Bound states in the continuum induced via local symmetries in complex structures
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Bound states in the continuum (BICs) defy the conventional wisdom that assumes a spectral
separation between propagating waves, that carry energy away, and spatially localized waves corre-
sponding to discrete frequencies. They can be described as resonance states with infinite lifetime,
i.e., leaky modes with zero leakage. The advent of metamaterials and nanophotonics allowed the
creation of BICs in a variety of systems. Mainly, BICs have been realized by destructive interfer-
ence between outgoing resonant modes or by exploiting engineered global symmetries that enforce
the decoupling of a symmetry-incompatible bound mode from the surrounding radiation modes.
Here, we study BICs relying on a different mechanism, namely local symmetries that enforce a field
concentration on a part of a complex system without implying any global symmetry. We experimen-
tally implement these BICs using microwaves in a compact one-dimensional photonic network. We
demonstrate that such BICs form an infinite ladder in k-space and emerge from the annihilation of
two topological singularities, a zero and a pole, of the measured scattering matrix. This alternative
for achieving BICs in complex wave systems may be useful for applications such as sensing, lasing,

and enhancement of nonlinear interactions that require high-Q) modes.

I. INTRODUCTION

Quantum mechanics books, typically distinguish be-
tween two type of states: bound states whose discrete
energy lies below the continuum threshold (identified by
the asymptotic value of the potential at infinity) and un-
bounded scattering states with an energy inside the con-
tinuum. Examples where these two categories of states
appear include electrons in the presence of finite poten-
tial wells, quantum dots and or atomic potentials. An ex-
ception to the quantum communis intellectus are bound
states in the continuum (BICs) [1-7]. These are spatially
bounded solutions of the Schrodinger equation, with dis-
crete eigenvalues lying inside the continuum of states that
propagate to infinity. They were originally introduced a
century ago by von Neumann and Wigner, using an in-
verse potential engineering approach [8]. The method
assumed a square-integrable BIC wave function with a
spatially decaying envelope and, using this as a starting
point, they tailored a suitable three dimensional (3D) po-
tential where this wave function is an eigenmode. Such
“custom-made” potentials are unrealistic as they are os-
cillatory in space while decaying to infinity according to
a power law. They have never been realized.

Actual experimental implementations of BICs so far
have relied mostly on extended systems. In fact, there is
a nonexistence theorem for compact structures [1] (see,
however, Refs [9, 10] for exceptions). Finding genuine
BICs in compact systems therefore is a challenging fun-
damental problem, and its solution would allow for high-
@ resonators with a broad range of potential applications
including lasers, sensors, filters, and low-loss fibers [1, 2].

BICs are not exclusively a quantum phenomenon but
rather pertain to all wave systems. This observation ex-
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tended the search for BICs to a variety of other plat-
forms including electromagnetic, acoustic, water, and
elastic waves (for a review see [1, 2]). Among the var-
ious areas, optics and photonics have undoubtedly been
the tip of the spear as far as novel realizations of BICs
are concerned [1-4, 11-16]. For example, an inverse de-
sign scheme based on supersymmetric transformations
has been implemented in coupled optical waveguide ar-
rays to engineer the hopping rate between nearest res-
onators in order to support BICs [17].

Other, more efficient, BIC schemes have been also de-
veloped and experimentally implemented thanks to the
advent of metamaterials and nanotechnology [1-4]. Per-
haps the most prominent approach, which also highlights
the wave nature of the phenomenon, is associated with
“accidental” BICs [18, 19]. In this case, the parameters of
the target system are fine-tuned to achieve cancelation of
outgoing waves to the continuum. A special case of such
accidental BICs is associated with Fabry-Perot configu-
rations [13, 20, 21] of two identical resonances which in-
teract strongly through the same radiation channel (e.g.
a waveguide). A third mechanism that leads to BICs in-
vokes structures with geometric symmetries [1, 2, 22]. In
this case, a trapped mode with a given symmetry can
be embedded into a continuum of states with a distinct
symmetry, ensuring the decoupling of the trapped mode
and thus the suppression of its leakage.

A global symmetry is a strong restriction excluding
the vast majority of systems, in particular when com-
plex environments are involved. Therefore it is crucial
to realize BICs with the weaker requirement of a local
symmetry. “Local symmetry” means that a symmetric
substructure is embedded in an asymmetric environment;
see for example Fig. 1(a). Such situations have recently
received a lot of attention [23-27]. In particular, it has
been shown that local symmetries can be realized in pho-
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FIG. 1.
local symmetries.

