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Despite the emergence of various methods for Mueller matrix recovery, achieving complete volumetric Mueller
matrix retrieval remains a challenge. An alternative approach that leverages in-line Gabor holography to
comprehensively extract polarization information from volumetric samples is introduced in this context. The
proposed polarization-sensitive in-line Gabor holographic setup enables the recovery of the complete Mueller
matrix of three-dimensional (3D) samples after the numerical repropagation of the holographically rendered
complex field to various sample planes. This proposal is validated using a calibrated birefringent polarization test
target, a sample of Calcium Oxalate crystals, and a volumetric sample containing microplastics, providing the 3D
measurement of polarimetric parameters such as diattenuation, polarizance, depolarization, and retardance. The
results agree with those obtained through reference methods based on image-plane brightfield polarimetry. The
in-line Gabor holographic system proposed is sensitive to the axial variations in polarimetric information within
volumetric samples without any mechanical movement nor optical adjustments— an accomplishment that re-
mains elusive to conventional image-plane reference methods and non-holographic/interferometric systems.
These findings emphasize the versatility and potential of this alternative approach in recovering the intricate
polarization characteristics of 3D specimens, offering the first in-line holographic Mueller imaging to the best of

the authors’ knowledge.

1. Introduction

The computation of the Mueller matrix, which characterizes the
polarization properties of light interacting with a sample, holds
immense significance across various scientific domains, particularly in
biology and medicine [1-5]. Understanding and quantifying the polar-
ization behavior of samples is pivotal for applications such as tissue
characterization [6-8], early cancer detection [9], diagnostics of painful
disorders [10], and the study of structural properties in biological
specimens [11,12], to name some of them. The Mueller matrix (MM)
comprehensively describes how light polarization is modified upon
interaction with a sample, providing crucial insights into the sample’s
structural and optical properties in various imaging modalities apart
from the conventional amplitude and phase imaging. For this reason, the
accurate retrieval of this information has become indispensable for re-
searchers and practitioners aiming to harness polarimetry’s potential for
enhancing the accuracy and sensitivity of diagnostics and investigations
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in biology and medicine.

The recovery of the MM has relied on various polarimetric tech-
niques, such as rotating waveplates, polarization modulators, swept
sources, and a combination of retarders and polarizers [13-16]. These
methods involve altering the polarization state of incident light and
measuring the resulting intensity changes to derive individual matrix
elements [17-19]. The major limitation of these conventional MM-based
techniques is that they are restricted to single-image-plane measure-
ments (i.e., 2D), limiting their ability to capture volumetric polarization
information. Although different approaches have been proposed to
compensate for this drawback, bulky and expensive setups have been
required [20]. Mueller matrix imaging has recently been introduced to
the field of 3D integral imaging [21]. In this approach, a conventional
three-dimensional (3D) integral system is modified to obtain polari-
metric measurements at the expense of an increased computational
complexity and intricate sample preparation process.

In the Digital Holography (DH) field, significant advancements have
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been made in polarization-sensitive techniques[14]. In 2002, Colomb
et al. [22] pioneered the simultaneous determination of intensity, phase,
and polarization state using two orthogonal reference waves. In their
approach, the authors record holograms on a CCD camera using a
modified Mach Zehnder-based DH system to reconstruct two wave-
fronts, allowing the Jones vector components to be determined. Subse-
quently, using the same DH system and additional polarization
elements, they introduce a digital holographic microscope capable of
imaging polarization states and measured phase differences in bire-
fringence [23]. In [24], traditional holographic techniques study bire-
fringence and dichroism in anisotropic samples. In [25], an extension of
the MM formalism is introduced for scattered light, resulting in an MM
holography method for obtaining complete polarization information,
particularly suitable for studying anisotropic particles. Regarding the
explicit measurement of the MM, a digital holographic off-axis Mueller
matrix imaging method has been proposed [26], providing 3D MM
imaging from 12 recordings, assuming poor polarization response to
circular light, and reporting errors of 23 % on average. In [27], the
authors extend the idea of microsphere-assisted microscopy into Mueller
matrix microscopy toward resolution-enhanced polarimetric imaging.
The insertion of a transparent microsphere in the working distance of the
imaging microscope objective in the optical train of the imaging system
achieves the goal. More recently, a polarization-holographic Mueller
matrix method has been reported to assess the 3D morphology with
applications for medical diagnosis using specialized diffuse layers of
polyvinyl acetate in the interferometric system [28]. It is important to
note that all these DH approaches for 3D Mueller matrix retrieval either
demand robust interferometric setups, specialized optical elements, or
intensive computational stages, thereby limiting the scope of their
application.

