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In this work, we test an effective-one-body radiation-reaction force for eccentric planar orbits of a test
mass in a Kerr background, which contains third-order post-Newtonian (PN) nonspinning and second-
order PN spin contributions. We compare the analytical fluxes connected to two different resummations of
this force, truncated at different PN orders in the eccentric sector, with the numerical fluxes computed
through the use of frequency- and time-domain Teukolsky-equation codes. We find that the different PN
truncations of the radiation-reaction force show the expected scaling in the weak gravitational-field regime,
and we observe a fractional difference with the numerical fluxes that is < 5%, for orbits characterized
by eccentricity 0 < e < 0.7, central black-hole spin —0.99M < a < 0.99M and fixed orbital-averaged
quantity x = (MQ)?*/3 = 0.06, corresponding to the mildly strong-field regime with semilatera recta
9M < p < 17M. Our analysis provides useful information for the development of spin-aligned eccentric

models in the comparable-mass case.

DOI: 10.1103/PhysRevD.111.044036

I. INTRODUCTION

The observation of gravitational waves (GWs) with the
LIGO-Virgo [1-3] and LIGO-Virgo-KAGRA (LVK) [4]
collaborations marked a new era in gravitational physics,
uncovering unique properties of stellar-mass black holes
(BHs) and neutron stars. As future data acquisition be-
comes characterized by increased sensitivity, it is necessary
to improve the precision and accuracy of waveform models
used for matched-filtering and parameter-estimation pipe-
lines. In particular, modeling waveforms from eccentric and
precessing-spin binaries will become increasingly impor-
tant. This is further motivated by the fact that upcoming
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observational runs [5] and future detectors, like the Einstein
Telescope [6], Cosmic Explorer [7] and LISA [8], will
increase the number of detections by a factor ~103 and be
able to probe binary’s subpopulations, in lower frequency
bands and for smaller mass ratios, which can exhibit larger
eccentricities [9-12].

While eccentricity decreases toward merger due to the
energy and angular momentum loss caused by the emission
of GWs [13,14], the residual eccentricity can help con-
strain different binary-formation scenarios and thus the
origin of GW sources [15-18]. Indeed, the eccentricity is
indicative of binaries formed through dynamical formation
channels, which could occur in dense stellar environments,
like globular clusters, where the three-body Kozai-Lidov
mechanism [19,20] or dynamic capture [18,21-24] play a
role. Efforts are currently underway to detect signs of
orbital eccentricity in the GW signals observed by the LVK
detectors [25-35].

Among the different methods to solve the two-body
problem in general relativity, the effective-one-body (EOB)
approach [36,37] is a framework that provides accurate and

Published by the American Physical Society
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fast waveforms for quasicircular (QC) binaries [38—49],
due to a strong synergy between analytical approximation
methods and numerical relativity (NR) results.

In recent years, generalizations of EOB models to
eccentric inspirals have been developed [50-61]. In par-
ticular, Ref. [60] derived the second-order post-Newtonian
(PN) expressions for the radiation-reaction (RR) force
and gravitational-waveform modes for eccentric inspirals.
They include tail effects, in addition to spin-orbit (SO)
and spin-spin (SS) couplings. Reference [61] introduced
the SEOBNRvV4EHM model: an extension of the QC
SEOBNRvV4HM model [44] to eccentric orbits, where the
authors showed an EOB/NR unfaithfulness less than 1%
when comparing with the 28 eccentric NR simulations that
were publicly available at the time from the Simulating
eXtreme Spacetimes (SXS) Collaboration [62,63].l How-
ever, in the work of Ref. [61], the dynamics of the binary is
modeled through the use of the QC RR force from the
SEOBNRv4HM model, and the eccentric corrections are
considered only when computing the eccentric waveforms
modes introduced in Ref. [60]. By contrast, the more recent
waveform model SEOBNRv5EHM employs a RR force with
eccentric corrections [64,65].

Among the other examples of eccentric EOB models,
we mention TEOBResumS [48,66], which has been
extended to eccentric orbits, after investigating several
prescriptions for incorporating eccentricity effects, in
Refs. [56-59,67-73]. The latest version of their model,
known as TEOBResumS-Dali, includes eccentric 2PN
information, and is characterized by factorizing the leading
PN order of the waveform modes and azimuthal component
of the RR force, which include high-order time derivatives
of the radial separation and orbital frequency. The eccentric
2PN radial component of the RR force is adapted from
Ref. [50] and is Padé resummed. When compared against
the 28 SXS publicly available eccentric NR simulations, the
TEOBResumS-Dall model shows unfaithfulness around
~0.1%, although there are some NR waveforms for which
the unfaithfulness is close to, or above ~1% [74]. However,
note that these unfaithfulness values cannot be directly
compared against the ones computed in Ref. [61] for the
SEOBNRvV4EHM model. This is because Refs. [61,74]
employ different prescriptions for determining the EOB
waveform that corresponds to a given NR simulation.

'"The unfaithfulness is a metric that quantifies the disparity
between two waveforms as observed by a GW detector (a lower
unfaithfulness indicates greater similarity between the wave-
forms). The definition of the unfaithfulness is presented in, e.g.,
Ref. [61]. To determine the accuracy of the SEOBNRv4EHM
model, Ref. [61] employed an optimization over eccentricity
and starting frequency to find the best-fitting EOB waveform
corresponding to a given eccentric NR waveform. Thus, the
SEOBNRv4EHM model showed an unfaithfulness against NR
waveforms less than 1% for systems with eccentricities
below ~0.3.

A direct comparison of these models employing the same
prescription is presented in Ref. [65].

Several studies [38,58,68,71,75-79] showed the impor-
tance of augmenting EOB waveform models for the
plunge-merger and ringdown with insights from BH-
perturbation theory. The common approach is to consider
a test mass (TM) orbiting or scattering off a Kerr BH and
use this system as a laboratory to test and provide bench-
marks to the models in the comparable-mass case. Among
these works, Refs. [58,68] assessed different EOB eccentric
RR force prescriptions (either with distinct RR gauge
choices or different factorizations of the RR force). In
particular, Ref. [68] also provides an analysis for a proxy
to the SEOBNRv4HM QC RR force and of a resummed
version of the 2PN eccentric RR force introduced in
Ref. [60]. (We will discuss some comparisons with their
results in Sec. IIT A.)

Here, we aim to extend past analyses in different ways.
We consider the TM limit of a 3PN-eccentric RR force,
recently computed by some of the authors of this work in
Ref. [64]. This force is computed employing the same
procedure of Ref. [60], but it considers a different gauge
choice for the leading-order of the RR force, which avoids a
2.5PN modification (relative to the leading-order) of the
QC orbital phase when transforming between harmonic and
EOB coordinates. The force that we consider contains the
full nonspinning contributions up to 3PN order, and spin
contributions only up to 2PN order. For the spin contri-
butions, we employ the 1.5PN spin-orbit (SO) and 2PN
spin-spin (SS) parts to the RR force as in Ref. [60], but
taking into account the leading-order gauge choice of
Ref. [64]. We resum the RR force in two ways: by
extracting the QC RR force of SEOBNRVSHM [49] as a
multiplicative and an additive term. In the TM limit,
we remark that this QC RR force differs from the
SEOBNRV4HM one by new higher-order PN contributions
in the waveform modes used for the flux computation, as
explained in Ref. [49]. We study the effects of the
individual PN eccentric contributions to the RR force in
different gravitational-field regimes of the parameter space.
The analysis is performed by comparing the analytical
fluxes, computed from the eccentric RR force in the TM
limit, against numerical fluxes that are computed by
solving the Teukolsky equation [80] through the use
of a frequency-domain (FD) [81] and a time-domain
(TD) [82—84] code. Both fluxes are computed on equatorial
geodesics of the Kerr metric and extracted at future null
infinity. By comparing the fluxes, we test the two resum-
mations of the eccentric RR force, as we explain in detail in
Sec. II. In our study, we focus on equatorial bound orbits of
Kerr in the weak and strong gravitational-field regimes, and
also explore the RR force for hyperbolic encounters, by
comparing the fluxes for some Schwarzschild hyperbolic
geodesics with fixed energy.

The article is structured as follows. In Sec. II, we
introduce the methodology of our analysis. In particular,
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Sec. I A describes the EOB model we use in the TM limit
and how we compute eccentric-planar geodesics in the Kerr
metric. In Sec. II B, we describe how to compute the
numerical fluxes by solving the Teukolsky equation
numerically, while Sec. IIC shows how the analytical
fluxes are computed from the RR force through the use
of the balance equations. In Sec. III, we provide the main
results of our analysis. In particular, Sec. IIl A gives an
overview of the fluxes comparison, and Secs. III B and 111 C
show the results for bound orbits in the Schwarzschild
and Kerr spacetime, respectively. Section III D focuses on
hyperbolic encounters in Schwarzschild spacetime. Finally,
Sec. IV summarizes the results, and points out future steps.
In the Appendices, we provide supplemental information.
Notably, in Appendix A we summarize how the non-
spinning 3PN terms of the eccentric RR force are derived
and we provide the full TM expressions of the eccentric
corrections to the QC RR force, together with the expres-
sions of the Schott terms, which are necessary to compute
the instantaneous fluxes. Appendix B provides details on
how the instantaneous fluxes are computed from the FD
Teukolsky-equation code.

A. Notations

We adopt natural units G = ¢ = 1 and consider a non-
spinning TM of mass 4 = vM orbiting a Kerr BH of mass
M with dimensionless spin a = J/M?. The Kerr metric is
expressed in Boyer-Lindquist coordinates {7, R, 6, ¢} and
we restrict our analysis to the equatorial plane, 8 = z/2.
The dynamics of the TM is described by canonical
coordinates {R, ¢, P, P,}. Throughout this article, we
consider scaled dimensionless variables
t:%’ r:%v pr:ﬁ’ p(p:i (1)

JZ Mu
The Hamiltonian H, and RR force F = (F,,F,) are
scaled by the TM .

II. METHODOLOGY

In this work, we assess the analytical EOB eccentric RR
force of Ref. [60], extended to 3PN in the nonspinning part
in Ref. [64], by comparing it with numerical results. In
particular, as we explain in Sec. II C, we compare numeri-
cal fluxes obtained by solving the Teukolsky equation
against the analytical fluxes that are connected to the RR
force through the energy and angular-momentum balance
equations. These fluxes are computed on Kerr equatorial
geodesics of a TM. In the following two sections, we
describe how the orbits are computed and the methodology
used to derive the numerical and analytical fluxes.

A. EOB model in the TM limit

To describe the dynamics of a TM orbiting a Kerr
BH in the equatorial plane, we work within the EOB

framework [36,37] and consider the Kerr Hamiltonian
restricted to equatorial orbits (6 = z/2, py = 0):

2
H=A"! <2ap(ﬂ + \/Ap%;r2 LAl AAr), (2)
r

with quantities A and A being
A =71 +2a* + a*r, (3a)
A=a®>-2r+r. (3b)

Instead of the radial momentum p, we consider p,,
which is the momentum conjugate to the tortoise radial
coordinate r,. The tortoise coordinate is related to the
Boyer-Lindquist coordinate r by

r* +a? 1
dr, = — dr = %dr, (4a)
pr, =&(r)p,. (4b)

This is a general practice [76,85] that is done to improve the
numerical stability of the dynamical evolution, since p,
diverges at the horizon while p, does not. The evolution of
the dynamics is provided by the Hamilton equations

oH

:éapr* (rvpr@p(p)? (Sa)
oH

p = Q -3 s P, ) 5b
@ ap(,,(r Pr.Py) (5b)

. oH
Pr, :_ga_(rapr*’pQ))_Ffr’ (SC)

r
Pop=Fp (5d)

where the dot symbol represents a total derivative with
respect to the scaled coordinate time in Eq. (1), Q is the
orbital frequency, scaled by the total mass, and F =
(F,.F,) corresponds to the RR force connected to the
emission of GWs for generic equatorial orbits.

