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Abstract— Energy functions offer natural extensions of con-
trollability and observability Gramians to nonlinear systems,
enabling various applications such as computing reachable sets,
optimizing actuator and sensor placement, performing balanced
truncation, and designing feedback controllers. However, these
extensions to nonlinear systems depend on solving Hamilton-
Jacobi-Bellman (HJB) partial differential equations, which are
infeasible for large-scale systems. Polynomial approximations
are a viable alternative for modest-sized systems, but conven-
tional polynomial approximations may yield negative values
of the energy away from the origin. To address this issue,
we explore polynomial approximations expressed as a sum of
squares to ensure non-negative approximations. In this study,
we focus on a reduced sum of squares polynomial where
the coefficients are found through least-squares collocation—
minimizing the HJB residual at sample points within a desired
neighborhood of the origin. We validate the accuracy of
these approximations through a case study with a closed-form
solution and assess their effectiveness for controlling a ring of
van der Pol oscillators with a Laplacian-like coupling term and
discretized Burgers equation with source terms.

I. INTRODUCTION

Energy functions are pervasive in control theory. They
were developed to extend controllability and observability
Gramians to nonlinear systems for balancing [27] and have
since been generalized to the H,, framework as the basis
for nonlinear balanced truncation [25]. Since they can also
serve as Lyapunov functions for closed-loop systems, other
applications of energy functions include estimation of reach-
able sets and safe control algorithms [2], [30], sensor and
actuator placement [11], and control design cf. [12]. The
computational challenge to the use of energy functions are
their reliance on solutions to the Hamilton-Jacobi-Bellman
(HJIB) equations. To avoid the curse-of-dimensionality, poly-
nomial approximations have been introduced, e.g. [10], [14],
[15]. However, these approximations often exhibit negative
energy away from the origin.

Sum of squares (SOS) approximations in control theory
also has a rich history that arose as a result of Parillo [23]
recasting many sum of squares problems as convex optimiza-
tion problems and the development of efficient algorithms
to solve them [7]. Their primary role in systems theory
is to develop Lyapunov functions, which are guaranteed to
be positive definite with negative definite derivatives along
solutions and are useful for control synthesis [22], [24]. It is
natural to consider SOS approximations for energy functions,
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and this has been the subject of a number of studies, cf. [13]
and have specifically been used for energy functions for a
policy iteration control algorithm in recent work [21].

The remainder of this paper is organized as follows. In the
next section, we provide a background on energy functions,
a recent Kronecker product-based polynomial approximation
that leads to efficient calculation of coefficients for modest
systems, and a review of a typical sum of squares represen-
tation. Then we introduce three SOS formulations. The first
embeds the Kronecker product polynomials within a higher
degree polynomial to guarantee SOS. A second couples
the Kronecker product polynomial with a nonlinear least-
squares collocation procedure to determine the higher degree
terms in a SOS. Finally, the third involves a modification of
Parrilo’s formulation and nonlinear least-squares collocation.
To aid the optimization, we introduce a collocation strategy
where we minimize residuals that are sampled over wider
parameter sets. This allows us to warm-start the optimization
to compute the SOS approximation in the region of interest.
Numerical examples include a scalar test case where the
analytic solution is available, a ring of van der Pol oscillators
that are coupled through a Laplacian-like term, and an
example generated by finite element discretization of Burgers
equation. These show the better approximations to the energy
functions away from the origin when using the modified
Parrilo formulation and the warm-start strategy.

II. BACKGROUND
A. Energy functions

Consider the nonlinear, control affine input-output system
x(t) =f(x(t)) + Bu(t), yt)=Cx(t) (D

where f : R® — R" is a smooth function, B € R™"*™  and
C € RP*™, The space of admissible controls are

U™ = Ly(—o0,0;R™) and U = Ly(0,00;R™).

