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Abstract—Effective containment of spreading processes such
as epidemics requires accurate knowledge of several key param-
eters that govern their dynamics. In this work, we first show
that the problem of identifying the underlying parameters of
epidemiological spreading processes is often ill-conditioned and
lacks the persistence of excitation required for the convergence
of adaptive learning schemes. To tackle this challenge, we
leverage a relaxed property called initial excitation combined
with a recursive least squares algorithm to design an online
adaptive identifier to learn the parameters of the susceptible-
infected-susceptible (SIS) epidemic model from the knowledge of
its states. We prove that the iterates generated by the proposed
algorithm minimize an auxiliary weighted least squares cost
function. We illustrate the convergence of the error of the
estimated epidemic parameters via several numerical case
studies and compare it with results obtained using conventional
approaches.

I. INTRODUCTION

Accurately forecasting the progression of infectious dis-
eases has become of vital importance following the catas-
trophic spread of several pandemics over the past century.
Various dynamic models, beginning with the well-known
SIS (susceptible-infected-susceptible) model [1] have been
developed, often with tailored extensions [2] in response to
different epidemic characteristics. These models are governed
by parameters that dictate different metrics of interest, in-
cluding the infection trajectory, the peak of infection, and the
endemic equilibrium [3]. Therefore, predicting or forecasting
the spread of the disease requires estimating these parameters
within a limited time in an online manner.

Adaptive identification is an online system identification
strategy that updates the parameter estimates based on in-
coming input and output data [4]. Traditional techniques
for addressing adaptive identification problems often involve
gradient descent and recursive least square filtering [5]. A
longstanding obstacle in successful adaptive estimation and
output error convergence is the requirement of a persistently
excited regressor signal, which is often overly restrictive [4],
[6]. Contemporary solutions to overcome these restrictions
involve indirect adaptive control strategies [7] and robust
adaptive control methods [8]. Other efforts to address the lack
of uniform persistent excitation have explored the relaxation
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of this restrictive requirement, including the concept of initial
excitation [9], [10].

Another challenge in online system identification is the
identifiability of all unknown parameters. While the structural
identifiability of a model can be analytically checked in a
multitude of ways for both linear and nonlinear systems
[11], a more pressing requirement is practical identifiability
[11], [12], the lack of which makes parameter estimation
a very difficult task despite it being theoretically possible.
This challenge has been well-recognized in the context of
epidemic models in recent papers [11], [13].

In this work we examine the performance of classical
adaptive identification algorithms in learning the parame-
ters governing the susceptible-infected-susceptible (SIS) epi-
demic model. We prove that for this class of models, the
regressor matrix is not persistently exciting, which establishes
that any algorithm that relies on this condition would not
be able to succeed in the parameter identification task. We
further show that the regressor matrix is ill-conditioned which
leads to practical identifiability issues, and algorithms based
on relaxed notions of persistent excitation also do not perform
well.

After highlighting the above characteristics, we propose a
novel algorithm that builds upon the recursive least squares
(RLS) technique, combining the well-known RLS algorithm
with the novel concept of an excitation set that is used
to construct the main regressor. We explain the motivation
behind this idea, introduce our algorithm, and show that the
estimates obtained by the proposed algorithm minimize an
auxiliary cost function that weighs exciting data points with
unity weight and disregards regressors that are not sufficiently
exciting. We compare our results with existing approaches
and demonstrate that our algorithm is effective for adaptive
parameter identification of SIS models with noise.

Notations: We denote a matrix X to be positive/negative
semi-definite by X ⪰ 0 and X ⪯ 0, respectively. We
denote κ(X) as the condition number of matrix X , where the
condition number is the ratio of the largest singular value of
X to the smallest singular value of X . The weighted norm is
denoted as ∥x∥A =

√
x⊤Ax for some positive semi-definite

matrix A, and ∥ · ∥ is the 2-norm.

