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• The structural, thermal, buoyancy, and magnetic evolution of an Earth-like planet is investigated4

• The planet evolution includes a transient iron-rich basal magma ocean with a time-dependent composition5

• The nominal model predicts a basal magma ocean dynamo followed by a core dynamo after 1 billion years6

• The model is sensitive to the initial temperature, mantle convection, composition, and radioactivity7

• An early silicate dynamo is possible with an electrical conductivity larger than 21500 S/m8

• An early core dynamo is not possible with a thermal conductivity larger than 15.8 W/m/K9
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Earth’s geodynamo has operated for over 3.5 billion years. The magnetic field is currently20

powered by thermocompositional convection in the outer core, which involves the release21

of light elements and latent heat as the inner core solidifies. However, since the inner core22

nucleated no more than 1.5 billion years ago, the early dynamo could not rely on these buoyancy23

sources. Given recent estimates of the thermal conductivity of the outer core, an alternative24

mechanism may be required to sustain the geodynamo prior to nucleation of the inner core.25

One possibility is a silicate dynamo operating in a long-lived basal magma ocean. Here, we26

investigate the structural, thermal, buoyancy, and magnetic evolution of an Earth-like terrestrial27

planet. Using modern equations of state and melting curves, we include a time-dependent28

parameterization of the compositional evolution of an iron-rich basal magma ocean. We combine29

an internal structure integration of the planet with energy budgets in a coupled core, basal magma30

ocean, and mantle system. We determine the thermocompositional convective stability of the31

core and the basal magma ocean, and assess their respective dynamo activity using entropy32

budgets and magnetic Reynolds numbers. Our conservative nominal model predicts a transient33

basal magma ocean dynamo followed by a core dynamo after 1 billion years. The model is34

sensitive to several parameters, including the initial temperature of the core-mantle boundary,35

the parameterization of mantle convection, the composition of the basal magma ocean, the36

radiogenic content of the planet, as well as convective velocity and magnetic scaling laws. We37

use the nominal model to constrain the range of basal magma ocean electrical conductivity and38

core thermal conductivity that sustain a dynamo. This highlights the importance of constraining39

the parameters and transport properties that influence planetary evolution using experiments and40

simulations conducted at pressure, temperature, and composition conditions found in planetary41

interior, in order to reduce model degeneracies.42

43

1. Introduction44

How planetary magnetic fields may protect planetary atmospheres from erosion by stellar winds is an active area45

of investigation (Lundin et al., 2007; Tarduno et al., 2010; Blackman and Tarduno, 2018; Gunell et al., 2018; Egan46

et al., 2019). In turn, magnetic fields may also influence the emergence of life and habitability (Tarduno et al., 2014;47

Camprubí et al., 2019). Paleomagnetic evidence indicates the presence of a geomagnetic field for over 3.5 billion years48

(Gyr), potentially extending to 4.2 Gyr (Tarduno et al., 2010; Biggin et al., 2011; Tarduno et al., 2015; Borlina et al.,49

2020; Tarduno et al., 2020; Bono et al., 2022; Taylor et al., 2023).50

The geomagnetic field is currently powered by thermal and compositional convection in the outer core, including51

the release of light elements at the inner core boundary (ICB) upon crystallization of the inner core (Jones, 2015).52
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Since inner core nucleation depends on many factors, including the thermal evolution model of the planet, the current53

heat flow at the core-mantle boundary (CMB), and the radiogenic content of the core, the age of inner core formation54

is debated, but is typically less than 1.5 billion years ago (Ga) (Biggin et al., 2015; Labrosse, 2015; Nimmo, 2015b).55

Therefore, an early geodynamo could not rely on buoyancy sources produced by the release of latent heat and light56

elements at the ICB.57

Another key parameter that controls whether the outer core can sustain an early dynamo is the thermal conductivity58

of the core (Williams, 2018). If the thermal conductivity is excessively large, the heat of the core would be transferred59

by conduction rather than convection, leaving insufficient energy to power a dynamo. The thermal conductivity of the60

core was initially estimated in the range 20 − 50 W.m−1.K−1 (Stacey and Anderson, 2001; Stacey and Loper, 2007),61

with updated investigations confirming the low values (Basu et al., 2020; Hsieh et al., 2020). Recent experiments and62

simulations indicate values between 70−250 W.m−1.K−1 (de Koker et al., 2012; Ohta et al., 2016; Pozzo et al., 2012,63

2022). The conflict between the upward revision of the thermal conductivity and the existence of a geomagnetic field64

throughout most of Earth’s history is called the "new core paradox" (Olson, 2013).65

A dynamo mechanism independent of core crystallization may be necessary to solve the "new core paradox"66

and sustain an early geomagnetic field (Landeau et al., 2022). The exsolution of light elements in the core, e.g. the67

precipitation of MgO or SiO2 due to a decrease in solubility, could produce compositional convection and facilitate68

an early dynamo (O’Rourke and Stevenson, 2016; Hirose et al., 2017; Badro et al., 2018). However, the core must69

cool relatively quickly for this buoyancy source to overcome any early thermal stratification (Du et al., 2017, 2019).70

Mechanical forcing involving precession (Malkus, 1968; Stacey, 1973; Loper, 1975; Rochester et al., 1975; Tilgner,71

2005) and tides (Le Bars et al., 2015; Grannan et al., 2017; Reddy et al., 2018) can also produce turbulent flows that72

could help generate an early magnetic field. Although tidal flows could have contributed to an early dynamo before73

1.5 Ga, when the Earth’s rotation rate and tidal deformation were higher, flows driven by precession seem too weak74

to drive the geodynamo (Landeau et al., 2022). Radioactive heating, rapid cooling, a colder solidus, a shallower core75

adiabat (Nimmo et al., 2004) and a high initial core temperature (Driscoll and Davies, 2023) may also have powered76

an early dynamo.77

Alternatively, the early geomagnetic field may have been powered by a dynamo in a layer of molten silicates above78

the CMB (Labrosse et al., 2007; Ziegler and Stegman, 2013; Stixrude et al., 2020), known as a basal magma ocean79

(BMO). Several seismic and geochemical observations may be interpreted as remnants of an early BMO on Earth80

(Labrosse et al., 2015). This includes seismic heterogeneities above the CMB (Garnero and McNamara, 2008; Lay,81

2015), including Large Low Shear Velocity Provinces (LLSVP) (Dziewonski et al., 1977; Lekic et al., 2012) and82

Ultra-Low Velocity Zones (ULVZ) (Garnero et al., 1993; Thorne and Garnero, 2004), as well as isotopic signatures83
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showing distinct geochemical reservoirs formed early in Earth’s history (Boyet and Carlson, 2005; Mukhopadhyay,84

2012; Mundl et al., 2017).85

A primitive BMO could have been produced through several scenarios (Labrosse et al., 2015). At the end of86

accretion, a giant impact may form a global magma ocean, which could crystallize downwards and form a BMO if87

the intersection between the adiabatic temperature profile and the mantle liquidus occurs at mid-depth (Labrosse et al.,88

2007). Even if the intersection between the adiabat and the liquidus occurs at the CMB, crystals formed out of the89

magma ocean are expected to be less dense than the melt. They should migrate upwards, leaving behind a denser iron-90

rich melt above the CMB (Boukaré et al., 2015; Nabiei et al., 2021). Alternatively, if the impact only melts a fraction91

of the mantle (Tonks and Melosh, 1993; Nakajima et al., 2021), a dense metal silicate emulsion could accumulate at92

the bottom of a local magma ocean (Rubie et al., 2015). The destabilization of this dense pond by diapirism (Karato93

and Murthy, 1997; Samuel et al., 2010) or diking (Rubin, 1995; Stevenson, 2003) could then entrain molten silicates94

toward the core (Olson and Weeraratne, 2008), possibly forming a BMO. Finally, depending on the mechanisms of95

metal-silicate equilibration during (Kendall and Melosh, 2016; Landeau et al., 2021; Lherm et al., 2022; Lherm and96

Deguen, 2023) and after (Rubie et al., 2003; Deguen et al., 2014; Lherm and Deguen, 2018) a planetary impact, the97

heat from core formation could be preferentially partitioned into the core and super-heat it. This could induce mantle98

melting above the CMB, resulting in a BMO.99

After the formation of the BMO, iron, which is incompatible, is preferentially partitioned in the liquid as100

crystallization proceeds (Nomura et al., 2011; Andrault et al., 2012; Nabiei et al., 2021). Fractional crystallization101

is therefore responsible for the progressive enrichment of the BMO in iron, independently of the formation scenario.102

The density of the melt necessarily increases over time, leading to a gravitationally stable, long-lived BMO (Labrosse103

et al., 2007).104

In order to understand planetary evolution, which includes processes operating at multiple scales, various models105

are required. For example, 3D models can capture turbulence, rotation, and dynamo effects in convective layers106

(Christensen and Wicht, 2015), 2D models can assess the role of solid-liquid multi-phase flow on the crystallisation107

of the BMO (Boukaré and Ricard, 2017), and fully 1D models can determine the thermal evolution of the planet using108

self-consistent radial distributions of thermodynamic and transport properties (Zhang and Rogers, 2022). Although109

these models accurately capture a variety of processes, they are computationally expensive. Alternatively, planetary110

evolution can be assessed using semi-analytical "box models" involving energy and entropy budgets (Nimmo, 2015a)111

averaged over each "box" (e.g. core, BMO, and mantle).112

In an adiabatic (isentropic) and well-mixed layer such as a liquid core or a BMO, that involves a rapidly rotating,113

vigorously convective and electrically conductive fluid, the production of a self-sustained magnetic field requires that114

(i) thermocompositional convection supplies sufficient power to balance ohmic dissipation (Buffett et al., 1996; Lister,115
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2003) and that (ii) magnetic induction is significantly larger than magnetic diffusion (Christensen and Aubert, 2006).116

The power available to sustain a dynamo can be obtained by calculating energy and entropy budgets, while the induction117

criterion is assessed with a magnetic Reynolds number.118

The theoretical framework governing energy and entropy budgets was originally developed for the Earth’s core119

(Verhoogen, 1961; Backus, 1975; Hewitt et al., 1975; Loper, 1978; Braginsky and Roberts, 1995; Lister and Buffett,120

1995; Buffett et al., 1996; Gubbins et al., 2003, 2004; Nimmo, 2015a) to assess its thermal and magnetic evolution.121

In particular, previous work investigated the age of the Earth’s inner core (Labrosse et al., 1997, 2001), the influence122

of radiogenic heating (Labrosse, 2003; Nimmo et al., 2004), the effect of light elements exsolution (O’Rourke and123

Stevenson, 2016; O’Rourke et al., 2017; Mittal et al., 2020), the influence of a high thermal conductivities (Pozzo124

et al., 2012; Gomi et al., 2013; Davies, 2015; Labrosse, 2015; Driscoll and Davies, 2023), the role of stably-stratified125

layers in the core (Gomi et al., 2013; Laneuville et al., 2018; Greenwood et al., 2021) and the magnetic evolution of126

super-Earth exoplanets (Blaske and O’Rourke, 2021; Bonati et al., 2021). In addition to planetary cores, energy and127

entropy budgets have also been used to determine the thermal and magnetic evolution of a BMO on Earth (Labrosse128

et al., 2007; Ziegler and Stegman, 2013; Laneuville et al., 2018; Blanc et al., 2020; Stixrude et al., 2020), Venus129

(O’Rourke, 2020) and the Moon (Scheinberg et al., 2018; Hamid et al., 2023).130

The magnetic Reynolds number of a convective and electrically conductive layer depends on the system length131

scale 𝐿, the typical convective velocity 𝑈 , the magnetic constant 𝜇0 and the electrical conductivity 𝜎132

𝑅𝑚 = 𝐿𝑈𝜇0𝜎. (1)

When magnetic induction is significantly larger than magnetic diffusion, i.e. 𝑅𝑚 ≫ 1, a dynamo can operate and133

sustain a magnetic field. In practice, planetary dynamo simulations suggest 𝑅𝑚 = 40 as a critical value (Christensen134

and Aubert, 2006) for large scale fields, consistent with kinematic helical convection dynamo calculations in a sphere135

(Chen et al., 2018).136

In contrast to the core, where the dynamo is limited by the thermal conductivity, dynamo operation in a BMO137

is critically limited by the low electrical conductivity of the silicates. Assuming 𝐿 = 300 km and 𝑈 = 1 cm.s−1138

(Stixrude et al., 2020), the electrical conductivity required to reach the critical magnetic Reynolds number is typically139

𝜎 = 104 S.m−1. This exceeds the electrical conductivity of silicate melts at low pressure and temperature by at least140

two orders of magnitude (Ni et al., 2015). However, high pressure and temperature conditions (Scipioni et al., 2017), as141

well as the addition of metal, such as Fe and Ni (Holmström et al., 2018; Soubiran and Militzer, 2018; Stixrude et al.,142

2020), increase significantly the electrical conductivity of the silicates, potentially allowing a BMO to host a dynamo.143
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In this paper, we investigate the structural, thermal, buoyancy and magnetic evolution of a planet including a144

coupled solid mantle, a long-lived BMO and a solid and/or liquid core. Our goal is to obtain an evolution scenario145

for an Earth-like planet with a BMO and to assess the sensitivity of the model to key parameters. First, we establish146

an Earth-like nominal model using conservative parameters. We focus on the time evolution of the size of the BMO147

and the liquid core, as well as temperatures, compositions, heat flows, thermocompositional convective stability, rates148

of entropy production, magnetic Reynolds numbers and magnetic field intensities involved in these layers. We then149

analyse the sensitivity of this nominal model to specific parameters, including the initial temperature at the CMB,150

mantle convection parameterization, the composition of the BMO and the radiogenic content of the planet. We also151

investigate the influence of the thermal and electrical conductivities on the evolution of the planet, by constraining the152

existence and efficiency of dynamos hosted in the BMO and the core.153

2. Model154

We model the structural, thermal, buoyancy and magnetic evolution of an Earth-like planet with a mass 𝑀𝑃 =155

5.972 × 1024 kg and a core mass fraction CMF = 0.32. The variables of the model are summarized in Table 1 and the156

parameters are defined in Tables S1-S8.157

We adopt the following workflow (Fig. 1). First, we pre-compute the internal structure over a wide range of imposed158

CMB temperatures (§2.1). This pre-computation is motivated because computation efficiency is predominantly limited159

by the integration of the internal structure. We then determine the structural and thermal evolution of the planet160

by computing the evolution of the temperature at the CMB with an energy budget (§2.2). Next, we determine the161

buoyancy profile evolution of the planet by computing buoyancy sources and sinks in the BMO and the core, i.e. the162

thermocompositional convective stability of both layers, including potential stably-stratified layers (§2.3). Finally, we163

obtain the magnetic evolution of the planet by computing entropy budgets, magnetic Reynolds numbers, and field164

intensities in the potential dynamo layers, i.e. the BMO and the outer core (§2.4).165

The model is parameterized to generate an Earth-like evolution converging toward a structure similar to the Earth166

at present time, including properties such as the inner core radius, temperatures at the CMB and at the ICB, heat flows167

at the CMB and at the surface, and the surface magnetic field.168

2.1. Structural evolution169

We model a differentiated spherically symmetric Earth-like planet with a silicate mantle overlying a metal core170

(Fig. 2). We first define a reference structure with a solid MgSiO3 mantle and a Fe core (§2.1.1). The mantle includes171

several solid phase transitions and the core may be liquid or solid. The reference structure is calculated for imposed172

temperatures at the CMB, with discrete integer degrees for 3000 ≤ 𝑇𝐶𝑀𝐵 ≤ 8000 K. The internal structure is then173
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Table 1
Summary of model variables. In the text, the physical quantities at the surface, at the top of the BMO, at the CMB, at
the ICB, and at the center are respectively identified with the subscripts 𝑃 , 𝐵𝑀𝑂, 𝐶𝑀𝐵, 𝐼𝐶𝐵 and 𝐶. The subscripts 𝑚,
𝑏 and 𝑐, 𝑜𝑐 and 𝑖𝑐 refer to the mantle, the BMO, the core, the outer core and the inner core. The subscripts 𝑅, 𝑆, 𝐺, 𝐿
and 𝐴 refer to radiogenic heating, secular cooling, gravitational energy, latent heat and adiabatic terms.

Symbol Units Definition

𝐵 T Magnetic field intensity
𝑏𝑑𝑖𝑝 − Internal to outer-boundary dipole ratio
𝑐 ppm Radiogenic element concentration
𝐶 kg.m−3 Codensity
𝑐𝑃 J.kg−1.K−1 Specific heat capacity
𝐷 − Partition coefficient
𝐸 W.K−1 Rate of entropy production
𝐸̂ J.mol−1 Molar internal energy
𝑓 − Inner-boundary mass anomaly fraction
𝐹 kg.s−1 Mass anomaly flow rate
𝐹 J.mol−1 Molar Helmholtz free energy
𝑔 m.s−2 Gravity
ℎ W.kg−1 Specific heat production rate
𝑘 W.m−1.K−1 Thermal conductivity
𝐾𝑆 Pa Isentropic bulk modulus
𝐾𝑇 Pa Isothermal bulk modulus
𝐿 m Convective system length scale
𝑚 kg Mass distribution
𝑀 kg Mass
 A.m2 True dipole moment
𝑃 Pa Pressure
𝑞 kg.m−2.s−1 Mass anomaly flux
𝑄 W Heat flow
𝑟 m Radius
𝑅𝑚 − Magnetic Reynolds number
𝑅𝑜 − Rossby number
𝑆̂ J.K−1.mol−1 Molar entropy
𝑡 s Time
𝑇 K Temperature
𝑇𝑙 K Liquidus temperature
𝑢 m.s−1 Radial contraction velocity
𝑈 m.s−1 Convective velocity
𝐯 m.s−1 Flow velocity
𝑉 m3 Volume
𝑉 m3.mol−1 Molar volume
𝛼 K−1 Thermal expansion coefficient
𝛼𝑐 − Compositional expansion coefficient
𝜒 − Mole fraction
𝜖 kg.m−3.s−1 Volumetric buoyancy source
𝛾 − Grüneisen parameter
𝜅 m2.s−1 Thermal or mass diffusivity
𝜇 Pa.s Dynamic viscosity
Ω s−1 Rotation rate
Φ W Convective power
𝜓 m2.s−2 Gravitational potential
𝜌 kg.m−3 Density
𝜎 S.m−1 Electrical conductivity
Θ K Einstein temperature
𝜉 − Mass fraction
𝜁 J.mol−1.K−2 Thermo-electronic heat capacity

modified by redefining the temperature profile of the mantle. First, we evaluate the possible formation of a liquid BMO,174

depending on the intersection between the temperature profile anchored at the imposed temperature of the CMB and the175

mantle liquidus (§2.1.2). Then, we redefine a consistent temperature profile in the solid upper mantle using a thermal176

boundary layer model (§2.1.3).177

The following equations distinguish the BMO as a separate layer, but when the BMO is fully crystallized, the radius178

of the bottom of the mantle is the same as the CMB and 𝐵𝑀𝑂 subscripts must be interpreted as 𝐶𝑀𝐵 subscripts.179
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Internal structure

Reference model
BMO model

Thermal boundary layer model

Planet
parameters

Energy budget
Mantle budget

BMO budget
Core budget

Time
evolution

Equations of state
Phase transitions

Core liquidus

Mantle liquidus
Core adiabat

Mantle adiabat

Initial
conditions

scaling lawsVelocity
Magnetic
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Energy sources
Diffusion sinks

Magnetic field
Magnetic Reynolds
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Buoyancy profile
Thermocompositional sources
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Figure 1: Description of the model workflow. The internal structure (§2.1) and energy budgets (§2.2) determine
concomitantly the structural and thermal evolution of the planet over time. The convective stability of the BMO and
the core is obtained at each time step by calculating buoyancy profiles (§2.3). Similarly, the magnetic evolution is obtained
by calculating entropy budgets (§2.4.1), magnetic Reynolds numbers (§2.4.2) and magnetic field intensities (§2.4.3) at
each time step. The physical quantities are defined in the text and Table 1.

Mantle liquidus

Adiabatic
mantle

Lower
TBL

Upper
TBL

Outer
core

BMOInner
core

Core liquidus

Figure 2: Definition of the layers and interfaces that can constitute the internal structure of the planet, i.e. a solid mantle,
a liquid BMO, a liquid outer core and a solid inner core. The mantle is divided into an adiabatic section located between
two thermal boundary layers (TBL). The extents of the BMO and the outer core are determined by the intersection of
the adiabatic temperature profile anchored at the CMB and the appropriate liquidus. The arrows depict the heat flows
𝑄 involved in the energy budget. The radiogenic heating, secular cooling, gravitational energy and latent heat terms are
denoted with the subscripts 𝑅, 𝑆, 𝐺 and 𝐿.