Experimental setup of a microwave graph detecting bound states in the continuum (BICs) based on
(a) Schematic representation of a complex network supporting a BIC due to the presence of a subnetwork

(cycle) with a local symmetry (red-shaded equilateral pentagon). (b) Schematic representation of the network used in our
experiment. A ”tetrahedron” contains an equilateral triangle where one side length can be varied. The network is opened
by two attached scattering channels. (c) The microwave tetrahedron network used in our experiments. Coaxial cables are
connected by T-junctions at each of the vertices n = 1,2,...,6. Between vertices 5 and 6, we replace the cable with a phase
shifter allowing us to vary the effective length between these vertices. The reflection amplitudes r11, r22 and the transmission
amplitudes t12, t21 are measured using a vector network analyzer (VNA) connected to vertices 1 and 2, respectively.

tonic systems [23] and that they can be used to create
localized states in extended periodic and aperiodic sys-
tems [28] and in scattering systems, i.e. BICs [24]. The
latter, however, has been restricted to theoretical stud-
ies. Here we realize for the first time BICs based on local
symmetries experimentally. We do so using a complex
network of coaxial microwave cables coupled together via
T-junctions, see Figs. 1(b) and 1(c). Networks of wave
guides are relevant in various contexts and experimen-
tal implementations have been reported in a variety of
frameworks including acoustics [29], microwaves [30-35],
photonic crystal waveguides [36], and optics [37, 38].
We identify the signature of BICs in the scattering data
for a two-terminal setup. An interesting feature is the ap-
pearance of an infinite ladder of BIC states which occur
periodically in k-space. The analysis of the experimen-
tal scattering matrix demonstrates that the formation of
BICs originates from the coalescence of two topological
defects with opposite charges: a zero (with charge +1)
and a pole (with charge —1) of the scattering matrix.

II. PHYSICAL MECHANISM FOR
LOCAL-SYMMETRY PROTECTION OF BICS

Let us explain the local-symmetry protection mecha-
nism using complex photonic networks as an example
[Fig. 1(a)]: the subdomain (subnet) that possesses a local
symmetry is formed by a closed loop (ring) of N; equi-
lateral edges such that mirror symmetry (with respect
to the vertices defining the subnet) and discrete rotation
invariance are guaranteed (see, for example, the violet
pentagon in Fig. 1(a) with N; = 5 and the violet trian-
gle in Fig. 1(b) with /V; = 3 having a discrete rotational
symmetry Cs, and Cs,, respectively). Note that in the
case of a network that is formed by photonic waveguides,
the geometric shape of the edges and the angles between

them are typically irrelevant; see Fig. 1(c). In this case
the discrete rotation must not be interpreted in physical
space. For example, in case of Fig. 1(b), an angle is de-
fined as 2mx/(3¢), where z is a continuous path length
along the cycle, ¢ is the length of one cable and z = 0
coincides with a vertex. Then the subnet that supports
a BIC is invariant under the transformations * — x + /¢
and z — —uz, generating the symmetry group Cs,,.

Consider the ring first without any connections to the
remaining network. Then, choosing the appropriate sym-
metry class, there are rotation-invariant eigenfunctions
which are antisymmetric with respect to the vertices.
That is, we have eigenfunctions vanishing at all vertices
of the subnet. Thus, when the remaining network is cou-
pled to some or all vertices of the subnet via coupling
constants (not necessarily equal at all vertices), these
eigenstates remain unaltered. In particular, if the re-
maining network is open and has a continuous spectrum,
the constructed eigenfunctions will be BICs. This conclu-
sion applies only to the subset of ring eigenstates pertain-
ing to the appropriate symmetry class. All other states
of the subnet will be strongly mixed with the states of
the remaining network and in the large network limit the
overwhelming majority of states will be ergodically dis-
tributed over the whole network, as expected for typical
systems with wave chaos [39].

The mechanism described differs strongly from the
generation of BICs via global symmetries. Indeed, there
is no symmetry protection here as the environment of the
subnet is asymmetric. Rather, the local symmetry guar-
antees the existence of states with zero amplitude at the
coupling points and destructive interference between all
outgoing waves. Instead of any unguided fine-tuning of
parameters there is a clear design principle allowing this
situation to be realized. So in a sense the local symme-
try combines features of accidental and symmetry-based
BICs into a new mechanism. This mechanism is inde-



pendent of specific properties of the network such as the
precise boundary conditions at the vertices or their va-
lency (= the number of connected edges). Most impor-
tantly, it does not require any symmetry of the network
as a whole.

Note that the term local symmetry does not imply a
subnet with a small total bond-length; rather, it refers to
the fact that it involves only a subset of connected edges.
In particular, the BIC might be supported by a subnet
that connects distant parts of the total network either by
involving a few long edges or many short ones.

While pure BIC states are completely decoupled and
do not contribute to transport across the network, any
small perturbation of the subnet will create quasi-BICs
which act as channels across the network and thus
strongly affect its transport properties.

