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9arspVbs- Sgd ldch]m fiksdq rbgdld hr ]m dkdf]ms) lnmnsnmd chrbqdshy]shnm ne

sgd kdudk rds enqltk]shnm ne lnshnm ax ld]m btqu]stqd- Hs stqmr nts sn dunkud

dudqx kdudk rds ne sgd hmhsh]k bnmchshnm oqdbhrdkx ax ]mnsgdq bk]rr ne ldsgncr

jmnvm ]r sgqdrgnkc cxm]lhbr- Ldch]m fiksdqr ]qd) hm nsgdq vnqcr) sgd m]stq]k

kdudk rds udqrhnmr ne sgqdrgnkc cxm]lhbr ]kfnqhsglr- Dwoknhshmf sghr bnmmdbshnm)

vd qduhrhs ldch]m fiksdqr hm khfgs ne qdbdms oqnfqdrr nm sgd sgqdrgnkc cxm]lhbr

ldsgnc- Hm o]qshbtk]q) vd fhud ] u]qh]shnm]k enqltk]shnm ne) ]mc dwghahs ]

Kx]otmnu etmbshnm enq) ldch]m fiksdqr) qdrtkshmf hm dmdqfx a]rdc tmbnmchshnm]k

rs]ahkhsx oqnodqshdr- Sgd bnmmdbshnm ]krn xhdkcr ]m]knftdr ne ldch]m fiksdqr

hm sgd ltkshog]rd rdsshmf ne ld]m btqu]stqd finv ne mdsvnqjr- Sgdrd mdv

ltkshog]rd kdudk rds ldsgncr cn mns qdpthqd eqdptdms qdchrs]mbhmf) ]mc b]m

]bbnllnc]sd ] vhcd q]mfd ne rtqe]bd sdmrhnmr-

0- Fmspnctbshnm

Lnshnm ax ld]m btqu]stqd ne ]m hmsdqe]bd+ nq mdsvnqjr ne hmsdqe]bdr ’btqudr
hm 1+ nq rtqe]bdr hm 2( ]qhrdr hm ] fqd]s u]qhdsx ne ]ookhb]shnmr- Enql]kkx+ hs
b]m ad rddm ]r fq]chdms finv ’rsddodrs cdrbdms( cxm]lhbr ]rrnbh]sdc vhsg rtqe]bd
sdmrhnm+ h-d- odqhldsdq ’kdmfsg hm 1+ nq rtqe]bd ]qd] hm 2(- ?s ]mx onhms nm
]m hmsdqe]bd+ ]v]x eqnl eqdd antmc]qhdr jmnvm ]r sqhokd itmbshnmr hm sgd mdsvnqj
b]rd+ sgd hmsdqe]bd lnudr hm sgd mnql]k chqdbshnm vhsg roddc oqnonqshnm]k sn hsr
ld]m btqu]stqd ]s sg]s onhms- He sgd hmsdqe]bd hr o]q]ldsqhydc+ sgd dunktshnm hr
cdrbqhadc ax ] rxrsdl ne o]q]ankhb o]qsh]k chffdqdmsh]k dpt]shnmr r]shrfidc ax sgd shld
cdodmcdms o]q]ldsqhy]shnm- Oqnlhmdms ]lnmf sgd ]ookhb]shnmr sghr cxm]lhbr ok]xr
] bdmsq]k qnkd hm ]qd l]sdqh]kr rbhdmbd ’dunktshnm ne lhbqnrsqtbstqd hm onkxbqxrs]kkhmd
l]sdqh]kr+ rdd d-f- W08z10+ 18“( ]mc bnlotsdq uhrhnm ’u]qh]shnm]k lncdkr enq hl]fd
rdfldms]shnm+ rdd d-f- W5+ 2.+ 28“(- Hm ansg+ ]r vdkk ]r hm l]mx nsgdqr+ sgd lnqd
bg]kkdmfhmf mdsvnqj ’]krn jmnvm ]r sgd ltkshog]rd( b]rd ne sgd oqnakdl hr qdkdu]ms-
Gdqd+ sgdqd hr sgd ]cchshnm]k bnlokhb]shnm ne dmenqbhmf m]stq]k antmc]qx bnmchshnmr
]s sqhokd itmbshnmr ]knmf vghbg sgqdd chrshmbs hmsdqe]bdr hmsdqrdbs-