Similarly, the notation distinguishes an inner core. However, if the core is fully molten, the radius at the bottom of the180

core is zero and 𝐼𝐶𝐵 subscripts must be interpreted as 𝐶 subscripts.181
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2.1.1. Reference model182

Our reference structural model uses Boujibar et al. (2020), which is based on (Valencia et al., 2006; Seager et al.,183

2007; Driscoll and Olson, 2011). We obtain the mass distribution𝑚, gravity 𝑔, pressure 𝑃 and density 𝜌 as a function of184

radius 𝑟 by integrating a continuity equation, a Poisson’s equation, a hydrostatic equilibrium equation, and an Adams-185

Williamson equation186

d𝑚
d𝑟

= 4𝜋𝑟2𝜌, (2)
d𝑔
d𝑟

= 4𝜋𝐺𝜌 − 2𝐺𝑚
𝑟3
, (3)

d𝑃
d𝑟

= −𝜌𝑔, (4)
d𝜌
d𝑟

= −
𝜌2𝑔
𝐾𝑆

, (5)

where 𝐺 is the gravitational constant. The isentropic bulk modulus 𝐾𝑆 depends on the temperature 𝑇 , the thermal187

expansivity 𝛼 and the Grüneisen parameter 𝛾188

𝐾𝑆 = 𝐾𝑇 (1 + 𝛼𝛾𝑇 ) . (6)

The isothermal bulk modulus 𝐾𝑇 is defined using a third order Vinet-Rydberg (Vinet et al., 1989) equation of state189

(EOS), defined in Appendix A (Eq. 57-59). We also use an adiabatic temperature profile in both the mantle and the190

core, with a corresponding temperature gradient defined as191

d𝑇
d𝑟

= −
𝜌𝑔𝛾
𝐾𝑠

𝑇 . (7)

Although this is justifiable for the outer core and mantle, we expect a conductive inner core with a different temperature192

profile.193

We consider up to three phases in the solid mantle with peridotite (Pd), perovskite (Pv) and post-perovskite (pPv)194

(Boujibar et al., 2020). The phase boundaries are parameterized with195

𝑃 = 𝑃𝑐 + 𝛾𝑐(𝑇 − 𝑇𝑐) (8)

where 𝑃𝑐 , 𝑇𝑐 and 𝛾𝑐 are a reference pressure, temperature and a Clapeyron slope, defined in Table S3. We also define196

the core liquidus 𝑇𝑙 (Stixrude, 2014; Boujibar et al., 2020) using a Simon-Glatzel equation (Simon and Glatzel, 1929)197

𝑇𝑙 = 𝑇𝑙0

(𝑃 − 𝑃𝑙0
𝑎𝑙

+ 1
)𝑏𝑙

, (9)
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where 𝑇𝑙0 , 𝑃𝑙0 , 𝑎𝑙 and 𝑏𝑙 are a reference temperature, pressure and two composition-related parameters, defined in Table198

S4. To account for the depression of the liquidus from light elements, we multiply Eq. 9 by
[

1 − ln(1 − 𝜒𝑐𝑙 )
]−1, where199

𝜒𝑐𝑙 = 0.13 is the fixed mole fraction of light elements (Boujibar et al., 2020). We do not consider a direct influence of200

the changing light element content on the core liquidus.201

We determine the reference profile by integrating Eq. 2-7, together with Eq. 57-59, from the surface, at 𝑟 = 𝑅𝑃 ,202

toward the center of the planet (Boujibar et al., 2020). The surface boundary conditions are203

𝑚𝑃 =𝑀𝑃 , 𝑔𝑃 = 𝐺𝑀𝑃
𝑅2
𝑃
, 𝑃𝑃 = 1.013 × 105 Pa, 𝜌𝑃 = 3226 kg.m−3, 𝑇𝑃 = 300 K. (10)

The density jumps that occur in the mantle upon phase transitions, at the CMB, and at the ICB upon crystallization of204

the inner core are calculated assuming continuity of the isothermal bulk modulus (Eq. 57).205

The mantle temperature profile of the reference model is adiabatic and anchored at the surface temperature, i.e.206

using 𝑇 (𝑅𝑃 ) = 𝑇𝑃 as a boundary condition. This approximation allows us to precompute the internal structure as it207

does not require modeling the temperature profile of the mantle. In contrast, using a thermal boundary layer model in208

the integration of the internal structure would require to calculate concomitantly the thermal evolution of the planet to209

determine the depth of the mantle, the thickness of the boundary layers and the temperature drop in these layers. This210

approximation is justified because temperature is mostly involved in the integration of the internal structure through211

Eq. 6, where 𝛼𝛾𝑇 ≃ 3 × 10−2 ≪ 1. Furthermore, temperature has only a weak influence on solid phase transitions212

in the mantle because of the small Clapeyron slopes (Boujibar et al., 2020). As an example, increasing 𝑇𝑃 by 2000 K213

would change the density profile of the mantle by 0.6% on average.214

The core temperature profile is also adiabatic but is anchored at the imposed CMB temperature 𝑇𝐶𝑀𝐵 , i.e. the215

boundary condition is 𝑇 (𝑅𝐶𝑀𝐵) = 𝑇𝐶𝑀𝐵 (Boujibar et al., 2020). This is inaccurate for the inner core which is216

conductive. However, the influence on the position of the ICB is relatively weak since the adiabatic profile of the217

outer core is anchored at the CMB.218

Since we impose the planet mass, the reference model is sensitive to the exact radius of the planet. We search for219

the value of 𝑅𝑃 that gives a solution where mass and gravity go to zero at the center and where the pressure, density220

and temperature remain smooth and finite (Driscoll and Olson, 2011). This optimization is parameterized to give a221

typical error of 1 km on 𝑅𝑃 . Variations of 𝑅𝑃 too far from the optimal value may cause the solution to diverge close222

to the center (e.g. Eq. 3).223

2.1.2. Basal magma ocean model224

In our model, we follow Blanc et al. (2020), assuming that a BMO may exist (i) if the slope of the BMO adiabatic225

temperature profile is steeper than that of the mantle liquidus and (ii) if the temperature is larger than the liquidus at226
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the CMB. The BMO then extends from the CMB to the intersection between the BMO adiabat and the mantle liquidus227

(Fig. 2). This neglects the role of density contrasts between melt and crystals on the evolution of the BMO (Boukaré228

et al., 2015; Caracas et al., 2019; Nabiei et al., 2021).229

The BMO adiabatic temperature profile, anchored at the CMB, is defined by230

𝑇 (𝑟) = 𝑇𝐶𝑀𝐵 exp

(

∫

𝜌(𝑟)

𝜌+𝐶𝑀𝐵

𝛾𝑏
𝜌′
d𝜌′

)

, (11)

where 𝛾𝑏 is an effective thermal Grüneisen parameter and 𝜌+𝐶𝑀𝐵 is the mantle density at the CMB. The density profile231

used in Eq. 11 is a linear fit of the reference density profile obtained in the solid mantle. This facilitates eliminating232

density jumps that might occur from solid phase transitions in the mantle from the BMO adiabat. As a result, the BMO233

density profile is based on that of the solid mantle in the reference model at the same depth. It follows that the mass234

distribution, gravity, and pressure of the BMO are also set to the value of the reference profile. As such, we neglect the235

influence of changes in density caused by melting and variations in composition on the adiabatic temperature profile of236

the BMO and on the mass distribution, gravity, and pressure profiles of the planet. We therefore do not self-consistently237

integrate the planet structure with the BMO. Determining such a self-consistent profile would require integrating Eq.238

2-7 from the surface, using the appropriate EOS for the BMO, and concomitantly calculating the thermal evolution of239

the planet to determine the BMO thickness.240

We determine the thermodynamics quantities of the BMO from the molar Helmholtz free energy 𝐹𝑏 of an effective241

EOS (Appendix B). Hereafter, the thermodynamic quantities commonly known as extensive, including free energy242

and volume, are defined for a mole of matter and are thus actually intensive molar quantities, denoted with a hat. The243

free energy 𝐹𝑏 corresponds to an ideal mixing model between MgSiO3 and FeO244

𝐹𝑏 = 𝐹MgSiO3
+ (𝐹FeO − 𝐹MgSiO3

)𝜒𝑏, (12)

where 𝜒𝑏 is the mole fraction of FeO in the BMO. 𝐹MgSiO3
uses a generalized Rosenfeld-Tarazona EOS (Wolf and245

Bower, 2018) and 𝐹FeO uses a Vinet-Rydberg EOS with a thermal and an electronic contribution (Morard et al., 2022).246

This allows us to consider the progressive enrichment of the BMO in iron-rich oxides.247

We derive the thermodynamic quantities of the BMO from 𝐹𝑏. This includes the isothermal bulk modulus248

𝐾𝑇 = 𝑉 (𝜕2𝐹∕𝜕𝑉 2)𝑇 , the isentropic bulk modulus 𝐾𝑆 = 𝐾𝑇 (1 + 𝛼𝛾𝑇 ), the heat capacity at constant volume249

𝐶̂𝑉 = −𝑇 (𝜕2𝐹∕𝜕𝑇 2)𝑉 , the heat capacity at constant pressure 𝐶̂𝑃 = 𝐶̂𝑉 (1 + 𝛼𝛾𝑇 ), and the thermal expansivity250

𝛼 = −1∕𝐾𝑇 (𝜕2𝐹∕𝜕𝑉 𝜕𝑇 ). Since the internal structure is not integrated self-consistently with a BMO EOS, the density251

at which the thermodynamics quantities are computed is underestimated due to a lack of iron in the reference profile.252
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We also derive the effective thermal Grüneisen parameter used in the adiabatic temperature profile (Eq. 11) from253

𝐹𝑏, using 𝛾𝑏 = 𝛼𝑉 𝐾𝑆∕𝐶̂𝑃 . However, unlike other thermodynamic quantities used in the energy, buoyancy and entropy254

terms, 𝛾𝑏 is defined using fixed temperature and composition, corresponding respectively to the initial temperature255

at the CMB and the initial composition of the BMO. As a result, the radial profile of the BMO adiabatic temperature256

gradient is constant over time. This simplification is required to determine the thermal evolution of the BMO (see Eq. 22257

in §2.2) assuming that a time-varying Grüneisen parameter has a negligible effect on the adiabatic gradient (Gubbins258

et al., 2003). In our nominal model, the maximum value of the radially-averaged Grüneisen parameter computed a259

posteriori using time-dependent temperature and composition is only 16.8% larger than the fixed value based on the260

initial conditions.261

The mantle liquidus also depends on the BMO composition and is expected to shift toward lower temperatures as262

the BMO is enriched in FeO (Boukaré et al., 2015; Ballmer et al., 2017; Blanc et al., 2020). We use a linear phase263

diagram between MgSiO3 (Fei et al., 2021) and FeO (Morard et al., 2022). The BMO liquidus is therefore defined as264

𝑇𝑙𝑏 = 𝑇𝑙MgSiO3
+ (𝑇𝑙FeO − 𝑇𝑙MgSiO3

)𝜉𝑏, (13)

where 𝜉𝑏 is the mass fraction of FeO in the BMO. The two end-members are defined using Simon-Glatzel equations265

(Eq. 9). The liquidus parameters are defined in Table S4.266

As with the Grüneisen parameter, the mantle liquidus is computed using the pressure profile of the reference model267

at initial time, neglecting the effects of temperature variation and inner core crystallization on reference model. This268

simplification is required to include the correction related to the compositional depression of the liquidus, computed269

at constant pressure, in the crystallization rate of the BMO (see Appendix D). In our nominal model, the maximum270

difference between the radially-averaged liquidus computed a posteriori using the time-dependent pressure profile of271

the reference model and the fixed pressure profile at initial time is only 0.02%.272

2.1.3. Thermal boundary layer model273

In the solid part of the mantle, we redefine the temperature profile using a thermal boundary layer model similar274

to Driscoll and Bercovici (2014), that includes two boundary layers (Fig. 2). Temperature differences across the upper275

and lower boundary layers are denoted by Δ𝑇1 and Δ𝑇2, with 𝑇1 and 𝑇2 the temperatures at the bottom of the upper276

boundary layer and at the top of the lower boundary layer. The thicknesses of the boundary layers are denoted by 𝛿1277

and 𝛿2, with 𝑅1 and 𝑅2 the lower radius of the upper boundary layer and the upper radius of the lower boundary layer.278
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We assume an adiabatic temperature profile outside of the boundary layers, so that 𝑇1 can be expressed as a function279

of an average mantle temperature 𝑇𝑚, giving280

Δ𝑇1 = 𝑇1 − 𝑇𝑃 = 𝑇𝑚𝜂1 − 𝑇𝑃 , (14)

where 𝜂1 refers to the adiabatic temperature decrease from the average mantle temperature to the bottom of the upper281

boundary layer. Eq. 14 gives282

𝜂1 = exp

(

−∫

𝑅1

𝑅̄𝑚

𝜌𝑔𝛾
𝐾𝑆

d𝑟

)

, (15)

where 𝑅̄𝑚 is an average radius corresponding to the average mantle temperature. We assume that 𝛿1 ≪ 𝐿𝑚, where283

𝐿𝑚 = 𝑅𝑃 − 𝑅𝐵𝑀𝑂 is the thickness of the mantle, which gives 𝑅1 ∼ 𝑅𝑃 . Furthermore, we assume that 𝑅̄𝑚 and 𝑇𝑚284

depend respectively on the outer radius of the BMO 𝑅𝐵𝑀𝑂 and on the temperature at the top of the BMO 𝑇𝐵𝑀𝑂285

⎧

⎪

⎨

⎪

⎩

𝑅̄𝑚 = 𝑅𝐵𝑀𝑂+𝑅𝑃
2

𝑇𝑚 = 𝑇𝐵𝑀𝑂+𝑇𝑃
2

, (16)

which allows us to write Δ𝑇1 as a function of quantities independent of the boundary layer model, i.e. 𝑅𝐵𝑀𝑂, 𝑇𝐵𝑀𝑂,286

𝑅𝑃 and 𝑇𝑃 .287

We determine the upper boundary layer thickness by assuming that the local Rayleigh number 𝑅𝑎1 equals the288

free-slip critical value 𝑅𝑎𝑐𝑟 = 660 (Howard, 1966; Solomatov, 1995; Driscoll and Bercovici, 2014). This gives289

𝑅𝑎1 =
𝜌𝑃 𝛼𝑃 𝑔𝑃Δ𝑇1𝛿31

𝜅𝑃𝜇𝑃
= 𝑅𝑎𝑐𝑟, (17)

where 𝜌𝑃 , 𝛼𝑃 , 𝑔𝑃 , 𝜇𝑃 , 𝜅𝑃 = 𝑘𝑃 ∕(𝜌𝑃 𝑐𝑃𝑃 ), 𝑘𝑃 and 𝑐𝑃𝑃 are density, thermal expansivity, gravity, dynamic viscosity,290

thermal diffusivity, thermal conductivity and specific heat capacity at constant pressure at the surface of the planet.291

We assume that these quantities vary negligibly within the thermal boundary layer in calculating 𝛿1. We assume that292

the viscosity at the surface of the upper boundary layer is 𝜇𝑃 = 𝜇𝑚∕𝑓𝜇, where 𝜇𝑚 is the viscosity of the mantle and293

𝑓𝜇 = 10 is an arbitrary factor (Driscoll and Bercovici, 2014). Following Driscoll and Bercovici (2014), the mantle294

viscosity is295

𝜇𝑚 = 𝜇𝑚0
exp

( 𝐴𝜇
𝑅𝑇̄

)

. (18)
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where 𝜇𝑚0
= 1.1 × 1015 Pa.s is a reference viscosity, 𝐴𝜇 = 3 × 105 J.mol−1 is an activation energy, and 𝑇̄ is the296

average temperature of the mantle assuming an adiabatic profile and 𝑇 (𝑅𝑃 ) = 𝑇𝑃 + Δ𝑇1. The parameters are defined297

in Table S6. The thermal conductivity at the surface 𝑘𝑃 is calculated in Appendix C (van den Berg et al., 2010) using298

the pressure at the surface, a temperature equal to 𝑇𝑃 +Δ𝑇1∕2 and thermodynamic quantities computed at the surface.299

Using Eq. 17, we write a generalized expression of the upper boundary layer thickness by replacing the 1∕3300

exponent by a parameter 𝛽301

𝛿1 = 𝐿𝑚

(

𝑅𝑎𝑐𝑟
𝜅𝑃𝜇𝑃

𝜌𝑃 𝛼𝑃 𝑔𝑃Δ𝑇1𝐿3
𝑚

)𝛽

. (19)

In this context, we can interpret the surface heat flow in term of a Nusselt number, i.e. the ratio between convective302

and conductive heat transfer (Driscoll and Bercovici, 2014). 𝑅𝑎𝑐𝑟 and 𝛽 can therefore be interpreted as the prefactor303

and the exponent of the 𝑁𝑢 ∝ 𝑅𝑎𝛽 relationships (Solomatov, 1995; Schubert et al., 2001).304

In the upper boundary layer (𝑅1 ≤ 𝑟 ≤ 𝑅𝑃 ), we use a linear temperature profile with a constant temperature305

gradient306

d𝑇
d𝑟

= −
Δ𝑇1
𝛿1

with 𝑇 (𝑅𝑃 ) = 𝑇𝑃 , (20)

where Δ𝑇1 and 𝛿1 are respectively obtained from Eq. 14 and 19. In the convecting region of the mantle (𝑅2 ≤ 𝑟 < 𝑅1),307

we use an adiabatic temperature profile (Eq. 7) with 𝑇 (𝑅1) = 𝑇1, where 𝑇1 is obtained from Eq. 20. In the lower308

boundary layer (𝑅𝐵𝑀𝑂 ≤ 𝑟 < 𝑅2), we use a linear temperature profile with a constant temperature gradient309

d𝑇
d𝑟

= − 1
4𝜋𝑅2

𝐵𝑀𝑂

1
𝑘2
𝑄𝐵𝑀𝑂 with 𝑇 (𝑅𝐵𝑀𝑂) = 𝑇𝐵𝑀𝑂, (21)

where the thermal conductivity in the lower boundary layer 𝑘2 is estimated in Appendix C (van den Berg et al., 2010),310

using the pressure at the interface with the BMO, a temperature that extends the adiabatic temperature profile defined311

in the convecting region of the mantle (Eq. 7) to 𝑅𝐵𝑀𝑂, and thermodynamic quantities computed at the bottom of312

the mantle. Since the heat flow 𝑄𝐵𝑀𝑂 at the top of the BMO is obtained from the energy budget (§2.2), we can313

therefore obtain concomitantly Δ𝑇2 and 𝛿2 by computing the intersection between the adiabatic temperature profile in314

the convecting mantle (Eq. 7) and the linear temperature profile in the lower boundary layer (Eq. 21).315

2.2. Thermal evolution316

The thermal evolution of the planet is obtained by computing the evolution of the internal structures to different317

thermal states (§2.1). We follow a method initially developed for the Earth’s core (Gubbins et al., 2003, 2004), and318
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later adapted for the BMO (Labrosse et al., 2007; Blanc et al., 2020; O’Rourke, 2020), to obtain the time evolution of319

the temperature at the CMB with coupled energy budgets of the solid mantle (§2.2.1), BMO (§2.2.2) and core (§2.2.3).320

In the energy budgets, we assume that the BMO and the core are adiabatic and well-mixed by convection (Gubbins321

et al., 2003, 2004). In the BMO, this assumption becomes invalid when the melt fraction decreases below 40%322

(Solomatov and Stevenson, 1993; Lejeune and Richet, 1995), which means that the dynamics of multi-phase flows323

beyond the rheological transition should be considered (Boukaré and Ricard, 2017). If the thermodynamic quantities324

of the BMO and the core vary slowly over time, in particular the Grüneisen parameter, the adiabatic temperature profiles325

allows the following simplification (Gubbins et al., 2003),326

D𝑇
D𝑡

= 𝑇
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

, (22)

where327

D∙
D𝑡

= 𝜕∙
𝜕𝑡

+ 𝐮 ⋅ ∇∙ (23)

is a Lagrangian derivative accounting for the effect of the thermal contraction. 𝐮 is the slow radial velocity of328

contraction, in the BMO or the core.329

2.2.1. Energy budget of the mantle330

For the mantle, we write the energy budget as331

𝑄𝑃 = 𝑄𝑅,𝑚 +𝑄𝑆,𝑚 +𝑄𝐵𝑀𝑂, (24)

where 𝑄𝑃 is the heat flow at the surface of the planet (expressed in W), 𝑄𝑅,𝑚 is the radiogenic heating in the mantle,332

𝑄𝑆,𝑚 is the secular cooling of the mantle and 𝑄𝐵𝑀𝑂 is the heat flow at the top of the BMO (Appendix E).333

The surface heat flow is expressed as the heat flow through the upper boundary layer of the solid mantle (Driscoll334

and Bercovici, 2014)335

𝑄𝑃 = 4𝜋𝑅2
𝑃𝑘1

Δ𝑇1
𝛿1

, (25)

where the thermal conductivity in the upper boundary layer 𝑘1 is estimated in Appendix C (van den Berg et al., 2010),336

using pressure, temperature and thermodynamic quantities averaged over the upper boundary layer. In addition, Δ𝑇1337

and 𝛿1 are respectively obtained from Eq. 14 and 19. The radiogenic heating 𝑄𝑅,𝑚 (Eq. 82) is integrated over the338

volume of the mantle. We assume an Earth-like radiogenic content where 238U, 235U, 232Th and 40K are the only339
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isotopes contributing (Jaupart et al., 2015). We simplify the separate contribution of each radioisotope into a unique340

parameter, equivalent to an effective concentration, defined as the mantle fraction 𝑓ℎ = 0.58 of bulk silicate Earth341

(BSE) radiogenic production. This radiogenic term is independent of the CMB cooling rate. In contrast, the secular342

cooling𝑄𝑆,𝑚 (Eq. 84) can be expressed as a function of the CMB cooling rate using the adiabatic profile simplification343

(Eq. 22) in the BMO.344

2.2.2. Energy budget of the basal magma ocean345

In the BMO, we write the energy budget as346

𝑄𝐵𝑀𝑂 = 𝑄𝑅,𝑏 +𝑄𝑆,𝑏 +𝑄𝐺,𝑏 +𝑄𝐿,𝑏 +𝑄𝐶𝑀𝐵 (26)

where𝑄𝑅,𝑏 is the heat flow corresponding to radiogenic heating in the BMO,𝑄𝑆,𝑏 is the BMO secular cooling,𝑄𝐺,𝑏 is347

a gravitational energy due to the release of FeO upon crystallization, 𝑄𝐿,𝑏 is the corresponding latent heat and 𝑄𝐶𝑀𝐵348

is the heat flow at the CMB (Appendix E). We neglect the heat flows associated with the heat of reaction, pressure349

heating and pressure effects on freezing (Blanc et al., 2020; O’Rourke, 2020).350