III. TRANSPORT IN COMPLEX NETWORKS
AND BIC FORMATION

Scattering on Compler Networks — We study the
scattering on a complex network of n = 1,--- | N ver-
tices, where two vertices m,m may be connected by an
edge E = (n,m) with length lg. The position zg = x on
edge E is x = 0(Ig) on vertex n(m). The wave ¢g(x) on
the edge FE satisfies the Helmholtz equation

2
dx?

where k = wn,/cy is the wave number, w is the an-
gular frequency, ¢ is the speed of light, and n, is the
complex-valued relative index of refraction that includes
the losses of the coaxial cables. The solution to Eq. (1) is
Vp(r) = ¢ Tle=t) g sinke where yp(0) = ¢y, and
Ve(lg) = ¢n, are the values of the field at the vertices.
We turn the compact network into a scattering setup set-
up by attaching transmission lines (TLs) a = 1,--+ , L to
a subset of the vertices. The field on the ath TL takes the
form 1o () = Zoe ™ + Ouet™ e for £ > 0, where z =0
is the position of the vertex. The coefficients Z,(O,,) in-
dicate the amplitude of the incoming (outgoing) wave on
the TLs. At each vertex n, continuity of the wave and
current conservation are satisfied. These conditions can
be expressed in a compact form as [40]

(M +iWTW)d = 2iWw'T, (2)

Yu(z) + K ¢p(r) =0, (1)

where ® = (¢1, ¢, -+ ,¢n)T. The L dimensional vector
7T contains the amplitudes Z,, of the incident field, while
W is an L x N matrix describing the connection between
the TLs and the vertices. A matrix element W, , is 1, if
the ath TL is attached to vertex n and 0 otherwise. The
N x N matrix M,

- Z#n Anicotkly, if n=m
My = { A €5 Kl itn#m (3)

incorporates information about the metric (length of
edges) and the connectivity of the network, where A is

the adjacency matrix having elements A,,,,, = 1 whenever
two vertices m,n are connected and A,,, = 0 otherwise.

The scattering field ® on the compact part of the graph
can be evaluated by solving Eq. (2) for ®. The same
expression, together with the continuity condition at the
vertices, where the TLs are attached, can be used for
deriving the scattering matrix [40]

. 1
Sth) = =1+ 2W s

wT. (4)
For wave numbers which are integer multiples of 7 /l,,; the
terms M, diverge; this can be rectified by appropriate
manipulation of the divergent terms; see [41].

The poles of the scattering matrix in the complex k-
plane are related to resonances (i.e. purely outgoing solu-
tions of the wave equation) and they are found from the
condition det(M (k,) +iWTW) = 0. Of interest are also
the zeros of the scattering matrix defined via the secular
equation det S(k,) = 0. For lossless structures, causality
implies k. = k;,. The zeros S (k) = 0 correspond to a spe-
cial type of wave fronts with time-modulated amplitude,
known as coherent virtual absorption, which are tem-
porarily trapped inside the structure without any leak-
age [42, 43]. When Ohmic losses are also included, one
can find parameters of the structure for which the com-
plex zeros cross the real axis. In this case, there are sta-
tionary, perfectly impedance-matched input wave fronts
that are completely absorbed by the (weakly) lossy ele-
ments in the structure which acts as an interferometric
trap, known as coherent perfect absorber [44]. The ex-
ceptional case where the poles are equal to the zeros of
the S-matrix corresponds to BIC states which contain
neither an incoming nor an outgoing radiation compo-
nent and exist at a real frequency of passive structures.
Thus a BIC is invariant under time reversal and it does
not affect the on-shell scattering matrix S(k) since it is
decoupled from the far-field radiation. In the topological-
defect picture in the complex k-plane a BIC implies that
a charge +1 (S-matrix zero) annihilates with a charge
—1 (resonance) on the real axis. We have confirmed this
topological feature experimentally (see below).