Despite the successful performance of MM-based imaging systems,
their applicability to in situ clinical research has been hampered by the
need for a simple imaging technique that retrieves the polarimetric
parameters (i.e., diattenuation, polarizance, depolarization, and
retardance) of 3D samples. This study proposes a Mueller Gabor ho-
lography microscopy (MG-HM) method as an alternative approach to
address the challenge of obtaining comprehensive polarization infor-
mation from volumetric samples. As with any other DH implementation,
in-line Gabor holography [29-32] enables refocusing the reconstructed
defocused image, therefore attaining the complex amplitude-phase field
of the optimal focal plane through numerical propagation algorithms
[33]. This means that in-line Gabor holography allows the visualization
of the sample under various imaging modalities, including amplitude,
dark-field, intensity, or phase reconstructions, and at different object
depths. This research study introduces and demonstrates the application
of this MG-HM technique to tackle the challenge of retrieving compre-
hensive polarization information from volumetric samples. The capa-
bilities of in-line Gabor holography with polarization sensitivity are
integrated to achieve this. This alternative approach effectively allows
recovering the complete MM using simple hardware requiring an illu-
mination source, conventional polarimetric elements, a microscope
objective, and a digital camera. The experimental results show the po-
tential and versatility of the technique proposed here as a 3D
polarimeter.

This paper is structured as follows. Section 2 presents the funda-
mentals of the proposed method. Section 3 provides comprehensive
experimental validation, measuring the MM of a calibrated polarization
test target, a sample containing Calcium Oxalate crystals, and a volu-
metric sample containing microplastics. Section 4 analyzes the full po-
tential of the polarization-sensitive in-line Gabor DH system for studying
volumetric samples. Finally, the paper concludes with a summary of
findings and conclusions.

2. Gabor holography and mueller matrix retrieval fundamentals

The proposed method for recovering the MM combines the elements
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of an in-line Gabor holographic setup [29] with a conventional polari-
metric configuration [13], as depicted in Fig. 1. The Mueller-Gabor
Holographic Microscopy (MG-HM) setup uses a linearly polarized
laser source (A = 532 nm). The emerging linearly polarized light is
expanded and spatially filtered to produce a cleaner and larger beam
spot of 2.5 + 0.1 mm. A Polarization States Generator (PSG), consisting
of a half-wave (i.e., A/2) and quarter-wave (i.e., A/4) plate, is inserted
before the microscopic sample to have precise control of the incident
illuminating polarization state. The sample’s information is represented
by a complex wavefield S(ry) where 7y is the position vector. A
non-infinity-corrected microscope objective (MO) lens is inserted after
the sample, creating a focused and magnified image of the sample’s
information, S(7;) = (1 /|M|)-S(ro /M) where M is the lateral magnifi-
cation provided by the MO lens and 7; is the position vector at the image
plane located at a distance f, from the rear face of the MO. The theo-
retical lateral resolution of the optical setup depends upon the numerical
aperture of the imaging system (following the Abbe’s principle) and the
discretization on the sensor plane (following the Nyquist principle) [34].
A Polarization State Analyzer (PSA) is inserted between the MO lens and
the image plane to process the modified polarization state of the out-
going light as it interacts with the sample before reaching the sensor.
The PSA comprises a quarter-wave plate (A/4) followed by a linear
polarizer (LP). The sensor’s plane is positioned at a distance z from the
image plane to record a defocused intensity image of the sample,
leveraging the principles of in-line Gabor holography [29].

