa) followed by integration. The resulting integral
for T led to an infinite series. Hence, Eq. [2] was reduced
to a form that could be integrated numerically to yield
e(T), i.e.,

de
dT

¼ a�1ðr=CÞ1=me�p=m exp � Q

RT

� �
: ½10�

in which the constant C ¼ ð1:38Mpa�s0:11Þ was fitted
using one measurement for the CSCHR experiment
performed for a stress of 103 MPa and heating rate of
63 �C/min.
A comparison of measured strain-vs-temperature data

(from the CSCHR experiments) and predictions based
on the numerical integration of Eq. [2] and the deduced
constitutive parameters showed very good agreement
(Figure 12), except for the experiment comprising a
heating rate of 63 �C/min and stress of 69 MPa. For this
case, the predicted strain-vs-temperature curve lay
somewhat to the left of the measurement [Figure 12(a)].
To investigate the source of this difference, a sensitivity
analysis was done using hypothetical variations in the
constitutive parameters (Figure 13). As a first example,
the effect of a small uncertainty in Q/R on the
simulation result was determined. In particular, a
variation of 2,000 K (i.e., an increase from 62,600 K
to 64,600 K), or a value within the range that was found
in Section IV–B, was found to bring the modeled curve
into coincidence with the measurement [Figure 13(a)].
Using this improved value of Q/R, a relatively small
change in the m value (from 0.11 to 0.10) was noted to
produce a major deviation of the prediction from the
measurement [Figure 13(b)]. Such a sensitivity may be
ascribed to the fact that the numerical integration
depends on the flow stress raised to the 1/m power
(Eq. [10]). Last, the sensitivity analysis revealed that a
change in the strain-hardening exponent (e.g., from 0.17
to 0.14) has a much smaller, albeit finite, influence on
behavior [Figure 13(c)].
The consistency of the constitutive formulation and

associated material coefficients was ascertained by
analysis of the isothermal tension-test measurements.
First, it was noted that the strain-hardening exponent p
from the isothermal tests [Figure 9(b)] was essentially
identical to that derived from CSCHR data, i.e., 0.17.
Furthermore, the overall shape of the flow curve (prior
to flow localization) and the magnitude of the flow
stresses were well predicted to a reasonable first order

Fig. 11—Plots of lne as a function of 1/T for CSCHR data from
tests on annealed niobium sheet samples performed using a heating
rate of either (a) 63 �C/min or (b) 15 �C/min.
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using C ¼ 1:38Mpa�s0:11, p = 0.17, m = 0.11, and Q/R
between 62,600 and 64,600 K (Figure 14).
Finally, predictions from flow-localization simula-

tions based on the load-equilibrium approach showed
excellent agreement with the measurements. Specifically,
simulations showed the typical dependence of the
necking strain (at which the load drop is noticeable)
on the values of m and the so-called imperfection factor
fo (Figure 15). The latter parameter quantifies a varia-
tion in cross-sectional area or the strength coefficient
along the length of the reduced section. A variation in
temperature along the reduced section can also be

Table IV. Slopes (103 K) of lne vs 1/T(K) Plots

Heating Rate (�C/min) r = 34 MPa r = 69 MPa r = 103 MPa

63 � 32.0 � 30.9 � 19.7
15 � 30.0 — � 20.0

Table V. CSCHR m Values

Heating Rate (�C/min) Stress Values (MPa) Strain m

63 34, 103 0.05 0.122
63 34, 103 0.10 0.127
63 34, 103 0.20 0.127
63 34, 103 0.30 0.128
63 69, 103 0.05 0.085
63 69, 103 0.10 0.092
63 69, 103 0.20 0.091
63 69, 103 0.30 0.088
15 34, 103 0.05 0.119
15 34, 103 0.10 0.121
15 34, 103 0.20 0.123
15 34, 103 0.30 0.123

Fig. 12—Comparison of measured strain-vs-temperature data (dotted
curves) and model predictions (solid black lines) for CSCHR tests
on annealed niobium sheet samples performed using applied stresses
of 34, 69, or 103 MPa and a heating rate of either (a) 63 �C/min or
(b) 15 �C/min (Color figure online).

Fig. 13—Sensitivity analysis for CSCHR tests performed using a
stress of 69 MPa and a heating rate of 63 �C/min in order to assess
the effect on model predictions of the constitutive coefficient (a) Q/
R, (b) m, or (c) p. The dotted orange curve in each figure connotes
the experimental measurement (Color figure online).
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associated with fo. For example, a 2-degree variation in
axial temperature would give rise to an fo of 0.95 for Q/
R = 62,600 K. A comparison of the measured stress–
strain curve for 1200 �C/0.001 s�1 with flow-localization
simulations showed the best fit using m = 0.11 and fo

between 0.96 and 0.98 (Figure 15). This value of m
coincided with that deduced from CSCHR testing of
niobium. Moreover, experience has shown that fo ~ 0.98
often provides the best fit to observed necking strains.[33]

The present constitutive parameters also compared
favorably to values derived from the isothermal, con-
stant-strain-rate tension data reported by Brady and
Taleff.[17] This comparison is summarized in Appendix
A.