BIC and quasi-BIC states — We now identify the con-
ditions that are required for the realization of locally
symmetric BIC states on a complex network. To this
end, we consider a subgraph consisting of C' edges that
form a closed loop within the network [for example, in
Fig. 1(a), C' = 5 for the violet pentagon]. We assume
that they have equal lengths ¢ and construct a state
Ye(x) = +/(2/Cl)sin(kprx) which is restricted to this
cycle. This requires kyy = Mn/¢ and kpy = 2Mn /¢
(M = 1,2...) for even and odd C, respectively. It is
easy to verify that this state is normalized and that con-
tinuity and current conservation are satisfied at all ver-
tices. Thus, it is an eigenstate of the network. This
argument is completely independent of the topology of
the rest of the network, the number of extra edges that
are attached to the vertices of the cycle, and the num-
ber of attached TLs. An example of a quasi-BIC state
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FIG. 2. The transmittance and reflectance spectrum versus the phase-shifter length variation § and frequency
f. (al) The experimental measurements of the transmittance through the graph (input from lead 1, transmittance is the same
as that from lead 2 due to reciprocity) versus the input frequency and phase-shifter length variation 6. (a2) and (a3) the same
as in (al) but for the theoretical modeling with adjusted loss and without loss, respectively. (b1)-(b3) The reflectance from lead
1 versus the input frequency and phase-shifter variation ¢ for experimental measurement, theoretical modeling with loss, and
theoretical modeling without loss, respectively. (c1)-(c3) The same plot as in (b1)-(b3) for reflectance from lead 2. (d)-(f) The
cross-section plot of transmittance T for 6 = 6, 0, and —6 mm respectively. The blue solid, red dotted, and black solid lines are
for the experimental measurement, theoretical modeling with fitted loss, and theoretical modeling without loss, respectively.

and its progression towards a BIC (as parameters of the
network are changed) is shown in Fig. 5 of Appendix A.
Further considerations reveal that it is possible to relax
the assumption of equal edge lengths ¢ on the subgraph
to rationally related lengths.

In an experiment, the BICs are manifested as long-
lived quasi-bound (resonant) states that disappear and
reappear in a characteristic manner when the edge
lengths along the subgraph are changed by a small
amount d. For the unperturbed BIC state the wave func-
tion on an edge is a sine wave sin(kz) with nodes at
two vertices. When the edge length is changed, a linear
approximation to the sine function results in an ampli-
tude ¥.(0) ~ kd on the vertices. It can be shown that
such a perturbation gives rise to a Feshbach resonance
with width v ~ || and a linear shift in the wave num-
ber or frequency, Af ~ §. The latter reveals itself as a
sharp feature in the transmittance T'(f) and left (right)
reflectance R1(f) (Rz2(f)), where Ry = Ry if there are
no losses inside the network. This feature is absent when
0 = 0, and this is an indirect, but experimentally observ-
able, signature of a BIC in scattering data.

Finally, we comment on the compatibility to the nonex-
istence theorem for BICs in compact structures men-
tioned above [1]. The theorem has been derived under
the requirement of smooth optical potentials where the
wave function is analytic. If such a function is identically
zero in a limited region of space, this implies that it must
vanish everywhere. By contrast, in the model that we
described above it is straightforward to construct eigen-
states which have their support on a subset of the edges
while being identically zero everywhere else. This is pos-
sible as the boundary conditions require the wave func-
tion to be continuous but not analytic across a vertex (the
derivative has a discontinuity for any vertex with degree
larger than 2). The validity of such boundary conditions
in the modeling of photonic networks has been verified in
many experiments [30-35]. If no quasi-1D network model
is to be used and rather the waveguides (microwave cables
in our case) are modeled in 3D physical space, the theo-
rem is still not applicable as in this case the boundaries
of the waveguides correspond to infinitely high potential
barriers that extend to infinity.
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FIG. 3.

Transmittance spectra at frequencies that are multiples of the fundamental BIC frequency. (al)-(a3)

The transmittance as a function of input frequency and bond variation § for the experimental measurement (al), the theoretical

modeling with loss (a2) and without loss (a3) for the fourth BIC state at 4 x 0.86547 GHz ~

as in (al)-(a3) but for the fifth BIC state at 4.33 GHz.

IV. EXPERIMENTAL IMPLEMENTATION

We consider the tetrahedron network shown in
Figs. 1(b) and 1(c). This network is relatively simple and
does not have any geometrical symmetries. At the same
time, the dynamics is rich enough to show typical features
of wave chaos [39, 40, 45, 46]. A microwave implemen-
tation is realized using coaxial cables (Huber+Suhner
S 04272) connected by 6 T-junctions (vertices). The
electrical permittivity of the cables was found to be
€ &~ 1.47(£0.07) + ¢0.0055(£0.0005) indicating the pres-
ence of uniform losses. Two TLs have been attached at
the vertices labeled 1 and 2; see Figs. 1(b) and 1(c).

We choose the triangle consisting of vertices 4, 5, and
6 as the closed loop that supports BICs. The elec-
trical lengths Lss = Ly = ¢ = 346.6mm are fixed
while the length Lsg of the third edge varies such that
Lss = ¢+ 6 with § € [-14,30] mm. This length varia-
tion is done using a phase shifter whose effective length
is controlled electronically. The other lengths of the
network are L13 = L25 = 182mm, L23 = 424.2 mm,
Lig = 926.5mm, and L3y = 831.4mm. See Appendix B
for details concerning the definition and determination of
the electrical lengths.

