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Abstract

Outlier-robust estimation is a fundamental problem and has been extensively investigated
by statisticians and practitioners. The last few years have seen a convergence across research
fields towards “algorithmic robust statistics”, which focuses on developing tractable outlier-robust
techniques for high-dimensional estimation problems. Despite this convergence, research efforts
across fields have been mostly disconnected from one another. This monograph bridges recent
work on certifiable outlier-robust estimation for geometric perception in robotics and computer
vision with parallel work in robust statistics. In particular, we adapt and extend recent results
on robust linear regression (applicable to the low-outlier regime with < 50% outliers) and
list-decodable regression (applicable to the high-outlier regime with > 50% outliers) to the setup
commonly found in robotics and vision, where (i) variables (e.g., rotations, poses) belong to
a non-convex domain, (ii) measurements are vector-valued, and (iii) the number of outliers is
not known a priori. The emphasis here is on performance guarantees: rather than proposing
radically new algorithms, we provide conditions on the input measurements under which modern
estimation algorithms (possibly after small modifications) are guaranteed to recover an estimate
close to the ground truth in the presence of outliers. These conditions are what we call an
“estimation contract”. The monograph also provides numerical experiments to shed light on the
applicability of the theoretical results and to showcase the potential of list-decodable regression
algorithms in geometric perception. Besides the proposed extensions of existing results, we believe
the main contributions of this monograph are (i) to unify parallel research lines by pointing out
commonalities and differences, (ii) to introduce advanced material (e.g., sum-of-squares proofs)
in an accessible and self-contained presentation for the practitioner, and (iii) to point out a few
immediate opportunities and open questions in outlier-robust geometric perception.
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1 Introduction

Geometric perception is the problem of estimating unknown geometric models (e.g., poses, rotations,
3D structure) from sensor data (e.g., camera images, lidar scans, inertial data, wheel odometry).
Geometric perception has been at the center stage of robotics and computer vision research since their
inception, and includes problems such as object pose (and possibly shape) estimation [1, 2|, robot
or camera motion estimation [3|, sensor calibration [4], Simultaneous Localization And Mapping
(SLAM) [5], and Structure from Motion (SfM) [6], to mention a few.

At its core, geometric perception solves an estimation problem, where, given measurements
yi,i = 1,...,n, one has to compute a variable of interest ° (the “ground truth”). For instance, in an
object pose estimation problem, x° is the to-be-computed 3D pose of the object (say, a car), while
the y;’s might be observations of relevant points on the object (e.g., the wheels and the headlights
of the car). The unknown x° and the measurements y; are related by a measurement (or generative)
model. In this monograph, we focus our attention on the common case where the measurements are
vector-valued, i.e., y; € R%, and the noise is additive, leading to measurement models in the form:

yi = fi(z°) +€, with gy, eR% and a°eXCR%, (1)

where f;(+) is a known function, € is the measurement noise, and X is the domain of x° (e.g., the set
of 3D poses in an object pose estimation problem). As we will see in Section 3, many geometric
perception problems have measurement models in the form of eq. (1).!

When the noise in (1) is zero-mean and Gaussian, the maximum likelihood estimate of ° can
be computed via standard least squares:?

n
x, = argmin » |y — fi(z)]3 - (LS)
reX i—1

While problem (LS) can be still hard to solve (e.g., due to potential non-convexity of f;(-) or
X), its structure —at least for common geometric perception problems— has been extensively
studied in robotics and vision, and the literature offers a broad range of solvers, including closed-form
solutions [8], iterative local solvers [9], minimal solvers [10], and convex relaxations |7, 11, 2, 12, 13, 14].

Outlier-robust estimation. In practice, many of the measurements fed to the estimation
process are outliers, i.e., they largely deviate from the measurement model (1) and possibly do not
carry any information about «°. In robotics and vision, the measurements y; are the result of a
pre-processing of the raw sensor data; such preprocessing is often referred to as the perception front-
end, while the estimation algorithms that compute x° from the y;’s are referred to as the perception
back-end. For instance, in an object pose estimation problem, the perception front-end extracts
the position of relevant features y; on the object from raw image pixels (typically using a neural
network), while the back-end computes the object pose given the y;’s. The perception front-end is
prone to errors (e.g., the network may mis-detect the wheels of the car in the image), resulting in
measurements y; with large errors. In the presence of outliers, the least squares estimator (LS) is

! Assuming additive noise comes at a small loss of generality, e.g., in SLAM and rotation averaging the measurements
belong to a smooth manifold rather than a vector space and the noise is multiplicative. However, even in these cases,
the resulting outlier-free formulations —under suitable noise assumptions— lead to standard least squares |7, 4], hence
we believe adapting the results in this monograph to those setups is indeed possible, see Section 9.

Without loss of generality, we assume € to have an isotropic Gaussian distribution with identity covariance, but
arbitrary covariances can be easily accommodated by rescaling y; and f;(-) by the square root of the inverse covariance.



known to produce grossly incorrect results, hence it is desirable to adopt an outlier-robust estimator
that can correctly estimate x° in the presence of many outliers. In this monograph, we do not
make assumptions on the nature of the outliers and consider the worst case where a fraction 5 of
measurements is arbitrarily corrupted, a setup commonly referred to as the strong adversary model
in statistics and learning [15].

The robust statistics lens. Classical robust statistics [16, 17, 18, 19] provides many alternative
formulations to (LS) that allow regaining robustness to outliers. For instance, if the number of
outliers is known, say a fraction 8 of the n measurements is corrupted, we can use the Least Trimmed
Squares (LTS) estimator [18] to compute an outlier-robust estimate:

n n
Z, s = argmin Zwi Nlyi — fi(®)|3,  subject to Zwi =an, (LTS)
wé{g%};}" i=1 i=1
xT

where we defined the inlier rate o 2 1 — 3, and introduced binary variables w € {0;1}" which are
in charge of selecting the best awn measurements (when w; = 1, the i-th measurement is selected
as an inlier by (LTS), while w; = 0 otherwise); in words, (LTS) selects the an measurements
that induce the smallest error for some estimate @ and disregards the remaining measurements as
outliers. Unfortunately, the optimization problem (LTS), as well as many other popular outlier-
robust formulations, are NP-hard [20] and for a long while no tractable algorithm was available for
high-dimensional outlier-robust estimation problems (e.g., in the problems we discuss in Section 3
and Section 9, x’s dimension ranges from 9 to potentially more than a thousand). In recent years,
algorithmic robust statistics came to the rescue, by proposing polynomial-time algorithms for outlier-
robust estimation with strong performance guarantees, including [15, 21, 22, 23, 24]. For instance,
while not explicitly recognized in the paper, the algorithm by Klivans et al. [15] can be understood
as a convex relaxation for problem (LTS) for the case where f;(-) is a real-valued linear function.
Many of these works use Lasserre’s moment relaxation [25] as an algorithmic workhorse, and adopt
the dual view of sum-of-squares relaxations [26] to prove bounds on the quality of the estimates.

The computer vision lens. In typical robotics and vision applications, the number of outliers
is unknown, therefore outlier-robust estimators have to simultaneously look for a suitable estimate
of x° while searching for a large set of inliers. In computer vision, a common formulation for
outlier-robust estimation with unknown number of outliers is consensus mazimization [27], which
searches for the largest set of inliers such that the measurements selected as inliers have a low error
with respect to some estimate:

X, = argmax Zwi ,  subject to  w; - [y — fi(x)]5 < &, (MC)
we{0;1}" T
zeX

where the given constant ¢ > 0 is the maximum error for a measurement to be considered an
inlier. Problem (MC) has been shown to be inapproximable [28, 29|, and the literature has been
traditionally split between fast heuristics (which do not provide performance guarantees) and globally
optimal solvers (which can compute optimal solutions but run in worst-case exponential time). The
recent work [30] shows that for common geometric perception problems, (MC) can be written as a
polynomial optimization problem (POP) and relaxed via Lasserre’s moment relaxation. The key
insight behind [30], reviewed in Section 3, is that —for common perception problems— the domain
X is a basic semi-algebraic set (i.e., it can be written as a set of polynomial inequalities), while with
a suitable parametrization, the function f;(-) becomes a (vector-valued) linear function.



The robotics lens. In robotics, the go-to approach for outlier-robust estimation has been the
use of M-estimators [17]|, which replace the least squares cost in (LS) with a robust loss function. In
this monograph we focus on a particular choice of robust loss function, the truncated least squares
(or truncated quadratic) cost:

n
Tys = argmin > min |y — fi@)]} , )

xreX i—1

= argmin Y _w; - [lyi — fi(x) |5 + (1 —wi) - &, (TLS)
we{0;1}" ;9
xreX

where the objective is the pointwise minimum of a quadratic and a constant function, i.e., it
is quadratic for small residuals ||y; — fi(x)|, < ¢, and becomes constant for large residuals. In
the second line in (TLS) we noticed that the truncated least squares cost can be equivalently
rewritten using auxiliary binary variables w, by observing that for two numbers a, b, min(a, b) =
ming, o3 w - a + (1 —w) - b. Also problem (TLS) has been shown to be inapproximable in the
worst case [28]. While traditionally problem (TLS) has been attacked using local solvers [31] or
continuation schemes [32], recent work [30, 33, 1, 34, 35] has shown that for common perception
problems, (TLS) can be written as a POP and relaxed via Lasserre’s moment relaxation. More
surprisingly, many works have empirically observed the relaxation to be tight [30, 33, 34|, at least for
reasonable levels of noise and outliers, with very recent work [36] providing initial theoretical results
to support such empirical evidence, at least for the specific problem of rotation search. However,
the performance of these estimators is commonly demonstrated via empirical evaluation, and the
literature is still lacking more general theoretical guarantees on the quality of the resulting estimates.

Catalyst, convergence, and contribution. Despite the heterogeneity of the formulations
reviewed above, we observe that recent years have witnessed a convergence across fields towards de-
signing tractable algorithms for high-dimensional outlier-robust estimation using moment relaxations.
A few examples include [15, 37, 30, 33, 1, 34, 35, 36, 38|. Such a convergence has been triggered
by the progress in polynomial optimization via moment and sum-of-squares relaxations, starting
from the seminal works [25, 26, 39, 40, 41]. At the same time, research across fields has remained
disconnected, with researchers being mostly unaware of the parallel work in other areas.

The goal of this monograph is to bridge this gap and connect geometric perception problems in
robotics and vision to novel tools in outlier-robust statistics. Towards this goal we adapt and extend
recent results from robust statistics to the setup and formulations commonly found in robotics and
vision. For the case with low outlier rates (i.e., § < 0.5), we adapt results from [15], which considers
outlier-robust regression using least trimmed squares (LTS) with scalar linear measurements, to the
robotics setup where the measurements are vector valued and the variables belong to a non-convex
domain; we also develop a simple bound on the distance of the estimate from the ground truth
(while [15] focuses on bounding the residual errors for the inliers). Then, we extend these results
to the case where the number of outliers is unknown. In particular, we compute bounds on the
estimation error (i.e., the distance between the estimate and «°) for (MC) and (TLS). These results
constitute the first general performance guarantees for the convex relaxations [30, 33, 34|, going
beyond the empirical observations in [30] and the problem-specific optimality guarantees in [34, 36].

Then we consider the case with high outlier rates (i.e., § > 0.5), where a majority of the
measurements are outliers. While in robotics and vision it has been observed that with random
(i.e., non-adversarial) outliers, the point estimators (MC) and (TLS) are still able to retrieve



good estimates for x° [30, 33, 34, 1], in the presence of adversarial outliers, the estimate resulting
from (LTS), (MC),and (TLS) can be arbitrarily far from the ground truth: intuitively, since the
outliers constitute the majority of the measurements, they can agree on an arbitrary « and form a large
set of mutually consistent measurements that are picked as solution to (LTS), (MC), and (TLS).? In
robotics and related fields, this setup has been recognized to require computing multiple estimates, in
order to find one that is close to the ground truth, ranging from early work on multi-hypothesis target
tracking [42] and particle filters [43], to recent work on multi-hypothesis smoothing [44, 45]. However,
none of these works simultaneously provide tractable algorithms and performance guarantees for
the resulting estimates. In this monograph, we connect to the recent literature on list-decodable
regression 37|, which proposes polynomial-time estimators that return a small list of estimates such
that with high probability at least one of the estimates is close to the ground truth. In particular,
we provide an adaptation of the results in [37] to account for vector-valued measurements.

Finally, we present numerical experiments on a canonical geometric perception problem to
shed light on the theoretical results. The experiments provide encouraging evidence that many of
the assumptions supporting the theoretical analysis (e.g., certifiable hypercontractivity) are often
satisfied by real data. At the same time, they reveal a large gap between theory (which mostly
guarantees performance for high-order, computationally expensive moment relaxations) and practice
(where low-order relaxations already exhibit impressive performance). Our numerical evaluation also
provides the first empirical evidence that a sparse low-order moment relaxation for list-decodable
regression (based on a modified version of the algorithm proposed in [37]) is able to accurately recover
estimates in geometric perception problems with high outlier rates, where (LTS), (MC), and (TLS)
are doomed to fail. Moreover, the experiments show that if the measurements are generated by
multiple estimates (e.g., different subsets of measurements are generated by different variables
x°), then our sparse moment relaxation for list-decodable regression is able to simultaneously
recover all the estimates generating the data.? We release open-source code to reproduce our
numerical experiments, including an implementation of key algorithms covered in this monograph
at https://github.com/MIT-SPARK/estimation-contracts.

We remark that the emphasis in this monograph is on performance guarantees. We do not
present new algorithms (we mostly propose small modifications to existing algorithms) but rather try
to address the question: under which conditions on the input measurements can we guarantee that
modern outlier-robust estimation algorithms based on moment relaxations recover an estimate close
to the ground truth in the presence of outliers? These conditions are what we call an “estimation
contract”. Besides the proposed extensions of existing results, we believe the main contributions of
this monograph are (i) to unify parallel research lines by pointing out commonalities and differences,
(ii) to introduce advanced material (e.g., sum-of-squares proofs) in an accessible and self-contained
presentation for the practitioner, and (iii) to point out a few immediate opportunities and open
questions in outlier-robust geometric perception. This “unification” is expected to benefit both
practitioners and researchers in robust statistics. On the robotics and computer vision side, this
monograph provides new and fairly general performance guarantees for robust estimation algorithms

3Note that the case with a high number of adversarial outliers is often the one encountered in practice in robotics
and vision: think about a motion estimation problem where the robot has to estimate its motion from point features
detected by the camera [3]: if there is a large moving object in front of the camera, most features may fall on the
moving object (rather that on the static portion of the scene), leading to incorrect motion estimates.

“With reference to the motion estimation example in footnote 3, such an algorithm would simultaneously recover
the motion of all the objects in the scene, rather than just the motion with respect to the object capturing most point
features, which would be quite useful in practical applications.


https://github.com/MIT-SPARK/estimation-contracts

based on moment relaxations, applied to geometric perception problems. Moreover, the monograph
reviews a new proof system (based on sum-of-squares proofs) that provides a richer language to
discuss properties of moment relaxations beyond the typical analysis based on a manual design of
dual certificates [34, 36, 46, 7|. Furthermore, it positions list-decodable regression based on moment
relaxations as a useful and computationally tractable tool for multi-hypotheses estimation. On
the robust statistics side, we hope the reader will be intrigued by the remarks about the practical
performance and the empirical tightness of the moment relaxation of (TLS) (discussed in greater
detail in [30]) and the practical performance of a low-order relaxation for list-decodable regression,
which we believe deserve further investigation. We also hope to attract further attention towards
the case where the number of outlier is unknown and the variables are confined to semi-algebraic
sets, which is the setup commonly encountered in robotics and vision problems.

Monograph structure. Section 2 starts by reviewing related works across fields. Section 3
showcases the fact that many estimation problems in robotics and vision can be formulated using
a linear measurement model with variables belonging to a basic semi-algebraic set. Section 4
introduces notation and preliminaries (while postponing as many details as possible to the appendix).
Section 5 succinctly states the problem of outlier-robust estimation and our quest for estimation
contracts. Section 6 studies the case with low outlier rates and provides error bounds for (LTS),
(MC), and (TLS). Section 7 studies the case with high outlier rates and adapts results from
list-decodable regression. Section 8 presents numerical experiments on a rotation search problem.
Section 9 discusses opportunities and open problems, and Section 10 concludes the monograph. The
appendices provide background information regarding moment relaxations (Appendix A), pseudo-
distributions (Appendix B), and sum-of-squares proofs (Appendix C), and contain technical proofs
(Appendices D to I) and algorithmic details about sparse list-decodable estimation (Appendix J).

Learning paths. The main body of this monograph (up to Section 10) is designed to be
self-contained, and readers interested in getting a bird’s-eye view of the technical tools underlying
our results, the corresponding performance guarantees, and sparse list-decodable estimation can
focus their attention on these sections. Expert readers from statistics might find the numerical
experiments of particular interest. Junior researchers in computer vision and robotics interested
in advancing this research are recommended to carefully read Appendices A to C, which should
serve as a gentle introduction to the key technical tools. Beyond this monograph, the book [47| and
monograph [9] provide necessary background information about geometric perception, the book [48]
provides an in-depth introduction to semidefinite programming and sum-of-squares relaxations, and
the notes [49] and monograph [50] provide a more formal introduction to sum-of-squares proofs.

2 Related Work

Outlier-robust estimation in robotics and computer vision. Traditional algorithms for
outlier-robust estimation for geometric perception can be divided into fast heuristics and globally
optimal solvers. Two general frameworks for designing fast heuristics are RANSAC [51] and graduated
non-convezity (GNC) [52, 32, 28]. RANSAC solves problem (MC) by repeatedly sampling a minimal
set of measurements, computing an estimate  from the minimal set, and searching for a large set
of measurements that agrees with the estimate @ [27]; while being a well-established algorithm,
RANSAC mostly applies to low-dimensional problems, since the expected number of iterations
required by RANSAC to find an outlier-free set of measurements grows exponentially in the size of
the minimal measurement set; moreover, the number of RANSAC iterations also grows exponentially
with the outlier rate 5 [53]. GNC solves M-estimation problems, including (TLS), via a continuation



scheme that starts from a convex approximation of the cost function and then gradually recovers
the robust cost. GNC can scale to high-dimensional problems and applies to a broad class of loss
functions —including adaptive loss functions [54, 55]. However, the effectiveness of the continuation
scheme is problem-dependent. Iterative local optimization is also a popular fast heuristics for the
case where an initial guess is available [56, 57, 58, 59|. Approximate but deterministic algorithms
have also been designed to solve consensus maximization [60]. On the other hand, globally optimal
solvers are guaranteed to retrieve optimal solutions for outlier-robust estimation but run in worst-case
exponential time. These solvers are typically designed using Branch and Bound or mixed-integer
programming [61, 62, 63, 64, 65, 66, 67, 68]. Enqvist et al. [69] present an outlier-robust estimator
that runs in polynomial time with respect to the number of measurements, but still has exponential
complexity in the dimension of the variable to be estimated (see also |70, 71]). Chin et al. [72]
frame (MC) as a tree search problem and propose an approach based on A* search.

Certifiably optimal outlier-robust algorithms [30, 33, 1, 34, 35] have recently emerged as a
way to obtain optimal solutions to certain outlier-robust problems in polynomial time (both with
respect to the number of measurements and the dimension of the variable to be estimated). These
approaches relax non-convex outlier-robust formulations, including (MC) and (TLS), into a convex
optimization. The key insight behind these algorithms is twofold: (i) for several estimation problems
arising in robotics and vision, we can rewrite the optimization problems arising in outlier-robust
estimation as polynomial optimization problems (POP), and (ii) for these POPs, Lasserre’s moment
relaxation [25] is empirically seen to be tight at the lowest relaxation order (i.e., order 2), hence
providing a tractable way to compute robust estimates. These works mostly provide a posteriori
optimality certificates |30, 33| (i.e., they solve the relaxation, compute a rounded estimate, and then
compute a suboptimality gap for that specific estimate, possibly certifying its optimality), while the
papers [34, 36| provide problem-specific a priori conditions under which the relaxation is tight.

Outlier-robust estimation in robust statistics. Outlier-robust estimation has been studied
in robust statistics, starting from the seminal work of Huber, Tukey, and Rousseeuw [16, 17, 18, 19|,
among many others. However, these classical frameworks do not immediately lead to tractable
algorithms and are often provably hard to solve |20, 28, 27|, leading to algorithms whose complexity
increases exponentially in the dimension of . The growing interest towards high-dimensional outlier-
robust estimation has triggered a large number of recent works on “algorithmic robust statistics”,
which focus on the design of tractable algorithms for high-dimensional estimation with outliers.
Early algorithms along this line have focused on clustering and moment estimation (e.g., how to
robustly estimate mean and covariance of a distribution given samples) |73, 74, 75, 76, 77, 78, 79|
and subspace learning for classification in the presence of malicious noise [80, 81, 82].

More relevant to this monograph is the recent work on robust linear regression [15, 21, 22,
23, 24, 83|, where one has to compute an estimate of ° given an outlier-corrupted set of linear
measurements:

yi=a;x°+¢ with ¢y, €R and x°¢ R% (2)

where y; are given scalar measurements, a; are given vectors of suitable dimension, and ¢ is the
measurement noise. Typical contamination models studied in the literature include the Huber
contamination model (e.g., [84]), which assumes that a fraction of measurements are randomly
generated by an unknown outlier distribution, and the strong adversary model, in which the outlier-
generation mechanism has access to the inliers and can replace a given fraction of them with arbitrary
outliers. The literature on outlier-robust linear regression in the low-outlier regime (f < 0.5)



includes approaches based on iterative outlier filtering [21, 23|, robust gradient estimation [22], hard
thresholding [24, 85, 86|, ¢1-regression [87, 83, 88|, and moment /sum-of-squares relaxations [15]. Our
interest towards moment /sum-of-squares relaxations is motivated by that fact that the framework
in [15] can accommodate a large class of linear measurement models —more precisely, fairly general
distributions for the vectors a; in (2)— while related work often takes stronger assumptions on a;
(e.g., [23] assumes a;’s are sampled from a Gaussian distribution); moreover, the corresponding
algorithms operate in the strong adversary model, which is useful to derive worst-case guarantees
for geometric perception. In the high-outlier regime (8 > 0.5), it is still possible to recover a good
estimate when the outliers are not adversarial. The works [87, 88| provide approaches based on
¢1-minimization to recover good estimates assuming oblivious outliers (rather than adversarial),
and under relatively strong assumptions on the measurements (88| assumes sub-orthogonality, [87]
assumes the vectors a; to be drawn from an isotropic Gaussian). The works [89, 90, 91] also assume
oblivious outliers and analyze the Huber loss estimator (|90] assumes Gaussian a;, [89] requires the
column span of the matrix staking all the vectors a; not to contain approximately sparse vectors, [91]
assumes a bounded or sub-Gaussian distribution for the a;’s). The works [37, 92| are the first to
provide polynomial-time algorithms for list-decodable linear regression with adversarial outliers,
where the estimator returns multiple hypotheses such that at least one of the hypotheses is close to
the ground truth °. List-decodable learning was originally introduced in [93| and was also studied
in the context of moment estimation in [76, 94, 77|.

3 Motivating Problems

This section shows that many foundational problems in geometric perception can be formulated as
linear estimation problems with variables belonging to a basic semi-algebraic set (i.e., a set that
can be described by a finite number of polynomial inequality constraints).® Mathematically, we will
formulate the measurement model for many problems of interest as:

yi=Alx° +€, with y; € R% and °e X CR%. (3)

This observation will be crucial towards adapting existing results in robust statistics to the geometric
perception setup. Indeed, the measurement model (3) is essentially the same of the one used in
robust regression, see eq. (2), with the exception that measurements y; € R% are vector-valued,
and the variable x° belongs to a specific domain X (typically, a smooth manifold) rather than R%.
Towards recasting many estimation problems in geometric perception as in eq. (3), we start by
restating the well-known fact that —for common variables of interest in robotics and vision— the
domain X is a basic semi-algebraic set (see e.g., [30, 95, 13, 96, 97]).

Fact 1 (Variables in geometric perception). The d-dimensional Special Orthogonal group SO(d) £
{Rec R | RTR = I;,det(R) = +1} (i.e., the group of rotations), and the Special Euclidean
group SE(d) £ {[ § ] € READX(HD) | R € SO(d), t € ]Rd} (i.e., the group of poses and rigid
transformations) are basic semi-algebraic sets.5 Moreover, several geometric constraints (e.g., field-
of-view or maximum distance constraints) can be written as basic semi-algebraic sets.

5This observation constitutes the basis for many certifiable solvers for outlier-free and outlier-robust estimation
that have been developed in robotics and vision, see [30, 7] and the references therein.

5More precisely, SO(d) and SE(d) are algebraic varieties, i.e., sets that can be described by a finite set of polynomial
equality constraints {f1(x) = 0, f2(x) = 0,..., fm(x) = 0}. Note that we can rewrite a variety as a basic semi-algebraic
set by replacing each equality constraint f;() = 0 with two inequality constraint f;(z) > 0 and f;(2) < 0, hence a
variety can be understood as a special case of a basic semi-algebraic set.

10



Now we observe that several geometric perception problems can be written as linear models, akin
to eq. (3) (we will discuss few more examples, including SLAM and rotation averaging in Section 9).
The reader familiar with geometric perception can safely skip this section.

Example 1 (Rotation search (a.k.a. the Wahba problem)). Estimate the rotation R € SO(3) that
aligns pairs of 3D points (a;,b;), i =1,...,n. The measurement model for the (inlier) measurements
is given by:

same form as (3)

b; = (a] @ I3)z° +e, (4)

x°2vec(R)

b, = Ra; + ¢

where € is the measurement noise. In (4), we used the vectorization operator vec(-) to transform
a 3D matriz into a vector and manipulated the expression using standard vectorization properties.
Rotation search arises, for instance, in satellite attitude estimation [98] and image stitching [34].

Example 2 (3D point cloud registration). Estimate the rigid transformation (R, t), with R € SO(3)
and t € R3, that aligns pairs of 3D points (a;, b;), i = 1,...,n. The measurement model for the
(inlier) measurements is:

same form as (3)

N vec(R)
b, =Ra;+t+e % bi=[a] ®I3 I3 |z° +e, (5)

Point-to-plane 3D registration can be similarly formulated using a linear model involving a rigid
transformation [30]. Registration problems are commonly encountered in instance-level object pose
estimation, scan-matching for 3D reconstruction, and (stereo or RGB-D) visual odometry [1].

Example 3 (3D-3D category-level object pose and shape estimation). Estimate the rigid transfor-
mation (R,t), with R € SO(3) and t € R3, and the shape parameters ¢ € R (describing the shape
of a 3D object) from 3D point measurements b;, i = 1,...,n. The generative model for the (inlier)
measurements 1s:

1A pT 1A pT o vee®D
t'=R't,e=R'e, x°= t’

c

b;=RSic+t+e 0=[-bl®I3 Iy S; |a°+€, (6)

where S; € R3>*X is a matriz of given basis shapes (such that the final shape Sic, i = 1,...,n,
is written as a linear combination of the basis shapes). Note that for (6) to fall in the class of
problems (3), we have to assume that € has an isotropic distribution, such that the distribution of
€ £ RTe does not depend on the unknown R. The model in (6) is known as the active shape
model [99/, and finds application in face detection, human pose estimation, and object pose and
shape estimation, see [2, 97, 11, 100] among others. In these problems, it is not uncommon for the
number of shapes K to be large, e.g., K > 100.

Example 4 (Absolute pose estimation). Estimate the camera pose (R,t), with R € SO(3) and
t € R3, from (calibrated) pizel observations, written as unit-norm vectors u;, picturing known 8D

points a; € R®, i =1,...,n. The generative model for the (inlier) measurements is:
same form as (3)
e;é[ui]xe,mOé[ vee(R) } = s
Aiv; = Ra; +t+e 0= [uix(a] ®L3) [ui]x |z +e, (7)
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Intustively, the measurement model on the left describes the fact that —up to an unknown scale
i — the pizel measurement u; pictures the 8D point a; after it is transformed to the camera frame
according to the camera pose (R,t). While the model on the left is already linear, on the right-
hand side we algebraically eliminated the scale factors A\; and obtained a lower-dimensional linear
measurement model by multiplying both sides by the orthogonal projector [u;]x = Iz — uiu;r, which is
such that [u;]|xu; = 0. The absolute pose estimation problem arises in camera localization in known
scenes and object pose estimation from camera images, see e.g., [101, 102, 103].

