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For decades, the computational multiphase flow community has grappled with mass loss in the 
level set method. Numerous solutions have been proposed, from fixing the reinitialization step to 
combining the level set method with other conservative schemes. However, our work reveals a 
more fundamental culprit: the smooth Heaviside and delta functions inherent to the standard 
formulation. Even if reinitialization is done exactly, i.e., the zero contour interface remains 
stationary, the use of smooth functions lead to violation of mass conservation. We propose a novel 
approach using variational analysis to incorporate a mass conservation constraint. This introduces 
a Lagrange multiplier that enforces overall mass balance. Notably, as the delta function sharpens, 
i.e., approaches the Dirac delta limit, the Lagrange multiplier approaches zero. However, the exact 
Lagrange multiplier method disrupts the signed distance property of the level set function. This 
motivates us to develop an approximate version of the Lagrange multiplier that preserves both 
overall mass and signed distance property of the level set function. Our framework even recovers 
existing mass-conserving level set methods, revealing some inconsistencies in prior analyses. We 
extend this approach to three-phase flows for fluid-structure interaction (FSI) simulations. We 
present variational equations in both immersed and non-immersed forms, demonstrating the 
convergence of the former formulation to the latter when the body delta function sharpens. 
Rigorous test problems confirm that the FSI dynamics produced by our simple, easy-to-implement 
immersed formulation with the approximate Lagrange multiplier method are accurate and match 
state-of-the-art solvers.

1. Introduction

Following Sussman and colleagues’ seminal work [1] in the early 1990s, the level set method for modeling multiphase flows 
gained popularity. As an alternative to the volume of fluid (VOF) method that was prevalent at the time, it offered many advantages. 
It provides a continuous representation of the interface, accurate computation of geometric quantities such as the curvature and 
normal of the interface, as well as ease of implementation, especially in three dimensions. The level set method lends itself naturally 
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to finite element [2–4] and higher order discretization schemes [5] because it is based on partial differential equations. VOF, on the 
other hand, is mostly limited to codes using second order finite difference/volume schemes. Level set method produces spurious mass 
gain/loss of phases over time, which is its main disadvantage.

There has been extensive research on the mass loss issue associated with the level set method. The main culprit has been identified 
as the level set reinitialization equation, which restores the signed distance function (SDF) property. The SDF property is disrupted by 
the advection of the level set function. Many fixes have been proposed in the literature to limit the motion of the interface (represented 
as the zero contour of the level set) during reinitialization. Solomenko et al. [6] compare many of these fixes proposed in the literature 
for the reinitialization equation on benchmarking problems. While some fixes perform better than others, the level set method still 
loses a substantial amount of mass over time, particularly as complex motions occur at the interface.

Another approach involves hybridizing the level set method with mass-conserving schemes like VOF [7] (or its advanced variant, 
the moment of fluid (MOF) method [8–10]) or Lagrangian particles [11]. These methods track the interface using both the level set 
function and a conservative method, which corrects the former for mass loss. However, such hybrid methods increase complexity, 
computational cost, and lose the original simplicity of the level set method.

We revisit the root cause of mass loss in the level set method. While reinitialization can contribute, our findings show that the 
primary culprit lies in the use of smooth Heaviside and delta functions within the standard formulation. Even if reinitialization is done 
exactly, i.e., the zero contour interface remains stationary, the standard level set method violates the mass conservation principle. 
Based on this insight, we propose a novel approach – incorporating a mass conservation constraint into the level set equation using 
variational analysis. This approach introduces a Lagrange multiplier to enforce mass/volume conservation within the two-phase level 
set framework. As the smooth delta function becomes sharper, the Lagrange multiplier approaches zero. However, the exact Lagrange 
multiplier method disrupts the signed distance property to conserve mass. This motivates us to develop an approximate Lagrange 
multiplier method that preserves both properties. Although they are derived differently, exact and approximate Lagrange multipliers 
are related. Furthermore, our framework can be used to derive existing mass-conserving two-phase level set methods [12,2], revealing 
some inconsistencies in the previous analyses [12].

We extend our variational analysis to three-phase flows, enabling fluid-structure interaction (FSI) simulations in two-fluid systems 
using the fictitious domain Brinkman penalization (FD/BP) technique. We present variational equations for three-phase flows in both 
non-immersed and immersed forms. As the diffuse body delta function in the immersed formulation sharpens, it converges to the non-
immersed form. In this case, both formulations lead to identical exact and approximate Lagrange multipliers. To assess the immersed 
formulation’s practical performance compared to the non-immersed one, we design rigorous test problems for three-phase flows. The 
immersed formulation is tested using the FD/BP method, while the non-immersed approach utilizes inherently mass-conserving tech-
niques such as the geometric VOF technique with moving unstructured grids and cut-cell methods, and particle-based hydrodynamics 
methods. We demonstrate that our (simple to implement) immersed formulation in conjunction with the (approximate) Lagrange 
multiplier method produces FSI dynamics that match very well with the other state-of-the-art solvers.

2. Mathematical framework

We begin by stating the continuous equations of motion for the multiphase flow system. This includes a continuous description 
of the level-set interface tracking method and its reasons for mass loss in the context of two phase flows. Next, a new variational 
analysis is presented, which introduces a Lagrange multiplier to impose mass/volume conservation constraints with the level set 
method. Additionally, we extend the two phase variational analysis to three phase flows, which allows us to simulate fluid structure 
interaction (FSI) in the presence of two fluids using the fictitious domain Brinkman penalization (FD/BP) technique. Variational 
equations for three-phase flows are presented in non-immersed and immersed forms.

2.1. Continuous equations of motion

We use the single fluid formulation [13] for multiphase flows, which considers a single viscous incompressible fluid with spatially 
and temporally varying density !(!, ") and viscosity #(!, ") in a fixed region of space Ω ⊂ ℝ% , where % = 3 represents a three-
dimensional region in space. The equations of motion for an incompressible fluid are given by the Navier-Stokes equations, which in 
conservative form read as

&!"(!, ")
&"

+∇ ⋅ (!"(!, ")⊗ "(!, ")) = −∇((!, ") +∇ ⋅
[
#
(
∇"(!, ") +∇"(!, ")⊺

)]
+ # st + # c + !$, (1)

∇ ⋅ "(!, ") = 0. (2)
Eq. (1) describes the momentum of the system and Eq. (2) expresses the incompressibility of various phases present in the system. 

In the above equations, "(!, ") and ((!, ") denote the Eulerian velocity and pressure fields, respectively, ! = (), *, +) ∈ℝ3, # st denotes 
the continuous surface tension force along the gas-liquid interface, and # c is the Brinkman penalty term that imposes a rigid body 
velocity in the solid domain. For two phase problems the # c term is absent from Eq. (1). The specific forms of # st and #c will be 
provided later in Sec. 3.3. The acceleration due to gravity is directed towards the negative z-direction, $ = (0, 0, −,).

2.2. Interface tracking

The interface &ΩF(") between two fluids is captured implicitly by the zero-contour of the level set function -(!, "), which denotes the 
distance of a fixed location ! ∈Ω from the time-evolving interface with a sign. At time ", fluid-1 and fluid-2 occupy non-overlapping 
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Fig. 1. Schematic of the computational domain Ω for two phase flows depicting the time evolving interface &ΩF("). The variation of the two-fluid interface &ΩF is 
illustrated by the red dashed line. For two phase flows Ω1(") ∪Ω2(") =Ω. (For interpretation of the colors in the figure(s), the reader is referred to the web version of 
this article.)

regions Ω1(") and Ω2("), respectively, such that Ω1(") ∪Ω2(") =Ω; see Fig. 1. In our sign convection, - > 0 in Ω1(") and - < 0 in Ω2("). 
In the absence of mass transfer across the interface, the interface moves with the local fluid velocity "(!, "), which can be described 
by an advection equation of the form

&-
&"

+ " ⋅∇- = 0. (3)
The density and viscosity in the computational domain is set using the signed distance function -(!, ")

!(-) = !1.(-) + !2 (1−.(-)) , (4)
#(-) = #1.(-) + #2 (1−.(-)) , (5)

in which !1 and !2, and #1 and #2, are the density and viscosity of fluid-1 and fluid-2, respectively. .(-) is a smoothed Heaviside 
function, which allows material properties to vary smoothly over /cells grid cells for numerical stability; see Eqs. (70) and (71). The 
derivative of the smoothed Heaviside function produces a smoothed delta function 0(-).

It is well known that the level set field does not maintain the signed distance property after advection [1,14]. Although this fact is 
widely known, its proof is not readily available in the literature (to our knowledge). The following derivation shows that -’s signed 
distance property is lost at the continuous level under advection. This is not purely a numerical artifact.

By taking gradient of Eq. (3) we get
&∇-
&"

+∇ (" ⋅∇-) = 0,

↪
&∇-
&"

+∇" ⋅∇-+ " ⋅∇ (∇-) = 0. (6)
Defining % ≡∇- in Eq. (6), and taking a dot product with % on both sides, we obtain

% ⋅
[ &%
&"

+∇" ⋅%+ " ⋅∇%
]
= 0,

↪% ⋅ &%
&"

+% ⋅∇% ⋅ " = −% ⋅∇" ⋅%. (7)

Using the relations % ⋅ &%∕&" = 1
2
&(%⋅%)

&" = |∇-| &|∇-|&" and % ⋅ ∇% ⋅ " = "⋅∇(%⋅%)
2 = |∇-|" ⋅ ∇(|∇-|), and simplifying further yields a 

transport equation for |∇-|
&|∇-|
&"

+ " ⋅∇ (|∇-|) = −∇- ⋅∇" ⋅∇-
|∇-| . (8)

The right hand side of Eq. (8) has a non-zero value if the symmetric part of the velocity gradient tensor, & = 1
2 (∇" + ∇"⊺), is not 

zero. When the velocity field is a rigid body motion (translation and rotation), the right hand side of Eq. (8) will be zero, and - will 
preserve its signed distance property under advection. However, in general, an advective transport of - disrupts its signed distance 
property.

Retaining the signed distance property is numerically advantageous as the advected - is used to prescribe various material prop-
erties for the one-fluid model and calculate geometric quantities like the interface curvature and surface normals. To regain the 
signed distance property of -, a reinitialization step is typically performed after the advection step. The reinitialization step involves 
time-advancing the Hamilton-Jacobi equation to steady state

&-
&1

+ sgn(-̃) (|∇-|− 1) = 0. (9)
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Here, -̃ denotes the level set field before reinitialization and 1 is the pseudo time used for time-marching Eq. (9). It is widely believed 
that the reinitialization step leads to mass loss because it artificially shifts the zero-contour or the two phase interface &ΩF . In the 
next section, we show that is not entirely correct: the level set method would still lead to mass loss even if the interface remains static 
during the reinitialization step.

2.3. Precise reason for mass loss with the standard level set method

It is helpful to note down the Leibniz integral rule and Reynolds transport theorem (RTT) for performing differentiation under the 
integral sign for a general integrand 3 before working out the details of mass loss. We use both these rules several times in this and 
other sections. The Leibniz integral rule reads as

Leibniz rule for a moving domain: d
d" ∫(")

3 d = ∫(")
&3
&"

d + ∫(")

f ("s ⋅ ') d, (10a)

Leibniz rule for a static domain: d
d" ∫

3 d = ∫
&3
&"

d , (10b)

in which ' and "s are the outward unit normal vector and velocity of the surface (") enclosing the time-varying domain ("), 
respectively. When the domain is stationary (") ≡  , Eq. (10a) becomes Eq. (10b). Note that the region (") is a geometric region 
that moves with a kinematic velocity "s, which in general is different from the fluid/material velocity ". The Leibniz integral rule 
should not be confused with the Reynolds transport theorem. The two are related, but different because the latter uses a material 
control volume instead of a geometric one. A material control volume is defined as the one whose surface moves with the fluid/material 
velocity ". Thus, a material control volume is a special case of a geometric volume. It is more restrictive because the amount of matter 
contained inside it cannot change over time as long as the fluid at every point within the volume moves with material velocity "
governed by the conservation laws (mass and momentum). In general, a geometric control volume does not conserve the amount of 
matter within itself. The two theorems/rules are related to each other as

RTT for a material volume: d
d" ∫(")

3 d = ∫(")
&3
&"

d + ∫(")

f (" ⋅ ') d. (11)

Comparing Eq. (11) to (10a) it can be seen that the RTT is a Leibniz integral rule applied to a material control volume (whose surface 
moves with the material velocity) to express the rate of change of a conserved quantity. In this work, we leverage both the RTT 
and the Leibniz integral rule to express the rate of change of conserved and non-conserved quantities, respectively. This distinction 
clarifies the context and avoids potential confusion, as the terms RTT and Leibniz integral rule are sometimes used interchangeably 
in the literature.

To see why the standard level set method leads to mass loss, consider the rate of change of mass (which is a conserved quantity) 
contained within a closed domain Ω

d
d" ∫

Ω

! dV = d
d" ∫

Ω

{
!1.(-) + !2(1−.(-))

} dV, (12a)

= (!1 − !2)∫
Ω

0(-)&-
&"

dV, (12b)

= (!1 − !2)∫
Ω

0(-)(−"̆ ⋅∇-) dV, (12c)

in which we used the mixture model of density (Eq. (4)), RTT (Eq. (11)) with zero material velocity at the domain boundary, and 
the level set advection equation (Eq. (3)) in arriving at Eq. (12c). During the reinitialization process, the contours of the level set 
function surrounding the interface &ΩF move with velocity "reinit = sgn(-̃) ∇-

|∇-| and adjust themselves to satisfy the Eikonal property 
|∇-| = 1. Overall - gets advected with a combination of " and "reinit , which is denoted by "̆ in Eq. (12c).

To ensure mass conservation, the term on the right hand side (RHS) of Eq. (12c) must equal zero. This is possible if and only if 
(i) 0(-) is the Dirac/sharp delta function and (ii) "reinit ≡ 0 for &ΩF. In this case ∫Ω 0(-)("̆ ⋅∇-) dV = ∫&ΩF " ⋅ |∇-|' dS = ∫&ΩF " ⋅ ' dS
represents the net normal (advective) velocity of the interface. For a closed domain, this surface integral is zero. We prove this identity 
at the end of this section. However, if 0 is smooth, which is almost always the case in numerical simulations, the RHS of Eq. (12c)
is non-zero, even when &ΩF stays stationary during the reinitialization process. Thus, the smooth Heaviside and delta functions are 
the “main culprits” that lead to spurious mass loss/gain in the level set method from continuous equations point of view. This also 
explains why previous methods that have solely aimed to “fix” the reinitialization equation have not yielded satisfactory results for 
curbing the mass loss with the level set method.

Eq. (12c) helps explain why level set method continues to lose/gain mass over time. To see this integrate Eq. (12c) over a time 
period Δ" = "f − "i. A straightforward integration shows that the spurious mass Δ5 gained/lost over a period Δ" is proportional to 
the interfacial region displacement:
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Fig. 2. Two possible configurations of a two-phase interface &ΩF in a closed domain Ω.

Δ5 = (!1 − !2)∫
Δ"

∫
Ω

0(-)(−"̆ ⋅∇-) dV d",

= (!1 − !2)∫
Δ"

∫
Ω

0(-)(−"̆ ⋅ |∇-|') dV d",

= −(!1 − !2)∫
Δ"

∫
Ω

0(-) 6̆n dV d". (13)

In numerical experiments, it is commonly observed that problems with large interface motion perform poorly in terms of mass 
conservation. The culprit is the smeared delta function that picks up the “residual” displacement around &ΩF. In Sec. 5.1 we devise 
a special test problem that verifies Eq. (13).

To prove that ∫&ΩF " ⋅ ' dS = 0 holds for a two-phase interface, consider Fig. 2, which depicts two possible configurations of the 
interface &ΩF in a closed domain Ω. An application of the Gauss-divergence theorem to a closed interface (shown in Fig. 2(a)) results 
in ∫&ΩF " ⋅ ' dS = ∫ΩF ∇ ⋅ " dV. The identity is proved by the fact that velocity " is divergence-free. An open interface is only possible 
if its two ends touch the domain boundary; see Fig. 2(b). Applying the Gauss-divergence theorem to the integrand ∇ ⋅ " defined over 
the domain and interface bounded region ΩF proves the identity.