II. PROBLEM FORMULATION

In this section, we formally present the adaptive identi-
fication problem and introduce the necessary notions and
tools required to address it. Subsequently, we justify the need
for developing a novel adaptive identification algorithm by
providing a motivating example that demonstrates the failure
of the classic gradient descent adaptive identification law
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in estimating the parameters of the SIS epidemic model.
Consider the class of non-linear discrete-time systems where
the parameters are linearly separable from the states:

xk+1 = xk + ϕ(xk)θ + ξk, (1)

where xk ∈ X is the state vector, θ ∈ Θ ⊆ Rp
≥0 is

the parameter space, ϕ : X 7→ Rn×p is the function that
maps states to the regressor matrix, and ξk is some bounded
unknown perturbation such that ∥ξk∥ < ν for all k ≥ 0. We
assume that our observation yk := xk+1−xk consists of the
change in the state variables. We can now write the residuals
of each recursive estimation step as:

rk(θ̂) = yk − ϕ(xk)θ̂ = ξk. (2)

Let α ∈ (0, 1] be the exponential forgetting factor. Our
goal is to design an adaptive identification law θ̂k = θ̂k−1 +
f(xk−1, xk) that minimizes the empirical cost:

C
(emp)
k (θ̂k) =

1

2

k∑
i=0

αk−i∥ri(θ̂k)∥2 (3)

for all k ≥ 0 given the measurements of yk and xk.
1) Preliminaries: In the following definitions, we denote

Ψ(·, ·, ·) as the state transition function of the discrete-time
dynamics xk+1 = f(xk), such that xk = Ψ(k, k0, x0) when
the initial state is x0 at time k0. Adaptive algorithms are
guaranteed to track target values and minimize estimation
errors when operating under suitable assumptions, with per-
sistence of excitation being one of the key requirements.
There are different variants of definitions of persistent exci-
tation depending on the application [9], [10], [14]. We define
persistent excitation as follows.

Definition 1 (Persistent Excitation). Let xk+1 = f(xk). A
function ϕ(x) is said to be persistently exciting w.r.t. f if:
l+L∑
k=l

ϕ(Ψ(k, k0, x0))
⊤ϕ(Ψ(k, k0, x0)) ⪰ αI ∀l ∈ Z≥0 (4)

for some positive constants L,α and initial condition x0.

Another important aspect of the parameter identification
problem is its practical identifiability, which depends on the
geometric properties of the Fisher information matrix (FIM)
of the cost function defined below.

Definition 2 (Fisher Information Matrix). The Fisher Infor-
mation Matrix H of the kth empirical cost function (3) w.r.t.
the parameters θ is defined as Hij = ∂θi∂θjC

(emp)
k (θ).

Since the parameters are linearly separable from the ob-
served states, the Fisher Information matrix can be written
in the following manner.

Proposition 1. The Fisher Information Matrix of the empir-
ical cost C(emp)

k (θ) is:

H =
k∑

i=0

αk−iϕ(xi)
⊤ϕ(xi). (5)

Further, H is positive semi-definite.

(a) Contour plot of identification error with estimation trajectory

(b) SIS, persistence of excitation, identification error dynamics

Fig. 1: The trajectory of the estimates on the RMSE contour plot is
shown in Fig. 1a for the SIS model (β = 0.12, γ = 0.04, x(k0) = 0.01,
β̂(k0) = 0.05, γ̂(k0) = 0.07) without noise added. Plots displaying from
the top in Fig. 1b: The infection proportion xk and net infection rate ∆xk =
xk+1 − xk over time; the next two, the moving FIM’s eigenvalues and
eigenvector, where the moving FIM is computed as

∑l+3
i=l ϕ(xi)

⊤ϕ(xi);
the next two, system parameters estimates (β̂, γ̂) which fail to converge
to the true solution; and lastly, the estimated basic reproduction number
computed as R̂0 = β̂

γ̂
.

The proof is straightforward and is omitted in the interest
of space. Another useful notion related to practical identifia-
bility is the condition number κ. Notice that κ(M) ∈ [1,∞)
for any real-valued matrix M . The condition number of
the FIM determines the ill-posedness of the identification
problem. If the condition number is infinite, the identification
problem is considered to be ill-posed. On the other hand,
the problem is considered to be well-posed if the condition
number is finite. However, if it is large, the problem may be
ill-conditioned, meaning the FIM is close to singular.