Two remarks are in order. First, we observe that while the adoption of the linear model in (3)
with variables in X might seem an obvious choice, this has not necessarily been the go-to approach
in robotics and vision. In many cases, researchers still prefer non-linear measurement models over
Euclidean space,” rather than a linear model over the semi-algebraic domain X, since the former
leads to unconstrained nonlinear least squares problems that can be quickly solved by local solvers
when an initial guess is available [9]. The second remark is that —in the outlier-free case— all
the geometric perception examples in this section can be considered solved; in particular, rotation
search and 3D registration admit a closed-form solution [8]; absolute pose estimation can be solved
globally using Grobner basis [101]; 3D-3D category-level perception can be solved via a tight convex
relaxation [100]. On the other hand, some of these problems remain challenging in the presence of
outliers and are still the subject of active research, see [53, 1, 100] and the references therein.

We conclude this section with an assumption that is required for the theoretical analysis and
practical performance of the machinery used in this monograph, i.e., moment/sum-of-squares
relaxations.

Assumption 2 (Explicitly bounded domain). In this monograph we assume that the domain X is
explicitly bounded (or Archimedian), meaning that it contains a constraint in the form ||z|3 < M2
for some finite constant M, > 0.

This assumption is typically not restrictive since many geometric variables already belong
to bounded sets. For instance, rotations R € SO(3) satisfy ||vec(R)H§ = 3; the shape vector
in Example 3 is typically assumed to belong to the probability simplex, hence it satisfies HcHg <1
finally, translations can be assumed to be bounded since the sensors producing the measurements in
the examples above have finite range.

4 Preliminaries on Moment Relaxations and Sum-of-Squares Proofs

This section reviews the three main ingredients of modern techniques for outlier-robust estimation:
semidefinite programming, moment relaxations, and sum-of-squares proofs. In the next sections,
we will use these concepts to state outlier-robust estimation algorithms (using moment relaxations,
which lead to relaxing our estimation problems to tractable semidefinite programs) and to analyze
their performance (using sum-of-squares proofs). We keep this presentation short and pragmatic,
and refer the interested reader to the appendix and to specialized references [104, 41, 49| for details.

Notation. We use lowercase characters (e.g., y) to denote real scalars, bold lowercase characters
(e.g., y) for real (column) vectors, and bold uppercase characters (e.g., A) for real matrices. I
denotes the identity matrix of size d x d, 14 denotes the vector of ones of size d, 0 denotes the
all-zero vector or matrix of appropriate size. The symbol ® denotes the Kronecker product. For a

"For instance, one can parametrize a rotation using Euler angles (or a tangent-space representation), which makes
the corresponding measurement models nonlinear, but allows treating the variables as unconstrained quantities.
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square matrix A € R4 tr(A) & Zgzl ai; denotes the matrix trace. For A, B € R™*4 (A B) £
tr (ATB) =3Y", 2?21 A;jB;j denotes the usual inner product between real matrices. [A, B] and
[A B] denote the horizontal concatenation, while [A; B] denotes the vertical concatenation, for
proper A, B. For a vector v, we use ||v|;, ||v]|,, and |lv|, to denote the ¢1, {2, and ¢ norm of
v, respectively. For a € R, the symbol [a] returns the smallest integer > a. We use S¢ to denote
the space of d x d real symmetric matrices, and Si (resp. S‘i ) to denote the set of matrices in S"”
that are positive semidefinite (resp. definite). We also write X = 0 (resp. X > 0) to indicate X is
positive semidefinite (resp. definite). We denote with N the set of natural numbers (nonnegative
integers), and for a given m € N with m > 1, we use the notation [m] = {1,...,m} to denote the
set of indices from 1 to m. For a finite set A, |.A| denotes the cardinality of .A. Finally, 14 € {0;1}"™
is the indicator vector of the set A C [m], whose i-th entry is 1 if i € A or zero otherwise.

4.1 Semidefinite Programming

The algorithms discussed in this monograph require solving large semidefinite programs. A semidefi-
nite program is a convex optimization problem and can be solved in polynomial time by off-the-shelf
optimization solvers, e.g., [105, 106]. More formally, a multi-block semidefinite programming (SDP)
problem is an optimization problem in the following primal form [107]:

min {(C,X) | A(X)=0b, X >0}, (SDP)

X eXsgp

where the variable X = (X71,..., X)) is a collection of | square matrices (the “blocks”) with X; €
R%*di for j = 1,...,1 (conveniently ordered such that d; > ... > d;); the domain Xsdp £ Shx. . . xS%
and the constraint X > 0 restrict the matrices to be symmetric positive semidefinite. The objective
is a linear combination of the matrices in X, i.e., (C, X) = 25:1 (Ci, X;) (for given matrices
C; €S%,i=1,...,1). The problem includes independent linear constraints A(X) = b, where:

A(X) 2 Z<A11,X1> N

=1 =1

l l
<Azm7Xz> € Rm, (8)

for given matrices Aj;; eS% i=1,...,1,and j=1,...,m, and a given vector be R™.
4.2 Polynomial Optimization and Lasserre’s Hierarchy of Moment Relaxations

Our interest towards polynomial optimization stems from the fact that the outlier-robust formulations
discussed in Section 1, i.e., (LTS), (MC), and (TLS), can be written as polynomial optimization
problems when the measurement model is linear (or, more generally, polynomial) and « belongs to a
basic semi-algebraic set. Moreover, as we will see in this section, Lasserre’s hierarchy of moment
relaxations provides a systematic approach to relax polynomial optimization problems (which in
general are hard to solve) into semidefinite programs (which can be solved in polynomial time). Indeed,
the tools covered in this section already provide a fairly general template to design outlier-robust
estimators for geometric perception and have been used in recent works [30, 33, 1, 34, 35].

Polynomial optimization. Given a vector = [z1; z2; ... ; 24,] € R%  a monomial in x is a
product of x;’s with nonnegative integer exponents (for instance x%%x% is a monomial). The sum of
the exponents is called the degree of the monomial (e.g., the monomial x%xg)x% has degree 6). A real
polynomial p(x) is a finite sum of monomials with real coefficients. We shorthand p in place of p(x)
when the variable x is clear from the context. The degree of a polynomial p, denoted by deg (p), is
the mazimum degree of its monomials. The ring of real polynomials is denoted by R[x].
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A polynomial optimization problem (POP) is an optimization problem in the form:

hi(a:):O,z':l,...,lh}7 (POP)

seRdx gi(x) >0,7=1,...,1

o i o

where p, h;, gj € Rlz]. Problem (POP) is hard to solve in general [104] (e.g., hard combinatorial
problems with binary constraints x; € {0,1} can be written in the form (POP) by imposing
:c? =ux;, i =1,...,dy), but it admits a well-studied convex relaxation that we review below.
Lasserre’s hierarchy of moment relaxations [104, 25, 108]. We denote with [z], the
vector of monomials of degree up to r. For example, if @ = [z1; 23] and r = 2, then [x]y =
(15 21; w25 23 ; m122; 3], The dimension of [z], is d, £ (4=+"). With [],, we form the so-called
moment matriz Xa, = [x].[z]}. For instance, for £ = [z1; 2] and 7 = 2 (cf. [x]2 above)®:

2 2
1 T T9 7 T1To T5
X1 Z‘% 12 1‘? QZ‘%’EQ Ill‘%
2 2 2 3
A T_ X2 X1 x5 T1T2 X175 Ty
Xy = [z]2[z]y = 22 T 24 23p. 2222 |- 9)
1 1 142 1 142 142
12 m%xg 1‘137% .'L'?.TQ .’E%SIL‘% .%'133%

x5 mazd a3 2323 wad )

By construction, X, is positive semidefinite and has rank (Xs,) = 1. Moreover, the set of unique
entries in Xo, is simply [x]o,, i.e., the set of monomials of degree up to 2r (these monomials appear
multiple times in Xo,, e.g., see x1x2 in eq. (9)). Therefore, a key fact is that —for a suitable matriz
A~ the linear function (A, Xo,) can express any polynomial in x of degree up to 2r.%

The key idea of Lasserre’s hierarchy of moment relaxations is to (i) rewrite (POP) using the
moment matrix Xo,, (ii) relax the (non-convex) rank-1 constraint on Xy, (and only enforce Xs, > 0,
which is a convex constraint),'” and (iii) add redundant constraints that are trivially satisfied
in (POP) but still contribute to improving the quality of the relaxation. This leads to a convex
semidefinite program in the form (SDP) (the interested reader can find a more detailed derivation
in Appendix A), which can be conveniently solved in polynomial time:

m* 2 min {(C,X)|AX)=b, X =0}. (LAS,)

X €Xeap
One can solve the relaxation for different choices of r, leading to a hierarchy of convex relaxations;
r is typically referred to as the order of the relaxation. The importance of Lasserre’s hierarchy lies
in its stunning theoretical properties: when the set defined by the constraints is explicitly bounded
(Assumption 2), then Lasserre’s relaxation (LAS,) can be proven to compute a solution to the

8Contrary to [30], we use the subscript 2r instead of r for the moment matrix computed as [x].[x]]; we believe
this notation is more intuitive (the moment matrix contains monomials up to degree 2r) and is more consistent with
the standard definition of pseudo-distributions, as we will see in Appendix B.

9For instance, we can write the polynomial 5z% + 0.3z + 4z323 + 23 as (A, Xo,) with:

00 0 0 00
000 52 00
000 0 00
A‘ogoo.302 (10)
000 0 00
000 2 01

10Asshownin Appendix B, relaxing the rank constraint converts the moment matrix into a pseudo-moment matriz.
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original (POP) when r — oo, and —under further technical conditions— the relaxation computes a
solution to (POP) for some finite r [108, 109]. In practice, the dimension of Xy, quickly grows for
increasing r, hence solving the SDP (LAS,) is only practical for small relaxation orders . Therefore,
it would be interesting to see if we can compute a good approximation of the solution &* of (POP)
from the solution of the moment relaxation at some small r. We expand on this point below.
Rounding and a posteriori guarantees. How can we estimate a “good” solution for (POP)
and assess its quality using (LAS,)? Given a solution X* to (LAS,) (again, computable in polynomial
time) for some small relaxation order 7, one can extract a feasible (but possibly suboptimal) estimate
& for (POP), using a rounding procedure; for instance, we can extract the entries of X* corresponding
to x, which we denote as X [*w] (cf- (9), where we can extract X [’;} = [x1; 22| from the first column
of the matrix), and then project the corresponding vector to the set X. The rounding procedure
is often problem dependent, but it is straightforward to implement in the geometric perception
problems considered in this monograph, where projecting to the feasible set (POP) is easy (e.g.,
given a generic 3 X 3 matrix, it is easy to project the matrix onto the set of 3D rotations, see [4]).
Interestingly, checking the quality of the estimate & a posteriori (i.e., after solving the moment
relaxation) is also easy: if we call p = p(&) the objective attained by & in (POP), it holds:

m* < p* < p, (11)

where the first inequality follows from the fact that (LAS,) is a relaxation, while the second follows
from the fact that p* is the optimal (lowest) cost over the feasible set of (POP) and & is feasible
for (POP). Since we can compute m* after solving the relaxation (LAS,) and we can also compute
p after rounding, we can use (11) to bound the suboptimality of & (i.e., from (11), we can bound the
suboptimality gap of & as p — p* < p —m*) and understand how far is & from an optimal solution.
Moreover, if p = m*, the inequalities (11) become tight, and we can conclude that p = p* and @ is
indeed an optimal solution. This a posteriori checks are at the basis of the certifiable algorithms
proposed in robotics and vision [30, 33, 1, 34, 35|, which first reformulate robust estimation as
a (POP) and then apply the following algorithmic workflow:

) di . .
(POP) moment relaxation (LAS,) SDP solver. (X*,m?) rounding (&) certification b 2o

(12)

where the last step is to certify optimality of & whenever p = m*. In practice, what is making the
works [30, 33, 1, 34, 35] (as well as the previous work on outlier-free estimation, e.g., [7, 110, 13, 111,
46|) compelling is the empirical observation that the moment relaxation is tight (meaning p = m*)
in many practical problems for » = 1 or r = 2, hence the workflow above allows computing optimal
solutions to (POP) efficiently in practice. Moreover, the certification step can be directly used in
practice, e.g., a robot can trust an estimate if it is certified as optimal or discard it (or at least
handle it more carefully) if no optimality certificate is obtained.

What about a priori guarantees? The a posteriori guarantees above can only be obtained
for a given problem and input data after solving the corresponding relaxation, and for a specific
choice of rounding. Moreover, the empirical observation that the relaxation is often tight seems to be
a deus ex machina and unexpectedly solve a provably hard problem. Therefore in this monograph
we are interested in a priori guarantees. How can we theoretically justify the empirical performance
of the moment relaxation for geometric perception? Can we characterize the input data for which
we expect to obtain good relaxations and rounded estimates close to the ground-truth variable we
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are trying to estimate? These questions are of practical relevance, since answering these questions
(i) would enable a better understanding of the conditions under which the perception system of a
robot is expected to work well, and (ii) would allow the design of novel perception front-ends that
can produce measurements that are more likely to lead to good estimates.

Providing a priori guarantees would be easy for very large relaxation orders, i.e., r — oo, since in
this case the solution of (LAS,) can be proven to retrieve the solution of (POP) (see Appendix A).
However, here we want to provide a priori guarantees for very small r. In robotics and vision, such
guarantees have only appeared for specific problems |7, 46, 34, 36]. However, it would be desirable
to have a more general language to discuss properties of moment relaxations for small relaxation
orders r. Luckily, the sum-of-squares proofs system, described below, provides such a language.

4.3 Sum-of-Squares Proofs

Sum-of-squares (sos) proofs provide an advanced way to reason about polynomial constraints and to
infer properties of the moment relaxation introduced above. Here we want to give some intuition
about the sos proof system, and we postpone a more formal introduction to Appendix C.

Why do we need to reason about polynomial constraints? Let us start with some intuition
and motivation, before formalizing the concept of sos proof. Assume that we rephrased one of the
problems presented in the introduction, e.g., (TLS), as a (POP) and obtained the corresponding
moment relaxation (LAS,). We then solved (LAS,) to obtain a solution matrix X* (later, we are
going to call this object a “pseudo-moment matrix”). Now, we would like to infer that X™* satisfies
some property of interest; for instance, in our estimation problems we may want to ensure that for
some suitable linear function £(-), the following holds:

I£(X™) =25 <, (13)

which states that the estimate £(X*) computed from X* is within a distance 7 from the ground-truth
x°. The sos proofs system does exactly that: it provides a systematic way to conclude that the
solution of the relaxation of a system of polynomial constraints, such as the constraints in (TLS)
(let us call these polynomial constraints .A) also satisfies a desired polynomial relation, e.g., (13) (let
us call this polynomial constraint B). The key idea is that if we can provide an sos proof that A
“implies” B, a novel type of proof that we introduce below, then a moment relaxation of A will also
satisfy B. Note that (13) is only an example of implication we might be attempting to prove, while
in general, we might try to prove other (polynomial-expressible) properties of the moment relaxation.
What is an sos proof? First of all, we recall that a polynomial p(x) is sum-of-squares (sos)
if there exist polynomials ¢;(),...,q/(x) such that p = ¢? + ... + ¢?. Now consider a system of
polynomial constraints A(x) = {fi(x) >0, fa(x) > 0,..., fr(x) > 0} for some given polynomials
fi(x), i € [m], and the inequality g(x) > 0 (for some polynomial g(x)). We are then interested in
defining a proof that A(x) implies g(x) > 0, i.e., any x that satisfies A(x) is such that g(x) > 0.

Definition 3 (Sum-of-squares proof). Given a system of polynomial constraint A and a polynomial
g, a sum-of-square (sos) proof that the system A implies g > 0 consists of sum-of-squares polynomials

{ps}scim) such that:
g= > ps-][f (14)

SC[m] €S

We say that the proof has degree k if for every S C [m], deg (ps - [[;cs fi) < k where deg(-) denotes
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the degree of a polynomial. We use the notation:

A@) b {glx) >0} or  {fi(x) >0,..., fu(z) > 0} & {g(x) > 0} (15)

to denote that there is a proof of degree at most k of the fact that A= {f;(x) > 0,..., fm(x) > 0}
implies g > 0 (i.e., any x that satisfies A(x) is such that g(x) > 0). We omit the variables and
write A(x) Iﬁ {g(x) > 0}, when they are clear from the context. Moreover, we write

& {g(z) > 0} (16)

if there is a sum-of-squares proof that g(x) > 0 for any © € R% (i.e., g(x) is sum-of-squares).

From eq. (14), it is clear why the polynomials pg are a “proof” of g > 0 for any « satisfying A:
for any x € A, [[,cs fi > 0 by definition, hence if we can write g as the product of a sum-of-squares
(hence non-negative) polynomial and [], s fi, we automatically prove that g > 0 whenever = € A.
We note that the existence of an sos proof is a sufficient condition for the fact that g(a) > 0 whenever
A(x) is satisfied. However, it is not a necessary condition, in that there might be valid relations that
cannot be proved using sos proofs. For instance, while the polynomial p(x) = z{x3 + 2224 + 1 — 32222
(the Motzkin polynomial, see [48, p. 59]) is such that p(x) > 0 for all £ € R?, it is not possible to
develop an sos proof for such a fact, since p(x) is not sos [48, p. 59]. In other words, the sos proof
system is more stringent than the traditional proofs we might be used to, and properties that hold
with traditional proofs might not hold in the sos sense. At the same time, if we are able to derive an
sos proof we can obtain strong guarantees for our moment relaxations, and existing results reassure
us that all relevant properties of moment relaxations can be proven via sos proofs (see Appendix C).

How to derive an sos proof? Sum-of-squares provide a proof system to reasons about
polynomial constraints. For instance, imagine that our goal is to derive a proof that A implies
g > 0. In a traditional mathematical proof system, we might first prove that A implies ¢’ > 0 (for
some other polynomial ¢’) and that g > ¢, to finally conclude that A implies g > 0. Similarly, the
sos proof system provides a systematic mechanism to derive this chain of implications, but with
more stringent rules compared to the ones we are typically used to in robotics and vision. For
instance, we have already observed the fact that p(x) > 0 for some degree k polynomial does not
necessarily imply that there is a sum-of-squares proof % {p(x) > 0}. Similarly, for some polynomial
constraints A and polynomials ¢/(z) and g(x) such that g(x) > ¢'(x) for every & € R% the fact
that A I% {¢'(x) > 0} does not necessarily imply that .4 I% {g(x) > 0}, since the latter fact might
not admit a sum-of-squares proof. In this sense, the sos proof system is more restrictive than the
typical algebraic manipulation we are used to. Fortunately, previous work provides a toolkit of
inference rules that can be used to correctly reason in the sos proof system. We collect a set of “sos
rules” in Appendix C, mostly drawing from [37, 15, 112, 113, 114].

How to use sos proofs? Assume we were able to derive a proof that A(x) % {g(x) > 0}.
Then, the key fact that we mention here informally, and formalize in Appendix C, is that any
pseudo-moment matrix that satisfies a moment relaxation of A also satisfies a moment relaxation
of g > 0.!' This fact will be instrumental in proving that the solution of the moment relaxations
of (LTS), (TLS), and (MC) have to satisfy some desirable properties, and will be key to deriving the
error bounds we present below. The sos proof system has found extensive applications in algorithmic

1We will need some extra notation to make this claim more precise, and postpone those details to Appendix C.
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statistics (tracing back to the seminal paper [115]), leading to the so called “proof to algorithms’
paradigm, where the proof system directly suggests tractable algorithms to solve a problem.

The reader should be able to follow the rest of this monograph without reading the appendices,
whose material is mostly useful to support the technical proofs and for a more rigorous introduction
to the material informally reviewed in this section. At the same time, we invite the reader to use
Appendix A to Appendix C as an accessible introduction to the world of moment relaxations and sos
proofs: in those appendices, we attempt to bridge the advanced presentation that is typically found
in statistics papers and books with the more familiar optimization lens used in robotics and vision.

5 Estimation Contracts: Problem Statement

This monograph is concerned with the following problems.

Problem 1 (Outlier-robust estimation in geometric perception). Estimate x° € X (where X is a basic
semi-algebraic set) given n measurements (y;, A;), i € [n], such that a subset of an measurements
(the inliers) follows the measurement model:

yi=Alz° +e, with y, €¢RY and z°cXCR%, (17)

with ||€||, < € (for a given noise bound ¢) and the remaining Sn measurements (the outliers, with
B =1—«) are arbitrary (and possibly adversarially chosen).

Problem 2 (Estimation contracts). For each algorithm developed to solve Problem 1, provide condi-
tions on the inliers such that the resulting estimate is guaranteed to be close to the ground truth x°.

As discussed in Section 3 (and further stressed in Section 9 below), Problem 1 arises in many
geometric perception applications. Our main focus in this monograph will be on designing estimation
contracts (Problem 2): rather than proposing radically new algorithms for Problem 1, we review
existing algorithms (possibly with small modifications), and then derive suitable conditions under
which those algorithms are guaranteed to return good estimates.

Section 6 below studies the low-outlier case, where 8 <« 0.5. There, we review algorithms
to attack Problem 1 based on moment relaxations of (LTS), (MC), and (TLS). Then, for each
algorithm, we provide estimation contracts.

Section 7 studies the high-outlier case, where # > 0.5. In such a case, a sound algorithm must
return multiple estimates and our estimation contracts derive conditions under which at least one of
the returned estimates is close to the ground truth. The results we present are an adaptation to the
geometric perception setup of the recent work on list-decodable regression by Karmalkar et al. [37].

6 Estimation Contracts for Low Outlier Rates

This section provides estimation contracts for (LTS), (MC), and (TLS) for problems with low-outlier
rates (i.e., 8 < 0.5). We start by deriving some naive contracts for (MC) and (TLS) in Section 6.1:
these naive results only use basic manipulations and do not rely on any of the machinery presented
above; at the same time, their derivation shares several insights with the more advanced contracts
we provide in the subsequent sections and motivates the need for the machinery in Section 4.
Then, Section 6.2.1, Section 6.2.2, and Section 6.2.3 present more advanced estimation contracts
based on sos proofs for (LTS), (MC), and (TLS), respectively.
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6.1 A Posteriori (Naive) Estimation Contracts for (MC) and (TLS)

Here we develop two simple results for (MC) and (TLS) that quantify the distance of an optimal
solution of the two problems from the ground-truth parameter x°. These results are straightforward
to prove, but have several shortcomings that we discuss in Remark 7 at the end of the section.

Before presenting the results in this section, we need to remark that in all the estimation problems
considered in Section 3, we cannot reconstruct the unknown x° from a single measurement, but we
rather need a sufficiently large subset of measurements.

Definition 4 (Nondegenerate and minimal measurement set). A set J of measurements is nonde-
generate if the following optimization problem admits a unique solution:

min
zeX Z ‘
1eJ

A nondegenerate set of minimal size d is called a minimal measurement set.

2
Yi —AiTwH2. (18)

Characterizations of the minimal sets for common geometric perception problems are well known
in the literature. Indeed, a subfield of computer vision is specifically concerned with the design of
manimal solvers, which compute an estimate @ from a minimal set of measurements.'> For instance,
the rotation search problem and the 3D registration problem in Section 3 require at least d = 3
non-collinear 3D point measurements for the resulting estimate in (18) to be unique.

The following proposition provides our first estimation contract, which establishes when an
optimal solution of (MC) is close to the ground truth x°.

Proposition 5 (Low-outlier case: a posteriori estimation contract for (MC)). Consider Problem 1
with measurements (y;, A;), i € [n], and assume the measurement set contains an > ”T‘Hi inliers,
where d is the size of a minimal set. Moreover, assume that every subset of d inliers is nondegenerate.

Then, for any integer d.; such that d < dy < (2a — 1)n, an optimal solution xypc of (MC) satisfies

2 djé

. )
M7 cTye,|T|=dy Tmin(Az)

(19)

|zmc — 2°|, <

where Iyc 1is the set of inliers selected by (MC), A7 is the matriz obtained by horizontally stacking all
submatrices A; for alli € J, and omin(-) denotes the smallest singular value of a matriz. Moreover,
if the inliers are noiseless, i.e., € =0 in eq. (17), and ¢ = 0, then xymc = =°.

We report the proof here (while all other technical proofs are postponed to the appendix) since the
structure of the proof is quite enlightening in its simplicity. Indeed, we will see that this simple proof
shares many insights with the proofs of more advanced results presented later in this monograph.

Proof. Given an optimal solution (&mc, wmc) of problem (MC), let us call Z and Zyc the true inliers
and the set of measurements selected by (MC) (i.e., Iuc = {i € [n] : wmc,; = 1}), respectively.
Recall that the proposition assumes |Z|= an > ”T*d. We prove the result in two steps.
(i) The solution of (MC) captures enough inliers. We denote with 17 the indicator vector

of the set Z, i.e., the n-vector that has the i-th entry equal to 1 if ¢ € Z or zero otherwise. We then

12The popularity of minimal solvers stems from their extensive use in outlier rejection schemes, such as RANSAC [51].
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note that (x°,17) is a feasible solution for (MC) and attains a cost awn. Therefore, by optimality of
(xmc, wmc), it follows |Zyc|> an. Since |Z|= an and |Zyc|> an then:

. : d
sets overlap in [n] using anz%

T ST
7 N Zc| > 2a-1n > 4 (20)

i.e., the measurements selected by (MC) must include at least (2a — 1)n > d inliers.

(ii) The inliers captured by (MC) bound the estimation error. Let us pick any subset J
of the set Z N Zyc, such that |J|= d_7, for any choice of integer d7 such that d < ds < (2a — 1)n.
Note that both ° and xpmc are feasible for (MC) over J, hence:

2

<& = ‘

,SE=2
i€J

2
Yi — A;erCH2 <ds &= Hyj - AT7$MCH2 <Vdge, (22)

2
yi—A;raco yi—A;ra:" dij & = Hyj—A}mo

max ‘

<+/d7e (21
eJ 2 jc()

max )

2
P
ieg |Yi T Emc]ly = Z
iedJ

where y 7 and A} vertically stack all the measurements y; and matrices A;r forie J.
Now we observe that the mismatch between xpc and x° after multiplying by A} must be small:

adding and subtracting y 7

o =~ o
| 4T @we =) = |ws - a%e) - (o - ATamc) |, 23)
triangle inequality using (21)-(22)
=~ =~
S Y TR O Y T

Recalling that for a matrix M and vector v, |[Mwv|y > omin(M) ||v||y, where omin(M) is the
smallest singular value of M:

| AT @ 27, = onin(AT) lleme - 2], (25)

Combining (25) and (24): H < SNZET: o)
v — x°||, < ———.
2 O'min(A})
Since we do not know which subset J was selected by (MC), we choose the set J of cardinality d s
attaining the smallest singular value across the set of inliers selected by (MC), yielding the desired
result for the case of noisy inliers. In the case of noiseless inliers and ¢ = 0, (21)-(22) hold exactly,
e, Yyg — A}wo =0and ys — A}mMc = 0 and both x° and xpmc attain the minimum (with zero
cost in this case) of (18). However, from the non-degeneracy assumption, problem (18) admits a
unique minimizer, hence xpmc = x°, which concludes the proof. |

The proof of Proposition 5 involves two steps: (i) we proved that the solution of (MC) must
capture a sufficient number of true inliers (i.e., there must be enough overlap between the set of
measurements selected by (MC) and the true inliers), (ii) the fact that the solution xmc has to be
consistent with the true inliers forces the estimation error to be small. In the noiseless case (¢ = 0),
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Figure 1: Plane fitting with 9 inliers (green 3D points) and 6 outliers (red 3D points). True plane is
shown in black, while the plane computed by (MC) is shown in red. When the estimation contract
n+d

in Proposition 5 is violated, (MC) may fail to recover the variable ° even when given "3 inliers.

the proposition predicts that xpc = x° as long as there are at least %‘{ (nondegenerate) inliers.!3

The noisy bound in (19) holds for any choice of integer ds between d and (2a — 1)n. As we will see
in Section 8, larger values of d 7 lead to better bounds but are harder to compute (due to the need
to search over all possible subsets of measurements of size d 7).

Fig. 1 stresses the key role of nondegeneracy in the estimation contract in Proposition 5. The
figure shows a simple linear regression problem in 3D where we need to fit a plane given 3D points
belonging to the plane. In particular, we are given a set of 15 measurements with 9 inliers and 6
outliers. While the set of inliers has size %i =9 (which satisfies one requirement in the proposition),
there are subsets of degenerate points (in particular, the 4 collinear points at the intersection
between the two planes). In this case, (MC) will produce the estimate in red, which is far from the
ground truth (black plane). Intuitively, degenerate sets of measurements can be easily “stolen” by an
adversary since they are compatible with multiple estimates of @ (including estimates far from x°).