2.4. Conserving mass for two phase flows with the standard level set method: a variational/constraint formulation

To conserve mass with the standard level set method we need to explicitly add in a constraint to the level set advection equation. 
A variational approach is followed that introduces a Lagrange multiplier that enforces mass conservation. The mass of fluid-1 and its 
rate of change can be computed from - as

51(") = ∫
Ω

!1.(-) dV, (14a)

d51
d" = d

d" ∫
Ω

!1.(-) dV = ∫
Ω

!10(-)
&-
&"

dV. (14b)

Here, we made use of the RTT in deriving Eq. (14b). If the mass of fluid-1 is conserved then 51(") ≡50
1 ∀ ", in which 50

1 is the 
initial mass of fluid-1. For simplicity we have assumed that the domain is closed and there is no inflow and outflow of the phases. 
Thus, conserving mass of fluid-1 is equivalent to imposing a constraint on - of the form

(-) △= ∫
Ω

(
!1.(-)−

50
1

7

)
dV = 0, (15)

in which 7 = ∫Ω dV is the volume of the computational domain.
The dynamical equation of the level set function - in strong and weak form reads as

Strong form: (-) △= D-
D" = &-

&"
+ "̆ ⋅∇- = 0, at ∀ ! ∈Ω, (16a)

Weak form: (-, 0̂-) △= ∫
Ω

[
&-
&"

+ "̆ ⋅∇-
]
0̂- dV = 0, - ∈.1(Ω)3, ∀ 0̂- ∈.1(Ω)3. (16b)
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The strong form of the level set Eq. (16a) considers the motion of - due to both advection and reinitialization velocity fields (cf.
Sec. 2.3). For the purposes of this derivation, it is convenient to consider that "̆ is known a priori using which - can be computed 
(Eq. (16a)). This assumption is consistent with how incompressible multiphase flow simulations work in practice—level set (or for 
that matter VOF) advection and reinitialization are decoupled from momentum and continuity equations through operator splitting. 
The weak form of the equation is obtained by multiplying the strong form with variation2 in - (also referred to as test function) and 
integrating it over the domain. Neither the strong nor the weak form of the equation guarantees mass conservation. In other words, 
"̆ is such that mass conservation is not guaranteed by the resulting - field, which in turn is used to determine the density field. 
However, overall mass conservation constraint can be included through the use of a Lagrange multiplier 91 . Adding this constraint 
does not change "̆ but it should modify the equation for -. To derive the modified equation for -, we define the Lagrangian  of the 
constraint (-) and take its variation denoted by 0̂

(Λ1,-)
△= 91 ∫

Ω

(
!1.(-)−

50
1

7

)
dV, 91 ∈:2(Ω)3 (17a)

0̂(Λ1,-)
△= 0̂91 ∫

Ω

(
!1.(-)−

50
1

7

)
dV+ 91 ∫

Ω

!10(-)0̂- dV, 0̂91 ∈:2(Ω)3. (17b)

Adding the variation of the Lagrangian of the constraint to the weak form of the level set Eq. (16b) yields the overall weak form of 
the constrained level set function -

 (0̂-, 0̂91)
△= ∫

Ω

[
&-
&"

+ "̆ ⋅∇-
]
0̂- dV+ 91 ∫

Ω

!10(-)0̂- dV+ 0̂91 ∫
Ω

(
!1.(-)−

50
1

7

)
dV = 0,

∀ 0̂- ∈.1(Ω)3, 0̂91 ∈:2(Ω)3. (18)
Collecting terms in 0̂91 and 0̂-, and equating them to zero separately, yields the original constraint (Eq. (15)) and a new constrained 
dynamical equation for - that aims to conserve the mass of fluid-1, respectively. The latter equation reads as

&-
&"

+ "̆ ⋅∇- = −91!10(-). (19)

The value of the Lagrange multiplier 91 is obtained by substituting &-&" = −"̆ ⋅∇- − 91!10(-) into Eq. (14b) and setting d51
d" = 0. This 

yields
d51
d" = ∫

Ω

!10(-)
(
−"̆ ⋅∇-− 91!10(-)

) dV = 0,

↪91 =
− ∫Ω 0(-)("̆ ⋅∇-)dV

∫Ω !102(-)dV
. (20)

Note that Eq. (20) is not an explicitly solvable equation for 91. This is because the - field used on the right hand side of the equation 
depends on the value of 91 itself as seen in Eq. (19). Thus, a fully implicit numerical implementation would require iterations. Due 
to the decoupling of level set advection from the incompressible Navier-Stokes equation, "̆ should remain fixed while iterating for 
91. This means momentum, advection, and reinitialization equations are not solved during iterations.

Proceeding analogously, one can conserve the mass of fluid-2 52 = ∫Ω !2(1 −.(-)) dV by imposing a constraint of the form 

(-) △= ∫Ω !2(1 −.(-)) −50
2∕7 dV = 0 with the help of Lagrange multiplier 92 ∈ :2(Ω)3. In this case the dynamical equation for 

the level set reads as
&-
&"

+ "̆ ⋅∇- = 92!20(-). (21)
The Lagrange multiplier 92 is obtained analogously as

92 =
∫Ω 0(-)("̆ ⋅∇-) dV
∫Ω !202(-) dV

. (22)

From Eqs. (19)-(22), it is easy to verify that −91!1 = 92!2. In light of this, we can see that Eqs. (19) and (21) are essentially the 
same, which in expanded form reads as

&-
&"

+ "̆ ⋅∇- = ;0(-) =
∫Ω 0(-)("̆ ⋅∇-) dV

∫Ω 02(-) dV 0(-). (23)

2 We use the symbol 0̂ to denote variation of a quantity and 0 to denote the Dirac/smooth delta function in this work.
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Physically speaking, for two phase flows, conserving the mass of phase-1 leads to mass conservation for the other phase automatically. 
Thus, imposing a single constraint suffices.

It is instructive to analyze Eq. (23) in, both, the continuous differential equation form (with a sharp delta) and the discrete form. 
In the RHS of Eq. (23) ; is a constant. When 0 is the Dirac/sharp delta function then ; → 0. This is because ; ’s numerator tends to 
zero, while its denominator ∫Ω 02 dV→∞. As analyzed in Sec. 2.3, the integral term in the numerator of ;, ∫Ω 0(-)("̆ ⋅ ∇-) dV =∫&ΩF " ⋅ |∇-|' dS = ∫&ΩF " ⋅ ' dS represents the net normal (advective) velocity of the interface. For a closed domain, this is zero. 
Thus, from a continuous point of view (when 0 is sharp) ;, 91, and 92 are zero. However, the RHS of Eq. (23) is ;0(-), which has 
a zero times infinity form. It is seen from Eq. (23) that ;0(-) ∼ 0

0(0) 0(0), implying that ;0(-) = 0. At the discrete level ; is non-zero 
because neither its denominator nor its numerator evaluate to zero due to the finite width of the smooth delta function.

It is also informative to see how the non-linear Eq. (23) would be implemented in practice. The most natural way to implement 
a constrained equation is to employ some sort of operator-splitting technique. For example, in the first step, the level set field is 
advected. In the second step - is reinitialized to restore its signed distance property, and in the final third step, - is corrected (for 
mass loss errors) by evaluating the RHS of Eq. (23). It is easy to see that the third step essentially disrupts the signed distance property 
of - near the interface because the corrective term has a non-constant gradient magnitude, i.e., |∇(;0(-))| varies spatially. The exact 
Lagrange multiplier destroys the signed distance property of - at the cost of conserving mass. This motivates the development of an 
approximate Lagrange multiplier that leads to both mass-conservation and signed distance retention for -. We discuss the approximate 
Lagrange multiplier technique in Sec. 2.7.

2.5. Overall versus pointwise mass conservation

The Lagrange multiplier approach of Eq. (23) conserves mass in the domain discretely (i.e., when delta function is smooth and 
"reinit ≠ 0) in an integral sense. This can be proved as follows

d
d" ∫

Ω

! dV = d
d" ∫

Ω

{
!1.(-) + !2(1−.(-))

} dV

= (!1 − !2)∫
Ω

0(-)&-
&"

dV

= (!1 − !2)∫
Ω

0(-)
{
−"̆ ⋅∇-+ 0(-)

∫Ω 0(-)("̆ ⋅∇-) dV
∫Ω 02(-) dV

}
dV

= (!1 − !2)
(
∫
Ω

−0(-)"̆ ⋅∇- dV+ ∫
Ω

0(-)"̆ ⋅∇- dV
)

= 0. (24)
In proving Eq. (24) mass of both phases is used. This is different from the derivation of 91 or 92 in the previous section which 
involved only one phase. Although Eq. (23) conserves mass in an integral sense, it does not guarantee pointwise mass conservation. 
To demonstrate this consider the pointwise conservation of mass equation

&!
&"

+∇ ⋅ ("!) = &!
&"

+ " ⋅∇!

= (!1 − !2)0(-)
(
&-
&"

+ " ⋅∇-
)

= (!1 − !2)0(-) (−"̆ ⋅∇-+ ;0(-) + " ⋅∇-)

= (!1 − !2)0(-) (["− "̆] ⋅∇-+ ;0(-)) . (25)
Eq. (25) can be analyzed for two cases – the continuous form (with sharp 0 and an exact reinitialization step for -) and the discrete 
form (with a smooth delta). In either case the RHS of Eq. (25) is zero wherever 0 is zero. Thus, only at the interfacial region (sharp 
or smooth) needs to be checked.

If the reinitialization step is exact then the - = 0 interface will not move in this step, implying " = "̆ on the interface. Additionally, 
if 0 is sharp then ;0(-) = 0, as discussed above. Furthermore to understand pointwise mass conservation at the interface in this case, 
integrate Eq. (25) over a pillbox at point on the - = 0 contour. The integral of the RHS of Eq. (25) over the pillbox will be zero 
because both " − "̆ and ;0(-) are zero in this case. This implies that the jump of !" ⋅ ' across the interface is zero which confirms 
pointwise mass conservation on the interface (note that integral of the time derivative term is zero since the volume of the pillbox is 
zero).

In the smeared/smoothed interfacial region case Eq. (25) suggests that mass is generated/lost in the interfacial region due to: (i) 
the motion of level set contours at a velocity different than the material velocity, i.e., "̆ ≠ "; and (ii) the Lagrange multiplier. The 
latter term counteracts the effects of reinitialization and the smooth delta function to conserve mass in an average/integral sense, as 
shown in Eq. (24). Thus, Eq. (25) highlights the limitation of the level set method to achieve pointwise or local mass conservation 
with a smooth 0 function. This is because there will always be errors associated with "̆ ≠ " in the smeared interface. In other words, 
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a signed distance function based on level set reinitialization is fundamentally incompatible with pointwise mass conservation in the 
discrete case. However, for many practical applications, including those considered in this work, integral/global mass conservation 
is sufficient. For problems requiring local mass conservation, a different interface tracking method (e.g., geometric VOF) would be 
necessary. Another implication of the lack of pointwise mass conservation in the level set method is that a fully coupled (fully implicit) 
system that arises from the discretization of incompressible Navier-Stokes and level set equations will require future investigation to 
check for solvability and consistency. The operator-splitting approach is more “forgiving.”

2.6. Conserving mass is the same as conserving volume for incompressible flows

Though it appears obvious that conserving mass and volume are equivalent for an incompressible fluid, a recent paper by Wen et 
al. [12] on a mass-preserving level set method has claimed otherwise. Later in Sec. 2.8 we show where specifically the authors went 
wrong. We demonstrate in this section that we will obtain the same dynamical equation for the level set method as we did in the 
previous section if we impose constraints on conserving the volume of the two phases instead of mass.

Specially, consider 71 as the volume of fluid-1 (- > 0 region) in the domain Ω that needs to be conserved. 71 and its rate of change 
can be obtained from - as

71(") = ∫
Ω

.(-) dV, (26a)

d71
d" = d

d" ∫
Ω

.(-) dV = ∫
Ω

0(-)&-
&"

dV. (26b)

We follow the same procedure outlined in Sec. 2.4 to derive the equations for conserving the volume of fluid-1 by imposing a 
constraint of the form (-)△= ∫Ω.(-) dV− 7 0

1 = 0. Here, 7 0
1 is the initial volume of fluid-1 in the domain. The dynamical equation 

for - in this case reads as
&-
&"

+ "̆ ⋅∇- = −930(-), (27a)

93 =
− ∫Ω 0(-)("̆ ⋅∇-) dV

∫Ω 02(-) dV . (27b)

We could also impose a constraint of the form (-) △= ∫Ω(1 −.(-)) dV−7 0
2 = 0 to conserve the volume of fluid-2 (- < 0 region). 

In this case the dynamical equation for - reads as
&-
&"

+ "̆ ⋅∇- = 940(-), (28a)

94 =
∫Ω 0(-)("̆ ⋅∇-) dV

∫Ω 02(-) dV . (28b)

Comparing Eqs. (27a)-(28b), we can observe the relation −93 = 94. This implies that Eqs. (27a) and (28a) are the same. For 
two-phase flows, if we satisfy volume conservation for one fluid, the other fluid’s volume is automatically conserved. Moreover, 
substituting 93 in Eq. (27a) or 94 in Eq. (28a), we obtain the same dynamical equation for - as written in Eq. (23).

2.7. Towards an approximate Lagrange multiplier method to prevent mass loss with the standard level set method

With the exact Lagrange multipliers 91-94, mass can be conserved discretely, but there are two “issues”:

1. Near the interface, the level set function does not remain a signed distance function. As discussed near the end of Sec. 2.4, this 
is due to the RHS of Eq. (23), which is of the form ;0(-). As a corrective term, this disrupts the signed distance property of -
derived from the reinitialization equation. As a result, the Lagrange multiplier “undoes” the reinitialization equation.

2. Computing ;, specifically its numerator ∫Ω −0(-)"̆ ⋅∇- dV is not straightforward or convenient.

Despite these challenges, implementing the exact Lagrange multiplier approach is still feasible. With respect to the first issue, although 
the “quality” of the mixture model given by Eqs. (4) and (5) gets deteriorated, it is unlikely that the effect will be significant because 
the Lagrange multiplier magnitude will not be very large (mass loss per time step will be small especially for resolved simulations). 
In other words, - is unlikely to deviate too much from a signed distance function. Nonetheless, when computing geometric quantities 
such as the normal to the interface, care must be exercised: ∇- must be explicitly normalized by its magnitude to obtain the unit 
normal ' to the interface. The second issue can be addressed by an indirect estimation of ;. This approach is suggested in Wen 
et al. [12], where a similar integral term also appears. The dimension of this integral is rate of volume change—in Wen et al. the 
dimension is rate of mass change. The authors in [12] approximated the integral as (51(") −50

1 )∕Δ", in which 51(") represents the 
mass of fluid-1, which is estimated from the reinitialized level set function at time " and Δ" is the current time step size. In Sec. 2.8
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we critically analyze Wen et al’s mass-conserving technique using our variational framework. Next, we present an alternative method 
that circumvents both issues while conserving mass with the standard level set method.

Consider the reinitialized level set function -̂ that is obtained by solving the reinitialization Eq. (9) at time ". At this stage -̂ is a 
signed distance function that does not satisfy the mass constraint (-̂) of Eq. (15). We seek a spatially uniform correction < for the 
reinitialized level set -̂ such that

(-̂+ <) = 3 (<) = ∫
Ω

!1.(-̂+ <) dV−50
1 = 0. (29)

The spatially uniform correction < guarantees that the corrected level set - = -̂+ < is a mass-conserving signed distance function. It 
will be seen below that the correction < is proportional to an approximate Lagrange multiplier that enforces mass conservation with 
the level set method through a predictor-corrector type of a scheme

-̂− -/

Δ" + "̆ ⋅∇-̂ = 0, [predictor step] (30a)
-− -̂
Δ" = <− 0

Δ" = Δ<
Δ" . [corrector step] (30b)

The equation set (30) can be thought of as a representation of a “continuous” equation of the form
&-
&"

+ "̆ ⋅∇- = d<
d" . (31)

To relate the informal Eq. (31) and the formal Eq. (23), we first consider an intuitive argument and then present a mathematical 
derivation. Note that the “forcing” that induces a shift in the contour levels of - is the RHS of Eq. (31). This term is taken to be 
uniform in the entire domain leading to the same correction to every contour level. The corresponding RHS of the formal Eq. (23)
is ;0(-), where ; is uniform everywhere. However, the 0(-) term makes the “forcing” in the formal equation non-uniform in the 
domain. If one picks a contour level, say - = 0, then the “forcing” does have the same value on that entire contour and this will lead to 
the same correction to - on that contour. Similarly, each contour level has its own constant value of correction to -. This correction 
is maximum on - = 0 contour and decreases away from it until it is zero outside the smeared interfacial region where 0(-) = 0. Since, 
in the formal method of Eq. (23) each contour level is corrected by a different amount, the distance function property is lost. The 
only way to preserve the distance function property of - is to correct all contour levels by the same amount. This is the assumption 
made in the informal approach of Eq. (31). Thus, Eq. (31) would arise from Eq. (23) under the assumption that d<d" = ;0(-=), which 
means that the correction of an appropriately chosen -= contour in the formal approach is uniformly applied in the entire domain 
to obtain the informal approach.