2) Motivating Example: In this subsection, we examine
the convergence behavior of the classic gradient descent
adaptive law applied to the SIS spreading process.

Example 1. Consider the SIS epidemic dynamics given by

xk+1 = xk + (1− xk)βxk − γxk, (6)

where the state xk represents the proportion of infected
individuals in the population, β is infection rate, and γ is
the recovery rate. Consider the adaptive identification law
borrowed from the formalism in [15]:

θ̂k+1 = θ̂k + ϕ(xk)
⊤
(
yk − ϕ(xk)θ̂k

)
, (7)
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where ϕ(xk) := [(1 − xk)xk − xk], yk := xk+1 − xk,
and θ := [β γ]⊤. Note that ϕ(xk)

⊤(yk − ϕ(xk)θ̂k) is
known as the negative gradient of the stage cost in (3).
From Fig. 1, we can see that the classic gradient descent
adaptive identification law fails to converge to the true
parameters, and the estimates converge to a value in the R0

equivalent class, which is the set of parameters characterized
by having the same basic reproduction number R0 = β

γ . This
phenomenon is due to lack of persistent excitation and an ill-
conditioned identification problem.

In the second and third subplots of Fig. 1b, note that the
FIM’s eigenvalues span many orders of magnitude, that is
from less than 10−5 to 1, over time. It is worth noting that this
phenomenon is not unique to the SIS compartmental model,
but exists in nonlinear multi-parameter models from various
fields of study [16]. These issues motivate the development
of a novel adaptive identification process.

III. MAIN RESULTS

One of the reasons that makes the traditional gradient
descent method fail to converge in Example 1 is the lack
of persistent excitation. The following proposition states that
the lack of persistent excitation is a property of the SIS model
regardless of the initial condition.

Proposition 2. The regressor matrix ϕ(xk) := [(1−xk)xk −
xk], yk := xk+1−xk is not persistently exciting with respect
to the SIS dynamics in (6).

Proof. We first notice that the SIS model in (6) has two
equilibria: x(1) = 0 and x(2) = 1− γ

β , with the epidemiolog-
ical threshold R0 = β

γ . When R0 ≤ 1, (6) is asymptotically
stable around x(1); when R0 > 1, (6) is asymptotically stable
around x(2). Fix any L > 0 and α > 0; we want to show
that there exists an l such that the smallest eigenvalue:

λmin

(
l+L∑
k=l

ϕ(xk)
⊤ϕ(xk)

)
< α,

where

ϕ(xk)
⊤ϕ(xk) = x2

k

[
(1− xk)

2 −(1− xk)
−(1− xk) 1

]
=: A(xk).

When R0 > 1, (6) is asymptotically stable around x(2).
Therefore, for all ϵ > 0, there exists a K such that
|xk − x(2)| < ϵ for every k ≥ K. Without loss of generality,
assume xk is approaching x(2) from above, then we can write
xk = x(2) + ϵk where 0 < ϵk < ϵ ∀ k ≥ K. Thus, since
R−1

0 = (1− x(2)),

A(xk) = (x(2) + ϵk)
2

[
(1− x(2) − ϵk)

2 −(1− x(2) − ϵk)

−(1− x(2) − ϵk) 1

]
= (x(2))2

[
R−2

0 −R−1
0

−R−1
0 1

]
+ ϵk

(
(x(2))2

[
−2R−1

0 + ϵk 1
1 0

]
+ (2x(2) + ϵk)

[(
R−1

0 − ϵk
)2 −(R−1

0 − ϵk)
−(R−1

0 − ϵk) 1

])
= (x(2))2aa⊤ + o(ϵ)I,

where a =
[
R−1

0 −1
]⊤

. We then rewrite
∑l+L

k=l A(xk)

as (L + 1)(x(2))2aa⊤ + o(ϵ)I . Since aa⊤ is rank deficient,
we can pick an ϵ such that λmin((L + 1)(x(2))2aa⊤ +
o(ϵ)I) < α. When R0 > 1, we replace x(2) with 0, which
leads to A(xk) = o(ϵ)I . Therefore, the same conclusion
is achieved by picking a sufficiently small ϵ such that
λmin(

∑l+L
k=l A(xk)) = λmin(o(ϵ)I) < α.

