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ABSTRACT The specific recognition of peripheral membrane-binding proteins for their target membranes is mediated by a

complex constellation of various lipid contacts. Despite the inherent complexities of the heterogeneous protein-membrane inter-

face, the binding dependence of such proteins is, surprisingly, often reliably described by simple models such as the Langmuir

Adsorption Isotherm or the Hill equation. However, these models were not developed to describe associations with two-dimen-

sional, highly concentrated heterogeneous ligands such as lipid membranes. In particular, these models fail to capture the

dependence on the lipid composition, a significant determinant of binding that distinguishes target from non-target membranes.

In this work, we present a model that describes the dependence of peripheral proteins on lipid composition through an analytic

expression for their association. The resulting membrane-binding equation retains the features of these simple models but

completely describes the binding dependence on multiple relevant variables in addition to the lipid composition, such as protein

and vesicle concentration. Implicit in this lipid composition dependence is a new form of membrane-based cooperativity that

significantly differs from traditional solution-based cooperativity. We introduce the Membrane-Hill number as a measure of

this cooperativity and describe its unique properties. We illustrate the utility and interpretational power of our model by analyzing

previously published data on two peripheral proteins that associate with phosphatidylserine-containing membranes: The trans-

membrane immunoglobulin and mucin domain-containing protein 3 (TIM3) that employs calcium in its association, and milk fat

globulin epidermal growth factor VIII (MFG-E8) which is completely insensitive to calcium. We also provide binding equations for

systems that exhibit more complexity in their membrane-binding.

INTRODUCTION

The binding of peripheral membrane-binding proteins with

lipid membranes underlies multiple physiological processes

from the clearance of apoptotic cell to the pruning of synap-

ses (1–4). Many such proteins in this class recognize their

target membranes through the composition, packing density,

curvature, or other physicochemical properties. Comple-

mentarily, cells tune their composition and physical proper-

ties to effect these associations, as in, for example, the

exposure of phosphatidylserine (PS) on the surface of

apoptotic membranes to recruit phagocytes (1,2,5,6). As

the characterization of the composition of cell membranes

has steadily increased in precision and scope (5,7–11), the

study of peripheral proteins has not kept pace with this

growing complexity.

The lipid composition dependence of the binding of

several peripheral proteins has long been established.

For example, the C2-domain-containing proteins, such as
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SIGNIFICANCE The association of peripheral membrane-binding proteins with their target membranes is important in

multiple physiological processes. These associations can be highly sensitive to the lipid composition of the membrane, but

quantitative characterization of this dependence has been difficult. We present a general model that quantitatively

describes the lipid composition dependence of protein-membrane binding. This model gives rise to a new notion of

cooperativity specific for protein-membrane binding. We introduce the Membrane-Hill number to quantify this cooperativity

and discuss its implications for lipid composition dependence in a variety of systems.
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protein kinase C (PKC), as well as lactadherin, annexins,

synaptotagmins, and transmembrane immunoglobulin and

mucin (TIM) domain-containing proteins, have all demon-

strated to be sensitive to the amount of membrane PS

(12–31). The affinity of peripheral proteins for different

membrane compositions has been characterized by a

variety of experimental techniques (32–34). Typically,

binding affinity is measured by varying the aqueous

concentration of vesicles, proteins, or small ligand

mediators such as divalent cations. Compositional depen-

dence is often inferred from the variance of these

measured affinities across different membrane composi-

tions. However, comparisons of these disparate affinities

obtained from diverse studies are difficult to evaluate.

This is because there is no consensus model that relates

the binding parameters obtained from different ap-

proaches. Rather, binding equations are either applied ad

hoc or are derived for only specific cases in each study

(13,14,17,20,21,30,31,35,36).

Consequently, it is difficult to determine the sensitivity

of a given protein to a particular lipid species much less

compare the sensitivities of multiple proteins. Furthermore,

a thorough investigation of lipid composition dependence

requires experiments with many membrane conditions,

which can be prohibitively expensive uses of time and re-

sources. A systematic approach is needed to efficiently

characterize the determinants of such interactions.

To that end, we present a way to integrate the results of

multiple binding experiments so as to provide a holistic

description of the dependence of protein binding on lipid

Box 1. Glossary of
terms

CONCENTRATIONS

½L� – Concentration of all lipid species that are unassoci-
ated with membrane-bound protein

½P� – Concentration of free protein in solution

½P�bound, ½PB� – Concentration of membrane-bound

protein/protein-bound lipid ensemble binding sites

½P�bound;max, ½PB�max – Concentration of membrane-

bound protein/protein-bound lipid ensemble binding

sites when the membrane is saturated

½B� – Concentration of unbound lipid ensemble bind-

ing sites

½Ca2þ� – Concentration of free divalent cation in

solution

fSg – Membrane mole fraction of the preferred lipid

species S

fCg – Membrane mole fraction of unpreferred lipid

species C

GENERAL BINDING PARAMETERS

KD;L – Dissociation constant of protein-membrane asso-

ciation with respect to ½L�
KD;P – Dissociation constant of protein-membrane as-

sociation with respect to ½P�
KD;B – Dissociation constant of protein-membrane as-

sociation with respect to ½B�
s – Surface density of membrane-bound protein per

lipid

Kn;iS – Dissociation constant describing association of

a protein with a lipid ensemble binding site composed of

n total lipid, i of which are S

Keff
l – Effective dissociation constant describing asso-

ciation of protein with a lipid ensemble binding site in

which there are l number of preferred contacts with S

q – The maximum number of lipid contacts in the lipid

ensemble binding site for which the protein prefers S

over C

qSite – Bound fraction of binding sites on a protein that

associates with soluble ligands

hsite – Hill number describing the cooperativity of a

protein that associates with soluble ligands

hmemb – Membrane- Hill number describing the in-

plane cooperativity of a protein for the preferred lipid S

Kh - Apparent dissociation constant associated with

the Hill approximation

DIVALENT CATION BINDING PARAMETERS

KD;L;Ca2þ – Dissociation constant of protein-cation-mem-

brane association with respect to ½L� and ½Ca2þ�
Keff
l;m – Effective dissociation constant describing

association of a protein-cation complex containing m

number of divalent cations (m ¼ 1 is represented with

the subscript Ca2þ) with a lipid ensemble binding

site in which there are l number of preferred contacts

with S

KCa2þ;m – Dissociation constant of protein-cation asso-

ciation with respect to ½Ca2þ� for m number of divalent

cations

hmemb;Ca2þ;m – Membrane-Hill number describing the

in-plane cooperativity of a protein-cation complex

containing m number of divalent cations for the

preferred lipid S

hCa2þ;S – Hill number describing the cooperativity of

the protein-cation-membrane complex for the divalent

cation

EC50 – Concentration of divalent cation that induces

half-maximal membrane association of the protein at

fixed values of ½L� and fSg
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composition. The model and its associated binding equa-

tions are significantly different from customary approaches.