We now proceed with the mathematical derivation by obtaining an expression for the rate of change of correction d<d" . This can be obtained by differentiating Eq. (29) with respect to time
d3 (<)
d" = ∫

Ω

!10(-̂+ <)
(
&-̂
&"

+ d<
d"

)
dV = 0, (32a)

↪∫
Ω

!10(-̂+ <)&-̂
&"

dV = −∫
Ω

!10(-̂+ <)d<d" dV, (32b)

↪
d<
d" =

∫Ω 0(-̂+ <)("̆ ⋅∇-̂) dV
∫Ω 0(-̂+ <) dV

=
∫Ω 0(-̂+ <)("̆ ⋅∇(-̂+ <)) dV

∫Ω 0(-̂+ <) dV
=

∫Ω 0(-)("̆ ⋅∇-) dV
∫Ω 0(-) dV . (32c)

In Eq. (32a) we used the Leibniz rule to carry out the differentiation of the non-conserved quantity 3 (<) defined over the static region 
Ω. Eq. (32c) is arrived at by using the relations ∇-̂ =∇(-̂+ <) and - = -̂+ <. Comparing the right hand sides of Eqs. (23) and (31), 
we see that

d<
d" =

∫Ω 0(-)("̆ ⋅∇-) dV
∫Ω 0(-) dV = 0(-=)

∫Ω 0(-)("̆ ⋅∇-) dV
0(-=) ∫Ω 0(-) dV = 0(-=);̃. (33)

Eqs. (23) and (31) are therefore similar with a slight difference in ; and ;̃: the latter is an approximation to ; in which one of the 
smooth delta function terms (in the denominator) is evaluated at the =th contour. A uniform value is used with the approximate 
method to correct all - contours. This correction corresponds to the shift/correction in the =th contour of - in the exact case. We 
demonstrate this by taking a commonly used smooth delta function in the level set literature

0(-) = 1
2Δ + 1

2Δ cos
(
?-
Δ

)
↪

Δ

∫
−Δ

0())d) = 1 and
Δ

∫
−Δ

02())d) = 3
4Δ , (34)

in which Δ denotes the half-width of the interfacial region. The =th contour of - can be identified as follows:

;0(-=) =
d<
d" = ;̃0(-=) ⟹ ; = ;̃ (35a)
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↪
∫Ω 0(-)("̆ ⋅∇-) dV

∫Ω 02(-) dV =
∫Ω 0(-)("̆ ⋅∇-) dV
0(-=) ∫Ω 0(-) dV (35b)

↪0(-=) =
∫Ω 02(-) dV
∫Ω 0(-) dV (35c)

↪
1
2Δ + 1

2Δ cos
(?-=

Δ

)
= 3

4Δ (35d)

↪-= = ±Δ
3 . (35e)

The uniform correction applied by the approximate Lagrange multiplier corresponds to the exact correction at the contour Δ∕3
distance away from the interface.

Computing < that preserves mass for the level set method is a simple root-finding problem, 3 (<) = 0, for which we can use Newton’s 
method:

3 (<@+1) = 3 (<@) +
d3
d<

|||||<@
(<@+1 − <@). (36)

Setting 3 (<@+1) = 0 in the equation above yields

<@+1 = <@ −
3 (<@)
d3
d<
|||<@

, (37a)

↪Δ<@+1 = −
∫Ω !1.(-̂+ <@) dV−50

1

∫Ω !10(-̂+ <@) dV

= −
∫Ω.(-̂+ <@) dV−50

1∕!1
∫Ω 0(-̂+ <@) dV

= −
∫Ω.(-̂+ <@) dV− 7 0

1

∫Ω 0(-̂+ <@) dV
. (37b)

Here, @ represents the (Newton) iteration counter. With @ = 0, we start with a zero correction, i.e., <0 = 0 and iterate until mass is 
conserved to machine accuracy. The correction value < will remain the same even when we impose a volume conservation constraint. 
This can be seen in the steps leading up to Eq. (37b).

Summary of exact vs. approximate Lagrange multiplier approaches: The inexact approach overcomes the two problems of the 
exact Lagrange multiplier equation, but its main drawback is that it is post-hoc in nature; Eq. (31) is formally not a continuous 
equation. The inexact technique, however, closely mimics the exact Lagrange multiplier approach (implemented via operator split-
ting). Another key difference between exact and approximate methods lies in how they adjust the level set contours to achieve mass 
balance. The exact approach prioritizes the zero-contour (interface), moving it the most. This movement gradually diminishes for 
contours farther away from the interface, with those outside the interfacial region remaining entirely static. In contrast, the approxi-
mate Lagrange multiplier approach applies a uniform adjustment across all contours throughout the domain. This acts as a long-range 
correction mechanism.

2.8. Comparison with other mass-preserving level set methods

Although there are many techniques available in the literature for conserving mass using the level set method, we highlight 
two studies that have applied continuous formulations in place of pure numerical ones (i.e., combining level set with volume of 
fluid/moment of fluid methods, particle level set methods, etc.) to address mass loss problems. The conservative level set (CLS) 
method [15] is a continuous formulation, but we exclude it from this discussion since, despite its name, it also leads to mass loss—for 
example, see the dam break problem simulated in Parameswaran and Mandal [16] with CLS wherein mass losses up to 50% are 
reported (refer Fig. 22 of their work).

2.8.1. Mass preserving formulation of Wen et al.
A recent work by Wen et al. [12] describes a method of conserving mass with the standard level set method by including an 

additional source term in the equation. The source term form is selected ad-hoc with a free parameter A, whose value is determined 
through fluid-1’s mass balance. In addition, the authors used a non-standard definition of mass in their derivation, which results in 
several inconsistencies. In this section, we present Wen et al.’s mass-preserving level set method based on the variational framework 
of Sec. 2.4. In our derivation, we will continue to use their mass definition to obtain a similar level set equation as in [12]. Their 
equation reads as

&-
&"

+ "̆ ⋅∇- = A0(-)|∇-|, (38a)



Journal of Computational Physics 520 (2025) 113495

11

K. Khedkar, A.C. Mamaghani, P. Ghysels et al.

A =
∫Ω:(-)#- dV

∫Ω:(-)0(-)|∇-| dV . (38b)

Here, :(-) = 0(-) 
[
2(!1 − !2).(-) + !2

] (see Eq. (26) in [12]) and #- represents the “discretization error” in approximating −"̆ ⋅∇-. 
Though the authors did not justify the form of the RHS of Eq. (38a), it resembles the RHS of our Eq. (23). Note that for level set 
methods, |∇-| = 1 thanks to the reinitialization process. Therefore, the use of |∇-| in Eqs. (38) is redundant.

In [12], A is arrived at by defining mass of fluid-1 as

51(-) = ∫
Ω

!(-).(-) dV, (39)

which is different from the standard definition of mass used in Eq. (15). The implications of defining 51 through Eq. (39) will be 
discussed later. For now we will continue using Eq. (39) to derive Wen et al.’s Eq. (38a) utilizing our variational framework. The rate 
of change of mass for fluid-1 can be computed using RTT as

d51
d" = d

d" ∫
Ω

!(-).(-) dV,

= ∫
Ω

[
.(-)&!(-)

&"
+ !(-)&.(-)

&"

]
dV,

= ∫
Ω

[
2(!1 − !2).(-) + !2

]
0(-)&-

&"
dV,

= ∫
Ω

:(-)&-
&"

dV. (40)

The strong and weak form of the level set equation remains the same as the equation set (16). Based on the definition of mass of 
fluid-1, a constraint of the form

(-) = ∫
Ω

(
!(-).(-)−

50
1

7

)
dV = 0, (41)

is imposed with the help of the Lagrange multiplier Γ ∈ :2(Ω)3. Following the derivation steps of Sec. 2.4 we obtain an equation for 
the mass-conserving level set field

&-
&"

+ "̆ ⋅∇- = −Γ:(-), (42a)

Γ =
− ∫Ω:(-)("̆ ⋅∇-) dV

∫Ω:2(-) dV . (42b)

The Lagrange multiplier Γ is obtained by substituting &-∕&" = −Γ:(-) − "̆ ⋅ ∇- from Eq. (42a) into Eq. (40) and setting d51
d" = 0. 

Overall, Eq. (42a) reads as

&-
&"

+ "̆ ⋅∇- =:(-)
∫Ω:(-)("̆ ⋅∇-) dV

∫Ω:2(-) dV . (43)

Aside from the (redundant) |∇-| terms, Eq. (43) is similar, but not the same as Eq. (38a). Accordingly, Wen et al.’s Eq. (38a) does 
not follow the constraint formulation. Additionally, the discretization error #- has not been quantified in [12]. If #- = 0 for some 
advective scheme, then A = 0. In this case Eq. (38a) reverts back to the standard level set equation, which does not conserve mass. 
The interpretation of #- as a discretization error is therefore not correct. Furthermore, the use of a non-standard definition of mass 
also leads to several inconsistencies. The inconsistencies can best be described by determining the constrained level equation that 
aims to conserve the mass of fluid-2 52(-) = ∫Ω !(-)[1 −.(-)] dV. Following the same procedure as above, we can derive fluid-2’s 
mass-conserving equation, which reads as

&-
&"

+ "̆ ⋅∇- =:∗(-)
∫Ω:∗(-)("̆ ⋅∇-) dV

∫Ω:2
∗(-) dV

. (44)

Here, :∗(-) = [(!1 − 2!2) + 2(!2 − !1).(-)]0(-). Note that Eq. (44) differs from Eq. (43). Each fluid has its own governing equation. 
As part of their numerical experiments, Wen et al. (arbitrarily) chose the level set equation to preserve fluid-1’s mass. The only 
way to conserve both fluids’ masses simultaneously with this approach is to have :(-) = :∗(-). This condition simplifies to yield 
4(!1 − !2).(-) = !1 − 3!2. Considering that the RHS is constant, and the LHS varies spatially, this is a contradiction. There is also an 
unphysical condition !1 = −!2 at the interface where - = 0 and .(- = 0) = 1∕2.
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While Wen et al’s method is inconsistent, their numerical results for two-phase flows match well with existing literature. We 
attribute this fortunate match to the fact that for well-resolved simulations, A (or the Lagrange multipliers) do not cause a substantial 
change in -.

2.8.2. Mass preserving formulation of Kees et al.
Next, we describe the mass-conserving level set approach of Kees et al. [2] that can be considered an extension of the approximate 

Lagrange multiplier approach of Sec. 2.7. Their approach uses an advected volume fraction field .̂ as a target field to modify the 
reinitialized level set function -̂ directly to correct for spurious mass loss/gain. Their mass-preserving level set approach can be 
described by the following equations:

volume fraction advection: &.̂
&"

+∇ ⋅ (".̂) = 0, (45a)

level set advection: &-̃
&"

+ " ⋅∇-̃ = 0, (45b)

level set reinitialization: &-̂
&1

+ sgn(-̃)
(
|∇-̂|− 1

)
= 0, (45c)

level set mass correction: C∇2<(!) =.(-̂+ <(!))− .̂ with ∇<(!) ⋅ ' = 0 on &Ω. (45d)
Assuming no numerical diffusion errors, advecting fluid-1’s volume fraction .̂ in a closed domain yields ∫Ω .̂(") dV = 7 0

1 . The main idea behind the mass conserving approach of Kees et al. [2] is to solve (the nonlinear reaction-diffusion) Eq. (45d) with homogenous 
Neumann boundary conditions for a spatially varying level set correction field <(!). Integrating Eq. (45d) over the computational 
domain Ω reveals the constraint that Eq. (45d) imposes

∫
Ω

.(-̂+ <(!)) dV− ∫
Ω

.̂ dV = C ∫
Ω

∇2<(!) dV,

↪∫
Ω

.(-̂+ <(!)) dV− ∫
Ω

.̂ dV = C ∫
&Ω

∇<(!) ⋅ ' dS = 0,

↪∫
Ω

.(-̂+ <(!)) dV = ∫
Ω

.̂ dV = 7 0
1 . (46)

Eq. (46) defines essentially the same constraint as Eq. (29) with the difference that the corrective field < is allowed to vary spatially. 
In their work, Kees et al. mention “C is a parameter that penalizes the deviation of <(!) from a global constant.” In their numerical 
experiments, the authors take a large value of the penalty parameter C . According to their results (see Figs. 5 and 6, and Table 1), 
< remains essentially constant throughout the domain. In practice, Kees et al.’s approach is the same as the approximate Lagrange 
multiplier approach introduced in Sec. 2.7. The approximate Lagrange multiplier method is computationally more efficient than Kees 
et al.’s approach because it does not require maintaining an additional advective field .̂ . It also avoids inverting a large system of 
equations. The need for the latter arises due to the presence of a Laplacian operator in Eq. (45d).

2.9. Extension to three phase flows

In this section, we extend mass conserving level set techniques for two-phase flows, i.e., exact and approximate Lagrange multiplier 
methods, to three-phase flows, by including a (moving) solid phase in the domain; see Fig. 3(a). Fluid-structure interactions are 
modeled using the fictitious domain Brinkman Penalization (FD/BP) method, which is an immersed boundary method. The FD/BP 
method solves a single momentum equation in the entire computational domain Ω, including the immersed solid region Ω3(") ⊂Ω. 
The momentum of the solid body is accounted for by the penalty term # c(!, ") in the momentum Eq. (1), whose form reads as

# c(!, ") =
D(!, ")
E

(
"b(!, ")− "(!, ")

)
. (47)

The penalty term # c ensures that the velocity inside the structure region Ω3(") is a rigid body velocity "b(!, "). "b is determined by 
hydrodynamic and gravity forces acting on the body [17]. An indicator function D(!, ") tracks the location of a solid body within Ω. D
is non-zero only within Ω3("). The Brinkman penalization method treats the solid body as a porous region with vanishing permeability 
E ≪ 1. At the fluid-solid interface, the penalty force # c can also be treated differently in the normal and tangential directions. This 
possibility is explored in Sec. 2.9.4.

The interface &ΩS(") between fluid and solid domains is tracked by a level set function G(!, "): G > 0 in ΩF("), G < 0 in Ω3("), and 
G = 0 on &ΩS("). The solid level set is advected using

&G
&"

+ " ⋅∇G = 0. (48)
In what follows next, we assume that the solid domain does not loose mass/volume due to the motion/advection of G(!, ") within 

Ω, and all mass/volume issues stem from the level set function -(!, ") which defines the interface &ΩF(") between the two fluid phases.
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Fig. 3. Schematic of the computational domain Ω for three phase flows considered in (a) non-immersed and (b) immersed formulations. The variation of the two-fluid 
interface &ΩF is illustrated by the red dashed line.

2.9.1. Conserving mass/volume for three phase flows - non-immersed formulation

Exact Lagrange multiplier approach:We first present the non-immersed formulation, in which the level set function -(!, ") does not 
exist within the structure region. -(!, ") is assumed to satisfy appropriate boundary conditions on &Ω and &ΩS("). The non-immersed 
scenario is akin to a deforming/moving mesh that has a hole (to represents the body) inside it. We aim to conserve volume 71 of 
fluid-1, which can be expressed in terms of - as

71 = ∫
ΩF(")

.(-) dV. (49)

The rate change of volume 71 (a conserved quantity) can be expressed using the RTT Eq. (11) as
d71
d" = ∫

ΩF(")

0(-)&-
&"

dV+ ∫
&ΩS(")

.(-)("s ⋅ ') dS, (50)

In Eq. (50) ' represents a unit normal vector to the fluid-solid interface that points away from the fluid and into the solid. The no-slip 
condition on fluid-structure interface implies " = "s = "b(&ΩS("), ").

The strong and weak form of the dynamical equation for -(!, "), (-) and (-), respectively, the volume constraint (-), the 
Lagrangian of the constraint and its variation, (Λ1, -) and 0̂(Λ1, -), respectively, in the time-varying fluid domain ΩF(") read as

(-) △= &-
&"

+ "̆ ⋅∇- = 0, at ∀ ! ∈ΩF("), (51a)

(-, 0̂-) △= ∫
ΩF(")

[
&-
&"

+ "̆ ⋅∇-
]
0̂- dV, - ∈.1(ΩF("))3, ∀ 0̂- ∈.1(ΩF("))3, (51b)

(-) △= ∫
ΩF(")

(
.(-)−

7 0
1
7

)
dV = 0, (51c)

(Λ1,-)
△= Λ1 ∫

ΩF(")

(
.(-)−

7 0
1
7

)
dV, Λ1 ∈:2(ΩF("))3, (51d)

0̂(Λ1,-)
△= 0̂Λ1 ∫

ΩF(")

(
.(-)−

7 0
1
7

)
dV+Λ1 ∫

ΩF(")

0(-)0̂- dV, 0̂Λ1 ∈:2(ΩF("))3. (51e)

Note that in Eq. (51e) the variation in the movement of the fluid domain ΩF(") is not included. This is because the solid interface 
moves with the material velocity field. As noted earlier we are assuming that the velocity field is known (operator splitting with an 
explicit level set approach). The effect of domain variation would have to be probed if the velocity field was also an unknown. In that 
case, probing the effect of variation in the velocity field would cause variation in the movement of the fluid domain which in turn 
would lead to an extra term in the variation of the Lagrangian of the volume conservation constraint. The total variation, including 
the effect of variation in the domain movement on the Lagrangian of the constraint, would be:

0̂total(Λ1,-) = 0̂(Λ1,-) +Λ1 ∫
&ΩS(")

(
.(-)−

7 0
1
7

)
((sd" ⋅ ') dS,
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in which (s is the variation in velocity. The last term in the equation above arises due to variation in velocity (and the corresponding 
variation in domain movement) and is similar to that in the Leibniz theorem. If it is assumed that the velocity field is known a priori
when solving for -, then the last term is dropped because (s is zero.