After recording I;(7,2), the information of the wavefield scattered
by the sample S(77), can be recovered within an inspection volume on a
plane-by-plane basis [33,35,36]. Numerical processing of the recorded
hologram is required to recover this wavefield by backpropagating this
intensity from the sensor to the image plane to get the in-focus sample
distribution, S(77). A classical approach is to use the Angular Spectrum
formalism (AS) [33,37,38] to recover this information via S(r?-) =
AS{I;(T;,2)}. This process results in the reconstruction of the image
plane’s intensity, I(77) = |S(77)|?, which is later utilized to compute the
MM of the sample.

A series of 36 in-line holograms are captured by systematically
adjusting the configurations of PSG and PSA to pointwise recover the
MM of the studied sample. The intensity reconstruction at the selected
sample’s plane (within the measured volume of interest) is calculated for
each hologram. Following a methodology analogous to conventional
polarization microscopy [15], these 36 intensity reconstructions are
then employed to recover the complete MM of the sample, which is
defined by Eq. (1).

Moo Mor Moz Mo3
— my My omp M3
M, (M) = (¢})

myy My My M3
mzg Mz Mz M3

Each element of the MM, my;, is calculated through a point-by-point
addition or subtraction of four intensity reconstructions, as specified in
Equations (2). This means that each m; element is a 2D map (i.e., ma-
trix). In Eq. (2), the first letter indicates the polarization state of the PSG
system, while the second letter corresponds to the polarization state of
the PSA system. For instance, the element my, is determined by
combining the intensity reconstructions of HH, HV, VH, and VV. Note
that "H’ represents a linearly horizontal polarization state, V' denotes
the linearly vertical polarization state, and 'P’ and "M’ represents the
linearly polarization state oriented at +45 and —45°, respectively. The
circular polarization states are denoted by 'R’ for the right-handed
orientation and 'L’ for the left-handed one. For example, the "HH’ in-
tensity reconstruction denotes horizontal linear polarization for both the
PSG and PSA systems. Appendix A provides the configuration of the PSG
and PSA systems to obtain the polarization states during the hologram
recording. One of the advantages of this method is that the MM can be
completely recovered by solving a system of linear equations without
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Fig. 1. Scheme of the proposed MG-HM setup.

any assumptions and/or approximations [17].

mo = HH +HV + VH + VV
my = PP+ PV —MH — MV
myy=HH —-HV+VH-VV
my, = PH— PV —MH + MV
myy = HP — HM + VP — VM
my; = PP — PM — MP + MM
mzy = HR — HL+ VR — VL
mz; = PR — PL — MR+ ML

my = HH +HV — VH - VV
my = RH +RV —LH — LV
my =HH —HV — VH +VV
myi3 =RH—RV —LH+LV
my = HP — HM — VP + VM
my3; = RP — RM — LP + LM
ms3; = HR — HL — VR+ VL
ms33 = LL — RL — LR + RR

@

After the Mueller matrix is obtained, the following polarimetric pa-
rameters (among others) can be computed [15,17,18]

_V my, + mg, + mg, 3)

mgy

Vi, +my, + m3, )

mgyy

Diattenuation (D)D

Polarizance (P)P =

(Z?:lmﬁ) — mg,

Depolarization (A)A=1—+——F—+—— 5)
V3 my
HH — HV
Li i ism (LD)LD = —— 6
inear dichroism (LD) HH LAY (6)
—1 MR
Retardance (R)R = cos™' | Tr =) 1 7

Egs. (3)-(7) provide quantitative measurements for the respective
polarimetric properties of samples, offering valuable insights into the
sample’s optical polarization-state-altering characteristics [15]. Specif-
ically, the retardance is computed from the polar decomposition of the
MM, obtaining the trace (Tr) of the retardance Mueller matrix (Mg),
described by [18], and detailed in Appendix A. By computing these
properties, researchers can comprehensively understand how the sam-
ple interacts with polarized light, making it applicable in diverse fields,
such as multi-domain imaging for material science and biomedical
research [8,26,35,39].

The following steps delineate the procedure for extracting the MM of
the sample in this proposal.

2.1. Hologram acquisition

a. Configure the PSG elements to various combinations of angles to
generate a set of incident polarization states. Refer to Appendix A for
the necessary PSG combinations.

b. Maintain the PSG settings and adjust the PSA elements to capture
images featuring distinct outgoing polarization states. Appendix A
contains the required PSA combinations.

c. Record a Gabor hologram for each incident and outgoing polariza-
tion state combination, ensuring the sample’s position and the z
distance remain unchanged.