It presents a new way to analyze seemingly cooperative in-

teractions involving multiple lipid species as made manifest

in sigmoidal binding isotherms. Additionally, the model is

consistent with standard analyses employed in the literature

and predicts the lipid composition dependence of their

respective parameters. The involvement of divalent cations

that often coordinate protein and lipid interactions is also

considered, and the application of this model to published

data provides useful insights.

MATERIALS AND METHODS

Data were analyzed with a two-stage least squares fitting procedure and

plotted using a combination of custom MATLAB code (37) and

GraphPad Prism (38), as described in Kerr et al. (26) and Suwatthee

et al. (39).

RESULTS

Model preliminaries and background

The affinity of peripheral proteins is usually determined as a

function of the concentration of either the lipid or the pro-

tein. For monomeric peripheral proteins, single-site binding

equations, the equilibrium-binding parts of the Michaelis-

Menten or Langmuir Adsorption Isotherm equations, are

typically used to analyze data (35,40). An apparent dissoci-

ation constant describing the affinity with respect to the lipid

concentration, KD;L, is obtained from such an analysis using

the following single-site binding equation:

½P�bound
½P�tot

¼
½L�

KD;L þ ½L�
; (1)

where ½P�bound is the concentration of the bound protein,

½P�tot is the total concentration of protein, and ½L� is the con-
centration of lipid unassociated with protein (all concentra-

tions in square brackets are in moles/liter aqueous medium).

Eq. 1 assumes that the unbound lipid is in great excess to the

protein. Such experiments are conducted with a fixed total

concentration of protein and by varying the total amount

of lipid, assuming a fixed lipid composition.

Similarly, an apparent dissociation constant describing

the affinity with respect to the concentration of protein is ob-

tained from the single-site binding equation:

½P�bound
½P�bound;max

¼
½P�

KD;P þ ½P�
(2)

Here, ½P� is the concentration of free protein and

½P�bound;max is the maximum concentration of bound protein

at saturation. While Eq. 1 describes the fraction of protein

bound to the membrane, Eq. 2 describes the fractional satu-

ration of the membrane surface. Analogous to Eq. 1, Eq. 2 is

only valid when the protein is in great excess to lipid.

The dissociation constants, KD;L and KD;P can be used to

compare the preference of a given protein for membranes

of different compositions. However, it is not clear how

these dissociation constants relate to one another, nor do

they reflect the complex dependence on the membrane

composition. These equations describe binding with a ho-

mogeneous ligand, but the membrane surface is a heteroge-

neous collection of lipids that should presumably have

different free energies of association. Furthermore, these

proteins do not bind to all or just any of the lipids, but to

specific subsets thereof. These complexities not only

impede the comparison of these dissociation constants

but also obfuscate their fundamental interpretations.

In the following section, we derive a single expression

that describes protein binding as a function of heteroge-

neous collections of lipids. This approach is applied to pro-

teins that utilize divalent cations and anionic lipids.

Construction of the model

We assume a monolayer or single leaflet of a bilayer in

which the lipids are in rapid diffusional equilibrium. We as-

sume that the membrane-binding interface of the protein is

large enough to facilitate direct contacts with multiple

lipids. This contact site acts as the ligand and will hence-

forth be designated as the membrane-binding site, B.

A novel aspect of our model is the characterization of pe-

ripheral protein binding in terms of compound lipid contact

sites created by protein binding. Naturally, the lipid configu-

ration of these contact sites varies and depends on the

composition of the bulk membrane. In turn, the bound pro-

tein exists in an ensemble of bound states distinguished by

their contact site configurations. We let ½PB� represent the
concentration of the ensemble of protein-binding site com-

plexes, and ½P� represent the free protein. We define

½PB�max as the concentration of the membrane-bound protein

when the membrane is saturated. Under non-saturating con-

ditions, we can define an effective concentration of these un-

bound lipid ensembles as ½B� ¼ ½PB�max � ½PB�. The free

protein, ½P�, and free membrane-binding sites, ½B�, are in

equilibrium with the ensemble of protein-bound

membrane-binding sites, ½PB�, described by the following

dissociation constant:

KD;B ¼
½P�½B�

½PB�
(3)

For a more nuanced and technical description of lipid

ensemble membrane binding sites, see Appendix A. The

binding equations for the bound fraction of protein and

the fraction of total membrane-binding capacity are,

respectively:

½PB�

½P�tot
¼

½B�

KD;B þ ½B�
(4)

Protein-membrane binding equations
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½PB�

½PB�max

¼
½P�

KD;B þ ½P�
(5)

Note that KD;B ¼ KD;P of Eq. 2 because the contact site is

defined in a one-to-one stoichiometry with the protein. The

relationship of KD;B to KD;L is not immediately evident, as

½B� in Eq. 4 denotes the contact site while ½L� in Eq. 1 de-

notes lipids. However, if on a saturated membrane the bound

protein is present at a surface density per lipid, s, then we

can infer that each protein associates with 1
=s number of

lipids. We therefore scale the concentration of lipid ensem-

bles, ½B� to the concentration of free lipid, ½L� , with the

parameter, s. That is,

½B� ¼ s½L� (6)

Substituting s½L� for ½B� in Eq. 4 shows that KD;L differs

from KD;B by a factor of s:

½PB�

½P�tot
¼

½L�

KD;L þ ½L�
(7)

KD;B ¼ sKD;L (8)

The parameter s represents the inverse of the average

number of lipids in the contact site. The values of both s

and KD;B (or, equivalently, KD;L or KD;P) depend on the

lipid composition, temperature, pressure, and buffer condi-

tions. Note that s does not directly appear in either binding

equation, Eqs. 5 or 7. Its contribution primarily manifests

in the comparison of dissociation constants obtained from

experiments that measure the bound fraction of protein as

in Eq. 7 (e.g., using tryptophan fluorescence or fluores-

cence polarization) with those that measure fractional

membrane saturation as in Eq. 5 (e.g., using surface plas-

mon resonance or fluorescence microscopy). See Appendix

A for a deeper discussion on s. Without any loss of gener-

ality, we focus on experiments that measure the bound frac-

tion of protein as in Eq. 7 and derive an analytical

expression for the lipid composition dependence of its cor-

responding dissociation constant KD;L.

The principal difference between the treatment of binding

by proteins of water-soluble ligands and those that are mem-

brane-bound is that the latter is a composite ligand that en-

gages the protein in an ensemble of multiple configurations.

Our model is built on the assumption that these many con-

figurations each has its distinct affinity that, through their

ensemble average, provides an emergent dependence on

the lipid composition. The apparent dissociation constants

for the ensemble average binding site of Eqs. 5 and 7 will

represent the sum of all such unique membrane configura-

tions weighted by their respective affinities.

We first consider a membrane composed of only two lipid

species, C and S, the latter of which the protein associates

with higher affinity. A given ‘‘binding site’’ has n total

lipids, i of which are S and n � i are C. Its corresponding

affinity for P is given by the dissociation constant, Kn;iS,

where the subscripts denote the number of total lipids, n,

and the number of S in the ‘‘binding site,’’ i, as illustrated

in the cartoon in Fig. 1a. We obtain KD;L by summing

over all compositions of the binding site and all binding

site sizes, n, up to N total lipids.