Adding variation of the Lagrangian 0̂(Λ1, -) to the weak form (-, 0̂-), collecting terms in 0̂Λ1 and 0̂-, and equating them to 
zero separately, yields the original constraint (Eq. (51c)) and a new dynamical equation for - that reads as

&-
&"

+ "̆ ⋅∇- = −Λ10(-), (52a)

Λ1 =
− ∫ΩF(") 0(-)("̆ ⋅∇-) dV+ ∫&ΩS(").(-)("s ⋅ ') dS

∫ΩF(") 02(-) dV
. (52b)

The value of the Lagrange multiplier Λ1 is obtained by substituting &-&" = −"̆ ⋅∇- −Λ10(-) into Eq. (50) and setting d71d" = 0.
Proceeding analogously, we can conserve the volume of fluid-2 72 = ∫ΩF(")(1 −.(-)) dV by imposing a constraint of the form 

(-)△= ∫ΩF(")(1 −.(-)) −7 0
2 ∕7 dV = 0 with the help of Lagrange multiplier Λ2 ∈:2(Ω)3. In this case the dynamical equation for the 

level set reads as
&-
&"

+ "̆ ⋅∇- =Λ20(-), (53a)

Λ2 =
∫ΩF(") 0(-)("̆ ⋅∇-) dV− ∫&ΩS(").(-)("s ⋅ ') dS

∫ΩF(") 02(-) dV
. (53b)

In arriving at the RHS of Eq. (53b), we used d72d" = 0 and the relation ∫&ΩS(")("s ⋅ ') dS = ∫Ω3
∇ ⋅ "b dV = 0. The latter holds because 

"b is a volume-preserving rigid body velocity field.
Comparing the two level set equation sets (52) and (53), we observe the relation −Λ1 = Λ2. Therefore, Eqs. (52a) and (53a) are 

the same, given by

&-
&"

+ "̆ ⋅∇- = H0(-) =
∫ΩF(") 0(-)("̆ ⋅∇-) dV− ∫&ΩS(").(-)("s ⋅ ') dS

∫ΩF(") 02(-) dV
0(-). (54)

Thus, conserving volume of fluid-1 automatically conserves the volume of fluid-2, even in the moving domain ΩF("). Furthermore, it 
is straightforward to show that the equation for - remains the same (as Eq. (54)), if we impose mass conservation constraints instead 
of volume ones. We omit the derivation steps for brevity.

Approximate Lagrange multiplier approach: Here we follow the derivation procedure of Sec. 2.7 to derive an approximate La-
grange multiplier to conserve mass/volume of the two fluid phases in the moving domain &ΩF("). Consider the reinitialized level set 
function -̂ at time " that is a signed distance function, but it does not satisfy the constraint Eq. (51c) yet. We seek a spatially uniform 
correction < that corrects -̂ to - = -̂ + < while maintaining its signed distance property |∇-| = |∇(-̂ + I)| = 1. This is achieved by 
finding the root of the nonlinear equation

(-̂+ <) = 3 (<) = ∫
ΩF(")

.(-̂+ <) dV− 7 0
1 = 0, (55)

using Newton’s method. The correction at the @th Newton iteration becomes

<@+1 = <@ −
3 (<@)
d3
d<
|||<@

, (56a)

↪Δ<@+1 = −
∫ΩF(").(-̂+ <@) dV− 7 0

1

∫ΩF(") 0(-̂+ <@) dV
, (56b)

which is iterated till the relative error (Δ = 3 (<@)∕7 0
1 ) drops to machine accuracy. To show the similarity between the exact and 

approximate Lagrange multiplier approaches for three phase flows, we need an expression for level set correction per unit time d<d"instead of the total one: <. This can be obtained by differentiating 3 (<), which is a non conserved quantity defined over a moving 
domain, with respect to time using the Leibniz integral rule

d3 (<)
d" = ∫

ΩF(")

0(-̂+ <)
(
&-̂
&"

+ d<
d"

)
dV+ ∫

&ΩS(")

.(-̂+ <)("s ⋅ ') dS = 0, (57a)

↪
d<
d" =

∫ΩF(") 0(-̂+ <)("̆ ⋅∇(-̂+ <)) dV− ∫&ΩS(").(-̂+ <)("s ⋅ ') dS
∫ΩF(") 0(-̂+ <) dV

, (57b)
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↪
d<
d" =

∫ΩF(") 0(-)("̆ ⋅∇-) dV− ∫&ΩS(").(-)("s ⋅ ')dS
0(-=) ∫ΩF(") 0(-) dV

0(-=) = H̃ 0(-=). (57c)

Here, again it can be seen that the RHS of Eq. (54) is similar to d<d" with a slight difference in H and H̃: the latter is an approximation 
to H in which one of the smooth delta function terms (in the denominator) is evaluated at the =th contour. Overall, there is no spatial 
variation in the correction and - retains its signed distance property. Moreover, the root finding technique avoids calculating the 
numerator of H or H̃.

2.9.2. Conserving mass/volume for three phase flows - immersed formulation
For non-immersed formulations with Cartesian grids, significant bookkeeping and stencil modifications are required to avoid 

solving the level set equation inside the (moving) structure domain Ω3 . With unstructured grids, when a solid body moves, the mesh 
can deform significantly, causing several problems. An alternate approach is to use an immersed formulation and allow the two-fluid 
interface to pass through the solid body as shown in Fig. 3(b). The implementation of the level set method is greatly simplified 
as a result. Because the two phases existing inside the solid body are fictitious, care must be taken when imposing constraints. To 
calculate the actual volume (or mass) of the three phases, we introduce a second level set function G (outlined in Sec. 2.9), which 
can be expressed as follows:

71 = ∫
Ω

.(-).(G) dV, (58a)

72 = ∫
Ω

(1−.(-)).(G) dV, (58b)

73 = ∫
Ω

(1−.(G)) dV. (58c)

In Eqs. (58a) and (58b) the inclusion of .(G) term ensures that the fluid volume is considered only outside the body. We will assume 
that the solid volume 73 remains conserved, and the issue of mass/volume loss pertains to only fluids 1 and 2.

Using the RTT (Eq. (11)), the time derivatives of 71 and 72 (conserved quantities) in the closed and stationary computational 
domain Ω are obtained as:

d71
d" = ∫

Ω

[
0(-).(G)&-

&"
+.(-)0(G)&G

&"

]
dV, (59a)

d72
d" = ∫

Ω

[
−0(-).(G)&-

&"
+ (1−.(-))0(G)&G

&"

]
dV. (59b)

The strong and weak form of the level set equation remains the same as Eq. (51a) and Eq. (51b), respectively, with the difference 
that they are now defined over the entire (static) domain Ω. That is - ∈.1(Ω)3 and 0̂- ∈.1(Ω)3. Working with the constraint of 
conserving fluid-1 volume, the Lagrangian of the constraint and its variation reads as

(Λ3,-)
△= Λ3 ∫

Ω

(
.(-).(G)−

7 0
1
7

)
dV, Λ3 ∈:2(Ω)3, (60a)

0̂(Λ3,-)
△= 0̂Λ3 ∫

Ω

(
.(-).(G)−

7 0
1
7

)
dV+Λ3 ∫

Ω

0(-).(G)0̂- dV, 0̂Λ3 ∈:2(Ω)3. (60b)

Adding variation of the Lagrangian to the weak form, collecting terms in 0̂Λ3 and 0̂-, and equating them to zero separately, yield 
the original constraint and a new dynamical equation for - that reads as

&-
&"

+ "̆ ⋅∇- = −Λ30(-).(G), (61a)

Λ3 =
− ∫Ω 0(-).(G)("̆ ⋅∇-) dV− ∫Ω.(-)0(G)(" ⋅∇G) dV

∫Ω 02(-).2(G) dV , (61b)

↪Λ3 =
− ∫Ω 0(-).(G)("̆ ⋅∇-) dV+ ∫&ΩS(").(-)("s ⋅ ') dS

∫Ω 02(-).2(G) dV . (61c)

The value of the Lagrange multiplier Λ3 in Eq. (61b) is obtained by substituting &-&" = −"̆ ⋅ ∇- − Λ30(-).(G) from Eq. (61a) and 
&G∕&" = −" ⋅ ∇G from Eq. (48) into Eq. (59a) and setting d71d" = 0. If the body delta function 0(G) is sharp, then the expression 
for Λ3 in Eq. (61b) can be further simplified to Eq. (61c) by using the relation ∫Ω.(-)0(G)(" ⋅ ∇G) = ∫&ΩS(").(-)("s ⋅ ∇G) dS =
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∫&ΩS(").(-)("s ⋅ 's) dS = − ∫&ΩS(").(-)("s ⋅ ') dS. Here, 's = −' is the outward unit normal to the solid surface, which can be 
obtained from the signed distance function G as 's =∇G∕|∇G | =∇G .

Proceeding analogously, we can conserve the volume of fluid-2 with the help of the Lagrange multiplier Λ4 ∈:2(Ω)3. In this case 
the level set equation and the value of the Lagrange multiplier reads as

&-
&"

+ "̆ ⋅∇- =Λ40(-).(G), (62a)

Λ4 =
∫Ω 0(-).(G)("̆ ⋅∇-) dV− ∫Ω(1−.(-))0(G)(" ⋅∇G) dV

∫Ω 02(-).2(G) dV , (62b)

↪Λ4 =
∫Ω 0(-).(G)("̆ ⋅∇-) dV− ∫&ΩS(").(-)("s ⋅ ') dS

∫Ω 02(-).2(G) dV . (62c)

Comparing equations sets (61) and (62), we observe the relation −Λ4 =Λ3. Therefore, the level set equations (61a) and (62a) are the 
same. More importantly, the immersed formulation of the mass/volume conserving level set equation converges to the non-immersed 
one as the smeared body delta function 0(G) becomes sharp. This can be observed by comparing equation sets (52) and (53), and 
equation sets (61) and (62). Outside the solid region where .(G) = 1, these equations are exactly the same. The equations remain 
the same if we impose mass conservation constraints instead of volume ones. The derivation steps are omitted for brevity.

Approximate Lagrange multiplier approach: Here we derive an approximate Lagrange multiplier to conserve mass/volume of the 
two fluid phases in an immersed sense. The nonlinear equation to solve for the spatially uniform correction < in this case is

(-̂+ <) = 3 (<) = ∫
Ω

.(-̂+ <).(G) dV− 7 0
1 = 0 (63)

Eq. (63) can be solved to machine accuracy using Newton’s method. As done before, the connection between the approximate and 
exact Lagrange multipliers emerges through d<d" . Differentiating the non-conserved quantity 3 (<) defined over a static domain Ω with 
respect to time (using the Leibniz integral rule) yields

d<
d" =

∫Ω 0(-̂+ <).(G)("̆ ⋅∇(-̂+ <)) dV+ ∫Ω.(-̂+ <)0(G)("s ⋅∇G)dV
∫Ω 0(-̂+ <).(G) dV

, (64a)

↪
d<
d" = Λ̃0(-=).(G/) =

[∫Ω 0(-).(G)("̆ ⋅∇-) dV− ∫&ΩS(").(-)("s ⋅ ') dS
]

0(-=).(G/) ∫Ω 0(-).(G) dV 0(-=).(G/). (64b)

Comparing Eqs. (62c) and (64b), it can be seen that Λ̃ is approximately equal to the exact Lagrange multiplier Λ4 : the former is 
obtained by evaluating one of the smooth delta function terms and one of the smooth Heaviside function terms (in the denominator) 
at the =th and /th contour, respectively. Overall, there is no spatial variation in the correction and - retains its signed distance 
property.

Enforcing the constraint defined by Eq. (63) using Newton’s method ensures that the volume of phase-1 (defined by Eq. (58a)) is 
preserved to machine accuracy. Since the sum of the volumes for all three phases (Eqs. (58a) - (58c)) equals the total volume of the 
domain, this constraint guarantees a key property for closed domains: if the volume of phase-1 is conserved to machine precision, the 
combined volumes of phase-2 and phase-3 will also be conserved to machine precision irrespective of the smeared body Heaviside 
function. The numerical simulations of Sec. 5 confirm this property.

2.9.3. Contact angle conditions
Material triple points are the points (or lines in 3D) where the two-fluid interface &ΩF intersects the solid surface &ΩS. Under 

equilibrium/static conditions, &ΩF pins at &ΩS at an angle Js according to the Young-Laplace equation. A dynamic contact angle Jd
condition is better suited for transient conditions. For problems at the capillary length scale, the contact angle condition is relevant. 
The capillary length scale3 in an air-water system is about 2.7 mm. The contact angle condition is not necessary for many fluid-
structure problems in ocean engineering, since the relevant length scales are much larger than capillary ones.

If a specific contact angle J needs to be imposed at the triple points, an equation similar to the reinitialization equation Eq. (9)
can be used. This idea is proposed by Jettestuen et al. [18] who suggest using an equation of the form

&-
&1

+ sgn(G) (∇G ⋅∇-− cos(J)|∇-||∇G |) = 0. (65)
As with the reinitialization equation, the contact angle Eq. (65) is also solved till steady state to obtain the desired geometric relation 
between the fluid and solid level sets at the triple points

∇G
|∇G | ⋅

∇-
|∇-| = cos(J). (66)

3 The capillary length scale can be estimated as Kc ∝
√ L

(!l−!g ),
.
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Eq. (65) implies that the level set function - moves with a velocity "cont = sgn(G) 
(
∇G − cos(J) ∇-

|∇-|
)
.4 Overall - moves with a 

combination of fluid velocity ", reinitialization velocity "reinit and contact angle imposing velocity "cont. If we denote the overall 
velocity by ̆̆", then the analysis presented in Sec. 2.9.1 still applies. The terms involving "̆ are replaced by ̆̆". Additionally, it can be 
seen that Λ3 and Λ4 will disrupt the signed distance property of -, as well as change the contact angle at the triple points. In contrast, 
the approximate Lagrange multiplier approach will respect the contact angle condition since the shifted contours of - retain their 
original geometric shape.

Due to the length scales of FSI problems consider in this work, we do not consider the contact angle condition. This will be 
examined with appropriate problems in a future study.

2.9.4. Differential treatment of the Brinkman penalty force
In the Brinkman penalty method the permeability of the body needs to be low E ≪ 1 to represent a non-porous body. In practice, 

while E value is small, it does not approach machine zero. This implies that the no-slip condition on the fluid-solid interface is only 
partially enforced. The approach of E to machine zero poses two issues:

1. the system of equations becomes stiff to solve; and
2. a no-slip condition in the tangential direction implies stress singularity at the material triple points.

Our recent paper [19] describes a preconditioning strategy that overcomes the numerical stiffness issue of the Brinkman penal-
ization method: the fluid solver converges rapidly regardless of E. Therefore, issue #1 is not a concern with our implementation. 
The second issue is unavoidable, and one must allow for tangential slip at the triple points. This is necessary for the solid to move 
across/pierce the two fluid interfaces. The classical no-slip condition at the material triple point breaks down as discussed in Huh and 
Scriven [20]. A question naturally arises in light of issue #2 for the Brinkman penalization method: is it possible to impose different 
amounts of slip in the normal and tangential directions? For example, no slip in the normal direction and some slip in the tangential 
direction. Using numerical experiments, this section explores this possibility.

A three phase FSI problem is simulated in which a rectangular block is released from a small height above the air-water interface. 
Detailed information on the problem setup is provided in Sec. 5.2.1, where we focus on the mass loss issues with the level set method. 
We focus here on the dynamics of the block and the air-water interface as a function of differential slip. This case is studied by 
splitting the Brinkman penalty force, described in Eq. (47) into normal and tangential components as

# M(!, ") =
D(!, ")
E

[n("N(!, ")− "(!, ")) ⋅ ('s ⊗ 's) +t ("N(!, ")− "(!, ")) ⋅ ()− ('s ⊗ 's))
]
, (67)

in which n and t are the normal and tangential penalty factors, respectively, and 's is the unit normal to the solid surface. The 
splitting of the Brinkman force into normal and tangential components is done in the fluid-solid interfacial zone. Inside the body, 
the penalty force reverts to its original form. When n = 1 and t = 1, Eq. (67) reverts back to Eq. (47). We impose a no-normal 
penetration condition by increasing the normal penalty factor to n = 50. The tangential penalty factor is kept at t = 1. The large 
value of the normal penalty factor restricts the air-water interface within the solid body. Fig. 4 displays very unphysical FSI dynamics 
in this case, where the block appears to “ride the waves.” After being released, the rectangular block bounces to a higher elevation 
and continues to rise.

Fig. 19 of Sec. 5.2.1 shows physically correct dynamics when both n and t are set to 1. The air-water interface is thus allowed 
to enter the rectangle block. As long as the mass/volume conservation constraint (of the actual fluid) is maintained, it is not a problem 
for the fluid to penetrate into the solid region. It corresponds to the immersed formulation of the mass-preserving level set method.