In this proposal, the adjustment of both the PSG and PSA has been
executed manually. The manual adjustment introduces variability in the
acquisition speed of the holograms, which is inherently dependent on
the researcher’s expertise during the implementation of the method.
Nonetheless, the proposed method can be performed digitally if the
polarizing elements are mounted on rotational mounts, reducing the
acquisition time.

2.2. Intensity reconstruction

a. Employ the Angular Spectrum formalism to propagate each recorded
Gabor hologram back to the original sample image plane.

b. Calculate the intensity (|S(rg/M)|*) distribution from the recon-
structed complex wavefields for each combination of incident and
outgoing polarization states.

c. Normalize each reconstructed intensity and scale it by a factor
equivalent to the initial hologram intensity. This factor is determined
by calculating the sum of the intensities across all 36 holograms and
then finding the maximum intensity value within this dataset. Sub-
sequently, each hologram’s intensity is scaled by the ratio of its own
intensity to the maximum intensity found. This process guarantees
that the relative intensity of each recording is maintained intact
throughout the numerical processing of the holograms.

2.3. Mueller matrix calculation

After acquiring the set of 36 normalized and scaled intensity-
reconstructed images, calculate each element of the MM individually,
following Eqgs. (2) and (3).

3. Experimental validation of the polarization-sensitive in-line
gabor system

To validate the capacity of the proposed in-line Gabor holographic
system to obtain accurate quantitative measurements of the polarization
response, a birefringent resolution target (Thorlabs R2L2S1B) is
employed. This target comprises a birefringent pattern sandwiched be-
tween a glass substrate and protective glass (N-BK7). This target is only
observable when placed between a pair of crossed polarizers. The
experimental details of MG-HM setup are outlined in Appendix B to
image the birefringent resolution target. The recorded 36 holograms are
reconstructed with angular spectrum enhanced by the iterative
Gerchberg-Saxton procedure [40]. This algorithm is iterated five times,
effectively eliminating the twin image noise, and upgrading the
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signal-to-noise ratio. This algorithm is a well-established iterative phase
retrieval technique that enables the reconstruction of the phase of a
complex-valued wavefront from intensity measurements and Fourier
transforms [40]. In this process, the Gabor hologram is initially propa-
gated to the sample’s plane, and only the reconstructed phase is
retained, with the amplitude being discarded. The retrieved phase is
then propagated back to the hologram’s plane, where the amplitude is
replaced by the square root of the recorded Gabor hologram. This
complex field is subsequently propagated back to the sample’s plane,
and the procedure is repeated iteratively. In this study, this algorithm is
specifically selected to minimize inherent noise, e.g., coming from the
twin image effect [40]. The processing was performed on an Apple M3
chip, and the reconstruction of each hologram with the method took on
average 14.8 s, with an uncertainty of 0.2 s, computed as the standard
deviation of the measured times. From the reconstructed complex field,
the intensity distributions are computed to provide the MM using
Equations (2), the computation of this MM took on average 1.53 & 0.15
s to compute. Fig. 2(a) shows the reconstructed negative pattern ob-
tained using the proposed method (obtained from the PP configuration),
while Fig. 2(b) displays the positive pattern (obtained from the PM
configuration) corresponding to element 7.1 of the chart. The retardance
is computed from Eq. (6) [18]. Fig. 2(c) depicts the retardance map in
nanometers. The average retardance is measured from the vertical and
horizontal patterns marked by the dashed lines in Fig. 2(c). The average
retardance provided by the proposed method is 271 + 14 nm, demon-
strating a high degree of concordance with the expected result of 280 nm
as specified by the manufacturer [41]. These results affirm the capability
of the method to provide accurate and reliable quantitative measure-
ments of polarization response.