FIGURE 1 Hypothetical modes of membrane association by a protein. (a)

Each unique configuration of lipids has a different affinity for the protein

given by the dissociation constant, Kn;iS. n is the number of lipids contacted

by the protein and i is the number of preferred species S is present in the

whole binding site. All circles represent lipids that make direct contact

with the protein while bold-rimmed circles represent preferred contacts in

which the protein binds S with higher affinity than C while the rest have

approximately equal affinity. (b) Eq. 11 reorganizes the configurations de-

picted in (a) into a set of binding modes based on the number of S that are

preferentially contacted by the protein in each configuration. Top row: All

protein states that interact with one S among its preferred sites are

grouped in an ensemble with an effective dissociation constant, Keff
1 . The

2- and 3-S ensembles are treated similarly in the middle and bottom rows,

respectively. The protein cartoon is derived from PDB: 2L9L. To see this

figure in color, go online.
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1

KD;L

¼
X

N

n

X

n

i

fSg
i
fCg

n� i

Kn;iS

(9)

In its present form, this expression contains too many pa-

rameters for fitting experimental data. To reduce the number

of parameters, we approximate it based on the following con-

siderations: 1) For a subset of lipid contacts, configurations

will have invariant dissociation constants under interchange

of S and C, that is, only certain lipid contacts are sensitive

to lipid identity (illustrated in Fig. 1a as thicker rimmed cir-

cles). 2) The contributions of individual configurations to the

observed binding are indiscernible. However, subensembles

of configurations with the same fSg and fCg dependence

do have discernible influence. Based on these two consider-

ations, we derived the following expression in Appendix A:

1

KD;L

¼
X

N

n

X

n

i

fSg
i
fCg

n� i

Kn;iS

z

X

q

l

fSg
l

Keff
l

(10)

Here, q represents the maximum number of S that the pro-

tein prefers over C in the binding site. Based on the first

consideration above, we generally expect q<N . For

example, a given protein bound to n ¼ 20 lipids might

only preferentially associate up to 5 S while being indifferent

to whether the remaining 15 contacts are S or C. The index, l,

labels the number of S among the preferred contacts, while i

counts the total number of S among all contacts in the bind-

ing site. Eq. 10, therefore, reduces the number of parameters

to qþ 1 (including the state with zero preferred S). The value

of q should be determined by regression. In this expression,

Keff
l represents effective dissociation constants for ensembles

of bound configurations with l preferred S in the ‘‘binding

site,’’ as illustrated in the cartoon of Fig. 1b. If, contrary to

assumption, S is not uniformly preferred over C, Eq. 10 is

still valid but the values of Keff
l can be negative. To allow

for this possibility, Keff
l should not be constrained to be pos-

itive in regression. Consequently, Keff
l does not correspond to

a free energy; see Appendix A for more information.

By substituting KD;L in Eq. 7, we obtain an expression for

the bound fraction of protein:

½PB�

½P�tot
¼

½L�
P

q

l

fSg
l

Keff
l

1þ ½L�
P

q

l

fSg
l

Keff
l

(11)

We call Eq. 11 the ‘‘single-species membrane-binding

equation,’’ reflecting its dependence on the composition of

the single-species S. Even with complex lipid compositions,

Eq. 11 allows us to characterize the dependence on S alone,

as if S were the only ligand. If needed, the definition of C

can be expanded to include multiple lipid species as long as

their relative proportions are not varied alongside fSg. Vary-
ing this composition of background lipids, C, can tune other

membrane properties such as the lipid packing density, curva-

ture, and density of defects. The values of Keff
l obtained for

different background compositions can be compared to eval-

uate how the fSg-dependence varies with membrane proper-

ties. Alternatively, Eq. 11 can be extended to track the

dependenceonmultiple, distinct lipid species (seediscussion).

Altogether, this model provides a picture of membrane

association that separates the interaction into several bind-

ing modes, indexed by l. These binding modes are defined

as the set of configurations that preferentially interact with

l number of S (e.g., zero S, one S, two S, and so on). While

the explicit dependence on C is absent in Eq. 11, the values

of Keff
l implicitly depend on it. These values cannot be

assumed to describe the fSg-dependence for membranes

composed of lipids other than C.

As always, reality can be more complex than the models

that represent it. The different binding modes might differ-

entially contribute to the measurement output such that

the bound fraction of protein is not directly reported. We

discuss such a case in Appendix B, where we describe

how to normalize the measurement output in order to

reliably obtain the bound fraction of protein. Additionally,

Keff
l may not be constant with respect to the concentration

of S. For example, a substantial increase in the amount of

S may alter the physical properties of the membrane. While

the constancy of Keff
l is generally expected, we nonetheless

warn experimenters to practice caution.

Application of the model: MFG-E8

We used the single-species membrane-binding equation (Eq.

11) to analyze a recently published analysis of the association

of MFG-E8 with vesicles composed of various ratios of

1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC)

and 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphatidylserine

(POPS) (39). PS is required by MFG-E8, so we labeled it

our lipid of interest, S. Binding was shown to increase with

both total vesicle concentration, reported as total lipid concen-

tration ½L�, and the membrane mole fraction of POPS, fSg
(Fig. 2 a). All data were fit with Eq. 11 using only a single

set of parameters for all values of ½L� and fSg (Table 1). We

observed single-site binding dependence with respect to total

lipid concentration for all membrane compositions (Fig. 2a).

These datawere also plotted as a function of the PSmole frac-

tion in Fig. 2b. A sigmoidal binding curve is observed for each

total lipid concentration, consistent with the polynomial

dependence on fSg in Eq. 11. Sigmoidal dependence is a hall-

mark of positive cooperativity, in which the association of a

ligand with a protein promotes subsequent associations.

Note, however, that the degree of sigmoidicity as seen in

Fig. 2b changes as a function of the total lipid concentration.

While Eq. 11 predicts this trend, it is not clear which feature

of Eq. 11 is the cause. We therefore sought to formally char-

acterize the nature of the cooperativity for lipid composition

dependence inherent to Eq. 11.

Protein-membrane binding equations
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Cooperativity from multiple binding modes

Cooperativity in ligand binding, characterized by

sigmoidal binding curves, generally signifies that the as-

sociation of a protein with one alters its affinity for addi-

tional ligands (41–43). This cooperativity is mediated by

structural changes in the protein induced by the accom-

modation of ligands. The mechanism underlying coopera-

tivity in membrane binding is fundamentally different.

The ligands of a peripheral protein are highly concen-

trated and can facilitate multiple connections. Unlike sol-

uble ligands, lipids are physically coupled in membranes.

The protein-membrane complex is not formed from a

sequence of equilibrated intermediates but instead from

a single equilibration with the whole membrane interface.

While it makes sense to analyze solution ligand binding in

terms of spatially distinct binding sites that are sequen-

tially liganded, this picture does not extend to peripheral

membrane-binding proteins.