For this class of systems, energy functions are a natural
extension of H., control theory [28]. For any n < 1, we
define
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as the past energy. The future energy is defined for three
cases. For 0 <n <1,
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for n =0,

£ (x0) = %/||y(t)||2dt, x(0) = %o, and u(f) = 0;

“4)
and for n < 0,

erxo) = max 3 [IyOF + @l ©
x(0)=xo, 0
x(00)=0
These are often defined using an Ly-gain parameter vy when
n= —752 [28] or using an H.-gain parameter v > 0 when
n =1—~"2[25]. In the H,, setting, when we take the
limit v — 1, n = 0, we recover that £ is the controllability
energy and EJ' is the observability energy. Additionally, for
the limit v — oo, n = 1, we recover the energy functions
used in HJB balancing [26]. Finally, when n = —1, the
forward and past energy functions agree. These connections
are detailed in [14].
These energy functions can be characterized by HIB
equations, cf. [25]. If € is a solution to
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with £(0) = 0 and 0 is an asymptotically stable fixed point
of

0T E(x)
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then £(x) is the past energy function &, (x) from (2).

Likewise, if £ is a solution to
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+ 5xCTCx (8)

with £(0) = 0 and 0 is an asymptotically stable fixed point
of
Ta
= £(x) - nBBT L), ©)
ox

then this solution &(x) is the future energy function EF(%).

B. Polynomial approximations

Mesh-based approximations to Hamilton-Jacobi equations
are prohibitive for systems with modest dimension. Therefore
approximations using global basis functions, typically poly-
nomials, were soon introduced [1], [8], [18], [20]. Polyno-
mial approximations to energy functions in the forms defined
above (2)—(5) were developed for nonlinear balancing appli-
cations as well [10]. In [14], the authors developed a scalable

approach to approximate energy functions by polynomials
when they are written using Kronecker products:
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where x@ is a Kronecker product involving d copies of the
vector X, e.g. x® = x ® x ® x. The coefficients v; and
wj, involve structured linear systems that enable efficient
computation. For M € R?*" we define the k-way Lyapunov
matrix or a special Kronecker sum [4] matrix as

Li(M):=M®... 0L+ +L,@..oMcR" "
—— —_————

k times k times

where I,, is the n-dimensional identity matrix. We present
the results from [14] for calculating the coefficients v and
wy when system (1) is specialized to f(x) = Ax + Fx®,
and the pairs (A,B) and (A,C) are stabilizable and
detectable.

Theorem 1: ([14, Th. 7]) Consider system (1) with the
conditions stated above. Given 17 < 1, and past energy func-
tion &, (x) expanded with the coefficients v;, i = 2,...,d
in (10). Then, vo = vec(Vy), where V3 is the symmetric
positive definite solution to the Ho, Riccati equation

0=ATV,+ VA —-—nC"C+ V,BB'V,. (12)

. k
Moreover, the coefficient vectors v, = vec(Vy) € R
for 2 < k < d solve the linear systems

Li((A+BB'Vy) v, =
n ..
—Li 1 (F vy — 1 Z ijvec(V; BB'Vj).
1,j>2
i+g=k+2

Theorem 2: ([14, Th. 6]) Consider system (1) with the
conditions stated above. Given n < 1 and future energy
function £F(x) expanded with the coefficients w;, i =
2,...,d in (11). Then, wo = vec(W3), where Wy is
the symmetric positive definite solution to the H., Riccati
equation

0=ATW,+W3A+C'C—-—yW,BB"W,. (13)

Moreover, the coefficient vectors wj, = vec(Wy,) € R™"
for 2 < k < d solve the linear systems

Lr((A—=nBB'Wy) wy =

—Ek_l(FT)wk_1+g > ijvec(W]BB'W;).
i,5>2
itj=k+2

The proofs for both theorems can be found in [14].
While solving the systems grows exponentially in k£ and
as a polynomial in n, the authors developed an efficient
implementation taking advantage of the Kronecker structure
of the systems based on the work in [5], [6], [9].



As shown in [14], polynomial approximations are accurate
near the origin. The main issue with these approximations is
negativity away from the origin. However, energy functions
must be positive definite by definition. One way to overcome
this issue is to propose function approximations that impose
non-negative definiteness.