For further validation purposes, a sample containing Calcium Oxa-
late crystals is utilized. Appendix B provides information on the exper-
imental setup for this imaging sample. Here, the in-focus images (i.e.,
the distance z is set to zero in Fig. 1) are also recorded to corroborate the
results. Fig. 3(a) and (b) display the intensity images obtained for the
horizontal-horizontal (HH) and horizontal-vertical (HV) configurations
in the image-plane setup. Including image-plane images serves as a
validation step to ensure the accuracy and consistency of the MM
retrieval method since no numerical reconstruction processes are
required (i.e., fully optical plane-to-plane conjugation in a brightfield
mode). This comparison assesses potential artifacts or deviations of the
proposed technique from the reference method. In-line Gabor holograms
are then acquired when the sample is repositioned by 10 mm. Panels (c)
and (d) in Fig. 3 show the recorded defocused images obtained with the
HH and HV configurations.

Fig. 4 quantitatively compares the polarization parameters,
including linear dichroism (a), diattenuation (b), polarizance (c), and
depolarization (d) for the Calcium Oxalate crystals. In the first columns
of Fig. 4, the polarimetric measurements for the Mueller Bright Field
setup (i.e., the image-plane configuration) are shown. The second and
third columns show the results obtained with the proposed MG-HM
method employing the classical and Gerchberg-Saxton angular
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spectrum reconstruction algorithms, respectively. The latter algorithm is
iterated five times to reduce the twin image noise. The reconstruction
time for this sample using the Gerchberg-Saxton algorithm is 5.15 +
0.08 s meanwhile the classical angular spectrum is 1.20 + 0.02 s.
Overall, a high level of agreement between the results obtained by the
image-plane configuration and the MG-HM method using the conven-
tional angular spectrum is obtained, confirming the ability of the MG-
HM method for precise quantitative polarization measurement. For
quantitative analysis, the same crystal enclosed by a color rectangle in
Fig. 4 has been selected to compare the results. The selected crystal is the
one having a higher polarimetric response and a manual mask is created
to measure the average linear dichroism, diattenuation, polarizance, and
depolarization. The mean of the background noise selected in a blank
region has also been measured; see the dashed rectangles in Fig. 4.
Table 1 provides a summary of the quantitative values. It is clear that
there is a high agreement between the results provided by the Mueller
brightfield system and the MG-HM method using the classical angular
spectrum formalism. On the other hand, the Gerchberg-Saxton recon-
struction algorithm reduces the background noise compared to the
classical angular spectrum algorithm, increasing the signal-to-noise
ratio. Nonetheless, the results show that the retrieved polarimetric
measurements using the Gerchberg-Saxton reconstruction algorithm
present some minor reductions in the intensity signal, leading to dis-
crepancies in some polarimetric measurements, such as the dichroism.
Still, the significant enhancement in signal-to-noise ratio provided by
the Gerchberg-Saxton reconstruction method reinforces its effectiveness
for polarimetric analysis in complex and non-uniform sample scenarios
where the structure of samples may need to be highlighted via back-
ground noise reduction.

4. Volumetric (multi-layer) mueller matrix retrieval

This section highlights the full potential of the proposed Gabor-
Mueller method to facilitate the retrieval of multi-layer information
from volumetric samples. It is essential to note that tissue specimens
characterized by strong scattering have been deliberately excluded from
the scope of this technique, given the prerequisite for the Gabor weak-
scattering regime. Instead, our focus centers on axially sparse multi-
plane samples exhibiting limited scattering. For this section, two volu-
metric specimens are prepared. The first specimen contains strategically
positioned Calcium Oxalate crystals at the two faces of a microscope
slide, as illustrated in Fig. 5(a). The second sample comprises two
separate slides containing transparent polyethylene terephthalate (PET)
plastic elements, as depicted in Fig. 5(b). Both imaging samples are
volumetric samples characterized by purely numerical axial variations
in polarimetric information, a feature that cannot be simultaneously
recovered using conventional image-plane methods or other non-
holographic/interferometric techniques.