Following the theoretical arguments of the previous
section BICs will appear at § = 0, for wave numbers
ky = 2Mm /¢, M € N, corresponding to frequencies
fu = MG = M x 0.86547 GHz. In the experimentally
accessible frequency range 0.5 — 5 GHz we expected and

3.46 GHz). (bl)-(b3) The same

observed a total of five BICs. In the following, we report
details for three of them, while the remaining two are
discussed in the Appendix A.

In Figs. 2(al), 2(b1), and 2(c1), we show the measured
transmittance 7" and reflectances R; and Ro versus the
input frequency and the tuning parameter § in the prox-
imity of the second BIC frequency (2 x 0.86547 GHz =
1.73 GHz) indicated by the arrow. The second (third) col-
umn reports our calculations for the network of Fig. 1(b)
and 1(c) in the presence (absence) of Ohmic losses at the
coaxial cables. In the frequency range f € [1.6, 1.8] GHz,
a BIC is predicted at fo ~ 1.73GHz. In all cases we
find a resonance moving linearly from around 1.7 GHz at
6 = 15mm to 1.76 GHz at 6 = —10mm. At § = Omm
a BIC is formed and the resonance feature disappears
from all three spectra (T'(f) and Ry 2(f)). This is the
expected indirect signature of the BIC: since the state
is completely decoupled from the rest of the network
and the TLs, any incident radiation cannot excite it and
therefore there are no signatures of its existence in the
scattering matrix elements. Instead, for small  # 0, the
transmittance T(f ~ far) and reflectance R(f ~ far)
show a narrow resonance structure in their frequency de-
pendence whose width is controlled by the parameter §.
All these features of the transmittance and reflectance
spectra are present in our measurements and in both sets
of calculations (with and without losses). The presence
of losses, however, smooths out some of the sharp char-



acteristics of the (quasi-)BIC resonance (first and second
columns) which are much more pronounced in the calcu-
lations shown in the third column where we have consid-
ered the same network without any losses of the coaxial
cables.

To further investigate the variations of the resonance
features in T'(f) as the tuning parameter changes around
0 = 0 we plot in the right column of Fig. 2 the trans-
mittance spectrum for three different § values around
the BIC value. For § = 6mm [Fig. 2(d)] a narrow reso-
nance dip (indicated by the red arrow) is evident in both,
measurements (blue solid line) and calculations (red dot-
ted line), where the Ohmic losses of the cables are taken
into account. This dip becomes very sharp in the case
of a lossless network modeling (black solid line). When
d = 0mm, [Fig. 2(e)], the resonance dip disappears in all
cases and reappears again when § = —6 mm, [Fig. 2(f)],
after acquiring a small blueshift.

Beside Ohmic losses, imprecision in the lengths of the
three cables can also influence the experimental manifes-
tation of a BIC. While a uniform change of the lengths
will simply shift the observed feature along the frequency
axis, in the case of independent variations &,,, the BIC
condition cannot be restored with a single tunable pa-
rameter, i.e., a resonance will persist. However, as out-
lined at the end of the previous section, the resonance
width depends quadratically on the variation in the ca-
ble lengths, v ~ 62. This contributes to the robustness of
the experimental signature of a BIC with respect to noise
in the cable lengths as errors smaller than the controlled
variation €,,, < ¢ will result in a much smaller resonance
width which is not visible experimentally. Note also that
a variation of lengths outside the loop supporting the
BIC is not critical as it affects the smooth background
of the transmission spectrum but not the width and the
location of the resonance peak.

We have also confirmed experimentally the appearance
of a cascade of bound states at predetermined k-values
which are multiples of a “fundamental” BIC frequency.
To demonstrate this feature we report as examples in
Fig. 3 the transmittance versus frequency and ¢ in the fre-
quency regions where we expect the fourth and fifth BIC
to occur, i.e., f=3.35-3.55 GHz, and f=4.24-4.44 GHz.
The same behavior as found for the BIC presented in
Fig. 2 is observed here as well. Namely, we observe the
appearance and disappearance of a quasi-BIC mode as §
varies, signifying the formation of BICs at § = 0. While
theoretically infinitely many BICs would occur for in-
creasing frequency the number of experimentally observ-
able states is limited by the frequency range of our net-
work analyzer. Besides the three BICs shown in Figs. 2
and 3, there are two other BIC modes that are part of
the BIC ladder in the frequency range of investigation.
The corresponding data are shown in Fig. 6 in the Ap-
pendix C.