The RR force components we consider, 7, and F,, are
two resummed versions of the RR force originally com-
puted in Ref. [60] and here extended to 3PN order in the
nonspinning eccentric sector [64]. These two resummations
are given by

F;nu]t — f?Cf?CC,mult’ fgu]t — f%CFZCC,mult (63)

C ,add C .add
Fudd = FRC 4 e padd = FRC 4 Fe,

(6b)
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where F 9C and F, gc are the radial and azimuthal compo-
nents of the RR force using the QC prescription, while

F fﬁ,‘i’muh and F ‘,’?{;‘add are the eccentric corrections. We refer
to the two resummations as the multiplicative implemen-
tation, given in Eq. (6a) and the additive implementation,
given in Eq. (6b). The complete expressions in the TM limit
of the eccentric corrections are in Appendix A. Note that
we restrict our attention to resummations that reduce to
SEOBNRvV5HM in the QC limit. This precludes considering
resummations of the type introduced in [56], which also
change the QC radiation reaction.

The QC RR force FQC = (f?c,]-"gc) is calculated
using the prescription and PN information of the
SEOBNRvSHM waveform model [49], defined by the
expressions

Fot == D> mlduhg, [ (7a)
87 o=
F =P g0c, (7b)
Dy

where d; is the luminosity distance of the binary to the
observer and it~ are the GW modes in factorized form
[38,39,76,86], given by:

1 = W ST o f rmei®n. (8)

Here, € is the parity of the multipolar waveform mode, such
that ¢ = 0 for even £ + m, and ¢ = 1 for odd # + m. The

leading term in Eq. (8), th,f’ is the Newtonian contribution

N.e UV (e e—m [T
h(fm ) :d_n;rZLCK-FG(V)Uéyf ’ (§7¢>3 (9)
L

where Y? ~¢7M(@, ¢) are the scalar spherical harmonics,
nff,i and ¢, .(v) are functions given in Egs. (28) and (29) of

Ref. [49], and vq is given by
Vo = 91/3. (10)

Note that the SEOBNRv5HM model employs the variable

oH -2/3
vy = Q <—EOB>

, (11)

pr=0

instead of wvg in Eq. (9), which simplifies to v, =
Q[r¥/? + a)*3 in the TM limit. However, the generalization
of Eq. (11) to eccentric orbits is not straightforward due
to the p, = 0 requirement, which would affect the PN
expansion of the eccentric modes unless a correction factor
is applied. Thus, by choosing v, instead of v,,, one obtains

a prescription that is easily applicable in generic orbits.

Furthermore, this choice does not have a significant
impact on the accuracy of the underlying QC model
SEOBNRvV5HM [65]. Therefore, the eccentric 3PN RR force
in Egs. (5¢) and (5d) is computed by employing vq.

The function S'SE is the effective source term which is
given by

~ Hr’ T, W) € =
(¢) { ( P*P,z) (12)

S =
eff
Pylas €=

The factor T,,, resums the leading order logarithms of tail
effects and corresponds to

Tf — F(f +1- 2lk) ﬂlAceZilAcIHZmQrO (13)

" rz+1) ’
where I is the Euler gamma function, k = mQ in the TM
limit and ry = 2/+/e. The remaining part of the factorized
modes (8) is expressed as an amplitude f,,, and a phase
Ozm» Which are computed such that the expansion of %,
agrees with the PN expanded modes. We point the reader to
Appendix B of Ref. [49] for the explicit expressions of the
different f,,, and 6,,, terms.

The TM limit of Egs. (7) and (8) is obtained by setting
the mass ratio v to zero in the expressions, except for the
leading v in the Newtonian prefactor (9).

In our analysis, we consider equatorial planar geodesics
of the Kerr background; hence, we consider F, = F 0= 0
in Egs. (5¢) and (5d), when evolving the dynamics. We
characterize the planar orbits through the parameters
{p, e,a}, which correspond to the semilatus rectum, the
eccentricity and the spin of the Kerr BH, respectively. We
adopt the Keplerian parametrization, where for the defi-
nitions of p and e we have:

2r.r, 7y — 7
p=—r-  e=——" (14)
ra—f—rp rp—i—ra

where r, and r, are the radial separation at the apocenter
and at the pericenter, respectively.

As we show in Sec. II C, after evolving Eq. (5) without
RR forces (i.e., for geodesics), we compute the analytical
fluxes by evaluating the RR force in Eq. (6) on the
geodesics. Hence, to avoid any possible confusion to the
reader we stress that whenever the QC expressions in
Egs. (7) and (8) are employed, they are evaluated on the
geodesic although they are quantities constructed assuming
QC trajectories.

B. Numerical fluxes

The core of our analysis relies on the computation of the
energy flux @, and angular-momentum flux ®; radiated by
the TM to future null infinity. These fluxes are computed
numerically by solving the Teukolsky master equation [80],
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which in Boyer-Lindquist coordinates reads

4
_ ?sin 92} 0, — % P

v

{(r2 + a?)? Y

(2~ )

—2s [r ———x + iacos H] 0¥ + A=%0, (A 10, )

+ L 0p(sin 00,¥) + {; - a_2] 0,, ¥
sin @ sin@> A| "
a(r—1) N icos6

A sin 6?
= —4x(r? + a® cos *)T. (15)

+2s [ } 0,¥ — (s*cotd* — s)¥

This equation describes the evolution of scalar, vector, and
tensor perturbations of a Kerr BH. The function A, the spin
parameter a and the coordinates correspond to the same
quantities defined in the previous sections. The parameter s
is the spin weight of the field. In particular, when s = £2
the equation describes degrees of freedom of gravity that

radiate, and for s = =2 it is ¥ = (r — ia cos 0)*y,, where
y, is the Weyl curvature scalar that describes out-
going GWs.

A system composed of a TM orbiting a Kerr BH can be
interpreted as a perturbed Kerr metric, and within this
interpretation the source term 7 in the right-hand side of
Eq. (15) describes a TM moving in the Kerr spacetime. The
details on how the source term 7 of the TM is constructed
and how Eq. (15) is numerically solved are beyond the
scope of this section. We mention the fact that the source
term 7 of a TM orbiting a Kerr BH is constructed from
Dirac-delta functions of the variables r and 6, as well as
first and second derivatives of the delta functions in these
variables. These terms are sourced at the location of the
TM, hence the source 7 depends on the trajectory that the
TM follows in the Kerr spacetime. The details can be found
in Refs. [81,83,84]. In this analysis, the trajectories used to
source the term 7 are the geodesics introduced at the end of
Sec. IT A, constructed evolving Eq. (5).

To solve Eq. (15), we make use of two different codes:
when considering bound orbits we adopt the FD code of
Ref. [81], while when considering unbound orbits we
employ the TD code developed in Ref. [82-84]. At future
null infinity, the Weyl scalar w4 and the waveform strain
h = h, —ih, are related by the expression

162h 1 [(Ph,  Ph,
:_( vy ) (16)

Va=552 "2\ a2 " 'or

and following standard practices, the waveform is decom-
posed in spin-weighted spherical harmonics

h = Z_szm(es (p)hfm- (17)
Z.m

The fluxes ®; and @®; are computed from the modes
through the expressions

1 .
Dy = — 2 1
E 16”;;|th s ( 8a)
1 (] *
q)J = E;’:md(hmhfm). (18b)

In Appendix B, we give closed form expressions for
constructing the instantaneous fluxes from FD Teukolsky
solutions. In this work, we truncate the summation over the
modes at £ = 8. More details on the numerical errors of the
FD and TD Teukolsky codes employed in our analysis can
be found in Refs. [77,81-84].

C. Analytical fluxes
In order to assess the EOB eccentric RR force of Eq. (6)
by comparing with numerical results, it is necessary to
compute the analytical fluxes. The connection between the
RR force and the fluxes is given by the balance equations

Esystem + @ + ESchott =0, (19a)

szstem + P, + JSchott =0. (19b)
These equations relate the time-dependent fluxes at future
null infinity, ®; and ®,, to the change in the energy and
angular momentum of the system, Eggem and Jyems
together with two other terms that appear as total time
derivatives, Eggoq and Jgehou» known as Schott terms.
These two terms take into account the contributions to
the fluxes due to the interaction of the system with the
radiation field, as originally pointed out in the context of
electromagnetism in Ref. [87] and they were introduced in
the context of the EOB framework in Ref. [50].

The connection between the fluxes @, the RR force F
and the Schott terms is made explicit by first considering
the Hamilton equations (5), which lead to

dH
Esystem = E =iF,+ (p]:(/n (208')
szstem = P(p = ‘7:(#7 (20b)

where the fact that the Hamiltonian in Eq. (2) does not
depend on the azimuthal angle ¢ is exploited. By plugging
these expressions in Eq. (19), one gets

O = _i’fr - (p]:go - ESchoth (218.)

®, = _]:go - JSchott' (Zlb)

From these equations we are able to compute the fluxes
from the RR force in Eq. (6), providing a way to test its
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FIG. 1. Fluxes for an eccentric geodesic with p = 13, ¢ = 0.5 and a = 0. On the left panel, the planar orbit is shown, highlighting in
blue the trajectory over one radial period. The top panels show the angular momentum ®; and energy @ fluxes at infinity: black curves
are the Teukolsky fluxes, while colored curves are the analytical fluxes. “QC” refer to the QC fluxes while “ECCnPN” refer to fluxes
computed considering eccentric corrections at nPN order. The bottom panels show the relative difference with respect to the Teukolsky

fluxes.

prescriptions. This is done by first computing Kerr geo-
desics as explained in Sec. Il A and then evaluating all
the quantities involved in the right-hand side of Eq. (21) on
the geodesics. We point the reader to Appendix A for the
expressions of the PN time derivatives of the Schott terms,
Egenow and Jsgpon» as functions of the EOB dynamical
variables, as used in this work.In these expressions, which
are written for the first time in this work, we follow the
gauge choice employed in Ref. [64] by fixing the gauge
constants as « = —16/3 and f = —13/2.

Note that in the above, we have not included any effects
due to the central Kerr BH absorbing GWs, changing its
mass and spin. If included, these effects would alter the
relationship between the RR forces F ., and fluxes @/, in
Eq. (21). In practice, the effects of absorption are typically
several orders of magnitude smaller than the fluxes to
infinity see e.g., [88] (but can become order 10% for
extreme orbits close to the horizon of a nearly extremal
BH [78,89,90]). As such, the absorption fluxes are mostly
relevant when their effects can accumulate over a large
number of orbits in an inspiral. For the single orbit
comparisons in this work, their impact would be minimal.
Nonetheless, to ensure an apples-to-apples comparison, we
also include only the fluxes to infinity in the numerical
Teukolsky fluxes.

III. COMPARISON OF THE ANALYTICAL
AND NUMERICAL FLUXES

In the following, we present the comparison between the
analytical and numerical fluxes computed as explained in
Sec. II. In particular, we focus on studying the different PN
contributions in the eccentric part of the analytical fluxes.

Throughout this section, we label the fluxes that include PN
corrections due to eccentricity at 1PN, 2PN and 3PN order
(including SO and SS corrections up to 2PN order), as
“ECCIPN,” “ECC2PN” and “ECC3PN,” while the fluxes
that simply use the QC prescription of the fluxes evaluated
on an eccentric trajectory are labeled “QC.” Note that the
fluxes labeled “ECCnPN” still contain all available PN
orders in the QC part of the flux.