We integrate the radiogenic heating 𝑄𝑅,𝑏 (Eq. 87) over the BMO volume using the same specific heat production351

rate as in the mantle, thereby assuming homogeneous radiogenic heating in the BMO and the mantle. As with the352

mantle, this term is independent of the CMB cooling rate. In contrast, the secular cooling term 𝑄𝑆,𝑏 (Eq. 88) can be353

directly expressed as a function of the CMB cooling rate using the adiabatic profile (Eq. 22) in the BMO. In addition, the354

gravitational energy term𝑄𝐺,𝑏 (Eq. 89), which is actually a compositional energy due to the release of FeO (Labrosse,355

2003) upon crystallization, depends on the rate of release of FeO, which can be expressed as a function of the BMO356

crystallization rate. Finally, the latent heat term 𝑄𝐿,𝑏 (Eq. 91) is proportional to the BMO crystallization rate.357

The secular cooling 𝑄𝑆,𝑏, the gravitational energy 𝑄𝐺,𝑏 and the latent heat 𝑄𝐿,𝑏 terms can therefore be expressed358

as a function of the cooling rate at the CMB. If the BMO is well-mixed, the rate of release of FeO into the BMO is359

proportional to the crystallization rate of the BMO (Gubbins et al., 2004; Blanc et al., 2020), with360

D𝜉𝑏
D𝑡

= −
4𝜋𝑅2

𝐵𝑀𝑂𝜌
−
𝐵𝑀𝑂Δ𝜉𝐵𝑀𝑂

𝑀𝑏

d𝑅𝐵𝑀𝑂
d𝑡

= 𝐶𝜉𝑏
d𝑅𝐵𝑀𝑂

d𝑡
, (27)

where 𝜌−𝐵𝑀𝑂 is the density of the BMO at the solid mantle interface, 𝑀𝑏 is the mass of the BMO, and 𝐶𝜉𝑏 is the361

proportionality factor. The composition change across the interface is362

Δ𝜉𝐵𝑀𝑂 = 𝜉𝑏(1 −𝐷𝐵𝑀𝑂), (28)
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where 𝐷𝐵𝑀𝑂 is the iron partition coefficient between liquid and solid.363

In order to obtain an Earth-like nominal model with no BMO at present time, we set 𝐷𝐵𝑀𝑂 = 0.85. This value is364

larger than experimental measurements of the iron partition coefficient, which gives values between𝐷𝐵𝑀𝑂 = 0.1−0.2365

(Nomura et al., 2011; Tateno et al., 2014) and 𝐷𝐵𝑀𝑂 = 0.5 − 0.6 (Andrault et al., 2012). However, this discrepancy366

might be explained by the linear phase diagram assumption (Eq. 13). Using a realistic crystallization sequence in the367

MgO − FeO − SiO2 system at the pressure and temperature conditions of the BMO (Boukaré et al., 2015; Nabiei et al.,368

2021) might reconcile an Earth-like evolution with lower values of the partition coefficient.369

Adapting the results of Gubbins et al. (2003) to the BMO, in conjunction with the findings of Blanc et al. (2020),370

we show that the BMO crystallization rate is proportional to the CMB cooling rate, with a correction corresponding371

to the depression of the liquidus as the BMO is enriched in iron372

d𝑅𝐵𝑀𝑂
d𝑡

= 𝐶𝑅𝑏
d𝑇𝐶𝑀𝐵

d𝑡
, (29)

where 𝐶𝑅𝑏 is the proportionality factor (see Appendix D).373

2.2.3. Energy budget of the core374

In the core, we write the energy budget as375

𝑄𝐶𝑀𝐵 = 𝑄𝑅,𝑐 +𝑄𝑆,𝑐 +𝑄𝐺,𝑐 +𝑄𝐿,𝑐 +𝑄𝐼𝐶𝐵 , (30)

where𝑄𝑅,𝑐 is the heat flow corresponding to radiogenic heating in the outer core,𝑄𝑆,𝑐 is the outer core secular cooling,376

𝑄𝐺,𝑐 is the gravitational energy due to the release of light elements upon crystallization,𝑄𝐿,𝑐 is the corresponding latent377

heat and 𝑄𝐼𝐶𝐵 is the heat flow at the ICB. The heat flow at the ICB is378

𝑄𝐼𝐶𝐵 = 𝑄𝑅,𝑖𝑐 +𝑄𝑆,𝑖𝑐 , (31)

where 𝑄𝑅,𝑖𝑐 and 𝑄𝑆,𝑖𝑐 are the radiogenic heating and the secular cooling of the inner core, respectively (see Appendix379

E). As with the BMO, we neglect the heat flows associated with the heat of reaction, pressure heating and pressure380

effects on freezing (Gubbins et al., 2003, 2004).381

The radiogenic heating terms 𝑄𝑅,𝑐 and 𝑄𝑅,𝑖𝑐 (Eq. 92 and 98) are respectively integrated over the volume of the382

outer and inner core. We assume that 40K is the only radiogenic element contributing to the radiogenic heating and383

we choose a moderate potassium concentration in the core, i.e. 𝑐𝑐 = 20 ppm (Hirose et al., 2013; Labrosse, 2015).384

We therefore assume that radiogenic production is homogeneous in the inner and outer core. As with the mantle and385
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the BMO, these terms are independent of the cooling rate at the CMB. In contrast, the secular cooling terms 𝑄𝑆,𝑐 and386

𝑄𝑆,𝑖𝑐 (Eq. 94 and 99) can be expressed as a function of the CMB cooling rate using Eq. 22 in the outer core, and an387

infinite thermal conductivity, i.e. an isothermal profile where the temperature is equal to the liquidus (O’Rourke et al.,388

2018), in the inner core. The gravitational energy term 𝑄𝐺,𝑐 (Eq. 95) depends on the rate of release of light elements389

(Labrosse, 2003), which can be expressed as a function of the crystallization rate of the inner core. Finally, the latent390

heat term 𝑄𝐿,𝑐 (Eq. 97) is proportional to the crystallization rate of the inner core.391

As with the BMO, the secular cooling 𝑄𝑆,𝑐 , the gravitational energy 𝑄𝐺,𝑐 and the latent heat 𝑄𝐿,𝑐 terms can392

therefore be expressed as a function of the cooling rate at the CMB. If the outer core is well-mixed, the rate of release393

of the light elements into the outer core is proportional to the crystallization rate of the core (Gubbins et al., 2004),394

with395

D𝜉𝑐
D𝑡

=
4𝜋𝑅2

𝐼𝐶𝐵𝜌
+
𝐼𝐶𝐵𝜉𝑐

𝑀𝑜𝑐

d𝑅𝐼𝐶𝐵
d𝑡

= 𝐶𝜉𝑐
d𝑅𝐼𝐶𝐵

d𝑡
, (32)

where 𝜉𝑐 is the mass fraction of light elements in the outer core, 𝜌+𝐼𝐶𝐵 is the density of the outer core at the ICB, 𝑀𝑜𝑐396

is the mass of the outer core, and 𝐶𝜉𝑐 is the proportionality factor. Here we assume that there are no light elements in397

the inner core, i.e. Δ𝜉𝐼𝐶𝐵 = 𝜉𝑐 (Gubbins et al., 2004).398

Following Gubbins et al. (2003), the crystallization rate of the core is proportional to the cooling rate at the CMB399

d𝑅𝐼𝐶𝐵
d𝑡

= 𝐶𝑅𝑐
d𝑇𝐶𝑀𝐵

d𝑡
, (33)

where 𝐶𝑅𝑐 is the proportionality factor (see Appendix D).400

2.2.4. Integration of the initial value problem401

Using the relationships between the release rates, the crystallization rates and the cooling rates in the BMO (Eq.402

27 and 29) and the core (Eq. 32 and 33), we can write the secular cooling terms (𝑄𝑆,𝑏, 𝑄𝑆,𝑐 , 𝑄𝑆,𝑖𝑐), the gravitational403

energy terms (𝑄𝐺,𝑏, 𝑄𝐺,𝑐) and the latent heat terms (𝑄𝐿,𝑏, 𝑄𝐿,𝑏) as a function of the cooling rate at the CMB. In404

addition, since we can write explicitly the heat flow at the surface (𝑄𝑃 ) and the radiogenic heating terms (𝑄𝑅,𝑏, 𝑄𝑅,𝑐 ,405

𝑄𝑅,𝑖𝑐) as a function of time, we obtain406

𝑄𝑃 −𝑄𝑅,𝑚 −𝑄𝑅,𝑏 −𝑄𝑅,𝑐 −𝑄𝑅,𝑖𝑐 =
[

𝑄̃𝑆,𝑚 + 𝑄̃𝑆,𝑏 + 𝑄̃𝑆,𝑐 + 𝑄̃𝑆,𝑖𝑐 + 𝑄̃𝐺,𝑏 + 𝑄̃𝐺,𝑐 + 𝑄̃𝐿,𝑏 + 𝑄̃𝐿,𝑐
] d𝑇𝐶𝑀𝐵

d𝑡
, (34)

where the functions 𝑄̃𝑋(𝑟) = 𝑄𝑋(𝑟, 𝑡)
(

d𝑇𝐶𝑀𝐵(𝑡)∕d𝑡
)−1 only depend on 𝑟.407
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We obtain the thermal evolution of the planet by solving numerically Eq. 34 as an initial value problem with an408

explicit Runge-Kutta method of order 5. Since the internal structure is pre-computed at discrete integer degrees, each409

integration of Eq. 34 uses the structure calculated at the closest available temperature to calculate the terms involved410

in the energy budget.411

We determine the initial CMB temperature 𝑇𝐶𝑀𝐵0
= 5710 K, and therefore the initial BMO thickness 𝐿𝑏0 =412

952 km, by assessing the temperature at which the BMO adiabat (Eq. 11) is tangent to the mantle liquidus (Eq. 13),413

both computed at the initial composition. The initial conditions for the composition of the BMO and the core are414

𝜉𝑏0 = 16 wt% (Caracas et al., 2019; Blanc et al., 2020) and 𝜉𝑐0 = 5.6 wt% (Masters and Gubbins, 2003; Gubbins et al.,415

2013; Labrosse, 2014, 2015).416

In our model, both the thickness and crystallization rate of the BMO tend toward zero (e.g. Fig. 4). As a result,417

the BMO becomes very thin and never completely solidifies. This asymptotic behavior, similar to the exponential418

decay of the BMO thickness obtained by Labrosse et al. (2007), arises from several assumptions used in our model.419

In particular, we assume that the BMO is adiabatic and well-mixed, and that crystallization follows a linear phase420

diagram. However, in reality, the BMO is expected to follow a more complex crystallization sequence, leading to a421

rheological transition and eventual solidification. Since these features are not explicitly considered in our model, we422

instead employ a heuristic criterion to determine the crystallization time of the BMO. We define the BMO as fully423

solidified when the temperature difference across it reaches 1 K, which corresponds to a 1.4 km BMO. This choice424

allows to obtain an Earth-like nominal model, where the BMO is either fully crystallized at present time, or where the425

BMO is sufficiently small for solid mantle convection to concentrate the remaining liquid into melt pockets (Labrosse426

et al., 2007; O’Rourke, 2020). This means that the solidification of the BMO is not self-consistently determined by the427

model, since the choice of this criterion directly influences the crystallization timescale.428

2.3. Buoyancy evolution429

The competition between thermocompositional sources (2.3.1) and adiabatic sinks (2.3.2) of buoyancy determines430

the convective stability (2.3.3) of the BMO and the core. Within the Boussinesq approximation, thermal and431

compositional buoyancy sources can be combined into a codensity (density anomaly) field 𝐶 , defined by Braginsky432

and Roberts (1995) as433

𝐶 = 𝛼̄𝜌̄𝑇 ′ + 𝛼𝑐 𝜌̄𝜉′, (35)

where the temperature 𝑇 ′ and the mass fraction 𝜉′ are deviations from an adiabatic well-mixed reference state, 𝜌̄ is the434

average density of the layer (BMO or core), 𝛼̄ is the average thermal expansion coefficient and 𝛼𝑐 is a compositional435

expansion coefficient (Eq. 90 and 96). As a result, we assume that the temperature and composition fields have the same436
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effective diffusivity 𝜅, neglecting double-diffusivity effects. We can then write a single codensity transport equation437

𝜕𝐶
𝜕𝑡

+ 𝐯 ⋅ ∇𝐶 = 𝜅∇2𝐶 + 𝜖, (36)

where 𝐯 is the local flow velocity and 𝜖 corresponds to the volumetric sources of buoyancy. The total codensity can438

be separated into a steady background profile 𝐶0(𝑟), with superimposed fluctuations 𝐶 ′(𝑟, 𝜃, 𝜑, 𝑡). Eq. 36 can then be439

decomposed into a conduction equation440

0 = 𝜅∇2𝐶0 + 𝜖, (37)

and a perturbation equation441

𝜕𝐶 ′

𝜕𝑡
+ 𝐯 ⋅ ∇(𝐶0 + 𝐶 ′) = 𝜅∇2𝐶 ′. (38)

2.3.1. Thermal and compositional sources442

The conduction equation (Eq. 37), which includes the volumetric sources of buoyancy, allows us to compare the443

relative influence of thermal and compositional buoyancy sources on convection (Davies and Gubbins, 2011) in both the444

BMO and the core. The thermal buoyancy sources are the heat sources in the energy budget. This includes radiogenic445

heating (𝑞𝑅,𝑏 and 𝑞𝑅,𝑐) (Eq. 102), secular cooling (𝑞𝑆,𝑏 and 𝑞𝑆,𝑐) (Eq. 105), viscous or ohmic dissipation of the motion446

produced by gravitational redistribution of FeO (𝑞𝐺,𝑏) or light elements (𝑞𝐺,𝑐) (Eq. 108), latent heat released at the ICB447

(𝑞𝐿,𝑐) (Eq. 111), and heat sources at the CMB (𝑞𝐶𝑀𝐵) or ICB (𝑞𝐼𝐶𝐵) (Eq. 114). The compositional buoyancy sources448

correspond to the progressive release of dense FeO in the BMO (𝑞𝐶,𝑏), or light elements in the core (𝑞𝐶,𝑐) (Eq. 117).449

Since the layers are well-mixed, these compositional terms behave as equivalent uniform compositional sinks.450

For each buoyancy source, we solve separate conduction equations using the appropriate volumetric source term451

(Appendix F). For thermal sources, volumetric source terms are obtained by multiplying the corresponding volumetric452

heat source by 𝛼̄∕𝑐𝑃 , where 𝑐𝑃 is the average value of the specific heat capacity at constant pressure within the BMO or453

the core. For compositional sources, volumetric source terms are obtained by multiplying the rate of release of FeO, or454

light elements, by 𝜌̄𝛼𝑐 . This gives a conductive codensity gradient that is functionally equivalent to the cotemperature455

gradients of Davies and Gubbins (2011), namely456

𝐶 ′
0(𝑟) = − 1

𝜅𝑇
1
𝑟2 ∫

𝑟

𝑟0
𝑥2𝜖(𝑥)d𝑥 + 𝐴

𝑟2
, , (39)
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where 𝐴 is an integration constant, 𝜅𝑇 is a turbulent, not molecular, diffusivity (Gubbins et al., 2015), and 𝑟0 is a457

reference radius.458

For each buoyancy source, the integration constant is determined using a boundary condition corresponding to a459

mass anomaly flux at the appropriate interface (Appendix F) (Gubbins et al., 2015). The mass anomaly fluxes, defined460

as461

𝑞(𝑟) = 𝜅𝑇𝐶
′
0(𝑟), (40)

correspond to the thermal or chemical anomaly that passes through a unit of surface area per unit time (Aubert et al.,462

2009), and are expressed in kg.m−2.s−1. The buoyancy sources act as negative, destabilizing codensity gradients and463

mass anomaly fluxes. For thermal sources, the mass anomaly fluxes are obtained by multiplying the corresponding heat464

flux (expressed in W.m−2), which corresponds to a heat flow (expressed in W) per unit of surface at the appropriate465

interface, by 𝛼̄∕𝑐𝑃 . For compositional sources, the mass anomaly fluxes at the CMB are zero because we neglect466

exchanges between the BMO and the core, as well as thermodiffusion and barodiffusion, which correspond to negligible467

buoyancy sinks (Davies and Gubbins, 2011).468

2.3.2. Equivalent adiabatic sinks469

The buoyancy profile also includes sinks that contribute to stabilize the convecting layers. Thermal conduction470

corresponds to the main equivalent buoyancy sink in the system. It removes heat from convection and acts as a471

positive and stabilizing codensity gradient and mass anomaly flux. The adiabatic codensity gradients are obtained472

by multiplying the adiabatic temperature gradient by 𝜌̄𝛼̄ (Eq. 35). The corresponding mass anomaly fluxes of the BMO473

and the core are then474

⎧

⎪

⎨

⎪

⎩

𝑞𝐴,𝑏 = −𝜅𝑚𝑏 𝜌̄𝛼̄
d𝑇
d𝑟 ,

𝑞𝐴,𝑐 = −𝜅𝑚𝑐 𝜌̄𝛼̄
d𝑇
d𝑟 ,

(41)

where 𝜅𝑚𝑏 and 𝜅𝑚𝑐 are molecular diffusivities and not turbulent ones (Gubbins et al., 2015). These diffusivities can be475

expressed as a function of the thermal conductivities in the BMO 𝑘𝑏 and the core 𝑘𝑐 , with 𝜅𝑚 = 𝑘∕(𝜌̄𝑐𝑃 ). However,476

the thermal conductivities, which depend on pressure, temperature and composition, remain uncertain, both in the477

BMO (Holmström et al., 2018; Soubiran and Militzer, 2018; Stixrude et al., 2020) or in the core (Ohta et al., 2016;478

Basu et al., 2020; Pozzo et al., 2022). In our model, we therefore set conservative values with 𝑘𝑏 = 8 W.m−1.K−1 and479

𝑘𝑐 = 70 W.m−1.K−1.480
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2.3.3. Convective stability criterion481

The total mass anomaly flux, which corresponds to the sum of the mass anomaly fluxes associated with the482

thermocompositional sources and sinks of buoyancy, can be used to determine the local convective stability of the483

BMO and the core (Davies and Gubbins, 2011; Pozzo et al., 2012; Gubbins et al., 2015). The reason for using mass484

anomaly fluxes instead of codensity gradients is that the destabilizing codensity gradients are associated with a turbulent485

diffusivity whereas the equivalent adiabatic flux uses a molecular diffusivity (Gubbins et al., 2015).486

The total mass anomaly flux of the BMO and the core are therefore defined as487

⎧

⎪

⎨

⎪

⎩

𝑞𝑏 = 𝑞𝑅,𝑏 + 𝑞𝑆,𝑏 + 𝑞𝐺,𝑏 + 𝑞𝐿,𝑏 + 𝑞𝐶𝑀𝐵 + 𝑞𝐴,𝑏

𝑞𝑐 = 𝑞𝑅,𝑐 + 𝑞𝑆,𝑐 + 𝑞𝐺,𝑐 + 𝑞𝐿,𝑐 + 𝑞𝐼𝐶𝐵 + 𝑞𝐴,𝑐
. (42)

The total mass anomaly flux can be used to determine the local convective stability of the layer and in particular the488

presence of stably-stratified layers. Convecting and stably-stratified regions are given by an equivalent Schwarzschild489

criterion490

⎧

⎪

⎨

⎪

⎩

𝑞(𝑟) < 0 if convecting

𝑞(𝑟) ≥ 0 if stable
. (43)

The stability boundary is defined where the equivalent adiabatic mass anomaly flux is balanced by the destabilizing491

mass anomaly fluxes associated with the thermocompositional buoyancy sources. If the sum of the destabilizing mass492

anomaly fluxes is smaller, in magnitude, than the equivalent adiabatic mass anomaly flux, the BMO and the core may be493

partly or fully stably-stratified. This corresponds to destabilizing codensity profiles being less steep than the equivalent494

adiabatic profile.495

The stably-stratified layers defined with Eq. 43 are not properly included in our thermal evolution model. In496

particular, we overestimate the secular cooling of these conductive layers assuming an adiabatic profile throughout497

the core. Considering such layers would require to compute the buoyancy profiles at every time step when integrating498

the energy budget.499

2.4. Magnetic evolution500

In this model, the magnetic evolution of the planet is obtained by assessing whether the potential dynamo layers,501

i.e. the BMO and the outer core, have (i) sufficient power to sustain a dynamo and (ii) a magnetic induction larger than502

magnetic diffusion. In practice, we first use entropy budgets (§2.4.1), initially developed for the Earth’s core (Gubbins503

et al., 2003, 2004) and later adapted for the BMO (Blanc et al., 2020; O’Rourke, 2020), to assess the entropy criterion.504
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Then, we estimate the magnetic Reynolds number (§2.4.2) to assess the induction criterion. Finally, we estimate the505

intensity of the magnetic field (§2.4.3) powered in each layer.506

2.4.1. Entropy budget507

We write the entropy budget of the BMO and the core as508

𝐸𝑅,𝑏 + 𝐸𝑆,𝑏 + 𝐸𝐺,𝑏 + 𝐸𝐿,𝑏 + 𝐸𝐶𝑀𝐵 = 𝐸𝑘,𝑏 + 𝐸𝛼,𝑏 + 𝐸Φ,𝑏, (44)
𝐸𝑅,𝑐 + 𝐸𝑆,𝑐 + 𝐸𝐺,𝑐 + 𝐸𝐿,𝑐 + 𝐸𝐼𝐶𝐵 = 𝐸𝑘,𝑐 + 𝐸𝛼,𝑐 + 𝐸Φ,𝑐 , (45)

where all terms are rates of entropy production (Nimmo, 2015a), expressed in W.K−1. The left-hand side of the509

equations corresponds to source terms, including the entropy of radiogenic heating𝐸𝑅 (Eq. 118), the entropy of secular510

cooling𝐸𝑆 (Eq. 119), the entropy of gravitational energy𝐸𝐺 due to the release of FeO and light elements (Eq. 120), the511

entropy of latent heat𝐸𝐿 (Eq. 121), as well as the entropy𝐸𝐶𝑀𝐵 and𝐸𝐼𝐶𝐵 associated with the heat source at the CMB512

and the ICB (Eq. 122). The right-hand side corresponds to sink terms, including the entropy of thermal diffusion 𝐸𝑘513