V. FUTURE WORK

To the best of the authors’ knowledge, the present
work represents the first attempt to quantify the
simultaneous and discrete effects of strain- and strain-
rate hardening on the apparent activation energy of a
metallic material. The approach utilized a rather simple
engineering stress–strain relation which was capable of
providing consistent results for both constant-stress,
constant-heating-rate (CSCHR), and isothermal-tension
tests. The present results and interpretation suggest
several possible endeavors for future research. These
include the following:

� It would be useful to investigate constitutive formu-
lations that incorporate internal state variables (e.g.,
dislocation density) rather than strain per se to
describe the state of strain hardening.

� Isothermal, strain-rate jump tests would be useful to
establish m as a function of strain, strain rate, and
temperature and provide data that could be com-
pared to m values derived from continuous (isother-
mal) flow curves as well as CSCHR tests.

� Although the present work focused primarily on the
warm-deformation regime, similar research that
extends to higher (hot-working) temperatures (at
which strain-hardening might be limited) would be
useful to establish the apparent activation energy
and, thus, help determine the micro-mechanisms
that control this quantity over a wider range of
temperatures.

VI. SUMMARY AND CONCLUSIONS

A suite of constant-stress, constant-heating-rate
(CSCHR), and isothermal-tension tests was performed
to establish a consistent set of material coefficients that
could describe the deformation behavior of annealed
(Type 1) niobium in the warm-deformation regime. The
following conclusions were drawn from this work:

1. Assuming a relatively simple constitutive formula-
tion, the flow-stress dependence on strain, strain
rate, and temperature can be described for both
CSCHR and isothermal modes of deformation
using the same set of material coefficients.

2. The activation energy Q for a strain-hardening
material depends on two terms. For data from
CSCHR tests, the first term comprises the slope of a
standard Arrhenius plot. The second term

Fig. 14—Comparison of measured isothermal tension-test data for
annealed niobium sheet samples tested at a constant strain rate of
0.001 s�1 (blue curves) and model predictions using Q/
R = 62,600 K or 64,600 K (broken red lines) for a test temperature
of (a) 1200 �C or (b) 1330 �C (Color figure online).

Fig. 15—Comparison of the isothermal tension-test flow curve
measured for 1200 �C/0.001 s�1 (blue curve) and predictions from
flow-localization calculations using two different values of the rate
sensitivity m and two different values of the imperfection factor fo
(solid and broken black lines) (Color figure online).
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quantifies the effect of strain hardening on behavior
and comprises the product of (i) the ratio of the
strain hardening (p) and strain-rate sensitivity (m)
exponents and (ii) the slope of a plot of lne as a
function of inverse absolute temperature. The latter
slope appears to depend on stress/temperature.
However, an average value of this quantity still
provides a reasonably good fit to experimental data
for both CSCHR and isothermal-tension results.

3. Relations can be readily derived to extract average
values of p and m over the temperature range of
interest from CSCHR data obtained at various
stress levels and heating rates.

4. With judicious choice of test conditions, a rather
small number of CSCHR experiments (i.e., 3 to 5) is
required to determine the constitutive parameters
for a material which exhibits strain and strain-rate
hardening.

5. Future work should be performed to establish (i)
the robustness of the measurement technique devel-
oped herein for behaviors that extend into the
hot-deformation regime and (ii) alternate descrip-
tions of strain hardening such as internal-state-vari-
able approaches.

ACKNOWLEDGMENTS

This work was conducted as part of the in-house
research of the Air Force Research Laboratory’s
Materials and Manufacturing Directorate. Technical
discussions with Dr. A.A. Salem are gratefully
acknowledged. Three of the authors (SLS, NCL, and
PNF) were supported under the auspices of Air Force
Contract FA8650-21-D-5270. Two of the authors (TJB
and EMT) were supported under the auspices of
National Science Foundation Grant DMR-2003312.

CONFLICT OF INTEREST

On behalf of all authors, the corresponding author
states that there is no conflict of interest.

APPENDIX A

The analysis in the present work and the material
coefficients so determined have spurred a re-examina-
tion of prior isothermal, tension-test work (using the
same lot of Type 1 niobium material), which was
performed by Brady and Taleff.[17] Despite the use of
material from the same lot, however, sample preheat
times in the prior work were substantially longer and
thus gave rise to larger grain sizes (~ 75 to 280 lm)
compared to the annealed condition in the present work
for which the grain size was ~ 40 lm. Keeping in mind
this difference in grain size, attention was focused herein
on a comparison of values of the strain-hardening
exponent (p), the strain-rate sensitivity (m), and the
normalized apparent activation energy (Q/R) deduced

from analysis of the prior isothermal data obtained for
strain rates of 10�4 and 10�3 s�1 and temperatures of
1200 �C and 1300 �C.
First, ln–ln plots of the Brady-and-Taleff (B&T) flow