A. Instantaneous fluxes

We start by comparing the numerical and analytical
instantaneous fluxes. Before doing so, we emphasize that
the Schott terms in Eq. (21), are known only as PN expan-
sions up to 3PN order, while the RR force terms have been
resummed in the EOB formalism. Consequently, there is a
limit to what can be learned when comparing the instanta-
neous fluxes to the numerical-Teukolsky fluxes in the
strong-field regime, as it is unclear whether any particular
disagreement is due to an inaccuracy of the RR forces
or a possible degradation of the PN approximation in the
Schott terms. This ambiguity is not present when consid-
ering orbit-averaged fluxes, as we mention in Sec. III B.
Nonetheless, we believe it is instructive to look at the
comparison of the instantaneous fluxes as this helps build
an intuitive picture of our analysis.

The comparison of the numerical and analytical fluxes is
illustrated in Fig. 1. We consider an orbit with semilatus
rectum p = 13, eccentricity e = 0.5 and spin @ = 0. The
analytical and numerical fluxes are plotted over a radial
period on the bound geodesic. In the left panel, the orbit is
shown, while in the top panels the instantaneous fluxes
between two consecutive apocenters are plotted. The black
curves correspond to the numerical fluxes obtained from
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the FD Teukolsky code, while the colored lines are the
analytical fluxes. We show the QC fluxes (blue curves),
which are computed with the QC RR force in Eq. (7),
and the eccentric fluxes ECCIPN (red curves), ECC2PN
(orange curves) and ECC3PN (green curves). Finally, the
bottom panels of Fig. 1 show the fractional difference
between the analytic and Teukolsky fluxes. The analytical
fluxes are computed considering the multiplicative imple-
mentation (6). The additive corrections provide similar
results to Fig. 1, and are not shown here.

For the geodesic considered in Fig. 1, we do not find a
clear improvement of the fluxes at different PN orders
along the orbit. Around the apocenter passage (for ¢ =~ 600
and ¢ ~ 1100 where r ~ 25) we observe that the ECCIPN
fluxes better approximate the numerical ones, whereas the
ECC2PN and ECC3PN fluxes are close, but do not improve
the approximation. By removing the eccentric PN tail
terms, we find that the 1.5PN tail contribution is degrading
the accuracy of the instantaneous results. However, in
Sec. III B, we will discuss that these terms are essential to
recover the correct scaling in the weak-gravitational field
regime when considering the orbit-averaged fluxes. This
confirms what we anticipated at the beginning of this
section: one PN order may be worse for the instantaneous
fluxes, but better for the averaged fluxes, and thus, we
cannot conclude from those results if the RR force is
accurate since we cannot disentangle it from the effect of
the PN-expanded Schott terms.

Near the pericenter passage (for 7 =~ 850 where » = 9) we
find that the ECC3PN energy flux improves the other PN
orders, while for the angular-momentum flux it is the QC
curve that best approximates the numerical flux. This close
agreement of the QC fluxes near the pericenter passage was
already pointed out in Ref. [68] for some orbital configu-
rations, and explained as a numerical coincidence. This will
become more apparent in Sec. III B, as we show the behavior
of this agreement as a function of the orbital separation.

The bottom panels of Fig. 1 show an asymmetry of the
relative differences with respect to the pericenter passage,
which was also observed in Ref. [58]. After convincing
ourselves that this behavior is not due to any numerical
artifact, we find that it comes from an asymmetry of the
Teukolsky fluxes with respect to the pericenter. We con-
clude that this asymmetry arises from contributions that are
not modeled by the EOB fluxes, but that are present in the
numerical fluxes. By inspecting different orbits and observ-
ing the same pattern, especially for orbits that lay in the
weak-field regime, we suggest that this asymmetry comes
from delayed contributions coming from higher-order-PN
tail terms that are not present in the analytical fluxes.

We notice that there are qualitative differences between
our results and Fig. 1 of Ref. [68], despite the two figures
ostensibly plotting the same quantities for the same orbit
with both the QC and ECC2PN (labeled “QC2PN” in
Ref. [68]); in our version, the fluxes are much closer to the

numerical values. The discrepancy in the QC flux may arise
due to the proxy used in Ref. [68] for the QC flux not
faithfully reproducing the QC flux of SEOBNRv4HM (and
notably the QC flux of SEOBNRv5HM, which is used in this
paper) when applied to eccentric orbits. The discrepancy
between the ECC2PN fluxes, on the other hand, is due to
the fact that in Ref. [68], the authors use the Schott terms of
Ref. [50] when computing the fluxes through Eq. (21).
However, this is not compatible with the gauge of the
eccentric RR force of Ref. [60], which is used to compute
the ECC2PN (QC2PN) fluxes. There is no freedom in using
Schott terms in a different gauge, and the ones of Ref. [60]
must be considered when computing the instantaneous
ECC2PN fluxes.

B. Averaged fluxes: Bound orbits in Schwarzschild

Figure 1 indicated that the 1PN eccentric corrections of
the multiplicative implementation of the RR force (6) better
approximate the numerical flux than the higher order
eccentric PN corrections near the pericenter of the orbit.
The additive implementation (6b) (not plotted in Fig. 1)
shows similar behavior. This motivates a further inves-
tigation, because, in principle, one would expect the higher
order PN corrections to improve the approximation, at least
in the weak-field regime.

To better assess this, we start by restricting to the
Schwarzschild case and we analyze what happens when
considering the eccentric force in the weak-field scenario.
For the study, we consider the averaged fluxes over one
radial period T',, given by:

1 [to+T,
(Pgy) = T_/ di®g ;. (22)
Iy

r

The averaging eliminates the ambiguity due to the Schott
terms contribution in the instantaneous-fluxes expressions
(21), as the Schott terms appear as total time derivatives.

We consider a set of bound orbits defined by eccentricity
e=0.5, spin a=0 and decreasing semilatera recta
p = {960,480, 240, 120, 60, 30, 15}. This choice allows
us to explore the weak-field regime in order to check
whether the flux residuals, obtained by subtracting the
eccentric corrections (6a) and (6b) from the numerical
fluxes, have the expected PN scaling.

In Fig. 2, we show the fractional difference of the
averaged numerical fluxes with respect to the averaged
analytical fluxes

<(I)r£f§nerical> _ <®%rfjlytical>

<¢%1:1}nen'cal>

5(®gy) = (23)

computed on these orbits for different values of the gauge-
invariant quantity x defined by

x= (@) (24)
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FIG. 2. Absolute value of the fractional differences defined in Eq. (23) of the averaged fluxes computed for orbits in the weak-field
regime. The x-axis corresponds to the gauge-invariant variable x = (¢)*3. The orbits are characterized by the parameters ¢ = 0.5,
a=0 and p = {960,480, 240, 120, 60, 30, 15}. Dotted lines correspond to the additive implementation (add) while solid ones
correspond to the multiplicative (mult). Empty circle dots represent negative values of the fractional differences, highlighting zero

crossing in the log-log plots.

For the different PN corrections, we follow the same
nomenclature used in Fig. 1, and we consider both
implementations: solid lines correspond to the multiplica-
tive RR force from Eq. (6a) while dotted lines correspond to
the additive RR force from Eq. (6b).

We observe that the eccentric corrections to the RR force
provide a consistent improvement over the QC force.
For orbits that are in the weakest regimes, x ~ 8 x 1074,
including the ECC3PN corrections improves the agreement
with the numerical flux by a factor 10® over the QC flux.
We also find that the curves follow the general expected
scaling at low x. The fractional difference between the QC
analytical and the Teukolsky flux approaches a constant in
the weak field regime, indicating that the QC prescription
already needs corrections at the leading “Newtonian” order.
The slopes of fractional residuals, after subtracting the
ECCnPN corrections in the log-log plot of Fig. 2, are
compatible with the expected x~(**'/2) behavior of a
residual that starts at (n 4 1/2)PN order.

Since for the instantaneous flux comparison in Sec. III A
the inclusion of the PN tail corrections did not lead to an
unequivocal improvement of the flux, we also considered
the effects of omitting the PN tail terms on the orbit-
averaged flux. The gray lines in Fig. 2 correspond to the
ECC3PN fluxes computed without the tail part, showing
that the inclusion of these terms is essential in order to
recover the expected PN scaling, corroborating the hypo-
thesis that degradations of higher-order terms in the
instantaneous fluxes may come from the Schott terms
and disappear when orbit averaging.

When moving into the stronger-field regimes (i.e., for
higher values of x), the discrepancy between analytical and
numerical averaged fluxes increases, as expected due to the
PN nature of the analytical fluxes.

In order to assess the RR force over a wider region of the
parameter space, we consider more orbits with different
eccentricities spanning the milder and stronger field
regimes. Figure 3 shows the fractional differences of the
fluxes evaluated at geodesics with eccentricities e =
{0.1,0.3,0.5,0.7}, spin @ =0 and semilatera recta p =
{PLso +0.025, p; 50 +0.05, py 50 +0.1,7,8,9,10, 13, 15},2
where p;go corresponds to the semilatus rectum of the last
stable orbit (LSO) with the corresponding e. For
Schwarzschild geodesics this is given by

PLso = 6+ 2e. (25)

The strong-field residuals in Fig. 3 show a much less
organized picture than their weak-field counterparts in
Fig. 2. There is not always a clear order-by-order improve-
ment from adding higher PN eccentric corrections. This
signifies (the start of) the breakdown of the convergence of
the PN series in this regime. Notably, the QC and ECC1PN
fluxes seemingly outperform the higher-order corrections
for larger x. In fact—contrary to naive expectation—the
residuals from the QC and ECCIPN fluxes actually
decrease, for both the angular-momentum and energy
fluxes, up to certain values of x. This behavior is evident
starting from values of x = 0.06 for the orbits with e =
{0.1,0.3,0.5} and of x ~ 0.04 for the ones with e = 0.7.
This decreasing trend is interrupted at larger values of x,
where the QC and ECCI1PN residuals of the fluxes start to

*For the orbits with e = {0.5,0.7}, we consider the set
pP = {pLSO + 0025, PLso + O-OSvPLSO + 01, 8,9, 10, 13, 15},
since ppgo = 7 for these orbits. We also limit the eccentricity to
< 0.7 since frequency-domain Teukolsky codes become compu-
tationally expensive for high eccentricities.
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Absolute value of the fractional differences of the averaged fluxes computed on orbits in mild/strong-field regimes. The orbits

with highest x (last points on the right) are characterized by a semilatus rectum p = pygo + 0.025. The nomenclature is

the same as in Fig. 2.

monotonically increase up to the closest orbits to the LSO
with p = p;go + 0.025. We find that this is connected to a
change in sign of the fractional differences between the
analytical/numerical fluxes. Since the absolute fractional
differences are plotted in Fig. 3, here we represent this
change of sign by using different dots: filled dots for
positive values of the relative difference (23), empty dots
for negative values. This change of sign signifies that in
the weak field the average QC fluxes overestimate the
average numerical flux, while they underestimate it in the
stronger field. Consequently, there are some “goldilocks”
configurations for which the QC (and ECC1PN) fluxes are
“just right,” and by coincidence produce the correct flux,
corroborating what was found in Ref. [69] for the QC
fluxes.

We do not observe a significant difference between the
multiplicative and additive implementations in the non-
spinning case. However, in Sec. III C we show that this
changes when considering spin.

We also find that larger eccentricity values impact the
accuracy of the analytical averaged fluxes. More specifi-
cally, we observe that for similar values of the x parameter,
the relative differences are more prominent for higher
eccentricities. This trend is due to the fact that the peri-
center of the orbits—where most radiation is generated—is
pushed more and more in the strong-field regime, where in
turn, the PN expressions are less reliable.

Figure 3 allows us to gauge the overall performance
of the flux approximations: in the worst case scenario

(i.e., for orbits with ¢ = 0.7 and close to the LSO), we
observe a difference of x5%, when considering the
ECC3PN fluxes.

C. Averaged fluxes: Bound orbits in Kerr

So far, we have shown a comparison between analy-
tical and numerical fluxes for eccentric (bound) orbits of a
TM moving on geodesics around a Schwarzschild BH.
In this section, we provide results that assess the RR
force corrections in Eq. (6) when we allow the central BH
to have a spin aligned or antialigned (henceforth, for
simplicity aligned) with the orbital angular momentum
(i.e., we consider eccentric-equatorial orbits around a
Kerr BH).