(Eq. 123), the entropy of molecular diffusion 𝐸𝛼 (Eq. 124) and the combined entropy of ohmic and viscous dissipation514

𝐸Φ. We neglect entropy terms associated with the heat of reaction, pressure heating and pressure effects on freezing,515

in both the BMO (Blanc et al., 2020; O’Rourke, 2020) and the core (Gubbins et al., 2003, 2004).516

Each term can be written as the product of the corresponding heat flow and an efficiency factor, divided by an517

effective operating temperature (Appendix G). The efficiency factors correspond to the thermodynamic efficiency of518

the buoyancy sources. Buoyancy sources that are produced at the bottom of the layer are more efficient than buoyancy519

sources distributed throughout the layer.520

The dissipation term 𝐸Φ can be expressed as the sum of ohmic and viscous dissipation. Since 𝐸Φ is the only521

unknown in the entropy budgets, we can obtain this term by subtracting the thermal and molecular diffusion terms522

from the source terms. In addition, we assume that the viscous dissipation term is negligible in comparison with the523

ohmic dissipation term in both the BMO (Blanc et al., 2020; O’Rourke, 2020) and the core (Aubert et al., 2009).524

𝐸Φ can thus be related to the gravitational energy that sustains convection (Buffett et al., 1996), which means that it525

corresponds to the energy fraction that contributes to generate a magnetic field. Therefore, 𝐸Φ can be used as a first526

criterion for the operation of a dynamo in the BMO (Blanc et al., 2020) and the core (Davies, 2015; Greenwood et al.,527

2021; Driscoll and Davies, 2023). If 𝐸Φ > 0, the power available is sufficient to sustain a dynamo.528

2.4.2. Magnetic Reynolds number529

In addition to the entropy criterion, the magnetic Reynolds number has to exceed a critical value for magnetic530

induction to sufficiently overcome magnetic diffusion and a dynamo to operate continuously in the convecting layer.531
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The magnetic Reynolds numbers of the BMO and the core are defined as532

⎧

⎪

⎨

⎪

⎩

𝑅𝑚𝑏 = 𝑈𝑏𝐿𝑏𝜇0𝜎𝑏

𝑅𝑚𝑐 = 𝑈𝑐𝐿𝑐𝜇0𝜎𝑐
, (46)

where 𝑈𝑏, 𝐿𝑏, 𝜎𝑏 and 𝑈𝑐 , 𝐿𝑐 , 𝜎𝑐 are respectively the characteristic convective velocity, the thickness and the electrical533

conductivity of the BMO and the core. Using these definitions, a self-sustained magnetic field might be expected in the534

respective layers if𝑅𝑚 > 40 (Christensen and Aubert, 2006). This critical value, obtained from magnetohydrodynamic535

(MHD) simulations in the Earth’s core, is not universal but is commonly used as a criterion for dynamo operation, so536

we adopt it for both the BMO and the core, separately. Another condition, depending on the approximation of the537

mean field equations and the interplay between the BMO and the core is the dynamo number (Ziegler and Stegman,538

2013). However, we do not consider this criterion here. Electrical conductivities, like thermal conductivities, remain539

uncertain, both in the BMO (Holmström et al., 2018; Soubiran and Militzer, 2018; Stixrude et al., 2020) and the core540

(Ohta et al., 2016; Basu et al., 2020; Pozzo et al., 2022). We therefore set conservative values of 𝜎𝑏 = 3 × 104 S.m−1
541

and 𝜎𝑐 = 1 × 106 S.m−1.542

The convective velocities are obtained using scaling laws derived from MHD numerical simulations (Aubert et al.,543

2009). The scaling laws relate the dimensionless convective velocity, i.e. a Rossby number 𝑅𝑜, to the total dissipation,544

i.e. a dimensionless convective power Φ̃, determined from the entropy budgets by multiplying the dissipation term545

by an effective dissipation temperature (Appendix H). These scaling laws, initially developed for the Earth’s core,546

may differ for the BMO since a silicate dynamo would operate in a thinner shell and have a larger Prandtl number.547

Nevertheless, we use the same scaling law in the BMO and the core, which gives548

𝑅𝑜𝑏 =
𝑈𝑏
𝐿𝑏Ω

𝑅𝑜𝑐 =
𝑈𝑐
𝐿𝑐Ω

⎫

⎪

⎬

⎪

⎭

= 𝑐𝑈 Φ̃𝛼𝑈 , (47)

where 𝑐𝑈 and 𝛼𝑈 are respectively the prefactor and exponent of the scaling law, obtained from a least-square fit on549

a set of dynamo simulations (Aubert et al., 2009), and Ω is the rotation rate of the planet. Since the evolution of the550

Earth’s rotation rate over time remains uncertain (Touma and Wisdom, 1994; Daher et al., 2021), we choose a linear551

evolution of the length of day from 5 h (Canup and Asphaug, 2001; Cuk and Stewart, 2012) at 𝑡 = 0 to one Earth day552

at 𝑡 = 4.5 Gyr.553

The exponents of the scaling laws can also be derived analytically from various force balance arguments554

(Christensen, 2010). In the mixing length theory (MLT) regime, the balance between the inertia term and the555
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buoyancy term in the momentum equation implies that the convective velocity scales as Φ̃1∕3. In the Coriolis-Inertia-556

Archimedean (CIA) regime, the balance between the Coriolis term, the inertia term and the buoyancy term implies that557

the velocity scales as Φ̃2∕5. Finally, in the Magnetic-Archimedean-Coriolis (MAC) regime, the balance between the558

Lorentz force, the buoyancy force and the Coriolis force implies a Φ̃1∕2 scaling. The prefactors of the scaling laws are559

obtained using a least-square fit on the set of dynamo simulations of Aubert et al. (2009) (Appendix H). The scaling560

law parameters are defined in Table S8.561

2.4.3. Magnetic field intensity562

The magnetic field of the BMO and the core are also obtained using scaling laws derived from MHD numerical563

simulations (Aubert et al., 2009). The scaling laws relate the dimensionless magnetic field 𝐵̃ to the dimensionless564

convective power (Appendix H). As with the convective velocity, we use the same scaling law in the BMO and the565

core which gives566

𝐵̃𝑏 =
𝐵𝑏

√

𝜌̄𝑏𝜇0Ω𝐿𝑏

𝐵̃𝑐 =
𝐵𝑐

√

𝜌̄𝑐𝜇0Ω𝐿𝑐

⎫

⎪

⎬

⎪

⎭

= 𝑐𝐵𝑓
1∕2
Ω Φ̃𝛼𝐵 , (48)

where 𝑐𝐵 and 𝛼𝐵 are the prefactor and exponent of the scaling law, obtained from a least-square fit of dynamo567

simulations (Aubert et al., 2009). 𝐵𝑏, 𝜌̄𝑏 and 𝐵𝑐 , 𝜌̄𝑐 are the internal magnetic field and average density of the BMO and568

the core, respectively. 𝑓Ω is the ohmic dissipation fraction of the convective power. Following Aubert et al. (2009) for569

the core and O’Rourke (2020) for the BMO, we set 𝑓Ω = 0.9 in both layers. The exponents of the MLT, CIA and MAC570

balance are respectively 1∕3, 3∕10 and 1∕4 (Christensen, 2010). The prefactors are also obtained using a least-square571

fit on the set of dynamo simulations of Aubert et al. (2009) (Appendix H). The scaling law parameters are defined in572

Table S8.573

In order to obtain the surface magnetic field produced by the BMO and the core, we first determine the relative574

strength of the internal field in each layer and the dipole field at the outer boundary using a scaling law (Aubert et al.,575

2009)576

⎧

⎪

⎨

⎪

⎩

𝑏𝑑𝑖𝑝,𝑏 = 𝑐𝑑𝑖𝑝
(

1 − 𝑅𝐶𝑀𝐵
𝑅𝐵𝑀𝑂

)

(

1 + 𝑓𝑏
)

𝑏𝑑𝑖𝑝,𝑐 = 𝑐𝑑𝑖𝑝
(

1 − 𝑅𝐼𝐶𝐵
𝑅𝐶𝑀𝐵

)

(

1 + 𝑓𝑐
)

, (49)

where 𝑓𝑏 and 𝑓𝑐 are the fraction of the mass anomaly flow rate produced at the inner boundary of the BMO and the577

core, and 𝑐𝑑𝑖𝑝 = 7.3 is a prefactor obtained from a least-square fit of dynamo simulations (Aubert et al., 2009). A mass578

anomaly flow rate (expressed in kg.s−1), is the thermal, or chemical, anomaly passing through a surface area per unit579
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time and equals the mass anomaly flux integrated over a surface area. Fractions of the mass anomaly flow rate are580

defined as581

⎧

⎪

⎨

⎪

⎩

𝑓𝑏 =
𝐹𝐶𝑀𝐵

𝐹𝐶𝑀𝐵+𝐹𝐵𝑀𝑂

𝑓𝑐 =
𝐹𝐼𝐶𝐵

𝐹𝐼𝐶𝐵+𝐹𝐶𝑀𝐵

, (50)

where 𝐹𝐼𝐶𝐵 , 𝐹𝐶𝑀𝐵 and 𝐹𝐵𝑀𝑂 are the mass anomaly flow rates at the ICB, the CMB and the top of the BMO. Then,582

we determine the true dipole moment of the BMO and the core with583

⎧

⎪

⎨

⎪

⎩

𝑏 =
4𝜋𝑅3

𝐵𝑀𝑂
√

2𝜇0

𝐵𝑏
𝑏𝑑𝑖𝑝,𝑏

𝑐 =
4𝜋𝑅3

𝐶𝑀𝐵
√

2𝜇0

𝐵𝑐
𝑏𝑑𝑖𝑝,𝑐

, (51)

and finally obtain the intensity of the magnetic field at the surface with584

⎧

⎪

⎨

⎪

⎩

𝐵𝑃 ,𝑏 =
𝜇0

4𝜋𝑅3
𝑃
𝑏

𝐵𝑃 ,𝑐 =
𝜇0

4𝜋𝑅3
𝑃
𝑐

. (52)

3. Earth-like planet nominal evolution585

Our nominal model uses the assumptions detailed in §2, together with the parameters defined in tables S1-S8, to586

determine the structural (3.1), thermal (3.2), buoyancy (3.3) and magnetic (3.4) evolution of the planet.587

3.1. Structural evolution588

Fig. 3 shows the time evolution of the density, gravity, pressure and temperature as a function of radius for the589

nominal model. The density profile of the BMO corresponds to a linear fit of the reference profile defined for the590

solid mantle, while the gravity and pressure profiles of the BMO are identical to the reference profile (§2.1.2). In the591

supplementary material, we provide the time evolution of the Grüneisen parameter, thermal expansion coefficient,592

isothermal bulk modulus and specific heat capacity at constant pressure for the nominal model (Fig. S1).593

The density profile shows a density jump corresponding to the CMB at approximately 3140 km under the surface594

the planet (Fig. 3a). In the mantle, the density profile also shows two density jumps at approximately 810 km and595

2600 km. They correspond respectively to the peridotite to perovskite and to the perovskite to post-perovskite solid596

phase transitions. In the core, after 3.8 Gyr, the density profile shows density jumps corresponding to the inner core597

nucleation. These jumps are also visible as slope discontinuities on the gravity (Fig. 3b) and pressure (Fig. 3c) profiles,598

in particular at the CMB. Since the integration of the internal structure is conducted using an imposed planet mass,599
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Figure 3: Density 𝜌 (a), gravity 𝑔 (b), pressure 𝑃 (c) and temperature 𝑇 (d) as a function of the radius 𝑟. Solid lines
correspond to profiles obtained using the reference model. Dashed lines correspond to profiles using the BMO model. The
colors correspond to the time 𝑡. Black dotted lines correspond to the Preliminary Reference Earth Model (PREM) defined
by Dziewonski and Anderson (1981). Panel (d): Colored dotted lines and dash-dotted lines correspond respectively to the
mantle and core liquidus. The red dotted line and the dash-dotted line correspond respectively to the temperature at the
top of the BMO and at the ICB.

the radius of the planet, of the CMB and of the solid phase transitions slightly change over time as the temperature of600

the planet decreases and upon crystallization of the inner core. For the same reasons, the gravity and pressure profiles601

also change slowly over time.602

In the mantle, the temperature profile (Fig. 3d) is defined by the BMO model (Eq. 11) and by the mantle thermal603

boundary layer model (Eq. 20-21). The BMO, defined by the intersection between the adiabatic profile and the mantle604

liquidus, crystallizes progressively from the top down until it fully solidifies at 2.8 Gyr. The mantle liquidus decreases605

over time as the BMO is increasingly enriched in FeO (Eq. 13), producing a depression of the melting curve as the606

BMO crystallizes (Boukaré et al., 2015; Ballmer et al., 2017; Blanc et al., 2020). In the core, the temperature profile is607

defined by the reference model (Eq. 7). The inner core starts to crystallize at 3.8 Gyr, when the temperature profile of608
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the core intersects the core liquidus at the center of the planet. The core liquidus is fixed over time because it is defined609

for an imposed composition (Eq. 9).610

3.2. Thermal evolution611

Fig. 4 shows the thickness of the BMO and the radius of the inner core, the temperatures at the top of the BMO, at612

the CMB, at the ICB and at the center of the planet, as well as the composition of the BMO and the core as a function613

of time for the nominal model. The planet initially starts with a fully liquid core and a thick BMO (Fig. 4a). As the614

BMO progressively crystallizes, the temperature at the CMB decreases whereas the temperature at the top of the BMO615

increases as the depth of this upper interface increases (Fig. 4b). Before 1.6 Gyr, the temperature evolution at the top616

of the BMO is dominated by fast crystallization, which explains this temperature increase. After 1.6 Gyr, the BMO617

crystallization rate significantly diminishes, in relation with its observed temperature decrease, caused by overall planet618

cooling. At 2.8 Gyr, the temperature at the top of the BMO merges with that at the CMB (within 1 K), which means619

that the BMO is fully crystallized (within 1 km), according to the criterion defined in §2.2.4. During the crystallization,620

the BMO is progressively enriched in FeO (Fig. 4c). Between 2.8 Gyr and 3.8 Gyr, the planet progressively cools, with621

a fully crystallized BMO and a fully molten core. At 3.8 Gyr, the central temperature of the planet becomes smaller622

than the core liquidus (Fig. 4b), leading to core nucleation. As the size of the inner core increases (Fig. 4a), the outer623

core is progressively enriched in light elements (Fig. 4c).624
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Figure 4: (a) BMO thickness 𝐿𝑏 and ICB radius 𝑅𝐼𝐶𝐵 as a function of time 𝑡. Inset: 𝐿𝑏, in logarithmic scale, as a function
of 𝑡. The dashed line corresponds to thicknesses where the temperature difference across the BMO is less than 1 K. (b)
Temperature at the top of the BMO 𝑇𝐵𝑀𝑂, at the CMB 𝑇𝐶𝑀𝐵, at the ICB 𝑇𝐼𝐶𝐵 and at the center of the planet 𝑇𝐶 as a
function of time 𝑡. Inset: Temperature difference across the BMO 𝑇𝐶𝑀𝐵 − 𝑇𝐵𝑀𝑂, in logarithmic scale, as a function of 𝑡.
The dashed line corresponds to temperature differences across the BMO that are less than 1 K. (c) Mass fraction of the
BMO FeO 𝜉𝑏 and of the core light elements 𝜉𝑐 as a function of time 𝑡.
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Fig. 5 shows the heat flows in the mantle, the BMO and the core as a function of time for the nominal model. The625

heat flow at the surface of the planet is mainly driven by the heat flow at the top of the BMO when it exists, i.e. by the626

activity in the BMO and the core (Fig. 5a). The surface heat flow𝑄𝑃 (Eq. 25) initially increases during 1.6 Gyr, due to627

an increasing temperature difference across the mantle, explained by the increasing depth of the interface between the628

BMO and the mantle. After 1.6 Gyr, the surface heat flow decreases as the crystallization rate of the BMO decreases629

(Fig. 4a). Similarly, the secular cooling of the mantle 𝑄𝑆,𝑚 (Eq. 84) initially increases for 2.0 Gyr as the cooling rate630

at the CMB increases (Fig. 4b) and as the volume of the mantle progressively expands, due to the crystallization of631

the BMO. After 2.0 Gyr, the secular cooling of the mantle decreases, consistently with a decreasing cooling rate (Fig.632

4b). Finally, although the volume of the mantle initially increases, the radiogenic heating of the mantle 𝑄𝑅,𝑚 (Eq. 82)633

decreases monotonously due to radioactive decay.634

0 1 2 3 4
t (Gyr)

0

20

40

60

80

Q
 (T

W
)

Mantle(a)
QP

QBMO

QR, m

QS, m

QA, m

0 1 2 3 4
t (Gyr)

0

10

20

30

40

50

Q
 (T

W
)

BMO(b)
QBMO

QCMB

QR, b

QS, b

QG, b

QL, b

QA, b

0 1 2 3 4
t (Gyr)

0

5

10

15

20

Q
 (T

W
)

Core(c)
QCMB

QICB

QR, c

QS, c

QG, c

QL, c

QA, c

QR, ic

QS, ic

Figure 5: Heat flows 𝑄 in the mantle (a), the BMO (b) and the core (c) as a function of time 𝑡. The radiogenic heating,
secular cooling, gravitational energy and latent heat terms are denoted with the subscripts 𝑅, 𝑆, 𝐺 and 𝐿. The heat flows
at the surface of the planet, at the top of the BMO, at the CMB and at the ICB are denoted with the subscripts 𝑃 , 𝐵𝑀𝑂,
𝐶𝑀𝐵 and 𝐼𝐶𝐵.

The heat flow at the surface of the BMO, 𝑄𝐵𝑀𝑂, is mainly driven by the latent heat produced upon crystallization635

of the BMO (Fig. 5b). The latent heat flow, and thus the heat flow at the surface of the BMO, initially increase for 1.2636

Gyr before decreasing until the BMO is fully crystallized. Since the latent heat 𝑄𝐿,𝑏 (Eq. 91) is proportional to the637

rate of crystallization of the BMO, this change may be explained by the transition from an increasing to a decreasing638

crystallization rate (Fig. 4a). Similarly, the gravitational energy 𝑄𝐺,𝑏 (Eq. 89) and the secular cooling 𝑄𝑆,𝑏 (Eq. 88)639

initially increase due to increased crystallization (Fig. 4a) and cooling rates (Fig. 4b). They eventually decrease as the640

BMO shrinks and as the crystallization and cooling rates decrease. Finally, the radiogenic heating of the BMO 𝑄𝑅,𝑏641

(Eq. 87) decreases over time and goes to zero due a BMO decreasing in size, as well as radioactive decay.642
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Before the nucleation of the inner core, the heat flow at the CMB is mainly driven by the secular cooling of the643

core (Fig. 5c). The secular cooling of the core, and thus the heat flow at the CMB, initially increase during 2.0 Gyr644

before decreasing until the nucleation of the inner core. Since the secular cooling 𝑄𝑆,𝑐 (Eq. 94) is proportional to the645

cooling rate of the core, this evolution is consistent with the transition from an increasing to a decreasing cooling rate646

at the CMB (Fig. 4b). The initial increase of the CMB heat flow is explained by the concomitant crystallisation of the647

BMO, which increases the surface heat flow, and reduces, after 1.2 Gyr, the cooling rate buffer related to the BMO648

activity. After the nucleation of the inner core, the energy budget is significantly modified by contributions from the649

latent heat𝑄𝐿,𝑐 (Eq. 97) and gravitational energy𝑄𝐺,𝑐 (Eq. 95) released at the ICB, leading to an increasing heat flow650

at the CMB. The secular cooling𝑄𝑆,𝑖𝑐 (Eq. 99) and radiogenic heating𝑄𝑅,𝑖𝑐 (Eq. 98) of the inner core also contribute651

to this modification, but to a lesser extent. Finally, in contrast to the mantle and the BMO, the radiogenic heating of652

the core 𝑄𝑅,𝑐 (Eq. 92) is negligible, except at early times.653

3.3. Buoyancy evolution654

Fig. 6 shows the mass anomaly flux in the BMO and the outer core at different times. In the BMO, the total mass655

anomaly flux 𝑞𝑏 is negative at all times, which means that the BMO is convective (Fig. 6a-c). The positive equivalent656

adiabatic sink 𝑞𝐴,𝑏 is negligible in comparison with the negative buoyancy sources. At early times, the convection is657

mainly driven by the compositional term 𝑞𝐶,𝑏, related to the release of FeO upon crystallization of the BMO (Fig. 6a).658

Close to the CMB, the heat produced by the core 𝑞𝐶𝑀𝐵 dominates the buoyancy profile. As the BMO crystallizes,659

the radius fraction dominated by the influence of the core increases (Fig. 6b), until it dominates in the whole BMO660

(Fig. 6c). Although the radiogenic heating term 𝑞𝑅,𝑏 is a major buoyancy source at early times (Fig. 6a), its influence661

significantly decreases over time due to radioactive decay. The secular cooling 𝑞𝑆,𝑏 and dissipation 𝑞𝐺,𝑏 terms are minor662

sources of buoyancy. The latent heat term 𝑞𝐿,𝑏 does not contribute to the buoyancy profile since latent heat is released663

at the top of the BMO (Eq. 111).664

In the core, the total mass anomaly flux 𝑞𝑐 is initially positive before it becomes negative, which means that the core665

becomes convective after an initial stably-stratified stage (Fig. 6d-f). At early times, the buoyancy profile is dominated666

by the positive equivalent adiabatic sink 𝑞𝐴,𝑐 (Fig. 6d). Subsequently, the negative buoyancy sources overcome the667

adiabatic sink, facilitating convection (Fig. 6e). Before nucleation of the inner core, the convection is mainly driven by668

secular cooling of the core 𝑞𝑆,𝑐 , with a minor and decreasing contribution of radiogenic heating 𝑞𝑅,𝑐 . After nucleation669

of the inner core, convection is mainly driven by the compositional term 𝑞𝐶,𝑐 , related to the release of light elements,670

and to a lesser extent by the latent heat term 𝑞𝐿,𝑐 (Fig. 6f). The contributions from the inner core 𝑞𝐼𝐶𝐵 , as well as671

dissipation 𝑞𝐺,𝑐 , are minor sources of buoyancy.672
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Figure 6: Mass anomaly flux 𝑞 in the BMO at 𝑡 = 0.5 Gyr (a), 𝑡 = 1.0 Gyr (b) and 𝑡 = 2.0 Gyr (c), and in the outer
core at 𝑡 = 0.5 Gyr (d), 𝑡 = 2.5 Gyr (e) and 𝑡 = 4.5 Gyr (f) as a function of radius 𝑟. Radiogenic heating, secular cooling,
dissipation, latent heat, compositional and equivalent adiabatic buoyancy terms are denoted by the subscripts 𝑅, 𝑆, 𝐺, 𝐿,
𝐶 and 𝐴. The contributions from the core at the CMB and from the inner core the ICB are denoted with the subscripts
𝐶𝑀𝐵 and 𝐼𝐶𝐵. Dashed lines correspond to the total mass anomaly flux. The equivalent adiabatic terms use respectively
𝑘𝑏 = 8 W.m−1.K−1 and 𝑘𝑐 = 70 W.m−1.K−1.