We present an approach to analyzing membrane-based co-

operativity derived from the analysis of solution-based coop-

erativity. In the latter, the Adair equation describes the

association of a protein with n number of ligand binding sites

(44,45):

qsite ¼

P

n

i ¼ 1

i
½L�

i

Ki

n

 

1þ
P

n

i ¼ 1

½L�i

Ki

! (12)

In the Adair equation, ½L� is the concentration of soluble

ligand, i is the number of protein binding sites occupied by

ligand, and qsite is the fraction of spatially distinct binding

sites on the protein occupied by ligand. Eq. 11 resembles

the Adair equation (Eq. 12) in that both describe binding

as an ensemble of partially liganded states with distinct af-

finities. In Eq. 11, these partially liganded states instead

correspond to states each with a different preferred

number of contacts with S. Most importantly, the Adair

equation differs from Eq. 11 in tracking the fractional occu-

pancy of ligand binding sites on the protein, qsite, rather than

the fraction of bound protein, ½PB�
�

½P�tot
.

FIGURE 2 (a) Dependence of MFG-E8 binding to vesicles composed of varying mol% POPS and POPC as a function of the free lipid concentration, [L],

which we take to be equal to the total lipid concentration given that the lipid is in great excess to the protein. The left panel depicts the binding dependence

over the full measured range, while the right panel only depicts the binding at low lipid concentrations. Each curve is hyperbolic, suggesting a single-site

binding dependence. (b) The same in panel (a) re-plotted as a function of POPS mol% for each lipid concentration. The left panel depicts the binding depen-

dence over the full measured range of PS mole fraction while the right panel depicts the binding only at low PS mole fractions. All data were obtained at a

total protein concentration of [P] ¼ 80 nM. All data points represent the mean of at least three independent measurements. Error bars in all panels represent

standard errors of the mean. All curves in both panels were generated using the parameter values in Table 1 obtained from the fit to the data using Eq. 11.

Reproduction of data from Suwatthee et al. (39). To see this figure in color, go online.
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The cooperativity of the Adair equation is typically quan-

tified using the Hill number, hsite (45–48):

hsite ¼
d

d ln½L�
ln

�

qSite

1 � qSite

�

(13)

If the Hill number is greater than unity, then the affinity

for subsequent ligands increases and binding is positively

cooperative. Its maximum possible value is n, the number

of binding sites on the protein. Conversely, a value less

than unity indicates that the affinity decreases for subse-

quent ligand and the binding is negatively cooperative.

If the value is unity, then each binding site is independent,

and the binding is non-cooperative. If hsite is approxi-

mately independent of ½L�, then it can be assumed to be

a constant in Eq. 13 such that solving for qsite yields:

qsite ¼
½L�

hsite

Kh þ ½L�
hsite

; (14)

where Kh is an apparent dissociation constant. Eq. 14 is

called the Hill equation and, here, the constant hsite is called

the Hill coefficient (45,46). This equation is often used due

to its simplicity, featuring only two parameters, and the clear

interpretation of the value of hsite. Since hsite % n, its value

can be used as a lower bound estimate for the number of

binding sites on a protein.

In the case of membrane binding, cooperativity is instead

inferred from the fraction of protein associated with the

membrane, ½PB�
�

½P�tot
, rather than the fractional occupancy

of binding sites, qsite. We call this measure of membrane-

based cooperativity the Membrane-Hill number, hmemb:

hmemb ¼
d

d lnfSg
ln

0

B

B

@

½PB�
�

½P�tot
1 � ½PB�

�

½P�tot

1

C

C

A

¼

P

q

l ¼ 0

l
fSg

l

Keff
l

P

q

l ¼ 0

fSg
l

Keff
l

¼ ClDbound

(15)

Eq. 15 is a formula for the average number of preferred as-

sociations with S, denoted as ClDbound, weighted by the affinity
of each binding mode for the membrane. TheMembrane-Hill

number therefore reports the average number of preferen-

tially associated S per protein as a function of fSg. As fSg
increases in the membrane, the higher-order modes are

more likely to be populated. As fSg/1, the maximum

possible value it can reach is q, corresponding to all mem-

brane-bound proteins engaging in the l ¼ q binding mode,

but it may not necessarily attain this maximum at fSg ¼ 1.

(The Membrane-Hill number is mathematically equiva-

lent to qmultiplied by the Adair equation [Eq. 12] for a pro-

tein with q number of binding sites in the variable fSg
[instead of ½L�] and with Kl ¼ Keff

l

.

Keff
0
. This correspon-

dence only holds for nonzero Keff
0

� 1
, that is, for proteins

that interact with C in the absence of S. Nonetheless, its

interpretation as an average number of preferred contacts

is analogous to a fractional occupancy of binding sites.)

Note that Eq. 15 only depends on fSg while its corre-

sponding single-species membrane-binding equation, Eq.

11, depends on both fSg and ½L�. This further shows that

protein binding at the membrane surface significantly differs

from the situation for soluble ligands, in which both the

Adair equation (Eq. 12) and its corresponding Hill number

(Eq. 13) both only depend on ½L�. In that case, an increase

in ½L� necessitates increased saturation alongside a shift to

higher-order binding. For membrane binding, however, an

increase in ½L� only increases the saturation with no shift

in the populations of the binding modes. This extra

degree of freedom reflects the dimensionality of protein-

membrane binding: The three-dimensional association

with the membrane governs the overall association of the

protein, but the two-dimensional organization of lipids in

the membrane independently determines how the protein

complexes with lipids in different binding modes.

With the full apparatus of the Membrane-Hill number, we

are now equipped to explain the apparent ½L�-dependence of
the sigmoidicity of MFG-E8 in Fig. 2b: By comparing the

value of the Membrane-Hill number for MFG-E8 for a given

value of fSg (plotted in Fig. 3a) to the value of the binding

curves in Fig. 2b at the same fSg, we can explain the shape

of the binding curves in terms of the underlying cooperativ-

ity. For high ½L�, binding inflects toward saturation at

fSg ¼ 0:1 (Fig. 2b), while the value of the Membrane-

Hill number remains below 2 (Fig. 3a). Thus, the binding

curve reflects this lower-order, approximately linear depen-

dence on fSg in its hyperbolic shape. For low ½L�, the inflec-
tion toward saturation occurs by fSg ¼ 0:3, in a region in

which the Membrane-Hill number slowly increases from 2

to 3. In fact, the Membrane-Hill number never quite reaches

a value of 3. Here, the higher-order power dependence on

fSg is reflected in the sigmoidicity of the binding curve.