A result similar to Proposition 5 can be proven for (TLS).

13While still easy to prove, in the case of noiseless inliers and & = 0, the result &mc = «° does not directly follow as
2,/ds ¢

a consequence of the noisy bound |@mc — z°||, < Py : in the noiseless case the singular value
CImc

T |=d g “min(A )
Omin(A ;) might become zero for any subset J (since the ground truth might be in the null space of AT, of. (6)
and (7)), therefore both the numerator (in particular, ¢) and the denominator of the noisy upper bound go to zero.
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Proposition 6 (Low-outlier case: a posteriori estimation contract for (TLS)). Consider Problem 1
with measurements (y;, A;), i € [n], and denote with v° the squared residual error of the ground truth

. . . A 2
x° over the set of inliers T, i.e., 7° =3, 7 Hyz — AiTwOH2. Moreover, assume the measurement set

contains at least %‘j + 'Ey—; inliers, where d is the size of a minimal set, and that every subset of d

inliers is nondegenerate. Then, for any integer d such that d < dy < (2a — 1)n — g—;, an optimal
solution xtLs of (TLS) satisfies

2V/dg ¢ (27)

|zTLs — 2°||y < — ;
MIN 7Ty 6|7 |=d s min(Az)

where Itis is the set of inliers selected by (TLS), A7 is the matriz obtained by horizontally stacking
all submatrices A; for alli € J, and omin(+) denotes the smallest singular value of a matriz. Moreover,
if the inliers are noiseless, i.e., € =0 in eq. (17), and for a sufficiently small ¢ > 0, T s = x°.

While Proposition 5 and Proposition 6 allow us to gain intuition about the problem, the
applicability of these estimation contracts is limited, as we discuss below.

Remark 7 (A posteriori estimation contracts). The estimation contracts in Proposition 5 and Propo-
sition 6 refer to the optimal solutions of (MC) and (TLS), respectively. However, both problems are
NP-hard [28, 29], hence computing optimal solutions is difficult in general. We can still apply these
contracts as follows. Assume that we solve (MC) and (TLS) using the moment relaxation described
in Section 4 (see also [30]) and that the relazation produces a certifiably optimal result (cf. the work-
flow (12)); then, such a certifiably optimal solution would still enjoy the guarantees in Proposition 5
and Proposition 6. However, since we can only check optimality a posteriori (and only apply these
contracts when the relaxation is tight), we call these contracts “a posteriori” estimation contracts.

In practice, we would like to have more general performance guarantees regardless of the tightness
of the moment relaxation. Luckily, the sos proof machinery we introduced in Section 4 does exactly
that: it allows inferring properties of the solution of moment relaxations, regardless of its tightness.
Using such a machinery, we can derive “a priori” estimation contracts as shown below.

Remark 8 (Approximation Bounds for Inapproximable Problems?). We have already observed that
common robust estimators have been proven to be NP-hard [20, 29], and recent results [28, 29] have
concluded that (MC) and (TLS) are inapproximable, i.e., it is not possible to find constant-factor
approrimation bounds in the worst case. Therefore, our pursuit of a priori performance guarantees
might seem to start off on the wrong foot. The key insight behind the results we are going to
discuss below is that while (MC) and (TLS) are intractable in the worst case (i.e., there are unlucky
problem instances where polynomial-time algorithms cannot retrieve “good” solutions), we can identify
properties of the input data (e.g., hypercontractivity, anti-concentration, see Section 6.2 below) that
rule out those worst-case instances and enable the computation of performance bounds.

6.2 A Priori Estimation Contracts for (LTS), (MC), and (TLS)

In the rest of this monograph we develop “a priori” estimation contracts, which establish conditions on
the input data such that certain algorithms based on moment relaxations of (LTS), (MC), and (TLS)
are able to compute an estimate for Problem 1 which is provably close to the ground truth x°.
The philosophy is quite different from the typical work done in robotics and vision. While in
those fields, one is typically concerned with the distribution of the measurement noise € in (3), here
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we are concerned with both the measurement noise and the distribution producing the matrices A;
in (3)."* One for instance might assume the entries of the measurement matrices to be sampled
from a zero-mean Gaussian and study the behavior of an outlier-robust estimator. The importance
of these matrices for outlier-robust estimation should already be apparent from the statements
of Proposition 5 and Proposition 6. In the following, we write A to denote a matrix random variable,
while A;, i € [n], are the realizations of such a random variable. Moreover, we denote with 7 the
distribution producing the matrices A;, ¢ € [n] for the inlier measurements (note the tilde, which we
use to distinguish the distribution of the inliers from the inlier set Z C [n], cf. Proposition 5).

In this context, we hope to make the least restrictive assumptions on Z; in other words, we would
like our estimators to be guaranteed to work well for a broad class of distributions that generate
the input data. Moreover, we want to restrict any assumptions to the inliers, while the mechanism
generating outliers can be arbitrary. In particular we will consider two large families of distributions:
certifiable hypercontractive and certifiable anti-concentrated distributions, which we introduce below.
These definitions are based on [15, 37|, but we extend both to be defined over matrices.

Definition 9 (Certifiable hypercontractivity for matrices, adapted from [15]). For a function
C : [k] = Ry, we say that a distribution T over matrices A is k-certifiably C-hypercontractive if for
every t < k/2, there is a degree k sum-of-squares proof of the following inequality in variable v

s [[lame]}] < cwr (s [Jame]l]) (29

We say that a set of matrices A;, i € I, is k-certifiably C-hypercontractive if the uniform distribution
over the set is k-certifiably C-hypercontractive, i.e.,

(s larel}) = (g Sl

We remark that certifiable hypercontractivity not only requires (28) (or (29)) to be satisfied, but
also requires this fact to have a sum-of-squares proof (see Section 4). Hypercontractivity essentially
requires controlling the moments of HAT’U‘ o> Or, in the case of (29), it bounds the 2t-norm of the
vector with entries HAiTvH2 with respect to the 2-norm. In the proofs, this property will be used to

t
. (29)

bound terms such as HAT(:B —x°) Hz for some x, an aspect that was also key to proving Proposition 5
and Proposition 6 (c¢f. with eq. (25)). What makes certifiable hypercontractivity interesting is the fact
that a large class of distributions satisfies this property, including Gaussians, product of distributions
with sub-gaussian marginals, and uniform distributions over the boolean hypercube [116]. Moreover,
in Section 8 we show that this property is empirically satisfied in many real problems. Finally, we
note that, given a set of matrices A;, i € Z, we can easily check if (29) is satisfied (for a given t),
since one can check if the polynomial expression (29) (in variable v) is sum-of-squares in polynomial
time using semidefinite programming (see Section 8, Appendix C, and [48, chapter 3]).

While we use hypercontractivity in Theorem 12, in most of the monograph, we will use a stronger
assumption on the inlier distribution, known as certifiable anti-concentration. Since this property
is more involved, we first introduce the concept of anti-concentration, and then provide its sos
counterpart, i.e., certifiable anti-concentration. Both Definition 10 and Definition 11 are based
on [37] and extend the corresponding definitions to work with matrices (rather than vectors).

4While these matrices are considered given in robotics and computer vision applications, we can imagine they are
generated by sampling from a distribution.
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Definition 10 (Anti-concentration for matrices, adapted from [37]). A zero-mean random matriz
A € R%*dy hgs g §-anti-concentrated distribution if P (HAT'0H2 = 0) < § for all non-zero v.

In the technical proofs, we are going to apply these properties to terms such as HAlT(:I; —x°) H2
and anti-concentration is essentially asking that any mismatch vector (z — x°) remains “visible” (with
some probability) after mapping it through AiT; similarly to the proof of Proposition 5, this will
allow us to bound |l — z°l|, given a bound on |A] (x — °)||,. Anti-concentration is also related
to the probability of sampling a set of matrices A;, i € Z, such that [A]; AJ; ... ; A|TI|] is not full
rank. In this sense, it is connected to the notion of non-degeneracy and to the results in Section 6.1
(e.g., if a matrix is not full rank, its smallest singular value is zero, ¢f. Proposition 5).

The sos version of Definition 10 reads as follows.

Definition 11 (Certifiable anti-concentration for matrices, adapted from [37]). A random matriz A
has a k-certifiably (C, 0, M )-anti-concentrated distribution if there is an even univariate polynomial p

satisfying p(0) = 1 such that there is a degree k sum-of-squares proof of the following two inequalities:*>
2

Yov , ’ATvH2 < 6% implies p? (HATvH2> > (1-96)2 (30)

Yo, |[ol2 < M2 implies ||v||>E [pZ (HATvHQ)} < C5M2. (31)

A set of matrices A;, i € L, is k-certifiably (C,d, M )-anti-concentrated if the uniform distribution
over the set is k-certifiably (C,d, M)-anti-concentrated, i.e.,

Yo, ‘AzT'sz < 6% implies p* (HA;FU‘L) > (1—6)2, (32)
Vo, [ol2 < M2 implies ||v||2.’11‘§ P’ (HAiTvHQ) <C§ M2 (33)

The connection between Definition 10 and its sos counterpart in Definition 11 is not immediate,
so a few comments are in order. First, let us consider the probability in Definition 10 and observe

that by definition, for any given ¢ > 0, P (HAT'UH; < 62> = []1<HATUH§ < 62)], where E [] is
the standard expectation and 1(-) denotes the indicator function, which is such that, for a boolean

condition a, 1(a) = 1 if the condition is satisfied or zero otherwise. Ideally, we would like to just
define certifiable anti-concentration to be satisfied when there is an sos proof for:

IP’(HATsz <52) —E [ﬂ(HATUHz <52>} <. (34)

Unfortunately, the indicator function is not a polynomial so such a requirement would not make sense.
Therefore, the insight behind Definition 11 is twofold. First, we require the existence of a polynomial
p that “behaves” like the indicator function (cf. conditions (30) and (32)): this polynomial is required
to be close to 1 (i.e., close to the indicator function) whenever the input is smaller than a threshold.
Second, we impose such a polynomial to satisfy an anti-concentration bound similar to (34) (cf.
conditions (31) and (33)). Intuitively, the right-hand-side inequality in (33) prevents that vectors

5We remark that p (HATvHQ) in eq. (30) is also a polynomial function of the vector AT since p is an even
polynomial, hence it only includes monomials of even degree which can be written as a function of the polynomial
HATsz; the same observation holds for p (HAZTvHQ) in eq. (32) with respect to A]v.
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with large norm ||v|| produce small HAzT'UHQ’ since that would in turn make p? (HA;I—’UHQ) large, hence
violating the inequality. Certifiable anti-concentration will allow us to control the norm ||z — x°||,
from the norm of A (x — x°), similarly to what we did in the proofs in Section 6.1.

Certifiable anti-concentration, in its original definition in [37], is a stronger requirement compared
to certifiable hypercontractivity, but it still encompasses several relevant distributions, including
the standard Gaussian distribution and any anti-concentrated spherically symmetric distributions
with strictly sub-exponential tails [37]. In addition, this requirement has been shown to be necessary
for list-decodable linear regression in [37]. We remark that our definition is slightly different from
the one in [37], e.g., we do not normalize the right-hand-side of the inequality HATsz < 62 by the
variance of HAT’UH2 and assume a slightly different implication in (30) and (32); these choices were
made for the sake of simplicity, at the cost of some desirable properties of the original definition
(e.g., scale invariance) and the need for an additional parameter M in the definition. In Section 8,
we empirically show that certifiable anti-concentration is much harder to satisfy in practice (in
particular for low-degree polynomials p), but it still applies to some practical problems. We are now
ready the present the main results of this monograph.

6.2.1 Estimation Contracts for (LTS)

This section presents estimation contracts for two slightly different estimators based on moment
relaxations of the (LTS) problem. The first contract is from [15] (which we adapt to vector-valued
measurements) and bounds the residual error of the estimate with respect to the inliers; the second
is novel and directly bounds the distance of the estimate with respect to the ground truth.

Algorithm 1: Moment relaxation for (LTS), version 1 [15].

Input: input data (y;, A;), @ € [n], inlier rate «, exponent k, relaxation order r > k.
Output: estimate of x°.

/* Algorithm solves a relaxation of the following (LTS) }%roblem: */
/% w; =w;, 1€ [n]
n 9 3 Yo wi =an
. 1 _ T a n ;
min (nZ’yi—AinQ) s.t. Loz=4 wi(¥—yi)=0 i€ [nLTs1)
w,,Yi,Aq i€[N] i=1 Wi * (AZ — AZ) =0:¢€ [n]

reX
/* Compute matrix X* by solving SDP resulting from moment relaxation */
1 X* =solve_moment_relaxation at_order r (LTS1)
/* Pick entries of X* corresponding to */

N
2 Tits—sdpl — Xf;]

3 return @js_sdp1-

Let us first review the estimator proposed in [15], that we report in Algorithm 1. The algorithm
corresponds to Algorithm 5.2 in [15], with the exception that we consider vector-valued measurements
and the unknown @ in our problem belongs to a basic semi-algebraic set X. The algorithm is based
on a moment relaxation of a slightly different (but equivalent) reformulation of (LTS), given
in (LTS1) within Algorithm 1. In particular, problem (LTS1) enforces the constraint w? = w;,
which is equivalent to the constraint w; € {0;1} in (LTS); moreover, similar to (LTS), it includes
the constraints ) . ; w; = an and « € X. However, problem (LTS1) also includes extra variables
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Ui, A;,i € [n], that are such that 4; = y; and A; = A; whenever w; = 1 (which is enforced by the
constraints w; - (; — ¥;) = 0,w; - (A; — A;) = 0), or are zero otherwise (which is enforced by the
objective, since whenever w; = 0 these variables are no longer constrained). Clearly, this is equivalent
to using w; in the objective as we did in (LTS). Finally, problem (LTS1) also elevates the objective
to the power k/2 (where k is an input parameter), which again does not change the optimal solution
@ 1s of the non-relaxed problem as compared to the formulation (LTS). In (LTS1), we denoted with
Lz the set of constraints of the problem, since in the technical proofs we will establish sos proofs
that connect the set of polynomial constraints L, 5 to relevant properties of the estimate xjs_sdp1-
After solving the moment relaxation of (LTS1) at order r, Algorithm 1 returns the entries of the
(pseudo-moment) matrix X* corresponding to x, i.e., Xf;.

We are now ready to present the estimation contract %or Algorithm 1, which is an adaptation of
Theorem 5.1 in [15] to vector-valued measurements.'

Theorem 12 (Low-outlier case: a priori estimation contract for Algorithm 1, adapted from Theorem
5.1 in [15]). Consider Problem 1 with measurements (y;, A;), i € [n], and known outlier rate (3.
Call T the set of uncorrupted measurements (y;, Af), i € [n], where the outliers are replaced by
inliers and assume that the set of matrices A}, i € I, 18 k-certifiably C-hypercontractive with k > 4.

E_ k
Moreover, assume 3 < Bmax = ° i/l/(C(k’/2)5 23k=1). Then, Algorithm 1 with relaxation order
r >k outputs an estimate Xys—sdp1 (not necessarily in X) such that:
O\ F
: 35
) (35)

where Cy(k, B) and Ca(k,3) are given functions, err ()2 L3 > Hyl (AY) m”2 1s the residual

n

error of an estimate @ with respect to the inliers I , x* £ arg mingex - ZZ 1 Hyl (A* ;c”2 is the
best estimate from an oracle estimator that has access to all the inliers, and opt:* = err - (x*) is the
corresponding residual error with respect to the inliers 7.

The theorem states that —under certifiable hypercontractivity and as long as the outlier rate is
below [Bmax— the estimate @js_sgp1 fits well the inlier measurements. In order words, the residual
error of @ys_sgp1 Over the inliers is not much larger than the best residual opt 3 that an “oracle”
estimator that has access to all the inliers would achieve, plus some some higher-order terms that
depend on the optimal estimate x* returned by the oracle.

The proof of Theorem 12 given in Appendix E is quite involved, but a key tool in it is to bound
terms such as A;r(a: — a*) using certifiable hypercontractivity. In particular, the proof derives an
sos proof that the constraint set L, 5 of (LTS1) implies a desired error bound, and then uses this
proof to infer the bound in (35). On the downside, Theorem 12 requires a moment relaxation of
order 7 > k > 4: this requirement stems from the fact that the objective function in (LTS1) is a
polynomial of degree 2k (which requires a moment relaxation of order at least r > k) and the fact
that the theorem demands k& > 4. Unfortunately, solving moment relaxations of order 4 is currently

'6The reader might notice that, at first glance, the statement Theorem 12 is quite different from the statement of
Theorem 5.1 in [15]; however, the substance is identical: we work directly on the set of matrices A;, i € [n], rather
than the generative distribution creating such samples (in the notation of [15], we work on D instead of D), to avoid
the complexity of discussing generalization bounds and requiring bounds on the bit complexity of «*, which do not
add much to the discussion in this monograph.
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impractical.!” For instance, related work [30] relies on relaxations of order 2 and still has to develop
sparse approximations and ad-hoc solvers to make them run in a reasonable time. Moreover, the
bound (35) does not immediately inform us about how far the estimate is from the ground truth.
In the rest of this section we present a second algorithm and the corresponding estimation
contract that directly quantifies the distance between the estimate and the ground truth. This result
is novel, but relies on two lemmas proposed for a different goal in [37].
Let us start by stating a slightly different (LTS)-like estimator in Algorithm 2.

Algorithm 2: Moment relaxation for (LTS), version 2.

Input: input data (y;, A;), ¢ € [n], inlier rate «, relaxation order r > 2.
Output: estimate of x°.

/* Algorithm solves a relaxation of the following (LTS)-like problem: */
/* .
w? =w;, i€ [n]
min — ) w;- '—A-a:H s.t. Too2 b LTS2
wa n ; ' ‘yl EP “E wi |y — Alz|, <& i€n] ( )
rcX
/* Compute matrix X* by solving SDP resulting from moment relaxation */
1 X* =solve _moment relaxation at order r (LTS2)
/* Compute estimate */
sl x5 50
2 for each i € [n] set: v; = X [w:]
0 otherwise

*
n [wg]

3 Tits—sdp2 = Zi:l ST X[*w‘],vi
3

4 return xjs_sdp2-

Algorithm 2 is fairly different from Algorithm 1. First of all, it is based on a relaxation of an “(LTS)-
like” problem: the non-relaxed problem (LTS2) has additional constraints w; - ||y; — Az—ng < ¢ that
do not appear in (LTS), but it can be seen to be equivalent to (LTS) with f;(z) = A]x otherwise.'
Moreover, while Algorithm 2 also uses a moment relaxation, it computes an estimate @js_sdp2 by
averaging multiple vectors extracted from the solution of the moment relaxation (lines 2-3).

We provide the following estimation contract for Algorithm 2.

"Recall from Section 4 that the moment matrix has size (417) x (¢}") where d is the dimension of the variables in
the polynomial optimization problem (LTS1) and r is the relaxation order; note that the dimension d grows with the
number of measurements n, and in practical problems n > 100. Therefore, the matrix quickly becomes too large to
handle for current SDP solvers. As an example, for d = 100 and r = 4, (¢}") = 4598126.

'8Note that the pair (€°,w®), where wj = 1 if i € T and zero otherwise, satisfies all the constraints in (LTS2), hence
the problem is feasible.
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Proposition 13 (Low-outlier case: a priori estimation contract for Algorithm 2). Consider Problem 1
with measurements (y;, A;), i € [n], and outlier rate B < 0.5 (or, equivalently, inlier rate o = 1— 3 >
0.5). Call T the set of inliers and assume that the set of matrices A;, i € I, is k-certifiably
(%,26, 2M,)-anti-concentrated for some n > 0. Then, Algorithm 2 with relazation order
r > k/2 outputs an estimate Tys—sdpo (not necessarily in X) such that:

o «o l—«
||:B|ts—sdp2 - ”2 S M:c <277 + 2 o > . (36)

While Proposition 13 takes a stronger assumption on the input data (see the discussion on certifiable
hypercontractivity vs. certifiable anti-concentration in Section 6.2), it provides a direct bound on
the distance of the estimate from the ground truth x°. Fig. 2 plots the bound on the right-hand-side
of eq. (36) as a solid blue line, for M, = 1, n = 0.01, and inlier rates « between 0 and 1. For
comparison, we also report the trivial bound ||&js_sdp2 — x°||, < 2M, as a dashed red line.' We
observe that, as expected, the proposed bound is only informative in the low-outlier case (i.e., when
a > 0.5). Moreover, the bound predicts decreasing estimation errors when the number of inliers

. . . . M
increases, consistently with our expectations, and approaches =5 as a approaches 1.

1 02 L proposed
— — trivial bound

Estimation error bound

0 0.2 0.4 0.6 0.8 1
Inlier rate «

Figure 2: Comparison between the proposed bound in eq. (36) with M, = 1, n = 0.01 (solid blue
line) and the trivial bound ||@ts—sap2 — x°||, < 2M, (dashed red line) for inlier rates o € [0, 1].

We conclude this section by noting that —while in principle Algorithm 2 might require a
relaxation of order as low as 2, similar to the ones commonly used in practice (see [30])— the
choice of the order is still dictated by the anti-concentration properties of the input data, due to
the constraint r > k/2, where r is the order of the moment relaxation, while & depends on the
anti-concentration properties of the inliers. As we will see in Section 8, k will need to be > 6 (due to
the degree of the polynomials involved in (33)), thus again restricting the practicality of the result
in Proposition 13, which in practice would only be applicable to relaxations of order > 3.

19The bound follows from the triangle inequality |@its—sdp2 — 2° |5 < [|Bits—sap2 ||y + ||2°]] < 2Mo.
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6.2.2 Estimation Contract for (MC)

This section presents an estimation contract for Algorithm 3 below, which is based on a moment
relaxation of the (MC) problem. Notice that (MC1) in Algorithm 3 is equivalent to (MC) for
filx) = A,L»Ta:. Let us start by presenting the algorithm the estimation contract refers to.

Algorithm 3: Moment relaxation for (MC).

Input: input data (y;, 4;), ¢ € [n], relaxation order r > 2.
Output: estimate of x°.

/* Algorithm solves a relaxation of the following (MC) problem: */
/* , .
n w; =w;, 1€ [n]
A 2 9 .
max Zwi, s.t. Muz=1< w;- HyZ - AiTacH2 < ien] (MC1)
i=1 zeX
/* Compute matrix X* by solving SDP resulting from moment relaxation */
1 X* =solve_moment_relaxation at_order r (MC1)
/* Compute estimate */
Xloisl i x* 0
) " 1 >
2 for each i € [n] set: v; = X[ [ws]
0 otherwise
_ n [*wi] .
3 mc—sdp = Zizl 72?:1 X[:)j]’vl

4 return Tmc_sdp-

Contrary to the algorithms in Section 6.2.1, Algorithm 3 does not require prior knowledge about
the number of inliers an. The moment relaxation in Algorithm 3 is similar to the one proposed
in [30];%° the computation of the estimate Tmc_sqp is different from the one in [30], but the two
“rounding” schemes are equivalent when the relaxation is tight (in which case X [t%] € {0,1} and
X [tuim] =X [’;] Vi such that X7 , > 0). We provide the following estimation contract for Algorithm 3.

[wi]

Proposition 14 (Low-outlier case: a priori estimation contract for Algorithm 3). Consider Problem 1
with measurements (y;, A;), i € [n], and outlier rate < 0.5 (or, equivalently, inlier rate « = 1— 3 >
0.5). Call T the set of inliers and assume that the set of matrices A;, i € I, is k-certifiably

(%, 2¢,2M,)-anti-concentrated for some n > 0. Then, Algorithm 3 with relaxation order
r > k/2 outputs an estimate Tmc_sdp (not necessarily in X) such that:
o an 11—«
mec—sdp — & H2 S Mx <2 + 2 o > . (37)

Note that the performance guarantees are essentially the same as Proposition 13 and the proof
proceeds along the same line, but in this case the objective forces the solution to pick enough inliers,
while in Proposition 13 the same role was played by the constraint > | w; = an.

20The presentation in [30] uses the slightly different but equivalent parametrization where the binary variables are
restricted to w; € {—1; 41} and their binary nature is enforced via w? = 1, while here we use a more straightforward
parametrization with w; € {0;1} and enforce it via w? = w;.
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6.2.3 Estimation Contract for (TLS)

This section presents an estimation contract for Algorithm 4, which is based on a moment relaxation
of the (TLS) problem. Notice that (TLS1) in Algorithm 4 is equivalent to (TLS) for fi(z) = A]x.?!

Algorithm 4: Moment relaxation for (TLS).
Input: input data (y;, A;), @ € [n], relaxation order r.
Output: estimate of x°.
/* Algorithm solves a relaxation of the following (TLS) problem: */

/* n )
: T 2
min Zwi-‘yi—Aix’L—i—(l—wi)-c (TLS1)
i=1
w? =w;, i€ [n]
2 _ o .
s.t. Mw,wé wi-Hyi—AiT:cHQSCQ i € [n]
recX
/* Compute matrix X* by solving SDP resulting from moment relaxation */
1 X* =solve_moment_relaxation at order r (TLSI)
/* Compute estimate */
Mlowl i x* S0
. *1 1 >
2 for each i € [n] set: v; =< Xy [wi]
0 otherwise
8 Tls—sdp = D_j_1 57 [U}i(]* Ui
j=1 [wj]

4 return @ys_sdp-

Similar to Algorithm 3 in Section 6.2.2, Algorithm 4 does not require prior knowledge about
the number of inliers awn. Moreover, the moment relaxation is similar to the one proposed in [30]
(except from the redundant constraints wj - HyZ — AszHZ <éin M 2); the computation of the
estimate Xys—sdp is different from the one in [30], but the two “rounding” schemes are equivalent
when the relaxation is tight. We provide the following estimation contract for Algorithm 4.

*'The attentive reader might notice that Me, z in (TLS1) includes redundant constraints w; - ||y; — A;I—:BHz <& in
M.z these constraints do not change the optimal solution of (TLS) —since the objective is already forcing w; = 0
whenever ||y; — AZT:cHz > &>— but will make our proofs easier.
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Proposition 15 (Low-outlier case: a priori estimation contract for Algorithm 4). Consider Problem 1
with measurements (y;, A;), i € [n], and outlier rate B < 0.5 (or, equivalently, inlier rate o = 1— 3 >
0.5). Call T the set of inliers and assume that the set of matrices A;, i € I, is k-certifiably

2.2 =\2
(M,%, 2M,)-anti-concentrated for some n > 0. Then, Algorithm 4 with relazation order

32¢
r > k/2 outputs an estimate Tys_sap (not necessarily in X) such that:
o aMzn (an 1-«
fotemsp — 27l < ot (G420 (39)
an— 1 o

where v° £ YieT Hyz — A;rong is the squared residual error of the ground truth x° over the inliers .

Contrarily to Proposition 13 and Proposition 14, the error bound in Proposition 15 depends on the
ground truth residual error 4°. In particular, if 7v° = 0 (i.e., noiseless inliers), the bound becomes
the same as the ones in Proposition 13 and Proposition 14, but as the residual error approaches
7° = an & (i.e., each inlier has the maximum allowed error &), the bound become vacuous.

7 Estimation Contracts for High Outlier Rates

This section focuses on the high-outlier case where 5 > 0.5. Note that in the high-outlier case any
point estimator —including (LTS), (MC), and (TLS)— can be tricked into returning an arbitrarily
wrong estimate: intuitively, since the majority of the measurements are outliers, the outliers can
agree on an x that optimizes (LTS), (MC), or (TLS), while being far from x°. At the same time, an
algorithm can still compute a provably accurate estimate if it is allowed to return a list of potential
hypotheses, in the hope that at least one of them is correct. This setup is typically referred to as
list-decodable regression [37]. In the following, we review the algorithm and theoretical guarantees
from [37|, which we adapt to the case of vector-valued measurements.

Remark 16 (High vs. Low Outlier Rates). While the algorithms and results in this section are
designed for the high-outlier case (i.e., B > 0.5) they are also applicable to the low-outlier case; in
other words, the estimation contracts in this section will not require 8 > 0.5. At the same time, if
one can assume that < 0.5, it remains convenient to use the algorithms in Section 6 since those
return a unique estimate, which is typically desirable in practice.

7.1 A Priori Estimation Contract for List-Decodable Estimation

In the high-outlier case, Karmalkar et al. [37] proposed using Algorithm 5 (given below) to perform
list-decodable outlier-robust regression. The algorithm returns a (small) list of potential estimates,
and, as we will see below, under suitable conditions on the inliers, it guarantees that at least one
of such estimates is close to the ground truth. Both the algorithm and estimation contract in this
section are adaptations of the results in [37] to the case of vector-valued measurements.