Fig. 7 shows the time evolution of the total mass anomaly flux in the BMO and the outer core. In the BMO, the673

total mass anomaly flux 𝑞𝑏 is always negative (Fig. 7a). Thus, the BMO is fully convective, from the combined action674

of compositional convection and heating at the CMB (Fig. 6a-c). In the core, the total mass anomaly flux 𝑞𝑐 is initially675

positive, so that the core is fully stably-stratified (Fig. 7b). At 0.8 Gyr, the mass anomaly flux becomes progressively676

negative, starting from the bottom of the core, as the CMB heat flow and the core cooling rate increase. This produces677

an upper stably-stratified layer overlying a convective core. At 1.3 Gyr, the total mass anomaly flux eventually becomes678

negative all the way to the top of the core, making it fully convective, due to the increase of the secular cooling term679

(Fig. 6d-e). At 3.8 Gyr, a discontinuity in the total mass anomaly flux enhances the vigor of convection. The flux680
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magnitude suddenly increases with the release of latent heat at the ICB and the onset of compositional convection due681

to light elements released from the inner core (Fig. 6f).682
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Figure 7: Total mass anomaly flux, i.e. buoyancy profiles, in the BMO 𝑞𝑏 (a) and the outer core 𝑞𝑐 (b) as a function of
time 𝑡. Radii are normalized by the thickness of the corresponding layer.

3.4. Magnetic evolution683

Fig. 8 shows the rates of entropy production in the BMO and the core as a function of time for our nominal model.684

In the BMO, the dissipation term 𝐸Φ,𝑏 is always positive, which means that there is enough power available to sustain685

a dynamo in this layer (Fig. 8a). The entropy sources are dominated by the gravitational energy term 𝐸𝐺,𝑏 (Eq. 120),686

consistently with the high efficiency factor associated with this term (Nimmo, 2015a), and to a lesser extent by the687

contribution of the core 𝐸𝐶𝑀𝐵 (Eq. 122), particularly at late times when the BMO has shrunk significantly. The688

radiogenic heating term 𝐸𝑅,𝑏 (Eq. 118) also contributes to the entropy budget, in particular at early times. In contrast,689

the secular cooling term 𝐸𝑆,𝑏 (Eq. 119) is a minor source of entropy and the latent heat term 𝐸𝐿,𝑏 (Eq. 121) does not690

contribute to the entropy budget since latent heat is released at the top the BMO. The gravitational energy𝐸𝐺,𝑏, secular691

cooling 𝐸𝑆,𝑏 and core contribution 𝐸𝐶𝑀𝐵 terms initially increase over time due to the increase of the corresponding692

heat sources, as a result of enhanced crystallization (Fig. 4a) and cooling (Fig. 4b) rates. They eventually decrease as693

the heat flows diminish, due to a shrinking BMO, reduced cooling and crystallization rates, and as the temperature694

difference between the top of the BMO and the CMB vanishes. In addition to the decrease in temperature difference,695

the radiogenic heating term 𝐸𝑅,𝑏 also decreases due to a diminishing radiogenic heat flow, as a result of a shrinking696

BMO and radioactive decay. The entropy sinks are dominated by the thermal diffusion term 𝐸𝑘,𝑏 (Eq. 123), with a697

negligible contribution from the molecular diffusion term 𝐸𝛼,𝑏 (Eq. 124). They decrease monotonically over time,698

mainly because the BMO shrinks, but also because the average temperature of the BMO initially rises as its average699

depth increases.700
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Figure 8: Rates of entropy production 𝐸 in the BMO (a) and the outer core (b) as a function of time 𝑡. The radiogenic
heating, secular cooling, gravitational energy, latent heat, thermal diffusion, molecular diffusion, and dissipation terms are
denoted with the subscripts 𝑅, 𝑆, 𝐺, 𝐿, 𝑘, 𝛼 and Φ. The contributions from the core at the CMB and from the inner core
the ICB are denoted with the subscripts 𝐶𝑀𝐵 and 𝐼𝐶𝐵. The thermal diffusion terms use respectively 𝑘𝑏 = 8 W.m−1.K−1

and 𝑘𝑐 = 70 W.m−1.K−1.

Before nucleation of the inner core, the dissipation term 𝐸Φ,𝑐 is initially negative for 1.2 Gyr, which means that701

there is not enough power to sustain an early dynamo in this layer (Fig. 8b). Although the secular cooling term 𝐸𝑆,𝑐702

(Eq. 119) increases with time, as the CMB heat flow and core cooling increase, the entropy budget is dominated by the703

thermal diffusion sink𝐸𝑘,𝑐 (Eq. 123). After 1.2 Gyr, dissipation becomes positive as the secular cooling term continues704

to increase, and core convection starts, allowing sufficient power to sustain a core dynamo. The secular cooling term705

𝐸𝑆,𝑐 initially increases due to the increase of the corresponding heat flow (Fig. 5c) from enhanced cooling at the CMB706

(Fig. 4b). At 2.0 Gyr, it eventually decreases as the heat flow diminishes. The radiogenic heating term 𝐸𝑅,𝑐 (Eq. 118),707

which decreases over time due to radioactive decay, is negligible. The thermal diffusion term 𝐸𝑘,𝑐 is almost constant,708

due to a decreasing core temperature balanced by a reduced temperature gradient.709

After nucleation of the inner core, the dissipation term 𝐸Φ,𝑐 increases significantly, mainly due to the gravitational710

energy 𝐸𝐺,𝑐 (Eq. 120) and latent heat 𝐸𝐿,𝑐 (Eq. 121) released at the ICB. Radiogenic heating and secular cooling of711

the inner core𝐸𝐼𝐶𝐵 (Eq. 122) also contribute to this increase. The gravitational energy𝐸𝐺,𝑐 , latent heat𝐸𝐿,𝑐 and inner712

core contribution 𝐸𝐼𝐶𝐵 terms increase over time, until they are diminished by decreasing crystallization and cooling713

rates, and as the outer core shrinks.714

Fig. 9 shows the magnetic Reynolds numbers and the internal magnetic field intensities in the BMO and the core,715

as well as the corresponding surface magnetic field intensities as a function of time for the nominal model. The scaling716

laws obtained from a fit on dynamo numerical simulations are compared with scaling laws based on force balance717

arguments (Appendix H). In the BMO, the magnetic Reynolds number obtained using the best-fit scaling law is initially718
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larger than 𝑅𝑚 = 40 during 1.0 Gyr, which means that a self-sustained dynamo is operating in this layer (Fig. 9a).719

The average intensities of the corresponding internal and surface magnetic fields are, respectively, 𝐵 = 1.2 mT and720

𝐵𝑃 = 140.4 𝜇T (Fig. 9b-c). After 1.0 Gyr, the magnetic Reynolds number decreases below the critical value as the721

size of the BMO and the convective velocity decrease, thereby suppressing magnetic field growth in the BMO. In the722

core, the magnetic Reynolds number obtained using the best-fit scaling law is larger than𝑅𝑚 = 40 after 1.2 Gyr, before723

which the power available to sustain a dynamo is insufficient (Fig. 8b). The average intensities of the corresponding724

internal and surface magnetic field are respectively 𝐵 = 1.4 mT and 𝐵𝑃 = 17.3 𝜇T.725
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Figure 9: Magnetic Reynolds number 𝑅𝑚 (a), internal magnetic field intensity 𝐵 (b) and surface magnetic field intensity
𝐵𝑃 (c) as a function of time 𝑡. The solid (BMO) and dashed (core) lines are obtained using the best-fit scaling law
of Aubert et al. (2009). The dash-dotted (BMO) and dotted lines (core) are obtained using power-law scalings with
an imposed exponent derived from the mixing length theory (MLT), the Coriolis-Inertia-Archimedean (CIA) or the
Magnetic-Archimedean-Coriolis (MAC) regime. The magnetic Reynolds numbers use respectively 𝜎𝑏 = 3 × 104 S.m−1

and 𝜎𝑐 = 1×106 S.m−1. The gray markers correspond to Earth’s paleomagnetic measurements of the surface magnetic field
from the PINT database (Bono et al., 2022).

In both the BMO and the core, the estimated magnetic Reynolds number and the magnetic field intensities are726

sensitive to the scaling law for convective velocity and magnetic field intensity. For the magnetic Reynolds numbers,727

the CIA scaling law is closer to the best-fit scaling law than the MLT and MAC scaling laws (Fig. 9a), whereas for728

the magnetic field intensities, the MLT scaling law is closer to the best-fit scaling law than the CIA and MAC scaling729

laws (Fig. 9b-c). Depending on the scaling law, the magnetic Reynolds numbers and the magnetic field intensities in730

the BMO and the core may vary by more than an order of magnitude. In the BMO, the MAC scaling law predicts a731

magnetic Reynolds number smaller than the critical value. This explains the lack of magnetic field with this scaling732

law.733
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4. Sensitivity to the model parameters734

In this section, we investigate the sensitivity of the model to several parameters. We focus on the role of the initial735

temperature at the CMB (§4.1), the parameterization of mantle convection (§4.2), as well as the composition (§4.3)736

and radiogenic heating (§4.4) of the BMO and the core. We also investigate the sensitivity to the thermal and electrical737

conductivities of these layers (§4.5). We do not investigate systematically the thermodynamic parameterization of the738

mantle, BMO and core, i.e. the parameterization of the solid phase transitions, EOS, and liquidus.739

4.1. Initial temperature at the CMB740

In our model, the initial temperature at the CMB, which corresponds to the temperature at which the BMO adiabat741

is tangent to the liquidus, is set to 𝑇𝐶𝑀𝐵0
= 5710 K. This is the maximum value used for our parameter sweep,742

because a higher temperature would produce a fully molten mantle instead of the intended BMO. The minimum743

value of the sweep, i.e. 𝑇𝐶𝑀𝐵0
= 5010 K, delineates a transition toward an inconsistent situation whereby the low744

temperature difference across the mantle and thick upper boundary layer (Eq. 19) produce insufficient heat flow (25)745

to accommodate the imposed radiogenic heat flow.746

Fig. 10 shows the entropy of dissipation, the magnetic Reynolds number and the intensity of the surface magnetic747

field as a function of the difference Δ𝑇𝐶𝑀𝐵0
with the initial temperature used the nominal model, for the BMO and748

the core. When Δ𝑇𝐶𝑀𝐵0
increases, the initial thickness of the BMO decreases, and the surface heat flow increases due749

to an increased temperature difference between the top of the BMO and the surface. The BMO then crystallizes earlier750

(Fig. 10a) and the silicate dynamo operation window is reduced (Fig. 10c,e). If 𝑇𝐶𝑀𝐵0
≤ 5690 K, the silicate dynamo751

vanishes. If 𝑇𝐶𝑀𝐵0
≤ 5620 K, the mantle remains fully solid. When Δ𝑇𝐶𝑀𝐵0

increases, the thickness of the BMO752

diminishes. This increases the temperature at the top of the BMO, and reduces the gravitational energy of the BMO (Eq.753

89). The entropy of gravitational energy (Eq. 120), dominant in the BMO entropy budget (Fig. 8a), thus decreases,754

reducing the entropy of dissipation (Fig. 10a). Assuming 𝛼𝑢 = 2∕5 (see Table S8), the magnetic Reynolds number755

scales as Φ2∕5 (Eq. 46, 47 and 127). Since the convective power is proportional to the entropy of dissipation (Eq. 126),756

the magnetic Reynolds number of the BMO decreases when Δ𝑇𝐶𝑀𝐵0
increases (Fig. 10c). Assuming 𝛼𝐵 = 1∕3 (see757

Table S8), the magnetic field intensity scales as Φ1∕3𝐿−2∕3
𝑏 (Eq. 48 and 127). Since the BMO thickness decreases when758

Δ𝑇𝐶𝑀𝐵0
increases, the magnetic field intensity of the BMO slightly increases (Fig. 10e), even if the convective power759

decreases as a result of a reduced entropy of dissipation.760

If the BMO exists, increasing Δ𝑇𝐶𝑀𝐵0
enhances the heat flow at the CMB, due to an increased surface heat flow761

and an earlier BMO crystallization. Sufficient power is then available to allow an earlier core dynamo onset (Fig.762

10b,d,f). Furthermore, the resulting colder core crystallizes earlier. In contrast, if the mantle remains solid, increasing763

Δ𝑇𝐶𝑀𝐵0
reduces the temperature difference through the mantle and therefore the heat flow at the surface (Eq. 25). If764
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𝑇𝐶𝑀𝐵0
≤ 5210 K, the CMB heat flow then becomes insufficient to power a core dynamo at early times (Fig. 10b,d,f).765

Inner core nucleation then becomes necessary to sustain a magnetic field. When corrected for the time shift related to766

inner core nucleation, the entropy of dissipation (Fig. 10b), magnetic Reynolds number (Fig. 10d), and magnetic field767

intensity (Fig. 10f) of the core are relatively independent of 𝑇𝐶𝑀𝐵0
.768

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(a)

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(b)

0

0

0.25

0.5

0.5

0.75

0.75

1

1

1

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(c)

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(d)

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(e)

0 1 2 3 4
t (Gyr)

0
100

101

102

T C
M

B 0
(K

)

Nominal

(f)

600 400 200 0 200 400 600
E , b (MW. K 1)

600 400 200 0 200 400 600
E , c (MW. K 1)

0 10 20 30 40 50
Rmb

0 1000 2000 3000 4000 5000
Rmc

36 38 40 42 44
BP, b ( T)

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
BP, c ( T)

Figure 10: Sensitivity of the entropy of dissipation 𝐸Φ (a,b), magnetic Reynolds number 𝑅𝑚 (c,d) and surface magnetic
field intensity 𝐵𝑃 (e,f) of the BMO (a,c,e) and the core (b,d,f) to the initial temperature at the CMB 𝑇𝐶𝑀𝐵0

, expressed
as the difference Δ𝑇𝐶𝑀𝐵0

with the initial temperature used the nominal model, as a function of time 𝑡. Green dashed lines
correspond to 𝐸Φ = 0 (a,b) and 𝑅𝑚 = 40 (c,d). Pink dashed lines correspond to the value of the parameter used in the
nominal model.
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4.2. Mantle convection769

In our model, mantle convection is controlled by the thermal boundary layer model, which depends on the770

𝑁𝑢 ∝ 𝑅𝑎𝛽 relationship, as well as the mantle viscosity and thermal conductivity. Here, we focus on the reference771

viscosity of the mantle 𝜇𝑚0
, but provide a parameter sweep of 𝛽 (Fig. S2) and the mantle thermal conductivity (Fig.772

S3) in the supplementary material. In order to obtain an Earth-like evolution, the nominal value of 𝜇𝑚0
is set to773

1.1 × 1015 Pa.s. The maximum value of the sweep, i.e. 𝜇𝑚0
= 2.1 × 1015 Pa.s, corresponds to the value above which774

the thickness of the BMO, and the temperature at the CMB, would initially increase, leading to a fully molten mantle775

instead of the intended BMO. Such a large 𝜇𝑚0
would produce a thick upper boundary layer (Eq. 19), leading to an776

insufficient release of energy (Eq. 25) to obtain a BMO that decreases in size, and reduces the CMB temperature. The777

minimum value of the sweep is arbitrarily set to 𝜇𝑚0
= 1.0 × 1012 Pa.s.778

Fig. 11 shows the entropy of dissipation, the magnetic Reynolds number and the intensity of the surface magnetic779

field as a function of 𝜇𝑚0
for the BMO and the core. When 𝜇𝑚0

decreases, the upper boundary layer becomes smaller780

(Eq. 19), which produces an enhanced surface heat flow (Eq. 25). This intensification of mantle convection leads to an781

earlier solidification of the BMO (Fig. 11a), associated with a shorter silicate dynamo operation window (Fig. 11c).782

When 𝜇𝑚0
decreases, the BMO crystallizes faster, increasing the dominant entropy of gravitational energy (Eq. 120),783

and the associated entropy of dissipation (Fig. 11a). The magnetic Reynolds number also increases (Fig. 11c), since the784

convective power increases with the entropy of dissipation (Eq. 126), and because the magnetic Reynolds number scales785

as Φ2∕5 (Eq. 46, 47 and 127). Similarly, the magnetic field intensity increases (Fig. 11e), since the convective power786

and the thickness of the BMO respectively increases and decreases when 𝜇𝑚0
decreases, and because the magnetic787

field scales as Φ1∕3𝐿−2∕3
𝑏 (Eq. 48 and 127).788

In the core, the decrease of 𝜇𝑚0
allows for an earlier dynamo onset, starting at initial time when 𝜇𝑚0

≤ 4×1013 Pa.s789

(Fig. 11b,d,f). This may be explained by an increased surface heat flow and an earlier solidification of the BMO,790

increasing the heat flow at the CMB and providing sufficient power to sustain an earlier magnetic field. The enhanced791

cooling of the core is also responsible for an earlier inner core nucleation, leading to a full crystallization when792

𝜇𝑚0
≤ 1 × 1013 Pa.s (Fig. 11b,d,f). Since the cooling rate of the core increases when 𝜇𝑚0

decreases, the entropy793

source terms increase along with the entropy of dissipation (Fig. 11b). The magnetic Reynolds number (Fig. 11d) and794

the magnetic field intensity (Fig. 11f) also increase from the enhanced convective power (Eq. 47 and 48).795

4.3. Composition796

In our model, the composition of the BMO strongly influences the planet evolution, and is governed by the the iron797

partition coefficient 𝐷𝐵𝑀𝑂 and the initial mass fraction 𝜉𝑏0 of FeO. However, our model is independent of the core798

composition because we define the EOS and the liquidus of the core with a fixed light element content. In addition,799
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Figure 11: Sensitivity of the entropy of dissipation 𝐸Φ (a,b), magnetic Reynolds number 𝑅𝑚 (c,d) and surface magnetic
field intensity 𝐵𝑃 (e,f) of the BMO (a,c,e) and the core (b,d,f) to the reference viscosity of the mantle 𝜇𝑚0

, as a function
of time 𝑡. Green dashed lines correspond to 𝐸Φ = 0 (a,b) and 𝑅𝑚 = 40 (c,d). Pink dashed lines correspond to the value of
the parameter used in the nominal model.

the planet evolution is also influenced by the compositional density jump at the top of the BMO Δ𝜉𝜌𝐵𝑀𝑂 and at the800

ICB Δ𝜉𝜌𝐼𝐶𝐵 . Here, we focus on 𝐷𝐵𝑀𝑂, but we provide a parameter sweep of 𝜉𝑏0 (Fig. S4), Δ𝜉𝜌𝐵𝑀𝑂 (Fig. S5) and801

Δ𝜉𝜌𝐼𝐶𝐵 (Fig. S6) in the supplementary material. To obtain an Earth-like evolution, we set the nominal value of the802

iron partition coefficient to 𝐷𝐵𝑀𝑂 = 0.85. We conduct the parameter sweep in the range 0 < 𝐷𝐵𝑀𝑂 < 1, where iron803

is preferentially partitioned into the melt.804
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Fig. 12 shows the entropy of dissipation, the magnetic Reynolds number and the intensity of the surface magnetic805

field as a function of 𝐷𝐵𝑀𝑂 for the BMO and the core. When 𝐷𝐵𝑀𝑂 decreases, the rate of release of FeO increases,806

raising the FeO content and depressing the liquidus. Furthermore, the temperature difference through the mantle807

decreases, reducing the surface heat flow (Eq. 25). This reduces the BMO crystallization rate (Fig. 12a) and extends808

the BMO-hosted dynamo operation window (Fig. 12c). When 𝐷𝐵𝑀𝑂 decreases, the change in composition across the809

interface between the BMO and the mantle increases (Eq. 28), reducing the compositional expansion coefficient (Eq.810

90, and decreasing the gravitational energy of the BMO (Eq. 89). The dominant entropy of gravitational energy (Eq.811

120) therefore decreases, reducing the entropy of dissipation (Fig. 12a). Since the magnetic Reynolds number scales812

as Φ2∕5 (Eq. 46, 47 and 127), it slightly decreases with 𝐷𝐵𝑀𝑂 (Fig. 12c) due to the reduced convective power (Eq.813