The lack of persistent excitation of SIS models is primarily
due to the rank deficiency of the FIM induced from ϕ(xk)
as xk approaches an equilibrium. Therefore, we can expect
other compartmental models with the number of parameters
p greater than the number of informative observed states n to
exhibit a similar lack of persistent excitation. In addition, the
period of excitation in spreading models usually associates
with the short initial transient states of the infection. For this
reason, the relaxed notion of persistent excitation introduced
in [9], [10], [14] could potentially be useful for developing
an effective adaptive identification algorithm.

Definition 3 (Initial Excitation). Let xk+1 = f(xk). A
function ϕ is said to be initially exciting with respect to f if:

L∑
k=k0

ϕ(Ψ(k, k0, x0))
⊤ϕ(Ψ(k, k0, x0)) ⪰ αI, (8)

for some positive constants L,α, and initial condition x0.

Remark. Note that
∑L

i=0 ϕ(Ψ(k, k0, x0))
⊤ϕ(Ψ(k, k0, x0))

is the Fisher Information matrix of the empirical cost (3) at
step L when α = 1.

However, initial excitation alone is not sufficient for ad-
dressing the challenges of adaptive identification for nonlin-
ear spreading processes, illustrated by the following example.

Example 2. In this example, we apply the initial excitation-
based multi-model adaptive identification (IE-MMAI) algo-
rithm introduced in [10] to the SIS epidemic with process
and observation noise (Figure 2). IE-MMAI fails to converge
due to a high FIM condition number, which indicates a
highly-skewed error contour induced by the model structure
as demonstrated in Fig. 1a.

Models with the highly-skewed error contour are known
to be “sloppy” [17] or practically unidentifiable [11] in
the literature. Note that, consistent with our discussion in
Example 1, the estimated reproduction number converges to
the actual value even though the underlying parameters do
not.

One natural solution to such a problem is to incorpo-
rate second-order information when computing the descent
direction upon the arrival of every new data point. We
introduce the following modification to the classic recursive
least square algorithm to handle the lack of persistent excita-
tion and practical non-identifiability when applying adaptive
identification techniques to the SIS parameter estimation
problem. The proposed algorithm is detailed in Algorithm 1,
and we refer to it as the Greedily-weighted Recursive Least
Squares (GRLS) Algorithm. We now introduce the notion
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Fig. 2: Plots displaying (from top) the evolution of infected proportion
for the SIS model (β = 0.62929, γ = 0.20976, R0 = 3.0) with
Gaussian process noise; parameter estimates over time from two chosen
baseline algorithms: gradient descent (Pure-GD) (Example 1) and initial
excitation-based multi-model adaptive identification (IE-MMAI) [10]; and
the estimated reproduction number over time using each method; condition
number of the Fisher Information Matrix of the empirical cost function
(Definition 2) in the log scale over time for α = 0.94.

of the optimal excitation set and the greedy excitation set,
inspired by the notion of initial excitation, to illustrate the
workings of the GRLS Algorithm.

Definition 4 (Optimal Excitation Set). A subset of data points
E in DK = {k ∈ Z : k0 ≤ k ≤ K} is optimally exciting if:

Eopt(K) = argmin
E⊆DK

κ
(∑

k∈E

ϕ(Ψ(k, k0, x0))
⊤ϕ(Ψ(k, k0, x0))

)
.

The main modification of Algorithm 1 to classic recursive
least square filtering is that it attempts to store the data points
that belong to the optimally exciting set so they will not
be diluted by less informative new incoming data. However,
solving for the optimally exciting set at each update iteration
is expensive. Therefore, we propose a feasible approach to
obtain a sub-optimal excitation set via a greedy algorithm.

Definition 5 (Greedy Excitation Set). The Kth data point
belongs to the greedy excitation set Eg(K) if it does not de-
teriorate the FIM’s condition number induced by Eg(K−1):

κ
( ∑

k∈Eg(K−1)⋃
{K}

ϕ(xk)
⊤ϕ(xk)

)
≤ κ

( ∑
k∈Eg(K−1)

ϕ(xk)
⊤ϕ(xk)

)
.