3. Discretization

3.1. Spatial discretization

The continuous equations of motion for the incompressible multiphase flow system written in Eqs. (1) and (2) are discretized on a 
locally refined staggered Cartesian grid. The coarsest grid level covers the entire domain Ω with O) ×O* ×O+ rectangular cells. The 
cell size in ), *, and + directions is Δ), Δ*, and Δ+, respectively. Unless stated otherwise, a uniform grid spacing Δ) = Δ* =Δ+ = ℎ is 
used for all simulations in this work. Without any loss of generality, the lower left corner of the domain is taken as the origin (0, 0, 0). 
The center of the cell has a position !Q,R,@ =

(
(Q+ 1

2 )Δ), (R +
1
2 )Δ*, (@+

1
2 )Δ+

)
for Q = 0, … , O)−1, R = 0, … , O*−1, and @ = 0, … , O+−

1. The cell face location that is half a grid cell away from !Q,R,@ in the )-direction is at !Q− 1
2 ,R,@

=
(
QΔ), (R + 1

2 )Δ*, (@+
1
2 )Δ+

)
. Similarly, 

for the location of a cell face that is half a grid cell away from !Q,R,@ in the *-directions is !Q,R− 1
2 ,@

=
(
(Q+ 1

2 )Δ), RΔ*, (@+
1
2 )Δ+

)

and in the +-direction it is !Q,R,@− 1
2
=
(
(Q+ 1

2 )Δ), (R +
1
2 )Δ*,@Δ+

)
. Fig. 5(a) illustrates the staggered arrangement of the variables 

on a 2D grid. The simulation time at time step / is denoted by "/. The scalar quantities: level set functions, pressure, and the 
material properties (density and viscosity) are approximated at cell centers and are denoted -/

Q,R,@ ≈ - 
(
!Q,R,@, "/

), G/Q,R,@ ≈ G
(
!Q,R,@, "/

), 

4 This additional motion also relaxes the no-slip condition on the fluid-solid interface.



Journal of Computational Physics 520 (2025) 113495

18

K. Khedkar, A.C. Mamaghani, P. Ghysels et al.

Fig. 4. Three phase fluid-structure interaction of a rectangular block when the air-water interface is not allowed to enter the solid body (n = 50,t = 1).

(/Q,R,@ ≈ ( 
(
!Q,R,@, "/

), !/Q,R,@ ≈ ! 
(
!Q,R,@, "/

) and #/
Q,R,@ ≈ #

(
!Q,R,@, "/

), respectively. See also Fig. 5(b). Scalar quantities are interpolated onto 
the required degrees of freedom when required; see Nangia et al. [21] for further details. The vector velocity is approximated on the 
cell face as 6/

Q− 1
2 ,R,@

≈ 6 
(
!Q− 1

2 ,R,@
, "/

)
, S/

Q,R− 1
2 ,@

≈ S 
(
!Q,R− 1

2 ,@
, "/

)
, T/

Q,R,@− 1
2
≈T 

(
!Q,R,@− 1

2
, "/

)
. The body force terms in the momentum 

equation are also approximated at the cell faces. Second-order finite differences are used for all spatial derivatives. For the ease of 
readability, the discretized version of the differential operators are denoted with a ℎ subscript, e.g., ∇ ≈ ∇ℎ. For further details on 
the spatial discretization and boundary conditions on adaptively refined meshes, refer our prior works [21–23].

3.2. Density and viscosity specification

Smooth Heaviside functions are used to vary material properties at the fluid-fluid and fluid-solid interfaces &ΩF(") and &ΩS("), 
respectively. A given material property ℑ, say density or viscosity, is set in the computational domain by first calculating the flowing
phase property as

ℑflow
Q,R,@ =ℑK + (ℑ, −ℑK).̃flow

Q,R,@ , (68)
and later correcting ℑflow to account for the solid body by

ℑfull
Q,R,@ =ℑU + (ℑflow

Q,R,@ −ℑU).̃
body
Q,R,@ . (69)

Here, ℑfull is the final scalar material property (density or viscosity) field throughout Ω. For the transition specified by Eqs. (68)
and (69), the usual numerical Heaviside functions are used:
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Fig. 5. Schematic representation of a 2D staggered Cartesian grid. (a) A staggered grid coordinate system, and (b) a single grid cell with velocity components 6 and S
approximated at the cell faces (→) and scalars pressure ( and level set function - approximated at the cell center (∙) at /th time step.

.̃flow
Q,R,@ =

⎧
⎪
⎨
⎪⎩

0, -Q,R,@ < −/cells ℎ,
1
2

(
1 + 1

/cells ℎ
-Q,R,@ +

1
? sin

(
?

/cells ℎ
-Q,R,@

))
, |-Q,R,@| ⩽ /cells ℎ,

1, otherwise.
(70)

.̃body
Q,R,@ =

⎧
⎪
⎨
⎪⎩

0, GQ,R,@ < −/cells ℎ,
1
2

(
1 + 1

/cells ℎ
GQ,R,@ +

1
? sin

(
?

/cells ℎ
GQ,R,@

))
, |GQ,R,@| ⩽ /cells ℎ,

1, otherwise.
(71)

All simulations performed in this study use /cells = 1 for two-phase flows and /cells = 2 (for fluid-solid and fluid-fluid interfaces) 
for three-phase flows.

3.3. Temporal discretization

We employ a fixed-point iteration time stepping scheme with /cycles cycles per time step to evolve quantities from time level "/
to time level "/+1 = "/ +Δ". Superscript @ denotes the cycle number for the fixed-point iteration. At the beginning of each time step, 
the solutions from the previous time step are used to initialize cycle @ = 0: "/+1,0 = "/, (/+ 1

2 ,0 = (/−
1
2 , -/+1,0 = -/ and G/+1,0 = G/. 

Initial conditions are prescribed for physical quantities at the initial time / = 0. A larger number of cycles in the simulation allows 
a larger, more stable time step size. In this work, we limit /cycles = 2 for 2D cases and /cycles = 1 for 3D cases to reduce linear solver 
computational costs.

3.3.1. Level set advection
We evolve the two level set/signed distance functions - and G using a standard explicit advection scheme as follows

-/+1,@+1 −-/

Δ" +V
(
"/+

1
2 ,@,-/+ 1

2 ,@
)
= 0, (72)

G/+1,@+1 − G/

Δ" +V
(
"/+

1
2 ,@, G/+

1
2 ,@

)
= 0, (73)

in which V(⋅, ⋅) denotes the cubic upwind interpolation (CUI) approximation to the linear advection terms on cell centers. Let -̃/+1

denote the level set function following an advection procedure after time stepping through the interval ["/ , "/+1]. We aim to reinitialize 
it to obtain a signed distance function. As proposed by Sussman et al. [1], this can be achieved by computing a steady-state solution to 
the Hamilton-Jacobi Eq. (9). The spatial gradients involved in the Hamilton-Jacobi equation are typically discretized using high-order 
essentially non-oscillatory (ENO) or weighted ENO (WENO) schemes.

With the solid body geometries considered in this study, we are able to reset the solid level set function G analytically. The 
analytical resonstruction preserves the mass/volume of the body while not distorting G ’s signed distance property following the 
linear advection Eq. (73).

3.3.2. Multiphase incompressible Navier-Stokes solution
The multiphase incompressible Navier-Stokes Eqs. (1) and (2) is discretized in conservative form as

!̆/+1,@+1"/+1,@+1 − !/"/
Δ" +*/+1,@ = −∇ℎ (

/+ 1
2 ,@+1 +

(
+#"

)/+ 1
2 ,@+1 +℘/+1,@+1$+ #/+1,@+1M + #/+

1
2 ,@+1

st , (74)
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∇ ⋅ "/+1,@+1 = ,, (75)
in which */+1,@ is the discrete version of the convective term ∇ ⋅ (-! ⊗"). A consistent mass/momentum transport scheme is used to 
compute the density !̆/+1,@+1 and mass flux -! ≡ !" approximations, ensuring numerical stability even under high density contrasts. 
Our prior works [21,17] provide a detailed description of the consistent mass/momentum transport scheme. The viscous strain rate 
in Eq. (74) is calculated using the Crank-Nicolson approximation: (+#"

)/+ 1
2 ,@+1 = 1

2

[(
+#"

)/+1,@+1 + (
+#"

)/], in which (+#
)/+1 =

∇ℎ ⋅
[
#/+1 (∇"+∇"W

)/+1]. The newest approximation to viscosity #/+1,@+1 is obtained using the two-stage process described by 
Eqs. (68) and (69). To avoid generating spurious currents due to large density variations near the fluid-solid interface [22], the 
gravitational body force term ℘$ = !flow$ is calculated using the flow density field; see also Eq. (68).

3.3.3. Fluid-structure coupling
The Brinkman penalization term # M written in Eq. (47) is treated implicitly in the momentum equation

#/+1,@+1M = D̃
E

(
"/+1,@+1N − "/+1,@+1

)
. (76)

The indicator function D̃ is defined using the body Heaviside function (Eq. (71)) as D̃ = 1 − .̃body. D̃ = 1 inside the solid region and 
zero outside. The rigid body velocity "N is expressed as the sum of translational .X and rotational /X velocities:

"N =.X +/X ×
(
! −0COM

)
, (77)

in which 0COM is the center of mass position of the body. The rigid body velocity is obtained by integrating Newton’s second law of 
motion

Mb
./+1,@+1
r −./

r
Δ" =  /+1,@ +Mb$, (78)

)/+1,@+1b //+1,@+1
r − )/b/

/
r

Δ" =/+1,@ (79)
in which Mb is the mass of the body, )b is its moment of inertia tensor, and  is the net hydrodynamic force,  is the net hydrodynamic 
torque and Mb$ is the net gravitational force acting on the body. Eqs. (78) and (79) are integrated using a forward-Euler scheme to 
compute ./+1,@+1

r , //+1,@+1
r and 0/+1,@+1

COM . Only the vertical degree of freedom is considered free in the simulations presented in this 
work.

3.3.4. Solution methodology: projection preconditioner for the fully coupled Brinkman penalized Stokes system
To find the velocity, "/+1,@+1, and pressure, (/+ 1

2 ,@+1, at time step / + 1, we solve Eqs. (74) and (75) simultaneously. The discrete 
form of momentum and continuity equations in matrix form reads as

1! = 2
[

3 4
−5⋅ ,

][
!"
!6

]
=
[
#"
,

]
. (80)

The operator 1 on the left-hand side of Eq. (80) is the time-dependent, incompressible staggered Stokes operator with an additional 
Brinkman penalty term in the (1,1) block. We call it the Brinkman penalized Stokes operator or Stokes-BP operator for short [19]. 
Matrix 3 = 1

Δ" !̆
/+1,@+1 + 1

E "̃
/+1,@+1 − 1

2+#
/+1,@+1 represents the discretization of the temporal, Brinkman penalty force and viscous 

terms, !" and !6 are the velocity "/+1,@+1 and pressure (/+1,@+1 degrees of freedom, and #" is the right hand side of the momentum 
equation

#" =
( 1
Δ"!

/ + 1
2+#

/
)
"/ +

(
"̃
E

)/+1,@+1
"/+1,@+1N −*/+1,@ + #/+

1
2 ,@+1

st +℘/+1,@+1$. (81)

Within matrix 3, !̆/+1,@+1 and "̃/+1,@+1 = 7− 8̃body are diagonal matrices of face-centered densities and body characteristic function 
corresponding to each velocity degree of freedom, respectively. The surface tension force # st acting on &ΩF is modeled using the 
continuous surface tension formulation [24,25]. The continuous surface tension force reads as

# st = LΥ(-)∇Ỹ, (82)
in which L is the uniform surface tension coefficient and Υ(-) is the curvature of the interface computed from the level set function 
Υ(-)/+

1
2 ,@+1 = −∇ ⋅

(
∇-
|∇-|

)
. In Eq. (82), Ỹ(-) represents a mollified Heaviside function that ensures that the surface tension force 

acts only near the two fluid interface. The immersed formulation of the level set equation implies that a fictitious surface tension also 
exists within the solid region. This however does not affect the momentum of the body; the fictious surface tension force is absent 
from the RHS of Eq. (78).
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Solving Eq. (80) iteratively becomes challenging when the body permeability E ≪ 1. This difficulty arises because a very large 
penalty term makes the system of equations very stiff. To address this issue, we recently proposed an effective preconditioning strategy 
for solving Eq. (80) using an FGMRES solver. This work adopts the same strategy. For a detailed explanation of the preconditioning 
method and its performance with very low values of E, please refer to [19].

4. Software implementation

The numerical algorithms described in this work are implemented within the IBAMR library [26], which is an open-source C++ 
software, enabling simulation of CFD and immersed boundary-like methods on adaptively refined grids. The code is hosted on GitHub 
at https://github .com /IBAMR /IBAMR. IBAMR relies on SAMRAI [27,28] for Cartesian grid management and the AMR framework. 
Solver support in IBAMR is provided by the PETSc library [29–31].

5. Results and discussion

In this section, several two-phase and three-phase flow problems are simulated to demonstrate the effectiveness of the approximate 
Lagrange multiplier technique. We selected the approximate Lagrange multiplier approach (henceforth called the mass loss fix) 
because of its simplicity, its ability to retain the signed distance property of the level set function, and its close relationship to the 
exact Lagrange multiplier approach, particularly if the latter method is implemented as an operator splitting technique. For three 
phase flows, two stringent test problems are devised to demonstrate that (i) imposing the mass conservation constraint is essential for 
the level set method to obtain correct dynamics; and (ii) the immersed formulation of the level set equation produces dynamics that 
agree very well with non-immersed and conservative methods such as moving unstructured grid-based methods, cut-cell methods, 
and particle-based methods.

5.1. Two-phase flow problems

5.1.1. Vortex in a box problem
Vortex in a box is a standard two-phase flow problem used in the literature [32] to test interface tracking/capturing methods’ 

ability to resolve thin filaments. In this problem, a circular interface is stretched over time due to an imposed velocity field of the 
form

6 = −2 sin2(?)) sin(?*) cos(?*),

S = 2sin(?)) cos(?)) sin2(?*).

The computational domain consists of a unit square with extents Ω ∈ [0, 1]2. A circular interface with a radius of 0.15 has its initial 
centroid at (0.5, 0.75). The origin is taken to be the lower left corner. The circular interface gets stretched into a very long and thin 
filament due to the imposed velocity field, which over time wraps around itself. Fig. 6 compares the interfacial dynamics with and 
without the mass loss fix at time instances " = 4, 6, and 8. The domain is discretized into O ×O = 128 × 128 grid cells and a uniform 
time-step size of Δ" = ℎ∕10 is employed. As can be observed in the figure, a significant amount of mass is lost by the standard level 
set method compared to the mass loss fix method.

Figs. 7(a), 7(c) and 7(e) show the normalized value of the uniform correction <∕ℎ as a function of time. The normalized correction 
values are in the order of 10−2, which means that the contours of the level set field -̂ are shifted at a sub-grid level. To quantify 
the amount of fluid lost/gained over time, we plot the relative change in the volume of fluid enclosed by the interface, Δ7 ∕70 =
7 (")∕70 − 1. Figs. 7(b), 7(d) and 7(f) show the relative volume change for grid sizes 32×32, 64×64, and 128×128. For all grids, the 
relative change in volume is close to machine precision. In order to solve 3 (<) = 0 to machine precision, it usually takes 2-3 Newton 
iterations.

Next, we will examine a somewhat different but closely related problem known as the reverse vortex test problem [32,33]. After 
rotating counterclockwise for " = 4, the initially circular interface stretches into a thin filament before rotating clockwise to return to 
its original shape at " = W = 8. In this case, velocity is a function of time, and is written as

6 = −2 sin2(?)) sin(?*) cos(?*) cos
(?"
W

)
,

S = 2sin(?)) cos(?)) sin2(?*) cos
(?"
W

)
.

Fig. 8 compares the final shape of the interface at " = W for different grid sizes, with finer grids performing better. For the coarse 
mesh resolution (32 × 32) considered here, the mass fix method yields a “full” circle than the standard approach, which shrinks the 
interface. The latter occurs because of the substantial volume loss with the standard level set method. In order to compare the two 
methods quantitatively, we estimate the geometric and volume errors as Zg and Zv, respectively, at the end of the process:

Zg =
∫Ω |.(-, " = W )−.(-, " = 0)| dV

∫Ω.(-, " = 0) dV , (84)

https://github.com/IBAMR/IBAMR
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Fig. 6. Time evolution of the interface for the vortex in a box problem using a 128×128 uniform mesh.

Table 1
Comparison of relative geometric Zg and volume ZS errors at the final time instant using standard 
level set method and level set method with mass loss fix for the reverse vortex problem. Three grid 
sizes are considered.
Errors Method 32 × 32 64 × 64 128 × 128 256 × 256

Zg
no mass loss fix 5.6274× 10−1 1.9812× 10−1 6.5218 × 10−2 9.1636 × 10−3
mass loss fix 4.7861× 10−1 2.0243× 10−1 6.3858 × 10−2 9.6954 × 10−3

Zv
no mass loss fix 4.8166× 10−1 2.3117× 10−2 2.9920 × 10−2 1.0634 × 10−3
mass loss fix < ×10−16 2 × 10−16 < ×10−16 2 × 10−16

Zv =
| ∫Ω.(-, " = W ) dV− ∫Ω.(-, " = 0) dV|

∫Ω.(-, " = 0) dV . (85)

Table 1 compares relative geometric and volume errors at different grids with and without mass loss fix. The circular interface recovers 
well for grids 64 × 64 and 128 × 128, and geometric errors are comparable between the two approaches. Significant differences are 
observed in relative volume errors, however. The mass loss fix method conserves the volume enclosed by the interface to machine 
precision.