curves at 10�3 s�1 revealed substantial flow hardening
with a slope of ~ 0.26 or 0.30 [Figure 16(a)]. These
slopes were noticeably greater than that found here, i.e.,
0.17. The presence of a soft initial texture (associated
with grain growth) coupled with texture hardening
(associated with crystal rotations toward the<101> di-
rection) were, thus, examined as a possible explanation
of the difference. To investigate this possibility, the
isothermal constitutive relation was written as the
following:

r ¼ C�Mep; ½11�

in which C* is a constant, M denotes the instantaneous
Taylor factor as a function of strain, and p is the
strain-hardening exponent as before.
Taking the natural log of both sides of Eq. [11] and

differentiating with respect to e yields an expression for
the overall flow hardening rate:

d ln r=d ln e ¼ d lnM=d ln eð Þ þ p: ½12�

Fig. 16—Analysis of isothermal flow stress results from Ref. 17: (a)
Ln–ln plots of stress–strain data determined at a strain rate of
0.001 s�1 and temperatures of 1200 �C and 1300 �C and (b)
comparison of flow curves determined at 1200 �C and 0.001 s�1

from the present and prior work.
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Thus, the flow hardening rate is the sum of the
texture-hardening/softening rate (dlnM/dlne) and the
strain-hardening exponent p. Because texture measure-
ments after deformation were not available in Reference
17, the texture-hardening rate was estimated by com-
paring the B&T flow curve at 1200 �C, 10�3 s�1 to the
isothermal one measured under the same conditions in
the present work [Figure 9(a)] for which texture hard-
ening was (serendipitously) found to be very low. This
comparison of isothermal flow curves did indeed reveal
substantially lower stresses for the B&T measurement
[Figure 16(b)]. Neglecting the very small change in
texture in the present flow curve, the increase in the
flow-stress ratio (rB&T/rpresent) from e = 0.02 to
e = 0.30 was used to estimate the average flow harden-
ing rate due to texture change in the B&T experiments.
This increase corresponded to 0.70 (at e = 0.02) to
0.885 (at e = 0.3) of the assumed constant M for the
present data, thus, yielding an average texture-harden-
ing rate of [ln(0.885/0.70)]/[ln(0.30/0.02)] = 0.087. Add-
ing this quantity to p = 0.17 gave an estimated overall
flow hardening rate of ~ 0.26, a value identical to the
measurement for 1200 �C/0.001 s�1 [Figure 16(a)]. The
slightly higher value of the overall flow hardening rate at
1300 �C (0.30) [Figure 16(a)] may be hypothesized to
have resulted from the evolution of a slightly softer
starting texture in the B&T material due to additional
grain growth during the 1-hour preheat at the higher
temperature.

It was also of interest to determine and examine
values of strain-rate sensitivity that can be derived
directly from the B&T isothermal data for a temperature
of 1200 �C and strain rates of 10�4 s�1 and 10�3 s�1.
Two different methods were employed for this purpose.
The first, or more conventional, approach compared the
stresses at identical levels of strain for the flow curves
determined at the two different strain rates. The results
(Table VI) gave values of m that showed a weak
dependence of m on strain. The average value of m over
the entire range of strain was 0.145. The second method
involved comparing the stresses for the two different
strain rates at equivalent levels of plastic work per unit
volume in an attempt to mimic the conditions that would
pertain in a strain-rate-jump test. Such an approach
assumed of course that the Taylor-Quinney factor[34] for
the fraction of work that is converted to heat (and hence
the fraction retained in the form of defects such as
dislocations) was identical for the two strain rates. Flow
curves replotted in terms of stress vs instantaneous work
per unit volume are summarized in Figure 17, and the

resulting m values are listed in Table VII. As for the
results from the first method, m showed a weak
dependence on the independent variable (work per unit
volume) (Table VII). Nevertheless, the average value of
m was ~ 0.11, a number equal to that determined from
the present CSCHR experiments.
Brady and Taleff[17] also estimated a value of the

normalized apparent activation energy (i.e., Q/
R ~ 54,600 K) from their isothermal flow-stress data
at large strains (0.35) at which the stored work was likely
somewhat comparable in the various samples. The
contribution toQ/R of a term involving strain (analogous
to the first term on the RHS of Eq. [4] for CSCHR data)
could, therefore, be rightfully neglected and Q/R deter-
mined solely based on the correspondingArrhenius slope.
The degree of approximation in using this approach was
assessed by comparison to the value of Q/R determined
from the present CSCHR measurements, i.e., 62,600 K,
although the apparent scatter in these current measure-
ments (± (1.6 9 5000) = ± 8000 K) was indeed com-
parable to the scatter in the former data of Brady and
Taleff.[17]

Table VI. B&T m Values at 1200 �C (r’s at Equivalent
Strains)

Strain m

0.05 0.142
0.10 0.139
0.15 0.145
0.20 0.149
Average 0.144

Table VII. B&T m Values at 1200 �C (r’s at Equivalent
Work/Volume)

Wk/Vol (MPa) m

2 0.117
4 0.114
6 0.119
8 0.127
10 0.107
Average 0.117

Fig. 17—Replot of isothermal flow stress data for 1200 �C from Ref.
17 in terms of stress as a function of work per unit volume.
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