Ansg hm sgd rb]k]q svn,og]rd ]mc drodbh]kkx hm sgd udbsnqh]k ltksh,og]rd b]rd+ sgd
dunktshnm b]m dms]hk rhmftk]qhshdr ]mc snonknfhb]k bg]mfdr- ?kk sgdrd ed]stqdr l]jd
dflbhdms ]mc ]bbtq]sd rhltk]shnm ne sgd cxm]lhbr bg]kkdmfhmf- Mtldqhb]k ldsgncr
sg]s qdkx nm dwokhbhs+ o]q]ldsqhydc qdoqdrdms]shnm ne sgd hmsdqe]bdr e]bd sgd c]tmshmf
s]rj ne cdsdbshmf+ bk]rrhexhmf+ ]mc [l]mt]kkx b]qqxhmf nts snonknfhb]k bg]mfdr sg]s
]qd ]kk ats hmduhs]akd hm sgd knmf qtm- Hlokhbhs ldsgncr+ rtbg ]r og]rd fidkc+ kdudk
rds W21“+ ]mc sgqdrgnkc cxm]lhbr W16“+ nm sgd nsgdq g]mc+ g]ud sn bnmsdmc vhsg

Qdbdhudc ax sgd dchsnq Cdbdladq 8) 1/11) ]mc) hm qduhrdc enql) Mnudladq 01) 1/12) ]mc Cd,

bdladq 06) 1/12-

1/1/ JWsgdlWshbr Ptaidbs BkWrrhfibWshnm- Oqhl]qx 54L01: Rdbnmc]qx 24J82-
Sgd fiqrs ]tsgnq v]r rtoonqsdc ax MRE CLR,1/01/04- Sgd rdbnmc ]tsgnq v]r rtoonqsdc ax

MRE CLR,1/01/04- Sgd sghqc ]tsgnq v]r rtoonqsdc ax QDT bnlonmdmsr ne MRE CLR,1/01/04-

b 1,13 9ldphbVm IVsgdlVshbVi Pnbhdsv

1568

Licensed to Univ of Michigan. Prepared on Mon Feb 24 09:09:47 EST 2025 for download from IP 35.2.207.204.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



157. RDJGL DRDANF̄JT+ IG=IG= FTN+ =MA A=UGA JG

mnmkhmd]q+ cdfdmdq]sd+ nq rhmftk]q OCD cdrbqhoshnmr+ ]mc g]ud sn dmrtqd bnqqdbs
bnmchshnmr ]s eqdd antmc]qhdr ]qd hmchqdbskx dmenqbdc-

Hm sghr o]odq+ vd enbtr nm svn qdk]sdc ]ooqn]bgdr sg]s qdoqdrdms sgd hmsdqe]bdr
hlokhbhskx9 Sgd kdudk rds ldsgnc W21“+ ]mc sgqdrgnkc cxm]lhbr W16+ 17“- Sgd enqldq
g]r ] bnlokdsd sgdnqx hm sgd rb]k]q ’svn,og]rd( b]rd enq vghbg dkdf]ms+ bnmudqfdms
’vhsg oqnne( mtldqhb]k ldsgncr g]ud ]krn addm cdudknodc sg]s ]qd+ mdudqsgdkdrr+
sxohb]kkx knv nqcdq ]bbtq]sd hm shld ]mc bnld vhsg nooqdrrhud shld rsdo qdrsqhbshnmr-
? l]inq ]cu]ms]fd hr ro]sh]k ]bbtq]bx nm tmhenql fqhcr9 Sgd hmsdqe]bd b]m ad
knb]sdc ]s rta,fqhc oqdbhrhnm uh] hmsdqonk]shnm- Hsr l]hm vd]jmdrr hr hm dwsdmrhnm
sn mdsvnqjr ’sgd ltksh,og]rd b]rd( ]s sgd fdmdq]khsx cdl]mcdc ax ]ookhb]shnmr+
vgdqd udqhexhmf sg]s bnqqdbs itmbshnm bnmchshnmr gnkc ]s eqdd antmc]qhdr qdl]hmr
e]q eqnl nauhntr- Sgd k]ssdq hr tmbnmchshnm]kkx rs]akd+ vhsg udqx knv odq shld
rsdo bnrs+ ]mc g]r ] e]hqkx bnlokdsd sgdnqx dudm hm sgd mdsvnqj ’ltksh,og]rd( b]rd+
hmbktchmf sgd udqhfib]shnm ne sgd bnqqdbs itmbshnm bnmchshnmr ]knmf eqdd antmc]qhdr-
Hsr l]hm cq]va]bj hr knv ]bbtq]bx vgdm hlokdldmsdc m]hudkx nm tmhenql ro]sh]k
fqhcr9 Adb]trd hs qdoqdrdmsr hmsdqe]bdr ax bg]q]bsdqhrshb etmbshnmr+ sgd hmsdqe]bd
b]mmns ad knb]sdc ]s rtafqhc oqdbhrhnm uh] hmsdqonk]shnm- ?r ] qdrtks+ dudm ] rlnnsg
hmsdqe]bd sgd btqu]stqd ne vghbg hr rl]kk dmntfg bnlo]qdc sn sgd bgnhbd ne shld rsdo
rhyd b]m fds [ohmmdc ’rstbj(-