In these experiments, each recorded hologram must be propagated at
two distinct reconstruction distances, enabling the retrieval of infor-
mation from both transverse planes of the crystals and PET

Fig. 2. Birefringent test target. (a) Reconstructed negative pattern. (b) Reconstructed positive pattern. (c) The retardance map measured with the proposed MG-

HM technique.
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Fig. 3. Sample containing Calcium Oxalate crystals. Image-plane images (z = 0) for the HH configuration in (a) and for the HV configuration in (b). In-line Gabor

holograms for the HH configuration in (c) and HV configuration in (d).

microplastics. Following the procedure outlined in Section 2, the com-
plete MM of the sample is obtained at two separate transverse planes
along the direction of light propagation. Fig. 6(a) and (b) illustrate the
reconstructed intensity images of the crystals at distances 5.5 mm and
29.5 mm when the polarization states of the PSG and PSA systems are
orthogonal (i.e., HV configuration). Fig. 6(c) and (d) show the recon-
structed intensity images of the microplastics at distances 10.5 mm and
20.5 mm when the polarization states of the PSG and PSA systems are
parallel (i.e., HH configuration). For both samples, the conventional
angular spectrum reconstruction algorithm is used. More details of the
experiment conditions are shown in Appendix B.

The Calcium Oxalate crystals present intrinsically linear dichroism,
providing crucial insights into how these crystals differentially absorb
linearly polarized light. Fig. 7 shows the reconstructed linear dichroism
response of the crystal sample at the two different transverse planes,
offering a comprehensive view of the dichroism properties of these
crystals at different axial depths. The measured linear dichroism for each
crystal at different transverse planes remains consistent with the ex-
periments conducted in Section 3, with an average value of —0.6.

On the other side, Fig. 8 presents the linear dichroism (a), diatten-
uation (b), and depolarization (c) of the volumetric sample containing

PET microplastics at the two different transverse planes. This visual
contrast accentuates the out-of-focus nature of the other sample. The
overall polarization response of the sample is high, as evidenced by the
pronounced sample-to-background contrast in the measurements. This
distinctive feature holds great significance as it can potentially reveal
valuable component information within the sample, thereby enabling its
characterization and detection—a pivotal aspect for various scientific
and industrial applications regarding the recent rising concerns about
microplastic effects [42,43]. This information underscores the method’s
capacity to capture complex polarimetric variations in volumetric
specimens accurately. It offers valuable insights into the anisotropic
properties of plastics across multiple contrast domains and enhances the
understanding of their behavior under polarized light. These results
vividly illustrate the method’s proficiency in quantifying intricate
polarimetric variations in volumetric specimens.

5. Conclusions
This work proposes an innovative approach that leverages the ca-

pabilities of in-line Gabor holography to extract precise polarization
information from volumetric samples. The method integrates in-line
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Mueller Bright Field Mueller Gabor GS - Mueller Gabor

Linear dichroism

Diattenuation
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Fig. 4. Polarimetric properties of a sample containing Calcium Oxalate crystals. (a) Linear dichroism, (b) diattenuation, (c) polarizance, and (d) depolarization with
(1) the reference Mueller Bright Field method, (2) the proposed MG-HM using the classical angular spectrum reconstruction method, and (3) the proposed MG-HM
using the iterative Gerchberg-Saxton reconstruction algorithm.
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Quantitative results of the mueller bright field, mueller gabor, and the iterative gerchberg-saxton mueller gabor with a sample containing calcium oxalate crystals.

Polarimetric parameter Mueller Bright Field MG-HM Iterative GS MG-HM
Crystal Background noise Crystal Background noise Crystal Background noise
Linear dichroism —0.6 0.001 —0.6 0.022 0.9 0.012
Diattenuation 3.0 0.242 2.9 0.207 2.4 0.149
Polarizance 1.0 0.153 1.0 0.152 0.9 0.108
Depolarization -1.3 0.158 -1.2 0.082 -0.9 0.070
specimens. The method’s applicability in examining 3D samples signif-
_Sdamr_"e icantly broadens the horizons of analyzing complex materials and bio-
side view . . . . . . . by
. Slide 2 logical specimens using optical polarimetric methods across scientific
SI' = and industrial domains. Future work will focus on optimizing the
Rear view Front view reconstruction algorithms, with a primary .focus on noise %'eductlon (1.n
a ) Q\ both software and hardware) and enhancing the sensitivity of polari-
- — . .
‘ ‘ ‘ 0 ‘ - Q metric parameter recovery from the Mueller matrix. The current
computational framework requires 36 holograms, not being suitable for
a b. dynamic imaging. We will investigate alternative computational

Fig. 5. (a) Setup of the volumetric sample containing Calcium Oxalate crystals.
(b) Setup of the volumetric sample containing microplastics.