C. Sum of squares

A scalar valued function fs,s(x) is a sum of squares if it
can be written as
N

fsos(x) = Zf?(x)7

i=1
where { f;(x)} can be any collection of generic functions and
N any integer. Polynomial sum of squares are much easier

to work with
sz

where each p;(x) is a polynomlal.

fSOS

Proposition: ([23]) A polynomial p(x) of degree 2d is a
SOS if and only if there exists a positive semi-definite matrix
Q and vector z(x) that contains monomials in x of degree
< d such that:

p(x) = z(x) " Qa(x). (14)
For example [23], by defining z(x) = [2? z120 23],
Wwe can rewrite
p(x) = 225 + 20329 — 2222 + 525
in the form (14) with the positive semi-definite matrix
2 1 -3 . 1 2 0
Q _13 8 (5) LL with L NG _13 i)

The Cholesky factor L above allows us to specifically write
p as the SOS

1 1
p(x) = 5(2m% +xy20 — 323)% + §(x§ + 3x110)%

III. FORMULATION OF SOS POLYNOMIALS

The use of SOS programming in HIB problems have been
addressed in prior works, e.g. [16]. In our work, we introduce
three different SOS formulations:

o Completing the sum of squares: Adding higher degree
terms to a given polynomial approximation (10) or (11)
to make them sums of squares.

o Completing the sum of squares with collocation:
Lower degree terms match a given polynomial approx-
imation, and collocation is used to determine highest
degree terms.

o Collocation method: Based on the Parrilo formulation
of SOS (14) within a least-squares collocation method.

The approaches are illustrated below using the past energy
function &, (x), but the same procedure can be applied to
the future energy function 5; (x) as well.

A. Completing the sum of squares

Given a degree d approximation to &,"(x) as in (10), we
propose a sum of squares approximation £_,(x) as:

Eops(X) = (v1 X+ Vx4 +f/d71x@)2.

S0Ss

In general, the terms vy are matrices and thus, this is a
sum of squares. The d — 1 coefficients of &, ,(x) are found
by matching the lowest degree terms in &, (x). This is
done without the involvement of the HJB equation. The
HIJB information is implicitly embedded in the polynomial
approximation of £, (x).

Example: Given n = 2, and a degree d = 3 polynomial
approximation &, (x), the degree of the SOS approximation
is 2(d — 1) = 4. Therefore:

Eros (%) = (V[ x+ 9] x®)7,
where v € R?*2 and v, € R?*4. By expanding &, (x),
we get:

Eos(x) = x99 x + 2x 999 x@ + (x9) T¥,%, x©
or
Eos(x) = vec(¥19] ) Tx@ + 2vec(¥,¥, ) "xO+
vec(Vo¥y ) Tx@

Now, matching the O(x®) and O(x®) terms leads to the
following systems of equations:

T

viv, = §V2 (solve by Cholesky)
201\7; = §V3 (solve by backsubstitution)

where, Vo = reshape(v, ,2,2), V3 = reshape(vj ,2,4)
and v and vj are, respectively, the degree 2 and 3
coefficients of the polynomial approximation of &, (x).

B. Completing the sum of squares with collocation

In this approach, we write £, .(x) in the same polyno-

mial squared form with an additional term:

gs_osc( )E (GIX‘F{’;X@‘F
and we calculate for the first d — 1 coefficients as above
(matching to a degree 2d — 1 polynomial approximation).

To calculate v4 we introduce the residual of the HJB
equation found by substituting £2,; .(x) into (8) at the point
x which we denote by R(x). The least-squares collocation
problem is then described by the functional

N

=D IR,

k=1

+ {’;71)(@ + {I;—XC‘D)Q

J(¥q)

that is formed using N sample points {x(k)} in the approxi-
mation domain 2 C R™. By using randomly selected sample
points within €2, this procedure has the potential to scale
to larger dimensions. The missing coefficient in £, .(x) is
then given by (x in this work denotes optimal not an adjoint)
v, * = argmin J(v,).
V] ern?