Finally, we simulate the reverse vortex case using the standard level set method (without mass loss fix) for a reduced time period 
of W = 4. The grid size is 256 × 256. The interface rotates counterclockwise until " = 2, at which point it reverses motion. By reducing 
the time period, the interface does not thin out excessively and break. During the second half of the period, the interface follows a 
“reversible” path. Fig. 9 illustrates the relative volume change of the fluid enclosed by the interface over time. As can be seen from 
the figure, the level set method exhibits a very low volume error at " = W = 4 (specifically Δ7 ∕70 = 2.04 × 10−5). Based on this, we 
can confirm Eq. (13). It is generally not possible to find time intervals Δ" where mass loss errors are low with the standard level set 
method. Many practical problems have a two-phase interface that breaks, making it impossible to follow a reversible path to achieve 
a net zero normal displacement.

5.1.2. Bubble rise problem
In this section, we simulate the rise of a two-dimensional bubble in water due to buoyancy, which tests the coupling between the 

level set method and the flow solver. The density and viscosity of air (bubble) are !a = 1 kg/m3 and #a = 0.1 Pa⋅s. Water density 
and viscosity are !w = 1000 kg/m3 and #w = 10 Pa⋅s, respectively. At " = 0 s, the bubble’s center is located at (0.5, 0.5) m and its 
diameter is [ = 0.5 m; see Fig. 10. There are two important non-dimensional numbers for this problem, the Reynolds number and 
the Eötvös number, which are defined as

\] =
!w,1∕2[3∕2

#w
and Z^ =

!w,[2

L
. (86)

Here, , is the acceleration due to gravity and L is the surface tension coefficient. The specific values of the non-dimensional numbers 
for the simulated case are \] = 35 and Z^ = 125. The computational domain is discretized into uniform cells using a grid size of 
O) ×O* = 256 × 512. A uniform time-step size of Δ" = 10−3 s is used. As the bubble rises its *-center of mass position is obtained as
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Fig. 7. Vortex in a box problem simulated using different grid sizes. The normalized correction (<∕ℎ) as a function of time is shown in (a), (c) and (e). The relative 
error in volume (Δ7 ∕70) as a function of time is shown in (b), (d) and (f).

yCOM =
∫Ω *.(−-) dV
∫Ω.(−-) dV . (87)

Fig. 11 compares the evolution of the bubble interface with and without the mass loss fix technique at non-dimensional time 
instances W = 1, 2, 3, 4, and 5. Time is non-dimensionalized using "scale =[∕_g, in which _g =

√
,[ represents the velocity scale. 

The bubble starts to rise significantly around W = 1 and forms rounded lower ends. Due to the large deformation of the bubble, the 
rounded ends break into smaller bubbles. In the absence of the mass loss fix, small bubbles quickly disappear. Mass is lost as a result. 
The pinched bubbles stay in the domain longer when the mass loss fix is applied.

Fig. 12 compares the bubble shape achieved with the mass loss fix with the benchmarking numerical solution of Aland and 
Voigt [34] at W = 3, who used Cahn-Hilliard phase field method for capturing the two-phase interface. The two are in excellent 
agreement. Fig. 13 shows the evolution of the vertical coordinate of the bubble center of mass over time. The results of *COM
obtained with and without the mass fix approach are compared with those of Hysing et al. [35]. Results are in agreement. It also 
shows that level set correction < does not affect the momentum of the system. This can be understood from Fig. 14(a) which shows 
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Fig. 8. Results for the reverse vortex test problem. Comparison of the final interface shape with the exact solution using standard level set method and level set method 
with mass loss fix. Three grid sizes are considered: 8(a) 32 × 32, 8(b) 64 × 64 and 8(c) 128 × 128.

Fig. 9. Relative change in volume of the fluid enclosed by the interface for the reverse vortex problem using the standard level set method. The grid size is 256 × 256
and the time period is W = 4.

Fig. 10. Schematic of the bubble rise problem.

the normalized value of < over time. The values are in the order of 10−3. As a result, the level set contours are shifted at a sub-grid 
level per time step. Performing mass corrections frequently is crucial to achieving sub-grid level changes in -̂. Otherwise, an abrupt 
shift in the contours can change the system’s momentum. Additionally, Fig. 14(b) illustrates the relative change in bubble and water 
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Fig. 11. Evolution of the bubble interface with and without the mass loss fix technique at non-dimensional time instances W = 1, 2, 3, 4, and 5.

Fig. 12. Comparison of the bubble shape using the mass loss fix method with the benchmarking numerical solution of Aland and Voigt [34] at W = 3.

Fig. 13. Temporal evolution of the vertical coordinate of the bubble center of mass.
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Fig. 14. (a) Temporal evolution of the normalized shift in the level set contours and (b) relative change in volumes of air and water phases.

volumes. Volume changes are close to machine accuracy. In summary, this example demonstrates that the approximate Lagrange 
multiplier method conserves mass to machine precision without affecting momentum.

5.2. Fluid-structure interaction cases

We test the performance of the approximate Lagrange multiplier method on problems involving rigid bodies interacting with 
two-fluid interfaces in this section. The FSI problems discussed here are relevant to ocean engineering. To accurately account for 
buoyancy forces in these FSI problems, we conserve the heavier fluid volume. The volume of the union of complementary phases 
(light fluid and solid) is also conserved.

5.2.1. Floating rectangular block problem
Ocean engineering problems in the literature typically consider wider domains when studying fluid-structure interactions [22,36,

37,17]. There is little change in the mean water level when a solid body interacts with the air-water interface in these large domains. 
Thus, spurious mass/volume losses do not significantly affect FSI dynamics. To exaggerate the effects of mass loss errors, we consider 
a relatively large rectangular block interacting with water inside a relatively small tank. The solid’s density is half that of water 
and it is released from a small distance above the air-water interface. Fig. 15 shows the problem setup schematic. Since the domain 
is narrow, the water level rises appreciably at equilibrium. The rectangle will be half submerged at equilibrium if the domain is 
very wide. With narrow domains, this is not the case. Using conservation of mass and Archimedes’ principles, the exact equilibrium 
position of the rectangle and air-water interface can be found analytically. Appendix A provides the derivation.

The height and width of the rectangular block are . = 0.75 m and ` = 2. , and its initial centroid is located at (1.4. , 1.8.) 
within a closed square domain of extents 2.8. ×2.8. . The origin is considered to be at the lower left corner. Initially, the water level 
is set at * = 1.2. . The density and viscosity of water are !w = 1000 kg/m3 and #w = 10−3 Pa⋅s. For air, these values are !a = 1 m3

and #a = 1.8 × 10−5 Pa⋅s. The solid density is !s = 500 kg/m3 and its fictitious viscosity5 is the same as water, i.e., #s = #w. The block 
is allowed to heave freely on the air-water interface and its remaining degrees of freedom are locked. The equilibrium positions of the 
block and air-water interface can be analyzed analytically, however transient dynamics have not been investigated in the literature. 
To compare our transient FD/BP results, we examined the same problem using other numerical codes. These include: (i) ANSYS 
Fluent [38] that uses the geometric volume of fluid (VOF) method with moving unstructured grids; (ii) CONVERGE CFD [39] that 
uses geometric VOF with Cartesian cut-cells; and (iii) DualSPHysics [40] that employs smooth particle hydrodynamics. The latter is 
a mesh-free Lagrangian method, while the other two are Eulerian methods. Our fictitious domain approach differs from the other 
numerical techniques in that we allow the air-water interface to pass through the immersed solid, whereas the others do not. Mass and 
volume conservation are not critical in these methods, since they are inherently mass-conserving. However, the FD/BP approach in 
conjunction with the approximate Lagrange multiplier approach is much easier to implement than Cartesian cut-cells and/or moving 
meshes. All four numerical codes do not consider the contact angle condition at the material triple points.

To obtain respective converged FSI solutions, a grid convergence study is conducted with each of the four numerical codes. In 
all four codes, adaptive time-stepping is used. Table 2 lists the grid cell size ℎ and the maximum time step size Δ"max. The time-step 
size of the simulation is adjusted as the rectangular block hits the water surface. Fig. 16 shows the block’s center of mass position 
over time as a function of grid size. Fig. 17 shows a comparison of the converged results from the four solvers. The FD/BP method 
produces very similar heaving dynamics as the other three solvers. An overly damped motion is predicted by DualSPHysics at a later 
time, which is different from the predictions from the other three methods. Table 3 compares the equilibrium vertical center of mass 
position of the block with the analytical solution. As can be observed, all codes predict the block’s equilibrium position correctly.

5 The fictitious viscosity in the solid domain does not affect the FSI dynamics.
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Fig. 15. Schematic of the floating rectangular block problem.

Table 2
Grid convergence test parameters ℎ (m), and Δ"max (s) for the floating rectangular block problem.
Grid Present CONVERGE CFD ANSYS Fluent DualSPHysics

ℎ Δ"max ℎ Δ"max ℎ Δ"max ℎ Δ"max
Coarse 7.5×10−4 7.5×10−5 1×10−3 1×10−4 1×10−3 1×10−3 2×10−3 1×10−2
Medium 5×10−4 5×10−5 7.5×10−4 1×10−5 7.5×10−4 1×10−2 1×10−3 1×10−2
Fine 3.75×10−4 3.75×10−5 5×10−4 1×10−4 5×10−4 7.5×10−3 5×10−4 1×10−2

Table 3
Vertical center of mass position of the rectangle at equilibrium using FD/BP method (present 
work), CONVERGE CFD, ANSYS Fluent, DualSPHysics, and analysis.
Grid Present CONVERGE CFD ANSYS Fluent DualSPHysics Analytical
Coarse 0.1166 0.1168 0.1169 0.1208

0.1167Medium 0.1167 0.1167 0.1168 0.1199
Fine 0.1167 0.1168 0.1169 0.1184

Fig. 19 illustrates the converged fluid-structure interaction and mesh around the bottom right corner of the block at " = 0.06 s 
and " = 0.15 s with four numerical techniques. In both time instances, the three Eulerian codes produce qualitatively the same wave 
dynamics. In contrast to other predictions, DualSPHysics predicts an “inverted” wave near the block at " = 0.06 s. This potentially 
unphysical behavior might be attributed to artificial gaps arising from SPH kernel interactions between the water and solid material 
points of the rectangular block and tank walls (as illustrated in Fig. 19). The DualSPHysics simulation was configured based on 
accompanying online examples and guidelines provided in the software’s user guide for ocean engineering problems. Further, Fig. 18
illustrates the fictitious air-water interface passing through the body using the present solver. The air-water interface begins to 
penetrate the solid body around " = 4.5 s and completely penetrates it around " = 25 s. Fig. 18 contrasts sharply with Fig. 4, which 
prevents the interface from entering the body. E ≈ Δ"∕!s, and n =t = 1 are used to obtain physically correct dynamics. We have 
also proposed these penalty parameters in our previous works [17,41,42,19].

Next, we examine the importance of conserving water mass/volume for this problem using the FD/BP method. Fig. 20 shows how 
the block heaves with and without the mass loss fix (using a medium grid resolution). Without the mass loss fix method, the block 
settles at a different location. This corresponds to the initial water level position * = 1.2. . This could be explained as follows. The 
original level set method without the mass loss fix conserves (under grid refinement) the sum total of water volume outside and inside 
the solid body. Without a volume conservation constraint, there is no distinction between real and fictitious fluids. By imposing a 
volume conservation constraint on the actual fluid, the approximate Lagrange multiplier method corrects the level set field at each 
time step. This can be observed from Fig. 21(a), which shows the normalized value of the correction as a function of time. Normalized 
correction values are in the order of 10−3, which is considerably smaller than the cell size ℎ = 0.0005m. FSI dynamics are not affected 
by this subgrid level shift.

Fig. 21(b) shows the relative volume change for air, water and solid phases over time when the mass loss fix method is applied. 
The target fluid volume, in this case water, is conserved to machine precision. In addition, the sum of volumes of the remaining 
phases, i.e., air and block, is also conserved to machine accuracy.

5.2.2. Floating cylinder problem
In this section, we simulate a case similar to the previous Sec. 5.2.1, but with a different solid geometry, a cylinder of radius 

\ = 0.06 m. In comparison to the rectangular geometry, the cylindrical geometry leads to a nontrivial relationship between the 
submerged volume and the water level rise at equilibrium conditions. The steady state version of the problem is solved analytically 
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Fig. 16. Time evolution of the vertical center of mass position of the block at various grid sizes using (a) the FD/BP method (present work), (b) CONVERGE CFD, (c) 
ANSYS Fluent, and (d) DualSPHysics.

Fig. 17. Comparison of the converged dynamics of the floating rectangular block using different numerical codes.

in the Appendix B. This example tests the accuracy of the approximate Lagrange multiplier method when dealing with complex 
geometries.

The schematic of the problem setup is shown in Fig. 22. Initially, the cylinder center is located at (1.75\, 2\) inside a closed box 
of size (3.5\, 4\). * = 1.5\ is the initial water level. In this case, the cylinder can heave only vertically while the other degrees of 
freedom are locked. A grid convergence study is conducted on three uniform grid sizes of 280 × 320 (coarse), 420 × 480 (medium), 
and 560 × 640 (fine), corresponding to cell sizes of ℎ = 10−3 m, 7.5 × 10−4 m and 5 × 10−4 m, respectively. "max for these grids is set to 
be the same as in the floating rectangular block problem (see Table 3). The mass loss fix method is used for all simulations. Fig. 23(a) 
compares the temporal evolution of the vertical center of mass position of the cylinder for the three grids. Considering our results, we 
conclude that medium grid resolution is sufficient. In order to validate the transient dynamics of the heaving cylinder, CONVERGE 
CFD software is used to simulate the same problem. Fig. 23(b) presents a comparison of the two numerical codes’ heaving dynamics. 
The CONVERGE CFD simulation is conducted on a mesh with cell size of ℎ = 0.00075 m and "max = 10−5 s. Table 4 shows the final 
equilibrium position of the cylinder’s center of mass and compares it with the analytical solution. Under grid refinement, the present 
solver’s final equilibrium position approaches the analytical value. CONVERGE CFD also predicts the cylinder’s final equilibrium 
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Fig. 18. Air-water interface passing through the floating rectangular block at (a) " = 4.5 s, and (b) " = 25 s using the FD/BP method.

Fig. 19. Fluid-structure interaction of a rectangular block impacting the air-water interface at " = 0.06 s and " = 0.15 s using the FD/BP method with mass loss fix, 
CONVERGE CFD, ANSYS Fluent and DualSPHysics.

position correctly. Fig. 24 illustrates the wave dynamics due to cylinder impact at " = 0.01, " = 0.32, and " = 1 s using the FD/BP 
method.

In addition, we compare the dynamics of the cylinder with and without the mass loss fix. The results are shown in Fig. 25. In the 
absence of the mass loss fix method, the cylinder exhibits highly irregular heaving dynamics and settles in the wrong equilibrium 
position (which is close to the initial water level). Fig. 26(a) shows the normalized value of the correction applied to the level set 
function in the mass fix approach. Subgrid level corrections are observed. Finally, Fig. 26(b) shows that water phase volume is 
conserved to machine precision for this problem as well.
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Fig. 20. Temporal evolution of the vertical center of mass of the rectangular block with and without the mass loss fix.

Fig. 21. Time evolution of (a) the normalized correction to the level set function, and (b) the relative volume change for air, water and solid phases for the floating 
rectangular block problem. A medium grid resolution is used here.

Fig. 22. Schematic of the floating cylinder problem.

5.2.3. Free fall of a 2D wedge
Here we present a numerical investigation of the standard benchmark problem in the ocean engineering literature: the free fall of 

a 2D wedge impacting the air-water interface in a wide water tank, as described in [43,44,22]. The schematic of the problem setup 
is illustrated in Fig. 27. The computational domain’s extents are Ω = [0, 10:] × [0, 2.5:], in which : = 1.2 m represents the largest 
side of the wedge. The wedge has an angle of J = 25◦ and is initially positioned with its lowermost vertex at (:∕2, 2.3) m within the 
domain. The initial water depth is % = 1 m. Water density is !w 1000 kg/m3 and viscosity is #w = 10−3 Pa⋅s. For air, these values are 
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Fig. 23. (a) Temporal evolution of the cylinder’s vertical center of mass with three grids. (b) Comparison of the heaving dynamics of the cylinder using CONVERGE 
CFD software and the FD/BP method (present work).

Table 4
Vertical center of mass position of the cylinder at equilib-
rium using the FD/BP method (present work), CONVERGE 
CFD, and analysis.
Grid Present CONVERGE CFD Analytical
Coarse 0.1179 -

0.1169Medium 0.1178 0.1162
Fine 0.1175 -

Fig. 24. Fluid-structure interaction of the floating cylinder at different time instants using the FD/BP method (present work).

Fig. 25. Temporal evolution of the cylinder’s vertical center of mass with and without mass loss fix.
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Fig. 26. Time evolution of (a) the normalized correction to the level set function, and (b) the relative volume change for air, water and solid phases for the floating 
cylinder problem.

Fig. 27. Schematic of the 2D wedge problem.

Table 5
Grid convergence test parameters for the 
free falling problem.
Grid ℎ (m) Δ"max (s)
Coarse 0.01 6.25×10−5
Medium 0.005 3.125×10−5
Fine 0.0025 1.5652×10−5

Fig. 28. Time evolution of (a) vertical center of mass position and (b) vertical velocity of a freely falling 2D wedge at different mesh resolutions.