126). Similarly, the magnetic field intensity, which scales as Φ1∕3𝐿−2∕3
𝑏 (Eq. 48 and 127), decreases with 𝐷𝐵𝑀𝑂 (Fig.814

12e), due to the reduced convective power and thicker BMO.815

In the core, dynamo onset is largely independent of𝐷𝐵𝑀𝑂 (Fig. 12b,d,f), although it occurs slightly earlier for lower816

values of 𝐷𝐵𝑀𝑂. Lower 𝐷𝐵𝑀𝑂 means an increase in the CMB cooling rate and heat flow at early time (𝑡 ≲ 1.3 Gyr),817

compensating for reduced BMO heat flow and crystallization rate, from the depression of the liquidus. In contrast,818

lowering 𝐷𝐵𝑀𝑂 means that the inner core nucleation is significantly delayed, leading to a fully liquid core at 4.5 Gyr,819

for 𝐷𝐵𝑀𝑂 ≤ 0.35 (Fig. 12b,d,f). This is explained by a lower CMB cooling rate from a lower surface heat flow for820

most of the later planet evolution (𝑡 ≳ 1.3 Gyr).821

If 𝑡 ≲ 1.3 Gyr, the CMB cooling rate slightly increases when 𝐷𝐵𝑀𝑂 decreases. The entropy of secular cooling,822

which dominates the entropy budget of the core before inner core nucleation, thus increases, leading to a slight increase823

of the entropy of dissipation (Fig. 12b). In contrast, if 𝑡 ≳ 1.3 Gyr, lower CMB cooling rates lead to decreasing entropy824

of secular cooling and entropy of dissipation. Similarly, since the onset of core dynamo occurs when 𝑡 ≳ 1.3 Gyr, the825

magnetic Reynolds number (Fig. 12d) and the magnetic field intensity (Fig. 12f) decrease due to reduced convective826

power (Eq. 47 and 48).827

4.4. Radiogenic heating828

In our model, radiogenic heating in the BMO and the mantle is controlled by the mantle fraction 𝑓ℎ of BSE829

radiogenic production. In the core, heat production is driven by the 40K core concentration 𝑐𝑐 . Here, we focus on830

𝑓ℎ, but we provide a parameter sweep of 𝑐𝑐 in the supplementary material (Fig. S7). The nominal value of the mantle831

fraction of the BSE radiogenic production is 𝑓ℎ = 0.58, and the sweep is conducted for 𝑓ℎ > 0. As with previous832

parameters, the maximum value of this parameter sweep, i.e. 𝑓ℎ = 0.7, corresponds to the value above which the833

thickness of the BMO, and the temperature at the CMB, would initially increase, leading to a fully molten mantle834

instead of the intended BMO. Such a large 𝑓ℎ would be responsible for low heat flows at the top of the BMO and at the835
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Figure 12: Sensitivity of the entropy of dissipation 𝐸Φ (a,b), magnetic Reynolds number 𝑅𝑚 (c,d) and surface magnetic
field intensity 𝐵𝑃 (e,f) of the BMO (a,c,e) and the core (b,d,f) to the iron partition coefficient 𝐷𝐵𝑀𝑂, as a function of
time 𝑡. Green dashed lines correspond to 𝐸Φ = 0 (a,b) and 𝑅𝑚 = 40 (c,d). Pink dashed lines correspond to the value of
the parameter used in the nominal model.

CMB, leading to an insufficient release of energy to obtain a obtain a BMO decreasing in size, and reduce the CMB836

temperature.837

Fig. 13 shows the entropy of dissipation, the magnetic Reynolds number and the intensity of the surface magnetic838

field as a function of 𝑓ℎ for the BMO and the core. When 𝑓ℎ increases, the internal heat production of the BMO839

and the solid mantle increases, leading to a reduced cooling rate of the BMO (Eq. 34), and therefore protracted840
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crystallization (Fig. 13a) and silicate dynamo operation (Fig. 13c). The entropy of dissipation decreases (Fig. 13a), as a841

larger 𝑓ℎ reduces the FeO release rate, reducing the dominant entropy source from gravitational energy (Eq. 120). The842

magnetic Reynolds number also decreases (Fig. 13c), since the convective power diminishes with decreasing entropy of843

dissipation, and because the magnetic Reynolds number scales asΦ2∕5. Similarly, the magnetic field intensity decreases844

(Fig. 13e), since the convective power and the thickness of the BMO respectively decrease and increase as 𝑓ℎ increases,845

and because the magnetic field scales as Φ1∕3𝐿−2∕3
𝑏 (Eq. 48 and 127).846

In the core, the increase of 𝑓ℎ promotes a lower heat flow at the CMB, explaining a delayed dynamo onset and847

inner core nucleation (Fig. 13b,d,f). Since the cooling rate of the core decreases when 𝑓ℎ increases, the source terms of848

the entropy budget decrease, leading to a decreasing entropy of dissipation (Fig. 11b). The magnetic Reynolds number849

(Fig. 11d) and the magnetic field intensity (Fig. 11f) also decrease due to reduced convective power (Eq. 47 and 48).850

4.5. Thermal and electrical conductivity851

In the BMO, dynamo operation is mostly limited by the relatively low electrical conductivity 𝜎𝑏 of the silicates.852

In our model, we set the nominal value of 𝜎𝑏 to 3 × 104 S.m−1 (Holmström et al., 2018; Soubiran and Militzer, 2018;853

Stixrude et al., 2020). To obtain a consistent parameter sweep, the thermal conductivity of the BMO 𝑘𝑏 is defined854

concomitantly with 𝜎𝑏, using the Wiedemann-Franz law. We define the total thermal conductivity as the sum of ionic855

𝑘𝑏,𝑙 and electronic 𝑘𝑏,𝑒 contributions856

𝑘𝑏 = 𝑘𝑏,𝑙 + 𝑘𝑏,𝑒. (53)

Following Deng and Stixrude (2021), the ionic contribution is857

𝑘𝑏,𝑙 = 𝑘𝑏,𝑙0

(

𝑇
𝑇𝑘

)𝑎𝑘,𝑏 ( 𝜌
𝜌𝑘

)𝑏𝑘,𝑏
, (54)

where the prefactor 𝑘𝑏,𝑙0 , the exponents 𝑎𝑘,𝑏 and 𝑏𝑘,𝑏, as well as the reference temperature 𝑇𝑘 and density 𝜌𝑘 are858

defined in Table S6, and where temperature and density are averaged over the BMO at any given time. The electronic859

contribution is related to the electrical conductivity of the BMO by the Wiedemann-Franz law860

𝑘𝑏,𝑒 = 𝐿𝑜𝑇𝜎𝑏, (55)

where the temperature is averaged over the BMO at any given time and 𝐿𝑜 is the Lorenz number. Since 𝐿𝑜 remains861

uncertain in the BMO (Soubiran and Militzer, 2018), we use the theoretical value 𝐿𝑜 = 2.443 × 10−8 V2.K−2. The862

time-averaged thermal conductivity of the BMO, which varies only marginally over time (see Fig. S8), is obtained863
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Figure 13: Sensitivity of the entropy of dissipation 𝐸Φ (a,b), magnetic Reynolds number 𝑅𝑚 (c,d) and surface magnetic
field intensity 𝐵𝑃 (e,f) of the BMO (a,c,e) and the core (b,d,f) to the mantle fraction of the BSE radiogenic heating 𝑓ℎ,
as a function of time 𝑡. Green dashed lines correspond to 𝐸Φ = 0 (a,b) and 𝑅𝑚 = 40 (c,d). Pink dashed lines correspond
to the value of the parameter used in the nominal model.

by using the nominal value of 𝜎𝑏 in Eq. 55. This gives 𝑘𝑏 = 8.03 W.m−1.K−1, where 𝑘𝑏,𝑙 = 4.26 W.m−1.K−1 and864

𝑘𝑏,𝑒 = 3.77 W.m−1.K−1, consistently with the imposed 𝑘𝑏 = 8 W.m−1.K−1 in the nominal model.865

In the core, dynamo operation is mostly limited by the thermal conductivity 𝑘𝑐 of the liquid metal, the core being866

an efficient electrical conductor (Williams, 2018). In our model, we set the nominal value of 𝑘𝑐 to 70 W.m−1.K−1
867

(Ohta et al., 2016; Basu et al., 2020; Hsieh et al., 2020; Pozzo et al., 2022). As with the BMO, we define the electrical868
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conductivity of the core 𝜎𝑐 concomitantly with 𝑘𝑐 , using the Wiedemann-Franz law. However, since the electronic869

contribution is the only factor contributing to 𝑘𝑐 , we have870

𝑘𝑐 = 𝐿𝑜𝑇𝜎𝑐 , (56)

where temperature is averaged over the outer core at any given time. Since𝐿𝑜 remains uncertain in the core (Williams,871

2018), we also use the theoretical value 𝐿𝑜 = 2.443 × 10−8 V2.K−2. The time-averaged electrical conductivity of the872

core, which also marginally varies over time (see Fig. S8), is obtained by using the nominal value of 𝑘𝑐 in Eq. 56. This873

gives 𝜎𝑐 = 4.88 × 105 S.m−1, consistently with the imposed 𝜎𝑐 = 1 × 106 S.m−1 in the nominal model.874

Fig. 14 shows the entropy of dissipation, the magnetic Reynolds number, and the intensity of the surface magnetic875

field as a function of 𝜎𝑏 and 𝑘𝑐 . Because the temperature and the density of the BMO and the core vary over time,876

the conductivities shown on the right y-axis, calculated using the Wiedemann-Franz law, correspond to time-averaged877

values.878

In the BMO, the entropy of dissipation is always positive and varies by less than 10% over the range of thermal879

and electrical conductivity investigated (Fig. 14a). If the thermal conductivity increases, the entropy of dissipation,880

and therefore the power available to the dynamo, slightly decreases as the entropy of thermal diffusion increases (Eq.881

123). In contrast, the magnetic Reynolds number increases significantly with electrical conductivity (Eq. 46), making882

a silicate dynamo possible if 𝜎𝑏 ≥ 2.15 × 104 S.m−1 (Fig. 14c). However, the intensity of the magnetic field produced883

in the BMO is relatively independent of the electrical conductivity (Fig. 14e), consistently with the relatively constant884

entropy of dissipation (Eq. 48 and 126).885

In the core, the entropy of dissipation decreases when the thermal conductivity increases (Fig. 14b), due to an886

increasing entropy of thermal diffusion (Eq. 123). As a result, the time at which enough power is available to power a887

dynamo is delayed. In particular, if 𝑘𝑐 ≥ 15.8 W.m−1.K−1, a core dynamo is impossible at early times. Furthermore,888

if 𝑘𝑐 ≥ 168 W.m−1.K−1, the dynamo is impossible before the additional supply of entropy from inner core nucleation.889

If sufficient power is available, the magnetic Reynolds number is always greater than 𝑅𝑚 = 40 (Fig. 14d), which890

means that a core dynamo is possible. Although an increasing thermal conductivity contributes to reduce the magnetic891

Reynolds number through reduced convective velocities, the evolution of the magnetic Reynolds number is dominated892

by the electrical conductivity (Eq. 46). Thus, the magnetic Reynolds number increases with the transport properties893

of the core. Finally, the intensity of the magnetic field decreases as the thermal conductivity increases (Fig. 14f),894

consistently with a reduced entropy of dissipation (Eq. 48 and 126).895
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Figure 14: Influence of the BMO electrical conductivity 𝜎𝑏 (a,c,e) and of the core thermal conductivity 𝑘𝑐 (b,d,f) on the
entropy of dissipation 𝐸Φ (a,b), magnetic Reynolds number 𝑅𝑚 (c,d) and surface magnetic field intensity 𝐵𝑃 (e,f), as a
function of time 𝑡. The right y-axis shows the time-averaged thermal (a,c,e) and electrical (b,d,f) conductivities calculated
from the imposed left y-axis conductivity using the Wiedemann-Franz law. Green dashed lines correspond to 𝐸Φ = 0 (a,b)
and 𝑅𝑚 = 40 (c,d). Pink dashed lines correspond to the value of the parameter used in the nominal model.

5. Discussion896

5.1. Comparison with Earth897

Our nominal model converges toward the present-day Earth structure. The density, gravity and pressure profiles898

of the planet (§3.1) are consistent with the Preliminary Reference Earth Model (PREM) (Dziewonski and Anderson,899
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1981). In detail, our model CMB is 4.3% deeper than PREM because Earth’s mantle includes iron and is thus denser900

than pure MgSiO3 (Boujibar et al., 2020). In addition, the core density is 11.1% larger in our model since our core901

EOS uses pure Fe. As such, the gravity at the CMB and the pressure at the center are respectively 11.1% and 11.2%902

larger than in PREM.903

Temperatures at the CMB and at the ICB (§3.2) are respectively 𝑇𝐶𝑀𝐵 = 4630 K and 𝑇𝐼𝐶𝐵 = 5874 K at 4.5904

Gyr, which is within, or close to, present-day estimates in the Earth’s core, i.e. 𝑇𝐶𝑀𝐵 = 3400 − 4600 K (Hirose et al.,905

2021) and 𝑇𝐼𝐶𝐵 = 5050− 6250 K (Nimmo, 2015b). Furthermore, the final radius of the model inner core is 1226 km,906

close to the 1221 km of actual Earth’s inner core (Dziewonski and Anderson, 1981). At 𝑡 = 0, the model temperature907

of the CMB is 𝑇𝐶𝑀𝐵0
= 5710 K. This is significantly higher than the 𝑇𝐶𝑀𝐵0

= 4800 − 5000 K temperature range908

obtained from metal-silicate equilibration (Fischer et al., 2017), but is compatible with previous models that give initial909

temperatures in the range 𝑇𝐶𝑀𝐵0
= 4570 − 6400 K (Driscoll and Davies, 2023).910

Heat flows values at the CMB and the surface (§3.2) are respectively𝑄𝐶𝑀𝐵 = 13.7 TW and𝑄𝑃 = 37.2 TW at 4.5911

Gyr. These are within the range estimated for the Earth, namely𝑄𝐶𝑀𝐵 = 5−17 TW at the CMB and𝑄𝑃 = 35−41 TW912

at the surface of the mantle (Jaupart et al., 2015).913

Paleomagnetic data (Bono et al., 2022) are generally compatible with the magnetic field produced by a core dynamo914

(§3.4). However, our nominal model present-day surface magnetic field 𝐵𝑃 = 17.8 𝜇T is slightly smaller than the915

typical range estimated for the Earth, i.e. 𝐵𝑃 = 25 − 65 𝜇T (Alken et al., 2021). The nominal model predicts a916

BMO silicate dynamo lifetime consistent with previous models, with typical cessation times in the range 1 − 2.5 Gyr917

(Ziegler and Stegman, 2013; Blanc et al., 2020; O’Rourke, 2020; Stixrude et al., 2020). However, the BMO magnetic918

field predicted before 1.0 Gyr is significantly larger than paleomagnetic measurements and previous models (O’Rourke,919

2020; Stixrude et al., 2020). The model sensitivity to the magnetic scaling laws (Appendix H), initially developed for920

the Earth’s core, as well as various parameters (§4), may contribute to explaining these differences with the nominal921

model. Uncertainties in paleomagnetic data must also be considered (Tarduno et al., 2010, 2015; Borlina et al., 2020;922

Tarduno et al., 2020; Taylor et al., 2023).923

5.2. Comparison to previous works924

In this section, we highlight the main methodological extensions proposed by our model. We therefore propose a925

comparison to previous models that compute planetary evolution with energy budgets, leaving aside higher-dimension926

models (e.g. Zhang and Rogers, 2022).927

In our model, we partially couple the radially integrated internal structure of an Earth-like planet with a BMO to928

its thermal evolution. This differs from earlier works (Labrosse et al., 2007; Ziegler and Stegman, 2013; Blanc et al.,929

2020; O’Rourke, 2020) where the internal structure of the planet is simplified by using fixed thermodynamic properties,930
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a radially-averaged BMO, and where the core is either radially-averaged or parameterized using radially-dependent931

polynomials. We also invoke a simple parameterization of the time-dependent compositional evolution of the BMO932

and consider its feedback on the EOS and melting curve. This differs from previous work for which the thermodynamic933

properties of the BMO are independent of composition (Labrosse et al., 2007; Ziegler and Stegman, 2013; Blanc et al.,934

2020; O’Rourke, 2020), and the melting curve depression is either imposed (Blanc et al., 2020), or defined using a935

linear phase diagram fixed over time (Labrosse et al., 2007; Ziegler and Stegman, 2013; O’Rourke, 2020).936

We couple the core, BMO, and mantle in the planet energy budget, and prescribe the surface heat flow with a thermal937

boundary layer model of the mantle. This augments previous work where the core energy budget is simplified (Labrosse938

et al., 2007; Ziegler and Stegman, 2013; Blanc et al., 2020) and the cooling history of the BMO is imposed with a mantle939

boundary layer model (Labrosse et al., 2007; Ziegler and Stegman, 2013), an exponential decay based on radiogenic940

heating (Blanc et al., 2020), and a linear decay (O’Rourke, 2020). Furthermore, we determine the thermocompositional941

stability of the BMO and the core, highlighting the dominant sources of convection and revealing potential stably-942

stratified layers. This builds upon previous work where this method was only applied to the core (Davies and Gubbins,943

2011; Pozzo et al., 2012; Gubbins et al., 2015). Finally, we determined the conditions of dynamo operation in the BMO944

and the core by using entropy budgets to assessing if sufficient power is available to sustain a magnetic field, and if945

magnetic induction exceeds magnetic diffusion, using magnetic Reynolds numbers. This extends previous work where946

the dynamo activity is only assessed through magnetic Reynolds numbers (Ziegler and Stegman, 2013; Scheinberg947

et al., 2018; O’Rourke, 2020), or entropy budgets (Blanc et al., 2020).948

5.3. Sensitivity of the model949

The planet evolution is sensitive to several parameters, including the initial temperature at the CMB (§4.1), the950

parameterization of mantle convection (§4.2), the composition of the BMO (§4.3) and the radiogenic content of951

the planet (§4.4). Since the model is sensitive to these parameters, this highlights the need to better constrain these952

quantities with experiments and simulations at planetary interior conditions.953

The initial temperature at the CMB, 𝑇𝐶𝑀𝐵0
, depends on the accretion history of the planet, and the efficiency954

of heat partitioning between the mantle and the core (Rubie et al., 2015). This requires understanding the conditions955

of magma ocean formation following giant impacts at the end of accretion (Tonks and Melosh, 1993; Nakajima and956

Stevenson, 2015; Nakajima et al., 2021), the processes that lead to the formation of long-lived BMO (Labrosse et al.,957

2015), and heat partitioning between metal and silicates during (Landeau et al., 2021; Lherm et al., 2022) and after958

(Deguen et al., 2014) the impacts. Furthermore, given the definition of 𝑇𝐶𝑀𝐵0
(§2.2.4), variations of this parameter959

may also be interpreted as uncertainties in the EOS, through the adiabatic temperature profile, and the liquidus of the960

BMO.961
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Mantle convection involves several parameters, including a critical Rayleigh number and the exponent of the962

𝑁𝑢 ∝ 𝑅𝑎𝛽 relationship (Ricard, 2015). These parameters depend on the proportion of internal heating, the rheology963

of the mantle and partial melting (Driscoll and Bercovici, 2014), as well as the dynamics of plate tectonics. Mantle964

convection is also influenced by the mantle viscosity, which depends nonlinearly on temperature, pressure, stress and965

mineralogical variables (Ricard, 2015), the thermal conductivity, which depends on pressure and temperature (van den966

Berg et al., 2010), and the EOS, which depends on the composition of the solid mantle (Fumagalli and Klemme, 2015;967

Irifune and Tsuchiya, 2015).968

The evolution of the planet depends on parameters related to composition, including in particular the iron partition969

coefficient𝐷𝐵𝑀𝑂, the initial mass fraction 𝜉𝑏0 of FeO, the compositional density jump at the top of the BMO Δ𝜉𝜌𝐵𝑀𝑂,970

and at the compositional density jump at the ICB Δ𝜉𝜌𝐼𝐶𝐵 . 𝐷𝐵𝑀𝑂 has been determined experimentally for moderate971

iron concentrations, giving values in the range 0.1−0.6 (Nomura et al., 2011; Andrault et al., 2012; Tateno et al., 2014).972

Experimental dispersion might be explained by differences in the sample analyses, variations in the iron oxidation and973

spin states, and the presence of aluminium (Boukaré et al., 2015). 𝐷𝐵𝑀𝑂 may also change at high iron concentrations974

(Blanc et al., 2020). 𝜉𝑏0 is expected to depend on the formation mechanism of the BMO (Labrosse et al., 2015), and975

metal-silicate equilibration during core formation (Rubie et al., 2015). In addition, the value of Δ𝜉𝜌𝐼𝐶𝐵 , which depends976

on the light elements content of the core, is uncertain (Hirose et al., 2013), as is Δ𝜉𝜌𝐵𝑀𝑂 (Caracas et al., 2019). Finally,977

uncertainties in the EOS and liquidus of MgSiO3 (Fratanduono et al., 2018; Wolf and Bower, 2018) and FeO (Morard978

et al., 2022; Dobrosavljevic et al., 2023) are likely to influence the value of these parameters. Our model is also expected979

to be sensitive to the crystallization sequence of the BMO (Boukaré et al., 2015; Nabiei et al., 2021).980

The model depends on parameters related to radiogenic heating, including the mantle fraction 𝑓ℎ of BSE radiogenic981

production and the 40K core concentration 𝑐𝑐 . 𝑓ℎ depends on heat production in the convective mantle and the982

lithosphere. However, these radioactive heat sources remain uncertain, since the range of mantle and lithosphere heat983

production are respectively 9 − 17 TW and 7 − 8 TW (Jaupart et al., 2015). Similarly, the concentration of 40K in the984

core is also uncertain, with proposed concentration exceeding 130 ppm (Hirose et al., 2013).985