To conclude this section, let us discuss in some detail
the difference between symmetry-induced and acciden-
tal BICs. In both cases, destructive interference between

outgoing waves is the basic mechanism for the decou-
pling of states. Accidentally, a number of partial waves
may cancel each other when a number of parameters
are varied. Lacking an underlying theoretical scheme,
a prediction of such accidental cancelations is possible at
most by numerical simulations, and they must take into
account information from the entire network. By con-
trast, symmetry-induced BICs (global or local symme-
try) are guaranteed to occur for all eigenstates pertain-
ing to a specific representation of the symmetry group.
So, unlike accidental BICs, they occur with a predictable
pattern—an infinite periodic ladder of frequencies in our
case (Fig. 3). Moreover, it is sufficient to control the pa-
rameters of the locally symmetric substructure. Hence,
for a large network with a small symmetric subnet there
is a vast reduction of free parameters, which need to be
fine-tuned. This means also that BICs based on a local
symmetry are stable with respect to changes in the sur-
rounding network. We believe that in applications this
can be a particularly important advantage over acciden-
tal BICs.

V. POLES, ZEROS, AND THE TOPOLOGICAL
STRUCTURE OF BICS

Finally, we analyze the formation of BICs from a topo-
logical perspective [47] by studying the parametric evolu-
tion of the poles and zeros in the complex frequency plane
as ¢ is changing. We point out that the increase/decrease
of the electrical length of the cable introduces additional
variations in the Ohmic losses which also contribute to
the motion of the zeros and poles in the complex plane.
In Fig. 4(a) the symbols represent the poles (red crosses)
and zeros (blue-filled circles) of the S-matrix that have
been extracted from the measured S-matrix using the
harmonic inversion method [48]. The method was ap-
plied to the off-diagonal elements of the S-matrix for the
poles and to the matrix S—! for the zeros. The solid lines
correspond to the results of the simulations. The slight
discrepancy between the experimental data and the nu-
merical evaluation of the imaginary parts of zeros and
poles is associated with an unavoidable uncertainty in the
experimental procedure that was used for the extraction
of the cable losses that have been used in our modeling.

Note the parabolic shape of the curve in the lower com-
plex plane. This confirms the quadratic dependence of
the resonance width on the distortion v ~ §2 as the imag-
inary part of the pole corresponds to the resonance width
while the shift in the real part is linear (see Sec. III).

Our analysis indicates the coalescence of the poles and
zeros at 6 = 0 and at the BIC frequency fpic as dis-
cussed above (see Sec. III). Specifically, the formation
of the BIC in the complex k = (Re(k); Im(k)) plane, is
a consequence of the annihilation of two topological de-
fects of the secular function det S(k) [47): a zero k, and a
pole l_c;, of the scattering matrix which collide as the per-
turbation parameter d vanishes [see Fig. 4(a)]. The zero
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the S-matrix given by Eq. 4. All data have been shifted along the Zm(k) axis by 0.00314 due to the global loss induced by
the Ohmic resistances in the coaxial cables. fgic = 1.7309 GHz corresponding to the BIC in Fig. 2. (b) Streamlines of the

vector field U = Viarg (det(S(E)) with k = (Re(k), Im(k)), showing +1 and —1 topological charges at zeros and poles of the

S-matrix corresponding to a § = —6 mm.

(pole) is characterized by the topological charge ¢=+1
(-1), where

1 . .
0= 5 § dF-Vis(h) (5)
describes how many times the total phase of the scat-
tering matrix ¢(k) = arg(det S(k)) winds by 27 along
a counterclockwise simple closed path that encloses the
topological defect [see Fig. 4(b)]. A nonzero charge g # 0
indicates that a zero or a pole cannot suddenly disappear
when the parameter § slightly varies, although they can
move in the complex E—plane. Only a collision of a +1
charge with a —1 charge can result in their mutual an-
nihilation, which signifies that at this parameter value §
a resonance mode, i.e., a solution of the wave operator
with outgoing boundary conditions, is also an eigenmode
of the wave operator with incoming boundary conditions
signifying a zero mode.

VI. CONCLUSION

We have implemented a physical mechanism based
on local symmetries that leads to the creation of BICs
in compact photonic networks without any geometrical
symmetry. The resulting BICs are formed as a conse-
quence of the collision of two topological defects (a pole
and zero of the scattering matrix) which leads to their
annihilation. The proposed BICs differ from existing
scenarios, where BICs are formed due to the presence
of a global symmetry or where they are the ”acciden-
tal” result of a parameter variation. In particular, they

do not require the degeneracy of two (or more) resonant
modes and they are based on a precise rule that allows
the construction and control of a ladder of BIC states at
multiples of a fundamental frequency.

The proposed BICs are robust to uniform losses and
perturbations that maintain the nodal structure of the
BIC mode. Furthermore, any perturbation outside the
local structure does not affect their formation. Instead,
they are extremely sensitive to frequency detuning and
variations of the electric length (either via index or phys-
ical length variations) of the subdomain that supports
the BICs—a property that can be used for highly ef-
ficient sensing (where the sensing platform is the local-
symmetry subdomain). These variations can be also self-
induced via nonlinear interactions occurring along the
bonds of the subdomain and can be enabled by the in-
jected light intensities which act as a tuning parameter
for tunable channel dropping and light storage and re-
lease [49-51].