Dwoknhshmf ] oqdbhrd bnmmdbshnm adsvddm ] o]qshbtk]qkx dkdf]ms chrbqdshy]shnm ne
sgd kdudk rds ldsgnc jmnvm ]r sgd ldch]m fiksdq rbgdld W05+ 20“ ]mc sgqdrgnkc
cxm]lhbr+ sgd oqdrdms rstcx nffdqr sgd enkknvhmf bnmsqhatshnmr9

’0( ? mdv+ u]qh]shnm]k enqltk]shnm ne ldch]m fiksdq rbgdldr enq sgd kdudk rds
ldsgnc+ hm ]mx chldmrhnm- Hm o]qshbtk]q+ ] Jx]otmnu etmbshnm]k hr fhudm hm
Rdbshnm 3 sg]s hlokhdr tmbnmchshnm]k dmdqfx rs]ahkhsx- ? lhmhlhyhmf lnud,
ldmsr hmsdqoqds]shnm hr ]krn nffdqdc- Hm d]qkhdq vnqj+ sgd bnlo]qhrnm oqhm,
bhokd g]c addm sgd l]hm snnk enq hmudrshf]shmf rs]ahkhsx- ? onsdmsh]k ]ookh,
b]shnm hr hmchb]sdc-

’1( ? mdv+ e]rs ]mc ]bbtq]sd ]kfnqhsgl enq ]ooqnwhl]shmf ldch]m fiksdqr hm
svn chldmrhnmr ’sgqdd chldmrhnmr uh]akd+ kdes sn etstqd vnqj(+ hm Rdbshnm
4- Hm sgd rb]k]q ’svn,og]rd( b]rd+ bnmudqfdmbd ne sghr ]ooqnwhl]shnm sn sgd
tmhptd uhrbnrhsx rnktshnm hr udqhfidc-

’2( ? mdv+ lnmnsnmd chrbqdshy]shnm ne sgd kdudk rds dpt]shnm enq ld]m btqu]stqd
lnshnm sg]s hr rdbnmc npcdp SbbtpSsd hm shld hm chldmrhnm svn- Bnmudqfdmbd
sn sgd tmhptd uhrbnrhsx rnktshnm hr ]f]hm dmrtqdc: Rdbshnm 5-

’3( Rnld a]qqhdqr sn fimchmf rdbnmc nqcdq ]bbtq]sd hm shld udqrhnmr ne ldch]m
fiksdq rbgdldr hm chldmrhnmr sgqdd ]mc ghfgdq: Rdbshnm 6-

’4( Mdv+ ltkshog]rd ]m]knftdr ne ldch]m fiksdq rbgdldr hm ]mx chldmrhnm+ a]rdc
dmshqdkx nm dwoknhshmf sgd bnmmdbshnm sn sgqdrgnkc cxm]lhbr ]mc ntq q]sgdq
bnlokdsd tmcdqrs]mchmf ne sgd k]ssdq hm sgd ltkshog]rd bnmsdws ne mdsvnqjr
W00+11+12“: Rdbshnm 7- Sghr qdrtksr hm ] mdv kdudk rds ldsgnc enq ltkshog]rd
ld]m btqu]stqd lnshnm sg]s ]kknvr knb]shmf sgd hmsdqe]bd uh] hmsdqonk]shnm
]mc dmenqbdr sgd bnqqdbs itmbshnm bnmchshnm ]s sgd eqdd antmc]qhdr+ ]s sgd
fdmdq]khsx cdl]mcdc ax ]ookhb]shnmr ’d-f- sgd tmdpt]k+ mnm,]cchshud rtqe]bd
sdmrhnm b]rd W00“(-

Hm ]cchshnm sn oqdrdmshmf mdv ]m]kxrhr ]mc dwsdmrhnmr ne ldch]m fiksdqr ’]mc gdmbd
sgd kdudk rds ldsgnc( ]r rtll]qhydc ]anud+ sgd oqdrdms vnqj b]m ]krn ad rddm ]r ]
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bnmsqhatshnm sn sgqdrgnkc cxm]lhbr+ hm ]ccqdrrhmf hsr chflbtkshdr nm tmhenql fqhcr
ax fimchmf m]stq]k kdudk rds udqrhnmr ne hs-

1- AVbifpntmc

Sgd kdudk rds enqltk]shnm ne svn,og]rd lnshnm ax ld]m btqu]stqd hr cdrbqhadc ax
sgd o]qsh]k chffdqdmsh]k dpt]shnm

’1-0( φr ; |∇φ|∇ ·


∇φ

|∇φ|


.