To test the spinning case, we consider orbits with a
fixed value of the x parameter defined in Eq. (24). This
choice allows us to identify in a gauge-invariant manner
different gravitational-field regimes. The orbits we analyze
have eccentricity values e = {0.0,0.1,0.3,0.5,0.7} and
spins of the central BH a = {-0.99,-0.9,-0.7,-0.5,0,
0.5,0.7,0.9,0.99}.

In Fig. 4, we show contour plots of the fractional
difference of the averaged fluxes (22) with respect to the
eccentricity and the spin values for orbits with fixed
x =0.06. We choose this value for x since it allows
computing stable geodesics all over the subset of the
parameter space {e, a} we want to investigate. We consider
the 3PN order in the eccentric sector, ECC3PN, for both
implementations (6a) and (6b).
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FIG. 4. Contour plots of the absolute value of the fractional differences of the ECC3PN averaged fluxes with respect to the numerical
one. They are computed on orbits that span the parameter space (e, a) with fixed value x = 0.06. The upper panels show the
multiplicative implementation while the lower ones show the additive implementation. The multiplicative implementation shows a worst
case scenario of 5% relative difference for higher eccentric spinning prograde orbits.

We observe that, regardless of the spin values, for small
eccentricities (¢ < 0.3), the fractional difference is less than
0.5% for both resummations. When considering higher
values of e, the differences increase. This trend corrobo-
rates what we mentioned at the end of Sec. III B, notably,
for fixed values of x, larger eccentricities degrade the
accuracy of the analytical-averaged fluxes, because the
pericenter of the orbit is pushed more in the strong-field
regime. This degradation increases when considering pro-
grade orbits with high-spin values, for which the pericenter
is even closer to the central BH. For these orbits, we find
that the multiplicative implementation provides a mismatch
of the fluxes less than 5%, for the considered portion of
parameter space. In comparison, the additive implementa-
tion provides relative differences that are less than 15%. In
particular, we find that for more extreme orbits (i.e., for the
ones with high eccentricity and spin), the multiplicative
implementation improves over the additive one by a 10%
difference.

As a final remark, we mention an overall general
improvement of the multiplicative ECC3PN factorization
with respect to the additive ECC3PN factorization for
regimes with x < 0.06 over the parameter space (e,a)
for both the energy and angular-momentum fluxes. This
can be seen in Fig. 7 in Appendix A 4 where we show the
behavior of the fluxes at different PN orders, for both
factorizations, from weak-field regimes up to x = 0.06.
The considered orbits use the particular configuration
of eccentricity and spin of Fig. 4, ¢ = 0.5 and prograde
spin a = 0.9, with semilatera recta p = {960, 480, 240,
120, 60, 30, 15}. Figure 7 also highlights (as in Fig. 2)
the convergence of the different PN truncations of the
eccentric fluxes pointing out the correctness of the pro-
cedure (and of the expressions) used to derive the EOB
eccentric RR force in Eq. (6) in the general spinning
scenario. We performed this same test for other eccentricity
and spin configurations (e,a) of Fig. 4, finding similar
results.
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FIG. 5. The hyperbolic orbits of a TM around a Schwarzschild
BH considered in our analysis. They all have energy E, = 1.005
and critical angular momentum J,. = 4.0397. We consider five
orbits which have total angular momenta J, = {J, + 0.02,
J.+007,J.4+02,J.+0.7,J.+2}.

D. Scattering orbits in Schwarzschild

Finally, we push the comparison of the eccentric ana-
Iytical and numerical fluxes to even higher eccentricities
to the e > 1 regime (i.e., hyperbolic-scattering orbits).
In this section, we restrict our attention to nonspinning
Schwarzschild BHs.

We consider hyperbolic orbits with fixed energy
Ey=1.005, and we vary the angular momentum J,.
Figure 5 shows the five different orbits we consider. To
produce them, we examine different values of the angular
momenta by first computing the critical value J,. through
Eq. (6) of Ref. [91]. This critical angular momentum
represents the smallest value a TM with fixed energy

TABLE L

must have to still scatter back to infinity without plung-
ing into the central BH. For the chosen value of E,
it is J,. = 4.0397. We consider different values for J, =
{J.+2,J.+07,J,4+02,J.+0.07,J,. 4 0.02}, which
provide orbits with increasing scattering angle and decreas-
ing pericenter distance. As in the bound case, we compute
the analytical and numerical fluxes on these orbits. The
numerical fluxes are obtained through the TD Teukolsky
code of Refs. [82—84] as mentioned in Sec. II B, while the
analytical fluxes are computed similarly to the bound-orbits
case (i.e., by evaluating Eq. (21) on the hyperbolic geo-
desics). In the following, we consider only the multiplica-
tive implementation (6), since in Fig. 4 we observe it
improves over the additive one.

In Table I, we compare the analytical/numerical total
energy and angular momentum emitted by the TM on the
examined orbits. These quantities are evaluated by inte-
grating the fluxes on each orbit and truncating at different
PN orders. As in the case of the averaged fluxes for bound
orbits (see Sec. IIIB), we also find that the eccentric
corrections improve the agreement with the numerical
fluxes with respect to the QC case. We observe an
improvement of the PN series in the eccentric sector,
especially for orbits with smaller J. In almost all the
examined cases, the 3PN corrections provide the best
approximation of the total radiated energy and angular
momentum with respect to the numerical flux. However,
we find that the fractional differences for the orbits with
smaller J, (Jy = 4.0597 and J, = 4.1097) are greater than
10%. This is expected, because these orbits have angular
momentum close to the critical one J.. and are characterized
by strong-field regimes, where the PN expansions start to
breakdown. For the orbits with larger angular momentum,
characterized by weaker-field regimes, the residuals are
smaller (< 8%) but we do not observe a large improvement
of the PN series when increasing the order in general.
Moreover, for the trajectory with higher angular momen-
tum (Jo = 6.0397), we observe a slight deterioration of the
PN series, with the eccentric 1PN corrections providing the
best approximation. We believe this is because even in

Comparison of the analytical/numerical total emitted energy and angular momentum for the different hyperbolic orbits

shown in Fig. 5. The analytical fluxes are computed with the multiplicative implementation (6). For each orbit with energy E, and
angular momentum J,,, we show the values of the pericenter distance r,, the numerical total emitted energy Et, and angular-
momentum Jr., and the fractional differences between the analytical emitted energy/angular-momentum, truncated at different PN
orders in the eccentric sector, and the total numerical fluxes.

E, Jo p Eteux O0Ege  OE\pn OEpn  OEspy JTeuk oJoc O6Jipn OJapn 6J3px
1.005 4.0597 439 2.605x 107" 0.3304 0.2095 0.2122 0.1330 2.805 0.2121 0.1948 0.1637 0.0998
1.005 4.1097 4.83 1.450x 10~ 0.3316 0.1571 0.1650 0.0964 1.818 0.1701 0.1433 0.1135 0.0593
1.005 42397 564 6.680x 1072 0.3523 0.1056 0.1204 0.0807 1.062 0.1318 0.0927 0.0711 0.0412
1.005 4.7397 8.14 1381 x 102 0.4282 0.0473 0.0673 0.0631 3.836 x 10! 0.0964 0.0394 0.0357 0.0370
1.005 6.0397 14.67 1477 x10~3 0.5225 0.0065 0.0093 0.0103 9.761 x 1072 0.0911 0.0159 0.0224 0.0280
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Instantaneous fluxes for hyperbolic orbits with Eq = 1.005 and J, = {4.0597, 6.0397}. Black curves are the numerical fluxes,

blue-dotted ones represent QC fluxes, red curves are the fluxes containing 1PN eccentric corrections while orange and green curves are
the eccentric 2PN and 3PN corrected fluxes. The portion of orbit we consider is highlighted in light-blue in the orbit-plot and it is

for r < 30.

the far weak field these orbits still have high (relativistic)
velocities.

To provide an intuitive picture of this last point we
consider again the instantaneous fluxes. Figure 6 shows the
time-dependent fluxes for the hyperbolic encounters with
the highest (Jo = 4.0597) and smallest (Jy = 6.0397)
scattering angle. From the plots, we observe that for the
orbit with the highest scattering angle, in the mild/
weak-field regime part of the orbits (when r > 20), the
analytical fluxes differ by > 80% from the numerical ones.
This is particularly evident for the ECC2PN and ECC3PN
fluxes, for which the fractional difference is > 100%. We
observe a similar pattern for the orbit with the smallest
scattering angle (Jo = 6.0397) (i.e., in the weak-field
regime), a large mismatch between the numerical and
the analytical curves arises. This large fractional difference
we observe for r > 20 is caused by the fact that, for
hyperbolic orbits, considering the weak-gravitational-field
regime does not necessarily correspond to considering

small velocities (v << 1) of the TM. This large-velocity
regime deteriorates the convergence of the PN expansion,
as shown in the last line of Table L.

IV. CONCLUSIONS

In this work, we tested an EOB eccentric RR force
computed with the same procedure as Ref. [60] with a
different gauge choice for the leading PN order. The
nonspinning 3PN part of this RR force is derived in
Ref. [64] while the SO and SS contributions, at 1.5PN
and 2PN respectively, are similar to the ones of Ref. [60]
but computed taking into account the different gauge
choice of the leading order. We considered two possible
resummations of this force: a multiplicative (6a) and an
additive (6b) one. The assessment of the resummations is
performed by considering a TM orbiting the equatorial
plane of a Kerr BH. We computed the analytical energy and
angular-momentum fluxes, which are linked to the RR
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force through the balance equations (21), on eccentric
geodesics of the Kerr metric, and we compared them with
the numerical fluxes computed through the use of a FD [81]
and a TD [82-84] Teukolsky codes. We focused our
analysis on the orbit-averaged fluxes for bound orbits
and on the emitted energy and angular momentum for
hyperbolic orbits. This is because when integrating the
fluxes over an orbit, we are sure that any degradation
coming from the PN-expanded Schott terms is integrated
out and we can test the RR force resummations.

When considering bound orbits in the weak-field limit,
we recovered the expected scaling of the different PN
truncations of the fractional difference of the averaged
fluxes, indicating that the procedure used to compute the
RR force and its resummed expressions are both correct.
We also showed that the eccentric corrections to the RR
force are necessary to improve the QC fluxes in this regime.
This improvement over the QC fluxes is of the order of 103
when considering the ECC3PN fluxes for orbits with
x ~ 1073, For nonspinning bound orbits in stronger-field
regimes, computed up to the LSO, we found that the
fractional differences of the averaged fluxes are < 5% for
eccentricity up to e = (.7. This result holds for both the
multiplicative and additive resummations.

For the more general case of bound equatorial geodesics
of a Kerr BH, characterized by x < 0.06, ¢ = [0,0.7] and
a =[-0.99,0.99], we found that for e < 0.3 the fluxes
discrepancies are < 0.5% for both resummations. For
larger eccentricities up to e = 0.7, we showed that the
multiplicative implementation provides discrepancies with
the numerical fluxes that are < 5%, while for the additive
implementation, we found larger fractional differences, up
to ~#15% values. This indicates that, in the considered part
of the parameter space, the multiplicative resummation (6)
is a better approximation of the fluxes up to regimes with
x=0.06. This is especially true for highly eccentric (¢ =0.7)
and prograde orbits with large Kerr spin (a = 0.99).