!a = 1.2 kg/m3 and #a = 1.8 × 10−5 Pa⋅s. The wedge has a density of !s = 466.6 kg/m3 and its fictitious viscosity is set equal to that 
of water. The wedge is free to heave vertically, while all other degrees of freedom are constrained.

A grid convergence study is conducted for this problem using three uniform grid sizes listed in Table 5. Figs. 28(a) and 28(b)
compare the vertical center of mass position and velocity at different mesh resolutions. From the plots, it can be seen that FSI dynamics 
can be resolved with a medium grid resolution. We compare the converged results with those from the prior numerical [44] and 
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Fig. 29. Comparison of (a) vertical center of mass position and (b) vertical velocity with 3D volume of fluid simulations of Pathak et al. [44] and experiments of 
Yettou et al. [43].

Fig. 30. FSI dynamics of a free falling 2D wedge impacting the air-water interface: (left) density and (right) vorticity (in the range -100 to 100 s−1) plots.

experimental [43] studies in Fig. 29. There is good agreement between the dynamics. Additionally, Fig. 30 illustrates the wave and 
vortex dynamics that occur as a consequence of the FSI.

Given the large computational domain used for this benchmark problem, we hypothesize that maintaining a constant water volume 
is not essential for capturing the correct fluid-structure interaction dynamics of the wedge impact. This is because the water level rise 
is expected to be negligible, even at equilibrium. To verify this, we compare the wedge’s heave motion with and without the mass loss 
fix method. As shown in Fig. 31, the dynamics remain identical. Consequently, mass-conservative schemes, such as cut-cell methods 
or geometric volume of fluid (which are also more challenging to implement), offer less advantage for these types of problems. Their 
strengths are more evident in problems like those discussed in Secs. 5.2.1 and 5.2.2. Finally, Figs. 32(a) and 32(b) illustrate the 
normalized correction and relative volume change for different phases, respectively, when the mass-loss fix is applied.

5.2.4. Wave energy converter (WEC) problem
This section presents a numerical investigation of wave-structure interaction (WSI) for a three-dimensional wave energy converter 

(WEC). We focus on the dynamics of a 1:20 scaled down model of a converter studied for optimal control in Cretel et al. [45]. Unlike 
Cretel et al., who employed the boundary element method for WSI resolution, we simulate the converter’s heaving response due to 
incoming waves in a (long) numerical wave tank (NWT). All boundaries of the tank are modeled as stationary walls, except for the 
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Fig. 31. Comparison of (a) vertical center of mass position and (b) velocity of the falling wedge with and without the mass loss fix.

Fig. 32. Time evolution of (a) the normalized correction to the level set function, and (b) the relative volume change for air, water and solid phases for the falling 
wedge problem.

Fig. 33. Schematic of the 3D vertical cylinder heaving at air-water interface.

top boundary which is considered to be open (zero pressure boundary condition). The schematic of the wave tank with the converter 
is depicted in Fig. 33.

The computational domain is of extents Ω = [0, 3.1459] × [0, 2.2%] × [0, 12\cyl] m, in which 9 is the wavelength of the incoming 
waves, % = 2 m is the mean depth of water in the tank and \cyl = 0.25 m is the radius of the cylinder. The cylinder has a length 
of :cyl = 0.8 m and its density is half that of water. The domain origin is located at the lower left corner. First-order Stokes waves 
(regular waves) with height  = 0.1 m and period ( = 1.5652 s are generated in the wave generation zone. These waves have a 
wavelength to water depth ratio that classifies them as deep water waves. The Stokes waves satisfy the dispersion relation, which 
reads as

a2 = ,E tanh(E%) (88)
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Table 6
Grid refinement parameters used for the WEC problem.
Parameters Coarse Medium Fine
/ref 4 4 4
% 2 2 2
O) 60 120 180
O* 15 30 45
O+ 22 44 66
Δ)0 =Δ*0 =Δ+0 (m) 0.2 0.1 0.0667
Δ) =Δ* =Δ+ (m) 0.05 0.025 0.0166
Δ"max (s) 5 × 10−3 2.5 × 10−3 1.5 × 10−3

Fig. 34. (a) Locally refined Cartesian grid and (b) WSI of a 3D WEC heaving due to regular water waves in the NWT at " = 12.9 s.

in which, a = 2?∕( is the wave frequency, , = 9.81 m/s2 is the acceleration due to gravity, and E = 2?∕9 is the wave number. The 
water waves propagate in the positive ) direction, interact with the device, and encounter a wave damping zone on the right side of 
the tank (Fig. 33). The wave generation zone prevents waves reflected from the device from interfering with the left boundary. The 
wave damping zone on the right of the domain prevents waves reflected from the right boundary from traveling into the tank and 
affecting the device dynamics. The wave generation zone width is 9 and that of the wave damping zone is 1.59. These dimensions 
are selected based on authors’ experience in modeling wave energy converter devices in NWTs; see [37,41,42]. The wave generation 
and damping zones utilize the relaxation method [46] to smoothly generate and absorb waves, respectively. Similarly, a vorticity 
damping zone is implemented at the top boundary using an additional force term in the momentum equation to suppress vortices 
generated by the device interaction. For more details on the numerical wave tank implementation see our previous works [41,42].

Initially, the center of mass position of the vertical cylinder is at (9 + 5\cyl, %, 6\cyl). The density and viscosity of water are 
!w = 1025 kg/m3 and #w = 10−3 Pa⋅s, and that of air are !a = 1.225 kg/m3 and #a = 1.8 × 10−5 Pa⋅s. To accurately resolve the device 
dynamics, a grid convergence study is conducted. Three grid sizes are considered: coarse, medium, and fine as listed in Table 6. The 
computational grid is made up of a hierarchy of % grid levels. There are O) ×O* ×O+ cells in the entire computational domain Ω at 
the coarsest level. The coarsest grid level is then locally refined (%−1) times using an integer refinement ratio of /ref . This refinement 
is done so that the air-water interface and WEC device are always on the finest grid level. The grid spacing on the finest level is 
calculated as Δ) = Δ)0∕/%−1ref , Δ* = Δ*0∕/%−1ref , and Δ+ = Δ+0∕/%−1ref , in which Δ)0, Δ*0, and Δ+0 are the grid spacings in the three directions on the coarsest level. Fig. 34(a) shows the locally refined Cartesian grid with two grid levels, and Fig. 34(b) illustrates the 
wave structure interaction at a representative time instant " = 12.9 s. The vertical displacement and velocity evolution of the cylinder 
for the three grids are compared in Figs. 35(a) and 35(b). We compare these solutions to those generated by an in-house boundary 
element method code. For more details on the BEM solver, see [42]. As can be observed, a medium grid resolution is sufficient to 
resolve the WSI accurately. Results later in the section are based on medium grid resolution.

Because the domain is large, we anticipate that the mass loss fix method is not crucial to obtaining the correct WSI dynamics 
for the WEC device in this problem as well. Figs. 36(a) and 36(b) compare the vertical center of mass position and velocity of the 
cylinder over time with and without the mass fix. The results confirm that WEC dynamics remain the same with or without the fix.

6. Conclusions

In this work we critically analyzed the reasons for mass loss with the standard level set method. It is primarily due to the use 
of smoothed Heaviside and delta functions. However, level set reinitialization errors can still contribute to mass loss, and existing 
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Fig. 35. Temporal evolution of (a) vertical displacement and (b) vertical velocity of the cylinder for three grid sizes: Coarse, Medium, and Fine on first order water 
waves of  = 0.1 m and p = 1.5652 s compared with the BEM simulation results.

Fig. 36. Temporal evolution of (a) vertical displacement and (b) vertical velocity of the cylinder with or without the mass loss fix.

fixes can help address these (secondary) issues. To prevent mass loss, we proposed a novel variational approach that introduces a 
Lagrange multiplier within the standard level set method. This variational analysis was applied to both two-phase (two fluids) and 
three-phase (two fluids and one solid) flows. The exact Lagrange multiplier ensures mass conservation but disrupts the signed distance 
property of the level set function. To address this, we developed approximate Lagrange multipliers that achieve both properties. In 
the context of three-phase flows, we also presented an immersed formulation of the level set equation. This allows us to simulate 
fluid-structure interaction (FSI) problems using the fictitious domain Brinkman penalization method. It was demonstrated that the 
differential treatment of the Brinkman penalty leads to incorrect FSI dynamics, wherein the two-fluid interface is artificially repelled 
by the solid surface.

Mass/volume conservation constraints considered here are in integral form. Eq. (25) suggests that pointwise mass conservation is 
not possible with the level set technique. This is because there will always be errors associated with "̆ ≠ ". This means that a signed 
distance function based on level set reinitialization is fundamentally incompatible with pointwise mass conservation. However, for 
many practical applications, including those in this work, integral/average mass conservation is sufficient. For problems requiring 
local mass conservation, a different interface tracking method would be necessary.
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Appendix A. Analytical calculations for the floating rectangular block problem

Consider a rectangular block of dimensions ` × . = 2. × . released from a small height above the air-water interface as 
depicted in Fig. 15. In equilibrium (hydrostatic conditions) the block settles as shown in Fig. A.37. The water level rises by an amount 
of Δ from its initial level. The amount of displaced water is shown by hashed lines in the figure. Its volume (272) is equal to the 
volume of the submerged part of the block (71) below the initial water level, which is shown by the dashed line in Fig. A.37. Equating 
these volumes gives a relation

71 = 2 × 72

` × H. = 2 ×Δ×`0,

↪Δ = H. ×`
2`0

. (A.1)

At equilibrium the weight of the rectangle is balanced by the buoyancy force, which yields the condition

!s ×` ×. × , = !w × (Δ+ H.) ×` × ,,

↪ H =
!s ×. − !w ×Δ

!w ×.
. (A.2)

Substituting Eq. (A.1) into Eq. (A.2) and rearranging the terms, we get

H =
!s

!w
(
1 + `

2`0

) . (A.3)

For a very wide domain, i.e., when `0 →∞, we get the well-known result H∞ = !s
!w
.

Substituting problem specific parameters of Sec. 5.2.1, we get H = 0.1428 and Δ = 0.02678 m. The position of the new water level 
from the bottom of the container is X = Δ + 1.2. = 0.1167 m.

Fig. A.37. Equilibrium conditions for the floating rectangular block problem.
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Fig. B.38. Equilibrium conditions for the floating cylinder problem.

Fig. B.39. Sub-geometries derived from Fig. B.38 for the analytical calculation of rise in the water level for the floating cylinder problem.

Appendix B. Analytical calculations for the floating cylinder problem

Consider a cylinder of radius \ released from a small height above the air-water interface as depicted in Fig. 22. In equilibrium 
(hydrostatic conditions) the cylinder settles as shown in Fig. B.38. To compute the amount of water level rise 0 we first use the volume 
conservation principle to equate

73 = 2(71 + 72), (B.1)
in which, 73 is the volume of the submerged part of the cylinder below the initial water level (horizontal dotted line) as illustrated 
in Fig. B.38. At equilibrium, the weight of the cylinder is balanced by the buoyancy force, which gives the condition

!s × ?\2 × , =
[(

J2
2?

)
× ?\2 − \2

2 × sinJ2
]
× !w,

↪ J2 − sinJ2 =
2?!s
!w

. (B.2)

The following geometric relations are derived using Fig. B.39, which are used to calculate volume 73,

bc =\ × sin
(
J1
2

)
,

dc =\ × cos
(
J1
2

)
,

↪ 73 =
J1
2? × ?\2 − 1

2 × (2 ×bc) × dc
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= \2

2
(
J1 − sinJ1

)
, (B.3)

volume 71

ef =\ sin
(
J2
2

)
,

↪ 71 =
(
` −\ sin

(
J2
2

))
0, (B.4)

and volume 72

74 =
\2

2 × sinJ3, (B.5)

75 =
1
2 ×Δ×Zb , (B.6)

Zb =
(
` −\ sin

(
J1
2

))
−
(
` −\ sin

(
J2
2

))

=\
(
sin

(
J2
2

)
− sin

(
J1
2

))
, (B.7)

J3 =
1
2 (J2 − J1), (B.8)

↪ 72 = 74 + 75 −
( J3
2?

)
× ?\2

= \2

2 × sinJ3 +
1
2 ×Δ×Zb −

J3\2

2 . (B.9)
The rise in the water level can be expressed in terms of the angles J1 and J2 as

Δ =\ cos
(
J1
2

)
−\ cos

(
J2
2

)
. (B.10)

Finally, Eq. (B.1) simplifies to yield

73 = 2(V1 + V2)

↪
\2

2 (J1 − sinJ1) = 2
[(

` −\ sin
(
J2
2

))
Δ+ \2

2 sinJ3 +
Δ×Zb

2 −
J3\2

2

]
. (B.11)

Substituting (B.2), (B.7), (B.8) and (B.10) into Eq. (B.11) along with the problem specific parameters of Sec. 5.2.2, we get J1 =
126.66◦, Δ = 0.02692 m and X = 0.1169 m.

Data availability

All codes used in this work are made open-source. The link to the code repository is provided in Sec. 4 of the article.

References

[1] M. Sussman, P. Smereka, S. Osher, A level set approach for computing solutions to incompressible two-phase flow, J. Comput. Phys. 114 (1) (1994) 146–159.
[2] C. Kees, I. Akkerman, M. Farthing, Y. Bazilevs, A conservative level set method suitable for variable-order approximations and unstructured meshes, J. Comput. 

Phys. 230 (12) (2011) 4536–4558, https://doi .org /10 .1016 /j .jcp .2011 .02 .030.
[3] S. Hysing, Mixed element FEM level set method for numerical simulation of immiscible fluids, J. Comput. Phys. 231 (6) (2012) 2449–2465, https://doi .org /10 .

1016 /j .jcp .2011 .11 .035.
[4] S. Nagrath, K.E. Jansen, R.T. Lahey, Computation of incompressible bubble dynamics with a stabilized finite element level set method, Comput. Methods Appl. 

Mech. Eng. 194 (42) (2005) 4565–4587, https://doi .org /10 .1016 /j .cma .2004 .11 .012.
[5] R. Nourgaliev, T. Theofanous, High-fidelity interface tracking in compressible flows: unlimited anchored adaptive level set, J. Comput. Phys. 224 (2) (2007) 

836–866, https://doi .org /10 .1016 /j .jcp .2006 .10 .031.
[6] Z. Solomenko, P.D. Spelt, L. Ó Náraigh, P. Alix, Mass conservation and reduction of parasitic interfacial waves in level-set methods for the numerical simulation 

of two-phase flows: a comparative study, Int. J. Multiph. Flow 95 (2017) 235–256, https://doi .org /10 .1016 /j .ijmultiphaseflow .2017 .06 .004.
[7] M. Sussman, E.G. Puckett, A coupled level set and volume-of-fluid method for computing 3D and axisymmetric incompressible two-phase flows, J. Comput. Phys. 

162 (2) (2000) 301–337, https://doi .org /10 .1006 /jcph .2000 .6537.
[8] V. Dyadechko, M. Shashkov, Reconstruction of multi-material interfaces from moment data, J. Comput. Phys. 227 (11) (2008) 5361–5384, https://doi .org /10 .

1016 /j .jcp .2007 .12 .029.
[9] H.T. Ahn, M. Shashkov, Adaptive moment-of-fluid method, J. Comput. Phys. 228 (8) (2009) 2792–2821, https://doi .org /10 .1016 /j .jcp .2008 .12 .031.
[10] H.T. Ahn, M. Shashkov, M.A. Christon, The moment-of-fluid method in action, Commun. Numer. Methods Eng. 25 (10) (2009) 1009–1018, https://doi .org /10 .

1002 /cnm .1135.
[11] D. Enright, R. Fedkiw, J. Ferziger, I. Mitchell, A hybrid particle level set method for improved interface capturing, J. Comput. Phys. 183 (1) (2002) 83–116, 

https://doi .org /10 .1006 /jcph .2002 .7166.

http://refhub.elsevier.com/S0021-9991(24)00743-5/bib8BE8514D75B2EBB511617D2FC6765A2Bs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib30AAEB8DD10B88274697E5B7ADC19FE8s1
https://doi.org/10.1016/j.jcp.2011.02.030
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib30AAEB8DD10B88274697E5B7ADC19FE8s1
https://doi.org/10.1016/j.jcp.2011.11.035
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib7B8FF871838D7EF5D2C95A8057009FBFs1
https://doi.org/10.1016/j.jcp.2011.11.035
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib7B8FF871838D7EF5D2C95A8057009FBFs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib77105B5EF940768658A1A3181293319As1
https://doi.org/10.1016/j.cma.2004.11.012
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib77105B5EF940768658A1A3181293319As1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib776883D90D3BD68BA81F80B7297F7E27s1
https://doi.org/10.1016/j.jcp.2006.10.031
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib776883D90D3BD68BA81F80B7297F7E27s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib9803CF5932418A3749234DC07749BA2Fs1
https://doi.org/10.1016/j.ijmultiphaseflow.2017.06.004
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib9803CF5932418A3749234DC07749BA2Fs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib41995C63E5262E9F4BCFFEA35472E83Ds1
https://doi.org/10.1006/jcph.2000.6537
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib41995C63E5262E9F4BCFFEA35472E83Ds1
https://doi.org/10.1016/j.jcp.2007.12.029
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib6EBA287AA7A1ADD4A2C7343D4D71ECB8s1
https://doi.org/10.1016/j.jcp.2007.12.029
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib6EBA287AA7A1ADD4A2C7343D4D71ECB8s1
https://doi.org/10.1016/j.jcp.2008.12.031
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibE37E06C6574A6C436E9DEFCCF5A6E84Es1
https://doi.org/10.1002/cnm.1135
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib4B8821712FAE90FD1D39668393A28826s1
https://doi.org/10.1002/cnm.1135
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib4B8821712FAE90FD1D39668393A28826s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib301015ED04129293905C1ABA4DE2865Cs1
https://doi.org/10.1006/jcph.2002.7166
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib301015ED04129293905C1ABA4DE2865Cs1


Journal of Computational Physics 520 (2025) 113495

40

K. Khedkar, A.C. Mamaghani, P. Ghysels et al.

[12] H.-L. Wen, C.-H. Yu, T.W.-H. Sheu, S.-W. Chau, A mass-preserving level set method for simulating 2D/3D fluid flows with deformed interface, Ocean Eng. 283 
(2023) 115063, https://doi .org /10 .1016 /j .oceaneng .2023 .115063.