The rationale behind problem (LDR) is not as immediate as the problems presented in the
previous sections. For instance, in (MC1), it was clear we tried to select the largest number of
measurements, i.e., the largest » ;" | w;, such that the corresponding estimate « had residual below
¢. However, (LDR) seems to do just the opposite: it is looking for the smallest > 1 ; w?.

Intuitions behind Algorithm 5. Imagine we could build a list S containing every possible
subset 8" of an measurements that satisfy HyZ — Asz/HZ < &,Vi € S’ and for some estimate '

Clearly, the set of inliers Z would be one of such subsets and hence belong to S. For each such
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Algorithm 5: List-Decodable Outlier-Robust Estimation [37].

Input: input data (y;, A;), ¢ € [n], inlier rate «, relaxation order r > 2, integer N > 1.
Output: list of estimates of x°.

/* Algorithm solves a relaxation of the following problem: */
/* .
w? =w;, i=[n]
n
min ||w s.t. Tox= 2 . LDR
w, el @ wi - ||lyi — Alz|, <&, i=[n] ( )
zecX
/* Compute matrix X* by solving SDP resulting from moment relaxation */
1 X* =solve_moment_relaxation at_order r (LDR)
/* Compute list of estimates x/
Mlowl i xx S0
. *1 1 >
2 for each i € [n] set: v; =<  Xi] wi]
0 otherwise

3 create empty list £ = 0.
4 sample N/a times from [n] with probability -1 X

*

o] and for each extracted ¢ add v; to L.

5 return L.

subset 8’ € S, we could define the indicator vector w’ = 1g/, and by inspection, (W', 2") would
be feasible for (LDR). Therefore, the first intuition behind Algorithm 5 is that the feasible set
of Tz of (LDR) includes every such (o', '), including (wz,2°). Unfortunately, the list S has
exponential size in general [37|. Therefore, the second intuition behind Algorithm 5 is that the
moment relaxation (LDR) will compute an indicator vector w that will “spread” across many subsets
in S. While this is formalized in the proofs (and further discussed in [37]), it is relatively easy to

visualize why the relaxation would “spread” across the subsets by considering the following simpler
relaxation of (LDR):

w; € [07 1]7 i = [n]
Y w, —an
2 5 .
wj - HyZ — AiT:rH2 <, i=n]
reX

(39)

min ||w|3, s.t.
w,T

where we only relaxed w; € {0;1} to w; € [0,1]. Imagine that the list S contains two overlapping
sets 8" and 8” and hence w’ = 15 and w” = 1> would be feasible for (39) for some @. In such a
case the vector w = % —that spreads across both subsets— would still satisfy the constraint
> i w; = an and achieve a lower objective in (39) compared to 1s and 1s».?? Similarly, after
applying the moment relaxation to (LDR), the objective of (LDR) will favor indicator vectors that
span multiple sets. The last intuition behind Algorithm 5 is that we can use these indicator vectors
to sample good estimates of x°, as done in lines 2-4 of the algorithm.
Estimation contract. The estimation contract for Algorithm 5 is given as follows.

22Calling ¢ the number of common elements between S’ and S”: ||wl|3 = 1(||1s/ + 1sv||3) = 2 (2an + 2t) = 2okt

which is < an as long as the sets do not fully overlap), while each set would achieve an objective ||’ || = ||w” ||? = an.
( g y D), j 2 2
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Theorem 17 (High-outlier case: a priori estimation contract for Algorithm 5, adapted from Theorem
1.5 in [37]). Consider Problem 1 with measurements (y;, Ai), i € [n], and known outlier rate 3 (or,
equivalently, known inlier rate o« = 1 — (3), possibly with 8 > 0.5. Call Z the set of inliers and assume

2,271 _o=\2
that the set of matrices A;, i € I, is k-certifiably (ané%

N
n > 0. Then, with probability at least 1 — (1 — %)E (over the draw of the samples in the algorithms),
where N > 1 is a user-defined parameter, Algorithm 5 with relazation order r > k/2 outputs a list L
of size N/« such that there is an estimate x € L (with & not necessarily in X) such that

[l — %[l < nM,. (40)

, 2¢, 2M )-anti-concentrated for some

Moreover, when o > 0.01 (i.e., at least 1% of the measurements are inliers) and N = 10, the relation
|l — x°||y < M, holds with probability at least 0.99 over the draw of the samples.

The estimation contract in Theorem 17 provides probabilistic guarantees on the outcome of the
estimator, as opposed to the deterministic results in the previous sections. The sampling stage is
needed to keep the list small, while also ensuring that it captures at least an estimate close to the
ground truth. Note that the final statement in the theorem is just a particularization of the claim

that eq. (40) holds with probability at least 1 — (1 — %) g; this is given to reassure the reader that
the approach can provide good estimates with high probability already for small N (i.e., N = 10)
and for very challenging problems where « is very low (i.e., a = 0.01). Clearly, the probability will
increase with the user-specified parameter IV, which controls the number of samples to draw.
Theorem 17 and Algorithm 5 are of interest for geometric perception for several reasons. First
of all, contrary to the literature on multi-hypothesis estimation (e.g., [42, 44, 45]) and particle
filtering (e.g., [43]) in robotics and related fields, Algorithm 5 provides performance guarantees while
retaining a small number of hypotheses; on the other hand, in multi-hypothesis tracking, one either
has to retain an exponential number of hypotheses or typically loses performance guarantees, while
in particle filtering one typically only has asymptotic guarantees for growing number of samples.
Furthermore, while the sampling scheme might carry some resemblance of RANSAC [51], the number
of samples (i.e., iterations) required by RANSAC grows exponentially with the size of the minimal
set (which, in turn, depends on the dimension of °) and the outlier rate [62[; this is in stark contrast
with Algorithm 5, where the number of samples is independent on the dimension of ° and only
grows as N/a (also note that the number of samples in Algorithm 5 is upper bounded by n).

In the following section we show that while the guarantees in Theorem 17 fall short in practical
problems, a simple modification of Algorithm 5 with » = 2 has impressive performance in practice.

8 Numerical Experiments

This section elucidates on the theoretical results, by (i) assessing the tightness and the applicability of
the error bounds discussed in this monograph, (ii) evaluating how strict are the assumptions made on
the input data (i.e., certifiable hypercontractivity or certifiable anti-concentration), and (iii) assessing
the practical performance of (a variant of) Algorithm 5 for list-decodable estimation. The analysis is
performed on a canonical perception problem, namely rotation search (see Example 1), which finds
application in satellite attitude estimation [98] and image stitching [34]| problems, among others.
After introducing the experimental setup in Section 8.1, Section 8.2 focuses on the a posteriori bound
introduced in Proposition 6, Section 8.3 analyzes the certifiable hypercontractivity assumption and
the contract in Theorem 12, Section 8.4 analyzes the certifiable anti-concentration assumption and
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the contract in Proposition 6. Section 8.5 concludes the experiments with an empirical evaluation of
list-decodable estimation.

8.1 Experimental Setup

We use rotation search (also known as the Wahba problem) (98, 34| as a prototypical outlier-robust
estimation problem, see Example 1. The goal of the problem is to estimate a rotation R that aligns
two sets of 3D vectors (typically normalized to have unit norm). The inputs to the problem are the
vector pairs a;, b; € R3, i = 1,...,n. The vectors a; are used to build the measurement matrix A; as
in Example 1; these vectors are either known or measured: for instance, in satellite pose estimation
these vectors are read from a star database, while in image stitching they correspond to detected
image features. b; are measured bearing vectors. The association between pairs of vectors (a;, b;) is
obtained using image processing or learning-based methods and is prone to errors, making a large
number of measurements outliers. We test on both synthetic and real data, as described below.

Synthetic data. We use the same data generation protocol of [34]. In particular, we create
each test instance by sampling n vectors {a;}" ; uniformly at random on the unit sphere. Then, we
pick a random rotation R, and apply it to each a; according to eq. (4) and add zero-mean Gaussian
noise with covariance 1074 - I3 to get {b;}";. To generate outliers, we replace a fraction /3 of b;’s
with random unit-norm vectors. We set the maximum error bound & from the quantile of the y?
distribution with three degrees of freedom and lower tail probability equal to 0.9999 (see Remark 1
in [34]), thus obtaining ¢ = 0.0021 (which also accounts for the measurement variance). Results on
synthetic data are averaged over 100 Monte Carlo runs unless specified otherwise.

(b)

Figure 3: Image stitching example: (a) Feature matches between two images from which the vectors
(a;,b;), i = 1,...,n, are generated; the matches include many outliers, shown in red (inliers are
shown in green). (b) Image stitching results using the moment relaxation approach in [34].

Real data. We use the PASSTA dataset to test rotation search problems arising in image
stitching applications [117] and use the same data generation protocol of [34]. In particular, to
generate the vector pairs a;,b; € R3 i = 1,...,n, we first use SURF [118] to detect and match
point features between the two images. Fig. 3(a) shows the matches for one of the image pairs in the
dataset. From the SURF feature points, we apply the inverse of the known camera intrinsic matrix
K to obtain unit-norm bearing vectors {a;, bi}zgl observed in each camera frame. Then, we solve
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Figure 4: Actual error of the (TLS) estimator compared to the a posteriori bounds from Proposition 6
and the trivial bound 2M,, = 2v/3, with n = 50 and increasing outlier rates 5. We report a posteriori
bounds for d7 =5 (“bound-5”) and for the set J chosen as the correctly selected inliers (“bound-J”).

the rotation search problem to estimate the rotation R between the two camera frames, using the
outlier-corrupted pairs {a;, bz-}zgl. Finally, using the estimated R, we can compute the homography
matrix as H = KRK ! to stitch the pair of images together; see the example in Fig. 3(b).

Algorithms and implementation details. We use the sparse moment relaxation proposed
in [34] to solve the (TLS) formulation of the rotation search problem, and use STRIDE [30, 119]
as an SDP solver for the resulting semidefinite relaxation. Note that the SDP proposed in [34]
is a sparse version of the relaxation in Algorithm 4 (with order » = 2), and the output of the
two relaxations match whenever the sparse relaxation is tight; in all results below we observe the
sparse moment relaxation of (TLS) to be tight (i.e., relaxation gap below 10~7) hence we do not
differentiate between the two algorithms. We use cvx [106] and MOSEK [105] as a parser/solver for
the SDPs arising in list-decodable estimation. The numerical results are obtained on a MacBook Pro
with 2.8 GHz Quad-Core Intel Core i7 processor. The Matlab code to reproduce the experiments
below can be found at https://github.com/MIT-SPARK/estimation-contracts.

8.2 Low Outlier Rates: A Posteriori Bounds

This section evaluates the quality of the a posteriori bound in Proposition 6. The bound applies since
in all the tests in this section the relaxation from [34] is tight and hence it obtains an optimal solution
to (TLS). Moreover, with our data generation method, every subset of d = 3 inliers is nondegenerate
by construction.?® We note that the bound holds for any choice of integer d7 =d, ..., (2a—1)n— g—;
For a small d 7, we can compute the bound by brute-force testing every subset J of the set of inliers
computed by (TLS) and exhaustively searching the smallest value of oyin(A7); in our tests, we are
able to compute the bound for d 7 = 5 in a matter of seconds. However, we expect large values of d 7
to produce more informative bounds (intuitively, in the proof of Proposition 6 those bounds leverage

23In rotation search, the unknown rotation can be uniquely estimated from d = 3 non-collinear 3D points, and our
data generation method for the 3D vectors a; produces triplets of collinear points with probability zero.
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a larger number of measurements); since the bound Proposition 6 is expensive to compute for large
d7, we manually compute the set J corresponding to the intersection of the measurements selected
by (TLS) as inliers and the true inliers, and compute the resulting bound for that choice of J: this
is the set used in our proofs to derive the estimation error bounds; note that such a set J can only
be computed in simulation, since in practice the true inliers are unknown.

Figure 4 compares the actual estimation error with the bounds from Proposition 6. The estimation
error is computed as || €T s — °||,, where « and x° are the vectorized representations of the estimated
and the ground-truth rotation, respectively. For the bounds, we plot the bound we compute for
d7 =5 (label: “bound-5”) and the bound obtained from the choice of J described above (label:
“bound-J”). We also plot the trivial bound 2M, = 2v/3 computed by using the triangle inequality on
|zTLs — x°||, and by noting that every (vectorized) rotation has norm /3. Several comments are in
order. First, the actual error increases with the outlier rate (the trend is slightly more difficult to
see due to the log scale): this is expected since with increasing outlier rates the number of “useful”
measurements decreases; however, the error remains very small (i.e., less than 1 degree) for all outlier
rates. This confirms the empirical robustness of moment relaxations of (TLS) already observed in
related work [34, 30|, which have been reported to achieve impressive performance even for much
higher rates of random outliers. Second, bound-5 is unfortunately too loose and uninformative, since
—while it improves for larger outlier rates?*— it remains larger than the trivial bound. On the other
hand, bound-J is significantly better than the trivial bound. While there is still a large gap between
the actual error and bound-J, we remark that the bound considers the worst-case scenario where the
outliers are possibly adversarial; on the other hand, the outlier generation mechanism we borrow
from [34] is relatively benign, since the outliers are sampled independently, at random, and without
knowledge of the inliers. In other words, there might well be instances where the actual error could
be much closer to bound-J.

8.3 Low Outlier Rates: A Priori Bounds and Hypercontractivity

This section shows that k-certifiable hypercontractivity is a relatively mild assumption for k = 4
and for choices of C'(¢)! as small as 5 or 6. This observation is validated on both synthetic and real
data. On the other hand, the experiments offer a closer look at the bound in Theorem 12, which in
hindsight only applies to relatively “easy” problems with very small amounts of outliers.

Numerically checking hypercontractivity. Certifiable hypercontractivity can be easily
assessed numerically using the definition in eq. (28). The definition of k-certifiable hypercontractivity
essentially requires that the polynomial

t

e (33 ]larel}) - (2 arel) o
i=1 =1

is a sum-of-squares polynomial for every ¢ < k/2 and for a given choice of C(t)!. While larger values
of k lead to slightly better bounds here we are interested in the smallest choice of k (which is k =4
according to Theorem 12) since the larger the & the larger the size of the resulting moment relaxation.
Choosing k = 4, we are only left to test that h(v) is sos for ¢ = 2 (the condition is trivially satisfied
for t = 1 as long as C(t)! > 1). For t = 2, we test multiple values of C(t)! and for each we check if
h(v) is sos using the findsos function in the SOSTOOLS library [120]. The function either returns
a decomposition of the polynomial into a sum of squares or reports that the polynomial is not sos.

2*The bound improves for larger 3 since the set of inliers selected by (TLS) 7, typically shrinks for increasing 3
and hence it becomes less likely to sample data producing small omin(As)
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Figure 5: Certifiable hypercontractivity results on synthetic data: (a) Percentage of tests where
4-certifiable hypercontractivity holds for various choices of C(¢)! and number of measurements n. (b)
Average runtime (in seconds, averaged over 100 tests) for the same test configurations in figure (a).

We remark that Theorem 12 requires that the set of all n matrices A; —where potential outliers
are replaced with inliers— satisfies k-certifiable hypercontractivity. Therefore, if we assume that the
outliers only contaminate the vectors b; (hence do not alter the A;’s, which are only influenced by
the vectors a;’s),?” we can actually check hypercontractivity in practice. Note that for t = 2, h(v) is
a degree-4 polynomial in the variable v (which is 9-dimensional in our rotation search example):
therefore, as we will see, it is quite fast to check if h(v) is sos using off-the-shelf solvers.

Experiments on synthetic data. We show that 4-certifiable hypercontractivity is satisfied for
small C(¢)! in our synthetic examples and observe that we can numerically check if a given set of
measurements is certifiably hypercontractive in a fraction of a second.

Figure 5(a) reports the number of tests (over 100 runs) where 4-certifiable hypercontractivity
holds for various choices of C(t)! (chosen as a constant ranging from 1 to 6) and for increasing
number of measurements n (we test n = {5, 10, 20, 40, 60, 80, 100,200} ). All instances were found to
satisfy 4-certifiably hypercontractivity for C(t)! = 6 (independently of the choice of n), while no
instance satisfied the property for C'(¢)* = 1. From Fig. 5(a), we observe a sharp phase transition
between the two regimes, and we note that large measurement sets tend to satisfy 4-certifiable
hypercontractivity for even smaller values of C(¢)!. This is desirable, since the smaller the C'(¢)!, the
better are the error bounds we obtain from Theorem 12.

Figure 5(b) reports the average runtime (in seconds, averaged over 100 tests) for the same test
configurations in Fig. 5(a). The average runtime remains below 1 second in all cases and is fairly
insensitive to the number of measurements. It is interesting to notice that the solver is faster in
resolving instances that are clearly certifiably hypercontractive or not, while it has to work harder
to decide the instances at the “boundary” of the phase transition observed in Fig. 5(a).

Experiments on real data. We show that 4-certifiable hypercontractivity also holds for
real data for a small value of C(t)! (with ¢ = 2), with a similar trend as the one observed in the
synthetic experiments above. Towards this goal, we consider the image stitching data described
in Section 8.1. Table 1 reports the percentage of tests where 4-certifiable hypercontractivity holds for

25This assumption is mild in many rotation search applications, for instance when a; are read from a database or
we have control on how to sample them.
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Table 1: Certifiable hypercontractivity results on real image stitching data: percentage of tests where
4-certifiable hypercontractivity holds for increasing C(2)2.

| c?=|1 |23 |45 |6 | 7 |8 ]9 1] 15| 2 |
| % cert. hypercon. | 0.0 | 0.0 | 0.0 | 8.3 | 50.0 | 58.3 | 75.0 | 83.3 | 83.3 | 91.7 | 100.0 | 100.0 |

various choices of C(t)! (chosen as a constant between 1 and 20). Most instances satisfy 4-certifiably
hypercontractivity already for C(t)! = 6 and all instances satisfy the property for C(t)! = 15,
confirming that certifiable hypercontractivity is a mild assumption for the rotation search problem.

Bound in Theorem 12. We evaluate the bound in Theorem 12 by plotting the coefficients
C (K, ,B)% and Cy(k, ,B)% in the theorem, and the maximum outlier rate Bpax for which the theorem

holds (i.¢., Bmax = *{/ 1/(C(k/2)2 23k-1Y). Ideally, we would like for both C1(k, 8)# and Ca(k, 8)F
to be as small as possible, which would make the residual error of our estimate @js_sqp1 With respect
to the inliers err ; (@js—sdp1) as close as possible to the residual error opt: an oracle estimator that
has access to all the inliers would commit. Moreover, we would like S,.x to be as large as possible
(but still below 0.5), in order for the theorem to be broadly applicable.

Figure 6(a-b) show the coefficients C1(k, ﬁ)% and Cy(k, 5)% for k = 4 and for increasing outlier
rates 3; we plot multiple lines corresponding to different choices of the coefficient C(¢)* € {1,2,4,6}.
For each choice of C(t)! we also plot the maximum outlier rate Bupayx (visualized as a dashed vertical
line) for which that error bound holds (indeed it can be seen that the bounds diverge as they
approach their admissible upper bound). To interpret the coefficients, the reader might observe

that when C1(k, ﬁ)% = 1 it means that the estimator has twice the error of the oracle, while when
C(k, B)% = 10 it has an error that is more than 10 times larger than the oracle. By observing the
r-axis of the plot, we quickly realize that for k = 4, even for small values of C(¢)!, the maximum
outlier rate captured by the theorem is very small (in the order of 10~%); this makes the theorem
overly conservative for robotics applications where even in the low-outlier case, the outliers can
approach 50%, and where the number of measurements typically ranges from tens to thousands
(which, with an outlier rate of 10~%, would only allow for a handful of outliers).

Figure 6(c-d) show the coefficients Cy (/{:,6)% and C’g(k,ﬁ)% for C(t)! = 6 and for increasing
outlier rates (3; in this case, we plot multiple lines corresponding to different choices of k& € {4, 6,8, 10}.
For each choice of k£ we also plot the maximum outlier rate Spax (visualized as a dashed vertical
line). As we mentioned, the bound in the theorem becomes stronger for higher k (at the cost of
much increased computation in solving the moment relaxation). At the same time, even with a k as
large at 10 the bound remains applicable only to outlier rates below 4.5- 1073, which is unfortunately
still tiny to be of practical interest for robotics and vision.

8.4 Low Outlier Rates: A Priori Bounds and Anti-Concentration

This section shows that k-certifiable anti-concentration is a more stringent condition in practice,
but it can still be satisfied for ¥ = 6 and for suitable choices of 1 that make the error bounds
in Propositions 13 and 14 nontrivial. While in the rotation search problem the property is only
satisfied for outlier rates close to zero, we show that on a variant of the problem, certifiable anti-
concentration is satisfied for outlier rates up to 50%. To the best of our knowledge, this is the
first study evaluating certifiable anti-concentration numerically and showing its applicability with
low-degree polynomials p.
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Figure 6: Coefficients C (k, [3)% (left column), Cy(k, ﬂ)% (right column), and Bmax (visualized as
dashed vertical lines in each figure) in Theorem 12 for different choices of C(t)! (sub-figures (a) and
(b)) and k (sub-figures (c¢) and (d)), and for increasing outlier rates.

Numerically checking anti-concentration. Certifiable anti-concentration can be assessed
numerically (given the set of inliers Z) using the definition in egs. (32)-(33). Let us rewrite the
anti-concentration conditions as two polynomial optimization problems:

2
min  p? (HA;I—’UHJ —(1-10)%  subject to HA;I—'UH2 < 62 (42)
v
1
min C6M? — ”UHQ'EZ v (|| AaTo]|)).  subject to o)} < ar. (43)
i€

Anti-concentration requires that the optimal cost of both problems remains greater than zero such
that p? (HAlTvHQ) > (1 —6)% (for all i € T) and ||v\|2ﬁ ez P (HAZTUH2) < C§ M? as requested
by the definition. Certifiable anti-concentration requires an sos proof of anti-concentration; because of
the duality between moment relaxations and sos relaxations, certifiable anti-concentration essentially
requires that even if we apply a moment relaxation (of suitable order) to the polynomial optimization
problems (42)-(43), then the optimal objective of the relaxation remains positive. Clearly, asking
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the moment relaxation to produce a positive objective is a sufficient condition for the objective
of (42)-(43) to remain positive, hence certifiable anti-concentration is a more stringent condition.

Given the matrices A; (for all the inliers), the polynomial p, and the coefficients C, §, M, and
n, we can numerically solve a moment relaxation of (42)-(43) using the findbound function in
the SOSTOOLS library [120]. We note that (42) involves polynomials of degree up to 2 - deg (p)
while (43) involves polynomials of degree up to 2 - deg(p) + 2, both in the variable v (which is
9-dimensional in our rotation search example). In practice, the findbound function runs out of
memory for degrees larger than 8 in our problem, which imposes to choose a degree-2 polynomial p.
For such choice of p, (42) involves degree-4 polynomials, while (43) involves degree-6 polynomials,
which has implications on the minimum order of the moment relaxation we compute via findbound.?%

So far we concluded that we can numerically check certifiable anti-concentration given the
matrices A;, the polynomial p, and the coefficients C, §, M, and 1. The matrices A; are given as an
input to the problem, while our theorems (Propositions 13 to 15) specify how to set d§, C', and M.
Therefore, we are only left to figure our how to set the constant 1 and the polynomial p. As we will
see, these parameters control the trade-off between tightness of our error bound and computational
cost (more precisely, the order of the moment relaxation) of the corresponding estimators.

Setting p and 7. The goal of this subsection is to provide insights on the selection of p and 7.
As we have already observed, for computational reasons we are going to restrict ourselves to degree-2
polynomials p; however later in this subsection we are also going to comment on the impact of
higher-degree polynomials p. Definition 11 imposes p(0) = 1 and requires p to be an even polynomial,
hence a degree-2 polynomial p is restricted to the form:

pla) =1+ coa?, (44)

for some scalar variable a and coefficient co. In order to evaluate potential choices of ¢y we consider the
case of a single inlier (|Z|= 1) and visualize the functions involved in the definition of certifiable anti-
concentration. In particular, we observe that a necessary condition for certifiable anti-concentration
to be satisfied is that the following inequalities hold in the traditional sense:>”

2
P <HA;I—UHQ) > (1-0)% Vo such that HAiT'vH2 <62 (45)
CéM?
2 T 2 2
P (HAl ’UH2> < ol Vo such that ||v|; < M=, (46)

where we assumed |Z|= 1. Now we see that the conditions (45)-(46) can be understood as constraints
on the behavior of the polynomial p? (HAZTUH2) Figure 7(a) shows the behavior of the functions

involved in the inequalities (45)-(46). We visualize 4 choices of p? (HA;F'UH2), corresponding to 4
different choices of coefficients c¢o € {—1,—0.3,—0.1,—0.05,—0.01} in (44). We also visualize the

bounds (1 — §)? in (45), which only has to hold for HA;'—'UHE < 6%, Moreover, we visualize the
upper bound Ch‘iiﬂf for C,6, M chosen as in Proposition 13 and for n = 3.26 (we discuss how to

choose 1 below). Note that the latter function has a different x-axis (||v]|, in red), but, noting
that the matrices A; in the rotation search problem have maximum singular value equal to 1, the

26findbound takes a “degree” input argument, that can be understood as the level of the pseudo-distribution
computed by the function. In this case, we use the minimum degree=4 for (42) and degree=6 for (43).

2TRecall again that asking for an sos proof imposes a stronger condition compared to just asking for the inequality
to be satisfied in the traditional sense.
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Figure 7: Visualization of the functions involved in the definition of anti-concentration in eq. (45)-
(46). (a) Polynomials p? parametrized as in (44) for different choices of coefficient co compared to
the bounds in (45)-(46) for n = 3.26. (b) Estimation error bounds from Propositions 13 and 14
for different choices of 7. (c) Polynomials p? parametrized as in (44) with c; = —0.1, and bounds
n (45)-(46) for different choices of 7. (d) Polynomials p? of degree 2, 4, 8, and suitable choices of
coefficients compared to the bounds in (45)-(46) for n = 1.32.

axes are still useful to visualize together.?® In this example with |Z|= 1, a necessary condition for
certifiable anti-concentration to hold is that the squared polynomial p? remains below the red upper
bound in Fig. 7(a) and above the lower bounds (1 — §)? visualized as a black dotted line in the
figure. From the figure it is clear that the latter condition is relatively easy to satisfy (at least for
degree-2 polynomials), while remaining below the red upper bound is a more stringent constraint.
In particular, if we choose large negative values of the coefficient ¢a (e.g., co = —1 or cg = —0.3), the
squared polynomial p? “bounces back” and quickly reaches the upper bound. If the coefficient is too
small (e.g., ca = —0.01 in the figure), the polynomial does not decrease sufficiently fast and still

28Since the matrices A; are built from unit vectors, it can be easily shown that the matrices have the largest singular
value equal to 1. Therefore, for each choice of ||v|| one can choose the direction of v to make ||A;v||= ||v||, making
the top and bottom x-axes of Fig. 7(a) commensurable; however note that ||A;v||< ||v]|| in general, and ||A;v|| can
become as small as zero for rank-deficient A;.
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violates the upper bound. However, choosing co = —0.1 and c; = —0.05 satisfies both constraints,
with cg = —0.1 being the farthest of the two from the upper bound. Later on, we will show that
co = —0.1 indeed leads to certifying anti-concentration in our rotation search problem for a suitably
chosen 1. We remark that while Fig. 7(a) is somewhat insightful in visualizing the constraints that
the polynomial p has to satisfy, when |Z|> 1 the upper bound has to be only satisfied in average
(i.e., ﬁ ZieZpQ (HA;I—’UH2 < Chiﬂf rather than p? HAT'UH < C”iiﬂf for all 7), giving some extra
slack in satisfying anti-concentration.