The magnetic evolution of the planet is also sensitive to the electrical conductivity 𝜎𝑏 of the silicates and the thermal986

conductivity 𝑘𝑐 of the liquid metal (§4.5). In the BMO, ab initio calculations show that the thermal conductivity is987

expected to increase by several order of magnitude at high pressure and temperature conditions (Scipioni et al., 2017),988

and with the addition of metal (Holmström et al., 2018; Soubiran and Militzer, 2018; Stixrude et al., 2020). These989

calculations typically yield electrical conductivities in the range 104 − 105 Pa.s, which cover our silicate dynamo990

threshold of 𝜎𝑏 ≥ 2.15×104 S.m−1. As a result, the existence of a silicate dynamo on an Earth-like planet remains open991

to debate. In the core, recent experiments and simulations provide a relatively broad range of thermal conductivity (Ohta992

et al., 2016; Basu et al., 2020; Hsieh et al., 2020; Pozzo et al., 2022), falling within 20 − 250 W.m−1.K−1. This raises993
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questions about the age of the dynamo onset and inner core nucleation, as well as the need for an alternative mechanism994

to explain paleomagnetic data. In any case, the sensitivity of the model to these transport properties highlights the need995

to better constrain these quantities.996

5.4. Model limitations and future opportunities997

Our model has a number of limitations that offer opportunities for further work. The internal structure of the planet998

should be integrated self-consistently (Zhang and Rogers, 2022) using an EOS that accurately parameterizes the effects999

of thermal boundary layers, melting, and evolving compositions. The sensitivity of the model to the EOS and melting1000

curves should also be explicitly evaluated. In the solid mantle, the parameterization of the EOS should be improved by1001

including iron (Irifune and Tsuchiya, 2015) and additional phase transitions (Tsuchiya and Tsuchiya, 2011; Umemoto1002

et al., 2017). In the BMO, an evolving multi-component composition in realistic pressure and temperature conditions1003

should be included, by using for example, a crystallization sequence in the MgO − FeO − SiO2 system (Boukaré et al.,1004

2015; Nabiei et al., 2021). This could be used to parameterize the mantle liquidus more accurately than a linear phase1005

diagram. The EOS of the BMO should also be parameterized using self-consistent integration, rather than simply the1006

reference density profile of the solid mantle. In the core, light elements should influence the parameterization of both1007

the EOS and the liquidus (Hirose et al., 2021).1008

The planet evolution should include conductive layers (Gomi et al., 2013; Laneuville et al., 2018; Greenwood et al.,1009

2021) with conductive temperature profiles in the solid inner core, the stably-stratified layers, and the thermal boundary1010

layers, where we presently overestimate the cooling rates by using adiabatic profiles. The dynamics of multi-phase1011

flows beyond the low melt fraction rheological transition (Boukaré et al., 2015; Boukaré and Ricard, 2017) should be1012

parameterized to allow for situations where the BMO is not necessarily well-mixed and adiabatic. The role of the density1013

contrast between melt and crystals on the formation and evolution of the BMO should also be considered (Boukaré1014

et al., 2015; Caracas et al., 2019; Nabiei et al., 2021). Radiogenic production should account for the fractionation of1015

radioisotopes between the BMO and the mantle, as well as between between the outer and the inner core, during the1016

crystallization of the liquid phases.1017

The magnetic evolution of the planet relies on scaling laws extrapolated over several orders of magnitude to reach1018

the conditions of planetary interiors, potentially leading to dynamics invisible in the dynamo simulations (Christensen,1019

2010). These scaling laws, originally developed for the Earth’s core, may be modified in the BMO, with a dynamo1020

operating in a thinner shell (Heimpel et al., 2005) at a larger Prandtl number (Simitev and Busse, 2005). Furthermore,1021

a dynamo produced in the BMO may interact with the underlying core. For example, even if the core is stably-stratified,1022

vigorous horizontal flows are likely to develop, converting the BMO poloidal field into a toroidal field and leading to a1023

reinforcement of the silicate dynamo (Ziegler and Stegman, 2013). Such interaction may require a criterion for dynamo1024
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operation that accounts for the magnetic Reynolds number in both layers, e.g. a dynamo number (Ziegler and Stegman,1025

2013).1026

Beyond an Earth-like planet investigated in this paper, the model can be used to analyse the evolution of other1027

objects likely to have a BMO. In addition to Venus (O’Rourke, 2020) and the Moon (Hamid et al., 2023), Mars has had1028

a BMO that still exists today (Khan et al., 2023; Samuel et al., 2023). Beyond the Solar System, terrestrial exoplanets1029

may host a BMO, in particular Super-Earths (Blaske and O’Rourke, 2021; Zhang and Rogers, 2022).1030

6. Conclusion1031

In this paper, we have investigated the structural, thermal, buoyancy, and magnetic evolution of an Earth-like1032

planet, with a coupled mantle, long-lived BMO, and solid and/or liquid core. Using conservative parameters, we have1033

produced an Earth-like nominal model that includes an early silicate dynamo. Our parameter sensitivity sweep of the1034

model provides insight into the range of BMO electrical conductivity and core thermal conductivity required to sustain1035

a dynamo.1036

In our nominal model, the Earth-like planet starts with high temperature, thick iron-rich BMO, and a fully liquid1037

core. Vigorous convection in the BMO, primarily compositionally driven by release of FeO from above, provides a1038

supercritical magnetic Reynolds number and sufficient power to sustain a silicate dynamo. The intense activity of the1039

BMO limits the heat flow at the CMB, producing a stably-stratified core with no core dynamo at early times.1040

As the planet cools, the solidifying BMO is progressively enriched in iron, while the release rate of FeO, the1041

crystallization rate of the BMO and the cooling rate at the CMB all progressively increase. Core convection then1042

develops from the bottom up at 0.8 Gyr. Eventually, the convective power available to sustain a core dynamo increases,1043

initiating a core dynamo at 1.2 Gyr.1044

At 1.0 Gyr, the silicate dynamo vanishes as the magnetic Reynolds number becomes subcritical in a progressively1045

thinner BMO. The BMO solidifies at 2.8 Gyr, leaving a solid mantle overlying a liquid core. At 3.8 Gyr, the central core1046

temperature drops below the core liquidus, nucleating the inner core. The onset of compositional convection from the1047

release of light elements at the ICB suddenly increases the convective power, enhancing the core dynamo and magnetic1048

field.1049

Our Earth-like nominal model is broadly consistent with the present-day Earth structure, as well as previous1050

evolution models involving a long-lived BMO. The inner core radius, temperatures at the CMB and ICB, and heat1051

flows at the CMB and surface are close to Earth’s values. Our model is also largely consistent with paleomagnetic data,1052

except before 1.0 Gyr where the model predicts a silicate dynamo with a relatively strong magnetic field intensity.1053

However, its value is particularly sensitive to the magnetic scaling laws being used.1054
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A. Equation of state of the mantle1068

The isothermal bulk modulus 𝐾𝑇 of the solid mantle is defined using a third order Vinet-Rydberg EOS1069

𝐾𝑇 = 𝐾0𝑋
−2 exp [𝜂(1 −𝑋)] [1 + (1 −𝑋)(𝜂𝑋 + 1)] (57)

where 𝑋 = (𝑉 ∕𝑉0)1∕3 and 𝜂 = 3
2

(

𝐾 ′
0 − 1

) (Vinet et al., 1989). The molar volume 𝑉 is related to the density through1070

𝜌𝑉 = 𝜌0𝑉0 = 𝑀 , where 𝑀 is the molar mass. Furthermore, 𝑉0, 𝜌0, 𝐾0 and 𝐾 ′
0 are the reference molar volume,1071

density, bulk modulus and derivative of the bulk modulus with respect to pressure. These parameters, identical to1072

those of Boujibar et al. (2020), are defined for each phase of the reference model (Table S2). The volume dependence1073

of the thermal expansivity and the Grüneisen parameter are respectively1074

𝛼 = 𝛼0𝑥
3, (58)

𝛾 = 𝛾0𝑥
𝛾1 , (59)

where 𝑥 = 𝑉 ∕𝑉0. 𝛼0, 𝛾0 and 𝛾1 are parameters defined in Table S2.1075
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B. Equation of state of the basal magma ocean1076

For MgSiO3, we use a generalized Rosenfeld-Tarazona EOS (Rosenfeld and Tarazona, 1998; Wolf and Bower,1077

2018)1078

𝐹MgSiO3
(𝑉 , 𝑇 ) = 𝑈̂0 + 𝐸̂0(𝑉 ) + Δ𝐸̂(𝑉 , 𝑇0 → 𝑇 )

+ 𝑆̂0(𝑇0 − 𝑇 ) + 𝑇0Δ𝑆̂(𝑉 , 𝑇0𝑆 → 𝑇0) − 𝑇Δ𝑆̂(𝑉 , 𝑇0𝑆 → 𝑇 ) + 𝐹𝑒(𝑉 , 𝑇 )
(60)

where 𝑈̂0 is the reference energy at reference temperature 𝑇0 and volume 𝑉0, 𝐸̂0 is the potential contribution of the1079

free energy at 𝑇0, Δ𝐸̂ is the perturbation in internal energy from 𝑇0, Δ𝑆̂ is the perturbation in entropy from 𝑇0𝑆 , with1080

𝑇0𝑆 the reference adiabatic temperature profile at reference entropy 𝑆̂0, and 𝐹𝑒 is the electronic contribution of the free1081

energy. The potential contribution is expressed as a third order Vinet-Rydberg EOS (Vinet et al., 1989)1082

𝐸̂0 = 9𝐾0𝑉0𝜂
−2 {1 − [1 − 𝜂(1 −𝑋)] exp [(1 −𝑋)𝜂]} . (61)

The perturbation in internal energy is1083

Δ𝐸̂(𝑉 , 𝑇0 → 𝑇 ) = 𝑏(𝑉 )
[(

𝑇
𝑇0

)𝑚
− 1

]

+ 3
2
𝑛𝑅(𝑇 − 𝑇0), (62)

where 𝑚 is the power-law exponent of the generalized Rosenfeld-Tarazona model, 𝑛 is the number of atoms in the1084

chemical formula of the compound and 𝑅 is the gas constant. Furthermore, 𝑏(𝑉 ) is a polynomial representation of the1085

thermal coefficients 𝑏𝑛, i.e.1086

𝑏(𝑉 ) =
4
∑

𝑛=0
𝑏𝑛(𝑥 − 1)𝑛. (63)

The perturbation in entropy is1087

Δ𝑆̂(𝑉 , 𝑇0𝑆 → 𝑇 ) = 𝑏(𝑉 ) 𝑚
𝑚 − 1

𝑇 −𝑚
0

[

𝑇 𝑚−1 − 𝑇 𝑚−10𝑆

]

+ 3
2
𝑛𝑅 ln

(

𝑇
𝑇0𝑆

)

. (64)

The reference adiabatic temperature profile 𝑇0𝑆 is obtained with1088

𝑇0𝑆 = 𝑇0 exp

(

−∫

𝑉

𝑉0

𝛾
𝑉 ′

d𝑉 ′

)

, (65)
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where we use a modified Altshuler form of the Grüneisen parameter of MgSiO3 (Fratanduono et al., 2018) as the1089

reference Grüneisen parameter1090

𝛾 = 𝛾∞ + (𝛾0 − 𝛾∞)

(

𝜌
𝜌0𝛾

)−𝛾1

+ 𝛾01 exp

[

−
(𝜌 − 𝜌𝑒)2

𝜌2𝜎

]

. (66)

The electronic contribution is expressed as1091

𝑉𝑒 =

⎧

⎪

⎨

⎪

⎩

𝜁
[

𝑇𝑇𝑒 ln
(

𝑇
𝑇𝑒

)

− 1
2 (𝑇

2 − 𝑇 2
𝑒 )
]

if 𝑇 > 𝑇𝑒

0 if 𝑇 ≤ 𝑇𝑒
, (67)

The thermo-electronic heat capacity coefficient 𝜁 and the electronic temperature 𝑇𝑒 both depend on volume as1092

𝜁 = 𝜁0𝑥
𝜁1 , (68)

𝑇𝑒 = 𝑇𝑒0𝑥
𝑇𝑒1 . (69)

The parameters used for the EOS of MgSiO3 are defined in Table S5.1093

For FeO (Dorogokupets et al., 2017; Morard et al., 2022), we use1094

𝐹FeO(𝑉 , 𝑇 ) = 𝑈̂0 + 𝐸̂0(𝑉 ) + 𝐹𝑡ℎ(𝑉 , 𝑇 ) + 𝐹𝑒(𝑉 , 𝑇 ) − 𝐹𝑡ℎ(𝑉 , 𝑇0) − 𝐹𝑒(𝑉 , 𝑇0) − 𝑎𝑆𝑅(𝑇 − 𝑇0), (70)

where 𝐹𝑡ℎ is the thermal contribution of the free energy and where the part proportional to 𝑎𝑆 corresponds to the1095

residual entropy of the liquid at 0 K. The potential contribution is expressed as a third order Vinet-Rydberg EOS (Eq.1096

61). The thermal contribution is expressed with the Einstein model, i.e. the Debye model in the high temperature limit1097

1098

𝐹𝑡ℎ = 3𝑛𝑅𝑇 ln
[

1 − exp
(

−Θ
𝑇

)]

. (71)

The Einstein temperature Θ is1099

Θ = Θ0𝑥
−𝛾∞ exp

[

𝛾0 − 𝛾∞
𝛾1

(1 − 𝑥𝛾1 )
]

, (72)
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where Θ0 is the Einstein temperature prefactor. 𝛾0, 𝛾1 and 𝛾∞ are defined in the Altshuler form of the Grüneisen1100

parameter1101

𝛾 = 𝛾∞ + (𝛾0 − 𝛾∞)
(

𝜌
𝜌0

)−𝛾1
. (73)

The electronic contribution is expressed as1102

𝐹𝑒 = −3
2
𝑛𝑅𝑒0𝑥

𝑒1𝑇 2 (74)

The parameters used for the EOS of FeO are defined in Table S5.1103

C. Thermal conductivity of the mantle1104

In this model (van den Berg et al., 2010), the thermal conductivity is the sum of the phonon 𝑘𝑙, photon 𝑘𝑟 and1105

electronic 𝑘𝑒 contributions, i.e.1106

𝑘 = 𝑘𝑙 + 𝑘𝑟 + 𝑘𝑒. (75)

The phonon contribution corresponds to a truncated version of the model of Hofmeister (1999)1107

𝑘𝑙 =
(

𝑘∗𝑙
−2 + 𝑘−2trunc

)−1∕2
, (76)

with1108

𝑘∗𝑙 = 𝑘𝑙0

(

𝑇𝑃
𝑇

)𝑎𝑘
exp

[

−
(

4𝛾 + 1
3

)

𝛼(𝑇 − 𝑇𝑃 )
]

(

1 + 𝑃
𝐾𝑇

d𝐾𝑇
d𝑃

)

, (77)

where 𝑘𝑙0 and 𝑎𝑘 are the phonon conductivity prefactor and exponent and 𝑘trunc is the truncation value. The photon1109

contribution is set to 𝑘𝑟0 in an operational temperature window defined by 𝑇𝑟1 , 𝑇𝑟2 , 𝑇𝑟3 and 𝑇𝑟4 , and tapered off to zero1110
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outside of this window using sine functions1111

𝑘𝑟 =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

0 if 𝑇 < 𝑇𝑟1
𝑘𝑟0
2

{

1 + sin
[

𝜋
(

𝑇−𝑇𝑟1
𝑇𝑟2−𝑇𝑟1

− 1
2

)]}

if 𝑇𝑟1 ≤ 𝑇 < 𝑇𝑟2

𝑘𝑟0 if 𝑇𝑟2 ≤ 𝑇 < 𝑇𝑟3
𝑘𝑟0
2

{

1 + sin
[

𝜋
(

𝑇−𝑇𝑟3
𝑇𝑟4−𝑇𝑟3

+ 1
2

)]}

if 𝑇𝑟3 ≤ 𝑇 < 𝑇𝑟4

0 if 𝑇 ≥ 𝑇𝑟4

. (78)

The electronic contribution is defined as1112

𝑘𝑒 = 𝑘𝑒0 exp
(

−
𝐸𝑘
𝑘𝐵𝑇

)

, (79)

where 𝑘𝑒0 and 𝐸𝑘 are the electron conductivity prefactor and an electron transport activation energy and 𝑘𝐵 is the1113

Boltzmann constant. The parameters of the model are defined in Table S6.1114

D. Expression of the crystallization rates1115

In the BMO (Fig. 15a), the infinitesimal temperature drop that occurs during 𝛿𝑡 is 𝛿𝑇 = 𝐴𝐷 = 𝐴𝐶 + 𝐵𝐷 − 𝐵𝐶 ,1116

where 𝐴𝐶 = −(d𝑇 ∕d𝑟)𝛿𝑟, 𝐵𝐶 = −(d𝑇𝑙∕d𝑟)𝛿𝑟 and 𝐵𝐷 = (d𝑇𝑙∕d𝑡)𝛿𝑡. 𝛿𝑟 is the corresponding radius decrease of the1117

interface between the BMO and the mantle. Since we assume an adiabatic temperature profile, the cooling rate at the1118

top of the BMO is proportional to the cooling rate at the CMB (Eq. 22). Thus 𝛿𝑇 = (𝑇𝐵𝑀𝑂∕𝑇𝐶𝑀𝐵)𝛿𝑇𝐶𝑀𝐵 , where1119

𝛿𝑇𝐶𝑀𝐵 is the infinitesimal temperature drop at the CMB. Using Eq. 27, we have d𝑇𝑙∕d𝑡 = (d𝑇𝑙∕d𝜉)𝐶𝜉𝑏 (d𝑅𝐵𝑀𝑂∕d𝑡),1120

where d𝑇𝑙∕d𝜉 is the slope of the linear phase diagram (Eq. 13) at a given pressure. We finally write the crystallization1121

rate as1122

d𝑅𝐵𝑀𝑂
d𝑡

=
𝑇𝐵𝑀𝑂
𝑇𝐶𝑀𝐵

[

(

d𝑇𝑙
d𝑟

− d𝑇
d𝑟

)

𝑅𝐵𝑀𝑂

+
(

d𝑇𝑙
d𝜉

)

𝑅𝐵𝑀𝑂

𝐶𝜉𝑏

]−1
d𝑇𝐶𝑀𝐵

d𝑡
= 𝐶𝑅𝑏

d𝑇𝐶𝑀𝐵
d𝑡

. (80)

In the core (Fig. 15b), the infinitesimal temperature drop is 𝛿𝑇 = 𝐴𝐶 = 𝐴𝐷 − 𝐶𝐷, where 𝐴𝐷 = (d𝑇𝑙∕d𝑟)𝛿𝑟1123

and 𝐶𝐷 = (d𝑇 ∕d𝑟)𝛿𝑟. 𝛿𝑟 is the corresponding radius increase of the ICB. Since we assume an adiabatic temperature1124

profile, the cooling rate at the ICB is in particular proportional to the cooling rate at the CMB (Eq. 22), which means1125

that 𝛿𝑇 = (𝑇𝐼𝐶𝐵∕𝑇𝐶𝑀𝐵)𝛿𝑇𝐶𝑀𝐵 . We can then write the crystallization rate as1126

d𝑅𝐼𝐶𝐵
d𝑡

= 1
(

d𝑇𝑙
d𝑟 − d𝑇

d𝑟

)

𝑅𝐼𝐶𝐵

𝑇𝐼𝐶𝐵
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

= 𝐶𝑅𝑐
d𝑇𝐶𝑀𝐵

d𝑡
. (81)
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Figure 15: (a) Variation 𝛿𝑟 of the interface between the BMO and the mantle caused by a temperature decrease 𝛿𝑇 during
a time 𝛿𝑡. The adiabatic temperature 𝑇 varies in response to the cooling of the BMO and changes in the composition
of the BMO influence the mantle liquidus 𝑇𝑙. (b) Variation 𝛿𝑟 of the ICB radius caused by a temperature decrease 𝛿𝑇
during a time 𝛿𝑡. The adiabatic temperature 𝑇 varies in response to the cooling of the core but the mantle liquidus 𝑇𝑙 is
independent of the core composition.