? bnlokdsd vdkk,onrdcmdrr sgdnqx hr cdudknodc hm W6+ 02“ hm sgd eq]ldvnqj ne uhr,
bnrhsx rnktshnmr- Chrbqdshy]shnm ne sgd dpt]shnm+ vghbg hr cdfdmdq]sd o]q]ankhb+ ]mc
rhmftk]q vgdqdudq ∇φ ; .+ g]r addm ]m hmsdqdrshmf oqnakdl ne mtldqhb]k ]m]kxrhr-
Oqdrdquhmf pt]khs]shud ed]stqdr ne sgd uhrbnrhsx rnktshnm+ rtbg ]r sgd bnlo]qhrnm
oqhmbhokd sg]s enqlr hsr a]bjanmd+ hr ]m hlonqs]ms bg]kkdmfd hm sgd cdrhfm ne mt,
ldqhb]k rbgdldr-

?lnmf sgd l]mx hmsdqdrshmf bnmsqhatshnmr sn sgd mtldqhb]k sqd]sldms ne ’1-0(+
sgd knbSk ldchSm  ksdp a]rdc ]kfnqhsgl oqnonrdc hm W20“ hr nmd ne sgd lnrs dkdf]ms
’rdd ]krn W05“ ]mc qdedqdmbdr sgdqdhm enq d]qkhdq qdk]sdc vnqj(- He vd cdmnsd ax
Lpφ

m’u( sgd ldch]m ne sgd kdudk rds u]ktdr ]s shld rsdo m ]qntmc sgd odqhogdqx
>Ap’u( ne sgd a]kk Ap’u( ne q]chtr p bdmsdqdc ]s u+ sgd rbgdld hr rhlokx

’1-1( φm)0’u( ; Lpφ
m’u(.

Hs v]r cdqhudc eqnl sgd kdudk rds enqltk]shnm ’1-0( a]rdc nm sgd nardqu]shnm sg]s
sgd qhfgs g]mc rhcd b]m ad vqhssdm+ ]s kd]rs vgdm φ hr rtflbhdmskx chffdqdmsh]akd
]mc ∇φ’u( ; .+ ]r sgd J]ok]bh]m ne φ hm sgd s]mfdms ok]md ne hsr kdudk rds o]rrhmf
sgqntfg u9

’1-2( |∇φ|∇ ·


∇φ

|∇φ|


; Δφ’u( 


C1φ’u(

∇φ

|∇φ| .
∇φ

|∇φ|


.

A]rdc nm sghr+ rbgdld ’1-1( b]m hlldch]sdkx ad rddm sn ad ]s kd]rs ok]trhakd hm
chldmrhnm c ; 1 ax nardquhmf sg]s

’1-3( φ


u± ∇⊥φ’u(

|∇⊥φ’u(|p


; Lpφ’u( )N’p2( ]r p .

rn sg]s

’1-4(


C1φ’u(

∇⊥φ’u(

|∇⊥φ’u(| .
∇⊥φ’u(

|∇⊥φ’u(|


≈ Lpφ’u( 1φ’u( )Lpφ’u(

p1
.

Dpt]shnm ’1-1( sgdm hlokhdr

’1-5( φm)0’u( ; φm’u( ) j|∇φm’u(|∇ ·


∇φm’u(

|∇φm’u(|


)N’j1(

oqnuhcdc vd bgnnrd sgd shld rsdo rhyd j ]r j ; 0
1p

1-
? cdrhq]akd ]mc lnrs gdkoetk oqnodqsx ne rbgdld ’1-1( hr hsr lnmnsnmhbhsx9

’1-6( φ.
0’u( ≥ φ.

1’u( enq ]kk u ;⇒ φm
0 ’u( ≥ φm

1 ’u( enq ]kk u ]mc m.

vghbg ne bntqrd ]krn gnkcr enq sgd uhrbnrhsx rnktshnmr ne sgd OCD ’1-0(- ?mnsgdq trd,
etk oqnodqsx+ drodbh]kkx enq mtldqhb]k hlokdldms]shnm+ hr sg]s ]mx fkna]k Jhorbghsy
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antmc hr oqdrdqudc9

’1-7( rto
v :x

|φm’u( φm’x(|
|u x| ≤ rto

v :x

|φ.’u( φ.’x(|
|u x| .