Now let us turn our attention to the parameter n. The parameter 1 can be roughly understood
as a measure of the “quality” of the inlier set: good inlier sets will be certifiably anti-concentrated
for a small 7, which induces better error bounds (all bounds in Propositions 13 to 15 increase
monotonically with n). On the other hand, while we can arbitrarily increase the n to make a
given batch of inliers certifiably anti-concentrated, a large 1 might lead to a trivial bound in the
corresponding theorem. In particular, for the bounds in Propositions 13 and 14 to be nontrivial (i.e.,
smaller than the trivial bound 2M,,), we need:

2 1-
<O”7+2><2 — n<(2—2 0‘). (47)
« (6

a

Therefore, for a certain inlier rate «, we can choose the n such that our theorems do not produce
a trivial bound and then test is such 7 ensures certifiable anti-concentration. Ideally, we would
like to have a nontrivial bound already around a = 0.5, but as we will see in a second that
might lead to a small 7, which makes the certifiable anti-concentration condition too strict. Below,
we choose potential values of n according to (47), such that they produce nontrivial bounds for
a € [0.55,0.6,0.7,0.8], respectively leading to the n € [1.32,2.22,3.26, 3.75]. Figure 7(b) shows the
trend of the bounds in Propositions 13 and 14 for those choices of 1, compared with the trivial
bound 2M, = 21/3. As expected, our choices of 7 are designed such that the proposed bounds move
below the trivial bound for « € [0.55,0.6,0.7,0.8], respectively. Ideally, we would like to choose the
smallest possible 7. Figure 7(c) visualizes the price we need to pay to decrease the n: the figure shows
how smaller values of 7 lead to increasingly tight upper bounds & ‘ ‘2 ? that the polynomial p needs

to satisfy. The figure already shows that in this case (|Z|= 1) it is unlikely we can find a degree-2
polynomial that satisﬁes the upper bound for nn = 1.32. Figure 7(d) shows that we can still satisfy
the upper bound & H H2 ® for a small 7 if we are willing to increase the degree of the polynomial p:
the figure plots even polynomials of degree 2, 4, and 8 (with suitably chosen coefficients) contrasting
them with the upper bound obtained for n = 1.32. It can be observed that the degree-8 polynomial
remains below the upper bound in the figure. This shows that we can afford stronger guarantees
(i.e., smaller n) if we are willing to pay the computational cost of using a higher-degree polynomial,
which in turns implies a larger k in the definition of certifiable anti-concentration and a higher order
of the moment relaxations involved in our robust estimators. In the following we stick to the more
realistic case of degree-2 polynomial p and we numerically investigate which n we can “afford” in
synthetic problems for both the rotation search problem and for a variation of the problem.
Experiments on synthetic data. We choose the univariate polynomial to be p(a) = 1 — 0.1a>
and test certifiable anti-concentration in a rotation search problem with n = 50 measurements,
generated as described in Section 8.1. Testing certifiable anti-concentration is much slower than
testing certifiable hypercontractivity, hence we only compute statistics over 10 runs. We test whether
certifiable anti-concentration holds for increasing outlier rates 5 € {0;0.1;0.3;0.5;0.7;0.9} and
for different choices of n € {1.32;2.22;3.26;3.75}. Fig. 8(a) reports the percentage of tests where
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Figure 8: Certifiable anti-concentration results on synthetic data: (a) Rotation search problem:
percentage of tests where 6-certifiable anti-concentration holds for various choices of n and outlier
rates 8 (with n = 50). (b) Rotation search problem: percentage of tests where 6-certifiable anti-
concentration holds for increasing number of measurements n and outlier rates 5 (with n = 3.75).
(b) Modified version of the rotation search problem: percentage of tests where 6-certifiable anti-
concentration holds for various choices of 7 and § (with n = 50). Statistics computed over 10 runs.

6-certifiable anti-concentration holds for various choices of 1 and outlier rates 3. We observe that
certifiable anti-concentration is only satisfied for a relatively large n and for small outlier rates. In
particular, the parameter C' in (46) depends on the square of « = 1 — /3 according to Propositions 13
and 14, hence quickly making the condition too strict for increasing outlier rates 5.

Figure 8(b) reports the percentage of tests where 6-certifiable anti-concentration holds for
increasing number of measurements n and outlier rates 8, and for n = 3.75. The figure shows that
certifiable anti-concentration is more likely to hold for larger sets of measurements, while still only
applying to problems with relatively low outlier rates (i.e., 10%). While Figure 8(a-b) seem to
suggest that certifiable anti-concentration with degree-2 polynomials p is too strict of a condition
to be of practical interest, below we report a variant of the rotation search problem, where the
condition is satisfied for much larger outlier rates 3.

We consider a modified version of the rotation search problem, where each measurement, instead
2 B
)

of being a single 3D vector b;, is a triplet of orthogonal vectors bl(-l), b, , - In this variant of the

rotation search problem, the measurement model becomes:

b Ral" 4+ 0 (@ T 015
yi=|b? | =| Ra? +e® | =| @?)Tel | vec(R) = Alz° +e. (48)
bg?’) Ral(-?’) + e (al(-g))T ® I3

The expert reader might notice that this is now similar to a rotation averaging problem (see Ex-
ample 18 in Section 9), since each measurement allows reconstructing the full rotation R. We

numerically test certifiable anti-concentration in this problem variant. Towards this goal, we use the
1

same data generation protocol described in Section 8.1 to sample a;, and set a;
(2

)

= a;; then we create
by sampling a second random vector, projecting it onto the null space of
@) — ¢V x a'? where x is the cross
) i

, bz@ do not appear in the definition of anti-concentration,

an orthogonal vector a

o)

,/» and normalizing it to have unit norm; finally, we set a

product. Note that the vectors bgl), bZ@)
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hence we do not have to generate them. Figure 8(c) reports the percentage of tests where 6-certifiable
anti-concentration holds for various choices of 77 and outlier rates § in this variant of the rotation
search problem. In this case, certifiable anti-concentration is more broadly satisfied for several choices
of n and for outlier rates as high as 50%. To the best of our knowledge, this is the first numerical
evidence supporting the use of certifiable anti-concentration with degree-2 polynomials p. Moreover,
since certifiable anti-concentration holds for relatively small 7, this variant of the problem enjoys the
tighter error bounds shown in Fig. 7(b). Besides the intuition that this variant of the rotation search
problem is “easier” (an aspect that is correctly captured by 7 for which certifiable anti-concentration
holds), there is a precise technical reason that makes the property easier to satisfy. By inspection,
we note that the matrix A; in eq. (48) is an orthogonal matrix,?? hence ||AJv|= ||v||. This makes
the top and bottom x-axes in Fig. 7(a) the same, and the anti-concentration condition becomes a
point-wise comparison between the polynomial p? and the bounds.?’

The runtime to check certifiable anti-concentration is much higher than the one required for
certifiable hypercontractivity, since now we have to solve constrained optimization problems, also
involving higher-degree polynomials. Solving a moment relaxation of (42) using findbound [120]
takes around 0.5 seconds on a standard laptop. However, solving a relaxation of (43) requires
around 5 minutes, due to the need to use a higher-order relaxation (recall that (43) involves degree-6
polynomials).

8.5 High Outlier Rates: List-Decodable Estimation

We conclude this experimental section by discussing list-decodable estimation and the high-outlier
regime. In particular, this section shows that despite the fact that the theoretical guarantees
of Theorem 17 fall short in practice, a small variation of Algorithm 5 has impressive empirical
performance. To the best of our knowledge, the algorithm we describe is the first practical algorithm
for list-decodable estimation based on the framework proposed in [37].

We start by observing that the theoretical results in Theorem 17 fall short of providing usable
performance guarantees in the high-outlier-rate case: first of all, certifiable anti-concentration, even
in the simpler variant of the rotation search problem in Fig. 8(c), does not empirically hold for
outlier rates 8 > 0.5 (at least when using a degree-2 p), hence the results only cover the low-outlier
regime in practice. Second, the guarantees in Theorem 17 (i.e., the bound || — x°||, < nM,) are
non-trivial only for 7 < 2; however, Fig. 8(c) shows that anti-concentration starts holding for n > 2
in most cases, making the result in Theorem 17 of pure theoretical interest. Finally, the smallest k
allowed by the theorem is k = 6, which leads to large order-3 moment relaxations that we cannot
solve with current SDP solvers. Despite these limitations, one might still wonder if Algorithm 5
would produce good estimates even for lower relaxation orders, beyond what’s covered by the theory.

This section shows that a sparse order-2 relaxation of problem (LDR) in Algorithm 5 already
leads to accurate list-decodable estimation. In particular, we show that a small variant of Algorithm 5,
that we call Sparse List-Decodable Estimation (SLIDE), (i) produces good estimates for problems

(@) ©1s (@i)a("Ls (a") @I (a;") a1,
2PATA; = (a,EQ))T ®Is |- [ agl) ® I3 a§2) ® I3 a23) ® I3 ] = * (aiz))Taz(-z)Ig (aEQ))TaEB)Ig =Iy
(@) ©1s * * (@) Ta{1s

30As we observed, in the standard rotation search problem, ||A]v|| and ||v| are different in general, but it still
holds ||A]v||< |lv|| since the largest singular value of A; is equal to 1. Since, however, for certain choices of v, | A v||
can be much smaller than ||v|| (and be even zero if the matrix A; is rank-deficient), the condition (46) may need to
be satisfied for any 0 < || A]v||< ||v|. On the other hand, when the matrix A; is orthogonal, |A]v||= ||v| and the

< csM?

S oz which is less stringent to satisfy.

condition in (46) simplifies to p* (||v],)
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with high rates of random outliers, (ii) produces good estimates for problems with high rates of
“adversarial” (more precisely, mutually consistent) outliers, and (iii) if the measurements are generated
by multiple rotations (i.e., different subsets of measurements are generated by different rotations),
then SLIDE simultaneously recovers all the rotations generating the data.

Sparse LIst-Decodable Estimation (SLIDE). The proposed algorithm entails three main
changes to Algorithm 5, for r = 2. First of all, instead of solving a moment relaxation of order r = 2,
which is still expensive for large n (we test for n = 50), we develop a sparse relaxation, whose details
are given in Appendix J. The relaxation essentially considers a sparse monomial basis, which neglects
certain degree-2 monomials (e.g., w; - w;) that would make the dimension of the resulting SDP much
larger; the monomial basis is designed to still give us access to the entries of the pseudo-moment
matrix used in Algorithm 5. The second modification is to round the list of solutions of Algorithm 5
to the domain X. The latter is a consequential change: we empirically noticed that the original
approach in Algorithm 5 (but with our sparse relaxation) produces estimates with norm close to
zero. As we will see, projecting the estimates to X has the effect of re-normalizing the result and
correcting scaling problems. Finally, we always return n hypotheses, rather than sampling; this
makes the results deterministic and independent from an arbitrary choice of number of hypotheses
(which can no longer be guided by the guarantees in Theorem 17). Below, we will refer to this
modified algorithm as “SLIDE” (Sparse LIst-Decodable Estimation).
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Figure 9: Rotation search with random outliers: (a) Rotation error in degrees for the TLS approach
from [34] and SLIDE for increasing outlier rates 5. (b) Relaxation gap for the same approaches
(y-axis is on log scale). Shaded areas correspond to the 25th, 50th, 75th, and 90th percentiles.
Results are averaged over 10 runs.

Experiments on synthetic data. Figure 9 reports statistics comparing the estimation errors
of the sparse relaxation of the (TLS) problem proposed in [34] (label: “TLS”) against SLIDE, using
the data generation protocol of Section 8.1 with n = 50 and increasing outlier rates S between 0.1
and 0.9 at increments of 0.1. Figure 9(a) reports the rotation error in degrees between the estimate
from each approach and the ground truth. For SLIDE, we report the smallest error across the
estimates in the list. The TLS results confirm the observation from [34] that TLS is extremely robust
to extreme rates of non-adversarial outliers (as described in Section 8.1, in this case we sample the
outliers at random). However, the interesting observation is that SLIDE is also able to retrieve good
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estimates in practice as long as the amount of inliers is sufficiently large; note that for 3 = 0.9 we
only have 5 inliers, which is comparable to the size of the minimum set of measurements we need to
uniquely solve the problem (d = 3 in rotation search). Figure 9(b) reports the relative relaxation
gap for both approaches, computed as in eq. (24) in [30]:

v = |fsdp_f|

— Mo T 1 49
1+ | fdp|+| ] )

where fsqp is the optimal objective of the SDP relaxation and f is the objective attained by a rounded
solution.3! As already reported in [34], the TLS relaxation remains tight across the spectrum. On the
other hand, SLIDE’s relaxation is typically loose, while still returning accurate solutions. The lack
of tightness of SLIDE’s relaxation is a feature rather than a bug: a tight relaxation would produce a
binary vector w, forcing the objective to be always equal to [|w|3 = 21 w? = 37 w; = an;
such a relaxation would always produce a set of an inliers rather than “spreading” across multiple
potential sets of inliers (¢f. Section 7). Indeed, in our example in eq. (39), enabling non-binary w

was the key to allow solutions that spread across multiple potential sets of inliers.

TLS : : ‘ 10° : : :
100 Eie [
140+ : ‘
o0
g 120 ¢ ] 2
= L &0 —TLS
2 109 g 10° — SLIDE| |
¢ 80f =
g
£ 60| 3
S /=
= 40f 1
20+ 1 10710} g v § 1
O =
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Outlier rate (3) Outlier rate (3)

(a) (b)
Figure 10: Rotation search with mutually consistent outliers: (a) Rotation error in degrees for the
TLS approach from [34] and SLIDE for increasing outlier rates 5. (b) Relaxation gap for the same
approaches (y-axis is on log scale). Shaded areas correspond to the 25th, 50th, 75th, and 90th
percentiles. Results are averaged over 10 runs.

Figure 10 reports the same statistics, but now for a case with mutually consistent outliers. In
this case, we generate the set of outliers according to the same generative model of the rotation
search model (4), but using a rotation R’ # R° that we choose at random. Essentially, the set of
measurements now contains two different hypotheses for the parameter we want to estimate, and if
the outliers are more than 50% any single-hypothesis estimator is expected to fail (and return an
estimate close to R’ instead of R®). Figure 10(a) reports the rotation error for both TLS and SLIDE.
As expected, TLS experiences a phase transition, where for 5 < 0.5 it is able to retrieve a good

31For SLIDE, the relaxation gap can be easily computed by observing that the optimal objective of the non-relaxed
polynomial optimization problem (LDR) is always a - n.
32More precisely, it would produce binary entries X [w] € {0;1}" in the pseudo-moment matrix.
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estimate for R°, while for 8 > 0.5, the outliers form the most likely hypothesis, leading the estimator
to perform arbitrarily poorly. However, one can observe how SLIDE still performs similarly to the
non-adversarial case, achieving much smaller errors (the mean error remains below 4° for § = 0.8).
Figure 9(b) reports the relaxation gap for both approaches. SLIDE’s relaxation remains loose, while,
quite interestingly, TLS remains tight even in the presence of mutually consistent outliers.
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Figure 11: Rotation search with mutually consistent outliers: rotation errors in degrees for the TLS
approach from [34| and SLIDE for increasing outlier rates §. Errors are reported for both rotation
hypotheses present in the data. Shaded areas are only shown for SLIDE and for the second rotation
(the shaded area for the first rotation can be observed in Fig. 9(a)) and correspond to the 25th, 50th,
75th, and 90th percentiles. Results are averaged over 10 runs.

For the same set of experiments with mutually consistent outliers, Fig. 11(a) provides error
statistics for both rotations (R, R°) present in the sensor data. As expected, TLS, depending on the
outlier rate, retrieves either one or the other rotation (i.e., it only retrieves the dominant hypothesis
in the data). Indeed, (TLS) —similarly to (MC)— looks for the estimate supported by the “largest”
set of measurements, hence it is not able to find more complex patterns in the measurements. On the
other hand, SLIDE’s behavior is much more intriguing. Let us start by considering the high-outlier
regime (8 > 0.5), which is easier to parse. It is clear that when § > 0.5, SLIDE is able to report both
rotations producing the measurements, as long as the number of inliers for each is sufficiently large
(similarly to what we observed in Figs. 9 and 10). This is quite relevant for practical applications:
for instance, in rotation search, the presence of different rotations generating the data may be
due to the 3D vectors experiencing different motions over time (e.g., a subset belongs to a static
portion of the environment, while another subset belongs to a moving object), hence being able to
retrieve both might be useful to simultaneously infer motion of multiple objects with respect to the
sensor. In the low-outlier case S < 0.5, it might seem that SLIDE is not able to recover the second
rotation; however, this is only a byproduct of our experimental setup: for each 3, the polynomial
optimization (LDR) that SLIDE solves only searchers for estimates “supported” by at least « = 1 —f
fraction of the measurements. Therefore, for 8 = 0.1, we are asking SLIDE to report any estimate
that is supported by at least 90% of the measurements, hence SLIDE correctly reports a single
estimate (R°), since the other estimate (R’) is only supported by 10% of the measurements (i.e., the
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outliers). If we instead pass the minimum min(53, 1 — /) between the inlier and the outlier rate as the
fraction of the measurement set SLIDE has to look for, we obtain the behavior in Fig. 11(b), where
SLIDE is able to recover both rotations as long as they are supported by enough measurements.

Figure 12 provides qualitative evidence to further support the observation that SLIDE is
empirically able to report all the estimates supported by at least an inliers, as long as an is
sufficiently large. Figure 12(a) shows an example with mutually consistent outliers and 5 = 0.5:
the figure shows the rotations R° and R’ generating the data as coordinate frames with thick and
short axes, and the estimates in the list returned by SLIDE as coordinate frames with thin and long
axes. The figure shows that all the estimates returned by SLIDE cluster around the ground-truth
rotations generating the data. Figure 12(b) shows a more extreme case where the data is generated
by 5 different rotations, each one producing 20% of the measurements. The figure shows the 5
ground-truth rotations with thick and short axes, and the estimates from SLIDE as thin and long
axes. Also in this case, SLIDE’s estimates cluster around the ground-truth rotations, and indeed
SLIDE is able to recover all rotations within a maximum error of 2.6°. These results also seem to
suggest other algorithmic variants of Algorithm 5, where one, rather than sampling a smaller list,
would get a list of size n and then reduce the size of the list by clustering it into fewer hypotheses.
We discuss this and other extensions in the following section.

As we mentioned in Section 8.1, our implementation of SLIDE is in Matlab and uses MOSEK [105]
as an SDP solver. The average runtime of SLIDE in problems with n = 50 is 3 minutes.

0.5

-0.5

(b)

Figure 12: Ground-truth rotations generating the data vs. estimates from SLIDE. The ground-truth
rotations are visualized as coordinate frames with thick and short x (red), y (green), and z (blue)
orthogonal axes, and the estimates in the list returned by SLIDE as coordinate frames with thin
and long axes. (a) Rotation search with 2 rotations, each generating 50% of the measurements. (b)
Rotation search with 5 rotations, each generating 20% of the measurements.

9 Extensions and Open Problems

Extensions to other geometric perception problems. In this monograph we focused on
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problems where inliers can be expressed via a linear model with additive noise: y; = Aszo + €.
However, in many geometric perception problems, the measurements do not belong to a vector space
and the noise is no longer additive. In the following, we review three examples of such problems,
and observe that —in the outlier-free case— they can still be cast as:

. 2
mingex ||y — Al 2|, (50)
hence still being amenable for estimators such as (LTS), (MC), and (TLS) with f;(z) = Al z.

Example 18 (Single Rotation Averaging). FEstimate a rotation R € SO(3) given rotation measure-
ments R;, i = 1,...,n. The measurement model for the (inlier) measurements is given by:

Ri=R-R., i€l (51)

where R is a random rotation describing the measurement noise. When the rotation noise R follows
an isotropic Langevin distribution with mode I3 and concentration parameter k (inconsequential in
this example), a mazimum likelihood estimator for the outlier-free single rotation averaging problem
is given by the following optimization problem (where ||-||¢ denotes the Frobenius norm,):

n

i R— R;||?, 52
RZg) 2 [ [E (52)

which has the same form of (50) after vectorizing the matriz into a 9-vector. Rotation averaging
finds application in camera calibration, motion capture, spacecraft attitude determination, and
crystallography, see [121, 4] and the references therein.

Example 19 (Multiple Rotation Averaging). Estimate a set of rotations Ry, € SO(3), k=1,...,N,
from relative rotation measurements R;; between (a sufficiently large set of ) pairs of rotations. The
generative model for the (inlier) measurements is:

R;=R]R;R.,  (i,j) €&, (53)

where € is the set of pairs (i,j) such that a measurement }_?4‘]‘ 1s available. The problem can be
visualized as a graph, where each node is associated a to-be-estimated rotation, while edges correspond
to pairwise rotation measurements. When the rotation noise Re follows an isotropic Langevin
distribution with mode I3 and concentration parameter k (inconsequential also in this example), a
mazximum likelihood estimator for the outlier-free multiple rotation averaging problem is given by the
following optimization problem [122]:

~ = 112
RieSO(3) h=1.. N Z k|| Ry — RiRy| . (54)
(4,7)€E

which has the same form of (50) after vectorization. Multiple rotation averaging arises in Structure
from Motion and camera calibration [}] among other problems, and can be used to compute an
initial guess for Simultaneous Localization and Mapping methods [123]. It has also been studied in
conjunctions with Shor’s relaxation in [46, 122].
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Example 20 (Pose Graph Optimization). Estimate a set of poses (ti, Rip) with tx € R® and
R, € SO(3), k=1,...,N, from relative pose measurements (t;;, R;;) between (a sufficiently large
set of ) pairs of poses. The generative model for the (inlier) measurements is:

Rij = R;erRE, fij = R;r(tj — ti) + ¢, (Z,j) S 5, (55)

where £ is the set of pairs (i,j) such that a measurement (t;;, R;;) is available. The problem can
again be visualized as a graph, the pose graph, where each node is associated a to-be-estimated
pose, while edges correspond to pairwise pose measurements. When the rotation noise R follows an
isotropic Langevin distribution with mode I3 and concentration parameter k, and the translation error
t. is a zero-mean Gaussian with covariance %13, a mazimum likelihood estimator for the outlier-free
pose graph optimization problem is given by the following optimization problem [13, 110, 7]:

i t; —t; — Ryt R, — RiR;|?, 56
e, Sy oy 2 It - Ribilat D k[ Ry - RiBye (56)
(i,5)€€ (i,5)€E

which, observing the quadratic nature of the cost in (56), can be recast as in eq. (50). Pose graph
optimization finds application in Simultaneous Localization and Mapping among other fields [5] and
has been investigated in conjunction with Shor’s relazation in [13, 110, 7, 124, 14, 125].

All the examples above still reduce to linear regression over a basic semi-algebraic set, hence we
believe it is possible to extend the results presented in this monograph to these problems. Indeed,
moment relaxations of a (TLS) formulation of outlier-robust pose graph optimization have been
proposed in [35]. At the same time, multiple rotation averaging and pose graph optimization pose
further challenges, due to the very high-dimensional nature of the problem (for which even a sparse
moment relaxation of order 2 is out of reach for current SDP solvers and for realistic problem
sizes [35]), and might benefit from different assumptions on the measurements that better leverage
the graph-theoretic nature of the problem (e.g., problems (53) and (56) admit a unique solution
only if the underlying graph is connected).

Other extensions and open problems. This monograph extends results from outlier-robust
statistics to problems with vector-valued measurements, unknown outlier rates, and variables
belonging to a basic semi-algebraic set X. However, all the algorithms presented in this monograph
may return estimates outside X. While in principle, for the sets arising in geometric perception, it
is typically easy to project the outputs of these algorithms onto X, the corresponding estimation
contracts currently do not account for such a rounding. Leveraging Lemma 3 in [126], we could account
for the rounding by adding a constant factor of 2 in front of the error bounds in Propositions 13 to 15
and Theorem 17.23 However, it would be desirable to take advantage of the domain constraint to
tighten the error bounds in the proofs, rather than treating it as an afterthought (in this monograph,
we mostly make sure that the domain constraint does not break the proofs).

A second limitation is that the estimation contracts presented in this monograph require the corre-
sponding algorithms to solve high-order moment relaxations. For instance, we have already observed
that Theorem 12 requires a relaxation of order » > k > 4 (under k-certifiable hypercontractivity),
which would be impractical to solve with current SDP solvers; in this case the bound r > k > 4
on the relaxation order is imposed by the degree of the objective in Algorithm 1 (which imposes
r > k), and by the proof (which requires k > 4). This requirement is further reinforced by the fact
that typical distributions (e.g., Gaussians) have been shown to be 4-certifiably hypercontractive [15],

33We thank Kevin Doherty for pointing out the result in [126].
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hence again requiring k > 4 for the performance guarantees to hold. The same issue arises for the
other estimation contracts, due to the requirement that the relaxation order must satisfy r > k/2 for
k-certifiably anti-concentrated inliers and that k£ > 6, due to the degree of the polynomials in (33).
Therefore, it would be desirable to develop guarantees for more practical (and possibly sparse)
order-2 relaxations, with the goal of fully explaining the empirical performance observed in [30].

Third, it would be interesting to explore the performance of list-decodable estimation in other
perception problems. In particular, it would be useful to see if the impressive performance observed in
rotation search problems (Section 8.5) can be also replicated in other geometric perception problems.
Along these lines, it would be desirable to develop more sophisticated algorithmic variants of SLIDE
based on the framework in [37]. For instance, rather than sampling potential estimates from the
pseudo-moment matrix, one could collect all estimates (as done in SLIDE), cluster them into a
smaller number of hypotheses, and return the cluster centers, hoping that the cluster-wise averaging
can further reduce the estimation errors. Related to the discussion above, it would be desirable to
extend the performance guarantees in Theorem 17 to encompass order-2 relaxations and capture the
fact that projecting the estimates to the domain X leads to much better performance in practice.

Fourth, it would be interesting to characterize the behavior of adversarial outliers in geometric
perception. How does an adversarial attack on a geometric perception problem look like? While in the
experiments we observed that “mutually consistent” outliers are more challenging to reject, a strong
adversary model would also leverage the set of inliers to create even more difficult problem instances.
Along these lines, designing algorithms to produce adversarial outliers in perception problems might
provide further insights on outlier-robust estimation algorithms, somewhat drawing inspiration from
the large and parallel body of research on adversarial machine learning, see, e.g., [127].34 A somewhat
related problem is how to train the front-end of a perception system to avoid these adversarial
instances. In other words, can we design a front-end (i.e., train a neural-network) in a way that the
resulting measurements satisfy our estimation contracts by construction? For instance, this would
entail enforcing or encouraging certifiable hypercontractivity or certifiable anti-concentration of the
measurements produced by the front-end during training.

Finally, a broader issue is that many of the estimation problems considered in this monograph
must be solved on a stringent runtime budget. For instance, point cloud registration problems
(Example 2) are solved at frame-rate (e.g., > 20 Hz) in many RGB-D SLAM applications [5],
hence requiring the estimation algorithm to run in a fraction of a second. SDP solvers applied
to the moment relaxations considered in this monograph (even at order 2) are far from meeting
this runtime constraints. Therefore, it would be interesting to develop specialized solvers that take
advantage of the problem structure; for instance, the work [119] leverages the fact that the SDP
is a relaxation of a polynomial optimization problem to speed up computation, while [7] achieves
real-time performance by solving large SDPs using the Riemannian staircase method [129]. Finally,
it is important to further extend the reach of sparse versions of Lasserre’s hierarchy of moment
relaxations, which can reduce the size of the matrices in the relaxation by leveraging the problem
structure, see [130, 131, 132, 133].

10 Conclusions

We studied outlier-robust estimation in the context of the geometric perception problems arising
in robotics and computer vision. Many of these problems can be reformulated as linear estimation

34An empirical study on adversarial attacks on SLAM has been recently proposed in [128].
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problems with variables belonging to a basic semi-algebraic set, and the goal is to retrieve a good
estimate of the variables in the presence of outliers. We provided a unified view of converging work
on outlier-robust estimation across robust statistics, robotics, and computer vision and discussed
technical tools underlying modern estimation approaches, including moment relaxations and sum-of-
squares proofs. Then, we reviewed existing algorithms and presented estimation contracts, which
establish conditions on the input measurements under which modern estimation algorithms are
guaranteed to recover an estimate close to the ground truth in the presence of outliers. Towards this
goal, we adapted and extended recent results on outlier-robust linear regression (applicable to the
low-outlier case with < 50% outliers) and list-decodable regression (applicable to the high-outlier
case with > 50% outliers) to the setup commonly found in robotics and vision, where (i) variables
(e.g., rotations, poses) belong to non-convex sets, (ii) measurements are vector-valued, and (iii) the
number of outliers is not known a priori. Besides the technical results, we hope this monograph can
provide a unifying view of parallel research lines on outlier-robust estimation across fields. Moreover,
we hope that practitioners will benefit from our layman introduction to moment relaxations and
sum-of-squares proofs and will use these tools to attack other outstanding problems in robotics and
vision. Finally, we hope that researchers in robust statistics will be intrigued by the formulations
and the empirical performance observed in robotics and vision problems, and will contribute to
bridging the current gap between theoretical results and practical algorithms.
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A An Algorithmic View of Lasserre’s Hierarchy of Moment Relax-
ations

Here we provide an algorithmic (and somewhat unorthodox) view of Lasserre’s hierarchy of moment
relaxations [25]; we refer the reader to [108, 104] for a more standard introduction.