The ½L�-dependence of the sigmoidicity therefore

emerges from the interplay of saturation and cooperativity

TABLE 1 Effective dissociation constants determined for

MFG-E8 binding to POPS-containing vesicles and their 95%

confidence intervals

K
eff
1 40 mM [20, 80]

K
eff
2

2 mM [1, 19]

K
eff
3

0.4 mM [0.2, 0.8]

Data from Suwatthee et al. (39) plotted in Fig. 2 were fit by regression of

Eq. 11. The number of K
eff
l parameters was determined to be q ¼ 3 by add-

ing more parameters until an F-test failed to reject the null hypothesis with a

p value %0.05.
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uniquely characteristic of membrane-binding. While the

sigmoidicity of the curves in Fig. 2b seemingly depends

on the free lipid concentration, this dependence is only

apparent. The Membrane-Hill number (Eq. 15) is, in fact,

independent of the free lipid concentration and only depends

on fSg (Fig. 3a). The apparent dependence of the coopera-

tivity is best seen by visualizing each of the binding modes,

PSl, by which the protein is associated with l number of S:

�

PSl
�

½P�tot
¼

½L�
fSg

l

Keff
l

1þ ½L�
P

q

l ¼ 0

fSg
l

Keff
l

(16)

The plots of the individual binding modes in Fig. 3b show

two distinct features: 1) The crossover points between the

binding modes occurs at the same value of fSg for all values
of ½L�. 2) The local maxima for the l ¼ 1 and l ¼ 2 binding

modes shift to lower fSg and increase in bound fraction with
increasing ½L�, commensurate with overall saturation of

binding at lower fSg. The binding is therefore dominated

by the l ¼ 1 binding mode for high ½L�, but by the l ¼ 2

mode for low ½L�. The binding curves take on the

fSg-dependence of the most populated binding mode,

from which the sigmoidicity emerges.

From this analysis, we see that the Membrane-Hill number

is an indicator for the distribution of binding modes. It quan-

tifies cooperativity as the change in this distribution as a func-

tion of fSg. Its independence from ½L� provides an altogether
different picture of binding compared with the Hill number

(Eq. 13).While notions of positive and negative cooperativity

are descriptive for the latter, here they cannot be consistently

applied.For example, the saturationofMFG-E8 at lowfSg for
high ½L� could be described as negatively cooperative as the

higher-order modes populate only after saturation. However,

the saturation at high fSg for low ½L� could be described as

positively cooperative since the higher-order modes populate

as to increase the overall affinity for themembrane. These two

cases are nonetheless described by the same set of binding pa-

rameters, obscuring the meaning of these terms. Instead, it is

more meaningful to evaluate the cooperativity as the value of

the Membrane-Hill number at the value of fSg for which a

given binding curve inflects toward saturation, as that most

correlates with the observed sigmoidicity.

We can summarize the properties of the Membrane-Hill

number as follows:

1) The Membrane-Hill number reports the average number

of preferred associations with S, and, as a result, in-

creases monotonically with fSg. Its maximum possible

value is q, the total number of preferred contacts with S.

2) The Membrane-Hill number (Eq. 15) is independent of

½L� while its corresponding single-species membrane-

binding equation, Eq. 11, depends on both ½L� and

fSg. As a result, binding can saturate for any value of

fSg. Since the Membrane-Hill number only depends

on fSg, cooperativity is fully determined by interactions

FIGURE 3 Visualizations of the PS-binding modes inferred from the fits of the data in Fig. 2. (a) Membrane-Hill number (Eq. 15) for MFG-E8 data as a

function of PS mole fraction. (b) The solid black lines in the three panels represent the bound fraction in Fig. 2b for lipid concentrations [L] ¼ 15, 120, and

1200 mM, respectively, while the green, purple, and blue dashed lines depict the bound fractions of the 1-PS, 2-PS, and 3-PS modes as calculated using Eq. 16.

Reproduction of data from Suwatthee et al. (39). To see this figure in color, go online.
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within the membrane and is independent of the three-

dimensional component of the interaction.

3) The appearance of positive or negative cooperativity can

manifest in the same system depending on the value of

½L�. A more useful descriptor is the value of the

Membrane-Hill number at the inflection toward satura-

tion. A lower number indicates a greater population of

lower-order binding modes during saturation, while a

higher number indicates a greater population of higher-

order binding modes.

4) An observed value of unity for the Membrane-Hill num-

ber does not necessarily indicate that the protein has only

one preferred contact with S. Binding must be measured

at low enough values of ½L� such that the shift of satura-

tion to higher fSg can rule out the existence of higher-or-
der binding modes.

Hill approximation for membrane binding

Similar to the Hill number (Eq. 13), if the Membrane-Hill

number is approximately constant over the range of fSg in

which binding occurs, Eq. 13 can be solved for ½PB�
�

½P�tot
to obtain a Hill approximation for Eq. 11:

½PB�

½P�tot
¼

½L�fSg
hmemb

Kh þ ½L�fSg
hmemb

(17)

where Kh is an apparent dissociation constant. While the

Adair equation (Eq. 12) and the single-species membrane-

binding equation (Eq. 11) differed significantly, the Hill

approximation of the latter (Eq. 17) is mathematically

equivalent to the Hill equation (Eq. 14) in the variable

fSg instead of ½L�. Similar to the Hill coefficient, the

approximately constant Membrane-Hill number in Eq. 17

provides an estimate for the lower bound of maximum

preferred associations with S.

The Hill approximation for membrane binding (Eq. 17)

provides many benefits over Eq. 11. While Eq. 11 provides

a complete description of binding by determining the effec-

tive affinities of the various binding modes, it requires a sig-

nificant number of measurements for multiple values of ½L�
and fSg in order to robustly infer the values of Keff

l . In com-

parison, the two parameters in Eq. 17 can be determined for

a range of values of fSg and only a single value of ½L�.
However, the Hill approximation must be used carefully as

it is valid in fewer circumstances as compared to the Hill

equation for soluble ligands. As discussed in Appendix C,

the constancy of the Membrane-Hill number cannot be easily

assumed. In our study of MFG-E8, we found that the Hill

approximation of Eq. 17 behaved poorly when simulta-

neously fit to all curves in Fig. 2, as seen in Fig. 4 a. The

fit to Eq. 17 (plotted as dashed lines) undershoots the bound

fraction at low fSg and high ½L� but overshoots at high fSg
and low ½L� while the single-species membrane-binding

equation, Eq. 11 (plotted as solid lines) matches these points

much more closely. The inconsistent performance of the Hill

approximation is intimately related to the previously

observed ½L�-dependence of the sigmoidicity. Indeed, as

shown in Fig. 3 a, the Membrane-Hill number varies from

1 to 1.5 for low fSg and high ½L� but skews toward 2 to 3

for high fSg and low ½L�, far from constant.

Since the Membrane-Hill number is approximately con-

stant over the binding for some values of ½L�, the Hill

approximation can instead be fit to the fSg-dependence
curve for each value of ½L� (Eq. 17 with unique parameter

values for each value of ½L�). As plotted in Fig. 4 b, this re-

sulted in an improved set of fits (dashed lines) compared to

the joint fit of Fig. 4 a that more closely agree with the fits of

Eq. 11 (solid lines). These fits are well-behaved for low and

high values of ½L� but undershoot low fSg values for inter-

mediate ½L� (50 and 120 mM lipid in particular). The poor

fits for intermediate ½L� are explained by the higher variance
of the Membrane-Hill number throughout the binding

curves, resulting in a less valid Hill approximation.