C. Nonlinear least-squares collocation

Using Parrilo’s formulation in (14), we write £, (x) as:

& (x) = z(x) " Qz(x) (15)

where z(x) € R” is a vector of all monomials of degree < d
and Q € R¥*¥ is a positive definite matrix. The number of
monomial terms, v, in z(x) is defined as follows:

d
v= Z deg;(n),
i=1

where deg;(n) is the number of monomial terms of degree
1 in dimension n defined recursively by:

deg;(n) = Zdegi,l(j) for > 2
j=1

with deg; (n) = n. The matrix Q can be factorized as Q =
LL" and £, (x) can be rewritten as:

- _ _ Ty T
&, (X) = psos(x) = z(x) LL z(x) (16)
where the entries of L are the decision variables of the

optimization problem defined by the objective function

N

J(L) = [R(xM)|?, 17
k=1

where now R(x) is the residual of the HIB equation at x

when substituting (16) into (8). The optimal coefficients in

(16) are then given by

L* = argmin J(L).
LeRvxv

D. Sequence of polynomial approximations

In these last two sections, we performed an optimization
problem to compute unknown coefficients over the
domain €. In the nonlinear least-squares collocation case
especially, the entries of L strongly depend on the region
of approximation. For approximation regions 2 C R"™ that
lie within the unit hypercube, the lowest degree terms in
the residual R tend have a more significant contribution
than the higher degree terms. On the other hand, for
approximation regions ) where most sample points lie
outside the unit hypercube, the higher degree terms have
more contribution the residual J(L). This motivates a
sequence of polynomial approximations that increase as the
approximation domain ) increases, and has the effect of
warm-starting the optimization algorithm.

Example: Consider the case d = 4 where the system has
a cubic nonlinearity x = Ax + Fx® + Bu. The energy
function takes the following form

.
o T @T Ly 0 L1 0 T @T T
E(x) = [xx ]<L21 L22> (L21 L,) X1

We can expand this to find
Ep(x) = x "Ly Ljx + 2x "Ly Ly x@

T
+X® (L12L1r2 + LQQL;B)X(D.

We let Qi = Li1L{;, Q2 = Li1Lj; and Q3 = Lo Lg; +
L>LJ,. Note that Qg is the only matrix that depends on Losy.
Substituting &,(x) into (8), the residual R(x) is a degree 6
polynomial, Q3, and hence Lo, only appears in the degree 4,
5, and 6 terms, 74(L), r5(L) and 7¢(L), respectively. These
coefficient functions are

r4(L) =vec(8Q:BBT Q] +2Q,F +4A7Q)])
+vec(18Q,BB"QJ)

rs(L) =vec(24Q,BBT Q] + 6Q,F)

re(L) =vec(8QsBB' QJ + 4QsF),

where Q. and Qs are reshaped versions of Qu and Qs
to match the dimensions. When we attempt to minimize
the residual with many sample points far outside the unit
hypercube (||x|| > 1), the degree 6 term dominates and
therefore the objec~tive function is very sensitive to Loso.
Small changes to Qs have such a large influence that the
r¢(L) term dominates the residual and this tends to drive
Qj3 to zero, but this also impacts Lo, using the definition of
Q3 above. Therefore, we elect to drop the Loy term in the
case ) is far outside the unit hypercube. In the case of more
blocks in L, it is desirable to drop the term representing
the highest degree coefficients. For example, for degree 6
SOS approximations, we only keep the shaded portion of the
matrix L illustrated below when {2 has more sample points
outside the unit hypercube:

Lqq 0 0
Loy Lo 0
Lz; L3z ¢ L33

E. Windowing and issues for large regions € in R™

Performing the optimization of J(L) for small regions
around the origin is typically a convex optimization problem.
To illustrate this, we take the scalar system from [14] and
we write the degree 4 SOS approximation as in (16) for the
past energy function &, (x) with an approximation region
Q) = [-1;1] Cc R. Let Li; be the Cholesky factor of
the solution of the Riccati equation (12). Now, if we fix
the Ly; entry of L at Lj;, Fig. 1 represents the objective
function with respect to Lis and Los (the insensitivity of
J to Loy when most samples are inside the unit interval is
clearly illustrated in this figure as well). If we consider larger
domains, e.g. Q = [—20;20] C R, Figs. 2 and 3 show that
the optimization problem quickly becomes non-convex.