E. Energy budget terms1127

The radiogenic heating in the mantle is integrated over the volume 𝑉𝑚 of the mantle1128

𝑄𝑅,𝑚 = ∫𝑉𝑚
𝜌ℎ𝑚𝑓ℎd𝑉 (82)

where ℎ𝑚 is the specific heat production rate of the BSE and 𝑓ℎ is the mantle fraction of the BSE production. We write1129

the specific heat production rate as1130

ℎ𝑚 =
∑

𝑖
𝑐𝑚𝑖𝑎𝑖𝑒𝑖

𝑁𝐴𝜆𝑖
𝑀𝑖

exp
[

−𝜆𝑖(𝑡 − 𝑡𝑃 )
] (83)

where 𝑐𝑚𝑖 , 𝑎𝑖, 𝑒𝑖, 𝑀𝑖 and 𝜆𝑖 are respectively the BSE concentration at 𝑡 = 𝑡𝑃 = 4.5 Gyr, the natural abundance, the1131

energy per atom, the molar mass and the decay constant of the radioactive isotopes 𝑖. The radiogenic heating parameters1132

are defined in Table S7.1133

The secular cooling of the mantle is1134

𝑄𝑆,𝑚 = −∫𝑉𝑚
𝜌𝑐𝑃

d𝑇𝑚
d𝑡

d𝑉 . (84)

Using Eq. 22, the adiabatic temperature profile in the BMO allows to write (Gubbins et al., 2003)1135

1
𝑇𝐵𝑀𝑂

d𝑇𝐵𝑀𝑂
d𝑡

= 1
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

, (85)
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which using Eq. 16 gives1136

d𝑇𝑚
d𝑡

= 1
2
𝑇𝐵𝑀𝑂
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

. (86)

The radiogenic heating in the BMO is integrated over the volume 𝑉𝑏 of the BMO1137

𝑄𝑅,𝑏 = ∫𝑉𝑏
𝜌ℎ𝑚𝑓ℎd𝑉 . (87)

The secular cooling of the BMO is1138

𝑄𝑆,𝑏 = −∫𝑉𝑏
𝜌𝑐𝑃

𝑇
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

d𝑉 . (88)

In Eq. 88, we assume an adiabatic temperature profile in the BMO (Eq. 22).1139

The gravitational energy of the BMO is1140

𝑄𝐺,𝑏 = ∫𝑉𝑏
𝛼𝑐𝑏𝜌𝜓

D𝜉𝑏
D𝑡

d𝑉 , (89)

where 𝜓 is the gravitational potential. In Eq. 89, the compositional expansion coefficient 𝛼𝑐𝑏 (Gubbins et al., 2004) is1141

𝛼𝑐𝑏 = −1
𝜌

(

𝜕𝜌
𝜕𝜉

)

𝑃 ,𝑇
≃

Δ𝜉𝜌𝐵𝑀𝑂

𝜌+𝐵𝑀𝑂Δ𝜉𝐵𝑀𝑂
, (90)

where 𝜌+𝐵𝑀𝑂 is the density in the solid mantle at the BMO interface and Δ𝜉𝜌𝐵𝑀𝑂 is the compositional contribution to1142

the density jump due to a change in composition Δ𝜉𝐵𝑀𝑂 across the interface. Following Blanc et al. (2020), we use1143

data from Caracas et al. (2019) to set Δ𝜉𝜌𝐵𝑀𝑂 = 250 kg.m−3.1144

The latent heat of the BMO is1145

𝑄𝐿,𝑏 = −4𝜋𝑅2
𝐵𝑀𝑂Δ𝑆𝑚𝑇𝐵𝑀𝑂𝜌

−
𝐵𝑀𝑂

d𝑅𝐵𝑀𝑂
d𝑡

, (91)

where Δ𝑆𝑚 = 300 J.kg−1.K−1 is the entropy of fusion in the mantle (Labrosse et al., 2007).1146

The radiogenic heating in the core is integrated over the volume 𝑉𝑜𝑐 of the outer core1147

𝑄𝑅,𝑐 = ∫𝑉𝑜𝑐
𝜌ℎ𝑐d𝑉 , (92)
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where ℎ𝑐 is the specific heat production rate of the core. The heat production rate is1148

ℎ𝑐 = 𝑐𝑐𝑎40K𝑒40K
𝑁𝐴𝜆40K
𝑀40K

exp
[

−𝜆40K(𝑡 − 𝑡𝑃 )
]

, (93)

where 𝑐𝑐 , 𝑎40K , 𝑒40K ,𝑀40K and 𝜆40K are respectively the core concentration at 𝑡 = 𝑡𝑃 , the natural abundance, the energy1149

per atom, the molar mass and the decay constant of 40K. The radiogenic heating parameters are defined in Table S7.1150

The secular cooling of the outer core is1151

𝑄𝑆,𝑐 = −∫𝑉𝑜𝑐
𝜌𝑐𝑃

𝑇
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

d𝑉 . (94)

In Eq. 94, we assume an adiabatic temperature profile in the outer core (Eq. 22).1152

The gravitational energy of the core is1153

𝑄𝐺,𝑐 = ∫𝑉𝑜𝑐
𝛼𝑐𝑐𝜌𝜓

D𝜉𝑐
D𝑡

d𝑉 . (95)

As with the BMO, the compositional expansion coefficient 𝛼𝑐𝑐 (Gubbins et al., 2004) is1154

𝛼𝑐𝑐 = −1
𝜌

(

𝜕𝜌
𝜕𝜉

)

𝑃 ,𝑇
≃

Δ𝜉𝜌𝐼𝐶𝐵
𝜌−𝐼𝐶𝐵Δ𝜉𝐼𝐶𝐵

, (96)

where 𝜌−𝐼𝐶𝐵 is the density of the solid inner core at the ICB and Δ𝜉𝜌𝐼𝐶𝐵 is the compositional contribution to the density1155

jump due to a change in composition Δ𝜉𝐼𝐶𝐵 across the interface. Following Labrosse (2015), we use data from Alfè1156

et al. (1999) and Masters and Gubbins (2003) to set Δ𝜉𝜌𝐼𝐶𝐵 = 580 kg.m−3.1157

The latent heat of the core is1158

𝑄𝐿,𝑐 = 4𝜋𝑅2
𝐼𝐶𝐵Δ𝑆𝑐𝑇𝐼𝐶𝐵𝜌

+
𝐼𝐶𝐵

d𝑅𝐼𝐶𝐵
d𝑡

, (97)

where Δ𝑆𝑐 = 127 J.kg−1.K−1 is the entropy of fusion in the core (Hirose et al., 2013; Labrosse, 2015).1159

The radiogenic heating of the inner is the core is integrated over the volume 𝑉𝑖𝑐 of the inner core1160

𝑄𝑅,𝑖𝑐 = ∫𝑉𝑖𝑐
𝜌ℎ𝑐d𝑉 . (98)

The secular cooling of the inner core is1161

𝑄𝑆,𝑖𝑐 = −∫𝑉𝑖𝑐
𝜌𝑐𝑃

𝑇𝐼𝐶𝐵
𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

d𝑉 . (99)
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In Eq. 99, we assume an adiabatic temperature profile in the outer core (Eq. 22).1162

F. Buoyancy source terms1163

The volumetric buoyancy sources associated with radiogenic heating are1164

⎧

⎪

⎨

⎪

⎩

𝜖𝑅𝑏 =
𝛼̄
𝑐𝑃

(

𝜌ℎ𝑚𝑓ℎ
)

𝜖𝑅𝑐 =
𝛼̄
𝑐𝑃

(

𝜌ℎ𝑐
)

. (100)

The boundary conditions, corresponding to the radiogenic heat flow at the top of the layer, are1165

⎧

⎪

⎨

⎪

⎩

𝜅𝑇𝐶 ′
0𝑅,𝑏

(𝑟 = 𝑅𝐵𝑀𝑂) = −𝑄𝑅,𝑏
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐵𝑀𝑂

𝜅𝑇𝐶 ′
0𝑅,𝑐

(𝑟 = 𝑅𝐶𝑀𝐵) = −𝑄𝑅,𝑐
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐶𝑀𝐵

. (101)

The radiogenic mass anomaly fluxes are then1166

⎧

⎪

⎨

⎪

⎩

𝑞𝑅,𝑏 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝑅,𝑏

(

𝑟3−𝑅3
𝐶𝑀𝐵

𝑅3
𝐵𝑀𝑂−𝑅

3
𝐶𝑀𝐵

)

𝑞𝑅,𝑐 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝑅,𝑐

(

𝑟3−𝑅3
𝐼𝐶𝐵

𝑅3
𝐶𝑀𝐵−𝑅

3
𝐼𝐶𝐵

) . (102)

The volumetric buoyancy sources associated with secular cooling are1167

𝜖𝑆𝑏 = 𝜖𝑆𝑐 =
𝛼̄
𝑐𝑃

(

−𝜌𝑐𝑃
𝑇

𝑇𝐶𝑀𝐵

d𝑇𝐶𝑀𝐵
d𝑡

)

. (103)

The boundary conditions, corresponding to the secular heat flow at the top of the layer, are1168

⎧

⎪

⎨

⎪

⎩

𝜅𝑇𝐶 ′
0𝑆,𝑏

(𝑟 = 𝑅𝐵𝑀𝑂) = −𝑄𝑆,𝑏
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐵𝑀𝑂

𝜅𝑇𝐶 ′
0𝑆,𝑐

(𝑟 = 𝑅𝐶𝑀𝐵) = −𝑄𝑆,𝑐
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐶𝑀𝐵

. (104)

The secular mass anomaly fluxes are then1169

⎧

⎪

⎨

⎪

⎩

𝑞𝑆,𝑏 = − 1
𝑟2 ∫

𝑟
𝑅𝐶𝑀𝐵

𝑥2𝜖𝑆𝑏d𝑥

𝑞𝑆,𝑐 = − 1
𝑟2 ∫

𝑟
𝑅𝐼𝐶𝐵

𝑥2𝜖𝑆𝑐d𝑥
. (105)
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The volumetric buoyancy sources associated with dissipation are1170

⎧

⎪

⎨

⎪

⎩

𝜖𝐺𝑏 =
𝛼̄
𝑐𝑃

(𝑄𝐺,𝑏
𝑉𝑏

)

𝜖𝐺𝑐 =
𝛼̄
𝑐𝑃

(𝑄𝐺,𝑐
𝑉𝑜𝑐

) . (106)

This term is not involved in the heat equation under the Boussinesq approximation, but it contributes to the total mass1171

anomaly flux as a heat source for the convecting system (Gubbins et al., 2015). The distribution of the dissipation1172

term depends on the actual velocity and the magnetic fields and is therefore unknown. Here, we thus assume a1173

uniform dissipation throughout the layer. The boundary conditions, corresponding to the heat flow associated with1174

the gravitational energy at the top of the layer, are1175

⎧

⎪

⎨

⎪

⎩

𝜅𝑇𝐶 ′
0𝐺,𝑏

(𝑟 = 𝑅𝐵𝑀𝑂) = −𝑄𝐺,𝑏
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐵𝑀𝑂

𝜅𝑇𝐶 ′
0𝐺,𝑐

(𝑟 = 𝑅𝐶𝑀𝐵) = −𝑄𝐺,𝑐
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐶𝑀𝐵

. (107)

The dissipation mass anomaly fluxes are then1176

⎧

⎪

⎨

⎪

⎩

𝑞𝐺,𝑏 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝐺,𝑏

(

𝑟3−𝑅3
𝐶𝑀𝐵

𝑅3
𝐵𝑀𝑂−𝑅

3
𝐶𝑀𝐵

)

𝑞𝐺,𝑐 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝐺,𝑐

(

𝑟3−𝑅3
𝐼𝐶𝐵

𝑅3
𝐶𝑀𝐵−𝑅

3
𝐼𝐶𝐵

) . (108)

The volumetric buoyancy sources associated with the latent heat are1177

𝜖𝐿𝑏 = 𝜖𝐿𝑐 = 0. (109)

In the BMO, the latent heat is released at the top of the layer, it does not contribute to the buoyancy profile. The1178

corresponding mass anomaly flux is therefore zero. In the core, the latent heat is released at the ICB, it passes through1179

the outer core. Since there is no internal buoyancy source, the mass anomaly flux is determined by the boundary1180

condition, obtained by converting the heat flow associated with latent heat at the ICB. This gives1181

⎧

⎪

⎨

⎪

⎩

𝜅𝑇𝐶 ′
0𝐿,𝑏

(𝑟 = 𝑅𝐵𝑀𝑂) = 0

𝜅𝑇𝐶 ′
0𝐿,𝑐

(𝑟 = 𝑅𝐼𝐶𝐵) = −𝑄𝐿,𝑐
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐼𝐶𝐵
.
. (110)
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The latent heat mass anomaly fluxes are then1182

⎧

⎪

⎨

⎪

⎩

𝑞𝐿,𝑏 = 0

𝑞𝐿,𝑐 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝐿,𝑐

. (111)

The volumetric buoyancy sources associated with the heat source at the CMB and the ICB are1183

𝜖𝐶𝑀𝐵 = 𝜖𝐼𝐶𝐵 = 0. (112)

Since the heat is released at the bottom of the layer, the internal buoyancy source is zero. The boundary conditions,1184

corresponding to the heat flow at the CMB and the ICB, are1185

⎧

⎪

⎨

⎪

⎩

𝜅𝑇𝐶 ′
0𝐶𝑀𝐵

(𝑟 = 𝑅𝐶𝑀𝐵) = −𝑄𝐶𝑀𝐵
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐶𝑀𝐵

𝜅𝑇𝐶 ′
0𝐼𝐶𝐵

(𝑟 = 𝑅𝐼𝐶𝐵) = −𝑄𝐼𝐶𝐵
𝛼̄
𝑐𝑃

1
4𝜋𝑅2

𝐼𝐶𝐵

. (113)

The mass anomaly fluxes associated with the heat flow at the CMB and the ICB are then1186

⎧

⎪

⎨

⎪

⎩

𝑞𝐶𝑀𝐵 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝐶𝑀𝐵

𝑞𝐼𝐶𝐵 = − 1
4𝜋𝑟2

𝛼̄
𝑐𝑃
𝑄𝐼𝐶𝐵

. (114)

The volumetric buoyancy sources associated with compositional convection are1187

⎧

⎪

⎨

⎪

⎩

𝜖𝐶𝑏 = 𝜌̄𝛼𝑐𝑏
D𝜉b
D𝑡

𝜖𝐶𝑐 = 𝜌̄𝛼𝑐𝑐
D𝜉c
D𝑡

. (115)

If we neglect exchanges between the BMO and the core, as well as thermodiffusion and barodiffusion, the flux of FeO1188

and light elements at the CMB are zero. The boundary conditions, corresponding to a zero mass anomaly flux at the1189

CMB, are1190

𝜅𝑇𝐶
′
0𝐶,𝑏

(𝑟 = 𝑅𝐶𝑀𝐵) = 𝜅𝑇𝐶
′
0𝐶,𝑐

(𝑟 = 𝑅𝐶𝑀𝐵) = 0. (116)
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The compositional mass anomaly fluxes, are then1191

⎧

⎪

⎨

⎪

⎩

𝑞𝐶,𝑏 = − 1
3𝑟2 𝜖𝐶𝑏

(

𝑟3 − 𝑅3
𝐶𝑀𝐵

)

𝑞𝐶,𝑐 = − 1
3𝑟2 𝜖𝐶𝑐

(

𝑅3
𝐶𝑀𝐵 − 𝑟3

)

. (117)

G. Entropy budget terms1192

The radiogenic heating terms are respectively integrated over the volume of the BMO and the outer core1193

⎧

⎪

⎨

⎪

⎩

𝐸𝑅,𝑏 = ∫𝑉𝑏 𝜌ℎ𝑚𝑓ℎ
(

1
𝑇𝐵𝑀𝑂

− 1
𝑇

)

d𝑉

𝐸𝑅,𝑐 = ∫𝑉𝑜𝑐 𝜌ℎ𝑐
(

1
𝑇𝐶𝑀𝐵

− 1
𝑇

)

d𝑉
. (118)

The secular cooling terms, where we assume an adiabatic temperature profile (Eq. 22), are1194

⎧

⎪

⎨

⎪

⎩

𝐸𝑆,𝑏 = − ∫𝑉𝑏 𝜌𝑐𝑃
1

𝑇𝐶𝑀𝐵

(

𝑇
𝑇𝐵𝑀𝑂

− 1
)

d𝑇𝐶𝑀𝐵
d𝑡 d𝑉

𝐸𝑆,𝑐 = − ∫𝑉𝑜𝑐 𝜌𝑐𝑃
1

𝑇𝐶𝑀𝐵

(

𝑇
𝑇𝐶𝑀𝐵

− 1
)

d𝑇𝐶𝑀𝐵
d𝑡 d𝑉

. (119)

The entropy terms, associated with the gravitational energy of the BMO and the core, are1195

⎧

⎪

⎨

⎪

⎩

𝐸𝐺,𝑏 =
𝑄𝐺,𝑏
𝑇𝐵𝑀𝑂

𝐸𝐺,𝑐 =
𝑄𝐺,𝑐
𝑇𝐶𝑀𝐵

. (120)

This terms are expected to have a higher efficiency than the other buoyancy sources due to the intrinsic definition of1196

their efficiency factor (Nimmo, 2015a).1197

The latent heat terms in the BMO and the core are1198

⎧

⎪

⎨

⎪

⎩

𝐸𝐿,𝑏 = 0

𝐸𝐿,𝑐 = 𝑄𝐿,𝑐
(

1
𝑇𝐶𝑀𝐵

− 1
𝑇𝐼𝐶𝐵

) . (121)

Since the latent heat of the BMO is released at the top of the layer, this term does not contribute to the convection in1199

the BMO and the corresponding rate of entropy production is zero (Blanc et al., 2020).1200

The entropy terms associated with the heat source at the CMB and the ICB are respectively1201

⎧

⎪

⎨

⎪

⎩

𝐸𝐶𝑀𝐵 = 𝑄𝐶𝑀𝐵

(

1
𝑇𝐵𝑀𝑂

− 1
𝑇𝐶𝑀𝐵

)

𝐸𝐼𝐶𝐵 = 𝑄𝐼𝐶𝐵
(

1
𝑇𝐶𝑀𝐵

− 1
𝑇𝐼𝐶𝐵

) . (122)
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The thermal diffusion terms, obtained using adiabatic temperature profiles, are1202

⎧

⎪

⎨

⎪

⎩

𝐸𝑘,𝑏 = ∫𝑉𝑏 𝑘𝑏
(

∇𝑇
𝑇

)2
d𝑉

𝐸𝑘,𝑐 = ∫𝑉𝑜𝑐 𝑘𝑐
(

∇𝑇
𝑇

)2
d𝑉

. (123)

The molecular diffusion terms, corresponding to a flux of FeO, or light elements, in a hydrostatic pressure gradient1203

(Gubbins et al., 2004), are1204

⎧

⎪

⎨

⎪

⎩

𝐸𝛼,𝑏 = 𝛼2𝑐𝑏𝛼𝐷 ∫𝑉𝑏
𝑔2

𝑇 d𝑉

𝐸𝛼,𝑐 = 𝛼2𝑐𝑐𝛼𝐷 ∫𝑉𝑜𝑐
𝑔2

𝑇 d𝑉
, (124)

where 𝛼𝐷 = 1.0 × 1012 kg.m−3.s (Gubbins et al., 2004) is a material constant assumed to be identical in the BMO1205

and the core. In these barodiffusion terms, we neglect thermodiffusion and assume a well-mixed liquid associated with1206

zero concentration diffusion.1207

H. Velocity and magnetic scaling laws1208

The convective power, or total dissipation (Buffett et al., 1996; Lister, 2003), available to the dynamo in the BMO1209

or the outer core is approximated by1210

Φ = 𝐹𝑖
(

𝜓̄ − 𝜓𝑖
)

+ 𝐹𝑜
(

𝜓𝑜 − 𝜓̄
)

, (125)

where 𝐹𝑖 and 𝐹𝑜 are the mass anomaly flow rates at the inner and outer boundary of the layer, 𝜓𝑖 and 𝜓𝑜 are the1211

gravitational potential at the corresponding boundaries and 𝜓̄ is the mass-averaged gravitational potential in the layer.1212

Eq. 125 shows that the convective power is produced by taking the mass anomaly flow rate at the gravitational potential1213

of the inner and outer boundaries, and redistributing it in the layer at the mean gravitational potential, which implies1214

in particular that the layer is well-mixed.1215

In practice, we obtain the convective power from the dissipation term of the entropy budget with1216

Φ = 𝐸Φ𝑇𝐷 =

⎧

⎪

⎨

⎪

⎩

𝐸Φ

(

1
𝑀𝑏

∫𝑉𝑏
𝜌
𝑇 d𝑉

)−1

𝐸Φ

(

1
𝑀𝑜𝑐

∫𝑉𝑜𝑐
𝜌
𝑇 d𝑉

)−1 , (126)
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where 𝑇𝐷 is an effective dissipation temperature calculated using the mass-averaged adiabatic temperature profile1217

(Labrosse, 2003). Following Aubert et al. (2009), the convective power is made dimensionless with1218

Φ̃ =

⎧

⎪

⎨

⎪

⎩

Φ
𝑀𝑏Ω3𝐿2

𝑏
Φ

𝑀𝑜𝑐Ω3𝐿2
𝑐

. (127)

Fig. 16 shows the Rossby number and the dimensionless internal magnetic field intensity as a function of the1219

dimensionless convective power. Scaling laws, fitted on a set of numerical dynamo simulations (Aubert et al., 2009),1220

are compared with scaling laws based on force balance arguments (Christensen, 2010), i.e. the MLT, CIA and MAC1221

regimes. The scaling law parameters are defined in Table S8. In both the BMO and the core, the range of dimensionless1222

convective power predicted by the entropy budget (shaded areas) is several orders of magnitude smaller than the1223

convective power obtained in the dynamo simulations (black markers). This implies in particular that even a moderate1224

variation of the scaling law exponent may be responsible for significant changes in the convective velocities and1225

magnetic field intensities. This explains the magnetic evolution variability observed in the nominal model, depending1226

on the exponent of the scaling law (Fig. 9).1227
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Figure 16: (a) Scaling of the Rossby number 𝑅𝑜 as a function of the dimensionless convective power Φ̃. (b) Scaling of
the dimensionless internal magnetic field intensity, normalized by 𝑓 1∕2

Ω , where 𝑓Ω is the ohmic dissipation fraction of the
convective power, as a function of the dimensionless convective power Φ̃. The black markers correspond to the set of MHD
simulations extracted from Aubert et al. (2009), but respectively computed by Christensen and Aubert (2006) (crosses)
and Aubert et al. (2009) (disks). The solid lines correspond to the best-fit power-law scaling obtained by Aubert et al.
(2009) using a least-square fit in the set of MHD simulations. The dashed lines correspond to power-law scalings, obtained
using a least-square fit on the set of MHD simulations, with an imposed exponent derived from the mixing length theory
(MLT), the Coriolis-Inertia-Archimedean (CIA) or the Magnetic-Archimedean-Coriolis (MAC) regime (Christensen, 2010).
The orange and gray shaded areas correspond respectively to the dimensionless convective power derived from the entropy
budget in the BMO and the core, with 𝑅𝑚 > 40.
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