Under low data sampling conditions, the Hill approxima-

tion (Eq. 17) can be useful. Fortunately, its invalidity is

readily apparent in the quality of the fits, providing a clear

diagnostic for employing Eq. 11 instead. The apparent

½L�-dependence of the sigmoidicity in the MFG-E8 data

also manifested as an apparent ½L�-dependence in the Hill

coefficient in Eq. 17 when the Hill approximation (Eq. 17)

was fit to each fSg-dependence curve (39) (see Appendix

C), providing an additional diagnostic for the validity of

the Hill approximation. In either case, the parameters of

the Hill approximation of Eq. 17 can be related to the pa-

rameters of the single-site membrane-binding equation

(Eq. 11), as shown in Appendix C, and retain the interpreta-

tion of the Membrane-Hill number.

The effect of divalent cations

Eq. 11 describes the association of a protein with a single

preferred lipid species, but the association of many proteins

with anionic phospholipid membranes is coordinated by

divalent cations. Here we denote the coordinating divalent

cations as Ca2þ, and introduce the Ca2þ-dependent

ensemble of membrane-bound protein complexes:

1

KD;L;Ca2þ
z

X

M

m ¼ 1

X

q

l ¼ 0

�

Ca2þ
�m
fSg

l

Keff
l;m

(18)

where ½Ca2þ� is the aqueous concentration of divalent

cation, m is the number of divalent cations associated with

the membrane-bound protein complex, and M is the

maximal number of divalent cations that can associate

with the protein. Additionally, there is an association of

the soluble protein with the divalent cation:

X

M

m

½P�
�

Ca2þ
�m

KCa2þ ;m

(19)
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where KCa2þ;m is the dissociation constant describing the af-

finity of the free protein associated with m number of diva-

lent cations. Adding Eq. 18 to Eq. 10 and dividing by their

sum with Eq. 18 results in the membrane-bound fraction of

protein:

Simplification yields:

While the cation-independent ensemble has the

Membrane-Hill numbergivenbyEq. 15, the cation-dependent

ensemble can exhibit different cooperativity depending on the

number of associated cations. We separate these ensembles

into sets according to the number of associated cations and

define Membrane-Hill numbers, hmemb;Ca2þ;m for each set:

As before, applying the Hill approximation to Eq. 21

yields Eq. 23:

where Kh;mCa2þ is the effective equilibrium constant for the

divalent cation-dependent ensemble associated with m cat-

ions. If the cooperativity is independent of the number of

associated cations, then a single parameter, hmemb;Ca2þ , can

be used instead. Conventional Hill numbers describing the

cooperativity for the divalent cation can also be defined

for the protein-cation complex and the protein-cation-mem-

brane complex, denoted as hCa2þ and hCa2þ;S, respectively.

The resulting binding equation with Hill approximations

for both the preferred lipid S and the divalent cation Ca2þ

is given by:

½PB�

½P�tot
¼

½PL� þ
�

PCa2þL
�

½P� þ
�

PCa2þ
�

þ ½PL� þ
�

PCa2þL
� ¼

½P�½L�

�

1

KD;L

þ
1

KD;L;Ca2þ

�

½P� þ
P

M

m

½P�
�

Ca2þ
�m

KCa2þ ;m

þ ½P�½L�

�

1

KD;L

þ
1

KD;L;Ca2þ

� (20)

½PB�

½P�tot
z

½L�

 

P

q

l ¼ 0

fSg
l

Keff
l

þ
X

M

m ¼ 1

X

q

l ¼ 0

�

Ca2þ
�m
fSg

l

Keff
l;m

!

1þ
P

M

m ¼ 1

�

Ca2þ
�m

KCa2þ ;m

þ ½L�

 

X

q

l ¼ 0

fSg
l

Keff
l

þ
X

M

m ¼ 1

X

q

l ¼ 0

�

Ca2þ
�m
fSg

l

Keff
l;m

! (21)

hmemb;Ca2þ;m ¼
d

d lnfSg
ln

0

B

B

B

@

�

PCa2þm L
�

�

PCa2þm
�

þ
�

PCa2þm L
�

1 �

�

PCa2þm L
�

�

PCa2þm
�

þ
�

PCa2þm L
�

1

C

C

C

A

¼

P

q

l ¼ 0

l
fSg

l

Keff
l;m

P

q

l ¼ 0

fSg
l

Keff
l;m

¼ ClDCa2þ ;m (22)

½PB�

½P�tot
z

½L�

 

fSg
hmemb

Kh

þ
X

M

m ¼ 1

�

Ca2þ
�m
fSg

h
memb;Ca2þ ;m

Kh;mCa2þ

!

1þ
P

M

m ¼ 1

�

Ca2þ
�m

KCa2þ ;m

þ ½L�

 

fSg
hmemb

Kh

þ
X

M

m ¼ 1

�

Ca2þ
�m
fSg

h
memb;Ca2þ ;m

Kh;mCa2þ

! (23)
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When a single divalent cation is coordinated, the single-spe-

cies membrane-binding equation is as follows:

with a corresponding Hill approximation:

Fully determining the parameters of Eq. 25 requires vary-

ing the lipid concentration, the mole fraction of the preferred

lipid S, and the divalent cation concentration. Measuring

these three axes of binding can be laborious but Eq. 25 can

be fit to data from experiments that vary only the mole frac-

tion of S and the concentration of divalent cation (26). Pro-

vided that the binding is measured at a value of the lipid

concentration such that all binding modes contribute to the

binding curve, it is possible to determine the parameters

for all q binding modes. Similar to the case without divalent

cation interactions, the Hill approximation of Eq. 26 is not

necessarily robust for a wide range of lipid concentrations.

However, the parameters in Eq. 26 can be fully determined

at fixed lipid concentration by just varying the mole fraction

of S and the concentration of cation. The values of these pa-

rameters might only be valid within an order of magnitude of

the measured lipid concentration but can nonetheless provide

an adequate model in this range. If it is not experimentally

feasible to measure the binding at a lipid concentration for

which all q binding modes are observable, the Hill approxi-

mation of Eq. 26 is preferred, since it will estimate the

average binding mode occupancy for that lipid concentration.

The validity of the Hill approximation at fixed lipid con-

centration can be seen by rearranging Eq. 25 in terms of a

single-site binding dependence for the divalent cation

concentration:

½PB�

½P�tot
z

½L�

 

fSg
hmemb

Kh

þ

�

Ca2þ
�h

Ca2þ ;SfSg
h
memb;Ca2þ

Kh;Ca2þ

!

1þ

�

Ca2þ
�h

Ca2þ

KCa2þ
þ ½L�

 

fSg
hmemb

Kh

þ

�

Ca2þ
�h

Ca2þ ;SfSg
h
memb;Ca2þ

Kh;Ca2þ

! (24)

½PB�

½P�tot
¼

½L�

 

P

q

l ¼ 0

fSg
l

Keff
l

þ
�

Ca2þ
�

X

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

!

1þ

�

Ca2þ
�

KCa2þ
þ ½L�

 

X

q

l ¼ 0

fSg
l

Keff
l

þ
�

Ca2þ
�

X

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

! (25)

½PB�

½P�tot
¼

½L�

 

fSg
hmemb

Kh

þ
�

Ca2þ
� fSg

h
memb;Ca2þ

Kh;Ca2þ

!