[13] G. Tryggvason, R. Scardovelli, S. Zaleski, Direct Numerical Simulations of Gas–Liquid Multiphase Flows, Cambridge University Press, 2011.
[14] M. Sussman, E. Fatemi, P. Smereka, S. Osher, An improved level set method for incompressible two-phase flows, Comput. Fluids 27 (5–6) (1998) 663–680.
[15] E. Olsson, G. Kreiss, A conservative level set method for two phase flow, J. Comput. Phys. 210 (1) (2005) 225–246.
[16] S. Parameswaran, J. Mandal, A stable interface-preserving reinitialization equation for conservative level set method, Eur. J. Mech. B, Fluids 98 (2023) 40–63.
[17] A.P.S. Bhalla, N. Nangia, P. Dafnakis, G. Bracco, G. Mattiazzo, Simulating water-entry/exit problems using Eulerian–Lagrangian and fully-Eulerian fictitious 

domain methods within the open-source IBAMR library, Appl. Ocean Res. 94 (2020) 101932, https://doi .org /10 .1016 /j .apor .2019 .101932.
[18] E. Jettestuen, J.O. Helland, M. Prodanović, A level set method for simulating capillary-controlled displacements at the pore scale with nonzero contact angles, 

Water Resour. Res. 49 (8) (2013) 4645–4661.
[19] R. Thirumalaisamy, K. Khedkar, P. Ghysels, A.P.S. Bhalla, An effective preconditioning strategy for volume penalized incompressible/low Mach multiphase flow 

solvers, J. Comput. Phys. 490 (2023) 112325, https://doi .org /10 .1016 /j .jcp .2023 .112325.
[20] C. Huh, L.E. Scriven, Hydrodynamic model of steady movement of a solid/liquid/fluid contact line, J. Colloid Interface Sci. 35 (1) (1971) 85–101.
[21] N. Nangia, B.E. Griffith, N.A. Patankar, A.P.S. Bhalla, A robust incompressible Navier-Stokes solver for high density ratio multiphase flows, J. Comput. Phys. 390 

(2019) 548–594.
[22] N. Nangia, N.A. Patankar, A.P.S. Bhalla, A DLM immersed boundary method based wave-structure interaction solver for high density ratio multiphase flows, J. 

Comput. Phys. 398 (2019) 108804, https://doi .org /10 .1016 /j .jcp .2019 .07 .004.
[23] A.P.S. Bhalla, R. Bale, B.E. Griffith, N.A. Patankar, A unified mathematical framework and an adaptive numerical method for fluid–structure interaction with 

rigid, deforming, and elastic bodies, J. Comput. Phys. 250 (2013) 446–476.
[24] J.U. Brackbill, D.B. Kothe, C. Zemach, A continuum method for modeling surface tension, J. Comput. Phys. 100 (2) (1992) 335–354.
[25] M.M. Francois, S.J. Cummins, E.D. Dendy, D.B. Kothe, J.M. Sicilian, M.W. Williams, A balanced-force algorithm for continuous and sharp interfacial surface 

tension models within a volume tracking framework, J. Comput. Phys. 213 (1) (2006) 141–173.
[26] IBAMR: an adaptive and distributed-memory parallel implementation of the immersed boundary method, https://github .com /IBAMR /IBAMR.
[27] R.D. Hornung, S.R. Kohn, Managing application complexity in the SAMRAI object-oriented framework, Concurr. Comput. Pract. Exp. 14 (5) (2002) 347–368.
[28] SAMRAI: structured adaptive mesh refinement application infrastructure, http://www .llnl .gov /CASC /SAMRAI.
[29] S. Balay, W.D. Gropp, L.C. McInnes, B.F. Smith, Efficient management of parallelism in object oriented numerical software libraries, in: E. Arge, A.M. Bruaset, 

H.P. Langtangen (Eds.), Modern Software Tools in Scientific Computing, Birkhäuser Press, 1997, pp. 163–202.
[30] S. Balay, S. Abhyankar, M.F. Adams, J. Brown, P. Brune, K. Buschelman, L. Dalcin, V. Eijkhout, W.D. Gropp, D. Kaushik, M.G. Knepley, L.C. McInnes, K. Rupp, 

B.F. Smith, S. Zampini, H. Zhang, PETSc users manual, Tech. Rep. ANL-95/11 - Revision 3.6, Argonne National Laboratory, 2015, http://www .mcs .anl .gov /petsc.
[31] S. Balay, S. Abhyankar, M.F. Adams, J. Brown, P. Brune, K. Buschelman, L. Dalcin, A. Dener, V. Eijkhout, W.D. Gropp, D. Karpeyev, D. Kaushik, M.G. Knepley, 

D.A. May, L.C. McInnes, R.T. Mills, T. Munson, K. Rupp, P. Sanan, B.F. Smith, S. Zampini, H. Zhang, H. Zhang, PETSc Web page, https://www .mcs .anl .gov /petsc, 
2021.

[32] W. Rider, D. Kothe, Stretching and tearing interface tracking methods, AIAA Paper 95-17171, 1995, https://doi .org /10 .2514 /6 .1995 -1717.
[33] Z. Wang, J. Yang, F. Stern, A new volume-of-fluid method with a constructed distance function on general structured grids, J. Comput. Phys. 231 (9) (2012) 

3703–3722, https://doi .org /10 .1016 /j .jcp .2012 .01 .022.
[34] S. Aland, A. Voigt, Benchmark computations of diffuse interface models for two-dimensional bubble dynamics, Int. J. Numer. Methods Fluids 69 (3) (2012) 

747–761, https://doi .org /10 .1002 /fld .2611.
[35] S. Hysing, S. Turek, D. Kuzmin, N. Parolini, E. Burman, S. Ganesan, L. Tobiska, Quantitative benchmark computations of two-dimensional bubble dynamics, Int. 

J. Numer. Methods Fluids 60 (11) (2009) 1259–1288, https://doi .org /10 .1002 /fld .1934.
[36] A. Calderer, S. Kang, F. Sotiropoulos, Level set immersed boundary method for coupled simulation of air/water interaction with complex floating structures, J. 

Comput. Phys. 277 (2014) 201–227, https://doi .org /10 .1016 /j .jcp .2014 .08 .010.
[37] P. Dafnakis, A.P.S. Bhalla, S.A. Sirigu, M. Bonfanti, G. Bracco, G. Mattiazzo, Comparison of wave-structure interaction dynamics of a submerged cylindrical point 

absorber with three degrees of freedom using potential flow and computational fluid dynamics models, Phys. Fluids 32 (9) (2020), https://doi .org /10 .1063 /5 .
0022401.

[38] ANSYS FLUENT, R2. User’s and Theory Guide, ANSYS, Inc., Canonsburg, Pennsylvania, USA, 2021.
[39] K.J. Richards, P.K. Senecal, E. Pomraning, CONVERGE 3.1, Convergent Science, Madison, WI, 2024.
[40] A. Crespo, J. Domínguez, B. Rogers, M. Gómez-Gesteira, S. Longshaw, R. Canelas, R. Vacondio, A. Barreiro, O. García-Feal, DualSPHysics: open-source parallel 

CFD solver based on smoothed particle hydrodynamics (SPH), Comput. Phys. Commun. 187 (2015) 204–216, https://doi .org /10 .1016 /j .cpc .2014 .10 .004.
[41] K. Khedkar, N. Nangia, R. Thirumalaisamy, A.P.S. Bhalla, The inertial sea wave energy converter (ISWEC) technology: device-physics, multiphase modeling and 

simulations, Ocean Eng. 229 (2021) 108879, https://doi .org /10 .1016 /j .oceaneng .2021 .108879.
[42] K. Khedkar, A.P.S. Bhalla, A model predictive control (MPC)-integrated multiphase immersed boundary (IB) framework for simulating wave energy converters 

(WECs), Ocean Eng. 260 (2022) 111908, https://doi .org /10 .1016 /j .oceaneng .2022 .111908.
[43] E.-M. Yettou, A. Desrochers, Y. Champoux, Experimental study on the water impact of a symmetrical wedge, Fluid Dyn. Res. 38 (1) (2006) 47–66, https://

doi .org /10 .1016 /j .fluiddyn .2005 .09 .003.
[44] A. Pathak, M. Raessi, A 3D, fully Eulerian, VOF-based solver to study the interaction between two fluids and moving rigid bodies using the fictitious domain 

method, J. Comput. Phys. 311 (2016) 87–113, https://doi .org /10 .1016 /j .jcp .2016 .01 .025.
[45] J. Cretel, A. Lewis, G. Lightbody, G. Thomas, An application of model predictive control to a wave energy point absorber, in: 1st IFAC Conference on Control 

Methodologies and Technology for Energy Efficiency, IFAC Proc. Vol. 43 (1) (2010) 267–272.
[46] N.G. Jacobsen, D.R. Fuhrman, J. Fredsøe, A wave generation toolbox for the open-source CFD library: OpenFoam®, Int. J. Numer. Methods Fluids 70 (9) (2012) 

1073–1088.

http://refhub.elsevier.com/S0021-9991(24)00743-5/bibD33D8E9F17BC37A1746B8CF63D465157s1
https://doi.org/10.1016/j.oceaneng.2023.115063
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibD33D8E9F17BC37A1746B8CF63D465157s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibDECDABCDA3B909A216D465320D874D33s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib356B7A7F687E3C940449D47C190FED56s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibEE861BB8DC02DD5258580B52E11C36B5s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib96AE8500A31E64BF5EC20B225BACC021s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib53079CAD0E30F8757C20B62E9A6F7A3Cs1
https://doi.org/10.1016/j.apor.2019.101932
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib53079CAD0E30F8757C20B62E9A6F7A3Cs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib27C867D4B0296FB4064B213650ED78B0s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib27C867D4B0296FB4064B213650ED78B0s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibD039FEDB9688406184554755D5E888F7s1
https://doi.org/10.1016/j.jcp.2023.112325
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibD039FEDB9688406184554755D5E888F7s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib94CFEF495DE81A48AFD9F4EAB69906A9s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib2D49AF47AD9F16A9F7C2607631D35C2Fs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib2D49AF47AD9F16A9F7C2607631D35C2Fs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib2E61407377433C0DB665A3BEA6B0CD79s1
https://doi.org/10.1016/j.jcp.2019.07.004
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib2E61407377433C0DB665A3BEA6B0CD79s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib846A4B00790A2BB9FD56F75AEAC07D92s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib846A4B00790A2BB9FD56F75AEAC07D92s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib46E6FFCC7AFC20575EE465971BC3E841s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib194A08271046DBFF4C394F67689C610Cs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib194A08271046DBFF4C394F67689C610Cs1
https://github.com/IBAMR/IBAMR
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib49FB76894CFB469DA39C00C794DE1A00s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib1248E85444018D23647B8B9D6FC45415s1
http://www.llnl.gov/CASC/SAMRAI
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib08BF056AF8AD0D8B11D8F0706730ECE7s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib5EA904170C55F237387D57BA48616C3As1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib5EA904170C55F237387D57BA48616C3As1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib6344E03FDD647E1A8928B879AA5C1619s1
http://www.mcs.anl.gov/petsc
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib6344E03FDD647E1A8928B879AA5C1619s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib3A5F5B082304D0F56DF87312901C9CC5s1
https://www.mcs.anl.gov/petsc
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib3A5F5B082304D0F56DF87312901C9CC5s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib3A5F5B082304D0F56DF87312901C9CC5s1
https://doi.org/10.2514/6.1995-1717
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib9EEE569880805CA1C10D3B5417B61EC8s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib981561B4A9EFE3307AA7FB629281014Bs1
https://doi.org/10.1016/j.jcp.2012.01.022
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib981561B4A9EFE3307AA7FB629281014Bs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib0B24DE9DC71C444E5812758D2829F182s1
https://doi.org/10.1002/fld.2611
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib0B24DE9DC71C444E5812758D2829F182s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib68CD9C807460C99F8EBDF782C1B5C3D0s1
https://doi.org/10.1002/fld.1934
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib68CD9C807460C99F8EBDF782C1B5C3D0s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib618D22AD918E5538EB69886E19D6EE1Bs1
https://doi.org/10.1016/j.jcp.2014.08.010
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib618D22AD918E5538EB69886E19D6EE1Bs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib44CE7C8FC265A08F8604282BE4F378E1s1
https://doi.org/10.1063/5.0022401
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib44CE7C8FC265A08F8604282BE4F378E1s1
https://doi.org/10.1063/5.0022401
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib44CE7C8FC265A08F8604282BE4F378E1s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibFF9F993D582246F45080BBA3A0189C7Ds1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibB27FFD70E646E266A3D7A47C61E401CDs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib96287E08E7A6D4B79A57665193CBA6D9s1
https://doi.org/10.1016/j.cpc.2014.10.004
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib96287E08E7A6D4B79A57665193CBA6D9s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib3CC1C11BF44C95EBEDA82A485D1E9953s1
https://doi.org/10.1016/j.oceaneng.2021.108879
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib3CC1C11BF44C95EBEDA82A485D1E9953s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibFC88B24C4CCED10F24537AC32B8BA5BAs1
https://doi.org/10.1016/j.oceaneng.2022.111908
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibFC88B24C4CCED10F24537AC32B8BA5BAs1
https://doi.org/10.1016/j.fluiddyn.2005.09.003
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib9E59C89475748FF69542A1D56BA69509s1
https://doi.org/10.1016/j.fluiddyn.2005.09.003
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib9E59C89475748FF69542A1D56BA69509s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib39FB3B3A412F213630B63150945C04CBs1
https://doi.org/10.1016/j.jcp.2016.01.025
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib39FB3B3A412F213630B63150945C04CBs1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibE3458DC77145D02F8CA165D13284FC38s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bibE3458DC77145D02F8CA165D13284FC38s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib4B1C5A90ACC7AFF7257F8E7ADFA44AE5s1
http://refhub.elsevier.com/S0021-9991(24)00743-5/bib4B1C5A90ACC7AFF7257F8E7ADFA44AE5s1

	Preventing mass loss in the standard level set method: New insights from variational analyses
	1 Introduction
	2 Mathematical framework
	2.1 Continuous equations of motion
	2.2 Interface tracking
	2.3 Precise reason for mass loss with the standard level set method
	2.4 Conserving mass for two phase flows with the standard level set method: a variational/constraint formulation
	2.5 Overall versus pointwise mass conservation
	2.6 Conserving mass is the same as conserving volume for incompressible flows
	2.7 Towards an approximate Lagrange multiplier method to prevent mass loss with the standard level set method
	2.8 Comparison with other mass-preserving level set methods
	2.8.1 Mass preserving formulation of Wen et al.
	2.8.2 Mass preserving formulation of Kees et al.

	2.9 Extension to three phase flows
	2.9.1 Conserving mass/volume for three phase flows - non-immersed formulation
	2.9.2 Conserving mass/volume for three phase flows - immersed formulation
	2.9.3 Contact angle conditions
	2.9.4 Differential treatment of the Brinkman penalty force


	3 Discretization
	3.1 Spatial discretization
	3.2 Density and viscosity specification
	3.3 Temporal discretization
	3.3.1 Level set advection
	3.3.2 Multiphase incompressible Navier-Stokes solution
	3.3.3 Fluid-structure coupling
	3.3.4 Solution methodology: projection preconditioner for the fully coupled Brinkman penalized Stokes system


	4 Software implementation
	5 Results and discussion
	5.1 Two-phase flow problems
	5.1.1 Vortex in a box problem
	5.1.2 Bubble rise problem

	5.2 Fluid-structure interaction cases
	5.2.1 Floating rectangular block problem
	5.2.2 Floating cylinder problem
	5.2.3 Free fall of a 2D wedge
	5.2.4 Wave energy converter (WEC) problem


	6 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A Analytical calculations for the floating rectangular block problem
	Appendix B Analytical calculations for the floating cylinder problem
	Data availability
	References