This non-convexity can be partially overcome by intro-
ducing a windowing procedure that warm starts a sequence
of optimization problems over progressively larger regions
Q) C -+ C Qp C ---Q. We start a collocation problem
for €21, a small region around the origin, where the SOS
approximation will easily capture the behaviour of the lower
order terms of the polynomial approximation. Then, the
optimization results for L are used as warm starts (initial
guesses) for problems with successively larger domains €y,
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Fig. 1. Objective function when fixing L1 at L], and choosing collocation
points in the range [—1, 1].
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Fig. 2. Objective function when fixing L1 at L*{l and choosing collocation
points in the range [—20, 20].

while we also increase the number of sample points to sg.
In this way, we achieve

Lg(lsl) — L*Q(282) — = Lg(N).

F. SOS nonlinear least-squares collocation algorithm

Algorithm 1 summarizes the procedure of approximating
energy functions using the SOS collocation method
described in Section III-C. We begin by solving the
algebraic Riccati equation corresponding to the type of
energy function we want to approximate, (12) or (13) to
provide an initial guess for the Lq; term. Then, we set the
appropriate dimension v of the L matrix: depending on the
dimension of the system n, the degree of the approximation
d, and the sequence of polynomial approximations (deciding
on diagonal blocks of L to keep. The optimization problem
is solved in a local region around the origin, to get the
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Fig. 3. Log of the objective function when fixing L1 at L], and choosing
collocation points in the range [—20, 20].

first warm start on 2. We then proceed with windowing
until the desired approximation region is reached. Finally,
we construct the Q = LLT matrix that defines the energy
function.

Algorithm 1: SOS approximation of energy functions.

Input: System matrices A, B, C, F, 7, d the degree
of SOS approximation, a nested set of approximation
regions g C Qp--- C Q. = € and corresponding
numbers of sample points {s;};_, (s, = N).

Output: Q, where Q = LL in (15).

1) Solve the Algebraic Riccati equation (12) or (13),
corresponding to the desired energy function, to get
a warm start for the lowest degree term.

2) Calculate v that depends on both n and d.

3) Calculate, v, the appropriate dimension that de-
pends on the structure of the L resulting from the
sequence of polynomial approximations.

4) To get a warm start L for the optimization, solve:

S0
Lo= argmin 3 [R(x®)|?
where {x(®)}7° C Qq, a small region containing
0.
5) Fort=1,2,---,r
Solve:

argmin ) _ |R(x")||?
LGRVXIJI k:l

L =

with L;_; as a warm start, and
s; is the number of samples in €2;.
end

6) Finally, set L = L, and compute Q = LL .

IV. NUMERICAL RESULTS

We will perform numerical demonstrations of the proposed
methods using a scalar example [14] to approximate the
past energy &, (x). Then we will test Algorithm 1 on a
6-dimensional ring of van der Pol oscillators where we
approximate the future energy function Egr (x). Finally, we
consider a 12-dimensional problem resulting from finite
element approximation to Burgers equation. For the opti-
mization, we used the IPOPT algorithm [29] along with the
Julia package JuMP [17].

A. Scalar example

For our first study, we approximate the past energy func-
tion & (x) (v = V2, n = 0.5) with degree 4, 6, and 8
SOS polynomials, for a scalar example found in [14] using
Q =[-8, 8]. The system is given by

@(t) = —22(t) + 2%(t) + 2u(t) and y(t) = 2x(t).