1þ

�

Ca2þ
�

KCa2þ
þ ½L�

 

fSg
hmemb

Kh

þ
�

Ca2þ
� fSg

h
memb;Ca2þ

Kh;Ca2þ

! (26)

½PB�

½P�tot
¼

0

B

B

B

B

@

½L�
P

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

1

KCa2þ
þ ½L�

X

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

1

C

C

C

C

A

�

Ca2þ
�

EC50þ
�

Ca2þ
�þ

0

B

B

B

@

½L�
P

q

l ¼ 0

fSg
l

Keff
l

1þ ½L�
P

q

l ¼ 0

fSg
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l

1

C

C

C

A

EC50

EC50þ
�

Ca2þ
� (27)
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with the parameter EC50 denoting the concentration of

the divalent cation at half-maximum binding of the protein

to the membrane for fixed lipid concentration, ½L�, and

mole fraction of the preferred lipid S:

EC50 ¼

1þ ½L�
P

q

l ¼ 0

fSg
l

Keff
l

1

KCa2þ
þ ½L�

X

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

(28)

The first parenthetical term in Eq. 27 represents the diva-

lent cation-dependent binding ensemble in the limit of satu-

rating divalent cation, while the second parenthetical term

represents the divalent cation-independent binding

ensemble in the limit of zero divalent cation. Both binding

ensembles depend on the free lipid concentration and

mole fraction of S. This equation thus describes a competi-

tive interaction in which the divalent cation depletes the

population of divalent cation-independent binding ensemble

and enriches the population of the divalent cation-dependent

binding ensemble with increasing divalent cation. The sig-

moidicity is interpolated alongside this shift.

Fig. 5 presents data for the calcium-dependent binding of

TIM3 to liposomes containing POPC and POPS as a func-

tion of either calcium concentration (Fig. 5a) or PS mole

fraction (Fig. 5b). All of the curves in Fig. 5 are fit well

by Eq. 25 using one set of parameters for all values of [L]

and [Ca2þ] (Table 2) and its corresponding Hill approxima-

tion, Eq. 26. Their equivalence is evident in the unchanging

sigmoidicity of the TIM3 binding curves for each calcium

concentration. The Membrane-Hill number varies as a func-

tion of POPS (Fig. 5c), but the binding curves for each cal-

cium concentration have the same cooperativity relative to

their saturation, unlike the ½L�-dependence observed for

MFG-E8 in Fig. 2. This can be seen in the following anal-

ysis: Since TIM3 exhibits no calcium-independent binding

(shown in Fig. 5b for ½Ca2þ� ¼ 0 plotted as black dia-

monds), the calcium concentration modulates the plateaus

for each fSg-dependence curve as predicted by the

following reduction of Eq. 25:

½PB�

½P�tot
¼

0

B

B

B

B

@

½L�
P

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

1

KCa2þ
þ ½L�

X

q

l ¼ 0

fSg
l

Keff
l;Ca2þ

1

C

C

C

C

A

�

Ca2þ
�

EC50þ
�

Ca2þ
�

(29)

The fSg-dependence curves in Fig. 5b are merely in-

stances of a single fSg-dependence curve (given by the

parenthetical term in Eq. 29) scaled by the calcium isotherm

(the right-hand-side term in Eq. 29). Since the parenthetical

term is evaluated at a single value of ½L� for each curve, they
all share the same Hill approximation and, thus, a single

FIGURE 4 Fits of Hill approximations to the data in Fig. 2b. (a) Comparisons of the Hill equation of Eq. 17 jointly fit to all curves (dashed curves) with the

single-species membrane-binding equation of Eq. 11 (solid lines) at small PS mole fractions. Error bars represent standard errors of the mean. (b) Compar-

isons of individual Hill equation fits of Eq. 17 fit to each curve (dashed curves) with those of Eq. 11 (solid lines). To see this figure in color, go online.
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value of hmemb;Ca2þ describes the cooperativity of every

curve.

(Since the calcium isotherm depends on ½L� and fSg via

the EC50 (Eq. 28), the calcium isotherm in Eq. 29 does

not act as a simple scalar multiple of an fSg-dependence
curve. However, the EC50 in the calcium isotherm is a ratio

of the calcium-independent and calcium-dependent

fSg-dependence curves (Eq. 28). Thus, the Hill approxima-

tion is equally valid for the fSg-dependence curves con-

tained in the EC50 following the same argument for the

parenthetical fSg-dependence curve in Eq. 29 and the Hill

approximation is valid for the whole expression.)

In turn, the fSg-dependence curve in the parentheses in

Eq. 29 modulates the calcium isotherm, resulting in the

sub-saturating plateaus observed for the calcium depen-

dence binding curves in Fig. 5a. This is caused by insuffi-

cient lipid concentration or PS mole fraction to saturate

the membrane-binding of the calcium-dependent ensemble.

Similarly, the dependence on S can result in sub-saturating

plateaus if there is insufficient cation concentration and

there is no cation-independent binding mode, as shown for

TIM3 in Fig. 5b.

DISCUSSION

In this work, we have presented a new framework for quan-

tifying the membrane association of peripheral membrane-

binding proteins. Our model assumes the membrane-associ-

ated protein to be in an ensemble of binding states in which a

few lipid contacts determine its affinity. Via this ensemble

picture, the model accounts for the complex dependence on

lipid composition in different physiologically relevant situa-

tions. In particular, we conceptualize lipid composition

dependence in terms of distinct binding modes, each defined

by the number of associations with a preferred lipid. Collec-

tively, these binding modes can give rise to apparent cooper-

ativity via statistical lipid occupancy of a constellation of

lipid contact sites on the membrane-binding interface of

the protein, even if there are no cooperative interactions be-

tween the contact sites. Both this unique source of coopera-

tivity and the form of the resultant binding equations demand

a new interpretation of membrane binding cooperativity.

We showed that this cooperativity, quantified with the

Membrane-Hill number, reflects the number of associations

with a preferred lipid averaged over its binding modes.

This contrasts with the standard view of cooperativity for

FIGURE 5 (a) Calcium dependence of the binding of TIM3 to vesicles

composed of various compositions of POPC:POPS. (b) The data in (a)

are plotted with respect to the POPS mole fraction for various calcium con-

centrations and expanded in the bottom panel for small POPS mole

fractions. All data were obtained at a total lipid concentration of [L] ¼

300 mM and a total protein concentration of [P] ¼ 170 nM. The solid lines

represent a fit to Eq. 25 and dashed lines are fits of the corresponding Hill

approximation (Eq. 26). Each point represents the mean of at least three in-

dependent measurements. The error bars represent standard errors of the

mean. (c) The Membrane-Hill number of TIM3 as a function of POPS

mole fraction was computed using Eq. 22 using the fit parameters of

Eq. 25. Reproduction of data from Kerr et al. (26). To see this figure in

color, go online.
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the binding of ligands to a complex in solution; namely, as a

deviation in the variance of the number of occupied binding

sites on a protein as compared with the same number of in-

dependent binding sites (as shown in Appendix C). We

have also derived Hill approximations to reduce the number

of parameters and have discussed their suitability.