Gabor holography with a conventional polarimetric setup to recover the
complete Mueller matrix of the sample. The robustness and accuracy of
this technique have been demonstrated by imaging a calibrated bire-
fringent test target. Additionally, the technique has been applied to
extract the polarimetric parameters (i.e., dichroism, diattenuation,
polarizance, and depolarization) of Calcium Oxalate crystals. The
agreement between the polarimetric parameters obtained by the pro-
posed method and the reference Mueller brightfield system is high,
affirming the method’s effectiveness in capturing the intricate polari-
zation properties of complex samples. Finally, the full potential of the in-
line Gabor holographic system is shown for volumetric samples of
crystals and microplastics, demonstrating the capability of retrieving
axial variations in polarimetric information — an achievement unat-
tainable through conventional image-plane methods or non-
holographic/interferometric systems. The visualization of such varia-
tions demonstrates the depth and sensitivity of the approach in uncov-
ering the complex polarization characteristics of three-dimensional (3D)

140um Focused

Out of focus

\

Out of focus

&

Focused

280um

methods to reduce the required number of recorded images, aiming to
reduce the acquisition time per sample and make the proposed method
suitable for real-time imaging. The importance of refining these tech-
nical aspects will further elevate the precision and reliability of the
method to more applications.
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Fig. 6. Volumetric sample containing Calcium Oxalate crystals on both sides of the microscope slide. (a) The first crystal focused on the HV configuration. (b) The
second crystal focused on the HV configuration. Volumetric sample containing microplastics focused on different distances (c) and (d) from the HH hologram.
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Fig. 7. Linear dichroism response of Calcium Oxalate crystals located at opposite faces of a microscope slide.
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Fig. 8. Polarimetric properties of a sample containing PET plastics. (a) Linear dichroism, (b) diattenuation, (c) depolarization, at two different focal planes (1)

and (2).
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Appendix A

To fully compute the Mueller matrix and a solvable linear system, 36 images should be acquired, changing the PSA and PSG to create the
degenerate polarization states (H: horizontal, V: vertical, P: +45, M: —45, R: right circular, L: left circular).

For the case of this study, a horizontally polarized light is employed. Based on that, the angles needed to set the PSA and PSG in all configurations
for the PSA and PSG are described as follows: (modified from [15])

Orientation angles (°) Orientation angles (°)
Notation PSG PSA Notation PSG PSA

HWP QWP QWP Lp HWP QWP QWP Lp
HV 0 0 90 90 PV 22.5 45 90 90
HH 0 0 90 0 PH 22.5 45 90 0
HP 0 0 —45 45 PP 22.5 45 —45 45
HM 0 0 —45 —45 PM 22.5 45 —45 —45
HR 0 0 0 —45 PR 22.5 45 0 —45
HL 0 0 0 45 PL 22.5 45 0 45
\A% 45 90 90 90 RV 22.5 90 90 90
VH 45 90 90 0 RH 22.5 90 90 0
VP 45 90 —45 45 RP 22.5 90 —45 45
VM 45 90 —45 —45 RM 22.5 90 —45 —45
VR 45 90 0 —45 RR 22.5 90 0 —45
VL 45 90 0 45 RL 22.5 90 0 45
MV —22.5 —45 90 90 LV 45 90 90 920
MH —-22.5 —45 90 0 LH 45 90 90 0
MP —22.5 —45 —45 45 LpP 45 90 —45 45
MM —22.5 —45 —45 —45 LM 45 90 —45 —45
MR —22.5 —45 0 —45 LR 45 90 0 —45
ML -22.5 —45 0 45 LL 45 90 0 45

In the case of different incident light, the configurations can be easily computed by the Stokes calculus, considering that the general matrix
equation for a linear retarder is given by:

0 0 0
cos2(20) + sin?(26) cos(6)  cos(26) sin(28) (1 — cos(8))  sin(20) sin(6)
cos(20) sin(28) (1 — cos(8))  cos?(26)cos(6) +sin?(20)  — cos(26) sin(6)

sin(20) sin(6) cos(20) sin(8) cos(6)

S oo~

And the general matrix equation for a linear polarizer is given by:

1 cos(28) 0 0

1 | cos(26) cos?(26) cos(28)sin(26) 0
sin(260)  cos(20) sin(28) sin?(26) 0

0 0 0 0

As the PSG is composed of a half-wave plate followed by a quarter waveplate, their retardance (§) is replaced on the linear retarder matrix equation,
and the PSG matrix is computed by multiplying the following matrices.