We used symmetric windows starting at [—1, 1] and doubling
the size until we reached [—8, 8]. Since we can solve the HIB



in the 1D setting, the results of the polynomial approxima-
tions in Section II-B and III-F are compared to the analytical
solution. The errors in the polynomial approximation, and the
SOS approximation are presented in Figs. 4, 5, and 6.

— — — Dderror(X)gog| |
18+
- — = Dderror(x)py | 1
1
1
1
1
1
1
1
1
1 I
1
1
1
1
1
1
1

’ N ’ \

a
\
Al

Fig. 5. Error of degree 6 approximations of energy functions [—8, 8]
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Fig. 6. Error of degree 8 approximations of energy functions [—8, 8]

As we increase the degree of the SOS approximation, the
overall error gets smaller and is superior to the polynomial
approximation in [14]. As expected, the polynomial approx-
imation is good locally, but has a poor global behaviour that
does not preserve the positivity and monotonicity properties
that are expected for this example.

B. Ring of van der Pol equations
Consider the control of a ring of van der Pol oscillators,
Gi + (Y7 — D)0 + Y = yie1 — 2i + Yir1 + biwi(t), (18)

fori=1,...,g with y;(0) = ° and 5;(0) = 0 (we identify
Yg+1 = Y1 and y, = yo to close the ring). The coupling

TABLE I
STABILITY OF CLOSED-LOOP SYSTEMS FROM SAMPLED INITIAL

GUESSES.

[ Windows in R® [ Poly Approx [ SOS Approx ]
—0.1, 0.1]° Stable Stable
—0.2, 0.2]% Stable Stable
—0.3, 0.3]6 Unstable 5/1000 Stable
—0.4, 0.4]° Unstable 51/1000 Stable
—0.5, 0.5]% Unstable 116/1000 Stable

terms on the right-hand-side resemble a discrete Laplacian.
The stability of this system was studied in [19] and a related
control problem considered in [3]. Here, we will consider
the case when g = 3, with b; = by = 1, bg = 0. Writing
this as a first-order system places the system in the form (1)
with n = 6 states and m = 2 control inputs. We define C
using the positions of the 3 oscillators. We demonstrate our
proposed SOS approximation on the future energy function
EF(x) using a degree 4 SOS approximation for the case
n=1.

Since we do not have an analytical solution available, we
will evaluate the quality of the approximation by deriving
the optimal control for the system using both the SOS
approximation and the polynomial approximations

0ET
u:os(t) _BT SOS(X)
Ox
35+1(X) 1
* T 0,
upol(t) =-B paT

running the closed-loop simulations of (18) and simultane-
ously approximating the integral term in the energy function
given as

Er(x0) =

. 1 o 2 2
min 7/0 y(®)I1? + [lu(t)] 2dt,

u€L2[0,00) 2

x(—00)=0 x(0)=x¢

(20)
where z( is the initial condition for the system. We used
5 symmetric windows starting at [—0.1,0.1]% and increas-
ing the size by 0.1 in each direction until we reached
[—0.5,0.5]5. To remove bias in our tests, we performed study
using 1000 random initial conditions X in the approximation
domains. The number of times the closed-loop system is
unstable (or if was always stable) is reported in Table 1. To
show that the sum of squares polynomial approximation has
comparable accuracy, we report the average relative errors
in Table II. Note that we did not include the unstable results
from the polynomial approximations in the reported averages
(since the simulations didn’t finish).

Table I shows that the SOS approximation provided a
stable closed-loop solution for each of the 1000 random
starting points in each approximation domain. On the other
hand, as we increased the size of approximation region the
polynomial approximation from [14] tends to give unsta-
ble solutions. This is to be expected since the polynomial
approximations are designed to be very accurate near the
origin, but without being an SOS polynomial, there is no



TABLE I
AVERAGE RELATIVE ERRORS IN 51+ FROM 1000 INITIAL CONDITIONS.
THE ERRORS FROM THE UNSTABLE CASES WERE NOT INCLUDED.

[ Windows in RS [ Poly Approx error [ SOS Approx error ]

TABLE III
AVERAGE RELATIVE ERRORS IN 51+ FROM 1000 INITIAL CONDITIONS.
THE ERRORS FROM THE UNSTABLE CASES WERE NOT INCLUDED.