After the introduction of the greedy excitation set, we can
briefly summarize the GRLS Algorithm as follows.

• Lines 3-14 in Algorithm 1 update the greedy exciting set
and the corresponding hyper-parameters for computing
θ̂k+1 upon every incoming datum.

– Line 4 compares the new condition number with
the current condition number.

– If κ(H(e)) ≤ κ(H
(e)
k ), then we update the regressor

matrices Φ
(e)
k+1, the FIM H

(e)
k+1 and the corrector

term υ
(e)
k+1 of the excitation set on Lines 5-6;

Algorithm 1 Greedily-weighted Recursive Least Squares

Require: Input datum xk+1

1: if k < 0 then Initialize H
(e)
0 , P0, θ̂0, Φ(e)

0 , υ(e)
0 .

2: else
3: H(e) ← H

(e)
k + ϕ(xk)

⊤ϕ(xk)

4: if κ(H(e)) ≤ κ(H
(e)
k ) then

5: Φ
(e)
k+1, H

(e)
k+1 ← [Φ

(e)
k

⊤
, ϕ(xk)

⊤]⊤, H(e)

6: υ
(e)
k+1 ← υ

(e)
k + ϕ(xk)

⊤(xk+1 − xk)

7: Φ←
√
1− αΦ

(e)
k+1

8: H, υ ← (1− α)H
(e)
k+1, (1− α)υ

(e)
k+1

9: else
10: Φ

(e)
k+1, H

(e)
k+1, υ

(e)
k+1 ← Φ

(e)
k , H

(e)
k , υ

(e)
k

11: Φ← [
√
1− αΦ

(e)
k+1

⊤
, ϕ(xk)

⊤]⊤

12: H ← (1− α)H
(e)
k+1 + ϕ(xk)

⊤ϕ(xk)

13: υ ← (1− α)υ
(e)
k+1 + ϕ(xk)

⊤(xk+1 − xk)
14: end if
15: Pk+1 ← 1

αPk − 1
αPkΦ

⊤(αI +ΦPkΦ
⊤)−1ΦPk

16: θ̂k+1 ← θ̂k + Pk+1(υ −Hθ̂k)
17: end if

– else, Φ(e)
k+1, H

(e)
k+1, υ

(e)
k+1 remain unchanged as spec-

ified in Line 10.
– Lines 7-8, 11-13 use Φ

(e)
k+1, H

(e)
k+1, υ

(e)
k+1 to compute

Φ, H, υ which are needed for computing the inverse
Hessian matrix Pk+1 and the new estimate θ̂k+1.

• Line 15 updates the inverse Hessian matrix with an
exponential forgetting factor α.

• Line 16 updates the parameter estimates.
We are ready to characterize the optimality of Algorithm 1.

Theorem 1. If P0 is positive definite, then for all k ∈ [0,∞),
θ̂k+1 obtained by Algorithm 1 is the unique minimizer of the
cost function:

Ck(θ̂k) =

k∑
i=0

wi,k∥ri(θ̂k)∥2 + αk+1∥θ̂k − θ0∥2P−1
0

(9)

with the weighting function defined as:

wi,k =

{
(1− α)

∑k
l=i α

k−l if i ∈ Eg(k),
αk−i otherwise.

Proof. The proof leverages mathematical induction to pro-
ceed, and it suffices to show the inductive step. We first note
that Ck(θ̂) can be written in terms of: Ck(θ̂) = θ̂⊤Akθ̂ +
2b⊤k θ̂ + ck, where Ak, bk, ck are:

Ak :=
k∑

i=0

wi,kϕ(xi)
⊤ϕ(xi) + αk+1P−1

0

bk := −
k∑

i=0

wi,kϕ(xi)
⊤y(xi)− αk+1P−1

0 θ0

ck :=
k∑

i=0

wi,ky(xi)
⊤y(xi) + αk+1θ⊤0 P

−1
0 θ0.
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Then, Ak, bk can be computed recursively as