Finally, we concluded our analysis by considering
geodesic hyperbolic orbits with fixed energy E = 1.005
and different angular momenta. We found that the 3PN
eccentric corrections of the multiplicative resummation
improve the total emitted energy and angular momentum
for hyperbolic encounters with angular momenta closer to
the critical one. However, for these orbits, the relative
differences at 3PN are larger than 8%, due to the stronger-
field regimes characterizing them. For the unbound orbits
in weaker-field regimes, we found smaller values of the
fractional differences (< 7%) of the emitted energy and
angular momentum. However, we observed a deterioration
of the convergence of the PN series, with the 3PN
corrections providing higher discrepancies. We pointed
out this may be due to the fact that for unbound orbits
the weak—gravitational-field regime does not necessarily
imply small velocities, impacting the convergence of the
eccentric PN orders.

The results we found for the unbound case indicate that
the RR force should be further improved for large eccen-
tricities and high velocities. There are possible different
strategies to tackle this last point: one possibility is to
determine whether different parametrizations improve the
results we find. Another strategy could be to perform a
further resummation of the eccentric corrections to the RR
force F7j. in Eq. (6). A different approach would be to
numerically inform the eccentric corrections by introducing
terms that fit the numerical fluxes in the parameter space.
We believe all these strategies are promising for improving
the EOB eccentric fluxes we studied in this work, and we
leave them to future works.
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APPENDIX A: ECCENTRICITY CORRECTIONS
TO THE RR FORCE

In this appendix, we summarize the process employed to
compute the 3PN eccentric corrections to the QC RR force
(7) and the expressions for the Schott energy and angular
momentum, in the TM limit. A more detailed procedure
and the expressions valid for generic mass ratios are
presented in Ref. [64], based on the ideas and calculations
of Refs. [50,60]. Here, we just outline the basic steps
necessary to derive the expressions used in this work.

We start by writing Egs. (19) and (20) in the form

i’fr = _(DE + (pq)J - ESchotl + gb]Schom (Ala)

f(p = _q)J - JScholt- (Alb)
Given expressions for the fluxes @ and ®;, Ansditze for the
Schott terms Egpor and Jgenorn, and the equations of motion
(5), we employ Eq. (A1) to determine PN expressions for
the radial and azimuthal components of the RR force.
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More specifically, we employ the complete 3PN expres-
sions of the EOB fluxes presented in Ref. [64]. Then, the
free unknown coefficients (gauge constants) appearing in
the Ansdtze for the Schott terms are determined by
imposing the regularity of the radial component of the
RR force in the QC limit (this means no 1/ p, terms in F,),
and by choosing a specific gauge. Following Refs. [60,64]
we employ a gauge that satisfies

Fp==0;+0(p7). (A2a)
]:

Tr_Zo s o), (A2b)

Pr Py

With this choice, the QC limit of the resulting RR force
satisfies the gauge used in SEOBNRv5HM, which is given
by Eq. (7).

At leading PN order, the components of the RR force, in
a generic gauge, are given by

8

FLO — 12’:3’ {(—305 +96+3)p* + (9a— 156+ 9)p?
- 1
+W], (A3a)
r

8 3(a—2
FLo = yp;” 9(a+1)p? =32+ a)p? —|—M ,

15r r

(A3b)

where p* = p + p2/r?, and {a,p} are gauge constants,
representing the gauge freedom in defining the RR
force [93,94].% In particular, the gauge in Eq. (A2) fixes
the value of a to be —16/3, but leaves f unspecified. As
shown in Ref. [64], § needs to equal —13/2 to avoid a

|

2.5PN modification (relative to the leading order) of the QC
orbital phase when transforming between harmonic and
EOB coordinates. For the expressions of this work, we use
the aforementioned values of a and 3, to be consistent with
Ref. [64]. As a consequence of this, the expressions used
here do not follow the RR gauge employed in Ref. [60].

The next step consists in factorizing the RR force in
terms of a QC part and an eccentric correction. In this way,
given the PN expressions of F, and F,, and the QC part
given by Eq. (7), we determine the different PN expressions
for F5¢ and F7 which are specified in Eq. (6). The
results valid for the TM limit are explicitly shown in
Appendixes A 1 and A 2. Additionally, the expressions for
the time derivatives of the Schott terms in the TM limit are
shown in Appendix A 3.

In the following subsections, we write the expressions in
terms of the variables {r, p, , vy}, where r is the radial
separation, p, is the radial momentum conjugate to the
tortoise coordinate r,, and v, is given by

_ (L p, )Y

Vo Jr (A4)

1. Multiplicative corrections

The expressions of the eccentric corrections for the
multiplicative implementation (6) are given by

‘7_—$cc,mult _ ‘7:9PN + flPN + ‘7_-}.5PN~Ta11 4 ‘;E-}I‘.SPNVSO + .7:%PN
+ ‘7_—%PN,SS + F%SPN,Tall + fEPN + f%PN,Tall’
(A5)

where the expressions of the different PN orders are

19p2 55 79rv3
f(BPN - - o 0 ) A6
12r0f  24r70) 24 (AGa)
FIPN 19p‘,‘* 88p‘,‘* 131p%* 19 , 55 6851p3* 617p3* rv% 52459p%* 55
= — —_— —_— _— T —_— —_— —_— —_—
' 36rto)Y  63rvf  72r0)0 432 Prito =504y vy 1008 12096rv3  36r0)°
79 S5 pl2 823r3vg 52897 55r2118 151855 218119r1}g 472191)(2) (AGD)
864 ° 504 2016r3vé 864 24192r211(2) 24192 2016
15PN, Tail 5pi, +461p§* 4 79 5 (A6c)
P = - ’ ¢
"15760, " 72rvp 6770, 60
*Different values for the gauge constants a and § have been considered in the literature. For example: the choice a = —1,

B = 0 corresponds to the harmonic RR gauge [95]; the values @ = 5/3, # = 3 correspond to the Arnowitt-Deser-Misner (ADM) RR
gauge [96,97]; and the values a = 0, # = 2 correspond to a choice employed in Ref. [50] for a “minimal decomposition” of the energy

and angular momentum fluxes.
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1902 19 2902 79 55 55 775 659
1.5PN,SO Ty 2 3 Iy 5,13 2.7 5

! el 2 NIEA P < I iy S R iy~ A6d
“lisAy] " 1aa’ v = 9rv, 288" 0 36557 288 0T 727y, 720 (A6d)

95p¢. 211p8 N 1013p%  115pF  1055pF  52459p} N 13pt 3§ 605p) n 1129
432r7v(1)6 3024r411(1)0 864r1}3 96}’81)16 961 v(l)o 72576r41}(8) 6048 84rty 4 672
B 1576531p‘,‘* B 19p, 155p, 19p% r71)(l)6 60605p, 19 pz 5,12 _ 361691p, 86141p, r ”0

508032r1)(2) 864  72r°p 16 15552 2016/% 10 336 0 145152r5v0 217728
B 2683325p%* N 9343p% rzvg 58524917p%* B 31 1993pr* rvﬁ B 11628649pi N 155599p§* U(z) B 275
1209673 v 4 8064 6773761 2 127008 451584r 4032 2161"101)(1)6

7903 373r7vl® 54101 55r%v4° 151855 +543029r5 vpt 1163r*0* 3017773 vl°
31104 12096 3024r7v 10 31104 72576r6vg 435456 896 1016064

380027 158533859 n 9287503r2v(8) 100860815 n 148133911r0§ = 62655103  141658627v;
226814 vy 2032128r311(% 435456 270950472 2709504 4032r 2032128

(A6e)

4 2
Pr. 1TV,

2PN _
FPN=—

19p% 55p2 19
FENSS _ 0| reo .o Y5 38
CLUT8R 0 " 36500 T 19270

55 79 o 5313
—— — =TV .
1272 12797 96r

131p7  19p7 79 syt 14555 L
7270 6r 384" 0 TogAyd 384’ 0

(A6f)

F%.SPN,Tall —

5p8 413p%  Spjrtuy  1849pt  413pt rPvy  1090127p) 13805pt vy 935p2
691230] 345600, 20736 3456r°v] 34560 241920rv, 580608  432r°u]
_689p} rlvg  261253p}  25385p} ruy  198055p7 vy 719 L9 s 1633 4

2592 268820 6048 9072r 36r0) 144 0 504 0

201715 _ 71 5 o 2272937 _725615rv) 4856313
2016r°y, 144" 0 5376, 16128 504 |

79713 (3)2 971,128 19pZ r1'of 55rlové6 26209703t 3487pi v 141187803
1119744 326592 559872 ' 1119744 10450944 © 1306368 2612736
266785177 v3° B 278995p7 r'uvi} N 4362881708 N 313pt rlol ~ 1315p2 révl® N 82014301996
12573792 5225472 10450944 326592 32256 4389396480
290025695 p? v _ 383131475r%05* 263p} rof?  18791p2 r4v(1)2 31850749130 19p} r*o)?
201180672 36578304 2304 20736 85349376 11664
_ 398293579p7 r'u’ N 39377759509r20)0 63462257 p} v} . 3081350551 p? 20§ N 343837498725233r 08
2194698240 877879296 50295168 134120448 1351934115840
2033 3 33812 ¢ 16906 In2 71pr r 1)8 47429p‘,1 rzvg 2094514621p%*r118
——rvglnr ————ryglnyy — rvg —
70 315 315 2268 48384 341397504
94030312744305  996721p2 v}  24034505pt rvy 152931790  68397359pF v3  911609p8 rv
2048385024 9216 4064256 31752r 6531840 598752
1712p2 v3Inr 235403 Inr  16264p% v3Inv, 470803 Inwv, 551068833699073p2 v}
35r 452 315r 632 3379835289600r
2181004862746547v3  8132p2 v3In2 2354032 373p%  15435593p%  13372807411p2
675967057920072 315r 63r2 24192 1053696r 2528870472

3PN _
FIN =
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19883313892
30481927312

2744503025  856p? Inr
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299376007 v
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75866112
23861p% Inr
630/ vy
112700503
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135077p8  32911p¢ 1193113967 p*
©149688rv¢ | 18711720% 1330560077 v
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264151p°

241921510
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1415p¢.
194471122

(AGh)

5593639pF  1044921875p% In5
3150730 12096°0%
1870681p% v 208984375p% 131n5

4200 6048

1061386821 p? In3
1120073 v?

548384416p% n2 5
15750} P

144
34399323 , . 698109088pf eiin2  7035°p
goo /Yot 4725

1874 1J0
75221yp%  100258619p2  75221p2 lnr 1794069p2 In3 51789391 p2 In2
630/ 1176007t 420r%p 124 1890/t
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10372 p,* vo
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4137?
1870

o8 In v (A6i)

where y ~ 0.577 is the Euler-gamma constant.
While for the azimuthal component of the RR force we have

2PN, 2.5PN, Tail
f Ss+f 5 ai

fgacc,mult _ ngN flPN + fl .5PN,Tail + fl .SPN, SO fg;PN ]:-3PN 4 ]:~3PN Tall7 (A7)

with

29p2. 11
12rv

3 5rv3
6 ’

FON — (A8a)

2,4
6r-vg

29p, 29
36 10

557r3 8

58p}.  20p;,
C63r08 | 9rwl0

10687

]:'IPN

11-20§

—43—2Pr

2 2
5 1977p2 613 , ,  80069p2

11 5P

50477110
164302

0T 204
30371 138051

1209673

1008 201670 216

49])?* 171p%* 29pi

1.5PN, Tail
Fo =

6048202 6048 2016 °

167 10

109 s
+ = ryp |,

1440720] T 16r%0] 3rug

48rv] B 16r7v, 3
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fSPN JTail __

2. Additive RR force eccentric corrections

Here we provide the additive implementation (6b) expressions. For the radial component we have
ficc.add — FOPN —’—flPN + f}.SPN.Taﬂ + f}..SPN,SO + fQ,PN + f%PN,SS + f%.SPN,Tail +f3PN + f%PN,Tail (A9)
r r r r ’
where the different terms are
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3. Schott terms

Here we provide the expressions of the total time derivative of the Schott terms introduced in Egs. (19a) and (19b). They
are expressed as functions of the variables {r, p, ,vo}. For the Schott term contribution to the energy balance equation
we have

Exanon = ERY + BTN -+ ELINTS 4 EUSNSO 4 g ) GEINSS | 2T | gy pIATL - (A13)
where
4 2 2,6
PN _ 152p}  76p;, N 548p; vy 160§ _ 16rv? (Al4a)
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while for the Schott terms related to the angular momentum flux we have
e = T+ AN <+ JIGPNTH . JLSPNSO N JEINSS . JRENTALy iy TS (A1)
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We remark that these total time derivatives of the Schott terms have to be computed on the geodesics and plugged in the

balance equations.
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FIG. 7. Absolute value of the fractional differences defined in Eq. (23) of the averaged fluxes computed on orbits in a weak-field
regime. The x-axis corresponds to the gauge-invariant variable x = (¢)?/3. The orbits are characterized by the parameters ¢ = 0.5,
a=0.9 and p = {960, 480, 240, 120, 60, 30, 15, 12.797}. Dotted lines correspond to the additive implementation (add) while solid
lines correspond to the multiplicative (mult) implementation. Empty circle dots represent negative values of the fractional differences,
highlighting zero crossing in the log-log plots. We highlight with a dashed vertical gray line the orbit with x = 0.06, which is also shown

in the contour plot of Fig. 4.