Lasserre’s hierarchy provides a systematic way to relax a polynomial optimization problem (POP)
into a semidefinite (convex) program. We start by restating (POP):

hi(cc):O,z':l,...,lh}7 (POP)

p* £ min < p(x) .
gi(x) >0,7=1,...,1

xRz

where p(z), hi(z), gj(x) are polynomials in the variable & € R%.

The key idea behind Lasserre’s hierarchy of moment relaxations is to (i) rewrite the polynomial
optimization problem (POP) using the moment matrix X%, (ii) relax the (non-convex) rank-1
constraint on Xo,, and (iii) add redundant constraints that are trivially satisfied in (POP) but might
still improve the quality of the relaxation; as shown below, this leads to a semidefinite program.

(i) Rewriting (POP) using Xj,. Recall that any polynomial of degree up to 2r can be written
as a linear function of the moment matrix Xo, (cf. Section 4.2). Therefore, we pick a positive integer r
(the order of the relaxation) such that 2r > max{deg (p), deg (h1),...,deg (hy,),deg (1), ..., deg (g, )},
such that we can express both objective function and constraints as a linear function of Xs,.. With
this choice of r, we can rewrite the objective and the equality constraints in (POP) as:

objective 1 (C4, Xoy) (A1)
equality constraints : (Aeqj, Xor) =0, 7 =1,...,1, (A2)

for suitable matrices C1 and Aeq, ;.

(ii) Relazing the (non-convex) rank-1 constraint on Xo.. At the previous point we noticed we
can rewrite objective and constraints in (POP) as linear (hence convex) functions of Xs,. However,
X, still belongs to the set of positive-semidefinite rank-1 matrices (since it is defined as [x],[z]],
where [x], is a vector of monomials), which is a non-convex set due to the rank constraint. Therefore,
we simply relax the rank constraint and only enforce:

pseudo-moment matrix :  Xa, > 0. (A3)

(iii) Adding redundant constraints. Since we have relaxed (POP) by re-parametrizing it using
Xo, and dropping the rank constraint, the final step to obtain Lasserre’s relaxation consists in
adding extra constraints to make the relaxation tighter. First of all, we observe that there are
multiple repeated entries in the moment matrix (e.g., in (9), the entry xjz9 appears 4 times in
the matrix). Therefore, we can enforce these entries to be the same. In general, this leads to
Mmom = t(d,) — dy, + 1 linear constraints, where d,, = (%;2) (the size of the monomial basis of

2 n(ntl)
- 2

degree up to 2r, i.e., [x]a,) and t(n) is the dimension of S™. These constraints are typically

called moment constraints:

moment constraints : (Amom,0, Xop) =1,
Amom,j, Xor) =0, (A4)

{
(Amo
j:lw"at(dr)_d}r?

35Recall that the moment matrix is defined as Xa, £ [z].[]}, where [x], is the vector of monomials of degree up

to r. For instance, for @ = [z1; z2] and r = 2, the matrix Xo, takes the form in eq. (9).
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where Apom o is all-zero except [Amom,0]11 = 1, and it is used to define the constraint [ Xy, |11 =1,
following from the definition of the moment matrix (see eq. (9)).

Second, we can also add redundant equality constraints. Simply put, if h; = 0, then also h;-z1 = 0,
h; - x5 = 0, and so on, for any monomial we multiply by h;. Since via X5, we can represent any
polynomial of degree up to 2r, we can write as linear constraints any polynomial equality in the
form h; - [®]2,_deg(n,) = O (the degree of the monomials is chosen such that the product does not
exceed degree 2r). These new equalities can again be written linearly as:

(redundant) equality constraints : (Areq,ija Xo,) =0, (A5)
Z.:l,...,l}“ jzl?"'7d2r—deg(hi)7

for suitable Ayeqj. Since the first entry of [x]y,_qeg(n,) s always 1 (i.e., the monomial of order
zero), eq. (A5) already includes the original equality constraints in (A2).

Finally, we observe that if g; > 0, then for any positive semidefinite matrix M, it holds g;- M > 0.
Since we can represent any polynomial of order up to 2r as a linear function of Xs,, we can add
redundant constraints in the form g; - Xo(r—[deg(g;)/2]) = 0 (by construction gj - Xo(r—[deg(g;)/2])
only contains polynomials of degree up to 2r). To phrase the resulting relaxation in the standard
form (SDP), it is common to add extra matrix variables X, = g; - Xo(r—[deg(gy)/2)) for i =1,...,1
(the localizing matrices [104, §3.2.1]) and then force these matrices to be a linear function of Xo,:

localizing matrices :  Xg, =0, j=1,...,1, (A6)

localizing constraints : (Aoc jkh, Xor) = [Xg;Ink,

i AT
J:l,...,lg, 1§h§k§dr—fdeg(gg‘)/ﬂ’ ( )

where the linear constraints (for some matrix Ay jrn) enforce each entry of ng to be a linear
combination of entries of the matrix Xo,.
Following steps (i)-(iii) above, it is straightforward to obtain the following semidefinite program:

o = min Ci,X9) | A(X)=b, X =0}, A8
f3 X:(er,{Xg].}]-e[,g]){< 1, Xor) | A(X) } (A8)

where the variable X = (X2, {Xy; }jep,)) is a collection of positive-semidefinite matrices (cf. (A3)
and (A9)), the objective is the one given in (Al), and the linear constraints A(X) = b collect all
the constraints in (A4), (A5), and (A7). Problem (A8) can be readily formulated as a multi-block
SDP in the primal form (SDP), which matches the data format used by common SDP solvers. The
matrix X, solving (A8) is typically referred to as the pseudo-moment matriz.>® One can solve the
relaxation for different choices of r, leading to a hierarchy of convex relaxations.

While we presented Lasserre’s hierarchy in a somewhat procedural way, the importance of the
hierarchy lies in its stunning theoretical properties, that we review below.

Theorem A1 (Lasserre’s Hierarchy [25, 104, 109]). Let —oo < p* < 0o be the optimum of (POP)
and f3. (resp. X3, ) be the optimum (resp. one optimizer) of (A8), and assume (POP) is explicitly
bounded (i.e., it satisfies the Archimedeanness condition in [48, Definition 3.137]), then

(i) (lower bound and convergence) f3. converges to p* from below as r — oo, and convergence
occurs at a finite r under suitable technical conditions [109];

36The rationale behind this name will become apparent in Appendix B.
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(ii) (rank-one solutions) if f3. = p* at some finite v, then for every global minimizer «* of (POP),
X3, = [x*],[z*]] is optimal for (A8), and every rank-one optimal solution X3, of (A8) can
be written as [z*].[x*]] for some x* that is optimal for (POP);

(i11) (optimality certificate) if rank (X3 ) = 1 at some finite r, then f}. = p*.

Theorem Al states that (A8) provides a hierarchy of lower bounds for (POP). When the
relaxation is exact (p*= f3.), global minimizers of (POP) correspond to rank-one solutions of (AS8).
Moreover, after solving the convex SDP (A8), one can check the rank of the optimal solution X3 to
obtain a certificate of global optimality.

Further tightening the relaxation. As we discussed above, in the standard presentation of
Lasserre’s hierarchy, one adds a localizing matrix for each inequality constraint to enforce constraints
such as g; - Xo(—[deg(g;)/2]) = 0. However, in principle, we could also add constraints enforcing
Gj19j.-M = 0, for any pair of inequality constraints g;, >0 and g;, >0, for j1, jo € [l4]. More generally,
we can add constraints Hjes gj - M > 0, for any subset S C [I,] as long as deg (H]ES gj> has degree
no larger than 2r. After adding those extra constraints, we can still phrase the resulting relaxation
in the standard form (SDP), by adding extra matrix variables Xs = [[,c5 9 Xy 15, s deg(e;)/2])"

and then forcing these matrices to be a linear function of Xo,:
localizing matrices : Xg >0, S C [lg], (A9)

localizing constraints : (Aioe,s,kh, Xor) = [ X5k,
Scl 1shsksd (5 o)

where, similarly to the standard Lasserre’s relaxation, the linear constraints (for some suitable
matrices Ajoe s kn) enforce each entry of Xs to be a linear combination of the entries in Xo,.

The additional constraints in eq. (A10) make the relaxation tighter compared to the standard
presentation of Lasserre’s relaxation, but are not necessary to obtain the convergence result in Theo-
rem Al, which holds regardless for explicitly bounded constraint sets. However, these constraints
become necessary to obtain convergence results akin to Theorem A1 for the case where the set of
constraints is not explicitly bounded (see |50, Section 3.3] and [48, p. 115] for a more extensive
discussion). For this reason, in order to maintain generality, related work following the “proofs to
algorithms” paradigm typically assumes those constraints to be present, see, e.g., [15, 37]. These
terms will indeed appear in the definitions of sos proofs and constrained pseudo-distribution, see Ap-
pendix B. In order to keep the definitions in our monograph consistent with [15, 37|, we will also
assume these terms to be present, even though they are not strictly necessary under Assumption 2.

(A10)

B Pseudo-distributions and Moment Relaxations

The start of this section follows standard introductions about pseudo-distributions given in related
work [15, 49, 78, 37|, while later in the section we attempt to draw more explicit connections
with the optimization machinery in Appendix A. Although such a connection is self-evident to the
expert reader (indeed pseudo-distributions are the language traditionally used to justify the moment
relaxation [104]), such a connection is often less immediate for the practitioner, in particular when
taking the algorithmic view of moment relaxations presented in Appendix A.
Pseudo-distributions. Pseudo-distributions are a generalization of the concept of probability
distribution. A standard probability distribution p with finite support in R% is simply a function
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p : R% s R such that > wesupport(y) H(®) =1 and p(x) = 0 for all x. In other words, if support(u)
is a finite collection a points in R%, ;1 assigns a non-negative probability mass to each of these points,
such that those probabilities sum up to 1. Similarly, a pseudo-distribution f is a finitely supported
function such that > c ooz £(x) = 1 but in this case the non-negativity condition is replaced
by a milder condition (i.e., a pseudo-distribution can assume negative values over its support).

In order to formally introduce the notion of pseudo-distribution, we start by defining the
pseudo-expectation of a function f : R% +— R under a finitely supported function fi:

Blf@]= Y f@)- ). (A11)

xEsupport(f)
We are now ready to formally define a pseudo-distribution.

Definition A2 (Pseufio—distribution). A finitely supported function fi : R% +— R is a level-¢
pseudo-distribution if Ej [1] =1 and Ej [f(x)?] > 0 for all polynomials f of degree deg(f) < €/2.

In words, f1 is a function that is allowed to become negative as long as its “expectation” (more
precisely, pseudo-expectation) with respect to every squared polynomials f(x)? of sufficiently low
degree remains positive. It is possible to show that a level-co pseudo-distribution is an actual
probability distribution, since the condition Ej [f(z)?] = 0 would enforce i to remain positive (in
this case the pseudo-expectation becomes the traditional expectation of the distribution).

Towards reconnecting pseudo-distributions with the optimization machinery in Appendix A, we
start by observing the following link between pseudo-distributions and pseudo-moment matrices.

Lemma A3 (Pseudo-moment matrix [49]). Let ji:R% R be a finitely supported function with
Ez [1]=1. Then, ji is a level-f pseudo-distribution iff the pseudo-moment matriz K {[a:]g/Q[a:]Z/Z} is

positive semidefinite, where [T]y/5 is the vector of monomials of degree up to £/2.
Now we define what it means for a pseudo-distribution to satisfy a set of polynomial constraints.

Definition A4 (Constrained pseudo-distribution). Let A = {f1 > 0,..., f; > 0} be a set of
polynomial constraints over R% . Let fi : R% —R be a level-¢ pseudo-distribution. We say that i

satisfies A at degree k, denoted as ji lé A, if every set S C [m] and every sum-of-squares polynomial
h on R% with deg(h) + >;cs max{deg (f;),k} < € satisfies:

5

h- Hfi] > 0. (A12)

i€S

~ |k . . . " .
Moreover, we say that [i |= A holds approximately if the above inequalities are satisfied up to an error

of 2% . |2|l- TLies fill, where ||-|| denotes the Euclidean norm of the coefficients of the polynomial.

The notion of pseudo-distributions approximately satisfying a set of constraints is useful to
account for the practical observation that numerical SDP solvers (which we are going to use to find
pseudo-distributions, as discussed later in this section) will only satisfy the constraints up to some
numerical tolerance, and we have to make sure that such numerical errors do not lead us to draw
incorrect conclusions using the sos proof system (see Appendix C).

In this monograph, we make use of the following facts about pseudo-distributions.
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Fact A5 (Linearity [134]). Let f,g be polynomials of degree at most £ in indeterminate & € R%
and take o, B € R. Then, for any level-f pseudo-distribution fi,

Eilo f(z) + Bg(x)] = oy [f ()] + BEz [g()] (A13)

Fact A6 (Cauchy-Schwarz for pseudo-distributions [37]). Let f, g be polynomials of degree at most ¢
in indeterminate & € R% . Then, for any level-f pseudo-distribution i,

By [f 9] < v/Ealf?) - /Ealg?) (A14)

and (specializing the result above to g =1):

E; [f]” <E; [f3. (A15)
Fact A7 (Holder’s inequality for pseudo-distributions [15]). Let f,g be sos polynomials. Let

p,q be positive integers such that 1/p + 1/q = 1. Then, for any pseudo-distribution i of level
0> pq-deg(f)-deg(g), we have:

- pq - -
(Bals-gl)” <Ealr)? BalP (A16)
In particular, for all even integers k > 2, and polynomial f with deg(f) -k < £:
~ k .
(Balf) <Ba[f*]. (A17)

Fact A8 (Norm inequality for pseudo-distributions). Let v be an m-vector with polynomial entries
of degree at most £/2 in indeterminate x € R%. Then, for any degree-f pseudo-distribution i,

il 5 o] e

2
Proof. By definition, ||U||§ = > vZ. Moreover, by (A17), ( i [vl]) < Ej; [v?]. Therefore:

’L].Z

linearity

H@[ﬂ”}i( v])” i::IEﬁ ) > g, gvg

proving the claim. [ |

] =B [Jol3],  (A19)

Making the connection with moment relaxations explicit. The non-expert reader might
still be confused about the relation between pseudo-distributions and moment relaxations. To shed
some light, let us restate our (POP):

min  p(x) (A20)
xR
subject to hi(x) =0, i=1,...,1
.g](w) 207 lea 7lg'
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Now, we start by relaxing (A20) using pseudo-distributions, and show that this leads back to the
relaxation presented in Appendix A. In particular, we relax (A20) to:

min Bz [p(e) (A2)
subject to i is a level-¢ pseudo-distribution (A22)
Ej [hi() - g()] = 0, (A23)

for all i = 1,...,l; and for all ¢ € R[z], such that deg (h; - q) < ¢
By [[Tjes 95(@) - s(@)?] = 0, (A24)

for all S C [l,4] and for all s € R[x] such that deg <Hjes gj - 32> <.

Despite the complexity of (A21), it is apparent that (A21) is a relaxation of (A20): for any « that is
feasible for (A20) (i.e., that satisfies h;(x) = 0 and g;(x) > 0), we can define a (pseudo-)distribution
g supported on x (i.e., puy(x) = 1 and zero elsewhere) which is also feasible for (A21) (such
pseudo-distribution p, is such that INENI [p(x)] = p(x) for any polynomial p, hence also preserving the
objective of (A20)). Indeed, it is possible to show that if we require fi to be an actual distribution, and
replace the pseudo-expectations with actual expectations, then (A21) becomes equivalent to (A20),
see [108] for a more extensive discussion. The advantage of the relaxation (A21) is its tractability:
while (A20) is NP-hard [108], the relaxation (A21) can be written as a semidefinite program (SDP)
and solved in polynomial time. Indeed, in the following we show that rewriting (A21) as an SDP
leads us back to the same moment relaxation we procedurally introduced in Appendix A. Towards
this goal, we will need some extra notation.

Preliminaries to connect problem (A21) with Appendir A: Recall that [x],/, is the vector of
monomials of degree up to £/2 and therefore the moment matrix X, £ [z] 5/2[1:]2—/2 contains all
monomials of degree up to £. It will be useful to define (and visualize) the pseudo-expectation of the
moment matrix: E; [X,]. For instance, for the case with & = [z ; o] and £ = 4:

1 Eple]  Ealvs]  Eala}] Eplnizs] Ep[a3]
Eple]  Eglel] Eg [Ili;?z} Ex [925?] Eq [Ifﬂfg] i [xlﬂgﬂg]
B SR BT Bl Bl BGh B | O
i [z122) I~E,~ [.1‘%]}2] i [xlx%] I~Eg [a:i’xQ] I~E,; [J;%a:%] i [xlxg]
E; [x%] E; [mlxg] E; [x%} E; [m%x%] E; [xlxg] E; [x%}

In the following, we will also need a more convenient way to index the monomials in [x], (and,

as a consequence, the entries of X, and IE,; [X/]). Using standard notation, for a vector av € Nz we
write £ to denote the monomial with exponents e (for instance, for a = [1; 3; 0; 5], ** = z12323).
We also denote |a|2 Zfil a;, which is the degree of the monomial. Using this notation, we can
index with a the monomials appearing in [x]y. For instance, for £ = 2:

00 [0 fos1) 2O py 02
a2 [ 1 520 T 4} g @3 (A26)

where for each monomial, we reported the corresponding “index” ae. We can similarly index the rows
and columns of X, and E; [X/] using two indices o and 3. For instance, the entry of the matrix
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indexed by row a = [2; 0] and column « = [0; 1] in (A25) will be Ej [#122]. Note that the monomial
appearing in row a and column 3 of the moment matrix X, will always have exponent a + 3, since,
due to the definition of the moment matrix (X, £ [a:]g/z[w]zﬂ) its entry [Xy]ag = x* - 2P and for

two monomials «® and x?, it holds:*"
z® . P = gotP, (A27)
Finally, we will conveniently use the following representation of a polynomial f(x) of degree ¢:

f(x) = Za:|a|§€ fcx z, (A28)

where we simply observed that the polynomial is the sum of monomials @ of degree |a|< ¢, and
with suitable coefficients fn, again indexed by a.

We are now ready to show that both objective and constraints (A21) can be rewritten in a way
that leads back to the moment relaxation in Appendix A.

Rewriting the objective (A21): To simplify the objective I~Eﬁ [p(x)], we note that the pseudo-
expectation is a linear operator, hence:

using (A28) using Fact A5 for a suitable matrix Cq
~~~

£, [p()) = (C1 B X)),

2
|I>
=
=
=[]
=
Q
8
Q
Il
bl
Q
=h
=
]
_8

(A29)

which indeed produces the same structure as the objective of the moment relaxation in (A1) with
£ = 2r; as we will see in a while, IE,] [X¢] will become the main matrix variable in the optimization.
Rewriting the equality constraints (A23): To simplify the constraint E; [h;(2)g(2)] = 0 (which has
to hold for polynomials g of degree deg (h; - ¢) < ¢) we note that it suffices to require fE,; [hi(x)xP] =0
for |3|< ¢ — deg (h;); this follows from the fact that any polynomial is a sum of monomials and the
pseudo-expectation is a linear function. Let us now manipulate Eﬁ [hz(w)zcﬁ] =0 as follows:

using (A28) for h;(x) using (A27)

Eﬂ [hz(m)mﬁ} =0 < INE;) Zhiyamamﬁ] =0 < INE/; Zhi7ama+ﬂ] =0
a a
using Fact A5 for a suitable matrix A; g
’ZI_—\)? Z Bi,aEﬂ |::c0¢+ﬂ:| =0 /<-/:\->\ <Ai,B>Eﬁ [Xg]> =0,
o

(A30)

which has to be imposed for each 3 such that |3|< ¢ — deg (h;). Note that the constraints in (A30)
capture both the equality constraints in (A2) (for |3|= 0) as well as the redundant constraints (A5)
(for 0 < |B]< £ — deg (hy)).

Rewriting the inequality constraints in (A46): We simplify the constraint E,, {H jes 9i(x) - s(m)ﬂ

v

0, which has to hold for all S C [l;] and for all s € R[z] such that deg (Hjes g; 32) < (. To-

wards this goal, we use the representation (A28) for s(x) and write s(x) = > 5.5« spxP, where

37For instance, the product between the monomial z1232; (namely, * with a = [1; 3; 0; 5]) and the monomial
zizoxs (namely, P with 8 = [2;1;1;0]) is (z12323) - (23x2x3) = xlz3xs2], which corresponds to the exponent
vector [3;4; 1; 5].
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Lo \fdeg(l_[jesgj)

5 J . Therefore, we obtain:

expanding s2

E,lgi(x) s(@)’] >0 =" E,|gi(x): Y 5ax® D 5pxf| >0 (A31)
ol <t B:BI<t

rearranging

= E, > Saspz®Pgi(x)| >0 (A32)

o.B:|al,|BI<t _
using (A28) on Hsc gj(m) i
=R Y awet? Y w20 (9
a.Bial,|BI<t vily<deg([ T es 95 (@)
rearranging
& o - atB+y| > A34
= Bu| Y Sass > 5~ > (A34)
o Bilal,|B|<t vily|<deg(Tjes 95 (@)
using Fact A5
= S Sads 3 s, [ma“’ﬂ} > 0. (A35)
a,Blal|Bl<t il <deg(ITjes 95 (@))

Now note that |a + 3 + 'y\< £ by construction, and hence we can write, for a given v and 3, each
o+B+y
Z"/il’v\édeg(ﬂjes ) gs~E, [:c ] as a linear function of IE [X¢]. Moreover, since o and (3 are

such that ||, |3|< t, we can group these entries into an ¢ x ¢ matrix Xs, which is such that:
[XS]aﬂ = <Aloc,5,aﬁa E/j [X£]> s (A36>

for some suitable matrix Ajoc,s a3, such that <A10C’37a,3, Ez [Xg]> = Zvi\v\édeg(ﬂjes o) GinE, EXacandp

Using the matrix Xs and defining a vector § € R? with entries 54 for |a|< t, we rewrite (A35) as:

> 5a5p(Xslaps >0 <> 8" Xs8>0. (A37)
a,B:lal,|BI<t

Since this has to hold for any s (i.e., any polynomial s(x) of appropriate degree), we conclude the
constraint above is equivalent to:

Xs = 0. (A38)

Now we can easily see that (A36) and (A38) match the localizing constraints we wrote in (AT).

Rewriting (A22): Finally, the constraint (A22) imposes that & must be a level ¢ pseudo-
distribution. However, we know from Lemma A3 that [ is a level-£ pseudo-distribution if and only if
the pseudo-moment matrix £ [[m] ¢ /Q[m]g/z} is positive semidefinite and Ej [1] = 1. Therefore, we
can reparametrize the objective (A29) and constraints (A30), (A36), (A38) with a matrix variable
(in place of E; [X/]) that is constrained to be positive semidefinite and to have the top-left entry
equal to 1 (cf. (A25)). This yields back the relaxation described in Appendix A as expected.
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Constrained pseudo-distributions: a practical view. So far we have shown that taking
suitable pseudo-expectations over the objective and constraints in a polynomial optimization problem
leads to a convex relaxation, known as the moment relaxation. Now we want to shed some light
on Definition A4 by showing that the condition (A12) is indeed the same as the inequality constrains
in (A46) and hence admits the same transcription as an SDP.

Towards this goal, let us consider the following feasibility POP:

find xeR% (A39)
subject to  hi(x) =0,i=1,...,1 (A40)
gj(®) > 0,7 =1,...,1,. (A41)

This is similar to (POP), with the exception that we are looking for a feasible solution rather
than optimizing a cost function. Now note that we can write a polynomial equality h;(x) = 0
as two inequality constraints h;(x) < 0 and —h;(x) < 0. Hence, without loss of generality we
rewrite (A39) as:

find x € R% (A42)

subject to  fj(x) >0, j=1,...,m, (A43)

for suitable polynomials f;, ¢ = 1,...,m. Similarly to what we did earlier in this section, we
relax (A42) by using pseudo-expectations:

find £ (A44)

subject to [ is a level-¢ pseudo-distribution (A45)

Ey [s(@)? Tlies fiz)] 20, (A46)

for every set S € [m] and every s € Rlz] such that deg (s* - [[,cs fi) < ¢

First of all, we note that (A46) matches the definition of constrained pseudo-distribution in Def-
inition A4 for k = 0. Moreover, following the same derivation as above, we can easily show that
(1) (A44) can be transcribed as a standard SDP, and (ii) every pseudo-distribution solving Lasserre’s
relaxation of a (POP) satisfies the set of constraints in the (POP) in the sense of Definition A4.

Now we note that Definition A4 allows some extra slack through the parameter k, i.e., [i
satisfies A at degree k, if every set S C [m] and every sum-of-squares polynomial h on R%
with deg (s?) + Y ;e max{deg (f;) , k} < ¢ satisfies Ex [s* [l,es fi] = 0. This essentially means
that the inequality I~Eﬂ [82 Tlies fz} > 0 is enforced for a smaller number of subsets S.

C Sum-of-Squares Proofs

Sum-of-squares proofs provide an advanced way to reason about polynomial constraints and to
infer properties of pseudo-distributions, or, equivalently, properties of the moment relaxation
in Appendix A. The presentation in this section builds on [49], but also collects inference rules from
other papers, which we cite as we present the results.

Let us denote with f(x) a polynomial in variables & = [x1;x2;...;24,] and let A= {fi(x) >
0,..., fm(x) > 0} be a system of polynomial constraints over R%. In the following, we omit the
argument when clear from the context and write f instead of f(x). A polynomial p is sum-of-squares
(sos) if there exist polynomials qi,...,q; such that p = ¢? + ...+ ¢?.

The key idea is to relate two sets of polynomial constraints using a “sum-of-squares proof” (the
definition below is the same as Definition 3 in the main manuscript).
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Definition A9 (Sum-of-squares proof). Given a system of polynomial constraint A and a polynomial
g, a sum-of-square (sos) proof that the system A implies g > 0 consists of sum-of-squares polynomials
{ps}scim) such that:

g=>_ s |[# (A47)
SCm)]

1€S

We say that the proof has degree k if for every S C [m], deg (pg Tlies fl) < k where deg(-) denotes
the degree of a polynomial. We use the notation:

A@) e {g(®) >0} or  {fi(x)>0,..., fu(z) > 0} & {g(x) > 0} (A48)

to denote that there is a proof of degree at most k of the fact that A = {f;(x) > 0,..., fm(x) > 0}
implies g > 0 (i.e., any x that satisfies A(x) is such that g(x) > 0). We omit the variables and
write A(x) |£ {g(x) > 0}, when they are clear from the context. Moreover, we write

1 {g(z) > 0} (A49)

if there is a sum-of-squares proof that g(x) > 0 for any x € R% (i.e., g(x) is sum-of-squares).

From eq. (A47), it is clear why the polynomials ps are a “proof” of g > 0 for any x satisfying .A:
for any x € A, [[;cs fi > 0 by definition, hence if we can write g as the product of a sum-of-squares
(hence non-negative) polynomial and [, s fi, we automatically prove that g > 0 whenever x € A.

Sum-of-squares proofs allow us to deduce properties of pseudo-distributions: in particular, if we
have an sos proof relating two sets of constraints, we can conclude that any pseudo-distribution
satisfying a set of constraints, must also satisfy the other. This is formalized below.

Fact A10 (Soundness [37]). Consider a level-{ pseudo-distribution i such that i Ié A. If there
exists a sum-of-squares proof that A |k—/ B, then i bRK B.

If the pseudo-distribution [ satisfies A only approximately, soundness continues to hold but we
require an upper bound on the bit-complexity of the sum-of-squares proof A |k—/ B (i.e., the number
of bits to write down the proof). In this monograph, we mostly disregard bit-complexity issues and
refer the reader to [50, §3] for a more formal discussion. In other words, similarly to [15, 37], we
assume that all numbers appearing in the input have bit complexity dg(l) and all sos proofs will
have bit complexity df(@, which is enough to claim soundness for the sos proof system.

Not only sos proofs allow us to infer properties of pseudo-distributions, but also the reverse is
true. The following fact states that every property of a pseudo-distribution can be derived via a
sum-of-squares proof.

Fact A11 (Completeness [37]). Suppose £ > k' > k and A is a system of explicitly bounded
polynomial constraints with degree at most k (i.e., A |— {|l]|5 < M2} for some finite M,). Let

k
{g > 0} be a polynomial constraint. If every level-{ pseudo-distribution that satisfies fi |= A also
- LK .
satisfies [ |= B, then for every e > 0 there is a sum-of-squares proof A lﬁ {9 > —€}.

Sos rules. Sum-of-squares provide a proof system to reasons about polynomial constraints. For
instance, if we have an sos proof that A implies g > 0, we may want to use such a proof system
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to infer if another implication also holds true, say A implies ¢’ > 0 (for some other polynomial ¢').
Reasoning in this proof system is not immediate. For instance, the fact that p(x) > 0 for some
degree-k polynomial does not necessarily imply that there is a sum-of-squares proof % {p(x) > 0}.
Similarly, for some polynomial constraints A and polynomials g(x) and g(x)’ with ¢'(x) > g(x) for
every © € R% the fact that A I% {g(x) > 0} does not necessarily imply that A l% {¢'(x) > 0},
since the latter fact might not admit a sum-of-squares proof. In this sense, the sos proof system is
more restrictive than the typical algebraic manipulation we are used to. Fortunately, previous work
provides a toolkit of inference rules that can be used to correctly reason over sos proofs. We collect
key facts below, mostly drawing from [37, 15, 112, 113, 114].

Fact A12 (Inference Rules [37]). The following inference rules hold for systems of polynomial
constraints A, B,C and polynomials f, g : R% — R:

Al (r>09>0

addition: (A50)
AP {f+920)
k K
multiplication: A l_ {f]ilg} , A l_ lo 20} (A51)
A= {f 92 0)
k k'
transitivity: Af-B, Bi—C (A52)

AEE o

where, for two logical statements A and B, we use the standard inference notation % to denote that
if A is true, then B must be true.

Fact A13 (Basics, p. 59 in [48] and p. 70 in [50]). Let p(x) be a degree-k polynomial such that
p(x) >0 for all z € R%. Then:

o {p(e) > 0} (A53)
(i.e., p(x) is sos) if:

e d, =1 (univariate case),
e k=2 (quadratic polynomials), or
e d, =2 and k =4 (bivariate, quartic polynomials).

Moreover, (A53) holds whenever p is a function over the Boolean hypercube p : {0,1}% — R.

Fact A14 (Univariate polynomials over interval, Fact 3.7 in [37]). For any univariate degree k
polynomial p(x) > 0 for x € [a,b],

{z > a,z <b} % {p(x) > 0}. (A54)

Fact A15 (Sos generalized triangle inequality, Fact 4.8 in [15]). For any a1,as,...,am
k m k m
o (Z ai> <mh (Z af) : (A55)
i=1 i=1
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Fact A16 (Sos triangle inequality (same as Fact A15 with m =2 and k = 2)). For any a1, a2
2 {(a 1 b)2 <2242 + 22b2} . (A56)

Fact A17 (Sos triangle inequality 2.0, p. 18 in [15]). For any indeterminates a, b, scalar §, and
even integer k:

25 0%a® < (20)F(a — b)F + (20)"bF. (A57)
Fact A18 (Sos squaring). Let f,g be sos polynomials of degree at most k and A = {f1(x) >
0,..., fm(x) > 0} be a system of polynomial inequalities. If A lk?/ {f > g}, then Alkm;k {f%2 > g%}

Proof. The assumption A l% f =0 implies that:

f—9= ZPS'Hfi- (A58)

SClm] €S

Now note that f2 — g2 = (f — g)(f + g) hence:

P=-d=U-9f+9=0+9 > ps-[] (A59)

SC[m)] i€S

Since f, g are sos polynomial, the previous relation proves A |kw;k {f% > ¢*} with sos proof (f+g)-ps
and by noting that the maximum degree appearing in (A59) is k¥’ + k. |

Fact A19 (Sos triangle inequality with norms, Fact A.2 in [112]). Let &1 and xo be n-length vectors
of indeterminates. Then:

2
i { 1+ @3 < 2 23 +2 1223 } - (A60)

Fact A20 (Sos generalized triangle inequality with norms). Let 1 and xo be n-length vectors of
indeterminates and k € N be even. Then:

k k k k
i { Il +@all5 < 2 2§ + 2 2l } (A61)
Proof.

, using (A60) X

k k 2\ 2 2 2\ 2
e I+ @l = (o +2203)" "< (2lleal3+2 @) (A62)

sing (A55)

“ =~ k PN k kE k k k k
< 2BQml))E + 25 2llmally)b = 28l + 2 all5. (A63)
|

Fact A21 (Sos Cauchy-Schwarz, Fact A.1 in [112]). Let x1, o, ..., 2, and y1,Y2, ..., Yn be polyno-
maials in some indeterminates. Then:

n 2 n n
4
I (zy) S(Zx?) (zyz) | (A4
=1 =1 =1
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or, written in vector form, for two n-length vectors  and y:

i { (7)< (1el2) (1wi3) - (A65)

Fact A22 (Sos Holder’s inequality, Fact 4.4 in [15]). Let f;, gi for 1 <i <n be sos polynomials. Let
P, q be integers such that % + % =1. Then:

(2 < (25n) (2w (A6

Fact A23 (Sos Holder’s inequality 2.0, Fact A.6 in [112]). Let wy,...,wy and x1,...,x, be indeter-
minates. Let ¢ € N be a power of 2. Then:

n q n q-1 n
{w? = wi.Vi € [n]} o (ZWQC) S(Zw?> <Zl‘q> ) (AG7)
=1 =1 =1

and

n q n q—1 n
{w} = w;, Vi € [n]} % <Z wm’) < (Z%Q) (Z Wﬂ?) : (A68)
i=1 i=1 i=1

Fact A24 (Sos Holder’s inequality 3.0, Fact A.3 in [114]). Let fi,g; for 1 <i <n be indeterminates.
Then:

2 1O ’ 1o 1<
2 2
= (n Zfigz) < (anz) (n Zgi) : (A69)
=1 i=1 =1
Fact A25 (Lemma A.3 in [113]). Let x be indeterminate and a be a positive real number. Then:

{2? < a?} |— {r<a,z>—a}. (A70)

Fact A26 (Lemma A.2 in [113]). Let x be indeterminate and a be a unit vector. Let A{||z|*=
1,(z"a)? < 1}. Then, for any b such that |a — b||, < 25, we have:

Al {(me)2 < (JT+ ﬁ)Z} . (AT1)

We conclude with a self-evident fact that reassures us that certain manipulations of polynomials
are easy to reason over, even in the sos proof system.

Fact A27 (Equalities). Let f,g be polynomials and A be a system of polynomial inequalities. If
=y andAl%sz, then.Al%g:o,
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D Proof of Proposition 6: A Posteriori Contract for (TLS)

We start by restating the theorem for the reader’s convenience.

Proposition A28 (Restatement of Proposition 6). Consider Problem 1 with measurements (y;, A;),
i € [n], and denote with v° the squared residual error of the ground truth x° over the set of inliers I,

ie., ° £ Yoier Hyz — A;F:I:"H; Moreover, assume the measurement set contains at least %J + Z—Z
inliers, where d is the size of a minimal set, and that every subset of d inliers is nondegenerate. Then,
for any integer dy such that d < dg < (2cc — 1)n — Ly, an optimal solution x1is of (TLS) satisfies

2y/dgc

M7 Ty s,|T|=dy Tmin(Az)

[eTLs —2°[, < : (A72)

where Ltis is the set of inliers selected by (TLS), A7 is the matriz obtained by horizontally stacking
all submatrices A; for alli € J, and omin(+) denotes the smallest singular value of a matriz. Moreover,
if the inliers are noiseless, i.e., € =0 in eq. (17), and for a sufficiently small ¢ > 0, T s = x°.

Proof. Call Z(xts) the inlier set corresponding to an estimate xt.s (i.e., Z(x1is) = {i €
[n] : Hyz - AT.’BTL5H2 < ¢}). Moreover, define the TLS cost at 1.5 as:

flmrs) = Y ‘

2
yi — Alzns|| + 00— [Z@ns)). (AT3)
1€Z(xTLS)

We first prove that |Z(xT1s)|> an — g—; Towards this goal, we observe that the cost evaluated
at the ground truth x° is:

f(x®) =7 +&n—|Z|) =~1° +E(n—an) (A74)

which follows from the assumption that the inliers have squared residual error 4° and there are an
of them. Now assume by contradiction that there exists an @1 s that solves (TLS) and is such that

|Z(zTLs)|< am — g—; Such an estimate would achieve a cost:
2
fans)= > |w—ATens|, + &0 - [Z@ns)) (AT5)
i€Z(xTLs)

2 o

_ AT 2 (n— T
> Z ‘yz A, 33TLSH2+C (n an+02> (A76)

i€Z(xTLs)

202<n—an+zg>:’y°—i-02(n—an), (A7T7)

o

which is larger than f(z°), hence contradicting optimality of (s, and implying |Z(zTis)[> an— 1.
Since |Z(x°)|= an and |Z(xTLs)|> an — g—; then:

sets overlap in [n] . using an>*; J+§
=~ =~ -
1Z(2°) N Z(zTLs))| > 2an —n— 1 > d, (A78)
C
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The subset of measurements |Z(x°) N Z(xTLs)| are simultaneously solved by 1.5 and x° (i.e.,
are such that Hyz — ATmH2 < ¢ for both @ = ° and « = xT.5). Therefore, we can follow the same
line of thoughts as in the proof of Proposition 5, and prove the first claim.

In the case of noiseless inliers, 7° = 0 (or, equivalently, y; — ATx°® = 0, for all i € 7) and we can
always choose ¢ > 0 small enough such that the corresponding estimate xT_g satisfies the selected
measurements exactly, i.e., y; — AT@1 s = 0. Therefore, we can follow the same line of the proof
of Proposition 5 (for the case of noiseless inliers) to conclude &1 s = z°. |

E Proof of Theorem 12: Contract for Relaxation of (LTS1)

We start by restating the theorem for the reader’s convenience.

Theorem A29 (Restatement of Theorem 12). Consider Problem 1 with measurements (y;, A;),
i € [n], and known outlier rate B. Call T the set of uncorrupted measurements (y;, A7), i € [n],
where the outliers are replaced by inliers and assume that the set of matrices A, i € I, is k-

k_ k.
certifiably C-hypercontractive with k > 4. Moreover, assume < Bmax = > i/l/(C(k’/2)§ 23k—1),
Then, Algorithm 1 with relaxation order r > k outputs an estimate Tis_sdp1 (N0t necessarily in X)

such that:
O\
AT79
) S amn)
1

where Cy(k, B) and Ca(k, B) are given functions, err 3 (x) =L 5" | ||yr — (Al*)T:cHg is the residual

n

err i (s sap1) < (14 Cu(k, B)*) opt 7 + Calk, B) ( Z ‘ v

error of an estimate @ with respect to the inliers I , x* £ arg mingex = >0 |y; — (Af)TacHZ is the
best estimate from an oracle estimator that has access to all the inliers, and opt 3 = err(x*) is the
corresponding residual error with respect to the inliers 7.

The proof is an adaptation of Lemma 5.3 and Lemma 5.6 in [15] to the case of vector-valued
measurements. Let us start by clarifying all relevant notation:

w? =w;, i€ [n]
S i = an

Loz=< wi (Ji—yi)=0i€n] (constraints in (LTS1)) (A80)
UJZ'(AZ‘—AZ'):O 1€ [n]
zeX
{Yi, Aitiem) (given measurements) (A81)
{Yr AT Yiem)» (uncorrupted measurements with outliers replaced by inliers) (A82)
V £{yiAi}icln,  (auxiliary variables in (LTSI)) (A83)
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n

1 2
err () = — —(A)Tx , (error of  w.r.t. uncorrupted measurements) (A84)
n
i=1
a1y 2
err(z, V) = (cost in (LTS1) without exponent ¥/2). (A85)
n 2
1 ¢ 2
erry (x, V) 2 = g Wl (error w.r.t. set of measurements specified by w’)  (AS86)
n
i=1

Proof. The proof is quite involved and proceeds in two steps. First, we derive an sos proof that states
that the inliers picked up by any feasible solution for (LT'S1) must also satisfy a desired error bound.
Then, we move to pseudo-expectations and conclude that the result of the moment relaxation must
satisfy the same bound, which can be manipulated into eq. (A79).

Sos proof of robust certifiability (adapted from Lemma 5.6 in [15]). For a given tuple
(w,x, V) that satisfies L, z, let w’ be such that w] = w; iff ¢ is an inlier and w] = 0 otherwise

(intuitively, w’ is the indicator for the subset of the selected measurements w that are inliers).8
Then call the corresponding error err (2, V') as in (A86). We note that:
1 - A AT 2 1 - / *\T 2
errur(@, V) = > |5 - A a:H2 = o> et ur - (an mH2 (A8T)

The previous equality follows from the fact that (i) by definition, w; = 1 implies w; = 1 and since
the tuple (w, x, V') satisfies L, z, then whenever w; = 1 we must have A; = A; and §; = y;, and (i)
w} can only be 1 for inliers, for which A; = A} and y; = y}. Therefore, err,(x, V') is essentially the
error attained by «, but restricted to the true inliers in the set of measurements selected by w.

We now show that any set of variables (w,x, V') that are feasible for (LTS1) (i.e., that satisfy
the constraint set Ly, »), must also satisfy the following bound

A*T*k
2

(A88)

Lol (err () — erry(z, V)2 < Cy(k, B)(err(z, V)2 +

We start by noting that )" ; w; > (1 — 25)n: this follows from the fact that the two sets, the
selected measurements {i : w; = 1} and the set of true inliers, have each size (1 — 8)n, hence their
intersection must contain at least (1 — 2/3)n measurements. Therefore:

bmar'v\' variable . n

1 1 1
=~

- l*w — l*w =1—-— w<l* 1—203) he 2.

,7_2 nz< i) ”Z ( ) hence:

1=1 1=1 1=1

Fact Al13

L /I/l\ lzn:(l—w’-)2<2ﬁ (A89)
e [t v .

Now we note that from definition (A84), we can expand err 5 (x) as:

e (x) = ;zw (AT + 2 i(l )

1= 1=

—(ATa| (A90)

38Note that w’ is not required to (and typically does not) satisfy Lo z.
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Combining (A90) and (A87), and observing that the result is a sum of squares, we get:

error for uncorrupted measurements not selected by w’

1 n
o ez (@) —emu(@ V)= =3 (1w

Elevating both members of (A91) to k/2, and then using the sos version of Holder’s inequality
(Fact A23), we get:

- (A;)T:L-Hz >0 (A91)

using (A91) n %
1 2
Loe foayr (o (@) —errur(@, V)E 72 ( > -w) y:—<A:>TscH2> (492)
i=1

1=

using (A67) in Fact A23

< <;an<1—w;>2>g ( Z(

i=1

using (A89)
/—’H
il ) < ot (13

Note that Fact A23 requires the exponent to be > 1 and a power of 2, which in turns 1mphes > 2
or k > 4, as required by the statement of the theorem. Now we observe that:

a3 (iZ vi - <A;>Tmu'“> (A94)
=1

yr— (ANT H> (A93)

2

adding/subtracting (A*)Tz* 1 n &
= A* A* Te* - A
= (nz\yz e+ (DT — (A)Tw ) (A95)
using Fact A20
g > gl znj ‘ i — (AT + 26 L f: H (AT (@ — )" (A96)
; n =1 Z Z n =1 Z 2 '

By certifiable hypercontractivity of A, i € [n]:

|

<t (1 > |an @ -

n 2

Lol - 34D (@ - o) > S (a9
=1

We can further bound the term above as follows:

ot (3| o

IMES

z> (A98)

IMES

adding/subtracting y*

1 n
~ * * * * *
= —E —yr+ (A ' z+y:— (A)'x
(nz 1H yZ ( ’L) yl ( l)

using Fact A19 n
’ N 1 *
< - 2 ’ Yi —
" 1

1=

z) (A99)

z>) 2 (A100)

|

2
(ADT= | +2|lyr - (4T
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rearrangmg 9 1 n 2 %
T T
B (a3 - el o2 3 - anrer )
using Fact A15 % n %
i ( > [t aral) oo (znz\yz— o]
k
rearrangmg 5\ 2
# (25 o) o (2SS )
Finally, using again the sos version of Hoélder’s inequality
*\T xr* k
Lo :c Z ‘ y; — (A7) (A7) 5"
Combining the above:
k 1 . * *\T k
Ew@l? Ez‘yl _(Az) mH2
i=1
(/\ L1 k 1 — k
* k *\T *
R ) e R ol [P e

w*

(A9
?klz

k
) 2
2

+2’fc k/2’§< ZH (AT (z — )

(A103)

k
garis Z’y ,
k
2
—l—2kC’(k/2§ ok ( Z‘yl T 2> —|—2k< x” 2)
— 2
,./\ k
<
2
+2kC (/)3 | 2F nT H2 2+2’f1§:‘ *
T — X _
2 n bi 2
err 7' (x)
rearranging 9 g
A~ ) 2%( Z\yz H2)
k
+<2k+0k/2222k) A*T * .
2
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Hence, together with (A93):

[NIES

Lo P (errs (@) — erryi(z, V)2 < (25)%*10(@2)% 92err ;- (m)% (A114)

k
+(28)5 ! (2’“ 1 O(k2)? 22k) ) (A115)

Applying Fact A17 to the right-hand-side with a = err 3 (x), b = err(z, V),

5% = (25)*_1C(k/2)2 22k and exponent k/2:
:ﬁ%_lc’(k/g)§23k*1
Lova I (err(z) — erry (. V)5 < 25(28)5 L0 (k/2)% 2% (err (z) — errys(, V)% (A116)
5(25)5_10(’6/2)522k(errw/(ac V))% (A117)
k

+(28)2~ (2’“ +C(k2)? 22’“) Z ‘ yr — Lo (AL18)

Rearranging the terms:

Loals (1= 85710(2)7 2% (err 7 (2) - erru(@, V)2 < 37 (k/z)g 2% (errus (e, v»g
k
+(2 7—1 2k C k 22k ‘
HEB)E (2 4 O ) Z vl - )
(A119)
Noting that choosing 8 < §_,/————— makes the constant 1 — ﬁg_lc’(’ﬂ/@% 23k=1 positive, we
C(k/2)§23k71
can divive both members of the inequality (A119) by such constant and obtain:
’ _ BETIC(y2) 2% :
Loz I? (errs(x) —erry(x,V))2 < (erry(x, V)2 (A120)
L B5C(2) 2341
(28)571 (25 + C(if2)2 22%) 4 ¢
=+ 3 k 7Z‘y:_(‘4 Tx* ) (A121>
1—g2710(k2)2 23071 i 2

k
A ﬁ%*lo(k/z)gz%—l (%’)g_1 (2k+c(k/2)§22k)

k
2

Now defining Cy (k, )

and Cy(k, B) =

, and noting that

1-B2~ C(k?/Q)%QZ’)k—l 1,{3%710@/2)%231@—1
% err(z, V) > err(x, V)3 we finally get:
1 & k
Lol (err (@) = ertr (@, V)5 < Ci(k, B) (er(@, V)5 + Calk )= 3w — (A1), (A122)
which matches our claim in (A88). =
%This follows from the definition of the two errors: err(z,V) — erry/(z, V) = 2570 ng —AZT:BHE —

Ly wig - AITEHE =150 (1—w)) @i — AleHz, which is a sum of squares.
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Completing the proof by moving to pseudo-distributions. Consider a pseudo-distribution
i that satisfies L, . Using the sos proof in (A88) and thanks to Fact A10, we conclude that if i
satisfies L, o then it must also satisfy:
k
NE

K
by definition this is optEs_Sdpl

< C1(k, B) Eﬁ [err(az,V)g} +Cs(k < Z’

k
2

Eﬂ [(err T (x) — errw/(m, V)) yz

(A123)
Elevating to the power % both sides and recalling that (a + b)? < a? 4 b? for any 0 < ¢ < 1:
2
- E1\ 7 2~ 2 (TN . T o)
(Ba [(err (w) — err(@, V))E] ) < Culh, B)F OPbisaon + Colk, B)F (=3 [lwr = (anTa|| ]
i=1

(A124)

Now using the sos version of Holder’s inequality for pseudo-expectations (Fact A7, eq. (A17)):

E
k2 2

E; [err 7 (@) — e (T, V)] <E; {(err 7 (@) — erMw (T, V))g} (A125)

and therefore (A124) becomes:

2
i 2 2 1 - * *\T % A%
Eﬁ [(err T (x) — errw’(ma V)):| < Cl(k ﬁ)k Plits—sdp1 T CQ(k B)k E Y — (Az) T 9
i=1
(A126)
By linearity of the pseudo-expectation and rearranging:
%
~ ~ 2 2 k
Eﬁ [err I(m):| < Eﬁ [errw’<$7 V)] + Cl(’@ﬂ)z ptlts sdpl + CQ k B E ( Z ‘ yz z 2) :
(A127)

Noting that lwi,m {err(z, V) —erryi (2, V) > 0},%0 and using Fact A10, we get Ej [err s (z, V)] <
Ej [err(z, V))]. Moreover, we observe

Fact A7, eq. (A7) )
- ~ k =~ ~ T\ & —
By err(@, V)] = (Ez [err(a, V))? ) < (B ferr(@, V)E]) " = OPtis s (A128)

=

concluding that Ej [err, (z, V)] < Ej [err(z, V)] < o/p\t|tsfsdp1. Using this inequality in (A127):

~ 2 o 2 1 n
Ep [err i'(w)} < (1+C1(k, B)%) OPtis_saps + Cal(k, B) (n 3 ‘

yi — (A])Ta

7

O\
2) (A129)

40This again follows from the definition of the errors err(x, V') and err,, (2, V'), whose difference is a sum of squares.
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Applying Hélder’s inequality (Fact A7, eq. (A17)) one last time, we get err 3 (Ej [x]) < Ej [err 7 ()],
which leads to:

err 7 (Ep [2]) < (1+ C1(K, B) yi — (A7) "

BN

2
— 2 (1 k) *F
) Optltsfsdpl + CQ(kv 5) k (n Z ‘ 2) . (A130)
i=1

Finally, we need to prove that C;atlts—sdpl < opty. Towards this goal, we observe that the
(pseudo-)distribution supported on the point (w*,x*, V) where w’ = 1 for the true inliers and

. . o~k _ = 2\ 5
zero otherwise is feasible for L, 5, hence by optimality optlis_Sdpl < (% Dy Hyl — A;rm*HZ) ? from

which it follows:

i, A; are inliers or zero

_ L~ 2 ~~ 1 <
OPtits—sdp1 < > ) yi— Al x* ) < - > ‘ yi — (A)Ta*|| =opty. (Al31)

i=1 i=1

Substituting (A131) back into (A130):
%
- 1 & k
err Bz [x]) < (1+ C1(k, B)F) opty + Ca(k, B)F (n > \ yf — (A}) @ 2) ;o (A132)
i=1

which proves the claim of Theorem 12.

F Proof of Proposition 13: Contract for Relaxation of (LTS2)

We start by restating the proposition for the reader’s convenience.

Proposition A30 (Restatement of Proposition 13). Consider Problem 1 with measurements (y;, A;),
i € [n], and outlier rate f < 0.5 (or, equivalently, inlier rate o = 1— > 0.5). Call T the set of inliers
and assume that the set of matrices A;, i € I, is k-certifiably (w, 2¢, 2My,)-anti-concentrated
for some nn > 0. Then, Algorithm 2 with relaxation order r > k/2 outputs an estimate Tis_sdp2 (N0t

necessarily in X) such that:

o «Q 11—«
Hajltsfsdp2 — HQ < M, (27) + 2 o > . (A133)

Towards proving the proposition we need to prove two technical lemmas (Lemmas A31 and A32
below). These lemmas extend results [37] to vector-valued and noisy measurements, and while in [37]
they have been proposed to attack the high-outlier case (i.e., for list-decodable regression), we show
they are also useful to prove estimation contracts for the low-outlier case.