In the optical framework, we envision applications of
our approach in a variety of light technologies that rely
on enhanced nonlinear light-matter interaction effects.
For example, the high-Q characteristics of the local-
symmetry-based BICs can have ramifications for the de-
velopment of BIC-based lasers for on-chip integrated co-
herent light sources, second and third harmonic genera-
tion, four-wave mixing, sensing, etc. (for recent reviews
see [1, 3, 4]).

Our microwave proof-of-principle demonstration of
local-symmetry-based BICs can be utilized for secure
wired communications [52]. It can also be extended to
optical photonic platforms. Promising candidates are



coupled fiber networks [38] that have recently been used
to demonstrate wave-chaotic properties of complex net-
works like the one used in this paper or photonic in-
tegrated microring resonators with engineered coupling
between them [53]. We also envision the implementation
of such local-symmetry-based BICs to other wave plat-
forms ranging from acoustics [29] to elastodynamics [54].
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Appendix A: Theoretical evaluation of the spatial
distribution of BIC modes

To get a better understanding of the formation of BICs
and their spatial structure inside a network, we calcu-
late the scattering fields. For presentation purposes, we
consider the simple case of a lossless network and as-
sume the scenario where the incident wave is injected
into the structure from lead 1. Use of Eq. (2) allows
us to obtain the wave amplitudes ® = (¢1, ¢2, -+, dn) T
on each of the n = 1,2,--- | N vertices. The scattering
field on a bond L, can be expressed in terms of {¢,}
as Yp(x) = ¢, TUE=D) 4 g stk here i (0) = ¢y,
and Yg(lg) = ¢m are the values of the field at the ver-
tices. We introduce a length-detuning ¢ (Lsg = £+ J) on
the bond connecting vertex 5 to 6.

In Fig. 5(a) we report the scattering field intensities at
each bond for the network of Fig. 1(b) and 1(c). Three
different detunings § = 0.2, 2, and 20 have been used in
order to demonstrate the progression towards the second
BIC (see Fig. 2 of the main text). For these calcula-
tions, we have used the resonance frequencies, associated
with the resonance frequency of transmittance which are
1.730, 1.727, 1.706 GHz respectively. For presentation
purposes, we have chosen to report the field versus the
electric distance T = n,.-x which is the same for all three
bonds of the subdomain where a C3, hidden symmetry
is imposed. (we do not present the plotting of the Lq3
and Los bonds since they are very short). We see that
the intensity is dramatically enhanced on the bonds Lys,
Lyg, and Lsg while the field amplitudes ¢,,, ¢,, on the
n,m vertices (edge points) decreases as the detuning ¢
gets smaller. This trend signifies the formation of a BIC
mode occurring at 6 = 0. In this case, the field acquires
the form v.(x) = 1/(2/3¢)sin(kasz) at all bonds of the
subdomain and zero anywhere else (see the discussion in
Sec. II1.

To  further analyze the BIC modes, we
calculate  the  normalized power P, =
Jy " s @)/ S [y Wee(@)?  on  each  bond
E = (n,m), and plot it as a function of detuning d;
see Fig. 5(b). We see that as ¢ decreases towards zero,
the normalized power increases on the bonds of the

subdomain that supports the BIC state and decreases
to zero on all other bonds.

Appendix B: Experimental Characterization of the
Complex Network

To determine the parameters entering the numerical
simulation, we have measured the different cable lengths
as 116 =726 min, l34 = 644 mimn, 123 =310 mim, and l45 =
lye = 245.7mm. Bear in mind that the real length is also
includes lengths from the T-junctions which are 18 mm.

The electrical length of the cables and the phase shifter
are defined as the product of the measured geometri-
cal length and the real part of the refractive index,
L = Re(n)l. We extract the complex refractive index
n of the cables and phase shifter based on the transmis-
sion measurements. Comparing the wave propagation
through the coaxial cable to the Helmholtz equation for
a 1D free and uniform medium, we can get the transmis-
sion coeflicient t as

t = M _ ei%Rc(n)le—%Im(n)l , (Bl)
A
where we have the refractive index as n = /¢, the an-
gular frequency w = 2n f, and the cable length [. First,
we can get the real part of ¢ as

Re(t) = cos [gRe(n)l] e~ etmmt (B2)
c

where we can see that the cosine term is the oscillation
part, which could give us the Re(n) based on our mea-
sured t in a frequency range and measured cable length
l. Second, the imaginary part of refractive index n can
be obtained based on the transmittance T = [t|> which
is of the form