4. PN scaling assessment for spinning orbits

In Fig. 7, we show a similar plot to the one in Fig. 2 for
eccentric orbits with e = 0.5 around a Kerr BH with spin
a=0.9. We test the weak-field regime scaling of the
different PN order of the eccentric corrections to the RR
force in Eq. (6) by studying the fractional differences of
the orbit-averaged analytical and numerical fluxes. As in
the nonspinning case, we recover the correct scaling of the
different PN truncations, which is expected to be x~(*+1/2),
with n being the PN order at which we perform the
truncation. However, in the spinning case, our analysis
has an important caveat: the analytical fluxes we consider
contain SO and SS spin corrections at 2PN. This means that
the ECC3PN fluxes do not contain the spin contributions at
2.5PN and 3PN. As a consequence the ECC3PN lines in
Fig. 7 exhibit the same scaling (slope) as the ECC2PN,
but they still improve the ECC2PN lines exhibiting a shift
down. In the plot we highlight with a vertical gray curve the
orbit with x = 0.06 which is present in the contour plot of
Fig. 4. This plot extends to regimes x < 0.06 what we
found in Fig. 4: the multiplicative ECC3PN corrections in
Eq. (6) perform better than the additive ECC3PN in Eq. (6),
especially for eccentric orbits with prograde spin.

APPENDIX B: INSTANTANEOUS FLUXES FROM
FREQUENCY DOMAIN TEUKOLSKY
SOLUTIONS

The frequency domain solutions to the Teukolsky
equation at future null infinity for a particle traveling on
an eccentric geodesic take the form

W4 = Zzlmn_gslmwm (COS e)eimd)e_iwm”t’ (Bl)

Imn

where the _,S,,,, ~spin-weighted spheroidal harmonics
of weight —2, and the mode frequencies are ®,,, =
mQy + n€, with Q, and Q, the azimuthal and radial
frequencies. To build the instantaneous fluxes using
Eq. (18) we first project the spheroidal harmonics
—>Simae,, onto spherical harmonics _,Y,,, using,

_2S1mm,,m (COS g)eim(/) = Z(—Qbmn)lf—Z Yfm (97 ¢)’ (B2)
3

where the coefficients (_,b,,,)! are obtained using the
algorithm of Ref. [98]. This allows us to define the spin-
weighted spherical harmonic coefficients of yy,

men = Zzlmn(—zbmn)[f' (B3)
1

Combining the above expressions with Eq. (18), and
applying the orthogonality relations for products of spin-
weighted harmonics when integrated over the sphere, we
obtain the following closed-form expressions for the
instantaneous flux,

1 Zf Z* ! . /
o, — — mn=¢mn’ ,—i(n—n )9,17 d B4
E 4r f%}’;l/ DOy’ ¢ o ( a)
1 Z ng* ’ . ’
q)] _ 4_ Z m 2 2fmn e—z(n—n )Q,.t' (B4b)

Wy 0
£mnn’ mn="mn

044036-24



TESTING ECCENTRIC CORRECTIONS TO THE RADIATION- ...

PHYS. REV. D 111, 044036 (2025)

[1] B.P. Abbott ef al. (LIGO Scientific and Virgo Collabora-
tions), GWTC-1: A gravitational-wave transient catalog of
compact binary mergers observed by LIGO and Virgo
during the first and second observing runs, Phys. Rev. X
9, 031040 (2019).

[2] R. Abbott et al. (LIGO Scientific and Virgo Collaborations),
GWTC-2: Compact binary coalescences observed by LIGO
and Virgo during the first half of the third observing run,
Phys. Rev. X 11, 021053 (2021).

[3] R. Abbott ef al. (LIGO Scientific and Virgo Collaborations),
GWTC-2.1: Deep extended catalog of compact binary
coalescences observed by LIGO and Virgo during the first
half of the third observing run, Phys. Rev. D 109, 022001
(2024).

[4] R. Abbott et al. (LIGO Scientific, Virgo, and KAGRA
Collaborations), GWTC-3: Compact binary coalescences
observed by LIGO and Virgo during the second part of the
third observing run, Phys. Rev. X 13, 041039 (2023).

[5] B.P. Abbott et al. (KAGRA, LIGO Scientific, and Virgo
Collaborations), Prospects for observing and localizing
gravitational-wave transients with Advanced LIGO, Ad-
vanced Virgo and KAGRA, Living Rev. Relativity 21, 3
(2018).

[6] M. Punturo et al., The Einstein Telescope: A third-
generation gravitational wave observatory, Classical Quan-
tum Gravity 27, 194002 (2010).

[71 M. Evans et al., A horizon study for Cosmic Explorer:
Science, observatories, and community, arXiv:2109.09882.

[8] P. Amaro-Seoane et al., Laser Interferometer Space An-
tenna, arXiv:1702.00786.

[9] S. Hild et al., Sensitivity studies for third-generation
gravitational wave observatories, Classical Quantum Grav-
ity 28, 094013 (2011).

[10] B.P. Abbott et al. (LIGO Scientific Collaboration), Explor-
ing the sensitivity of next generation gravitational wave
detectors, Classical Quantum Gravity 34, 044001 (2017).

[11] S. Babak, J. Gair, A. Sesana, E. Barausse, C. F. Sopuerta,
C.P.L. Berry, E. Berti, P. Amaro-Seoane, A. Petiteau, and
A. Klein, Science with the space-based interferometer
LISA. V: Extreme mass-ratio inspirals, Phys. Rev. D 95,
103012 (2017).

[12] J.R. Gair, S. Babak, A. Sesana, P. Amaro-Seoane, E.
Barausse, C.P.L. Berry, E. Berti, and C. Sopuerta, Pros-
pects for observing extreme-mass-ratio inspirals with LISA,
J. Phys. Conf. Ser. 840, 012021 (2017).

[13] P.C. Peters and J. Mathews, Gravitational radiation from
point masses in a Keplerian orbit, Phys. Rev. 131, 435 (1963).

[14] P. C. Peters, Gravitational radiation and the motion of two
point masses, Phys. Rev. 136, B1224 (1964).

[15] L. Mandel and R. O’Shaughnessy, Compact binary coales-
cences in the band of ground-based gravitational-wave
detectors, Classical Quantum Gravity 27, 114007 (2010).

[16] C.L. Rodriguez and A. Loeb, Redshift evolution of the
black hole merger rate from globular clusters, Astrophys. J.
Lett. 866, LS (2018).

[17] G. Fragione and B. Kocsis, Black hole mergers from an
evolving population of globular clusters, Phys. Rev. Lett.
121, 161103 (2018).

[18] M. Zevin, I. M. Romero-Shaw, K. Kremer, E. Thrane, and
P.D. Lasky, Implications of eccentric observations on

binary black hole formation channels, Astrophys. J. Lett.
921, L43 (2021).

[19] Y. Kozai, Secular perturbations of asteroids with high
inclination and eccentricity, Astron. J. 67, 591 (1962).

[20] M. Lidov, The evolution of orbits of artificial satellites of
planets under the action of gravitational perturbations of
external bodies, Planet. Space Sci. 9, 719 (1962).

[21] J. Samsing, M. MacLeod, and E. Ramirez-Ruiz, The
formation of eccentric compact binary inspirals and the
role of gravitational wave emission in binary-single stellar
encounters, Astrophys. J. 784, 71 (2014).

[22] M. Zevin, J. Samsing, C. Rodriguez, C.-J. Haster, and E.
Ramirez-Ruiz, Eccentric black hole mergers in dense star
clusters: The role of binary—binary encounters, Astrophys. J.
871, 91 (2019).

[23] S.F. Portegies Zwart and S. McMillan, Black hole mergers
in the universe, Astrophys. J. Lett. 528, L17 (2000).

[24] M. C. Miller and D. P. Hamilton, Production of intermediate-
mass black holes in globular clusters, Mon. Not. R. Astron.
Soc. 330, 232 (2002).

[25] L M. Romero-Shaw, P.D. Lasky, and E. Thrane,
Searching for eccentricity: Signatures of dynamical forma-
tion in the first gravitational-wave transient catalogue of
LIGO and Virgo, Mon. Not. R. Astron. Soc. 490, 5210
(2019).

[26] I. M. Romero-Shaw, P.D. Lasky, E. Thrane, and J.C.
Bustillo, GW190521: Orbital eccentricity and signatures
of dynamical formation in a binary black hole merger signal,
Astrophys. J. Lett. 903, L5 (2020).

[27] I. M. Romero-Shaw, P. D. Lasky, and E. Thrane, Signs of
eccentricity in two gravitational-wave signals may indicate a
subpopulation of dynamically assembled binary black
holes, Astrophys. J. Lett. 921, L31 (2021).

[28] I. M. Romero-Shaw, P.D. Lasky, and E. Thrane, Four
eccentric mergers increase the evidence that LIGO-
Virgo-KAGRA'’s binary black holes form dynamically,
Astrophys. J. 940, 171 (2022).

[29] R. Gamba, M. Breschi, G. Carullo, S. Albanesi, P. Rettegno,
S. Bernuzzi, and A. Nagar, GW190521 as a dynamical
capture of two nonspinning black holes, Nat. Astron. 7, 11
(2023).

[30] V. Gayathri, J. Healy, J. Lange, B. O’Brien, M.
Szczepanczyk, I. Bartos, M. Campanelli, S. Klimenko,
C. O. Lousto, and R. O’Shaughnessy, Eccentricity estimate
for black hole mergers with numerical relativity simulations,
Nat. Astron. 6, 344 (2022).

[31] A. Bonino, R. Gamba, P. Schmidt, A. Nagar, G. Pratten, M.
Breschi, P. Rettegno, and S. Bernuzzi, Inferring eccentricity
evolution from observations of coalescing binary black
holes, Phys. Rev. D 107, 064024 (2023).

[32] H. L. Iglesias et al., Eccentricity estimation for five binary
black hole mergers with higher-order gravitational wave
modes, Astrophys. J. 972, 65 (2024).

[33] T. A. Clarke, I. M. Romero-Shaw, P.D. Lasky, and E.
Thrane, Gravitational-wave inference for eccentric binaries:
The argument of periapsis, Mon. Not. R. Astron. Soc. 517,
3778 (2022).

[34] A.M. Knee, I. M. Romero-Shaw, P.D. Lasky, J. Mclver,
and E. Thrane, A rosetta stone for eccentric gravitational
waveform models, Astrophys. J. 936, 172 (2022).