Our model also can be used to derive binding equations for

more complex interactions such as those involving two or

more preferred lipids, cooperative divalent cation interac-

tions, protein oligomerization, and vesicle bridging. Table 3

lists expressions for these different cases as well as their cor-

responding Hill approximations. The interactions listed in

Table 3 can be combined to simultaneously account for mul-

tiple binding modes. For example, we accounted for both the

binding of two preferred lipid species and the coordination of

a single calcium ion in the TIM protein system (26). This

analysis could be extended to PKCa, Synatotagmins 1 and

7, which exhibit heterotropic cooperativity for PS and phos-

phoinositides in the presence of calcium similar to the TIM

proteins (21,27–29). However, the expressions in Table 3

should only be used when the free lipid concentration is

approximately equal to the total lipid concentration

(35,49). See Appendix A Eq. A16 when this approximation

is not valid for the single-species membrane-binding equa-

tion (Eq. 11). Similar equations would be needed when this

approximation does not hold for the cases listed in Table 3.

The subtlety of membrane binding reflected in our model

requires great care in the design of experiments and their an-

alyses. As shown in Appendix B, the output of an experi-

ment might not directly give the bound fraction of protein.

In such cases, the data must be normalized to obtain this

quantity. Conversely, the dependence on divalent cations

can cause the bound fraction to exhibit deviations similar

to unnormalized data. However, this interaction reflects a

true modulation of the bound fraction and persists even after

proper normalization. The equations derived in this work

clearly distinguish complications of analysis from those of

the system and provide strategies to mitigate them.

Eq. 11 matches that of a previous treatment of Cyto-

chrome P450 (14) in the single variable of the mole

TABLE 3 Dependence of the dissociation constant with respect to lipid concentration, KD;L, for peripheral membrane-binding

proteins with various interactions

Binding condition Dissociation constant KD;L
� 1

z Hill approximation KD;L
� 1

z

Single preferred lipid species, S l up

to q number of preferred S

Pq
l

fSgl

Keff
l

½L�fSghmemb

Kh

Two preferred lipid species, S and

G l number of preferred S and j number

of preferred G up to q total

Pq
l

Pl
j

fSglfGgj

Keff
l;j

fSghmemb;S

Kh;S
þ
fSghmemb;S;GfGghmemb;G;S

Kh;SG
þ
fGghmemb;G

Kh;G

Single preferred lipid species, S with single

divalent cation, Ca2þ l up to q number of preferred S

Pq
l¼ 0

fSgl

Keff
l

þ
Xq

l

½Ca2þ�fSgl

Keff
l

1þ
½Ca2þ�

KCa2þ

fSghmemb

Kh

þ
½Ca2þ�fSghmemb;C

Kh;Ca2þ

1þ
½Ca2þ�

KCa2þ

Single preferred lipid species, S with divalent cation,

Ca2þ l up to q number of preferred S

m up to M number of Ca2þ
Xq

l¼ 0

fSgl

Keff
l

þ

PM
m

Pq
l

½Ca2þ�mfSgl

Keff
l;m

1þ
PM

m

½Ca2þ�m

KCa2þ ;m

fSghmemb

Kh

þ
½Ca2þ�hCa2þ ;SfSghmemb;Ca2þ

Kh;Ca2þ

1þ
½Ca2þ�hCa2þ

KCa2þ

Protein oligomerization of r, up to R, number of proteins

with single preferred lipid species, S
PR

r¼ 1

Pq
l r
½P�r� 1fSgl

Keff
l;r

½P�hprot � 1fSghmemb

Kh;P

Bridging of 2 membrane surfaces assuming same composition

and indistinguishable membrane-binding sites with single

preferred lipid species, S
½PB�

½P�tot
¼

½L�

KD;L;1
þ

½L�2

KD;L;2

1þ
½L�

KD;L;1
þ

½L�2

KD;L;2

1

KD;L;1
z

Xq1

l

fSgl

Keff
l;1

1

KD;L;2
z

Xq2

l

fSgl

Keff
l;2

1

KD;L;1
z

½L�fSghmemb;1

Kh;1

1

KD;L;2
z

½L�fSghmemb;2

Kh;2

These expressions can be substituted into Eq. 7 to yield the dependence of the bound fraction of protein (½PB�
�

½P�tot
). Alternatively, these expressions can be

substituted into Eq. 8 and then Eq. 5 to obtain the dependence of the bound fraction of binding sites (½PB�
�

½B�tot
).

TABLE 2 Effective dissociation constants determined for

TIM3 binding to Ca2D and POPS-containing veiscles and their

95% confidence intervals

KCa2þ 4500 mM [3700, 5600]

K
eff

1;Ca2þ
230 mM2 [180, 310]

K
eff

2;Ca2þ
12 mM2 [11, 14]

Data from Kerr et al. (26) plotted in Fig. 5 were fit by regression of Eq. 25.

No Ca2þ-independent binding was observed, so K
eff
l values were not fit to

the data. The number of K
eff

l;Ca2þ
parameters was determined by fitting

models with an increasing number of K
eff

l;Ca2þ parameters until an F-test

failed to reject the null hypothesis with a p value %0.05.
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fraction of the preferred lipid species. However, our

approach includes the binding dependence on free lipid.

The relationship between Eq. 11 and its associated Hill

approximation, Eq. 17, explored in Appendix C, is similar

to an approach utilized for the binding of PKC with PS

(50). Additionally, PKC exhibited an apparent ½L�-depen-
dence of the sigmoidicity of PS dependence curves similar

to MFG-E8 in Fig. 2b. Our Eq. 22 and its variants match

those derived in studies of PKC, annexin, and synaptotag-

mins (13,17,21,30,31) in the variables of calcium concentra-

tion and lipid concentration, but our Eq. 11 also incorporates

dependence on composition. The data and parameters ob-

tained in the earlier studies are amenable to analysis using

our framework and could be used in further studies of the

lipid composition dependence of those proteins.

This work is broadly relevant to a variety of systems and

should provide a powerful approach to the design and anal-

ysis of experiments involving peripheral membrane-binding

proteins. Although we have primarily discussed proteins

that associate with PS, our model can be applied to the lipid

composition dependence of peripheral proteins that interact

with phosphoinositides, phosphatidylcholine, phosphatic

acid, phosphatidylethanolamine, sphingolipids, and other

membrane constituents (4,51–56). While our work focuses

on the effect of charged lipid headgroups, the framework

presented here is general and can be extended to potentially

characterize protein affinity for acyl chains, packing density,

curvature, and other global membrane properties. This is

because the model treats the binding of a protein to any

collection of lipids that can be differentiated by their contri-

bution to the affinity. The global membrane properties are

not explicitly modeled in this framework, but an appropriate

theory could relate the equilibrium constants defined in this

model to an elastic model of the membrane such as that of

Helfrich or a Gouy-Chapman model of the charged surface

of the membrane (57–59). This work bridges theoretical,

experimentally inaccessible equilibrium constants with

those that are measured.

SUPPORTING MATERIAL

Supporting material can be found online at https://doi.org/10.1016/j.bpj.
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