T — |t|2 _ 672?“’Im(n)l7 (BS)

where we can get Im(n) by fitting the curve of transmit-
tance versus frequency for a certain cable length . To
avoid the influence of the SMA connector effect on the ca-
ble length, in our measurement, we use the ratio of trans-
missions t1 /ts for two cables with different lengths Iy, 5.
In this way, we only need the cable length difference so
that we can get rid of the error from the SMA connector
and obtain more accurate values for Re(n) and Im(n).
By fitting the transmission curves, we get Re(n) = 1.212
and Im(n) = 0.0022 for coaxial cables. For the phase
shifter, we obtain the refractive index as Re(n) = 1.004
and Im(n) = 0.002. Note, that Im(n) is frequency de-
pendent, which we ignored thus taking only an average n
for the whole investigated frequency range into account.

The phase shifter is adjusted such that its electrical
length is equivalent to the electrical lengths of the other
two cables in the symmetric triangle, L4 = L4g, when we
have § = 0 mm corresponding to a fixed real length of the
phase shifter. An increase of § corresponds to increasing
the electrical length of the phase shifter.
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FIG. 5. Intensity distribution of BIC states. (a) Intensity distribution of the scattering field at the resonance frequency,

versus the electric distance & = nz along the bonds that form the network of Fig. 1(b) and 1(c). The local symmetry Cs, that
is responsible for the formation of a BIC is imposed on the subnet that consists of the vertices n = 4,5, 6, and occurs when the
detuning parameter 6 = 0. As ¢ increases the Cs, is violated and the BIC is destroyed. Three values of the detuning parameter
are used: 6 = 0.2mm (red lines), 6 = 2mm (blue lines), and § = 20 mm (black lines). We observe that for 6 — 0 the field at
the bonds that form the subnet increases dramatically indicating the formation of a BIC. (b) The normalized power at each

bond, versus the detuning parameter 6.

The electrical lengths which are based on geometric
measurements cannot account for additional phase shifts
at the connections and inside the T-junctions and for the
uncertainty in the extracted permittivities of the cables.
Therefore, for our numerical modeling of the network,
we refine the parameters usingan optimization procedure.
Starting from the measured lengths of the cables and the
T-junctions as well as the complex refractive index, we
allow for a fluctuation range for each variable. Then we
use the surrogate optimization method in MATLAB to
find the parameter set that gives the best fit for the trans-
mittance and reflectance curves over the whole accessi-
ble frequency range 0.5 —6.5 GHz. The fitted geometrical
lengths are [16 = 764.4 mm, f34 = 686 mm, [23 = 350 mm,
i45 = i46 = 286 mm, flg = ZQ5 = 15mm, and the re-
fractive index for the cables is n. = 1.212 + 0.00221.
The electrical lengths used in the simulations and quoted
in Sec. IV are the product of the optimized geometrical
lengths and the optimized value for the real part of the
refractive index, L = Re(f.) . The optimized refractive
index for the phase shifter is 7, = 1.0 4+ 0.002¢ and the
electrical length is Iss = 286 mm - Re(f,.) 4 0 - i, with &
the detuning parameter.

Appendix C: Experimental demonstration of the
existence of a BIC ladder

We have also investigated the formation of the fun-
damental (f = 0.86547) GHz and the third (f = 3 x

0.86547) GHz BIC states associated with the network
of Figs. 1(b) and 1(c). These two BIC modes, together
with the three BICs presented in the main text, consti-
tute the first five modes in the BIC ladder, which were
experimentally accessible.

Figures 6(al) and 6(b1) show the measured transmit-
tance T versus frequency f and bond detuning § in the
frequency range where we expect the formation of the
fundamental and third BIC states, respectively. The ex-
perimental results compare nicely with the numerically
evaluated transmittances, in the case of lossy networks
(Figs. 6(a2) and 6(b2) where the complex index of re-
fraction that is used in our modeling has been extracted
using the method described in Appendix B. We have
completed our analysis by evaluating the transmittances
for the same network system in the absence of losses;
see Figs. 6(a3) and 6(b3). In complete analogy with the
results shown in Figs. 2,3 of the main text, we observe
again the appearance and disappearance of a quasi-BIC
mode as § varies, signifying the formation of a BIC at
d = 0. In the right column (lossless network), one can
further recognize the sharp characteristics of BIC modes,
which are otherwise masked by the losses (first and sec-
ond columns of Fig. 6). Note, that in all five cases the
BIC behavior is the same but the background reflections
and transmissions is different as they do not respect the
Cs, symmetry leading to different interference patterns
of the BIC-related resonances which gives rise to Fano-
like lineshapes of the BIC resonance.
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