Ak = αAk−1 +
∑
i∈U

ωiϕ(xi)
⊤ϕ(xi)

bk = αbk−1 −
∑
i∈U

ωiϕ(xi)
⊤yi,

where U = Eg(k)
⋃
{k}, and ωi =

{
(1− α) if i ∈ Eg(k),

1 otherwise.
By way of induction, assume ∃ k ∈ N such that Ak−1 is
positive definite and the unique optimizer of Ck−1(θ̂k−1) is
θ̂k = −A−1

k−1bk−1. We define Pk+1 := A−1
k . Since Ak−1 is

positive definite, we can apply the matrix inversion lemma
[18, p, 304] and obtain a positive definite Pk+1:

Pk+1 = A−1
k

=
1

α

(
Ak−1 +

1

α

(∑
i∈U

ωiϕ(xi)
⊤ϕ(xi)

))−1

=
1

α
Pk −

1

α
PkΦ

⊤(αI +ΦPkΦ
⊤)−1ΦPk,

where Φ =

{√
1− αΦ

(e)
k+1 if k ∈ Eg(k),

[
√
1− α(Φ

(e)
k+1)

⊤, ϕ(xk)
⊤]⊤ otherwise,

and Φ
(e)
k+1 =

[
ϕ(xk1

)⊤, ϕ(xk2
)⊤, . . . , ϕ(xkn

)⊤
]⊤
ki∈Eg(k)

,

which satisfies the computation of Φ
(e)
k+1 and Φ on Lines 5,

7, 10, and 11 of Algorithm 1. By the quadratic minimization
lemma [18], the unique minimizer of Ck(θ̂) is:

θ̂k+1 = −A−1
k bk

= A−1
k

(
− αbk−1 +

∑
i∈U

ωiϕ(xi)
⊤yi

)
= A−1

k

(
αAk−1θ̂k +

∑
i∈U

ωiϕ(xi)
⊤yi

)
= A−1

k

((
Ak −

∑
i∈U

ωiϕ(xi)
⊤ϕ(xi)

)
θ̂k +

∑
i∈U

ωiϕ(xi)
⊤yi

)
= θ̂k +A−1

k

(∑
i∈U

ωiϕ(xi)
⊤yi −

(∑
i∈U

ωiϕ(xi)
⊤ϕ(xi)

)
θ̂k
)

= θ̂k + Pk+1(υ −Hθ̂k),

where υ :=
∑

i∈U ωiϕ(xi)
⊤yi and H :=∑

i∈U ωiϕ(xi)
⊤ϕ(xi) matches the computation of υ

and H on Lines 8, 12, and 13 of Algorithm 1. By the
principle of mathematical induction, Pn is positive definite
and θ̂n+1 is the unique minimizer of Cn(θ̂n) for all
n ∈ N.

While Theorem 1 characterizes the cost function which
Algorithm 1 optimizes, the structure of the weighting func-
tion wi,k might not be immediately obvious. The following
corollary clarifies the intuition behind wi,k.

Corollary 2. If α < 1, P0 is positive definite, and the
cardinality of the excitation set in the limit, limk→∞ |Eg(k)|,
is finite, then, as k → ∞, θ̂k+1 obtained by Algorithm 1 is
the unique minimizer of the cost function:

Ck(θ̂) =
k∑

i=0

Wi,k∥ri(θ̂)∥2, (10)

with

Wi,k =

{
1 if i ∈ Eg(K)

αk−i otherwise.
(11)

Proof. Note that, since α < 1, the second term in the cost
function in (9), αk+1∥θ̂ − θ0∥2P−1

0

, goes to zero as k → ∞.

Furthermore,
∑k

l=i α
k−l can be rewritten as

∑k−i
l=0 α

l, and,
since

∑k−i
l=0 α

l is a geometric sum, α < 1, and i ∈ Eg(k) is
finite by assumption, limk→∞(1− α)

∑k
l=i α

k−l = 1. Thus,
the weighting function wi,k can be written as Wi,k in (11).
Therefore, by Theorem 1, Algorithm 1 obtains the optimal
θ∗ = argminθ̂Ck(θ̂) for the cost function in (10)-(11).