1 0 0 0

| 0 cos?(26) —sin?(20) 2 cos(20) sin(20) 0

PSG_HWP = 0 2cos(20)sin(28)  —cos?(20) +sin?(20) 0

0 0 0 -1
1 0 0 0
10 cos?(26) cos(20)sin(28)  sin(28)
PSG_QWP = 0 cos(20)sin(26) sin?(26) —cos(28)

0 sin(26) cos(26) 0

The same procedure can be done for the PSA, obtaining the following matrices:
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1 0 0 0
10 cos?(26) cos(28) sin(28)  sin(26)
PSA_QWP=1, cos(26) sin(26) sin?(26) —cos(20)
0 sin(20) cos(26) 0
1 cos(28) 0 0
_ cos(26) cos?(20) cos(20)sin(26) 0
PSA_LP 12 sin(20) cos(26) sin(20) sin?(26) 0
0 0 0 0

The Mueller matrix contains the overall polarimetric information of a sample, providing its diattenuation (Mp ), polarizance (M,) and retardance
(Mg). Each of these properties can be independently estimated after the Mueller matrix is decomposed, as expressed as follows:

M = My-Mg-Mp.
The decomposition can be computed with the polar approach as described by Lu S-Y et.al [18]. Firstly, the diattenuation M can be calculated from

1 DT]

MD - |:D mp

where

mp =1 — DI + (17\/17D2>51A)T

and
1 Mo
D=— My,
Mmoo
mo3

In the above equations D is the diattenuation vector extracted directly from the Mueller matrix components, D is the norm of the diattenuation

~~T
vector, DD constructs the unit diattenuation vector, and my is a 3 x 3 submatrix constructed in terms of the D vector and the identity matrix (I).
Once the diattenuation matrix is obtained, a secondary matrix (M’), which only depends on the polarizance and retardance information of the
sample, is obtained by multiplying the Mueller matrix (M) and the transpose of the diattenuation matrix (D). Being x”the transpose of the matrix x.

M = M-M% = My-Mpg.

Considering the following polar decomposition for the polarizance and retardance matrices, the elements of the secondary matrix can be expressed
as

PR I B G U I I I
_PAmA OmR_PAm

In the secondary matrix, 0 is a zero-column vector. The elements of the polarizance matrix M, can be determined as follows

P—m-D
Py=———+
AT -p?

being
1 mo
P=—my
Moo Mo

And m the 3 x 3 submatrix of the Mueller matrix.
The ma matrix is calculated by

ma = [+ (Vi +Visk +Vam 1] (VA Vi Vs i+ (Ve )]

where 41, A, A3 are the eigenvalues of the matrix m/~mvT, in which m is the submatrix of the secondary matrix (based on the decomposition m =
mpa ~mR).
Finally, the retardance matrix My, is defined by the multiplication between the inverse of the polarizance matrix M;' and the secondary matrix M’
1 o ]

10
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The details of the setup used in each of the validation experiments are provided in the following table.

Sample 2 (nm) Pixel pitch (um) Mag. Lateral Resolution (um) Rec. distance (mm) Rec. algorithm Rec. time (s)
Birefringent target 561s 2.74 1 x 2.74 7 Gerchberg-Saxton AS 14.8 £ 0.2
Plane Calcium Oxalate 532 3.75 10 x 1.64 10.5 Angular Spectrum, Gerchberg-Saxton AS ~ 5.15 + 0.08
1.20 + 0.02
Volumetric Calcium Oxalate 532 3.75 10 x 1.64 5.5, 29.5 Angular Spectrum 0.83 + 0.02
Volumetric Plastic 532 2.74 4 % 1.33 10.5, 20.5 Angular Spectrum 148 £ 0.2

Depth of field of the used microscope objectives:

Magnification Numerical aperture Depth of field
4 x 0.20 45 ym
10 x 0.25 13 pm
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