044036-25


https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1103/PhysRevX.11.021053
https://doi.org/10.1103/PhysRevD.109.022001
https://doi.org/10.1103/PhysRevD.109.022001
https://doi.org/10.1103/PhysRevX.13.041039
https://doi.org/10.1007/s41114-018-0012-9
https://doi.org/10.1007/s41114-018-0012-9
https://doi.org/10.1088/0264-9381/27/19/194002
https://doi.org/10.1088/0264-9381/27/19/194002
https://arXiv.org/abs/2109.09882
https://arXiv.org/abs/1702.00786
https://doi.org/10.1088/0264-9381/28/9/094013
https://doi.org/10.1088/0264-9381/28/9/094013
https://doi.org/10.1088/1361-6382/aa51f4
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1088/1742-6596/840/1/012021
https://doi.org/10.1103/PhysRev.131.435
https://doi.org/10.1103/PhysRev.136.B1224
https://doi.org/10.1088/0264-9381/27/11/114007
https://doi.org/10.3847/2041-8213/aae377
https://doi.org/10.3847/2041-8213/aae377
https://doi.org/10.1103/PhysRevLett.121.161103
https://doi.org/10.1103/PhysRevLett.121.161103
https://doi.org/10.3847/2041-8213/ac32dc
https://doi.org/10.3847/2041-8213/ac32dc
https://doi.org/10.1086/108790
https://doi.org/10.1016/0032-0633(62)90129-0
https://doi.org/10.1088/0004-637X/784/1/71
https://doi.org/10.3847/1538-4357/aaf6ec
https://doi.org/10.3847/1538-4357/aaf6ec
https://doi.org/10.1086/312422
https://doi.org/10.1046/j.1365-8711.2002.05112.x
https://doi.org/10.1046/j.1365-8711.2002.05112.x
https://doi.org/10.1093/mnras/stz2996
https://doi.org/10.1093/mnras/stz2996
https://doi.org/10.3847/2041-8213/abbe26
https://doi.org/10.3847/2041-8213/ac3138
https://doi.org/10.3847/1538-4357/ac9798
https://doi.org/10.1038/s41550-022-01813-w
https://doi.org/10.1038/s41550-022-01813-w
https://doi.org/10.1038/s41550-021-01568-w
https://doi.org/10.1103/PhysRevD.107.064024
https://doi.org/10.3847/1538-4357/ad5ff6
https://doi.org/10.1093/mnras/stac2965
https://doi.org/10.1093/mnras/stac2965
https://doi.org/10.3847/1538-4357/ac8b02

GUGLIELMO FAGGIOLI et al.

PHYS. REV. D 111, 044036 (2025)

[35] A. Ramos-Buades, A. Buonanno, and J. Gair, Bayesian
inference of binary black holes with inspiral-merger-
ringdown waveforms using two eccentric parameters, Phys.
Rev. D 108, 124063 (2023).

[36] A. Buonanno and T. Damour, Effective one-body approach
to general relativistic two-body dynamics, Phys. Rev. D 59,
084006 (1999).

[37] A. Buonanno and T. Damour, Transition from inspiral to
plunge in binary black hole coalescences, Phys. Rev. D 62,
064015 (2000).

[38] T. Damour, B. R. Iyer, and A. Nagar, Improved resumma-
tion of post-Newtonian multipolar waveforms from circu-
larized compact binaries, Phys. Rev. D 79, 064004 (2009).

[39] Y. Pan, A. Buonanno, R. Fujita, E. Racine, and H. Tagoshi,
Post-Newtonian factorized multipolar waveforms for spin-
ning, non-precessing black-hole binaries, Phys. Rev. D 83,
064003 (2011); 87, 109901(E) (2013).

[40] Y. Pan, A. Buonanno, A. Taracchini, L. E. Kidder, A. H.
Mroué, H.P. Pfeiffer, M. A. Scheel, and B. Szilagyi,
Inspiral-merger-ringdown waveforms of spinning, precess-
ing black-hole binaries in the effective-one-body formalism,
Phys. Rev. D 89, 084006 (2014).

[41] A. Taracchini et al., Effective-one-body model for black-
hole binaries with generic mass ratios and spins, Phys. Rev.
D 89, 061502 (2014).

[42] A. Bohé et al., Improved effective-one-body model of
spinning, nonprecessing binary black holes for the era of
gravitational-wave astrophysics with advanced detectors,
Phys. Rev. D 95, 044028 (2017).

[43] A. Nagar et al., Time-domain effective-one-body gravita-
tional waveforms for coalescing compact binaries with
nonprecessing spins, tides and self-spin effects, Phys.
Rev. D 98, 104052 (2018).

[44] R. Cotesta, A. Buonanno, A. Bohé, A. Taracchini, I. Hinder,
and S. Ossokine, Enriching the symphony of gravitational
waves from binary black holes by tuning higher harmonics,
Phys. Rev. D 98, 084028 (2018).

[45] S. Babak, A. Taracchini, and A. Buonanno, Validating the
effective-one-body model of spinning, precessing binary
black holes against numerical relativity, Phys. Rev. D 95,
024010 (2017).

[46] S. Ossokine et al., Multipolar effective-one-body wave-
forms for precessing binary black holes: Construction and
validation, Phys. Rev. D 102, 044055 (2020).

[47] A.Nagar and P. Rettegno, Efficient effective one body time-
domain gravitational waveforms, Phys. Rev. D 99, 021501
(2019).

[48] G. Riemenschneider, P. Rettegno, M. Breschi, A. Albertini,
R. Gamba, S. Bernuzzi, and A. Nagar, Assessment of
consistent next-to-quasicircular corrections and postadia-
batic approximation in effective-one-body multipolar wave-
forms for binary black hole coalescences, Phys. Rev. D 104,
104045 (2021).

[49] L. Pompili et al., Laying the foundation of the effective-one-
body waveform models SEOBNRvS: Improved accuracy
and efficiency for spinning nonprecessing binary black
holes, Phys. Rev. D 108, 124035 (2023).

[50] D. Bini and T. Damour, Gravitational radiation reaction
along general orbits in the effective one-body formalism,
Phys. Rev. D 86, 124012 (2012).

[51] T. Hinderer and S. Babak, Foundations of an effective-one-
body model for coalescing binaries on eccentric orbits,
Phys. Rev. D 96, 104048 (2017).

[52] Z. Cao and W.-B. Han, Waveform model for an eccentric
binary black hole based on the effective-one-body-
numerical-relativity formalism, Phys. Rev. D 96, 044028
(2017).

[53] X. Liu, Z. Cao, and L. Shao, Validating the effective-one-
body numerical-relativity waveform models for spin-
aligned binary black holes along eccentric orbits, Phys.
Rev. D 101, 044049 (2020).

[54] X. Liu, Z. Cao, and Z.-H. Zhu, A higher-multipole gravi-
tational waveform model for an eccentric binary black holes
based on the effective-one-body-numerical-relativity for-
malism, Classical Quantum Gravity 39, 035009 (2022).

[55] X. Liu, Z. Cao, and L. Shao, Upgraded waveform model of
eccentric binary black hole based on effective-one-body-
numerical-relativity for spin-aligned binary black holes, Int.
J. Mod. Phys. D 32, 2350015 (2023).

[56] D. Chiaramello and A. Nagar, Faithful analytical effective-
one-body waveform model for spin-aligned, moderately
eccentric, coalescing black hole binaries, Phys. Rev. D 101,
101501 (2020).

[57] A. Nagar, A. Bonino, and P. Rettegno, Effective one-body
multipolar waveform model for spin-aligned, quasicircular,
eccentric, hyperbolic black hole binaries, Phys. Rev. D 103,
104021 (2021).

[58] S. Albanesi, A. Nagar, and S. Bernuzzi, Effective one-body
model for extreme-mass-ratio spinning binaries on eccentric
equatorial orbits: Testing radiation reaction and waveform,
Phys. Rev. D 104, 024067 (2021).

[59] A. Placidi, S. Albanesi, A. Nagar, M. Orselli, S.
Bernuzzi, and G. Grignani, Exploiting Newton-factorized,
2PN-accurate waveform multipoles in effective-one-body
models for spin-aligned noncircularized binaries, Phys. Rev.
D 105, 104030 (2022).

[60] M. Khalil, A. Buonanno, J. Steinhoff, and J. Vines,
Radiation-reaction force and multipolar waveforms for
eccentric, spin-aligned binaries in the effective-one-body
formalism, Phys. Rev. D 104, 024046 (2021).

[61] A. Ramos-Buades, A. Buonanno, M. Khalil, and S.
Ossokine, Effective-one-body multipolar waveforms for
eccentric binary black holes with nonprecessing spins,
Phys. Rev. D 105, 044035 (2022).

[62] M. Boyle et al., The SXS Collaboration catalog of binary
black hole simulations, Classical Quantum Gravity 36,
195006 (2019).

[63] The SXS binary black hole simulations catalog, https://data
.black-holes.org/waveforms.

[64] A. Gamboa, M. Khalil, and A. Buonanno, Third post-
Newtonian dynamics for eccentric orbits and aligned
spins in the effective-one-body waveform model
SEOBNRvVSEHM, arXiv:2412.12831.

[65] A. Gamboa, A. Buonanno, R. Enficiaud, M. Khalil, A.
Ramos-Buades, L. Pompili, H. Estellés er al., Accurate
waveforms for eccentric, aligned-spin binary black holes:
The multipolar effective-one-body model SEOBNRV5EHM,
arXiv:2412.12823.

[66] A. Nagar, G. Riemenschneider, G. Pratten, P. Rettegno, and
F. Messina, Multipolar effective one body waveform model

044036-26


https://doi.org/10.1103/PhysRevD.108.124063
https://doi.org/10.1103/PhysRevD.108.124063
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.79.064004
https://doi.org/10.1103/PhysRevD.83.064003
https://doi.org/10.1103/PhysRevD.83.064003
https://doi.org/10.1103/PhysRevD.87.109901
https://doi.org/10.1103/PhysRevD.89.084006
https://doi.org/10.1103/PhysRevD.89.061502
https://doi.org/10.1103/PhysRevD.89.061502
https://doi.org/10.1103/PhysRevD.95.044028
https://doi.org/10.1103/PhysRevD.98.104052
https://doi.org/10.1103/PhysRevD.98.104052
https://doi.org/10.1103/PhysRevD.98.084028
https://doi.org/10.1103/PhysRevD.95.024010
https://doi.org/10.1103/PhysRevD.95.024010
https://doi.org/10.1103/PhysRevD.102.044055
https://doi.org/10.1103/PhysRevD.99.021501
https://doi.org/10.1103/PhysRevD.99.021501
https://doi.org/10.1103/PhysRevD.104.104045
https://doi.org/10.1103/PhysRevD.104.104045
https://doi.org/10.1103/PhysRevD.108.124035
https://doi.org/10.1103/PhysRevD.86.124012
https://doi.org/10.1103/PhysRevD.96.104048
https://doi.org/10.1103/PhysRevD.96.044028
https://doi.org/10.1103/PhysRevD.96.044028
https://doi.org/10.1103/PhysRevD.101.044049
https://doi.org/10.1103/PhysRevD.101.044049
https://doi.org/10.1088/1361-6382/ac4119
https://doi.org/10.1142/S0218271823500153
https://doi.org/10.1142/S0218271823500153
https://doi.org/10.1103/PhysRevD.101.101501
https://doi.org/10.1103/PhysRevD.101.101501
https://doi.org/10.1103/PhysRevD.103.104021
https://doi.org/10.1103/PhysRevD.103.104021
https://doi.org/10.1103/PhysRevD.104.024067
https://doi.org/10.1103/PhysRevD.105.104030
https://doi.org/10.1103/PhysRevD.105.104030
https://doi.org/10.1103/PhysRevD.104.024046
https://doi.org/10.1103/PhysRevD.105.044035
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1088/1361-6382/ab34e2
https://data.black-holes.org/waveforms
https://data.black-holes.org/waveforms
https://data.black-holes.org/waveforms
https://arXiv.org/abs/2412.12831
https://arXiv.org/abs/2412.12823

TESTING ECCENTRIC CORRECTIONS TO THE RADIATION- ...