Corollary 2 characterizes the asymptotic behavior of the
cost function which Algorithm 1 minimizes. The algorithm
stores the data points which belong to the greedy excitation
set by giving them a weight of 1 while assigning the rest of
the unexciting points exponentially decaying weights.

IV. SIMULATIONS

We present parameter estimation results for both the noise-
free case and including Gaussian process and observation
noise for the SIS dynamics in (6). In Fig. 3, we compare
the performance of the initial excitation approach, IE-MMAI
[10], and a basic RLS with an exponential forgetting (EF-
RLS), to the performance of the GRLS Algorithm we propose
in this work. The same initial estimates of parameters,
θ0 = [β0, γ0]

⊤ = [1, 1]⊤, are used for all algorithms with the
exception of IE-MMAI, for which the m = 3 models were
initialized randomly around θ0. IE-MMAI, designed for only

Fig. 3: Comparing the performance of EF-RLS, IE-MMAI, and GRLS:
SIS Simulation (β = 0.8076, γ = 0.2692); parameter estimates over time
for both a noise-free and a noisy simulation; maximum relative error in
log scale for parameter estimates over time; reproduction number estimates
over time; and data indices accepted into Eg by GRLS. Left panel shows
the results without noise while the right panel shows it in presence of noise.
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LTI systems and as a gradient descent-like first-order method,
is justifiably sensitive to the choice of the initial parameter
estimates, and often fails to converge due to the poor practical
identifiability of SIS models, as discussed in Examples 1
and 2. Note that the estimated reproduction numbers still
converge to the actual value despite the lack of convergence
of the parameter estimates themselves, which is consistent
with our discussion of SIS practical identifiability in Section
II-2. On the other hand, even in the presence of noise, the
parameter estimates converge for both EF-RLS and GRLS.

Data accepted into the GRLS greedy excitation set (5)
used to construct the main regressor are diagrammatically
depicted in the lowermost block of Fig. 3. A majority of
points accepted by the algorithm is in the transient rise of
states before the equilibrium is reached. The beginning of
the epidemic garners a critical amount of information about
the epidemic parameters.

Note that while EF-RLS is comparable in performance to
GRLS for the noise-free case (left panel of Fig. 3), it becomes
increasingly oscillatory upon losing excitation in the noisy
case (right panel of Fig. 3). A closer look at the covariance
matrix Pk in both algorithms reveals a steady increase in
the condition number and maximum eigenvalue of Pk in
EF-RLS, while those of GRLS saturate due to its tendency
to avoid picking up non-exciting data points (see Fig. 4).
This phenomenon in EF-RLS is observed in both the noise-
free and noisy cases and is known in literature as covariance
windup [19], which occurs when a non-unity forgetting factor
in EF-RLS causes Pk to get closer to a singular matrix
upon losing persistence of excitation. The linear increase
in the maximum eigenvalue of Pk is consistent with past
analysis [20]. Upon running the parameter estimation task
for longer times, the EF-RLS estimates diverge.

Fig. 4: Plot of the condition number of the covariance matrix Pk against
time for both EF-RLS and GRLS running on data from the noise-free SIS
simulation (Fig. 3).

While there are other ways to combat covariance windup
in RLS and Kalman filtering applications [20], [21], our ap-
proach seeks to mitigate the issues uncovered by Example 2
as a first step to discover even more effective methods for
online parameter estimation.

V. CONCLUSION

We have highlighted two problems that plague the applica-
tion of adaptive identification tools to SIS models: the lack of
persistence of excitation and the practical non-identifiability
of epidemic models. We propose a novel algorithm (GRLS)
based on recursive least squares and use the concept of
initial excitation to construct an exciting set for the regressor.
The GRLS Algorithm has superior performance compared
to conventional algorithms and is able to identify epidemic

parameters in the SIS model with process and observation
noise. In particular, while estimates from EF-RLS become
oscillatory in the presence of noise, eventually diverging,
GRLS is able to maintain a stable estimate. Future work
includes extending GRLS to estimate epidemic parameters on
networks, time-varying systems, and other epidemic compart-
mental models, with the eventual goal of performing adaptive
identification using real testing data.
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