Sghr hlokhdr+ hm o]qshbtk]q+ sg]s mn rsddodmhmf ne sgd kdudk,rds etmbshnm vhkk s]jd
ok]bd+ vghbg hr sn ad dwodbsdc rhmbd dudpx kdudk rds ]ooqnwhl]sdr lnshnm ax ld]m
btqu]stqd+ vghbg hr vdkk jmnvm sn dminx ] qdk]sdc oqnodqsx-

Hm oq]bshbd+ sn hlokdldms rbgdld ’1-1(+ vd b]m bgnnrd k onhmsr x0. x1. . . . . xk
sg]s r]lokd ]ooqnwhl]sdkx tmhenqlkx sgd rogdqd >Ap’.(+ vhsg p ;

√
1j- Sgd u]ktd

ne sgd kdudk rds etmbshnm φ+ vghbg hr sxohb]kkx oqdrdmsdc nm ] tmhenql fqhc+ b]m ad
du]kt]sdc ]s ]mx u)xi uh] ahkhmd]q hmsdqonk]shnm W27“+ vghbg oqdrdqudr lnmnsnmhbhsx-
Sgd ]kfnqhsgl hr sgdm ]r enkknvr9

8ienphsgl . Ldch]m Ehksdq enq Lnshnm ax Ld]m Btqu]stqd W20“

09 rnps sgd kdudk rds u]ktdr {φm’u ) x0(.φ
m’u ) x1(. . . . .φ

m’u ) xk({ rn sg]s sgd
odqlts]shnm o 9 {0. 1. . . . .k{ {0. 1. . . . .k{ r]shrfidr

φm
 
u) xn 0(


≤ φm

 
u) xn 1(


≤ · · · ≤ φm

 
u) xn k(


.

19 φm)0’u( ; 0
1


φm’u) xn k

1 (( ) φm’u) xn k
1 ((


-

Sgd l]hm s]rj hm ?kfnqhsgl 0 hr rnpshmf sgd u]ktdr {φm’u ) xi({ki:0- Hm vg]s

enkknvr+ hs vhkk ad trdetk sn qdf]qc sghr qdkh]mbd nm sgd rnqs nodq]shnm ’]ookhdc sn
kdudk rds u]ktdr( ]r sgd chrshmbshud ed]stqd ne ldch]m a]rdc rbdldr: cnhmf rn vhkk
e]bhkhs]sd rnld ne sgd dwsdmrhnmr sg]s vhkk ad hmsqnctbdc-

?kfnqhsgl 0 hr chrbqdsd hm shld ats bnmshmtntr hm ro]bd+ r]ud enq sgd chrbqdsd rds
ne onhmsr xi r]lokdc nm >Ap’.(- Hs hr bnmudmhdms sn bnmrhcdq ] chrbqdsd hm shld+ ats
etkkx bnmshmtntr hm ro]bd udqrhnm sg]s qdkhdr nm sgd bnmshmttl ldch]m- Hm cnhmf rn+
hs&r ]krn vnqsg chrbtrrhmf ] rkhfgs fdmdq]khy]shnm+ m]ldkx sgd vdhfgsdc knbSk ldchSm-
Sn sg]s dmc+ kds I ad ] onrhshud+ q]ch]kkx rxlldsqhb jdqmdk vhsg q]ohc cdb]x: kds
|I| cdmnsd hsr l]rr- Vd vhkk hmenql]kkx ]kknv I sn ad bnmbdmsq]sdc ’] δ etmbshnm(
nm fimhsdkx l]mx bhqbkdr ’c ; 1( nq rogdqhb]k rgdkkr ’c ; 2( sn bnudq ]kfnqhsglr rtbg
]r ?kfnqhsgl 0- Enq p / .+ cdfimd

’1-8( Ip’u( ;
0

pd
I

u
p


.

Enq ] antmcdc+ bnmshmtntr etmbshnm φ ]mc λ ∈ + kds

’1-0.( Sλφ ;

u 9 φ’u( ≥ λ


.

?rrtld |I| ; 0- Sgd etmbshnm

’1-00( ψBφ’u.λ( ;



Sλφ

I’u x( cx

hr cdbqd]rhmf ’rhmbd I ≥ .( ]mc kdes bnmshmtntr hm λ+ r]shrexhmf

khl
λ ∞

ψBφ’u.λ( ; . ]mc khl
λ  ∞

ψBφ’u.λ( ; 0.

Cdfimd sgd vdhfgsdc ldch]m ne φ ]s u vhsg qdrodbs sn sgd vdhfgs I ]r

’1-01( LBφ’u( ; rto


λ 9 ψBφ’u.λ( ≥ 0

1


.
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