Note that the two lemmas below use a subset of constraints compared to the one in the constraint
set of (LTS2) (i.e., the set My, » below does not contain the constraint » - ; w; = an): this will
allow us to use them also to discuss the performance of (MC) and (TLS) later on.

Lemma A31 (Adapted from Lemma 4.1 in [37]). Consider the following constraint set, for given
measurements (yi, A;), i € [n], a constant ¢ > 0, and where X is an explicitly bounded basic
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semi-algebraic set (cf. Assumption 2):

w? =w;, i€n]
Moz =3 w|lyi— Ale|; <& ich] ¢ (A134)
rzeX

For any t > k and set of n measurements with at least an inliers, such that for the set of inliers

2,201 _o=\2
T, the set of matrices A;, i € I, is k-certifiably (%, 2¢, 2M,)-anti-concentrated,*!

t a?n?M?
Moz oz {’ ‘Zw,Hw T ||2_4}. (A135)

1€

Proof. We follow the same logic as the proof of Lemma 4.1 in [37], but provide a slightly simpler
derivation, based on our definition of certifiable anti-concentration. We first observe that for the
inliers (i.e., i € T) it holds:*?

9 adding/subtracting y;
t T o =
Moo [z Wi - HA’ (x —x°) ’2

2
wi |~ AT2%) — (i - ATw)|| (A130)

=~ 2 2
< Wi - ( Yi — A;rl'o ) — AIQ?HQ) (A137)
w;<1 and Fact A13 ) 5
=~
< 2|y — ATae| 420w [wi— ATe| (a138)

2
T . o
‘y,;—A,—m

2

< 4. (A139)

<e)

(since (w,x) satisfy My, o, and inliers by definition satisfy

2.2(1_0=\2 .
Since the set of matrices A;, i € Z, is k-certifiably (%, 2¢, 2M,)-anti-concentrated, then

there exists a univariate polynomial p such that for every ¢ € Z and for every ¢t > k:

from (A139) using (32) with 6 = 2¢

{wi : HAiT(a: e ‘ < 4¢ }l—p (i HAT(LU ~ 29 2) > (1 - 2¢)? (A140)
and
Fact A19
I3 < Mol |z — 2|3 < 407 (Aa1)
using certifiable anti-concentration in eq. (33)

2,2 =\2 772

¢ oz 1 o a*n*(1 —2¢)° M,
Iy{uw—w I3 2o (AT @ -2)],) < L (A142)

i€

“IThe constant “32” in the anti-concentration requirement is arbitrary (i.e., it just amounts to a re-scaling of the
parameter 7) and has been chosen to keep the result consistent with the original statement in [37].
420bserve the analogy with the proof of Proposition 5.
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Now we note that:
w;i =

Mo |wt7wi - p? <wi . HAZT(.’JU —x°) 2) ,_,:\‘“’ (wi -p (wi A (x — x°) 2>>2 (A143)

calling h the homogeneous part of p and since p(0) =1

2)))2 - (wi+wi'h(wi' Al (z —z°) 2>>2 (A144)

2))2:w3. (1+h( AT (z — z°) 2))2 (A145)
w; <1
) (Jaree

= (Wi' (1+h<wi' HA;I-(Q’_CEO)

2 =

l/:\wi (wi +w;-h (HAzT(m —z°)

= w?p? (|[AT @ -2,

2) . (A146)

Combining the conclusions in (A140), (A142), and (A146) we obtain:

since (1712_.)2;72 (wi - || AT (= — mO)HZ) > 1 per (A140)

Mwm|—|I|Zwl||a:—ac I2 < |I|sz||w °||2 - = )2p (wz HA (z — z°) 2) (A147)
i€L
using w; - p? (w; - [|A] (z — x°)]|,) < p? (||A] (@ — x°)||,) from (A146) using (A142)
/—/H
<1 e-2 iz 2<HAT(:I:—:B°) ) < CME )
=11 202 =N o) =T 4
which concludes the proof. [ |

Lemma A32 (Adapted from Lemma 4.2 in [37]). Under the same assumptions of Lemma AS31, for
any pseudo-distribution i of level at least k satisfying M, o,

omM
7 3 Bl o — o))y < S (A149)
1€L
where the vectors v; are extracted from the pseudo-moment matriz by setting v; = Efg wlw] ZfIE [wi] >0,

or v; = 0 otherwise, for i € [n].

Proof. By Lemma A31, we have M, 4 If—w {ﬁ YicTwillT — x°||3 < 0<217iM$ } We also have:
Moz % {w? = w; } for any i. Therefore:

M2
Moz oz {\I] Z lwix — wix H2 0”7}. (A150)

€L

Since fi satisfies M, &, then it also satisfies:

042 2M2
méﬂz [szm Wi ||} # (A151)
(]
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2
<

Using the norm inequality for pseudo-distributions in Fact A8, we get HfEﬁ [wiz — w;x°]

Ex [szaz — wiong}; then observing that for any m-vector z, ||z|; < v/m||z|, or, equivalently,

? < m||z|5 (below we will apply this inequality to the vector of size |Z| with entries z; =

i (wiz] — Ej [wi] :coHZ), and chaining the inequalities back to (A151):

&=h

2
z
=13 m||z||2 with m=|Z|

) ] ) 2 lelgmlel} o~ - - .

(m ZEZI HEﬁ (wiz] — Ej [w;] 2° 2) < T lEZI HE[‘ wiz] — By [w;] x° i (A152)
Fffffs 1 - (f;li) a2172M2

< g [l —eatlf] S

:ﬁ [wiz]
Eg [wi]

Remembering that v; = if Eﬁ [wi] > 0, or v; = 0 otherwise, and taking the square root of

both members in (A153):

1 by def. of v; 1 (A153) anM
" o ~~ = ~ ° =~ =
7] > w2, = 7 > HEg wia] — Ba fwilo®| | "< L2, (A154)
1€L,E;[wi]>0 i€T
concluding the proof of Lemma A32. |

Proof of Proposition 13: First of all, we note that since 7, in Algorithm 2 contains a superset
of the constraints in My, 5 defined in Lemma A31, the conclusions of Lemma A32 and Lemma A31
still hold if we replace My, 5 with 7, . Therefore we have that any pseudo-distribution of level at
least k (hence produced by a relaxation of order at least k/2) satisfying 7, » also satisfies:

1 n o 0477Mac LIlf\a\n n o
7 2Bl llos —ally < =5 =73 B [l v — 2, <
1€l €T

a’nMyn

5 (A155)

Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

D Epfwil i — 20, < 2nM(1 - o). (A156)
€O

Using Eq. (A155) and Eq. (A156):

n
> B lwilllvi — 2%y = > B [wil llvi — 2°]l, + > B wi] [lv; — 2°), (A157)
=1 €L €O
2p M
< w oM, (1 — a). (A158)
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Now note that any pseudo-distribution fi satisfying 7., 2 is such that fEﬂ >, wi] = an (due to the
constraint Y i | w; = an in 7y, ), hence by linearity ;" | B [w;] = an. Dividing both members
of (A158) by 377 Ej [wj] (where we switched to using j as an index to avoid confusion):

" Ejlw 1 2 M,
# [T — <O‘ a1 +2nMx(1—a)) (A159)
= > B w)] > j=1Ep [wj] 2
1 [a®>nM,n
— (NN oML (1—a) ) Al
(I - o) (A160)

Ej[wi)] . mO
< Zz lzn E- [w] ||vl Z ||27

Using Jensen’s inequality, we observe

hence (A180) becomes:

Eu[wz] . [e]
Zz lzn [ }vl €T )

n
M, 1—
Z il | <20 op, 2 (A161)
i=1 =1 /1 [WJ] 9 «
which, recalling that @jts_sdp2 = 27’21 n‘"‘&vi, concludes the proof.
1= 0o Ealwy]
|
G Proof of Proposition 14: Contract for Relaxation of (MC1)
We start by restating the proposition for the reader’s convenience.
Proposition A33 (Restatement of Proposition 14). Consider Problem 1 with measurements (y;, A;),

a?n?(1-2¢)2

and assume that the set of matrices A;, i € L, is k-certifiably (=552

necessarily in X) such that:

(0%

i € [n], and outlier rate f < 0.5 (or, equivalently, inlier rate o = 1— > 0.5). Call L the set of inliers

, 2¢, 2M,,)-anti-concentrated
for some n > 0. Then, Algorithm 3 with relaxation order r > k/2 outputs an estimate mc—sdp (N0t

1—
mecfsdp T HQ < M, <2 +2 a) : (A162)

Proof. First of all, we note that the constraint set My, 5 in (MC1) is the same as Lemma A31
and Lemma A32. Therefore we have that any pseudo-distribution fi of level at least k (hence
produced by a relaxation of order at least k/2) satisfying M., 5 also satisfies:

|Z|=an 2
cmM — - o a*nMgn
]I\ E Ej [wi] lvi — 2°|, < g Ej [wi] [|lvi —x°|, < Tx (A163)
1€ i€l

Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

> Epfwil i — 2°]l, < 2nM(1 - o). (A164)
1€
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Using Eq. (A163) and Eq. (A164):

ZE wi] [[v; — x° H2—ZE wi] [[v; — @ ||2+Z]E wi [lvi — (| (A165)
1€l 1€O
M,
< w +2nM,(1 — a). (A166)

Let us call fi the pseudo-distribution that achieves the optimal solution in (MC1), and observe
that the corresponding optimal objective > " | I~Eﬁ [wi] > an: this follows from optimality of i and
from the fact that the pseudo-distribution supported on the single point (z°,w®), where wi =1 if
i € T or zero otherwise, is feasible for (MC1) and achieves an objective an.

Now dividing both members of (A174) by >°%_; Ej [w;]:
" Egfws 1 M,
S rmll g, < (“ DL -) ()
i=1 Zj:l Eq [wj] Zj:l Ez [wj] 2
1 [a®>nM,n
< — | ———+2nM, (1 — . Al
s < 5 + 2nM,( a)> (A168)
Using Jensen’s inequality HEZ 1 %v —x°|| <>, % |lvi — x°||, hence (A168)
Eplw; 9 j=1TalWj
becomes:
" Ealws M, 1—
3 _Eale] el <@ Me gy 10 (A169)
i=1 Zj:l Eq [wj] 9 2 a
which, recalling that Tme_sqp = Zl 1 %vi, concludes the proof. |
Eplw;

H Proof of Proposition 15: Contract for Relaxation of (TLS1)

We start by restating the proposition for the reader’s convenience.

Proposition A34 (Restatement of Proposition 15). Consider Problem 1 with measurements (y;, A;),
i € [n], and outlier rate B < 0.5 (or, equivalently, inlier rate « = 1—/ > 0.5). Call T the set of inliers
and assume that the set of matrices A;, 1 € I, is k-certifiably (W, 2¢, 2M,)-anti-concentrated
for some n > 0. Then, Algorithm 4 with relaxation order r > k/2 outpuls an estimate Xys—sqp (not

necessarily in X) such that:

aMyn (an 11—«
el < oM (an ’ A170
|t sdp — L H2 = an_% ( 2 + «Q > ( )

2 is the squared residual error of the ground truth x° over the inliers .

where v° £ 3.7 ||y — Az'TmOH2

Proof. First of all, we note that the constraint set M, , in (TLS1) is the same as Lemma A31
and Lemma A32. Therefore we have that any pseudo-distribution fi of level at least k (hence
produced by a relaxation of order at least k/2) satisfying M., 5 also satisfies:

|Z|=an 2
anM —— ~ o a‘nMgn
m}jE w o = 2°l, < L2 BN Bl los — 20, < L. (A171)

‘ 2
1€ €L
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Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

D B fwil [lvi — 2°|l; < 20M(1 - ). (A172)
ico

Using Eq. (A171) and Eq. (A172):

> B lwilllvi — 2%y = > B [wil llvi — 2°)l, + > B wi] [lvi — 2°), (A173)
=1 €L €O
2
M,
< % +2nM, (1 — a). (A174)

Let us call i the pseudo-distribution that achieves the optimal solution in (TLS1), and observe
that i achieves a cost:

> aTal[ 1 -0-2] = 38 o -

H :| +Z ,1 [wi]) 52.
(A175)

Now observe that the pseudo-distribution supported on the single point (z°, w®), where w? = 1ifi € 7

or zero otherwise, is feasible for (TLS1) and achieves an objective » .., Hyz - AleOHZ + (1 — a)né?.

Therefore, by using (A175) and by optimality of fi:

=ne® =31 Eplwi]e®
—nczfan C2
n_ —_—
ZEf‘ [wl- : ‘ Yi — H ] + Z i lwil) — Alx° —|— (1—a)ne®.  (A176)
i=1
Rearranging the terms in the previous inequality:
— 1 (s 2 T ol 2
ZEﬂ[wi]ZE—Q ZEﬁ [wi-‘yz— ZwHQ]— yi — A, 2—|—anc (A177)
i=1 i=1 i€T
Z(anc— —Alz° )—om— ATo (A178)
€L
Now dividing both members of (A174) by > 0, Ej [w;] and defining 7° £ Yoier Hyz - A;ra:oH;:
n .
E; [wi 1 Zn M
> B ool < g (T i) (A1)
i—1 Zj—l Ej [wj] Zj—l Ez [wj] 2
using (A178) ) 20 1
~~
< . <O‘ D22 T | o My(1 — a)) . (A180)
an— 1 2
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Using Jensen’s inequality HZ gl °

n [ o
i=1 m — X , S ZiZI m ||'UZ X ||2 hence (A180)

becomes:

" -

E; 1 2n M,

= A C | - (O‘ D221 | onM,(1 —a)> : (A181)

T Bl ,Can-L 2
which, recalling that @ys_sqp = EZ 1 %vi, concludes the proof. |

Eplw;

I Proof of Theorem 17: Contract for Relaxation of (LDR)

We start by restating the theorem for the reader’s convenience.

Theorem A35 (Restatement of Proposition 17). Consider Problem 1 with measurements (y;, A;),
i € [n], and known outlier rate B (or, equivalently, known inlier rate « = 1 — ), possibly with
B > 0.5. Call I the set of inliers and assume that the set of matrices A;, i € L, is k- certzﬁably

(# 2¢, 2M,,)-anti-concentrated for some n > 0. Then, with probability at least 1 — (1 - 7) &
(over the draw of the samples in the algorithms), where N > 1 is a user-defined parameter, Algorithm 5
with relazation order r > k/2 outputs a list L of size N/ such that there is an estimate x € L (with

x not necessarily in X) such that
|z — 2y < nM,. (A182)

Moreover, when a > 0.01 (i.e., at least 1% of the measurements are inliers) and N = 10, the relation
|z — x°||, < nM, holds with probability at least 0.99 over the draw of the samples.

Proof. Note that Lemma A31 and Lemma A32 use a subset of constraints compared to the set 7,
n (LDR) (i.e., the set M, o in the lemmas does not contain the constraint » ;" ; w; = an, while
T,z does). Therefore, their conclusions will still hold in the context of (LDR). We start by proving
the following lemma, which shows that the pseudo-distribution i built by optimizing the moment
relaxation of (LDR) “spreads” (i.e., has enough support) across the inliers. The proof is an extension
of Lemma 4.3 in [37] to the case of vector-valued measurements.

Lemma A36 (Adapted from Lemma 4.3 in [37]). For any pseudo-distribution i satisfying T « that

. 2 .
minimizes HEg [w] ) >ier B [wi] > o®n.

Proof. Let u = a—lnfEﬂ [w]. Then, u is a non-negative vector satisfying » ;" ; u; = 1. Let wt(Z) =
> ez wi and let wt(O) = 3, u;, where O £ [n]\ T is the set of outliers. Then, wt(Z) +wt(O) = 1.
By contradiction, we show that if wt(Z) < «, then there exists a pseudo-distribution satisfying

. 2
7w, that achieves a lower value of HE” [w] HQ, hence contradicting optimality of fi. Towards this goal,

we define a pseudo-distribution f* which is supported on a single (w, x), the indicator vector 17 and
x°. Therefore, Eg« [w;] = 1 iff i € Z and zero otherwise. Clearly, i* satisfies 7o, . Therefore, any
convex combination fiy = (1 — \)i+ Af* also satisfies 7o, . We now show that whenever wt(7) < «,

- 2 N 2
then HEﬁA [w] H2 < HIE;L [w]H2 for some A > 0, thus contradicting optimality of ji. We observe that:

wr = ——F [w] = ——(1 = VB[] + —— (\)Ea [w] = (1 — Au+ %11. (A183)

an an an
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First, we compute the squared norm of u) using (A183):

observing 1}11 = an and l;u = wt(Z)
wt(Z) = A2
- 7 + -

an an’

luallz = (1= A)[Jul3 +2A(1 = A) (A184)

Next, we lower bound [u||3 in terms of wt(Z) and wt(0). Observe that for any fixed values of
wt(Z) and wt(O), the minimum of Hu||§ is attained by the vector w such that u; = Lwt(Z) for

each i € 7 and u; = mwt((’)) otherwise. This gives:
sum ofu% forieZ sum ofu? forie O
t(Z)\ 2 1—wt(Z))?
2 (VNS 1—wt(4) _
|wl3 > . an + = an (1—a)n (A185)
wt(Z)?2 (1 —wt(T))?
= 4+
an (1 —a)n
= (w@ = w2 (= (A186)
an l—a))’

Combining (A184) and (A186):

=(1-2)?ul3~lul3

2 2 2 2 wt(Z) A2
— =(=2XA+ A 2A(1 —N)——= + — A187
Juall3 = lully = (=22 + X2 [ull3 +22(1 = )=+ 2 (A187)
since (—2A +2A?) <0 o\ & )2 - 2
=~ — t
< +<Wt(I)2+(1—Wt(I))2 < >+2>\(1—)\)W( ) X (a1ss)
an 11—« an an

Rearranging (note that this part slightly differs from [37], but with the same conclusion):

) — (1 — Nwt(ZT) — )\> (A189)

«

Julf = sl = 2 (20 (w@? + (0 - (@)

—

S (a0 wre) e - gly)
observing Z(El ?ﬁ = (f(l A>A+) L <1(foro<a<1
and PESVERE %t((}z) (for 0 < wt(T) < ar < 1)
> A(Z;A) (Wt(I)2 + (1= Wt(Z))* 1= — wh(Z) - 1_1V_Vt(iI)A> (AL91)
222N (@ - wim) + (- - ) e

A2 = A)(1 — wt(Z))

=T an(i—a) (W@ -a)+ I -wtT)a—A) (A193)
>0
-2 ;2((11__ ovzv)t(z)) (@ —wt(Z) — A). (A194)
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Now whenever wt(Z) < «, (o« — wt(Z) — X) > 0 for a sufficiently small A\. Thus we can choose a
small enough A > 0 such that Hu||§ - ||u,\|]§ > 0, which contradicts optimality of fi. [

Using Lemma A32 and Lemma A36 we can finally prove the correctness of Theorem 17. Let
. 2
be a pseudo-distribution satisfying 7., » that minimizes HE,; [w] H2 Such a pseudo-distribution exists

since the set contains at least the distribution with w; = 1 iff i € 7 and x = x°.

From Lemma A32, we have i1| ZzeI i lwil [|[vi — 2% < O‘”év‘[’”. Let Z =3 .7 E[“gi] (this is
E; iws]

a normalization factor, such that le‘ is a valid pdf over the inliers, i.e., sums up to 1). By a
rescaling, we obtain:

1 anMy
§ : ) A195
1€

Using Lemma A36, Z > a. Therefore,

3 Ej [wi] o M,
T . Al
€L

Let ¢ € [n] be chosen with probability “ [wl] . Then, we sample ¢ € Z with probability Z > «.
By Markov’s inequality:

>
. . =
P(lvi = 2°lly < nMz) =P (lvi — x|, <nMs|i € T) - P (i € I) (A197)
>a-P(l|lv; —x°||, <nMgli € T) (A198)
E|X E|X
Markov’s inequality: P(X > a) < X] — PX<a)>1- g
a a
1 1 Ej [wi]
all— —FEjez[|v; — x° =afl- £ v; — ° A199
> a (1= B[l - a7l ( a2 gt I H2> (A199
using (A196) M
=~ 1 nM, «
> 1-— = —. A200
N a( nM, 2 ) 2 ( )

So we concluded that P (|lv; —x°||, < nM;) > § (this is the probability that a single draw
satisfies ||v; — x°||, < nM,). Calling S (as in “success”) the event that |v; — x°||, < nM,, we get
that the probability of S after m draws is:

failing m times

—_—— a\m
P(Sp)=1—(1-P(S)">1— (1 - 5) (A201)

Finally, choosing the number of draws m > %, we obtain

P(Sp)>1— (1 - ;‘)N (A202)

which matches the first claim in Theorem 17.
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Now the final claim (i.e., the claim that (A182) is satisfied with probability at least 0.99 for
a > 0.01 and N = 10) is just a particularization of (A202) to the given choice of N. In particular,

N
we first observe that the probability of success 1 — (1 — %) « is a non-decreasing function of .. Then

N
we note that the function f(a,N) £ 1 — (1 —$)* evaluated at « = 0.01 and N = 10 is such that
£(0.01,10) > 0.99, which concludes the proof.
[ ]

J Sparse LlIst-Decodable Estimation (SLIDE)

In this appendix, we present a variant of Algorithm 5 that empirically returns an accurate list of
estimates, as shown in Section 8.5. We start by stating the algorithm, whose pseudocode is given
in Algorithm Al.

Algorithm A1: Sparse Llst-Decodable Estimation (SLIDE).
Input: input data (y;, A;), @ € [n], inlier rate a.
Output: list of estimates of x°.
/* Algorithm solves a relaxation of the following problem: */
/*
w?=w;, i=n]

S wi = an

. 2 A
min ||w|5, s.t. Tox = 2 . LDR
e ” ”2 w,T wj - Hyl _ 14;|'mH2 < 52, i = [n] ( )
reX
/* Compute matrix X* by solving SDP from sparse moment relaxation */
1 X* =solve_ sparse_moment_relaxation at order 2(LDR)
/* Compute list of estimates */

2 create empty list £ =10
3 for i € [n] do

Mamlip xx 50
i | m={ X, o]
0 otherwise
5 x; = project_to_ X(v;)
6 add x; to L
7 end
8 return L.

The proposed algorithm is very close to Algorithm 5 (and is still based on the key insights
from [37]), but includes three small but important changes. First of all, instead of solving a moment
relaxation of order r = 2, which is still expensive for large n,%* we develop a sparse relaxation (line 1).
The sparse relaxation uses the following sparse monomial basis
= |

m(w,z) = [l;wi;...;Wn; T;WIT; ... ; Wy, (A203)

43 An order-2 moment relaxation of (LDR) entails solving an SDP with a matrix of size (**%+2), which is already
as large as 1830 for d, = 9 and n = 50, which is the typical setup considered in our experiments. In our tests,
MOSEK [105] runs out of memory when fed an SDP of size larger than 1000.
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which neglects other degree-2 monomials (e.g., w; - w;) that do not appear in problem (LDR) while
still giving access to the pseudo-expectations used in Algorithm 5. Note that the sparse relaxation
leads to SDPs of more manageable size (n+1)(d;+1).* Note that the idea of using a sparse moment
relaxation is not new (see Remark 10 in [30]), but our relaxation is slightly different from [30, 34]
and tailored to list-decodable estimation. Later in this section, we provide a derivation of the sparse
moment relaxation for the rotation search problem:.

The second modification is to round the estimates to the domain X (line 5). The latter is a
consequential change: we empirically noticed that the original approach in Algorithm 5 (with our
sparse relaxation) produces estimates with norm close to zero, hence leading to large estimation
errors. Projecting the estimates to X has the effect of re-normalizing the result and correcting scaling
problems, enabling the compelling results in Section 8.5. At the end of this section we show that
projecting to the domain X is straightforward in the rotation search problem.

Finally, the third modification with respect to Algorithm 5, is that Algorithm A1l always returns n
hypotheses (line 3), rather than sampling; this makes the result deterministic and independent on the
choice of number of hypotheses (which can no longer be guided by the guarantees in Theorem 17).4

Sparse moment relaxation for rotation search. Here we provide an example of sparse
relaxation arising when applying SLIDE to the rotation search problem. Let us start by tailoring
the polynomial optimization problem (LDR) to rotation search:

w} =wi, i=n]

Z?:l w; = an

w; - ||b; — Ra||>< &, i=[n] (A204)
R €S0(3)

milguwug, s.t.

)

where we substituted the residual errors (HyZ — AszH;) with their expression in the rotation search
problem (||b; — Ra;||?), and where we made explicit that the domain is SO(3). Before presenting the
relaxation, we reparametrize (A204) using unit quaternions: while we could directly relax (A204)
following the approach we describe below, using quaternions has the benefit of (i) leading to an even
smaller relaxation (since the quaternion is parametrized by d, = 4 variables instead of 9 variables
needed to write a rotation matrix) and (ii) admitting a straightforward projection to the domain X.

Proposition A37 (Quaternion-based reformulation of (A204)). The polynomial optimization prob-
lem (A204) can be equivalently written as:

w?=w;, i=n]

Sor wi=an
wi - (Ibil>+lail]2~2tr (MTaq")) < ¢, i=[n
lal?=1

(A205)

min ||w|3, s.t.
w’q

such that any optimal solution of (A205) can be mapped back to an optimal solution of (A204) and
vice-versa. In (A205), M;j is a constant matriz whose expression depends on a; and b;.

44 For instance, when d, = 9 and n = 50, the sparse relaxation leads to a more compact SDP with a moment matrix
of size 510 x 510.

%*Note that we can safely discard the hypotheses corresponding to X [*w] = 0 since those are uninformative (i.e.,
they always correspond to v; = 0). We only keep them in Algorithm A1l for the sake of simplicity, such that the
output list £ has always size n.
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Proof. The proof proceeds by inspection, by reparametrizing the rotation R with the corresponding
unit quaternion. Each unit quaternion corresponds to a unique rotation, hence we replace the
domain R € SO(3) with the constraint that the quaternion must have unit norm (i.e., ||g||*= 1).
Comparing (A204) and (A205), we realize we only have to rewrite the maximum-residual inequality
constraint in (A204) in the quaternion-based form in (A205). This derivation is largely inspired
by [34] (which presents a similar reformulation applied to a different polynomial optimization
problem), but here we present a simpler proof. We start by observing that the rotation matrix
associated to the quaternion g = [q1; ¢2; ¢3; q4] (in our notation, g4 is the scalar part of the
quaternion) is:

(22 +q2) -1 2(qge — a3q1) 2(q1q3 + g2q4)
R=| 2(qig2+q3q4) 2(¢3+d3)—1 2(q2q3— q1qs) | = (A206)
| 2(q1g3 — q2q4)  2(q2q3 + raa) 2(¢5 +q3) — 1
(G +q— @ - 2((11(12 — q3q4) 2(q1q3 + q294)
202+ 3q4) B+ —ad— a3 2(qeq3 — 1) (A207)
2(q193 — q2qa)  2(qoqs + qm) @ +4 - —d

where the expression in (A207) is obtained by substituting ||q||*= ¢} + ¢3 +q3 + ¢3 = 1 (instead of 1)
in the diagonal entries of the expression in (A206). Now, by inspection from (A207), we note that:

vec(R) = P - vec(qq") (A208)

where: o,
a7

4291
q3q1
4491
Q2Q1
q2
q3q2
9492
4391
QBQ2
q3
4493
q4491
q492
q493
L a7

o O

oo O =

, wvec(qq') =

o

Ol O OO O O
(es)
|
—_

oO|l—= O oo O O

>

|

[
OO OO O OO
O O HIO OO+ OO
O O OO O RO~ O
O R Ol O oo OO
S O RO OO
OO RO OO OoOOo
O R Ol O oo OO

|

[
O O RO OO
_— O OO =R OO0 O

Equipped with these relations, we are now ready to rewrite the inequality constraint in (A204)
as in (A205). We develop the squared residual ||b; — Ra;||? in (A204) as follows:

||b; — RaiHQZ ( developing the squares ) (A209)

Hbi||2+||ai\|2—2l);rRai = ( recalling that for a scalar a = vec(a) ) (A210)

|bs]12+ || @;||*—2vec(b] Ra;) = (using vec(ABC) = (CT @ A)vec(B)) (A211)
ill“+|la;||“—2(a; ® b, )vec = using

b;|| 2_2(a; ®b] Jvec(R ( (A208) A212

Hbin—i-HaiHQ—Q(aiT ® biT)P vec(qu) = (using tr <ATB> = (‘(?(’(A)Tl,'(’,(i(B)> (A213)

16312+ i) ~2tr (M aq") (A214)
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where M;; is a 4 x 4 matrix such that vec(M;;) = ((a] @ b])P)T = PT(a; ® b;) (in other words,
M;; simply rearranges the 16 entries of the vector PT(a; ®b;) into a 4 x 4 matrix). Replacing
|b; — Ra;||? in (A204) with (A214) yields the inequality in (A205), hence proving the claim. W

Proposition A38 (Sparse moment relaxation of (A205)). The following SDP is a convex relazation
of the non-convex optimization problem (A205):

n

' X A215
XEI§151£+1) z:: [Wz] ( )
S.t. X[wi’wi] = X[wi], 1= [n] (A216)
> Xy =oan (A217)

=1
X[OJz] ) (HbZHQ—i_Ha”LHQ) — 2tr (Mi—lg—'X[q,wiqT}) < 627 i = [n] (A218)
tr (Xpg qn) =1 (A219)
X =0 (A220)
Xy =1 (A221)
X, wia™) = Xlg,wiqp = 1] (A222)
XiwiqT) = X, q7p @ = (1] (A223)
Xiwig) = X ,wiq™) 1= 1] (A224)
X[Wz‘%qu-r} - X[-Lruiq,quT]’ i,j = [n] (A225)
tr (Xosg ) = Kol 10 = I (A226)

where we index the rows of the matriz X according to the monomials m(w, q), index the columns
of X according to the monomials m(w,q)" = [1, wi, ..., wn, q' ,wi1q', ..., w,q'], and use the
notation X|; ;) to access entries of the matriz with row indexed by monomial i and column indexed
by monomial j; we also overload the notation and write as Xy to denote XJ; q).

Proof. While the SDP appears to be quite complicated, its constraints should become appar-

ent from the structure of the moment matrix built on the sparse monomial basis m(w,q) =
(1 w155 wns g wigs ... 5 wagl:
1 w ... wy qT wqu . ’w‘,,qT
(1 wi ... wn| q7 wiq' ... wpq' ]
w1 * w% U wqu w%qT . wlwan
x ok : : : . :
Wn, 2 T T 2 T
X = m(w’ q)m(w’ Q)T — 7 * * Wy, wan wlwan . wnq . (A227)
q * ok * | q¢° | wigq' ...  wnqgq
wig |k« * * wiqq' ... wiwnqq'
S . :
“ndo ok ok L0 % * * .. wiqq' i
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where we also reported in gray the row and column indices described in the statement of the
proposition. We prove the proposition in two steps. First, we show how to rewrite (A205) using the
moment matrix X in (A227), which leads to the objective and constraints in (A215)-(A219). Second,
we show that any moment matrix with the structure in (A227) satisfies the constraints (A220)-(A226),
hence the feasible set of (A215) contains the feasible set of (A205). Let us start by rewriting (A205)
using the moment matrix X:

n

min X2 A228
Jnin ; fwi] (A228)
s.t. X[wi ,wi] = X[wi], 1= [n] (A229)
> X, =on (A230)
i=1
X - (B2 +]las]?) — 2t (ng[wl.qq) <&, i=n] (A231)
tr ( Xy qn) =1 (A232)
X =m(w,q) - m(w,q)" (A233)
where m(w,q) 2 [1;wi;...;Wn; q;wWiq; ... ; wnq], and we simply noticed (from inspection

of (A227)) that Xy, ., = w2, Xw)] = wis X(q,wiqT] = wiqq', and tr (X[q,qq) = tr (qu) =

q"q = ||q||?, hence (A228) just rewrites objective and constraints in (A205) using the entries of the
moment matrix X in (A203). Problem (A228) is equivalent to (A205) and is still non-convex due
to the non-convexity of the constraint X = m(w,q) - m(w,q)'.

Now we are only left to prove that the feasible set of (A215) contains the feasible set of (A228).
More precisely, we prove that any matrix that satisfies X = m(w,q) - m(w,q)" also satisfies
constraints (A220)-(A226) in (A215). Clearly, any X = m(w,q) - m(w,q)" is such that X > 0.
The rest of the constraints can be also seen to hold by simple inspection of the entries of the moment
matrix (A203) and recalling that our constraint set also imposes w? = w; (for all i € [n]) and
tr (gq") = ||q||*= 1. Therefore, since (A215) has the same objective of (A228), but its feasible
set includes the feasible set of (A228), problem (A215) is a relaxation of (A228). Finally, we
observe that (A215) is a convex program, since it minimizes a convex cost function over the cone of
positive-semidefinite matrices and subject to a set of linear constraints. |

Rounding for rotation search. According to Algorithm Al, after solving the sparse moment
relaxation and obtaining the matrix X*, we build the vectors v; from the entries of the matrix
X™*, and then project those vectors to the domain X. In our quaternion-based formulation of the
rotation search problem (Proposition A37), v; are 4-dimensional vectors, while X is the set of unit
quaternions. Hence projecting onto the domain X (line 5 in Algorithm A1) only requires normalizing
the vectors v; to have unit norm, i.e., x; = v;/||v;||. In particular, we add x; = v;/||v;|| whenever
||vi||> 0, while we mark an estimate as invalid when ||v;||= 0 and disregard it from the evaluation.
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