PHYS. REV. D 111, 044036 (2025)

for spin-aligned black hole binaries, Phys. Rev. D 102,
024077 (2020).

[67] A. Nagar and P. Rettegno, Next generation: Impact of
high-order analytical information on effective one body
waveform models for noncircularized, spin-aligned black
hole binaries, Phys. Rev. D 104, 104004 (2021).

[68] S. Albanesi, A. Nagar, S. Bernuzzi, A. Placidi, and M.
Orselli, Assessment of effective-one-body radiation reactions
for generic planar orbits, Phys. Rev. D 105, 104031 (2022).

[69] S. Albanesi, A. Placidi, A. Nagar, M. Orselli, and S.
Bernuzzi, New avenue for accurate analytical waveforms
and fluxes for eccentric compact binaries, Phys. Rev. D 105,
L121503 (2022).

[70] A.Nagar and S. Albanesi, Toward a gravitational self-force-
informed effective-one-body waveform model for nonpre-
cessing, eccentric, large-mass-ratio inspirals, Phys. Rev. D
106, 064049 (2022).

[71] S. Albanesi, S. Bernuzzi, T. Damour, A. Nagar, and A.
Placidi, Faithful effective-one-body waveform of small-
mass-ratio coalescing black hole binaries: The eccentric,
nonspinning case, Phys. Rev. D 108, 084037 (2023).

[72] A. Placidi, G. Grignani, T. Harmark, M. Orselli, S. Gliorio,
and A. Nagar, 2.5PN accurate waveform information for
generic-planar-orbit binaries in effective one-body models,
Phys. Rev. D 108, 024068 (2023).

[73] A. Nagar, R. Gamba, P. Rettegno, V. Fantini, and S.
Bernuzzi, Effective-one-body waveform model for non-
circularized, planar, coalescing black hole binaries: The
importance of radiation reaction, Phys. Rev. D 110, 084001
(2024).

[74] A. Nagar, S. Bernuzzi, D. Chiaramello, V. Fantini, R.
Gamba, M. Panzeri, and P. Rettegno, Effective-one-body
waveform model for noncircularized, planar, coalescing
black hole binaries II: High accuracy by improving loga-
rithmic terms in resummations, arXiv:2407.04762.

[75] A. Nagar, T. Damour, and A. Tartaglia, Binary black hole
merger in the extreme mass ratio limit, Classical Quantum
Gravity 24, S109 (2007).

[76] T. Damour and A. Nagar, Faithful effective-one-body wave-
forms of small-mass-ratio coalescing black-hole binaries,
Phys. Rev. D 76, 064028 (2007).

[77] E. Barausse, A. Buonanno, S. A. Hughes, G. Khanna, S.
O’Sullivan, and Y. Pan, Modeling multipolar gravitational-
wave emission from small mass-ratio mergers, Phys. Rev. D
85, 024046 (2012).

[78] A. Taracchini, A. Buonanno, S. A. Hughes, and G. Khanna,
Modeling the horizon-absorbed gravitational flux for
equatorial-circular orbits in Kerr spacetime, Phys. Rev. D
88, 044001 (2013); 88, 109903(E) (2013).

[79] A. Taracchini, A. Buonanno, G. Khanna, and S. A. Hughes,
Small mass plunging into a Kerr black hole: Anatomy of the
inspiral-merger-ringdown waveforms, Phys. Rev. D 90,
084025 (2014).

[80] S. A. Teukolsky, Perturbations of a rotating black hole. 1.
Fundamental equations for gravitational electromagnetic
and neutrino field perturbations, Astrophys. J. 185, 635
(1973).

[81] M. van de Meent and A.G. Shah, Metric perturbations
produced by eccentric equatorial orbits around a Kerr black
hole, Phys. Rev. D 92, 064025 (2015).

[82] P. A. Sundararajan, G. Khanna, and S. A. Hughes, Towards
adiabatic waveforms for inspiral into Kerr black holes. I. A
new model of the source for the time domain perturbation
equation, Phys. Rev. D 76, 104005 (2007).

[83] P. A. Sundararajan, G. Khanna, S.A. Hughes, and S.
Drasco, Towards adiabatic waveforms for inspiral into Kerr
black holes: II. Dynamical sources and generic orbits, Phys.
Rev. D 78, 024022 (2008).

[84] S.E. Field, S. Gottlieb, Z.J. Grant, L.F. Isherwood,
and G. Khanna, A GPU-accelerated mixed-precision
WENO method for extremal black hole and gravitational
wave physics computations, Appl. Math. Comput. 5, 97
(2023).

[85] Y. Pan, A. Buonanno, L. T. Buchman, T. Chu, L. E. Kidder,
H. P. Pfeiffer, and M. A. Scheel, Effective-one-body wave-
forms calibrated to numerical relativity simulations: Coa-
lescence of non-precessing, spinning, equal-mass black
holes, Phys. Rev. D 81, 084041 (2010).

[86] T. Damour and A. Nagar, Comparing eftective-one-body
gravitational waveforms to accurate numerical data, Phys.
Rev. D 77, 024043 (2008).

[87] G. Schott, On the motion of the Lorentz electron, Philos.
Mag. 29, 49 (1915).

[88] S. Drasco and S. A. Hughes, Gravitational wave snapshots
of generic extreme mass ratio inspirals, Phys. Rev. D 73,
024027 (2006); 88, 109905(E) (2013); 90, 109905(E)
(2014).

[89] S.J. Kapadia, D. Kennefick, and K. Glampedakis, Do
floating orbits in extreme mass ratio binary black holes
exist?, Phys. Rev. D 87, 044050 (2013).

[90] M. Colleoni, L. Barack, A. G. Shah, and M. van de Meent,
Self-force as a cosmic censor in the Kerr overspinning
problem, Phys. Rev. D 92, 084044 (2015).

[91] L. Barack and O. Long, Self-force correction to the
deflection angle in black-hole scattering: A scalar charge
toy model, Phys. Rev. D 106, 104031 (2022).

[92] Black Hole Perturbation Toolkit, https://bhptoolkit.org/.

[93] B.R. Iyer and C.M. Will, PostNewtonian gravitational
radiation reaction for two-body systems, Phys. Rev. Lett.
70, 113 (1993).

[94] B.R. Iyer and C.M. Will, PostNewtonian gravitational
radiation reaction for two-body systems: Nonspinning
bodies, Phys. Rev. D 52, 6882 (1995).

[95] T. Damour and N. Deruelle, Generalized Lagrangian of two
point masses in the post-post Newtonian approximation of
general relativity, C. R. Seances Acad. Sci., Ser. 2 293, 537
(1981).

[96] G. Schifer, The equations of motion for an astrophysical
binary with accuracy 1/C°, Prog. Theor. Phys. 68, 2191
(1982).

[97] K. G. Arun, L. Blanchet, B.R. Iyer, and S. Sinha, Third
post-Newtonian angular momentum flux and the secular
evolution of orbital elements for inspiralling compact
binaries in quasi-elliptical orbits, Phys. Rev. D 80,
124018 (2009).

[98] S. A. Hughes, The evolution of circular, nonequatorial orbits
of Kerr black holes due to gravitational wave emission,
Phys. Rev. D 61, 084004 (2000); 63, 049902(E) (2001); 65,
069902(E) (2002); 67, 089901(E) (2003); 78, 109902(E)
(2008); 90, 109904(E) (2014).

044036-27


https://doi.org/10.1103/PhysRevD.102.024077
https://doi.org/10.1103/PhysRevD.102.024077
https://doi.org/10.1103/PhysRevD.104.104004
https://doi.org/10.1103/PhysRevD.105.104031
https://doi.org/10.1103/PhysRevD.105.L121503
https://doi.org/10.1103/PhysRevD.105.L121503
https://doi.org/10.1103/PhysRevD.106.064049
https://doi.org/10.1103/PhysRevD.106.064049
https://doi.org/10.1103/PhysRevD.108.084037
https://doi.org/10.1103/PhysRevD.108.024068
https://doi.org/10.1103/PhysRevD.110.084001
https://doi.org/10.1103/PhysRevD.110.084001
https://arXiv.org/abs/2407.04762
https://doi.org/10.1088/0264-9381/24/12/S08
https://doi.org/10.1088/0264-9381/24/12/S08
https://doi.org/10.1103/PhysRevD.76.064028
https://doi.org/10.1103/PhysRevD.85.024046
https://doi.org/10.1103/PhysRevD.85.024046
https://doi.org/10.1103/PhysRevD.88.044001
https://doi.org/10.1103/PhysRevD.88.044001
https://doi.org/10.1103/PhysRevD.88.109903
https://doi.org/10.1103/PhysRevD.90.084025
https://doi.org/10.1103/PhysRevD.90.084025
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1103/PhysRevD.92.064025
https://doi.org/10.1103/PhysRevD.76.104005
https://doi.org/10.1103/PhysRevD.78.024022
https://doi.org/10.1103/PhysRevD.78.024022
https://doi.org/10.1007/s42967-021-00129-2
https://doi.org/10.1007/s42967-021-00129-2
https://doi.org/10.1103/PhysRevD.81.084041
https://doi.org/10.1103/PhysRevD.77.024043
https://doi.org/10.1103/PhysRevD.77.024043
https://doi.org/10.1080/14786440108635280
https://doi.org/10.1080/14786440108635280
https://doi.org/10.1103/PhysRevD.73.024027
https://doi.org/10.1103/PhysRevD.73.024027
https://doi.org/10.1103/PhysRevD.88.109905
https://doi.org/10.1103/PhysRevD.90.109905
https://doi.org/10.1103/PhysRevD.90.109905
https://doi.org/10.1103/PhysRevD.87.044050
https://doi.org/10.1103/PhysRevD.92.084044
https://doi.org/10.1103/PhysRevD.106.104031
https://bhptoolkit.org/
https://bhptoolkit.org/
https://doi.org/10.1103/PhysRevLett.70.113
https://doi.org/10.1103/PhysRevLett.70.113
https://doi.org/10.1103/PhysRevD.52.6882
https://doi.org/10.1143/PTP.68.2191
https://doi.org/10.1143/PTP.68.2191
https://doi.org/10.1103/PhysRevD.80.124018
https://doi.org/10.1103/PhysRevD.80.124018
https://doi.org/10.1103/PhysRevD.61.084004
https://doi.org/10.1103/PhysRevD.63.049902
https://doi.org/10.1103/PhysRevD.65.069902
https://doi.org/10.1103/PhysRevD.65.069902
https://doi.org/10.1103/PhysRevD.67.089901
https://doi.org/10.1103/PhysRevD.78.109902
https://doi.org/10.1103/PhysRevD.78.109902
https://doi.org/10.1103/PhysRevD.90.109904

	Testing eccentric corrections to the radiation-reaction force in the test-mass limit of effective-one-body models
	I. INTRODUCTION
	A. Notations

	II. METHODOLOGY
	A. EOB model in the TM limit
	B. Numerical fluxes
	C. Analytical fluxes

	III. COMPARISON OF THE ANALYTICAL AND NUMERICAL FLUXES
	A. Instantaneous fluxes
	B. Averaged fluxes: Bound orbits in Schwarzschild
	C. Averaged fluxes: Bound orbits in Kerr
	D. Scattering orbits in Schwarzschild

	IV. CONCLUSIONS
	ACKNOWLEDGMENTS
	APPENDIX A: ECCENTRICITY CORRECTIONS TO THE RR FORCE
	1. Multiplicative corrections
	2. Additive RR force eccentric corrections
	3. Schott terms
	4. PN scaling assessment for spinning orbits

	APPENDIX B: INSTANTANEOUS FLUXES FROM FREQUENCY DOMAIN TEUKOLSKY SOLUTIONS
	References