[ Windows in RT2 [ Poly. approx. error [ SOS approx. error ]

—0.1, 0.1]° 3.5465 x 10~ 4 4.1133 x 10=3
—0.2, 0.2]° 5.1609 x 10—2 1.5224 x 10~ 2
—0.3, 0.3]° 2.9679 x 10~ 3 3.0859 x 10~2
—0.4, 0.4]° 1.2120 x 10~ 2 5.1790 x 102
—0.5, 0.5]° 1.7436 x 102 7.1467 x 102

—0.1, 0.1]™2 7.3851 x 10— % 3.4814 x 10~2
—0.2, 0.2]12 8.1425 x 10~ 12 4.5553 x 10~ 2
—0.3, 0.3]%2 1.0639 x 10~3 6.0839 x 10~2
—0.4, 0.4]12 1.8511 x 10~3 7.5802 x 102

guarantee that positivity is maintained away from the origin.
For example, starting at the initial condition,

xgale — (_0.21 0.08 0.06 —0.35 036 —0.47)"
leads to an unstable simulation. Table II shows that the
average relative error, excluding the unstable initial condi-
tions for the polynomial approximation, is acceptable for
both the SOS and the polynomial approximation, with a
clear advantage for the polynomial approximation in each
of the approximation regions. The main advantage of the
SOS approximations is that every initial condition in the
neighborhood of the origin can be stabilized using (19).

C. Burgers equation

We also consider the control of the discretized 1D Burgers
equation (using linear finite elements). Consider

i=1
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with periodic boundary conditions and controlled outputs
yi(t) = fol i (x)z(t,x) dz, i =1,...,p. Here, x7(x) is the
characteristic function over [(i —1)/r,i/r] and € = 5 x 1073.
Approximating this PDE using 12 linear finite elements and
choosing m = p = 6 creates a quadratic system of equations
(n = 12) of the form

x = Ax + Nx? + By, and y = Cx. (22)

We demonstrate our proposed SOS approximation on the
future energy function &£, (x) using a degree 4 SOS approx-
imation for the case 7 = 1. As for the ring of van der Pol
equations, we do not have an analytical solution. We will
evaluate the quality of the approximation by deriving the
optimal control for the discritized Burgers equation using
both the SOS approximation and the polynomial approxima-
tion (19) and running the closed-loop simulations of (22) and
simultaneously approximating the integral term in the energy
function given by (20). For this example we ran the optimiza-
tion for one window [—0.1,0.1]*2, with 1000 random initial
conditions xq in the same window. To show the effectiveness
of the approximation outside the optimization range, we
also take 1000 random initial conditions x¢ in [—0.2,0.2]'2,
[—0.3,0.3]*2 and [—0.4,0,4]'? outside of the approximation
window . We report the average relative errors in Table III.
The results in Table III show that in this case both the SOS
approximation and the polynomial approximation provide a

good optimal control for the different random starting values
both in the SOS approximation window and outside of it.

V. CONCLUSIONS

Three sum of squares polynomial approximation methods
were described. In practice, the approach based on the form
provided by [23] lead to the best results. The superior-
ity of the SOS approximation over a Taylor series-based
approximation was demonstrated using a scalar example
with a known analytic formula. In a more challenging
case, the results were mixed. The SOS approximation al-
ways provided stable closed-loop systems, but the Taylor
polynomial approximations were more accurate on average
when they produced stable closed-loop systems. However,
away from the origin, the Taylor polynomial approximations
failed to generate a stabilizing control in more than 10%
of the randomly generated cases while the SOS polynomial
approximations produced stable closed-loop systems in each
of those same cases. The challenge of solving the nonlinear
collocation problem limits the scalability of this approach to
more modest sizes and higher degree SOS polynomials due
to the large number of monomial terms that appear in the L
matrices. Further work is underway to find better formula-
tions of the optimization problems and test the performance
on larger systems.
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